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Abstract
The quadratic linear ordering problem models a large number of applications in a 
variety of different domains. To solve it exactly, polyhedral methods have been pro-
posed but their development is still in its beginning. Specifically, while it is evident 
that only a fraction of the triangle inequalities, which are most commonly known 
from the boolean quadric polytope, take part in a minimal linear description of the 
polytope associated with a canonical formulation of the quadratic linear ordering 
problem, it is broadly unclear to which of these inequalities this applies and how to 
distinguish them from the others. At the same time, these inequalities are essential 
to build strong polyhedral and semidefinite programming relaxations. Addressing 
these open questions and potentials, we reveal the desired combinatorial pattern that 
enables to identify the triangle inequalities which are facet-inducing and deduce a 
corresponding exact polynomial-time separation algorithm.
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S. Mallach

1  Introduction

Given a finite set of items, w.l.o.g. indexed by [n] := {1, . . . , n}, suppose that there 
is a reward of cij ∈ R for all i, j ∈ [n], i ̸= j, obtained when ranking item i before 
j, and a reward qijkℓ ∈ R for i, j, k, ℓ ∈ [n], i ̸= j and k ̸= ℓ, obtained when rank-
ing i before j and k before ℓ simultaneously. The determination of a permutation 
π : [n] → [n], i.e. a mapping of each item i ∈ [n] to a unique position π(i) ∈ [n], 
that maximizes the total sum of these rewards is called the quadratic linear ordering 
problem (QLOP).

Given its generality, the QLOP has numerous important applications in different 
domains. For instance, the single-row facility layout problem embodies a prominent 
special case of the QLOP [1] that covers a variety of challenging operations research 
problems such as the layout of machines in flexible manufacturing systems [2] or 
the assignment of flights to terminal gates in an airport [3]. Another special case of 
the QLOP is the minimum linear arrangement problem [4] which is used e.g. in the 
design of error correcting codes [5]. More directly, the QLOP has been used to mini-
mize crossings in layered graph drawings [6], and more recently to model the com-
putation of the cutwidth parameter of an undirected graph [7]. Also in a more general 
sense, the QLOP relates to and inherits applications from combinatorial optimization 
problems that involve “betweenness” relations [8]. More fundamentally, the QLOP 
is a natural generalization of the classical linear ordering problem (LOP) which is 
well-known to be NP-hard [9], whence so is the QLOP.

Despite the relevance and broad applicability of the QLOP, only little is known 
about its combinatorial structure such as to exploit it in exact algorithms. In a semi-
nal work, Buchheim, Wiegele and Zheng [6] propose an integer linear programming 
(ILP) formulation, they introduce the corresponding polytope Pn

QLO, and they deter-
mine a minimal equation system associated with its linear description. Apart from 
that, the latter is however broadly unknown, except for the cases n = 3 and n = 4 
which have been studied by DeVries in her PhD thesis [10]. Therein, she further pres-
ents a lifting theorem stating that every facet of the polytope associated with order 
n is also a facet of the polytope associated with order n+ 1. Particularly, her work 
reveals that a minimal description of Pn

QLO, n ≥ 4, comprises a restricted subset of 
the triangle inequalities, as known from the Boolean Quadric Polytope. However, 
since only P 3

QLO and P 4
QLO were studied, only triangle inequalities involving vari-

ables that refer to four distinct indices in total could be taken into account, and it also 
remained so far unexplained how to distinguish those that define facets of Pn

QLO, 
n ≥ 4, i.e., that take part in an irredundant description of it, from those that do not.

In this paper, we extend these results by revealing a combinatorial pattern that 
enables to identify all the facet-defining triangle inequalities for Pn

QLO, including 
those that arise when n ≥ 5 or n ≥ 6. As we further clarify, these inequalities are 
also the only ones among the more general class of odd-cycle inequalities that induce 
facets of Pn

QLO, n ≥ 4. These findings hence also provide evidence that a plain adop-
tion of separation algorithms for the triangle or odd-cycle inequalities, as commonly 
used for unconstrained binary quadratic programming, can only deliver additional 
inequalities that induce lower-dimensional faces of Pn

QLO. Conversely, they suggest 
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that a cutting plane (respectively branch-and-cut) approach for the QLOP can profit 
from tailored separation algorithms for the triangle inequalities, and we present such 
an algorithm for an exact separation based on the identified facet-inducing configu-
rations. This is also motivated by the experimental results in [10] which indicate 
a major relevance of the triangle inequalities for the computation of strong upper 
bounds by means of the linear relaxation of the ILP formulation from [6]. Further-
more, since triangle inequalities are of extensive relevance and use in semidefinite 
programming relaxations for (applications of) the QLOP, as proposed e.g. in [4, 6, 
7], these are affected by the here provided distinction of irredundant and redundant 
inequalities as well.

The paper is organized as follows. In Sect. 2, we formally define the QLOP and 
report on prevalent results that build the basis for, or are extended in, this work. As a 
preparation for the presentation of our results, we provide in Sect. 3 some novel char-
acterizations of the decision variables of the QLOP and their associated index sets. 
The determination and so enabled separation of facet-defining triangle inequalities is 
the subject of Sect. 4. Finally, a brief conclusion is given in Sect. 5.

2  Related work

In order to formally define the QLOP, it is common to assume w.l.o.g. that the 
initially mentioned rewards are normalized as follows. First, for all i, j ∈ [n], 
i ̸= j, we expect qijij = 0 (can be moved to cij) and qijji = 0. Then, the rewards 
cij  where j < i, and the rewards qijkℓ where either j < i, ℓ < k, or both, can 
instead be captured by introducing a constant and adjusting cij  and qijkℓ where 
i < j and k < ℓ, see also [6, 10]. Further exploiting commutativity in the sense 
that qkℓij  can be interchanged with qijkℓ, i, j, k, ℓ ∈ [n], the relevant index-pairs 
and index-quadruples become I2 := {(i, j) : i, j ∈ [n], i < j} respectively 
I := {(i, j, k, ℓ) : i, j, k, ℓ ∈ [n], (i, j), (k, ℓ) ∈ I2, (i, j) ≺ (k, ℓ)} where ≺ 
denotes the property of being strictly smaller in the lexicographic sense, i.e., i < k 
or i = k and j < ℓ in this particular case. The reward coefficients may thus be rear-
ranged to form strictly upper triangular matrices C ∈ Rn×n and Q ∈ R(

n
2)×(n2). We 

denote by Π(n) the set of all permutations of [n], and write π(i) < π(j) if item 
i ∈ [n] is ranked before item j ∈ [n] in some fixed permutation π ∈ Π(n). Conse-
quently, the objective of the QLOP becomes:

	

max
π∈Π(n)

f(π) :=
∑

(i,j)∈I2
π(i)<π(j)

cij +
∑

(i,j,k,ℓ)∈I

π(i)<π(j);π(k)<π(ℓ)

qijkℓ

In [6], Buchheim, Wiegele, and Zheng introduce the quadratic linear ordering poly-
tope, Pn

QLO, which is given by the convex hull of properly defined incidence vectors 
that describe the feasible solutions to the QLOP of order n ≥ 3. These incidence 
vectors consist of two parts. Since the feasible solutions are in one-to-one corre-
spondence with the permutations π ∈ Πn, the first part is given by the character-
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istic vectors χ(π) ∈ R(
n
2) customary from the LOP, where for all (i, j) ∈ I2 one 

has χ(π)ij = 1 if π(i) < π(j) and χ(π)ij = 0 if π(j) < π(i). The second part has 
m(n) :=

((n2)
2
)
= |I| components, one for each (i, j, k, ℓ) ∈ I , which are equal to 

one if χ(π)ij = 1 and χ(π)kℓ = 1, and equal to zero otherwise, i.e. they represent the 
linearized product χ(π)ij · χ(π)kℓ. Based on this representation, the quadratic linear 
ordering polytope of order n can be written as

	P
n
QLO := conv

{
(x, y) ∈ {0, 1}(

n
2)+m(n) : π ∈ Πn, x = χ(π), and yijkℓ = xijxkℓ ∀ (i, j, k, ℓ) ∈ I

}
.

As Buchheim, Wiegele and Zheng show further, the equations

	 yijik + yikjk − yijjk − xik = 0 for all i, j, k ∈ [n] : i < j < k� (1)

suffice to enforce that x = χ(π) holds for some π ∈ Πn provided that x and y are 
consistent binary vectors, and they constitute a minimal equation system for Pn

QLO, 
n ≥ 3 [6].    

Consequently, the dimension of Pn
QLO is dimPn

QLO =
(
n
2
)
+m(n)−

(
n
3
)
, and it 

is apparent that the following integer linear program is an exact formulation for the 
QLOP.

	

max
∑

(i,j)∈I2

cijxij +
∑

(i,j,k,ℓ)∈I

qijkℓyijkℓ (QLOP-ILP)

s.t. yijik + yikjk − yijjk − xik = 0 for all i, j, k ∈ [n] : i < j < k

	 yijkℓ − xij ≤ 0 for all (i, j, k, ℓ) ∈ I � (2)

	 yijkℓ − xkℓ ≤ 0 for all (i, j, k, ℓ) ∈ I � (3)

	 xij + xkℓ − yijkℓ ≤ 1 for all (i, j, k, ℓ) ∈ I � (4)

	

yijkℓ ≥ 0 for all (i, j, k, ℓ) ∈ I

xij ∈ {0, 1} for all (i, j) ∈ I2
�

(5)

Indeed, given a permutation π ∈ Πn expressed in the binary variables xij , (i, j) ∈ I2, 
the inequalities (2)–(5) implement the “standard” linearization (see [11, 12]) for the 
products yijkℓ = xijxkℓ, (i, j, k, ℓ) ∈ I .

In her PhD thesis [10], DeVries provides a linear description of P 3
QLO and P 4

QLO in 
a reduced variable space. This space is obtained by employing the Eq. (1) in order to 
eliminate variables (and themselves). For instance, one may substitute for the identity 
yijjk = yijik + yikjk − xik for all i, j, k ∈ [n] : i < j < k. DeVries further observes 
that, in the presence of (1), for each triple i, j, k ∈ [n] : i < j < k, only half of the 
twelve inequalities appearing as (2)–(5) for (i, j, i, k), (i, j, j, k), (i, k, j, k) ∈ I  are 
irredundant. More precisely, for each of the three y-variables, one may choose either 
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the pair (2), (3) or the pair (4), (5), ensuring that in total each pair is selected at 
least once. An according selection and Eq. (1) then fully describe P 3

QLO, while for 
n ≥ 4 additional facet-defining inequalities are required to describe Pn

QLO. Specifi-
cally, besides the according instances of (2)–(5), a minimal description of P 4

QLO com-
prises inequalities that DeVries grouped into four additional classes. One of these, 
which has been identified to be of major importance to compute strong relaxations of 
QLOP-ILP, consists of the triangle inequalities which are in the center of this paper.

Notably, DeVries further derives the following lifting theorem that we use 
repeatedly.

Theorem 1  (Theorem 3.2.7 in [10]) Let (a, b), (x, y) ∈ R(
n
2)+m(n) and 

(a′, b′), (x ′, y′) ∈ R(
n+1
2 )+m(n+1) with a′ = (a, 0), b′ = (b, 0). Then if 

aTx + bTy ≤ c is a facet of Pn
QLO, a′Tx ′ + b′Ty′ ≤ c is a facet of Pn+1

QLO.

In addition to the polyhedral perspective, in [4, 6, 7], semidefinite programming 
relaxations for the QLOP are formulated that naturally employ the equations (1) and 
triangle inequalities as well.

3  Preparations

For several considerations to follow, it is helpful to associate the QLOP of order 
n with a graph. To this end, let Gn = (V,E) be the undirected graph such that 
there is a vertex for each pair (i, j) ∈ I2 and the corresponding variable xij , i.e. 
V := {xij : (i, j) ∈ I2}, and an edge for each quadruple (i, j, k, ℓ) ∈ I  respectively 
variable yijkℓ, i.e. E := {yijkℓ : (i, j, k, ℓ) ∈ I}. For instance, G4 is precisely the 
graph shown in Fig.  1. More generally, the following observation is simple but 
relevant.

Observation 1  For n ≥ 3 , Gn  is a complete undirected graph.

To precisely describe important conditions, we also introduce addi-
tional index notation. Thereby, we exploit that, when visualizing the graph 
Gn in an “upper-triangular fashion” like in Fig.  1, the elements of I that 
involve only three distinct indices decompose into horizontal (h), verti-
cal (v), and transversal (t) edges. Accordingly, we define the index sets Ih3 :=
{(i, j, i, k) : i, j, k ∈ [n], i < j < k}, Iv3 :={(i, k, j, k) : i, j, k ∈ [n], i < j < k}, and It3 :=
{(i, j, j, k) : i, j, k ∈ [n], i < j < k}. If less distinction is needed, we refer to the set I3 :=
Ih3 ∪ Iv3 ∪ It3. Finally, we distinguish the set of quadruples involving four distinct indices 
as I4 := I \ I3 = {(i, j, k, ℓ), (i, k, j, ℓ), (i, ℓ, j, k) : i, j, k, ℓ ∈ [n], i < j < k < ℓ}.  From 
this description, it is immediate that the cardinality of I   may be alternatively 
expressed as m(n) = |I| = |I3 ∪ I4| = 3

(
n
3
)
+ 3

(
n
4
)
.  
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4  Identification and separation of facet-defining triangle 
inequalities

In this section, we investigate the relation between the Eq. (1) and the 
triangle inequalities

	 yijkℓ − ykℓrs + yijrs − xij ≤ 0 for all (i, j) ≺ (k, ℓ) ≺ (r, s)� (6)

	 yijkℓ + ykℓrs − yijrs − xkℓ ≤ 0 for all (i, j) ≺ (k, ℓ) ≺ (r, s)� (7)

	 − yijkℓ + ykℓrs + yijrs − xrs ≤ 0 for all (i, j) ≺ (k, ℓ) ≺ (r, s)� (8)

	 − yijkℓ − ykℓrs − yijrs + xij + xkℓ + xrs ≤ 1 for all (i, j) ≺ (k, ℓ) ≺ (r, s)� (9)

where (i, j), (k, ℓ), (r, s) ∈ I2, and we precisely determine in which cases they induce 
a facet of Pn

QLO for all n ≥ 4.
Specifically, for n = 4 only twelve of the according 80 instances of (6)–

(9) define facets of P 4
QLO [10], and it will become apparent that the distinc-

tion adheres to a non-trivial pattern for this case as well as for the instances that 
arise first for n = 5. As opposed to that, any instance of (6)–(9) defines a facet of 
the Boolean Quadric Polytope [13], which we will here, uncommonly, denote as 

P
(n2)
BQP := conv

{
(x, y) ∈ {0, 1}(

n
2)+m(n) : yijkℓ = xijxkℓ for all (i, j, k, ℓ) ∈ I

}
, 

Fig. 1  A graph-based illustration where the vertices (edges) correspond to the x- (y-)variables for 
P 4
QLO. The attached values reflect a feasible solution to the linear programming relaxation of QLOP-

ILP that violates the (non-facet-inducing) triangle inequality y1213 + y1314 − y1214 − x13 ≤ 0
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so that the components of x and y are indexed in the same way as in the definition of 
Pn
QLO.

As is pointed out in [6], each Eq. (1) immediately relates to the triangle inequality

	 yijik + yikjk − yijjk − xik ≤ 0 for all i, j, k ∈ [n] : i < j < k� (10)

which can be obtained as an instance of (7) for the according I2-pair configuration 
(i, j) ≺ (i, k) ≺ (j, k), and consists of I3-edges only. It is thus not surprising that the 
3
(
n
3
)
 further associated triangle inequalities

	 yijik − yikjk + yijjk − xij ≤ 0 for all i, j, k ∈ [n] : i < j < k� (11)

	 − yijik + yikjk + yijjk − xjk ≤ 0 for all i, j, k ∈ [n] : i < j < k� (12)

	 − yijik − yikjk − yijjk + xij + xjk + xik ≤ 1 for all i, j, k ∈ [n] : i < j < k� (13)

do not define facets of Pn
QLO, n ≥ 3, as the following theorem records.

Theorem 2  Each instance of (11), (12), and (13) is obtained as a linear combination 
of (1) and a weakening of the inequalities (2)–(5), and thus does not define a facet of 
Pn
QLO, n ≥ 3 .

Proof  Substituting for yijjk by yijik + yikjk − xik in (11) gives 
2yijik − xij − xik ≤ 0 which is implied by (2) and (3). Analogously, substituting for 
yijjk by yijik + yikjk − xik in (12) gives 2yikjk − xik − xjk ≤ 0 which is implied 
by (2) and (3). Finally, substituting for xik by yijik + yikjk − yijjk in (13) gives 
xij + xjk − 2yijjk ≤ 1 which is implied by (4) and (5). � □

It follows that (11), (12), and (13) are implied in the presence of (1) and (2)–(5) 
which as such has been independently observed in [7] while expressing these con-
straints in the matrix notation that is common to its semidefinite programming con-
text (see Lemma 2.1).

For n ≥ 4, there are 4
(
n
4
)
 further triangles built exclusively from I3-edges as well, 

but that involve four distinct indices in total. These triangles are induced by the con-
figurations stated in the following theorem, and the according 16

(
n
4
)
 triangle inequal-

ities are not implied by (1) and (2)–(5)1, but they still do not define facets.

Theorem 3  Let n ≥ 4 , i, j, k, ℓ ∈ [n], and i < j < k < ℓ. Then the trian-
gle inequalities associated with the triangles built (i) from three I h3 -edges for 
(i, j) ≺ (i, k) ≺ (i, ℓ), (ii) from three I v3 -edges for (i, ℓ) ≺ (j, ℓ) ≺ (k, ℓ), (iii) from 
two I t3  edges and one I v3 -edge for (i, k) ≺ (j, k) ≺ (k, ℓ), and (iv) two I t3 -edges and 
one I h3 -edge for (i, j) ≺ (j, k) ≺ (j, ℓ), do not define facets of Pn

QLO, n ≥ 4 .

1 A concrete example configuration (x̄, ȳ) for n = 4 that satisfies (1) and (2)–(5) but violates the triangle 
inequality considered in the proof of Theorem 3 with (i, j, k, ℓ) = (1, 2, 3, 4) is shown in Fig. 1.
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Proof  Each of the specified triangle inequalities can be obtained as a linear combina-
tion of the equations (1) and facet-defining triangle inequalities (as portrayed below).

If the inequality is an instance of (6)–(8), but with the exceptions of (8) for 
category (iii) and (6) for category (iv), the according procedure is as follows and 
exemplified in parenthesis for the inequality yijik + yikiℓ − yijiℓ − xik ≤ 0 which 
is (7) for category (i). Identify the unique y-variable with a negative coefficient 
(yijiℓ) and the unique instance of (1) with a non-zero coefficient for this variable 
(yijiℓ + yiℓjℓ − yijjℓ − xiℓ = 0). In this equation, consider the unique I2-pair that 
is not related to the identified y-variable (which is (j, ℓ) in the example). Determine 
the two triangles that combine this pair with the other two I2-pairs of the triangle 
inequality under consideration (these are once (i, j) and (i, k), and once (i, k) and (i, ℓ) 
in the example). To finally obtain the inequality as a linear combination, add the two 
according facet-defining inequalities (these are yikiℓ + yiℓjℓ − yikjℓ − xiℓ ≤ 0 and 
yijik + yikjℓ − yijjℓ − xik ≤ 0 in the example, see Table 1 below) and subtract the 
identified equation from the result.

If the inequality is an instance of (9) and of category (iii) or (iv), the lin-
ear combination is obtained by starting at the facet-defining inequality 
−yijjk − yjkkℓ − yijkℓ + xij + xjk + xkℓ ≤ 1 (see again Table 1 below), by then add-
ing yijik − yikkℓ + yijkℓ − xij ≤ 0, respectively −yijjℓ + yjℓkℓ + yijkℓ − xkℓ ≤ 0, 
and by finally subtracting the unique equation of (1) that refers to three of the indices 
i, j, k, ℓ and that has a non-zero coefficient for the so-far missing x-variable present 
in the inequality.

For the remaining cases, i.e. an inequality that is either (9) for category (i) or (ii), 
(8) for category (iii) or (6) for category (iv), the linear combination is obtained by 
adding six facet-defining triangle inequalities from Table 1, by subtracting twice the 
unique equation that refers to three of the indices i, j, k, ℓ and that has a zero coef-
ficient for all the three y-variables present in the inequality, and by subtracting once 
each of the other three instances of (1) that refer to three of the indices i, j, k, ℓ. � □

As an intermediate result that is in line with the findings by DeVries in [10], we 
conclude that a facet-defining triangle inequality must contain at least one I4-edge. 
The set I4 has three quadruples for all i, j, k, ℓ ∈ [n], i < j < k < ℓ, giving the 
twelve configurations in Table 1 for triangles with exactly one I4-edge.

In the remainder of this section, we will make repeated use of the following custom-
ary approach: For any triangle inequality, let F = {(x, y) ∈ Pn

QLO : aTx+ bTy = c} 
denote the corresponding face of Pn

QLO (F is non-empty since each of (6)–(9) is sat-
isfied with equality for some vertices of Pn

QLO). Interpreting the incidence vectors 
(vertices of Pn

QLO) that lie on F as the rows of a matrix M, the dimension dimF  of F 
is given by rank (M)− 1 if (0,0)  ∈ F , which only applies to (9), and by rank (M) 
if (0,0) ∈ F , see e.g. [14]. Thus, comparing the dimensions of F and Pn

QLO, we may 
deduce whether the triangle inequality that defines F is facet-inducing.

Choosing n = 4, and carrying out this approach for each of the 48 triangle 
inequalities related to the twelve triangles defined by the configurations in Table 1, 
we find that exactly one inequality per triangle induces a face of dimension 16 and 
thus is facet-defining as dimP 4

QLO = 17. These inequalities provide the shapes 
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of the according 12
(
n
4
)
 instances arising more generally for n ≥ 4 (and indices 

i, j, k, ℓ ∈ [n], i < j < k < ℓ), and are listed explicitly in Table 1. They are further in 
line with Table 3.4 in [10] that contains the same twelve triangle inequalities, though 
expressed in terms of a reduced variable space. While it has so far been unclear, how-
ever, how to derive the facet-defining inequality when given a triangle with one I4
-variable, our analysis reveals that the number of It3-elements present in the triangles 
can be used as a characteristic criterion, also for the case of two I4-variables. We first 
state the precise conditions for the case of triangle inequalities that involve exactly 
one I4-variable.

Theorem 4  Let n ≥ 4 , and let T ⊂ E  be a triangle in Gn  involving exactly one I4
-edge. Suppose w.l.o.g. that the I2 -pairs of the involved vertices are ordered lexico-
graphically, and that T = {e, f , g} where e joins the first two vertices, f joins the 
latter two vertices, and g joins the first and the third vertex according to this order. 
Then the inequality for T that defines a facet of Pn

QLO is (9) if the two non-I4 -edges 
of T are both from I t3 , whereas it is either (8) if only e ∈ I t3 , or (6) if only f ∈ I t3 , or 
(7) if only g ∈ I t3 , and otherwise (no I t3 -edge) it is either (8) if e ∈ I4 , or (6) if f ∈ I4 , 
or (7) if g ∈ I4 .

Proof  For n = 4, the facet-defining property is deduced from the approach outlined 
above, and it extends to n ≥ 5 by Theorem 1. The correctness of the stated pattern 
is verified by explicitly comparing the entries in the columns “Configuration”, “I3
-cases” and “F.-D. I.” of each row in Table 1. For instance, the first configuration 
combines the I4-variable yijkℓ (g) with the Ih3 -variable yijik (e) and the It3-variable 
yikkℓ (f) to a triangle T whence the facet-defining inequality is given by (6), and the 
stated scheme applies consistently also for the other configurations. � □

While for n ≥ 5, the facial structure of Pn
QLO has, in all conscience, not been 

explored in the literature, we now proceed to reveal the roles of any further possible 
triangle inequality.

For n ≥ 5, new triangles arise from each appropriate selection of two I4-edges 
and an I3-edge, i.e., five distinct indices i, j, k, ℓ, r ∈ [n], i < j < k < ℓ < r, are 
involved. For each of the 

(
n
5
)
 choices of five such indices, this gives 30 distinct tri-

angles each of which is represented by one configuration listed in Table 2. For these 
triangles, we have the following result.

Theorem 5  Let n ≥ 5 , and let T ⊂ E  be a triangle in Gn  involving exactly two ele-
ments of I4 . Suppose w.l.o.g. that the I2 -pair configuration of the involved vertices is 
ordered lexicographically, and that T = {e, f , g} where e joins the first two vertices, 
f joins the latter two vertices, and g joins the first and the third vertex according to 
this order. Then there are two inequalities for T that define facets of Pn

QLO. If the 
unique non-I4 -quadruple of T is from I t3 , these are given by either (7) and (9) if 
e, f ∈ I4 , or by (6) and (9) if e, g ∈ I4 , or by (8) and (9) if f , g ∈ I4 . Otherwise, they 
are given by the pair built from (8) if e ∈ I4 , (6) if f ∈ I4 , and (7) if g ∈ I4 .
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Proof  The correctness of the stated pattern is verified by comparing the entries in the 
columns “Configuration”, “I3-case” and “F.-D. I.” of each row in Table 2. Following 
the same methodology as above, we choose n = 5 and find that exactly two inequali-
ties per triangle, given by the referenced ones, induce a face of dimension 44 and 
thus are facet-defining as dimP 5

QLO = 45. This property then follows for n ≥ 6 by 
Theorem 1. � □

To again ease an immediate application of the according shapes of the 60
(
n
5
)
 

inequalities for n ≥ 5, we list the first of the two inequalities per configuration 
explicitly in Table 2. The respective other one is easily derived by adapting the sign 
pattern of the coefficients according to (6)–(9).

Finally, for n ≥ 6, triangles composed of three I4-quadruples (which implies six 
distinct indices) enter the scene. For each of the 

(
n
6
)
 choices of i, j, k, ℓ, r, s ∈ [n], 

i < j < k < ℓ < r < s, there are 15 such triangles. By relating each of them to a lex-
icographically smallest contributing I4-quadruple, they can be irredundantly listed as 
is displayed in Table 3.

Theorem 6  Let n ≥ 6 , and let T := {e, f , g} ⊂ E  be a triangle in Gn  where 
e, f , g ∈ I4 . Order the six indices such that the I2 -pair configuration is 
(i, j) ≺ (k, ℓ) ≺ (r , s). Then each of the according triangle inequalities (6)–(9) 
defines a facet of Pn

QLO.

Proof  When applying our approach to the triangles induced by the configurations 
listed in Table 3 and n = 6, it turns out that any triangle inequality induces a face of 
dimension 99 and is thus facet-defining as dimP 6

QLO = 100. This property follows 
for n ≥ 7 by Theorem 1. � □

Here, the according 60 inequality shapes can be easily enumerated based on (6)–
(9), whence we refrain from listing them explicitly.

Having now determined all the facet-defining configurations, we may exploit them 
to solve the separation problem for the triangle inequalities in the context of the 
QLOP, which we may formalize as follows: Given (x̄, ȳ) ∈ R(

n
2)+m(n) that satisfies 

(1)–(5), either determine a triangle inequality that is violated by (x̄, ȳ) or prove that 
no such inequality exists.

Algorithm 1. Exact separation algorithm for the facet-defining triangle inequalities
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Facet-defining triangle inequalities for the quadratic linear ordering…

Algorithm 1 iteratively checks for a violated triangle inequality based on the irre-
dundant cases displayed in Tables 1, 2 and 3 and returns it as soon as one is found. 
Since each inspection can be carried out in constant time, it is apparent that it has a 
worst-case running time of O(n6) (while of course, the configurations respectively 
separation problems for triangles in involving four, five, and six distinct indices could 
also be treated separately). Asymptotically, Algorithm 1 is thus not faster than the 
enumeration of all triangle inequalities. However the employment of facet-inducing 
(triangle) inequalities is typically crucial for the practical performance of a cutting 
plane approach as has been demonstrated for the related Boolean Quadric Polytope in 
[15, 16]. In such an approach, relaxations of QLOP-ILP or an according semidefinite 
programming formulation are solved iteratively and thereby enriched with triangle 
inequalities that are violated by the respective current solution. The restriction to 
facet-defining inequalities then translates to the avoidance of redundant constraints 
that unnecessarily increase the size of the relaxation, without sacrificing strength in 
terms of pruning the solution space. In practice, Algorithm 1 may further be imple-
mented so as to exploit that, for a given triangle, at most one inequality can be vio-
lated at a time [17, 18].

To conclude the present analysis, we address the class of odd-cycle inequalities 
that constitute a generalization of the triangle inequalities. They are defined as fol-

lows for P (n2)
BQP and Pn

QLO, n ≥ 3 [13]: Let C ⊆ E be an arbitrary cycle in the graph 

Gn. Then, any partition of C into CA ∪ CB  such that |CA| is odd gives rise to the 
odd-cycle inequality

	

∑
(i,j)∈VA

xij −
∑

(i,j)∈VB

xij −
∑

(i,j,k,ℓ)∈CA

yijkℓ +
∑

(i,j,k,ℓ)∈CB

yijkℓ ≤
⌊
|CA|
2

⌋
�(14)

where we notationally treat edges from C, their I-quadruples and associated y-vari-
ables interchangeably, and where VA (VB) are the vertices (I2-pairs) incident to two 
edges in CA (CB).

An inequality (14) defines a facet of P (n2)
BQP, n ≥ 3, if and only if C is simple and 

chordless [13, 19], giving a necessary condition also for Pn
QLO. However, by Obser-
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vation 1, each cycle C ⊆ E in Gn with |C| ≥ 4 has a chord, whence we have the 
following result.

Theorem 7  For n ≥ 4 , no odd-cycle inequality (14) other than the triangle inequali-
ties referenced for the configurations displayed in Tables 1, 2 and 3, induces a facet 
of Pn

QLO.

5  Conclusion

In this paper, we identified the triangle inequalities involving five and six distinct 
indices that define facets of the polytope induced by the feasible solutions to the 
quadratic linear ordering problem. Moreover, we revealed a so far unknown pattern 
that distinguishes the facet-defining triangle inequalities from the others in general. 
Based on this, we devised a polynomial-time algorithm that accurately separates 
these inequalities. Specifically, the configuration patterns that we found for triangles 
that involve four or five distinct indices suggest such a tailored algorithm because 
many triangle inequalities are actually redundant. As we further pointed out, the here 
identified triangle inequalities are also the only ones among the more general class of 
odd-cycle inequalities that define facets.
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