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Abstract

We propose a novel dynamic panel estimator. Different from the commonly used
difference and system GMM, our proposed estimator requires only one of the cross-
sectional dimension (N) or the time dimension (T ) to grow large to be asymptot-
ically unbiased. This improves reliability in panels with long time spans, where
GMM suffers from weak instrument problems, and more generally in finite sam-
ples where results can be sensitive to instrument selection and implementation
choices. Computationally simple, it extends readily to higher-order autoregres-
sive and vector autoregressive settings. Monte Carlo simulations show that the
estimator exhibits lower finite-sample bias than GMM in shorter panels, includ-
ing for roots at and near unity. In three applications from political economy and
macroeconomics—spanning diverse panels, outcomes, and persistence levels—our
estimator yields stable, economically meaningful estimates robust to specification
choices. By contrast, standard GMM methods display considerable sensitivity to
instrument lags, collapsing, and the choice between difference and system variant,
often producing substantively different results under comparable setups.
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I. Introduction

One of the empirically most common econometric models is the dynamic panel model.
Different from a standard panel model, the dynamic panel model utilizes the lagged
dependent variable as an explanatory variable. It is also possible to include further lags
of the dependent variable, as well as additional exogenous or endogenous explanatory
variables. However, when the number of cross-sections (N) is large and the number of
time periods (T ) is small—the empirically most common case—the standard fixed effects
estimator is asymptotically biased. This is because the transformation to eliminate fixed
effects causes the lagged dependent variable to be endogenous (Nickell 1981).

To address this issue, practitioners typically rely on the GMM estimators of Arellano
and Bond (1991)—the difference GMM—and Arellano and Bover (1995) and Blundell and
Bond (1998)—the system GMM. These estimators are asymptotically unbiased when N

is large and T is small, but become biased in the opposite case when T is large and N

is small. They are also asymptotically biased when both are large. In addition, GMM
estimation requires several implementation choices, such as instrument lag length, the
use of difference or system GMM, and whether the instrument matrix is collapsed, that
can materially affect the magnitude and statistical significance of estimated coefficients.
Also, the difference GMM in particular tends to perform poorly when the process is
persistent. This is problematic in empirical applications, as many economic variables—
such as unemployment and inflation—are inherently close in value to that of the previous
time period.

As an alternative, Chirok Han and P. C. Phillips (2010) proposed the first differ-
ence least squares (FDLS) estimator. This estimator has one important advantage: it
is asymptotically unbiased and normally distributed whenever NT → ∞, meaning that
unbiasedness is guaranteed as long as either N or T is large. Further benefits include
negligible finite-sample bias and that asymptotic normality does not break down in the
presence of unit roots. However, its practical relevance is limited, since it can only be
used in the AR(1) specification without covariates. In practice, economists are typi-
cally not interested in estimating the coefficient on the lagged dependent variable, but in
identifying the effects of one or more explanatory variables on the outcome variable.1

In this paper, we propose a new instrumental variable estimator for dynamic panel
data models: the modified instrumental variables (MIV) estimator. While algebraically
equivalent to the FDLS estimator in the special case of an AR(1) process, our estimator
is derived from a different perspective that naturally allows for estimation of autoregres-
sive coefficients in higher-order processes, accommodating up to p lags of the dependent
variable. Conceptually, the estimator can be viewed as a dynamic panel analogue of

1For a textbook discussion of the limitations of FDLS in empirical practice, see Bun and Sarafidis
(2015).
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a simple IV estimator, building on the intuition of Anderson and Hsiao (1982).2 Rel-
ative to Anderson–Hsiao, the MIV estimator uses differenced instruments in the level
equation and incorporates an explicit correction for endpoint terms, yielding improved
finite-sample performance and facilitating extensions to higher-order and multivariate
dynamic models. Our proposed estimator is just-identified, computationally simple, and
asymptotically unbiased as long as either N or T grows large, while avoiding the weak-
instrument problems that affect GMM estimators in highly persistent panels. Our Monte
Carlo simulations demonstrate that the proposed estimator outperforms standard alter-
natives across a wide range of finite-sample settings, substantially reducing finite-sample
bias. Unlike the continuously updating GMM (Hansen, Heaton, and Yaron 1996), which
also reduces finite-sample bias significantly, our estimator does not suffer from oversizing
problems.3 This makes the estimator more reliable than the continuously updating GMM
for hypothesis testing. In addition, it retains asymptotic normality even when the process
has a unit root—contrasting with GMM, which converges to a Cauchy distribution under
such conditions.

Second, and more importantly, we extend the proposed estimator to a vector au-
toregression (VAR) framework that allows the researcher to include exogenous, prede-
termined, or endogenous regressors and allows for an arbitrary number of lags. As with
the AR(p) case, the VAR(p) version remains simple to implement and just-identified,
thereby avoiding the pitfalls of weak or proliferating instruments that commonly affect
GMM. Moreover, it does not rely on strong distributional assumptions such as normality
of the errors. Consistent with the univariate case, our Monte Carlo analysis shows that
the estimator outperforms GMM and ML estimators in terms of bias in finite samples.

We illustrate the empirical usefulness of the estimator across three well-known ap-
plications in political economy and macroeconomics. First, we re-examine the role of
foreign-educated individuals in promoting democracy using the historical panel assem-
bled by Spilimbergo (2009). Second, we study governors’ policy experimentation behavior
in U.S. states following Bernecker, Boyer, and Gathmann (2021). Third, we revisit the
relationship between redistribution, inequality, and economic growth using the cross-
country panel analyzed by Berg et al. (2018). Across these diverse settings, we find that
GMM estimates are highly sensitive to implementation choices, including instrument
length, instrument collapsing, and the choice between difference and system GMM. The
consequences are not merely cosmetic: in our redistribution and growth application, the
estimated effect of redistribution on growth switches sign depending on whether GMM
or MIV is used. In the democracy and foreign education application, point estimates
and statistical significance vary across otherwise reasonable GMM choices. Such sensi-

2While simple and robust, the Anderson–Hsiao estimator is typically inefficient and has therefore
been largely supplanted by GMM-based approaches in empirical work.

3This refers to a situation in which the null hypothesis is almost always rejected, regardless if it is
true or not.
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tivity to researcher decisions creates obvious concerns for replicability and credibility of
inference. The proposed estimator is immune to these choices by construction, since it is
just-identified and requires no instrument selection. Across all three applications, MIV
delivers stable estimates that are consistent with the economic mechanisms emphasized
in the respective literatures.

This paper contributes to the wide literature on dynamic panel estimation. In the
early 2000s, several maximum likelihood (ML)-based estimators for dynamic panels were
proposed as potential alternatives to GMM. Notable contributions include Hahn and
Kuersteiner (2002), Hsiao, Pesaran, and Tahmiscioglu (2002), Binder, Hsiao, and Pe-
saran 2005, and Moral-Benito (2013), who all develop estimators that feature improved
small-sample properties vis-à-vis GMM. However, a drawback of many ML-based ap-
proaches is their reliance on strong distributional assumptions, and the computational
complexity associated with maximizing high-dimensional likelihood functions. These lim-
itations motivate the need for estimators that combine the robustness and simplicity of
least squares methods with the desirable asymptotic properties of ML.

Thus, in recent years, increasing attention has turned toward estimators that main-
tain favorable small-sample properties without the drawbacks associated with the GMM
and ML approaches. One major strand of this literature focuses on first-difference least
squares (FDLS) estimators (Chirok Han and P. C. Phillips 2010). Related approaches in-
clude the X-differencing estimator of Chirok Han, P. C. B. Phillips, and Sul (2014), which
is related but distinct from the FDLS of Chirok Han and P. C. Phillips (2010). However,
the FDLS is limited to the AR(1) case without covariates, and while the X-differencing
estimator can incorporate higher-order processes, it is limited to settings with exogenous
covariates, as it cannot accommodate endogenous regressors beyond lagged dependent
variables.

There is also a third strand of the literature that aims to improve the GMM in-
stead of developing completely new estimators. This mostly involves reducing the GMM
asymptotic bias in the large (N, T ) case through various techniques. In addition to the
previously discussed continuously updating GMM, examples from the literature include
the recursive mean adjustment procedure of Choi, Mark, and Sul (2010), and various
versions of jackknife (Dhaene and Jochmans 2015; Mehic 2020; Zhang and Zhou 2020).
However, a drawback of these estimators is that they generally do not allow for endoge-
nous covariates, and tend to be oversized and computationally intensive.

This paper contributes to this literature by proposing an estimator that retains the
simplicity of FDLS while generalizing the approach to AR(p) and VAR(p) settings with
endogenous or predetermined regressors. In doing so, it addresses key shortcomings of
existing approaches to dynamic panel estimation. Many widely used estimators rely ei-
ther on large-N asymptotics, as in the case of GMM methods, or on strong distributional
assumptions and computationally intensive likelihood maximization, as in maximum like-
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lihood (ML) approaches. The proposed estimator avoids both of these limitations. Com-
pared to ML estimators, it does not rely on strong distributional assumptions or complex
computations. Unlike GMM methods, it does not require instrument selection and is
therefore not subject to instrument proliferation or weak identification in persistent pan-
els. As a result, the estimator is essentially free of finite-sample bias in many empirically
relevant settings. Finally, it overcomes the limited applicability of FDLS-type estimators,
which either restrict attention to AR(1) models or require strict exogeneity of regressors.
Importantly, the estimator remains asymptotically unbiased as long as either N or T

grows large, making it suitable for both macroeconomic and microeconomic applications,
including panels with persistent dynamics and higher-order autoregressive structures.

The rest of the paper is structured as follows. Section II derives the proposed estima-
tor, first for higher-order autoregressive processes, followed by the VAR model. Section
III presents the Monte Carlo results, while Section IV presents the results from the em-
pirical analysis. The paper concludes with Section V. In addition, there are two online
appendices. Online Appendix A provides detailed derivations for the main results of the
paper, while Online Appendix B presents additional Monte Carlo results.

II. Model

II.A. The AR(1) Model and the MIV Estimator

We begin with an AR(1) process with IID errors. The derivation of the MIV estimator
is closely related to IV estimation and naturally extends to the AR(p) and VAR(p) cases
considered later. Consider the model

yi,t = ui,t + ai, (1)

ui,t = ϕui,t−1 + εi,t, (2)

with t ∈ {1, . . . , T} and i ∈ {1, . . . , N}, where at most one unit root is allowed, i.e.
ϕ ∈ (−1, 1]. The unit-specific effects ai are fixed over time with variance σ2

a, and the
idiosyncratic errors εi,t are mean-zero IID with variance σ2.
Remark 1. In (1), time-fixed effects could also be introduced and subsequently removed
in the standard way by subtracting the cross-sectional averages of all variables at each
point in time. When N → ∞, this transformation eliminates the time-specific compo-
nents without altering the structure of the estimator, and all asymptotic results continue
to hold. For this reason, time fixed effects are not discussed further.

To proceed, consider an IV estimator for ϕ that uses the first difference of the explana-
tory variable as an instrument in the level equation. This choice is natural in dynamic
settings with high persistence because it remains consistent under a unit root as it does
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not suffer from weak-instrument problems (see Arellano and Bover 1995, Blundell and
Bond 1998 and P. C. B. Phillips 2014). The IV estimator for and AR(1) process is defined
as

ϕ̂
AR(1)
IV =

∑N
i=1

∑T
t=3 yi,t (yi,t−1 − yi,t−2)∑N

i=1
∑T

t=3 yi,t−1 (yi,t−1 − yi,t−2)
.

After rearranging terms, it can be expressed as

ϕ̂
AR(1)
IV = 2

∑N
i=1

∑T
t=3(yi,t − yi,t−1)(yi,t−1 − yi,t−2)∑N

i=1
∑T

t=3(yi,t−1 − yi,t−2)2 +∑N
i=1

(
y2

i,T −1 − y2
i,1

) + 1. (3)

Observe that in equation (3) only the final term in the denominator contains the unit-
specific effects, since all other terms involve first differences and thus eliminate ai. This
term, ∑N

i=1(y2
i,T −1 − y2

i,1), is the cross-sectional sum of the difference between the squared
process in time point T − 1 and 1. For instance, if the variance of the process is constant
over time, its expectation is zero. Moreover, under constant variance, because the term
does not sum over T , it will be asymptotically dominated by the sums of squared first
differences when T → ∞.

These observations motivate defining an adjusted IV estimator by replacing the term∑N
i=1(y2

i,T −1 − y2
i,1) with its expectation under constant variance. This modification ren-

ders the estimator completely invariant to the unit-specific effects and yields the MIV
estimator. The subsequent analysis proceeds under the following assumptions.
Assumption 1:

The idiosyncratic errors εi,t are IID across both i and t with E[εi,t] = 0, E[ε2
i,t] = σ2 <

∞, and E[ε4
i,t] = κ(ε) < ∞.

Assumption 2:
a) If ϕ ∈ (−1, 1), the process is assumed to be initiated in the infinite past.
b) If ϕ = 1, then E[u2

i,0] is bounded with E[u2
i,0] = σ2

u0 < ∞.
Note that Assumption 1 together with Assumption 2a implies that the variance of yi,t is
constant over time. It follows that E

[∑N
i=1

(
y2

i,T −1 − y2
i,1

)]
= 0. Replacing this term in

(3) by its expectation removes the only term involving the unit-specific effects and leads
directly to the MIV estimator,

ϕ̂
AR(1)
MIV = 2

∑N
i=1

∑T
t=3(yi,t − yi,t−1)(yi,t−1 − yi,t−2)∑N
i=1

∑T
t=3(yi,t−1 − yi,t−2)2 + 1. (4)

When ϕ = 1, Assumption 2a no longer applies and the variance of the process grows with
time, so the earlier stationary argument for removing the squared endpoint components
does not hold. However, under a unit root, ui,t has independent mean-zero increments,
implying that the numerator of (4) has expectation zero. Consequently, the ratio con-
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verges to zero in probability as N → ∞, T → ∞, or N, T → ∞, and the estimator
remains consistent.
Remark 2: The expression in (3) shows that the only difference between the MIV
estimator and the original IV estimator lies in the term involving the squared endpoint
observations, ∑N

i=1(y2
i,T −1 − y2

i,1). Since this term does not accumulate with T , it is
dominated by the sums of squared first differences as T → ∞. It then follows directly
that the MIV and IV estimators share the same limiting distribution when T → ∞ or
N, T → ∞ and ϕ ∈ (−1, 1). P. C. B. Phillips and C. Han (2015) establish this equivalence
in their asymptotic analysis.
Remark 3: The assumption of homogeneity in the variance along the cross-sectional
dimension is made merely for notational convenience and is not required for consistency.
Homogeneity in the variance over time is only necessary for consistency when T is fixed
and can otherwise be relaxed to considerably weaker assumptions, as discussed in the
following section. In the presence of heteroskedasticity, however, it is necessary to adjust
the variance estimator. When T → ∞ or N, T → ∞, this can be done using White’s or
HAC standard errors. If T is small but N sufficiently large, bootstrap estimation of the
variance may instead be employed. Homogeneity of the variance in the time dimension
is not required for consistency in the unit root case.

Theorem 1. Suppose Assumption 1 and either Assumption 2a or Assumption 2b hold
for the AR(1) process. Then, for the first differenced model the following results hold.

a) As N → ∞,

√
N (ϕ̂AR(1)

MIV − ϕ) D→ N
(
0, V

AR(1)
N

)
,

where

V
AR(1)

N = V
AR(1)

1 (ϕ, T, κ(ε)/σ4
ε) + V

AR(1)
2 (ϕ, T ) + V

AR(1)
3 (ϕ, T ), (5)

with

V
AR(1)

1 (ϕ, T, κ(ε)/σ4
ε) =

(
κ(ε)

σ4
ε

(1 − ϕ2) + 5ϕ2 − 1
)

(ϕ4 − ϕ2T )
2(ϕ2 + 1)ϕ4(T − 2)2 , (6)

V
AR(1)

2 (ϕ, T ) = 2(ϕ2T − ϕ6)
ϕ5(T − 2)2 , (7)

V
AR(1)

3 (ϕ, T ) = 2 1 + ϕ

T − 2 . (8)

b) As T → ∞,

√
T (ϕ̂AR(1)

MIV − ϕ) D→ N
(
0,

2(1 + ϕ)
N

)
.
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c) As N and T → ∞,

√
NT (ϕ̂AR(1)

MIV − ϕ) D→ N
(
0, 2(1 + ϕ)

)
.

Note that the expression in (6) can be simplified by assuming normally distributed errors.
In that case κ(ε)/σ4

ε = 3, and the entire variance expression becomes a function of only ϕ

and T . Importantly, in none of the cases (a)–(c) does the variance depend on nuisance
parameters associated with the unit-specific effects. This contrasts with many GMM
estimators whose variances depend on the ratio σ2

a/σ2
ε and may behave poorly when this

ratio is large (Binder, Hsiao, and Pesaran 2005 and Bun and Sarafidis 2015).
Part (a) of Theorem 1 shows that, for fixed T , the estimator is

√
N -consistent and

asymptotically normal, with an asymptotic variance that decomposes into three com-
ponents. The first term, V

AR(1)
1 , reflects the variance contribution associated with the

squared endpoint observations, specifically ∑N
i=1(u2

i,T −1 − u2
i,1), that differentiates MIV

from the original IV estimator. Note that these endpoint quantities are expressed in
terms of ui,t and therefore do not contain the unit-specific effects. The third term, V

AR(1)
3 ,

arises from the interaction between the instrument and the idiosyncratic errors, that is,
from ∑N

i=1
∑T

t=3 εi,t(ui,t−1 − ui,t−2), a component familiar from standard IV asymptotics
(Wooldridge 2005). The second component, V

AR(1)
2 , captures the covariance between

these two elements. Parts (b) and (c) establish that when T → ∞, or when N, T → ∞,
the estimator achieves the usual

√
T and

√
NT convergence rates. In these large-T

regimes, the endpoint and cross-product contributions vanish.
Finally, note that MIV retains standard asymptotic normality even when ϕ = 1.

By contrast, GMM estimators exhibit nonstandard behavior in this case, with limiting
distributions that are Cauchy distributed (P. C. B. Phillips 2014). A further implication
of Theorem 1 is that when N, T → ∞, the limiting distribution of the MIV estimator
is invariant to the relative growth rates of N and T and to whether the limits are taken
sequentially or simultaneously. Moreover, the resulting limit coincides with that obtained
when N is fixed and only T → ∞. Thus, the estimator’s asymptotic properties depend
primarily on the total sample size rather than on how observations are allocated across
the cross-sectional and time dimensions.
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II.B. Higher Order AR Processes

The framework introduced above extends naturally to higher-order autoregressive models.
Consider the AR(p) process:

yi,t = ui,t + ai, (9)

ui,t =
p∑

s=1
ϕs ui,t−s + εi,t, (10)

where ai and εi,t are defined as in the previous section. In addition, it is assumed that∑p
s=1 ϕs ∈ (−1, 1], where p denotes the lag order. Rewriting (10) as

ui,t − ui,t−1 = (ϕ1 − 1)ui,t−1 +
p∑

s=2
ϕs ui,t−s + εi,t, (11)

the estimate of ϕ1 is then obtained by adding one to the estimate of (ϕ1 − 1).
Before formulating the estimator, additional notation is introduced. Let L = p +

d, where p denotes the maximum lag order of the model and d defines the length of
differencing. The data are organized by first stacking observations over time for each
cross-sectional unit and then stacking the cross-sectional units. Formally, define the
N(T − L) × 1 vector

yl =
(
y1,L−l+1 y1,L−l+2 . . . y1,T −l . . . yN,L−l+1 yN,L−l+2 . . . yN,T −l

)′
,

where l denotes the number of time lags. When l = 0, the subscript is omitted so that
y0 = y. The same convention applies to ui,t and εi,t, so that ul collects ui,t−l and ε

collects the error terms in the corresponding order. Now, let the matrices Y and X be
defined as Y = y − y1 and

X =
(
y1 . . . yp

)
,

where Y is N(T −L)×1 and X is N(T −L)×p. Thus, the dependent variable corresponds
to a first difference of length one. Note that Y = y − y1 = u − u1.

The estimator is derived within an IV framework that uses differenced variables to in-
strument the variables expressed in levels. To implement this, an alternative construction
of the instruments is employed that is equivalent to the standard setup while substan-
tially simplifying the derivation of the MIV estimator. In the standard formulation, each
lagged dependent variable is differenced by the same length. In contrast, the equivalent
representation used here subtracts the same variable when constructing the instruments
for all p regressors.4 This adjustment preserves the identifying structure while avoiding

4The instrument matrix constructed in this way can be expressed as a linear combination of the
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the algebraic complications introduced by the standard differencing approach, allowing
the general AR(p) MIV estimator to be derived in a transparent and tractable manner.

The instruments are collected in the matrix Z, which consists of appropriately lagged
and differenced variables. To formalize this construction, define X̃ = yL 11×p and Z =
X − X̃, where 11×p denotes a 1 × p vector of ones. By multiplying yL with 11×p, the
resulting matrix X̃ is an N(T − L) × p matrix with identical columns, each containing
the dependent variable lagged L periods. Consequently, the instruments are constructed
by subtracting the Lth lag from each of the variables in levels.

An IV estimator can now be formulated and expressed in a manner analogous to
the AR(1) case, providing an intermediate step toward deriving the MIV estimator. Let
ϕAR(p) = (ϕ1 ϕ2 . . . ϕp)′ denote the vector of AR coefficients, and consider the IV
estimator

ϕ̂
AR(p)
IV = (Z ′X)−1Z ′Y + ep×1, (12)

where ep is a p × 1 unit vector with its first entry equal to one, accounting for the
differencing in the dependent variable described above. The term Z ′Y contains no unit-
specific effects, since both Z and Y consist solely of differenced variables. The only
remaining source of unit-specific effects in the IV estimator is the term Z ′X. To isolate
these components and prepare for a modification analogous to the AR(1) case, consider
the decomposition:

Z ′X = Z ′X − Z ′X̃ + Z ′X̃

= Z ′Z + Z ′X̃. (13)

The first term consists entirely of differenced data and is therefore free of unit-specific
effects. The matrix Z ′X̃ is a p × p matrix whose entries consist of sums of differenced
variables multiplied by the Lth lag. Explicitly,

Z ′X̃ =



∑N
i=1

∑T
t=1+L(yi,t−1 − yi,t−L) yi,t−L . . .

∑N
i=1

∑T
t=1+L(yi,t−1 − yi,t−L) yi,t−L∑N

i=1
∑T

t=1+L(yi,t−2 − yi,t−L) yi,t−L . . .
∑N

i=1
∑T

t=1+L(yi,t−2 − yi,t−L) yi,t−L

... ...∑N
i=1

∑T
t=1+L(yi,t−p − yi,t−L) yi,t−L . . .

∑N
i=1

∑T
t=1+L(yi,t−p − yi,t−L) yi,t−L

 .

(14)

Importantly, each row s ∈ {1, . . . , p} of (14) consists of p identical elements of the form∑N
i=1

∑T
t=1+L(yi,t−s − yi,t−L) yi,t−L. For an arbitrary row s, this term can be decomposed

standard instrument matrix where the length of differencing is the same for all variables. Thus, the two
approaches to constructing the instruments are exactly equivalent.
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into two terms as

N∑
i=1

T∑
t=1+L

(yi,t−s − yi,t−L) yi,t−L = −1
2

N∑
i=1

T∑
t=1+L

(yi,t−s − yi,t−L)2

+ 1
2

N∑
i=1

L−s∑
l=1

(
y2

i,T −s+1−l − y2
i,l

)
. (15)

The first component of this expression consists of squared first-differenced variables, cor-
responding to the diagonal elements of Z ′Z, and is therefore free of unit-specific effects.
The second component is a cross-sectional sum of squared endpoint observations, analo-
gous to the term that distinguished the IV and MIV estimators in the AR(1) case. Under
covariance stationarity the variance of the process is constant over time. It follows that
E
[
y2

i,T −s+1−l − y2
i,l

]
= 0 for any admissible T − s and l. Hence, the cross-sectional sum

of squared endpoint observations has mean zero. This observation motivates replacing
these quantities with their expectations in order to eliminate the remaining dependence
on unit-specific effects. To formalize this step, an AR(p) analogue of Assumption 2 is
introduced.
Assumption 3:

a) If ∑p
j=1 ϕj ∈ (−1, 1), the process is initiated in the infinite past.

b) If ∑p
j=1 ϕj = 1, then E[u2

i,0] is bounded, with E[u2
i,0] = σ2

u0 < ∞.
Under Assumption 1 and Assumption 3a, the process is covariance stationary, and the
variance of yi,t is constant over time. This observation motivates replacing the cross-
sectional sum of the squared endpoint observations appearing in (15) by its expecta-
tion and thereby remove the remaining dependence on unit-specific effects. Accordingly,
the matrix Z ′X̃ is approximated by −1

2 diag(Z ′Z) 11×p, which depends only on first-
differenced variables free of unit-specific effects. Substituting this approximation into
(12) and (13) yields the MIV estimator for the AR(p) model:

ϕ̂
AR(p)
MIV =

(
Z ′Z − 1

2 diag(Z ′Z) 11×p

)−1
Z ′Y + ep×1. (16)

It is worth noting that the simple structure of (14) is a direct consequence of the instru-
ment construction used earlier. This structure permits the decomposition above and, in
turn, facilitates the formulation of the MIV estimator for the AR(p) model.

Importantly, although covariance stationarity is violated under Assumption 3b, the
estimator remains valid, just as in the AR(1) case. This becomes clear from the expression
below. Let the denominator of (16) be denoted by Q−1 = Z ′Z − 1

2 diag(Z ′Z)11×p.5 It
5The notation Q−1 is reused in the next section, where it is defined in the corresponding context.
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can then be shown that

ϕ̂
AR(p)
MIV − ϕAR(p) = Q

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2 diag(Z ′Z)

) . (17)

Where the final term inside the parentheses captures the squared endpoint observations,
now expressed in terms of ui,t and therefore free of unit-specific effects. That is,

Z ′uL + 1
2 diag(Z ′Z) = 1

2



∑N
i=1

∑L−1
l=1

(
u2

i,T −l − u2
i,l

)
∑N

i=1
∑L−2

l=1

(
u2

i,T −1−l − u2
i,l

)
...∑N

i=1
∑L−p

l=1

(
u2

i,T −p+1−l − u2
i,l

)

 . (18)

When ∑p
j=1 ϕj = 1, the contribution of this term in (17) vanishes, leaving the numer-

ator equal to Z ′ε. Since Z consists of valid instruments by construction, standard IV
arguments imply that E[Z ′ε] = 0, and the estimator is therefore consistent under As-
sumption 3b.6 Moreover, the denominator Q−1 depends only on first-differenced variables.
Under Assumption 3b the process is difference stationary, and therefore both the numer-
ator Z ′ε and the denominator Q−1 consist solely of stationary terms. As a result, the
asymptotic behavior of the estimator under a unit root follows from standard limit theory
for stationary sequences.

These observations establish that the MIV estimator retains standard asymptotic
properties irrespective of whether the process is stationary or possesses a unit root. The
following theorem summarizes the asymptotic distribution of the AR(p) MIV estimator.

Theorem 2. Suppose Assumption 1 and Assumption 3a or Assumption 3b hold for the
AR(p) process defined in (9) and (10). Then:

a) as N → ∞

√
N(ϕ̂AR(p)

MIV − ϕ)AR(p) D→ N (0p×1, V
AR(p)

N ),

where

V
AR(p)

N = V
AR(p)

1 + V
AR(p)

2 + V
AR(p)

3 ,

with

V
AR(p)

1 =
 p∑

j=1
ϕj − 1

2

E
[
Q
(
Z ′uL + 1

2diag(Z ′Z)
) (

Z ′uL + 1
2diag(Z ′Z)

)′
Q′N

]
,

6Consistency additionally requires that Q−1 is invertible.
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V
AR(p)

2 =
 p∑

j=1
ϕj − 1

E
[
QZ ′ε

(
Z ′uL + 1

2diag(Z ′Z)
)′

Q′N
]

+
 p∑

j=1
ϕj − 1

E
[
Q
(
Z ′uL + 1

2diag(Z ′Z)
)
ε′ZQ′N

]
,

V
AR(p)

3 = σ2E[QZ ′ZQ′N ] .

b) as T → ∞

√
T (ϕ̂AR(p)

MIV − ϕAR(p)) D→ N
(
0p×1, σ2E[QZ ′ZQ′T ]

)
.

c) as N, T → ∞

√
NT (ϕ̂AR(p)

MIV − ϕAR(p)) D→ N
(
0p×1, σ2E[QZ ′ZQ′NT ]

)
.

Theorem 2 extends the AR(1) asymptotic results to the AR(p) setting while preserving
the key properties of the MIV estimator. The decomposition of the asymptotic variance in
case (a) mirrors the three-part structure encountered in the AR(1) case, consisting of one
term capturing the an endpoint observations, a covariance term involving the endpoint
component and the instrument–error interaction, and the variance component generated
by that interaction. The first two components, V

AR(p)
1 and V

AR(p)
2 , are multiplied by

the factor ∑p
j=1 ϕj − 1 and therefore vanish under a unit root. Consequently, when∑p

j=1 ϕj = 1, the estimator retains a standard Gaussian limit, exactly as in the AR(1)
case.

Because the endpoint contributions do not accumulate with time, the components
V

AR(p)
1 and V

AR(p)
2 also vanish whenever T grows large. This mechanism extends directly

from the AR(1) model and carries over unchanged to the AR(p) setting. As a result, the
limiting distribution of the MIV estimator is invariant to the growth rates of N and T ,
and the joint limit coincides with the large-T limit.

Although V
AR(p)

1 and V
AR(p)

2 cannot be estimated directly in the presence of unit-
specific effects due to the unobserved vector uL, the component E[QZ ′εε′ZQ′] is straight-
forward to estimate using standard methods. This implies that when T is sufficiently large
or when ∑p

j=1 ϕj is close to unity, the variance is well approximated by the sandwich-type
estimator V̂ AR(p) = σ̂2QZ ′ZQ′, where σ̂2 is any consistent estimator of σ2. The Monte
Carlo evidence reported in Tables 3 and B8 of Online Appendix B indicates that even
for very short panels, with T − p − 1 = 1, the size distortions associated with this
approximation are moderate, and for T − p − 1 = 10 they are negligible in the data-
generating processes considered here. In applications where V

AR(p)
1 and V

AR(p)
2 may be

non-negligible, practitioners may instead rely on bootstrap procedures to obtain valid
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variance estimates.
Remark 5: Assumption 1 may be relaxed to permit cross-sectional heterogeneity in
the variance, provided that a Lindeberg condition is satisfied. Under this modification,
Theorem 2 continues to hold by arguments analogous to those applied in the AR(1) case
with heterogeneous variance in Chirok Han and P. C. Phillips (2010).
Remark 6: If only the cases T → ∞ or N, T → ∞ are considered, Assumption 1 may
be relaxed further to allow for certain forms of heteroskedasticity over time. In addition
to a Lindeberg condition, it suffices that the process satisfies

plimT →∞
1

NT

1
2

N∑
i=1

L−s∑
l=1

(
u2

i,T −s+1−l − u2
i,l

)
= 0

and

plimT →∞
1

NT

1
2

N∑
i=1

L−s∑
l=1

(
u2

i,T −s+1−l − u2
i,l

)2

< ∞,

in which case parts (b) and (c) of Theorem 2 continue to hold. These conditions un-
derscore that the covariance-stationarity requirement used earlier is relatively lenient, as
only mild restrictions on the time-series behavior of the second moments are needed for
the large-T asymptotics.
Remark 7: Following Chirok Han, P. C. B. Phillips, and Sul (2014), the estimator may
be augmented by incorporating information from several differencing lengths. Multiple
versions of the numerator and denominator can then be constructed using different values
of d and then stacked prior to forming the estimator. This approach exploits additional
variation in the data and may yield improved finite-sample performance.

II.C. Extension to VAR(p) Models

The framework is now extended to the VAR(p) case. Consider the jth variable in a VAR
system with K variables, j ∈ {1, . . . , K}:

y
(j)
i,t = u

(j)
i,t + a

(j)
i (19)

where a
(j)
i for denotes the unit-specific effect associated with variable j. Any pair a

(j)
i

and a
(k)
i with j, k ∈ {1, . . . , K} may be correlated. The underlying VAR(p) dynamics

take the form

u
(j)
i,t =

K∑
k=1

p∑
s=1

u
(k)
i,t−s ϕ

(j)
k,s + ε

(j)
i,t (20)
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where all ε
(j)
i,t for j ∈ {1, . . . , K} are mean-zero random variables that are independent

across i and t as before, but may be dependent across the K variables at a given point
in time. Note that the coefficients are not restricted to be nonzero, so variables need not
enter with the same number of lags. Further note that all regressors are predetermined
by construction.

Without loss of generality, attention is restricted to estimating the coefficients asso-
ciated with the first variable in the VAR system. Let pk denote the maximum lag length
of variable k for which the associated coefficient in of (20) with variable j = 1 is nonzero.
These coefficients are collected in the column vector
ϕV AR(p) = ϕ(1) = (ϕ(1)

1,1 ϕ
(1)
1,2 . . . ϕ

(1)
1,p1 ϕ

(1)
2,1 . . . ϕ

(1)
2,p2 . . . ϕ

(1)
K,1 . . . ϕ

(1)
K,pK

)′ of dimension
P × 1, where P = ∑K

k=1 pk.
Additionally, the following notation is introduced. For a generic matrix A, the mth

column is denoted Am, and the columns from m through n (with m < n) are denoted
Am:n. Using this notation and following the same conventions as defined earlier, define

Y = y(1) − y(1)
1 ,

X(k) =
(
y(k)

1 y(k)
2 . . . y(k)

p

)
,

X̃(k) = y(k)
L 11×p,

Z(k) = X(k) − X̃(k),

X =
(
X

(1)
1:p1 X

(2)
1:p2 . . . X

(K)
1:pK

)
,

X̃ =
(
X̃

(1)
1:p1 X̃

(2)
1:p2 . . . X̃

(K)
1:pK

)
,

Z =
(
Z

(1)
1:p1 Z

(2)
1:p2 . . . Z

(K)
1:pK

)
.

Where X, X̃ and Z are N(T − L) × P matrices and Y is N(T − L) × 1. These matrices
are used to formulate the following IV estimator

ϕ̂
V AR(p)
IV = (Z ′X)−1Z ′Y + eP ×1. (21)

Consider now the decomposition similar to (13):

Z ′X = Z ′Z + Z ′X̃.

The second term, Z ′X̃, is a P × P matrix with the following block structure:

Z ′X̃ =


Z

(1)′

1:p1X̃
(1)
1:p1 Z

(1)′

1:p1X̃
(2)
1:p2 . . . Z

(1)′

1:p1X̃
(K)
1:pK

Z
(2)′

1:p2X̃
(1)
1:p1 Z

(2)′

1:p2X̃
(2)
1:p2 . . . Z

(2)′

1:p2X̃
(K)
1:pK

... . . . ...
Z

(K)′

1:pK
X̃

(1)
1:p1 Z

(K)′

1:pK
X̃

(2)
1:p2 . . . Z

(K)′

1:pK
X̃

(K)
1:pK

 (22)

14



Where the submatrices on the diagonal take the same form as (14) in the AR(p) case. The
off-diagonal matrices, on the other hand, cannot be treated in this manner and therefor
require additional adjustments to reduce the impact of the unit-specific effects. Note that
a submatrix Z

(j)′

1:pj
X̃

(k)
1:pk

is pj × pk and consists of pk identical column vectors:

Z
(j)′

1:pj
y(k)

L =



∑N
i=1

∑T
t=L+1(y

(j)
i,t−1 − y

(j)
i,t−L) y

(k)
i,t−L∑N

i=1
∑T

t=L+1(y
(j)
i,t−2 − y

(j)
i,t−L) y

(k)
i,t−L

...∑N
i=1

∑T
t=L+1(y

(j)
i,t−pj

− y
(j)
i,t−L) y

(k)
i,t−L

 . (23)

Now consider an element in row s ∈ {1, . . . , pj} of such a vector:

N∑
i=1

T∑
t=L+1

(y(j)
i,t−s − y

(j)
i,t−L) y

(k)
i,t−L = −

N∑
i=1

T∑
t=L+1

(y(j)
i,t−s − y

(j)
i,t−L)(y(k)

i,t−s − y
(k)
i,t−L)

+ 1
2

N∑
i=1

L−s∑
l=1

(
y

(j)
i,T −s+1−ly

(k)
i,T −s+1−l − y

(j)
i,l y

(k)
i,l

)

+ 1
2

N∑
i=1

T∑
t=L+1

(
y

(j)
i,t−sy

(k)
i,t−L − y

(j)
i,t−Ly

(k)
i,t−s

)
. (24)

The first term on the right-hand side of (24) contains only first-differenced variables
and is therefore free of unit-specific effects. Its contribution to (23) is collected in the
submatrices

Dj,k = −1
2 diag

(
Z

(j)′

1:pj
Z

(k)
1:pj

)
11×pk

, (25)

which together form the partitioned matrix

D =


D1,1 D1,2 . . . D1,K

D2,1 D2,2 . . . D2,K

... . . . ...
DK,1 DK,2 . . . DK,K

 .

The remaining two terms in (24), however, do involve unit-specific components. The sec-
ond term, which is the cross-variable analogue of the sum of squared endpoint observations
encountered in the previous section, has expectation zero under covariance stationarity.
Consequently, following the earlier argument, it is replaced by its expectation and set to
zero.

The final term of (24) does not in general have expected value zero. When j ̸= k,
the cross-products y

(j)
i,t−sy

(k)
i,t−L and y

(k)
i,t−sy

(j)
i,t−L need not coincide, because intertemporal

cross-dependencies between different variables are not symmetric in time. This contrasts
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with the case j = k, where symmetry ensures cancellation. These intertemporal cross-
products cannot be isolated from the unit-specific effects, but under suitable assumptions
their presence does not bias the estimator. To account for the contribution of these terms,
the following submatrices are introduced:

Bj,k = 1
2
(
diag

(
X

(j)′

1:pj
X̃

(k)
1:pj

)
− diag

(
X̃

(j)′

1:pj
X

(k)
1:pj

))
11×pk

. (26)

Note that Bj,j = 0pj×pj
due to symmetry, and that each Bj,k is a pj × pk with identical

columns. These submatrices are collected into the partitioned matrix

B =


0p1×p1 B1,2 . . . B1,K

B2,1 0p2×p2 . . . B2,K

... . . . ...
BK,1 BK,2 . . . 0pK×pK

 . (27)

Now consider an element s ∈ {1, . . . , pj} of any column of Bj,k, which can be written as

1
2

N∑
i=1

T∑
t=L+1

(
y

(j)
i,t−sy

(k)
i,t−L − y

(j)
i,t−Ly

(k)
i,t−s

)

= 1
2

N∑
i=1

T∑
t=L+1

(
u

(j)
i,t−su

(k)
i,t−L − u

(j)
i,t−Lu

(k)
i,t−s

)

+ 1
2

N∑
i=1

(
(u(j)

i,T −s − u
(j)
i,1 )a(k)

i − (u(k)
i,T −s − u

(k)
i,1 )a(j)

i

)
. (28)

Equation (28) reveals how the unit-specific effects enter the off-diagonal terms of ma-
trix B, thereby indicating the assumptions required to complete the construction of the
estimator.

The estimator is formulated under the following assumptions.
Assumption 4:

ε
(j)
i,t is IID across both i and t with E[ε(j)

i,t ] = 0, E[(ε(j)
i,t )2] = σ2

(j) < ∞ and E[(ε(j)
i,t )4] =

κ(ε(j)) < ∞.
Assumption 5:

a) The process is initiated in the infinite past.
b) E[(u(j)

0 )2] is bounded with E[(u(j)
0 )2] = σ2

u
(j)
0

< ∞
Assumption 6:

a
(j)
i is IID across i for each j with E[a(j)

i ] = 0 and E[(a(j)
i )2] = σ2

α(j) < ∞
and E[(u(j)

i,T −s − u
(j)
i,1 )a(k)

i ] = 0 for any j, k ∈ {1, . . . , K} and s ∈ {1, . . . , pj}.
Relying on the arguments above, an estimator for a VAR(p) process is formulated as

ϕ̂
V AR(p)
MIV = (Z ′Z + D + B)−1Z ′Y + eP ×1. (29)
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To facilitate the discussion of the estimator’s properties, the following notation is intro-
duced. Collect the idiosyncratic error terms, ε

(1)
i,t , in the vector ε, and collect the unit-

specific effects from (19) in the vectors a(k) = (a(k)
1 a

(k)
2 . . . a

(k)
N )′ and a(k) = a(k) ⊗1T −L×1,

where ⊗ denotes the Kronecker product. Next, collect all unit-specific effects into the
matrix a =

(
a(1)11×p1 a(2)11×p2 . . . a(K)11×pK

)
, which allows the explanatory variables to

be written without unit-specific effects as Ũ = X̃ −a. Finally, define Q−1 = Z ′Z +D+B.
It follows that

ϕ̂
V AR(p)
MIV − ϕV AR(p) = Q

(
Z ′ε + (Z ′Ũ − D − B)(ϕV AR(p) − eP ×1)

)
. (30)

It is convenient to decompose B = Ba + BU , where Ba contains all terms involving unit-
specific effects and BU the remaining terms. The matrix Z ′Ũ − D − BU consists of cross-
sectional sums of intertemporal cross-products evaluated at the endpoint observations,

1
2

N∑
i=1

L−s∑
l=1

(
u

(j)
i,T −s+1−lu

(k)
i,T −s+1−l − u

(j)
i,l u

(k)
i,l

)
, (31)

For a process that is integrated of order zero (I(0)), Assumptions 4 and 5a imply that
these terms have expected value zero, and the resulting consistency argument parallels
the AR(p) case. However, the I(0) and I(1) settings differ conceptually, and are therefore
considered separately.

Unlike the estimator for the pure AR process, unit-specific effects enter (30) through
the matrix Ba. Under Assumption 6, any element s ∈ {1, . . . , pj} of a column of Ba

j,k,
that constitutes Ba,

1
2

N∑
i=1

(
(u(j)

i,T −s − u
(j)
i,1 )a(k)

i − (u(k)
i,T −s − u

(k)
i,1 )a(j)

i

)
, (32)

has mean zero. For an I(0) process, the differences u
(j)
i,T −s − u

(j)
i,1 remain bounded in

variance, so each summand is Op(1). Thus Ba is asymptotically negligible when T → ∞
or when N, T → ∞, but contributes to the variance when T is fixed and N → ∞.
Additionally, to obtain a more compact notation, denote G = (Z ′Ũ − D − B)(ϕV AR(p) −
eP ×1).

Theorem 3. Suppose the VAR(p) process defined in (19) and (20) is I(0) and Assump-
tion 4, Assumption 5a), and Assumption 6 hold. Then:

a) as N → ∞,

√
N (ϕ̂V AR(p)

MIV − ϕV AR(p)) D→ N (0P ×1, V
V AR(p)

N ),
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where

V
V AR(p)

N = V
V AR(p)

1 + V
V AR(p)

2 + V
V AR(p)

3 ,

with

V
V AR(p)

1 = E[ QGG′Q′N ] ,

V
V AR(p)

2 = E[ QZ ′εG′Q′N ] + E[ QGε′ZQ′N ] ,

V
V AR(p)

3 = σ2E[ QZ ′ZQ′N ] .

b) as T → ∞,

√
T (ϕ̂V AR(p)

MIV − ϕV AR(p)) D→ N
(
0P ×1, σ2E[QZ ′ZQ′T ]

)
.

c) as N and T → ∞,

√
NT (ϕ̂V AR(p)

MIV − ϕV AR(p)) D→ N
(
0P ×1, σ2E[QZ ′ZQ′NT ]

)
.

As in the AR(p) setting, the expressions V
V AR(p)

1 and V
V AR(p)

2 involve unobserved
components and are therefore not directly estimable. Their interpretation, however,
differs from the AR(p) case in the sense that, they also incorporate the contribution of
the unit-specific effects through the matrix Ba. Thus, besides capturing the effect of the
unobserved endpoint-covariance terms, they additionally reflect variation arising from
the unit-specific effects. When T is fixed and N → ∞, both components influence the
asymptotic variance, and inference must rely on bootstrap methods.

The third component, V
V AR(p)

3 , depends only on observable quantities. In the asymp-
totic regimes considered in parts (b) and (c), where either T → ∞ or N, T → ∞, the
contribution of the unobserved terms disappears and the limiting variance reduces to the
same expression. In this respect, the estimator retains the desirable property that the
limiting distribution is identical whether the limit is taken in T alone or in N and T ,
without any restrictions on the relative rate at which the two dimensions diverge.

If the process is I(1), the estimator remains consistent provided that the variables are
cointegrated. However, establishing this requires additional arguments. In this case, the
term Z ′Ũ − D − B no longer has an expected value equal to zero, which was essential in
the I(0) case. To show consistency in the I(1) case, it is necessary to consider the entire
vector (Z ′Ũ − D − B)(ϕV AR(p) − eP ×1).

First, consider the part that contains the unit-specific effects, Ba. Because this compo-
nent consists only of differenced variables multiplied by unit-specific effects, its expected
value is zero. Moreover, when T is fixed, this part behaves analogously to the I(0)
case, this follows directly from equation (32). For notational simplicity, and without loss
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of generality, consider a VAR(1) representation with differencing order d = 1, so that
L = p + d = 2.7 In this case, an element j of the vector (Z ′Ũ − D − BU)(ϕV AR(p) − eP ×1)
is given by

1
2

N∑
i=1

u
(j)
i,T −1

( P∑
r=1

ϕru
(r)
i,T −1 − u

(1)
i,T −1

)
− u

(j)
i,1

( P∑
r=1

ϕru
(r)
i,1 − u

(1)
i,1

)

= 1
2

N∑
i=1

u
(j)
i,T −1

(
u

(1)
i,T − u

(1)
i,T −1 − εi,T

)
− u

(j)
i,1

(
u

(1)
i,2 − u

(1)
i,1 − εi,2

)
, (33)

From the multivariate Beveridge–Nelson decomposition,8 it follows that if the system is
cointegrated and has at most one unit root, it admits a representation with a single com-
mon stochastic trend and a stationary transitory component. In this case, any expression
of the form u

(j)
i,t−1

(
u

(k)
i,t − u

(k)
i,t−1

)
represents, in expectation, the difference between the

intertemporal covariance and the contemporaneous covariance, which is time invariant.
Hence the term appearing in (33) has expected value zero.9 This leads to the following
proposition.

Proposition 1. Suppose the VAR(p) process defined in (19) and (20) is a cointegrated
system that is I(1) and Assumption 4, Assumption 5 b), and Assumption 6 hold. Then,
as N → ∞,

√
N
(
ϕ̂

V AR(p)
MIV − ϕV AR(p)

)
D→ N

(
0P ×1, V

V AR(p)
N

)
,

where V
V AR(p)

N is defined in Theorem 3.

As in the I(0) case, the variance decomposes into three terms, of which V
V AR(p)

1 and
V

V AR(p)
2 involve unobserved components. Unlike in the stationary setting, however, the

contribution of these terms grows with T , so an approximation based solely on V
V AR(p)

3

is generally unreliable. Consequently, such an approximation is typically inappropriate
for a nonstationary VAR. Nevertheless, provided that the cross-sectional dimension N is
sufficiently large, the variance can still be estimated in practice by means of bootstrap
methods.
Remark 8: Also in the VAR model, the assumption of homogeneous variance in the
cross-section dimension can be relaxed provided that a Lindeberg condition holds. In
this case, one can show that Theorem 3 and Proposition 1 remain valid by arguments
analogous to those used for the AR(1) case with heterogeneous variance in Chirok Han
and P. C. Phillips (2010). Furthermore, homogeneity in the time-series dimension may

7This restriction is without loss of generality because any VAR(p) process can be written as a first-
order VAR in a suitably augmented state vector.

8Equivalently, from the multivariate Granger representation theorem; see Lütkepohl (2005), pp.
251–252.

9In addition, E[u(j)
i,T −1εi,T ] = 0 and E[u(j)

i,1 εi,2] = 0 by assumption.
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also be relaxed provided that, for any j, k ∈ {1, . . . , K} and s ∈ {1, . . . , pj},

plimT →∞
1

NT

1
2

N∑
i=1

L−s∑
l=1

u
(j)
i,T −s+1−lu

(k)
i,T −s+1−l − u

(j)
i,l u

(k)
i,l = 0

and

plimT →∞
1

NT

1
2

N∑
i=1

(
L−s∑
l=1

u
(j)
i,T −s+1−lu

(k)
i,T −s+1−l − u

(j)
i,l u

(k)
i,l

)2

< ∞.

III. Monte Carlo

To examine the finite-sample properties of the estimator, we conduct a series of Monte
Carlo experiments. Because the VAR extension represents the main empirical contribu-
tion of the paper, we begin with simulations based on a VAR(1) model, which reflects
the types of dynamic systems commonly estimated in applied work. We then consider
AR models to illustrate how the estimator generalizes the AR(1) case to higher-order
autoregressive processes. For tractability, the simulations focus on VAR(1) and AR(2)
specifications, as including additional lags does not alter the qualitative conclusions.

III.A. Simulation of VAR(1) with two variables

To illustrate the finite-sample performance of the MIV estimator, we begin with simu-
lations based on a VAR(1) model designed to reflect settings commonly encountered in
applied work. Without loss of generality, attention is restricted to estimating the first
equation of the VAR system, since the properties of the estimators apply symmetrically
across equations. For MIV, additional instrument sets are constructed by varying the
differencing length d, following Chirok Han, P. C. B. Phillips, and Sul (2014). MIV–1
uses a single set of instruments (d = 1), MIV–2 uses two sets (d = 1, 2), MIV–3 uses
three sets (d = 1, 2, 3), and MIV–max uses all feasible differencing lengths. The perfor-
mance of the MIV estimator is compared with several widely used alternatives, including
the Arellano–Bond (AB) and Blundell–Bond (BB) estimators, which remain the standard
GMM approaches in empirical applications. We also include the bias-corrected maximum
likelihood estimator of Hahn and Kuersteiner (2002) (HK), which is invariant to unit-
specific effects, and the IV estimator that underlies the construction of MIV and therefore
serves as a natural benchmark. The data are generated according to the following VAR(1)
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model:

y
(1)
i,t = u

(1)
i,t + a

(1)
i

y
(2)
i,t = u

(2)
i,t + a

(2)
i , (34)

u
(1)
i,t = ϕ

(1)
1,1u

(1)
i,t−1 + ϕ

(1)
2,1u

(2)
i,t−1 + ε

(1)
i,t

u
(2)
i,t = ϕ

(2)
1,1u

(1)
i,t−1 + ϕ

(2)
2,1u

(2)
i,t−1 + ε

(2)
i,t . (35)

The random variables are simulated independently as ε
(k)
i,t ∼ N (0, 1) and a

(k)
i ∼ N (0, 32),

and the observed sample begins at a stationary initial value.10 All reported results are
based on 2, 000 Monte Carlo repetitions.11

In the benchmark case, the sample size is set to N = 50 and T = 10, a configuration
that is common in empirical applications but challenging for many estimators. In such
panels, the time dimension is often too short for estimators relying on large-T asymptotics
to perform well, while the cross-sectional dimension may be insufficient for methods based
on large-N asymptotics.

Table 1 reports results for a symmetric VAR design in which both variables influence
each other through identical cross-lag coefficients, ϕ

(1)
2,1 = ϕ

(2)
1,1 = 0.2. The autoregressive

coefficients are varied across stationary, near-unit-root, and unit-root cases. Several pat-
terns emerge. The HK estimator becomes increasingly biased as persistence rises. The AB
estimator performs reasonably well in low-persistence cases but deteriorates sharply near
the unit root, reflecting weak-instrument problems. The IV estimator remains largely
unbiased but exhibits rapidly increasing RMSE as persistence grows. The MIV estima-
tors provide clear improvements over AB and IV, reducing RMSE and producing more
stable estimates across designs. While the BB estimator performs well overall, MIV–2
and MIV–3 typically achieve lower RMSE in stationary settings and remain competitive
in the unit-root case. Extensive instrument stacking (MIV–max) yields little additional
efficiency and may introduce small bias.

10Under this specification the unit-specific effects a
(1)
i and a

(2)
i are independent by construction. A

separate simulation was carried out in which the unit-specific effects were correlated across variables. Al-
though changing the specification of these effects shifted the relative bias across the estimated coefficients,
it did not alter the overall interpretation of the results.

11Fewer repetitions are used here compared to the AR simulations because the AB and BB estimators
are computationally intensive.
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Table 1: VAR(1) with sample size N = 50 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.366 0.385 0.409 0.393 0.405 0.406 0.407 0.417
(0.063) (0.131) (0.099) (0.118) (0.087) (0.074) (0.069) (0.074)

0.6 0.364 0.381 0.410 0.391 0.405 0.405 0.407 0.417
(0.064) (0.128) (0.098) (0.127) (0.087) (0.073) (0.069) (0.074)

0.8 0.364 0.380 0.411 0.386 0.407 0.408 0.411 0.422
(0.064) (0.135) (0.098) (0.158) (0.089) (0.076) (0.073) (0.079)

0.6 0.4 0.550 0.576 0.608 0.589 0.603 0.602 0.603 0.611
(0.071) (0.140) (0.094) (0.123) (0.091) (0.073) (0.068) (0.067)

0.6 0.545 0.564 0.601 0.589 0.603 0.604 0.606 0.613
(0.075) (0.154) (0.097) (0.130) (0.093) (0.077) (0.071) (0.070)

0.8 0.546 0.558 0.604 0.585 0.612 0.610 0.610 0.617
(0.074) (0.166) (0.097) (0.210) (0.096) (0.081) (0.075) (0.074)

0.8 0.4 0.720 0.737 0.788 0.790 0.803 0.803 0.803 0.805
(0.094) (0.181) (0.095) (0.138) (0.098) (0.078) (0.070) (0.063)

0.6 0.717 0.732 0.786 0.752 0.803 0.801 0.802 0.806
(0.097) (0.200) (0.102) (1.839) (0.097) (0.080) (0.073) (0.067)

0.8 0.715 0.623 0.791 0.790 0.808 0.809 0.810 0.815
(0.098) (0.366) (0.086) (0.242) (0.102) (0.086) (0.079) (0.074)

Estimation of ϕ
(1)
2,1 = 0.2

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.188 0.191 0.197 0.193 0.193 0.193 0.192 0.189
(0.049) (0.129) (0.097) (0.116) (0.095) (0.088) (0.090) (0.113)

0.6 0.183 0.187 0.197 0.197 0.194 0.192 0.191 0.187
(0.050) (0.149) (0.108) (0.162) (0.112) (0.101) (0.101) (0.115)

0.8 0.178 0.176 0.189 0.191 0.196 0.197 0.198 0.195
(0.048) (0.178) (0.119) (0.286) (0.128) (0.113) (0.109) (0.112)

0.6 0.4 0.183 0.189 0.194 0.197 0.196 0.196 0.196 0.192
(0.050) (0.133) (0.091) (0.108) (0.094) (0.083) (0.082) (0.096)

0.6 0.179 0.183 0.194 0.204 0.199 0.198 0.196 0.193
(0.050) (0.153) (0.100) (0.129) (0.101) (0.088) (0.086) (0.095)

0.8 0.176 0.171 0.185 0.197 0.197 0.194 0.193 0.188
(0.049) (0.199) (0.109) (0.264) (0.114) (0.098) (0.093) (0.091)

0.8 0.4 0.178 0.181 0.191 0.201 0.198 0.197 0.197 0.193
(0.052) (0.139) (0.088) (0.103) (0.086) (0.073) (0.070) (0.072)

0.6 0.173 0.171 0.184 0.162 0.193 0.192 0.192 0.188
(0.053) (0.168) (0.094) (1.690) (0.095) (0.080) (0.074) (0.072)

0.8 0.168 0.048 0.185 0.210 0.190 0.188 0.187 0.181
(0.051) (0.380) (0.085) (0.204) (0.108) (0.091) (0.085) (0.079)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B1 of Online Appendix B presents results for varying values of ϕ
(1)
1,1 and ϕ

(2)
2,1,

while holding the cross-lag coefficients fixed at ϕ
(1)
2,1 = 0.5 and ϕ

(2)
1,1 = 0. This asymmet-

ric design introduces unidirectional feedback from the second variable to the first and
provides a useful point of comparison to the symmetric case in Table 1. Table B2 of
Online Appendix B reports results from a design similar to that of Table B1, but with
the direction of cross-variable dynamics reversed. Specifically, the cross-lag coefficient
in the first row of (35) is set to zero, ϕ

(1)
2,1 = 0, while the second variable gets feedback

from the first variable, with ϕ
(2)
1,1 = 0.5. Although this setup is less frequently examined

in simulation studies, it is highly relevant to applied work, where testing null hypotheses
such as ϕ

(1)
2,1 = 0 is standard practice. Assessing estimator performance under such a

structure is therefore important for understanding how methods behave when coefficients
of interest may, in fact, be zero. The qualitative conclusions remain similar. The HK
estimator exhibits notable bias in highly persistent settings, while AB continues to deteri-
orate near the unit root. The BB estimator remains competitive, but the MIV estimators
generally achieve lower RMSE in stationary designs and remain robust in persistent envi-
ronments. In particular, MIV continues to outperform the standard IV estimator across
all stationary cases.

Table 2 examines the effect of a larger time dimension by increasing T to 20, with ϕ
(1)
2,1

set to 0.2; Tables B3 and B4 of Online Appendix B gives the corresponding values for
ϕ

(1)
2,1 = 0 and ϕ

(1)
2,1 = 0.5, respectively. As expected, the performance of most estimators

improves. The HK estimator becomes more stable, although some bias remains in highly
persistent cases. The AB estimator improves but continues to display bias near the unit
root. The IV estimator now performs more reliably, yet the MIV estimators continue to
deliver consistent gains in terms of RMSE. In this setting, stacking three instrument sets
(MIV–3) typically yields the best performance, while adding further instruments provides
little additional benefit.

In Tables B5–B7 of Online Appendix B, we increase the cross-sectional dimension N

from 50 to 100, while keeping the time dimension equal to 10 and varying the value of the
parameter ϕ

(2)
1,1 ∈ {0, 0.2, 0.5}. The MIV estimators continue to perform well across all

designs and persistence levels. In particular, they exhibit substantially smaller bias and
lower RMSE than both the HK and AB estimators, which tend to deteriorate in highly
persistent settings. Compared with the BB estimator, the MIV estimators also perform
favorably in most cases, typically achieving lower RMSE while maintaining comparable
bias.

Taken together, the Monte Carlo results indicate that the MIV estimator provides a
reliable alternative in small panels. It consistently improves upon the standard IV esti-
mator and, in most stationary cases, outperforms the BB estimator in terms of RMSE
while remaining competitive in unit-root settings. The results also suggest that a par-
simonious instrument choice is preferable: using two instrument sets when T = 10 and
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three when T = 20 captures most efficiency gains, while additional stacking offers little
benefit and may increase sensitivity to time-varying variance.

Table 2: VAR(1) with sample size N = 50 and T = 20.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.390 0.401 0.406 0.399 0.402 0.401 0.401 0.409
(0.033) (0.063) (0.054) (0.065) (0.056) (0.047) (0.043) (0.043)

0.6 0.390 0.403 0.407 0.401 0.403 0.402 0.402 0.409
(0.033) (0.062) (0.055) (0.068) (0.057) (0.046) (0.043) (0.045)

0.8 0.389 0.401 0.408 0.399 0.402 0.401 0.402 0.414
(0.034) (0.062) (0.055) (0.070) (0.059) (0.049) (0.045) (0.049)

0.6 0.4 0.584 0.599 0.604 0.598 0.602 0.601 0.600 0.605
(0.035) (0.067) (0.054) (0.069) (0.060) (0.049) (0.044) (0.038)

0.6 0.583 0.598 0.605 0.597 0.599 0.599 0.599 0.607
(0.034) (0.065) (0.054) (0.070) (0.060) (0.049) (0.044) (0.039)

0.8 0.581 0.598 0.605 0.597 0.601 0.601 0.601 0.610
(0.036) (0.067) (0.056) (0.074) (0.062) (0.050) (0.046) (0.041)

0.8 0.4 0.771 0.793 0.799 0.799 0.800 0.800 0.800 0.803
(0.040) (0.067) (0.052) (0.070) (0.063) (0.049) (0.043) (0.034)

0.6 0.769 0.790 0.800 0.795 0.800 0.799 0.799 0.802
(0.042) (0.074) (0.053) (0.077) (0.065) (0.051) (0.045) (0.036)

0.8 0.766 0.739 0.800 0.799 0.804 0.802 0.802 0.807
(0.044) (0.208) (0.049) (0.058) (0.070) (0.056) (0.050) (0.040)

Estimation of ϕ
(1)
2,1 = 0.2

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.197 0.200 0.200 0.202 0.201 0.201 0.201 0.198
(0.031) (0.064) (0.056) (0.067) (0.060) (0.052) (0.051) (0.080)

0.6 0.195 0.200 0.199 0.201 0.200 0.199 0.199 0.196
(0.029) (0.067) (0.058) (0.076) (0.066) (0.055) (0.053) (0.076)

0.8 0.191 0.196 0.196 0.199 0.199 0.199 0.199 0.196
(0.026) (0.069) (0.061) (0.101) (0.075) (0.066) (0.062) (0.074)

0.6 0.4 0.195 0.197 0.197 0.201 0.200 0.200 0.200 0.196
(0.031) (0.063) (0.053) (0.060) (0.057) (0.049) (0.047) (0.065)

0.6 0.193 0.197 0.197 0.198 0.198 0.197 0.196 0.194
(0.029) (0.066) (0.056) (0.070) (0.064) (0.053) (0.050) (0.064)

0.8 0.187 0.193 0.193 0.201 0.200 0.200 0.200 0.195
(0.028) (0.072) (0.058) (0.089) (0.070) (0.059) (0.055) (0.056)

0.8 0.4 0.190 0.194 0.195 0.202 0.201 0.200 0.199 0.196
(0.033) (0.065) (0.053) (0.058) (0.055) (0.046) (0.043) (0.050)

0.6 0.187 0.194 0.193 0.199 0.199 0.199 0.199 0.194
(0.031) (0.067) (0.053) (0.069) (0.062) (0.051) (0.046) (0.047)

0.8 0.179 0.140 0.191 0.198 0.194 0.195 0.195 0.190
(0.031) (0.212) (0.050) (0.058) (0.068) (0.054) (0.049) (0.042)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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III.B. Estimation of AR processes

We next consider autoregressive models to illustrate how the MIV estimator extends
beyond the AR(1) case. As a benchmark, we include the Anderson-Hsiao IV estimator
that uses first-differenced variables as instruments for variables in levels. Because the
AR(p) extension is mainly of theoretical interest, while the VAR extension represents the
primary empirical contribution, the simulations focus on comparing IV and MIV.12 The
experiment considers an AR(2) process, which provides the simplest setting illustrating
the extension to AR(p) dynamics. Estimators are evaluated in terms of bias, root mean
squared error (RMSE), and the empirical size of a 5 percent test of the null hypothesis,
with inference based on the large-T sandwich variance estimator under homoscedasticity.
We consider the following DGP:

yi,t = ui,t + ai,

ui,t = ϕ1ui,t−1 + ϕ2ui,t−2 + εi,t,

where εi,t ∼ N (0, 1) and ai ∼ N (0, σ2
a) with σa ∈ {0, 3}.13 Since the MIV estima-

tor is invariant to unit-specific effects, its results are reported only for one value of
σa, whereas the IV estimator is evaluated for both values. The autoregressive coeffi-
cients are specified as ϕ1 ∈ {0.6, 0.8, 1, 1.2} and ϕ2 = −0.2, generating persistence levels
ϕ1 + ϕ2 ∈ {0.4, 0.6, 0.8, 1} that span moderate persistence through the unit root case.
Stationary initial values are obtained by simulating 50 pre-sample periods for each cross-
sectional unit and discarding them before the observed sample begins; this procedure
is applied throughout the paper. All reported results for the AR models are based on
5, 000 Monte Carlo repetitions. Several combinations of N and T are considered while
keeping the total number of effective observations fixed at N(T − 3) = 400. This design
isolates how the relative magnitudes of N and T influence the finite-sample behavior of
the estimator.

The results are reported in Table 3 for the case when ϕ1 = 0.6 and ϕ1 = 0.8, and in
Table B8 of Online Appendix B for ϕ1 = 1 and ϕ1 = 1.2.14 suggest that the estimator
performs well across all scenarios, regardless of the relative sizes of N and T . This is
a highly desirable property that many alternative methods lack, making MIV suitable
for a wide range of applications. For instance, compared to the IV estimator, the MIV
estimator substantially reduces both bias and RMSE across the simulation designs, while
maintaining test sizes closer to their nominal levels. These results highlight the improve-
ments introduced by the modifications underlying the MIV estimator. In addition, it

12Methods accommodating AR(p) dynamics, such as X-differencing (Chirok Han, P. C. B. Phillips,
and Sul 2014), exist but are rarely used in applied work.

13For comparison, Chirok Han, P. C. B. Phillips, and Sul (2014) set σa ∈ {1, 3}.
14The corresponding results for ϕ2 are reported in Table B9 and Table B10 of Online Appendix B.
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is worth noting that efficiency increases when multiple sets of instruments are used, al-
though the gains diminish rapidly. The improvement from using two sets of instruments
instead of one is relatively large, but the additional gains from including a third set are
modest, and using more than three sets yields almost no further improvement. Finally,
the MIV estimator does not exhibit the oversizing problems observed for the IV estima-
tor. In the simulations, the IV-based tests reject the true null hypothesis far too often,
with empirical rejection rates approaching 20% when T is 10 or smaller. By contrast, the
MIV estimator maintains rejection frequencies much closer to the nominal level of 5%,
indicating more reliable finite-sample inference in short panels.

Because fixed-T consistency of the MIV estimator relies on constant variance over
time, we examine its sensitivity to violations of this assumption in Section B.B. of Online
Appendix B. The results show that bias can arise in extremely short panels, but declines
rapidly as the time dimension increases. In practice, even moderate values of T are
sufficient for the estimator to remain largely robust to departures from constant variance.
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Table 3: AR(2) with ϕ2 = −0.2

Estimation of ϕ1 = 0.6
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 0.600 0.564 0.600
(0.063) (0.197) (0.071)
[0.044] [0.334] [0.074]

10 40 0.599 0.591 0.599 0.600 0.600 0.599
(0.064) (0.096) (0.063) (0.057) (0.055) (0.056)
[0.052] [0.171] [0.049] [0.047] [0.047] [0.046]

20 20 0.597 0.594 0.597 0.598 0.598 0.598
(0.063) (0.082) (0.063) (0.057) (0.054) (0.054)
[0.052] [0.125] [0.048] [0.048] [0.045] [0.036]

40 10 0.598 0.596 0.598 0.598 0.597 0.597
(0.063) (0.072) (0.063) (0.056) (0.054) (0.052)
[0.050] [0.088] [0.051] [0.047] [0.048] [0.046]

400 1 0.599 0.599 0.599 0.599 0.599 0.599
(0.064) (0.065) (0.064) (0.058) (0.055) (0.050)
[0.055] [0.061] [0.055] [0.057] [0.057] [0.054]

Estimation of ϕ1 = 0.8
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 0.799 0.780 0.798
(0.064) (0.149) (0.069)
[0.050] [0.210] [0.071]

10 40 0.798 0.789 0.799 0.798 0.798 0.797
(0.063) (0.092) (0.061) (0.056) (0.054) (0.054)
[0.043] [0.139] [0.043] [0.042] [0.044] [0.041]

20 20 0.797 0.793 0.798 0.797 0.798 0.798
(0.063) (0.076) (0.062) (0.056) (0.054) (0.053)
[0.049] [0.088] [0.047] [0.047] [0.041] [0.038]

40 10 0.798 0.796 0.798 0.799 0.799 0.798
(0.064) (0.071) (0.063) (0.057) (0.055) (0.053)
[0.055] [0.076] [0.051] [0.051] [0.053] [0.047]

400 1 0.796 0.796 0.796 0.796 0.797 0.796
(0.064) (0.065) (0.064) (0.058) (0.055) (0.050)
[0.056] [0.055] [0.057] [0.054] [0.053] [0.053]

Notes: Results from 5,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. The number of instruments of MIV–max is limited to at most 20 sets

of instruments for computational reasons. RMSE is within the parentheses and size within the square brackets.

The associated results for the estimates of ϕ2 are found in Table B9.
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IV. Empirical Illustrations

To illustrate how the MIV estimator can be applied in practice, we now present three
different empirical applications, examining, in turn the relationship between democracy
and foreign education, winning margin in local elections and the number of undertaken
reforms, and redistribution and growth.

IV.A. Democracy and Foreign Education

We begin by revisiting a result by Spilimbergo (2009), who studies the relationship be-
tween a democracy and foreign education. The independent variable of interest is the
level of democracy in host countries, measured as the weighted average of host-country
democracy indices, with weights equal to the share of students from the origin country
enrolled in each host country out of the total number of students studying abroad from
that origin country. Democracy is measured by Freedom House’s annual Freedom in
the World index, which takes a value between 0 and 1. Spilimbergo (2009) utilizes the
Blundell–Bond system GMM to estimate the AR(1) dynamic panel model

Home country democracyi,t = ϕ Home country democracyi,t−1+

β Foreign country democracyi,t−1 + ai + λt + εi,t

The coefficient of interest in the following regressions is β̂, which should be positive if
exposure to democracy among outgoing students increases democracy in these students’
home countries. The total number of five-year periods is 12, while the number of cross-
sections (countries) is 183.

Figure 1 illustrates the main coefficient estimate for three versions of the MIV estima-
tor, with 2, 3, and 4 lags, respectively, and six versions of the GMM. The GMM versions
considered are the Blundell–Bond and Arellano–Bover system GMM, the Arellano–Bond
difference GMM, and the same three variants with collapsed instrument matrix (cf. Rood-
man 2009). The GMM estimates vary substantially depending on how the instrument set
is constructed.15 When the full instrument matrix is used, the system GMM estimates
are relatively large and statistically significant. However, collapsing the instrument ma-
trix—a commonly recommended practice to mitigate instrument proliferation—reduces
the point estimates to less than half their original magnitude and renders them statisti-
cally insignificant. This sensitivity highlights how inference based on GMM can depend
critically on seemingly technical implementation choices. In contrast, the MIV estimates

15In this context, a coefficient estimate of 0.2 is interpreted as a country that sends all its foreign
students to democratic countries rather than to countries with dictatorships increases its democracy by
0.2 on a scale of zero to one.
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Coefficient estimate

Democracy and Foreign Education

Figure 1: Point estimates and 95% confidence bands for the effect of foreign education in
democratic countries on home-country democracy, across three MIV and six GMM variants.

remain stable across specifications, both in magnitude and statistical significance. These
findings suggest that the proposed estimator yields conclusions that are less sensitive to
researcher decisions regarding instrument construction.

IV.B. Electoral Margins and Reforms

Next, we consider the paper by Bernecker, Boyer, and Gathmann (2021), who examine
whether U.S. governors with strong electoral support—defined as winning election by a
large margin—are more or less likely to conduct policy experiments. They find a statis-
tically significant negative relationship, indicating that governors with stronger electoral
mandates are less likely to experiment with welfare reforms. The study uses a panel of
48 U.S. states spanning 30 years. Thus, relative to the previous application, this set-
ting features a larger time dimension but fewer cross-sectional units. The dynamic panel
specification estimated in this paper is a similar AR(1) specification, namely

Number of policy experimentsi,t = ϕ Number of policy experimentsi,t−1+

β Governor winning margini,t + γ ′Xit + ai + λt + εi,t

where Xit is a vector of controls. Figure 2 displays the estimated β̂ coefficients with
the same three MIV and six GMM variants as in the previous example. The original
study employs difference GMM for the dynamic panel specification. In this example, a
coefficient estimate of −0.01 is interpreted as a 1 percent percentage point increase in
the governor’s winning margin is associated with 0.01 fewer policy experiments. While
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Electoral Support and Policy Experiments

Figure 2: Point estimates and 95% confidence bands for the effect of electoral support and the
number of policy experiments, across three MIV and six GMM variants.

the estimates across methods are more closely aligned than in the previous application,
there is still dispersion across the GMM variants, particularly with respect to instrument
collapsing. In contrast, there is less variation in the MIV estimates, consistently indicating
a negative relationship of almost exactly the same magnitude. The greater overall stability
observed in this setting likely reflects the larger time dimension of the panel, which
mitigates weak instrument concerns and improves the precision of the estimators. Still,
the remaining dispersion across GMM implementations underscores that inference can
still depend on researcher choices, whereas our proposed estimator delivers robust and
economically coherent conclusions across specifications.

IV.C. Redistribution and Growth

Finally, we re-estimate a result from Berg et al. (2018) on the relationship between
redistribution, inequality, and economic growth. Their main result is that redistribution
increases economic growth. As in the paper, redistribution is defined as the difference
between market and net inequality, while the dependent variable is the average annual
growth rate of GDP per working-age population. Inequality is measured using the Gini
coefficient on a 0–100 scale, where 0 corresponds to perfect equality and 100 corresponds
to maximal inequality; that is, all income is concentrated in one individual. As control
variables, we use the investment-to-GDP ratio, average years of total schooling for adults,
population growth, life expectancy, fertility, polity scores, trade openness, an indicator
for whether the country suffered a terms of trade shock, and the external debt-to-GDP
ratio. As is standard in the growth literature, growth is measured over five-year intervals
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using a sample of 69 countries. The dataset spans the period from 1975 to 2019, yielding
a maximum of nine five-year intervals per country, although observations are missing for
some countries in certain periods.

The results are presented in Table 4. For brevity, we present estimates from the
Arellano–Bover system GMM with a collapsed instrument matrix alongside those from
our estimator (MIV–2).16 In the baseline specification without the full set of controls,
MIV–2 estimates a statistically significant negative effect of redistribution on growth
(β̂ = −0.49, p < 0.01), which is interpreted as a unit increase in redistribution decreases
growth by around half a percentage point. The GMM coefficient is negative in magnitude,
but statistically insignificant. When the full set of controls is included, the estimates di-
verge further. Under MIV–2, the direct effect of redistribution becomes close to zero in
magnitude, suggesting that any impact on growth operates primarily through mediating
variables, most notably investment. In contrast, the corresponding GMM specification
produces a positive and statistically significant coefficient on redistribution, implying a
direct growth-enhancing effect of redistribution. The GMM estimates imply that, con-
ditional on controls, a unit increase in redistribution increases growth by one quarter of
a percentage point. Taken together, these results indicate that both the sign and the
economic interpretation of the effect of redistribution on growth depend materially on
the choice of estimator. This divergence is likely to be exacerbated by the low number of
time periods in this example.

16The original paper uses system GMM only. Different from Berg et al. (2018), we update the dataset
to include additional time periods and to address certain data inconsistencies raised in the literature (cf.
Solt 2020). These changes do not, however, alter the substantive conclusions regarding the relationship
between inequality and redistribution. Thus, any differences in results are attributable to estimator
choice rather than to changes in the data.
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Table 4: The relationship between growth, inequality, and redistribution.

Outcome variable: Baseline Controls included
Log growth MIV GMM MIV GMM
ln(Growth−1) 0.0358** –0.0097 0.0008 –0.0510***

(0.0165) (0.0110) (0.0184) (0.0046)
Gini 0.1004 –0.3200** 0.2269 0.0025

(0.0994) (0.1451) (0.1965) (0.0512)
Redistribution –0.4907*** –0.2966 –0.0010 0.2414***

(0.1412) (0.1814) (0.2531) (0.0146)
ln(Investments) 0.0941*** 0.0268*

(0.0189) (0.0142)
ln(Population growth) 0.0096 0.0388*

(0.0484) (0.0232)
ln(Education) –0.0091 –0.0048

(0.0420) (0.0130)
Life expectancy –0.0472 0.2553***

(0.3764) (0.0183)
ln(Fertility) –0.0343 –0.0441***

(0.0376) (0.0122)
Polity score –0.2130 0.0604***

(0.2133) (0.0062)
Terms of trade shock 0.0084 –0.0187**

(0.0123) (0.0085)
Trade openness 0.0004 0.0002**

(0.0003) (0.0001)
Debt-to-GDP ratio –0.0025 –0.0028***

(0.0054) (0.0009)
Redistribution = Gini p-value 0.0022 0.8408 0.2785 0.0000
AR(1) test p-value 0.0007 0.0007 0.0000 0.0000
AR(2) test p-value 0.2231 0.2888 0.1569 0.0496
Hansen test p-value 0.0879 0.0595
Countries 69 69 65 65
Observations 374 374 293 293

Notes: Robust standard errors in parentheses. *, **, and *** denote significance at the 10%, 5%, and 1%
levels, respectively. MIV standard errors are obtained via bootstrap (2,000 repetitions). The Hansen test is
not applicable to MIV as the model is just-identified.
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V. Concluding Remarks

This paper develops a novel estimator for dynamic panel models that addresses key
shortcomings of the commonly used difference and system GMM estimators. By requiring
only one of the panel dimensions—either the number of cross-sections (N) or the number
of time periods (T )—to grow large for asymptotic unbiasedness, our estimator remains
reliable in a wide range of panel settings.

In addition, we show that our estimator naturally extends to higher-order AR(p)
processes and to VAR(p) models, allowing researchers to estimate dynamic specifications
that include exogenous, predetermined, or endogenous regressors. Unlike GMM, the
proposed estimator is just-identified and therefore avoids instrument proliferation and
the need for instrument selection. It also remains well behaved in highly persistent
environments, including unit root and local-to-unit-root cases. Monte Carlo simulations
indicate that the estimator exhibits lower finite-sample bias than GMM across a wide
range of designs, including short panels and highly persistent processes, while avoiding
the oversizing problems commonly encountered in IV-based dynamic panel estimators.

To illustrate the empirical relevance of the approach, we revisit several well-known ap-
plications in political economy and macroeconomics, including the relationship between
foreign education and democracy, governors’ policy experimentation, and redistribution
and economic growth. Across these applications, we find that GMM estimates can vary
substantially depending on implementation choices, such as instrument length, instru-
ment collapsing, and the choice between difference and system GMM. In contrast, the
proposed estimator delivers stable estimates across specifications. These findings suggest
that, in practice, empirical conclusions drawn from dynamic panel models may depend
not only on the data and specification but also on researcher decisions regarding instru-
ment construction.

More broadly, the results highlight the importance of estimator choice in dynamic
panel settings, particularly when panels are persistent or when the available time dimen-
sion is limited. In such environments, methods that rely heavily on instrument selection
may produce estimates that are sensitive to specification choices. By avoiding these is-
sues and maintaining desirable asymptotic properties when either N or T grows large,
the proposed estimator offers a simple and robust alternative for empirical researchers
working with dynamic panel data.
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Online Appendix [Not for Publication]

A. Mathematical Derivations

Definition: The covariances across time for a variable is defined as E[ui,qui,q+r] =
E[ui,q+rui,q] = γr for any integers q, r ≥ 0, where γ0 denotes the variance of the pro-
cess.
Derivation of (3): Without loss of generality consider subtracting ui,t−1 from both sides
of (2),

ui,t − ui,t−1 = (ϕ − 1)ui,t−1 + εi,t.

Where ϕ − 1 could be estimated by and IV estimator that uses first differences as instru-
ments for the variable expressed in levels. Obtainting an estimate of ϕ is then obtained
by adding 1 to this estimate. This motivates the following IV estimator

ϕ̂
AR(1)
IV =

∑N
i=1

∑T
t=3(yi,t − yi,t−1)(yi,t−1 − yi,t−2)∑N

i=1
∑T

t=3 yi,t−1(yi,t−1 − yi,t−2)
+ 1

=
∑N

i=1
∑T

t=3(yi,t − yi,t−1)(yi,t−1 − yi,t−2)∑N
i=1

∑T
t=3(yi,t−1 + yi,t−2−yi,t−2
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+ 1

=
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i=1
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t=3(yi,t − yi,t−1)(yi,t−1 − yi,t−2)∑N
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1
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Derivation of (15):

N∑
i=1

T∑
t=1+L
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)
, (A.36)
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Derivation of (17):
Collect the appropriate lags of the unobserved process defined in (10) in the matrices

U = (u1 . . . up) and Ũ = uL11×p. The following holds

ϕ̂
AR(p)
MIV − ϕAR(p)

= QZ ′Y − QQ−1
(
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)
= Q

(
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2 diag(Z ′Z)11×p

) (
ϕAR(p) − ep×1

))
= Q

(
Z ′u − Z ′u1 −

(
Z ′Z − 1

2 diag(Z ′Z)11×p

) (
ϕAR(p) − ep×1

))
= Q

(
Z ′u − Z ′u1 − Z ′ZϕAR(p) + 1

2 diag(Z ′Z)11×pϕ
AR(p) + Z ′u1 − Z ′uL − 1

2 diag(Z ′Z)
)

= Q
(
Z ′u − Z ′UϕAR(p) + Z ′Ũ ϕAR(p) + 1
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Derivation of (24):
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Derivation of (28):
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Derivation of (30):
Following the conventions established in the main text, for each variable k ∈ {1, . . . , K}

collect the appropriately lagged versions of the process expressed without unit-specific
effects in U (k) =
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1 u(k)
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. Finally, recall that Q−1 = Z ′Z + D + B.

Then
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Proof of Theorem 1 a).

By the definition of the estimator in equation (4) we have
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t=3(ui,t−1 − ui,t−2)2 − 1 − ϕ)

=
√

N

(
ϕ − 1 + 2(ϕ − 1)

∑N
i=1

∑T
t=3 ui,t−2(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 + 2
∑N

i=1
∑T

t=3 εi,t(ui,t−1 − ui,t−2)∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

)

=
√

N(ϕ − 1) + 2
√

N(ϕ − 1)
∑N

i=1
∑T

t=3 ui,t−2(ui,t−1 − ui,t−2)∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

+ 2
√

N

∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

=
√

N(ϕ − 1) + 2
√

N(ϕ − 1)
∑N

i=1
∑T

t=3 ui,t−2(ui,t−1 − ui,t−2)∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

+ 2
√

N

∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 2(ϕ − 1)
√

N

(
1
2 +

∑N
i=1

∑T
t=3 ui,t−2(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

)

+ 2
√

N

∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 . (A.40)

where the second equality from above follows from the definition of the process in equation
(1) and (2). Consider the term inside the second parenthesis of the final expression in
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the above equation, we have

1
2 +

∑N
i=1

∑T
t=3 ui,t−2(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2 + 2

2

∑N
i=1

∑T
t=3 ui,t−2(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2 + 1

2

∑N
i=1

∑T
t=3 2ui,t−2(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2 + 1

2

∑N
i=1

∑T
t=3(2ui,t−2 + ui,t−1 − ui,t−1)(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2 + 1

2

∑N
i=1

∑T
t=3 −(ui,t−1 − ui,t−2)2 + u2

i,t−1 − u2
i,t−2∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2 − 1

2

∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 + 1
2

∑N
i=1

∑T
t=3 u2

i,t−1 − u2
i,t−2∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2

∑N
i=1

∑T
t=3 u2

i,t−1 − u2
i,t−2∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= 1
2

∑N
i=1 u2

i,T −1 − u2
i,1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 .

Inserting this result back into (A.40) we obtain

√
N(ϕ̂AR(1)

MIV − ϕ)

= (ϕ − 1)
√

N

∑N
i=1 u2

i,T −1 − u2
i,1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 + 2
√

N

∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

= (ϕ − 1)
N−1/2∑N

i=1 u2
i,T −1 − u2

i,1

N−1∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2 + 2N−1/2∑N

i=1
∑T

t=3 εi,t(ui,t−1 − ui,t−2)
N−1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 .

(A.41)

For the numerator of the first term above, because of the cross-sectional independence,
the fact that ui,T −1 and ui,1 are just weighted sums of past error terms and that the error
terms have a bounded fourth moment according to Assumption 1 the Lindeberg–Lévy
CLT applies. Additionally, by constant covariance, which is implied by Assumptions 1
and 2 a), the following holds

E
[
N−1/2

N∑
i=1

u2
i,T −1 − u2

i,1

]
= γ0 − γ0 = 0

Note that under a unit root the first term of expression (A.41) is exactly equal to zero
because, in this case, ϕ−1 = 0. Now, consider the numerator of the second term. Because
the error terms are independent across both i and t and their second and fourth moments
are bounded according to Assumption 1 the Lindeberg–Lévy CLT also applies here as
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well so that

E
[
N−1/2

N∑
i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

= 0. (A.42)

The denominator of the two fractions can be written as

N∑
i=1

T∑
t=3

(ui,t−1 − ui,t−2)2 =
N∑

i=1

T∑
t=3

u2
i,t−1 − 2ui,t−1ui,t−2 + u2

i,t−2

Hence by covariance stationarity and the definition of the covariance it has probability
limit

N→∞N−1
N∑

i=1

T∑
t=3

(ui,t−1 − ui,t−2)2 =
T∑

t=3
2γ0 − 2γ1

= 2(γ0 − γ1)(T − 2)

= 2
(

σ2

1 − ϕ2 − ϕ
σ2

1 − ϕ2

)
(T − 2)

= 2 σ2

1 + ϕ
(T − 2). (A.43)

Note that the expression in (A.43) is derived under |ϕ| < 1, since it relies on γ0 =
σ2/(1 − ϕ2). In the unit root case ϕ = 1, the first term in (A.41) vanishes because
ϕ − 1 = 0, so the contribution of this component to the variance is zero. Consequently,
the two fractions have expected value equal to zero and we can conclude that as N → ∞

E
[√

N(ϕ̂AR(1)
MIV − ϕ)

]
= 0.

Turning to the variance, equation (A.41) gives

(√
N(ϕ̂AR(1)

MIV − ϕ)
)2

=
(

(ϕ − 1)
N−1/2∑N

i=1(u2
i,T −1 − u2

i,1)
N−1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 + 2N−1/2∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)

N−1∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

)2

= (ϕ − 1)2
(

N−1/2∑N
i=1(u2

i,T −1 − u2
i,1)

N−1∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

)2

+ 4(ϕ − 1)
N−1/2∑N

i=1(u2
i,T −1 − u2

i,1)
N−1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2
N−1/2∑N

i=1
∑T

t=3 εi,t(ui,t−1 − ui,t−2)
N−1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2

+ 4
(

N−1/2∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)

N−1∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2

)2

. (A.44)

To evaluate the variance in the limit as N → ∞, each of the three terms above is
considered separately. Under the unit root case, the first two terms are equal to zero,
implying that the variance of the estimator consists solely of the final term. Consider the
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numerator of the first squared fraction above.

E

(N−1/2
N∑

i=1
(u2

i,T −1 − u2
i,1)
)2

= E

N−1
N∑

i=1
(u2

i,T −1 − u2
i,1)

N∑
j=1

(u2
j,T −1 − u2

j,1)


= E
[
N−1

N∑
i=1

(u2
i,T −1 − u2

i,1)2
]

+ E

N−1
N∑

i=1

∑
j ̸=i

(u2
i,T −1 − u2

i,1)(u2
j,T −1 − u2

j,1)


= E
[
N−1

N∑
i=1

(u4
i,T −1 − 2u2

i,T −1u
2
i,1 + u4

i,1)
]

+ 0

= E
[
N−1

N∑
i=1

(u4
i,T −1 + u4

i,1)
]

− 2E
[
N−1

N∑
i=1

u2
i,T −1u

2
i,1

]
. (A.45)

The second equality follows from cross-sectional independence, and the third from the
fact that E[u2

i,T −1 − u2
i,1] = γ0 − γ0 = 0 for all i, by Assumption 2.

To evaluate the expectation of the two resulting terms, consider the following. For an
IID AR(1) process as defined in equation (2), it holds that (cf. Peiris and Swartz 2020):

E[u4
i,t] = κ(u) = κ(ε)

1 − ϕ4 + 6 ϕ2σ4

(1 − ϕ2)(1 − ϕ4) . (A.46)

Using this result, it is straightforward to see that

E
[
N−1

N∑
i=1

(u4
i,T −1 + u4

i,1)
]

= 2κ(u) = 2
(

κ(ε)

1 − ϕ4 + 6 ϕ2σ4

(1 − ϕ2)(1 − ϕ4)

)
. (A.47)

The second term in equation (A.45) is

− 2E
[
N−1

N∑
i=1

u2
i,T −1u

2
i,1

]

= −2E
N−1

N∑
i=1

(
T −2∑
t=1

ϕt−1εT −t + ϕT −2ui,1

)2

u2
i,1


= −2E
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T −t + ϕ2(T −2)u2
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)
u2

i,1

]

= −2
(
E
[
N−1

N∑
i=1

T −2∑
t=1

ϕ2(t−1)ε2
T −tu

2
i,1

]
+ E

[
N−1

N∑
i=1

ϕ2(T −2)u4
i,1

])

= −2
(
E
[
N−1

N∑
i=1

u2
i,1

T −2∑
t=1

ϕ2(t−1)ε2
T −t

]
+ E

[
ϕ2(T −2)N−1

N∑
i=1

u4
i,1

])

= −2
(

σ4

1 − ϕ2

T −2∑
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ϕ2(t−1) + ϕ2(T −2)κ(u)
)

. (A.48)
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The second equality follows from the fact that the error terms are independent across
time, and the last equality follows from the LLN. Combining equations (A.47) and (A.48),
the following result is obtained for equation (A.45).

E

(N−1/2
N∑

i=1
(u2

i,T −1 − u2
i,1)
)2 = 2(1 − ϕ2(T −2))κ(u) − 2 σ4

1 − ϕ2

T −2∑
t=1

ϕ2(t−1). (A.49)

Define the summation ∑S
s=l = 0 if S < l. The next step is to evaluate the expected

value of the numerator in the second fraction of equation (A.44), as N → ∞. Let Fi,t

denote the sigma-algebra generated by {εi,t′}t
t′=−∞. Begin by considering the special case

where T = 3. Letting N → ∞, the expected value is given by

E
[
N−1/2

N∑
i=1

(u2
i,2 − u2

i,1)N−1/2
N∑

i=1
εi,3(ui,2 − ui,1)

]

= E
[
N−1/2

N∑
i=1

(u2
i,2 − u2

i,1)N−1/2
N∑

i=1
E[εi,3 | Fi,2](ui,2 − ui,1)

]
= 0.

The final equality follows from the fact that εi,3 has zero conditional expectation and is
independent of Fi,2.
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If T ≥ 4, the expected value of this term as N → ∞ is

E
[
N−1/2

N∑
i=1

(u2
i,T −1 − u2

i,1)N−1/2
N∑

i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

(A.50)

= E

N−1/2
N∑
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(T −1∑
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ϕT −t−1εi,t + ϕT −3ui,2
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N−1/2
N∑

i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)


= E

N−1/2
N∑

i=1

(T −1∑
t=3

ϕT −t−1εi,t

)2

+ 2ϕT −3ui,2

T −1∑
t=3

ϕT −t−1εi,t + ϕ2(T −3)u2
i,2 − u2

i,1


×N−1/2

N∑
i=1

T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

+ E

N−1/2
N∑

i=1

(T −1∑
t=3

ϕT −t−1εi,t + ϕT −3ui,2

)2

− u2
i,1

N−1/2
N∑

i=1
εi,T (ui,T −1 − ui,T −2)


= E

N−1/2
N∑

i=1

(
T −1∑
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 (A.11.1)

+ E
[
N−1/2

N∑
i=1

2ϕT −3ui,2

T −1∑
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ϕT −t−1εi,tN
−1/2

N∑
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T −1∑
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(A.11.2)

+ E
[
N−1/2
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(ϕ2(T −3)u2
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i,1)N−1/2
N∑
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(A.11.3)

+ E
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 .

(A.11.4)

where the Lindeberg–Lévy CLT applies, implying that each of the four terms converges
in distribution to a product of two normal random variables. Consider equation (A.11.3)
and define the random variable ξj = ϕ2(T −3)u2

j,2 −u2
j,1. By construction, ξj is independent

of εi,t for all i, j, and t ≥ 3, and εi,t is also independent of ui,t−1 − ui,t−2 for all i and t.
Using this, the term can be rewritten as

E
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(ϕ2(T −3)u2
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Where the second equality from below follows from the independence of εi,t, ξj, and
ui,t−1 − ui,t−2. The final equality follows from the fact that E[εi,t] = 0.

Equivalently, consider equation (A.11.4) and define the random variable
Ξj =

(∑T −1
t=3 ϕT −t−1εj,t + ϕT −3uj,2

)2
− u2

j,1. By construction, Ξj is independent of εi,T for
all i and j, and εi,T is also independent of ui,T −1 − ui,T −2.
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The final equality follows from the fact that E[εi,T ] = 0. Next, we evaluate (A.11.1)

E

N−1/2
N∑

i=1

(
T −1∑
t=3

ϕT −t−1εi,t

)2

N−1/2
N∑

i=1

T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)


= E

N−1
N∑

i=1

(
T −1∑
t=3

ϕT −t−1εi,t

)2 T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)


+ E

N−1/2
N∑

i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t +

T −1∑
t=3

ϕT −t−1εi,t

T −1∑
t∗ ̸=t

ϕT −t∗−1εi,t∗


N−1/2

N∑
j ̸=i

T −1∑
t=3

εj,t(uj,t−1 − uj,t−2)


= E

N−1
N∑

i=1

(
T −1∑
t=3

ϕT −t−1εi,t

)2 T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)


+ E

N−1/2
N∑

i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t +

T −1∑
t=3

ϕT −t−1εi,t

T −1∑
t∗ ̸=t

ϕT −t∗−1εi,t∗


× E

N−1/2
N∑

j ̸=i

T −1∑
t=3

εj,t(uj,t−1 − uj,t−2)


= E

N−1
N∑

i=1

(
T −1∑
t=3

ϕT −t−1εi,t

)2 T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)
+

(
σ2

ε

T −1∑
t=3

ϕ2(T −t−1) + 0
)

× 0

= E
[
N−1

N∑
i=1

(
T −1∑
t=3

ϕ2(T −t−1)ε2
i,t + 2

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

)
T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

= E
[
N−1

N∑
i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t

T −1∑
t′=3

εi,t′(ui,t′−1 − ui,t′−2)
]

+ 2E
N−1

N∑
i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

∑
t′ ̸=t

εi,t′(ui,t′−1 − ui,t′−2)


+ 2E
[
N−1

N∑
i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
ε2

i,tεi,t∗(ui,t−1 − ui,t−2)
]

= 0 + 0 + 2E
[
N−1

N∑
i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
ε2

i,tεi,t∗(ui,t−1 − ui,t−2)
]

(A.53)

Where the fourth equality from below follows from the cross-sectional independence and
that the error term is mean zero and independent across time. The last equality also
follows from the fact that the error term is mean zero and independent across time but
as this is not too obvious it requires a further explanation. First, consider the following
expectation

E
[
N−1

N∑
i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t

T −1∑
t′=3

εi,t′(ui,t′−1 − ui,t′−2)
]
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if t′ ̸= t then εi,t′ is independent of all other terms as it is neither contained in ui,t′−1,
ui,t′−2 nor in ε2

i,t. Hence by the law of iterated expectations we may write this as

E

N−1
N∑

i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t

∑
t′ ̸=t

εi,t′(ui,t′−1 − ui,t′−2)


= E

N−1
N∑

i=1

T −1∑
t=3

ϕ2(T −t−1)ε2
i,t

∑
t′ ̸=t

E[εi,t′ ](ui,t′−1 − ui,t′−2)
 = 0

since E[εi,t′ ] = 0 the whole sum has expected value equal to zero. If t′ = t then we have

E
[
N−1

N∑
i=1

T −1∑
t=3

ϕ2(T −t−1)ε3
i,t(ui,t−1 − ui,t−2)

]

= E
[
N−1

N∑
i=1

T −1∑
t=3

ϕ2(T −t−1)ε3
i,tE[(ui,t−1 − ui,t−2)]

]
= 0

in this case E[ε3
i,t] may be different from zero however ε3

i,t is still independent of (ui,t−1 −
ui,t−2) so can apply the law of iterated expectation. The final equality follows from the
fact that E[(ui,t−1 − ui,t−2)] = 0. Left to consider is the following

E

N−1
N∑

i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

∑
t′ ̸=t

εi,t′(ui,t′−1 − ui,t′−2)


Note that t > t∗ so εi,t and εi,t∗ will always be independent, if t′ < t then εi,t is independent
of both εi,t′ and ui,t′−1 − ui,t′−2. In this case we can apply the law of iterated expectation
to get

E

N−1
N∑

i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

∑
t′<t

εi,t′(ui,t′−1 − ui,t′−2)


= E

N−1
N∑

i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗E[εi,t]εi,t∗
∑
t′<t

εi,t′(ui,t′−1 − ui,t′−2)
 = 0

If t′ > t, both εi,t and εi,t′ are contained in ui,t′−1 − ui,t′−2. However, in this case εi,t′ is
independent of all other terms so we can rewrite the expression as

E

N−1
N∑

i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

∑
t′>t

εi,t′(ui,t′−1 − ui,t′−2)


= E

N−1
N∑

i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
εi,tεi,t∗

∑
t′>t

E[εi,t′ ](ui,t′−1 − ui,t′−2)
 = 0
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Left to evaluate of (A.53) is

2E
[
N−1

N∑
i=1

T −1∑
t=4

t−1∑
t∗=3

ϕ2(T −1)−t−t∗
ε2

i,tεi,t∗(ui,t−1 − ui,t−2)
]

= 2E
[
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −1)−tε2
i,t

t−1∑
t∗=3

ϕ−t∗
εi,t∗(ui,t−1 − ui,t−2)

]

= 2E
[
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −1)−tε2
i,t

×
t−1∑
t∗=3

ϕ−t∗
εi,t∗(

t−1∑
t′=3

ϕt−1−t′
εi,t′ + ϕt−3ui,2 −

t−2∑
t′=3

ϕt−2−t′
εi,t′ − ϕt−4ui,2)

]

= 2E
[
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −2)ε2
i,t

t−1∑
t∗=3

ϕ−t∗
εi,t∗(

t−1∑
t′=3

ϕ1−t′
εi,t′ + ϕ−1ui,2 −

t−2∑
t′=3

ϕ−t′
εi,t′ − ϕ−2ui,2)

]

= 2E
[
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −2)ε2
i,t(

t−1∑
t∗=3

ϕ1−2t∗
ε2

i,t∗ −
t−2∑
t∗=3

ϕ−2t∗
ε2

i,t∗)
]

+ 2E
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −2)ε2
i,t

t−1∑
t∗=3

ϕ−t∗
εi,t∗(

∑
t′ ̸=t∗

ϕ1−t′
εi,t′ −

∑
t′ ̸=t∗

ϕ−t′
εi,t′)


+ 2E

[
N−1

N∑
i=1

T −1∑
t=4

ϕ2(T −2)ε2
i,t

t−1∑
t∗=3

ϕ−t∗
εi,t∗(ϕ−1 − ϕ−2)ui,2

]

= 2σ4
εϕ2(T −2)

T −1∑
t=4

(
t−1∑
t∗=3

ϕ1−2t∗ −
t−2∑
t∗=3

ϕ−2t∗) + 0 + 0 (A.54)

where, by similar reasoning as above, last equality follows from the fact that εi,t, εi,t∗ and
ui,2 are mean zero random variables that are independent for any t > t∗ > 2. Finally, we
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have that (A.11.2)

E
[
N−1/2

N∑
i=1

2ϕT −3ui,2

T −1∑
t=3

ϕT −t−1εi,tN
−1/2

N∑
i=1

T −1∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

= E
[
N−1

N∑
i=1

2ϕT −3ui,2

T −1∑
t=3

ϕT −t−1ε2
i,t(ui,t−1 − ui,t−2)

]

+ E

N−1
N∑

i=1
2ϕT −3ui,2

T −1∑
t=3

ϕT −t−1εi,t

∑
t′ ̸=t

εi,t′(ui,t′−1 − ui,t′−2)


+ E

N−1
N∑

i=1
2ϕT −3ui,2

T −1∑
t=3

ϕT −t−1εi,t

∑
j ̸=i

T −1∑
t=3

εj,t(uj,t−1 − uj,t−2)


= E
[
N−1

N∑
i=1

2ϕT −3(εi,2 + ϕui,1)

×
T −1∑
t=3

ϕT −t−1ε2
i,t(

t−1∑
t′=2

ϕt−1−t′
εi,t′ + ϕt−2ui,1 −

t−2∑
t′=2

ϕt−2−t′
εi,t′ − ϕt−3ui,1)

]
+ 0 + 0

= E
[
N−1

N∑
i=1

2ϕT −3εi,2

T −1∑
t=3

ϕT −t−1ε2
i,t(

t−1∑
t′=2

ϕt−1−t′
εi,t′ −

t−2∑
t′=2

ϕt−2−t′
εi,t′)

]

+ E
[
N−1

N∑
i=1

2ϕT −3εi,2

T −1∑
t=3

ϕT −t−1ε2
i,t(ϕt−2ui,1 − ϕt−3ui,1)

]

+ E
[
N−1

N∑
i=1

2ϕT −2ui,1

T −1∑
t=3

ϕT −t−1ε2
i,t(

t−1∑
t′=2

ϕt−1−t′
εi,t′ −

t−2∑
t′=2

ϕt−2−t′
εi,t′)

]

+ E
[
N−1

N∑
i=1

2ϕT −2ui,1

T −1∑
t=3

ϕT −t−1ε2
i,t(ϕt−2ui,1 − ϕt−3ui,1)

]

= E
[
N−1

N∑
i=1

2ϕT −3εi,2

T −1∑
t=3

ϕT −t−1ε2
i,t(

t−1∑
t′=2

ϕt−1−t′
εi,t′ −

t−2∑
t′=2

ϕt−2−t′
εi,t′)

]
+ 0 + 0

+ E
[
N−1

N∑
i=1

2ϕT −2ui,1

T −1∑
t=3

ϕT −t−1ε2
i,t(ϕt−2ui,1 − ϕt−3ui,1)

]
(A.55)

where the final equality follows from the fact that ui,1 has zero mean and is independent
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of the error terms εi,t for t ≥ 2. The first term in (A.55) is

E
[
N−1

N∑
i=1

2ϕT −3εi,2

T −1∑
t=3

ϕT −t−1ε2
i,t(

t−1∑
t′=2

ϕt−1−t′
εi,t′ −

t−2∑
t′=2

ϕt−2−t′
εi,t′)

]

= E
[
N−1

N∑
i=1

2ϕ2(T −3)εi,2

T −1∑
t=3

ε2
i,t(

t−1∑
t′=2

ϕ1−t′
εi,t′ −

t−2∑
t′=2

ϕ−t′
εi,t′)

]

= E
[
N−1

N∑
i=1

2ϕ2(T −3)
(

T −1∑
t=3

ϕ−1ε2
i,tε

2
i,2 −

T −1∑
t=4

ϕ−2ε2
i,tε

2
i,2

)]

+ E
[
N−1

N∑
i=1

2ϕ2(T −3)εi,2

T −1∑
t=3

ε2
i,t

(
t−1∑
t′=3

ϕ1−t′
εi,t′ −

t−2∑
t′=3

ϕ−t′
εi,t′

)]

= E
[
N−1

N∑
i=1

2ϕ2(T −4)
(

T −1∑
t=3

ϕε2
i,tε

2
i,2 −

T −1∑
t=4

ε2
i,tε

2
i,2

)]
+ 0

= 2σ4ϕ2(T −4) ((T − 3)ϕ − (T − 4))

(A.56)

The final term of (A.55) is

E
[
N−1

N∑
i=1

2ϕT −2ui,1

T −1∑
t=3

ϕT −t−1ε2
i,t(ϕt−2ui,1 − ϕt−3ui,1)

]

= E
[
N−1

N∑
i=1

2ϕ2(T −3)(ϕ − 1)u2
i,1

T −1∑
t=3

ε2
i,t

]

= −2σ4ϕ2(T −3) 1 − ϕ

1 − ϕ2 (T − 3) (A.57)

By (A.55), (A.56) and (A.57) we have that (A.11.2) is equal to

2σ4ϕ2(T −4) ((T − 3)ϕ − (T − 4)) − 2σ4
εϕ2(T −3) 1 − ϕ

1 − ϕ2 (T − 3)

= 2σ4ϕ2(T −2)
(

ϕ−4((T − 3)ϕ − T + 4) − ϕ−2 1 − ϕ

1 − ϕ2 (T − 3)
)

= 2σ4ϕ2(T −2) ϕ − T + 4
ϕ4(ϕ + 1) (A.58)

Consequently, by (A.51), (A.52), (A.54) and (A.58) we have that (A.50) is equal to

2σ4ϕ2(T −2)
T −1∑
t=4

(
t−1∑
t∗=3

ϕ1−2t∗ −
t−2∑
t∗=3

ϕ−2t∗) + 2σ4
εϕ2(T −2) ϕ − T + 4

ϕ4(ϕ + 1)

= 2σ4ϕ2(T −2)
(

T −1∑
t=4

(
t−1∑
t∗=3

ϕ1−2t∗ −
t−2∑
t∗=3

ϕ−2t∗) + ϕ − T + 4
ϕ4(ϕ + 1)

)
(A.59)

Finally, we consider the expected value of the numerator of the last squared fraction in
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(A.44) as N → ∞. We have

E

(N−1/2
N∑

i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)
)2

= E

N−1
N∑

i=1

(
T∑

t=3
εi,t(ui,t−1 − ui,t−2)

)2
+ E

N−1
N∑

i=1

N∑
j ̸=i

(
T∑

t=3
εi,t(ui,t−1 − ui,t−2)

)(
T∑

t=3
εj,t(uj,t−1 − uj,t−2)

)
= E

[
N−1

N∑
i=1

T∑
t=3

ε2
i,t(ui,t−1 − ui,t−2)2

]

E

N−1
N∑

i=1

 T∑
t=3

T∑
t′ ̸=t

εi,t(ui,t−1 − ui,t−2)εi,t′(ui,t′−1 − ui,t′−2)


+ E

N−1
N∑

i=1

N∑
j ̸=i

(
T∑

t=3
εi,t(ui,t−1 − ui,t−2)

)(
T∑

t=3
εj,t(uj,t−1 − uj,t−2)

)
= E

[
N−1

N∑
i=1

T∑
t=3

ε2
i,t(ui,t−1 − ui,t−2)2

]
+ 0 + 0

= N−1
N∑

i=1

T∑
t=3

E
[
ε2

i,t

]
E
[
(ui,t−1 − ui,t−2)2

]
+ 0 + 0

= 2σ2 σ2

1 + ϕ
(T − 2) = 2 σ4

1 + ϕ
(T − 2) (A.60)

Now consider the expected value of the denominator of (A.44) when N → ∞ and note
that it follows directly from (A.43) that

E

(N−1
N∑

i=1

T∑
t=3

(ui,t−1 − ui,t−2)2
)2 =

(
2 σ2

1 + ϕ
(T − 2)

)2

= 4 σ4

(1 + ϕ)2 (T − 2)2 (A.61)

To find a compact expression of the expected value of the variance (A.44) as N → ∞ we
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define the following functions

V1(ϕ, T, κ(ε)/σ4) = (ϕ − 1)2 2(1 − ϕ2(T −2))κ(u) − 2 σ4

1−ϕ2
∑T −2

t=1 ϕ2(t−1)

4 σ4

(1+ϕ)2 (T − 2)2

= (ϕ − 1)2
2(1 − ϕ2(T −2))

(
κ(ε)

(1−ϕ4) + 6 ϕ2σ4

(1−ϕ2)(1−ϕ4)

)
− 2 σ4

1−ϕ2
∑T −2

t=1 ϕ2(t−1)

4 σ4

(1+ϕ)2 (T − 2)2

= κ(ε)

σ4
(ϕ − 1)2(ϕ + 1)2(1 − ϕ2(T −2))

2(1 − ϕ4)(T − 2)2 + 6(ϕ − 1)2ϕ2(ϕ + 1)2(1 − ϕ2(T −2))
2(1 − ϕ2)(1 − ϕ4)(T − 2)2

− (ϕ − 1)2(ϕ + 1)2(ϕ4 − ϕ2T )
2(1 − ϕ2)(ϕ4 − ϕ6)(T − 2)2

= κ(ε)

σ4
(1 − ϕ2)(ϕ4 − ϕ2T )

2(ϕ2 + 1)ϕ4(T − 2)2 + 6ϕ2(ϕ4 − ϕ2T )
2(ϕ2 + 1)ϕ4(T − 2)2 − ϕ4 − ϕ2T

2ϕ4(T − 2)2

=
(

κ(ε)

σ4 (1 − ϕ2) + 6ϕ2 − (ϕ2 + 1)
)

(ϕ4 − ϕ2T )
2(ϕ2 + 1)ϕ4(T − 2)2

=
(

κ(ε)

σ4 (1 − ϕ2) + 5ϕ2 − 1
)

(ϕ4 − ϕ2T )
2(ϕ2 + 1)ϕ4(T − 2)2

(A.62)

V2(ϕ, T ) = 4(ϕ − 1)
2σ4ϕ2(T −2)

(∑T −1
t=4 (∑t−1

t∗=3 ϕ1−2t∗ −∑t−2
t∗=3 ϕ−2t∗) + ϕ−T +4

ϕ4(ϕ+1)

)
4 σ4

(1+ϕ)2 (T − 2)2

=
2(ϕ − 1)ϕ2(T −2)

(∑T −1
t=4 (∑t−1

t∗=3 ϕ1−2t∗ −∑t−2
t∗=3 ϕ−2t∗)

)
(T −2)2

(1+ϕ)2

+
2(ϕ − 1)ϕ2(T −2) ϕ−T +4

ϕ4(ϕ+1)
(T −2)2

(1+ϕ)2

= 2ϕ2T (ϕ2(T − 4) + ϕ − T + 4) − 2ϕ9

ϕ8(T − 2)2 + 2(ϕ2 − 1)ϕ2T −8(ϕ − T + 4)
(T − 2)2

= 2(ϕ2T − ϕ6)
ϕ5(T − 2)2 (A.63)

V3(ϕ, T ) = 4
2 σ4

1+ϕ
(T − 2)

4 σ4

(1+ϕ)2 (T − 2)2
= 2 1 + ϕ

T − 2 (A.64)

Finally we conclude that by (A.44), (A.49), (A.50), (A.59), (A.60) and (A.61) the asymp-
totic variance of the estimator in Theorem 1 can be expressed in terms of the functions
(A.62), (A.63) and (A.64). Consequently, the variance is

V (ϕ, T, κ(ε)/σ4) = V1(ϕ, T, κ(ε)/σ4) + V2(ϕ, T ) + V3(ϕ, T ) (A.65)

which is what we wanted to prove.
■
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Proof of Theorem 1 b).

Consider
√

T (ϕ̂AR(1)
MIV − ϕ) and note that by multiplying (A.41) by

√
T/

√
N we can write

√
T (ϕ̂AR(1)

MIV − ϕ)

= (ϕ − 1)
T −1/2∑N

i=1(u2
i,T −1 − u2

i,1)
T −1∑N

i=1
∑T

t=3(ui,t−1 − ui,t−2)2 + 2T −1/2∑N
i=1

∑T
t=3 εi,t(ui,t−1 − ui,t−2)

T −1∑N
i=1

∑T
t=3(ui,t−1 − ui,t−2)2 .

(A.66)

Consider the first term. In the unit root case this term is equal to zero because ϕ−1 = 0.
In the stationary case, Assumption 2a implies covariance stationarity, and the numerator
does not grow with T . Hence,

T →∞T −1/2
N∑

i=1
(u2

i,T −1 − u2
i,1) = 0.

Thus only the second term of (A.66) contributes to the asymptotic distribution. For the
second term the expectation is zero by the same reasoning as in (A.42),

E
[
T −1/2

N∑
i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)
]

= 0. (A.67)

The denominator of (A.66) is treated analogously to (A.43), but since the limit is taken
over T we apply the LLN for covariance–stationary processes (Hamilton 1994, prop. 7.5):

T →∞T −1
N∑

i=1

T∑
t=3

(ui,t−1 − ui,t−2)2 =
N∑

i=1
(2γ0 − 2γ1)

= 2(γ0 − γ1)N

= 2
(

σ2

1 − ϕ2 − ϕ
σ2

1 − ϕ2

)
N

= 2 σ2

1 + ϕ
N. (A.68)

Hence, E[
√

T (ϕ̂AR(1)
MIV − ϕ)] = 0. For the variance, the same argument used in (A.60)

applies, now together with the CLT for stationary stochastic processes (1994) Prop. 7.11):

E

(T −1/2
N∑

i=1

T∑
t=3

εi,t(ui,t−1 − ui,t−2)
)2 = 2 σ4

1 + ϕ
N. (A.69)

Combining (A.68) and (A.69) yields

Var
[√

T (ϕ̂AR(1)
MIV − ϕ)

]
= 21 + ϕ

N
.
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This proves part b) of Theorem 1.
■

Proof of Theorem 1 c).

Since the result in Theorem 1 a) holds for any T ≥ 3, and similarly, the result in Theorem
1 b) holds for any N ≥ 1, Theorem 1 c) follows directly from the proofs of Theorem 1 a)
and Theorem 1 b).

■

Proof of Theorem 2 a).

By (17) we have

ϕ̂
AR(p)
MIV − ϕAR(p) = Q

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2diag(Z ′Z)

) (A.70)

We first consider the terms within the parentheses in (A.70), which by (18) may be
written as

∑N
i=1

∑T
t=L+1(ui,t−1 − ui,t−L)εi,t + 1

2

∑p

j=1 ϕj−1
(T −L)

∑L−1
l=1 u2

i,T −l − u2
i,l∑N

i=1
∑T

t=L+1(ui,t−2 − ui,t−L)εi,t + 1
2

∑p

j=1 ϕj−1
(T −L)

∑L−2
l=1 u2

i,T −1−l − u2
i,l

...∑N
i=1

∑T
t=L+1(ui,t−p − ui,t−L)εi,t + 1

2

∑p

j=1 ϕj−1
(T −L)

∑L−p
l=1 u2

i,T −p+1−l − u2
i,l


(A.71)

Where by Assumption 1 and (10) ui,t−1 −ui,t−L and εi,t are independent random variables
with mean equal to zero. Consequently, E [(ui,t−1 − ui,t−L)εi,t] = 0. Additionally, by
Assumption 3 the process is either covariance stationary or

(∑p
j=1 ϕj − 1

)
= 0 by which

it is clear that E
[(∑p

j=1 ϕj − 1
)∑L−s

l=1 u2
i,T −s+1−l − u2

i,l

]
= 0. Therefore, we can conclude

that the parentheses of (A.71) has an expected value equal to zero. By Assumption 1 and
Assumption 3, (A.71) consists of sums of IID random variables with bounded variance.
Hence, by the Lindeberg-Lévy CLT, we obtain the following result as N → ∞

N−1/2

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2diag(Z ′Z)

) D→ N (0p×1, H) (A.72)

where

H = E

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2diag(Z ′Z)

)
×

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2diag(Z ′Z)

)′

N−1

 (A.73)

Now consider Q−1 = Z ′Z − 1
2diag(Z ′Z)11×p, and note that we only need to analyze the
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behavior of Z ′Z as N → ∞. By Assumptions 1 and 3, the elements of Z ′Z are sums of
IID random variables with bounded variance. note that this also holds for the case of an
I(1) process because, in this case, the differenced variables in Z are still stationary. By
the LLN we obtain

N−1Z ′Z
p→ ΣZ (A.74)

where ΣZ represents the covariance matrix of Z. Since diag(Z ′Z) extracts the diagonal
elements of Z ′Z, it follows that

N−1 diag(Z ′Z) p→ diag(ΣZ) (A.75)

Thus, we conclude that

N−1Q−1 p→ ΣQ−1 (A.76)

where

ΣQ−1 = ΣZ − 1
2 diag(ΣZ)11×p (A.77)

We can now put together the results above and conclude that N → ∞

√
N(ϕ̂AR(p)

MIV − ϕAR(p)) D→ N (0p×1, V
AR(p)

N )

with V
AR(p)

N being defined as in Theorem 2
■

Proof of Theorem 2 b).

By (17) we have

ϕ̂
AR(p)
MIV − ϕAR(p) = Q

Z ′ε +
 p∑

j=1
ϕj − 1

(Z ′uL + 1
2 diag(Z ′Z)

) . (A.78)

Multiplying both sides by
√

T gives

√
T
(
ϕ̂

AR(p)
MIV − ϕAR(p)

)
= Q

T −1/2Z ′ε +
 p∑

j=1
ϕj − 1

T −1/2
(

Z ′uL + 1
2 diag(Z ′Z)

).

(A.79)

First, consider any element s ∈ {1, . . . , p} of the second part of (A.71). By As-
sumptions 1 and 3a the process is covariance stationary, so second moments are constant
over time and the sum ∑L−s

l=1

(
u2

i,T −s+1−l − u2
i,l

)
does not grow with T . With bounded
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fourth moments (Assumption 1), the difference of second moments has bounded variance.
Hence, as T → ∞,

1
2

∑p
j=1 ϕj − 1
T − L

L−s∑
l=1

(
u2

i,T −s+1−l − u2
i,l

)
p→ 0. (A.80)

When ∑p
j=1 ϕj = 1 this term is identically zero for all T by construction. Combining

these cases we obtain

T −1/2
(

Z ′uL + 1
2 diag(Z ′Z)

)
p→ 0p×1. (A.81)

Now consider T −1/2Z ′ε. Each element is a sum over t of stationary, mean zero ran-
dom variables with finite second and fourth moments. Under Assumptions 1 and 3 the
sequence is a weakly dependent stationary process, so a central limit theorem for station-
ary stochastic processes applies (see 1994, prop. 7.11). Thus

T −1/2Z ′ε
D→ N

(
0p×1, σ2E[T −1Z ′Z]

)
. (A.82)

Next consider Q−1 = Z ′Z − 1
2 diag(Z ′Z)11×p. Because the underlying process for

the differenced variables in Z is stationary, the elements of Z ′Z are sums of covariance-
stationary random variables with bounded variance. By a law of large numbers for
stationary stochastic processes (see 1994, prop. 7.5) we have, as T → ∞,

T −1Q−1 p→ ΣQ−1 , (A.83)

where ΣQ−1 is finite and nonsingular.
Combining (A.79), (A.81), (A.82) and (A.83) we obtain

√
T
(
ϕ̂

AR(p)
MIV − ϕAR(p)

)
D→ N

(
0p×1, σ2E[QZ ′ZQ′T ]

)
, (A.84)

which is the variance expression stated in Theorem 2 b).
■

Proof of Theorem 2 c).

Since the result in Theorem 2 a) holds for any T ≥ 2 + p, and the result in Theorem 2
b) holds for any N ≥ 1, the joint limit in Theorem 2 c) follows directly for N, T → ∞.
Regardless of the order in which the limits are taken, the same arguments apply.

■

Proof of Theorem 3 a).
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Recall the definitions G = (Z ′Ũ − D − B)(ϕV AR(p) − eP ×1). From equation (30) we have

ϕ̂
V AR(p)
MIV − ϕV AR(p) = Q

(
Z ′ε + (Z ′Ũ − D − B)(ϕV AR(p) − eP ×1)

)
= Q(Z ′ε + G)

Under Assumptions 4–6 and when the VAR(p) system is I(0), both Z ′ε and G can be
written as cross-sectional sums of independent, mean-zero, finite-variance random vectors.
For Z ′ε, this is a standard result. Assumption 4 implies that the idiosyncratic errors εi,t

are independently and identically distributed across both i and t with zero mean and
finite moments, and the instruments contained in Z are predetermined and uncorrelated
with the errors. Therefore, the Lindeberg–Lévy CLT applies, implying that

N−1/2Z ′ε
D→ N (0P ×1,E[Z ′εε′ZN−1]) (A.85)

Now consider G, which is also mean-zero with finite-variance. As discussed in the main
text, B can be decomposed as B = BU + Ba, where BU is the part that does not contain
unit-specific effects and Ba is the part that does. As shown in the discussion, Z ′Ũ−D−BU

consists of sums of differences in contemporaneous covariances as defined in (31), with
E[(Z ′Ũ −D −BU)(ϕV AR(p) −eP ×1)] = 0P ×1 and similarly, E[Ba(ϕV AR(p) −eP ×1)] = 0P ×1

by Assumption 6. Furthermore, it was concluded that 1√
N

(Z ′Ũ −D−BU)(ϕV AR(p)−eP ×1)
has finite variance under Assumptions 4 and 5a and that under the additional Assumption
6 1√

NT
Ba(ϕV AR(p)−eP ×1) also has finite variance. Hence, by cross-sectional independence

the Lindeberg–Lévy CLT applies and it follows that

N−1/2G
D→ N (0,E[GG′N−1]) (A.86)

where E[GG′N−1] is a finite covariance matrix. Recall that Q−1 = Z ′Z + D + B, because
the elements of Z ′Z, D, and B are also cross-sectional sums of independent elements with
bounded second moments by the LLN

N−1Q−1 = N−1(Z ′Z + D + B) p→ ΣQ−1 (A.87)

with ΣQ−1 being finite and assumed to be nonsingular.
By (A.85), (A.86), (A.87) we finally arrive at

√
N(ϕ̂V AR(p)

MIV − ϕV AR(p)) D→ N (0P ×1, V
V AR(p)

N )

where V
V AR(p)

N is the covariance stated in the theorem. This completes the proof.
■

Proof of Theorem 3 b).

When N is fixed and T → ∞, the arguments based on cross-sectional independence used
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in part (a) are no longer sufficient, and the time-series properties of the processes become
essential. By Assumptions 4–6, the processes U are covariance-stationary, weakly depen-
dent time series with bounded fourth moments, regardless of N . Consequently, the differ-
enced variables that form the instruments in Z are also weakly dependent and covariance
stationary, and this property becomes central when deriving the large-T asymptotics. It
follows that Z ′ε and G consists of sums of weakly dependent, mean-zero random variables
with bounded second moments. Therefore, an appropriate CLT for stationary stochastic
processes will be used in the analysis below.

Consider first T −1/2Z ′ε. Because its elements involve products of predetermined in-
struments with IID shocks εi,t, each summand is a stationary, mean-zero random vector
with finite variance. Hence, by a central limit theorem for stationary stochastic processes
(see 1994, prop. 7.11),

T −1/2Z ′ε
D→ N

(
0P ×1, E[T −1Z ′εε′Z]

)
. (A.88)

Now, consider G = (Z ′Ũ − D − B)(ϕV AR(p) − eP ×1). From the main text, the matrix
Z ′Ũ − D − BU consist of stationary differences in contemporaneous covariances whose
magnitudes do not grow with T , and Ba is mean-zero with bounded variance for each
fixed cross-section. Thus, each component of G is stationary with finite variance, and
therefore

T −1/2G
p→ 0P ×1. (A.89)

Next, consider Q−1 = Z ′Z + D + B. Because the underlying VAR(p) is stable, all
elements of Z ′Z, D, and B are sums across time of stationary sequences with bounded
second moments. Hence, by a law of large numbers for covariance-stationary processes
(see 1994, prop. 7.5),

T −1Q−1 p→ ΣQ−1 , (A.90)

where ΣQ−1 is finite and nonsingular. Combining (A.88)–(A.90), we have

√
T
(
ϕ̂

V AR(p)
MIV − ϕV AR(p)

)
D→ N

(
0P ×1, σ2E[QZ ′ZQ′T ]

)
,

which corresponds to the covariance expression stated in the theorem.
■

Proof of Theorem 3 c).

Since the result in Theorem 3 a) holds for any T ≥ 2 + p, and the result in Theorem 3
b) holds for any N ≥ 1, the joint limit in Theorem 3 c) follows directly for N, T → ∞.
Regardless of the order in which the limits are taken the same arguments imply.

59



■

Proof of Proposition 1.

From (30) we have that

ϕ̂
V AR(p)
MIV − ϕV AR(p) = Q

(
Z ′ε + G

)
.

First, consider the term Z ′ε. Because the VAR system is assumed to be I(1), its first
differences are stationary, and hence there is no difference regarding this term compared
to Theorem 3a). That is, the matrix consists of sums of cross-sectional IID, mean-zero,
finite-variance random variables. Hence, by the Lindeberg–Lévy CLT,

N−1/2Z ′ε
D→ N (0P ×1,E[Z ′εε′ZN−1]). (A.91)

Next, consider the term G. As discussed in the text preceding this proposition, and follow-
ing the Beveridge–Nelson decomposition, when the system is I(1) and cointegrated with
at most one unit root, it can be represented as a single common stochastic trend plus a
stationary transitory component. This implies that the differences between the intertem-
poral covariance and the contemporaneous covariance are time invariant. Consequently,
when taking the difference of such terms at two time points, their expected value is equal
to zero. In this setting, the expected value of the vector (Z ′Ũ −D −BU)(ϕV AR(p) −eP ×1)
therefore consists of differences of differences of these covariances, plus an additional
mean-zero term. As shown in (33), one can be write

1
2

N∑
i=1

u
(j)
i,T −1

(
u

(1)
i,T − u

(1)
i,T −1 − εi,T

)
− u

(j)
i,1

(
u

(1)
i,2 − u

(1)
i,1 − εi,2

)

= 1
2

N∑
i=1

u
(j)
i,T −1

(
u

(1)
i,T − u

(1)
i,T −1

)
− u

(j)
i,1

(
u

(1)
i,2 − u

(1)
i,1

)
+ u

(j)
i,1 εi,2 − u

(j)
i,T −1εi,T .

Because the first two terms are time invariant in expectation under cointegration with
at most one unit root, their difference has an expected value of zero. The remaining two
terms also have expected value zero, because all variables are assumed to be predeter-
mined with respect to the idiosyncratic errors.

As noted in the main discussion, the arguments showing that Ba(ϕV AR(p) − eP ×1)
has expected value zero are fully analogous to those in the proof of Theorem 3a and
follow directly from Assumption 6. Hence, E[G] = 0, and, with T fixed, the components
of G are cross-sectional sums of independent, finite-variance terms. Therefore, by the
Lindeberg–Lévy CLT,

N−1/2G
D→ N

(
0P ×1,E[N−1GG′]

)
. (A.92)
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Because T is fixed and cross-sectional independence is assumed, the result for the
denominator Q−1 is completely analogous to that in Theorem 3a and therefore, by a
cross-sectional LLN,

N−1Q−1 = N−1(Z ′Z + D + B) p→ ΣQ−1 , (A.93)

with ΣQ−1 being finite and assumed to be nonsingular. Combining these results yields
the asymptotic distribution. As N → ∞,

√
N(ϕ̂V AR(p)

MIV − ϕV AR(p)) D→ N (0P ×1, V
V AR(p)

N ),

where V
V AR(p)

N is the covariance stated in the theorem, completing the proof.
■
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B. Additional Monte Carlo Results

B.A. Additional Tables

Table B1: VAR(1) with sample size N = 50 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.471 0.490 0.506 0.495 0.504 0.505 0.507 0.515
(0.052) (0.102) (0.082) (0.110) (0.077) (0.067) (0.066) (0.076)

0.8 0.478 0.491 0.510 0.498 0.509 0.510 0.511 0.518
(0.047) (0.097) (0.079) (0.107) (0.071) (0.062) (0.059) (0.067)

1 0.481 0.482 0.506 0.494 0.529 0.530 0.533 0.546
(0.047) (0.125) (0.076) (0.143) (0.082) (0.075) (0.076) (0.091)

0.8 0.5 0.754 0.775 0.798 0.809 0.808 0.809 0.809 0.812
(0.060) (0.111) (0.082) (0.139) (0.085) (0.074) (0.072) (0.076)

0.8 0.773 0.785 0.800 0.812 0.807 0.807 0.808 0.810
(0.043) (0.090) (0.066) (0.339) (0.063) (0.054) (0.053) (0.056)

1 0.802 0.789 0.803 0.792 0.823 0.822 0.824 0.825
(0.038) (0.086) (0.047) (0.083) (0.078) (0.070) (0.069) (0.068)

1 0.5 0.938 0.825 0.993 1.007 1.020 1.018 1.016 1.014
(0.071) (0.365) (0.070) (0.108) (0.124) (0.111) (0.106) (0.096)

0.8 0.993 0.940 1.003 0.999 1.029 1.026 1.026 1.022
(0.028) (0.203) (0.035) (0.046) (0.111) (0.100) (0.096) (0.083)

Estimation of ϕ
(1)
2,1 = 0.5

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.486 0.499 0.492 0.509 0.501 0.501 0.499 0.492
(0.050) (0.135) (0.105) (0.143) (0.106) (0.102) (0.104) (0.122)

0.8 0.487 0.496 0.491 0.518 0.502 0.498 0.496 0.486
(0.050) (0.144) (0.115) (0.198) (0.122) (0.115) (0.114) (0.120)

1 0.498 0.494 0.501 0.515 0.524 0.515 0.509 0.489
(0.045) (0.513) (0.118) (0.352) (0.196) (0.178) (0.168) (0.154)

0.8 0.5 0.461 0.491 0.487 0.518 0.501 0.500 0.497 0.489
(0.063) (0.139) (0.097) (0.158) (0.096) (0.089) (0.090) (0.098)

0.8 0.464 0.491 0.490 0.540 0.503 0.501 0.500 0.494
(0.060) (0.139) (0.101) (0.653) (0.100) (0.095) (0.094) (0.095)

1 0.480 0.516 0.504 0.518 0.542 0.536 0.531 0.513
(0.054) (0.534) (0.097) (0.130) (0.185) (0.172) (0.165) (0.147)

1 0.5 0.414 0.344 0.488 0.512 0.493 0.490 0.485 0.468
(0.099) (0.394) (0.096) (0.143) (0.108) (0.101) (0.099) (0.104)

0.8 0.412 0.379 0.504 0.511 0.517 0.512 0.507 0.491
(0.102) (0.486) (0.091) (0.122) (0.149) (0.142) (0.138) (0.131)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B2: VAR(1) with sample size N = 50 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.452 0.482 0.508 0.486 0.500 0.501 0.503 0.513
(0.071) (0.132) (0.091) (0.114) (0.080) (0.069) (0.063) (0.064)

0.8 0.432 0.470 0.506 0.476 0.498 0.499 0.501 0.511
(0.085) (0.139) (0.095) (0.143) (0.084) (0.072) (0.067) (0.066)

1 0.400 0.326 0.495 0.484 0.500 0.504 0.509 0.525
(0.112) (0.380) (0.097) (0.192) (0.107) (0.097) (0.093) (0.094)

0.8 0.5 0.712 0.766 0.798 0.787 0.799 0.799 0.800 0.804
(0.100) (0.142) (0.081) (0.111) (0.081) (0.066) (0.060) (0.056)

0.8 0.684 0.759 0.793 0.784 0.797 0.798 0.799 0.801
(0.125) (0.142) (0.076) (0.103) (0.068) (0.057) (0.053) (0.053)

1 0.632 0.471 0.789 0.790 0.792 0.793 0.794 0.799
(0.175) (0.515) (0.072) (0.116) (0.070) (0.064) (0.062) (0.060)

1 0.5 0.856 0.649 0.982 0.998 1.000 0.999 0.998 0.997
(0.152) (0.526) (0.071) (0.264) (0.078) (0.063) (0.058) (0.053)

0.8 0.819 0.634 0.989 0.998 1.000 0.999 0.999 0.999
(0.186) (0.549) (0.058) (0.074) (0.051) (0.044) (0.042) (0.043)

Estimation of ϕ
(1)
2,1 = 0

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 –0.012 –0.014 –0.002 –0.010 –0.008 –0.008 –0.008 –0.009
(0.044) (0.104) (0.078) (0.094) (0.079) (0.071) (0.071) (0.085)

0.8 –0.025 –0.023 –0.006 –0.018 –0.011 –0.012 –0.012 –0.011
(0.047) (0.116) (0.081) (0.127) (0.088) (0.078) (0.075) (0.077)

1 –0.041 –0.175 –0.016 –0.017 –0.025 –0.023 –0.022 –0.019
(0.056) (0.380) (0.075) (0.419) (0.128) (0.111) (0.103) (0.092)

0.8 0.5 0.001 –0.012 –0.007 –0.002 –0.002 –0.002 –0.002 –0.004
(0.041) (0.096) (0.065) (0.076) (0.071) (0.059) (0.055) (0.057)

0.8 0.002 –0.011 –0.006 –0.002 –0.001 –0.003 –0.004 –0.004
(0.037) (0.087) (0.054) (0.068) (0.056) (0.046) (0.043) (0.041)

1 –0.000 –0.131 –0.004 –0.004 –0.012 –0.012 –0.012 –0.011
(0.037) (0.218) (0.026) (0.106) (0.055) (0.048) (0.045) (0.038)

1 0.5 0.041 –0.005 0.000 0.002 0.000 –0.000 0.000 0.000
(0.058) (0.113) (0.061) (0.083) (0.063) (0.051) (0.046) (0.043)

0.8 0.067 –0.004 0.003 0.002 –0.000 0.000 0.000 0.000
(0.075) (0.079) (0.036) (0.116) (0.037) (0.030) (0.026) (0.023)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B3: VAR(1) with sample size N = 50 and T = 20.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.487 0.500 0.505 0.499 0.501 0.500 0.501 0.507
(0.034) (0.062) (0.052) (0.064) (0.054) (0.045) (0.042) (0.039)

0.8 0.480 0.501 0.505 0.498 0.501 0.501 0.501 0.508
(0.037) (0.062) (0.052) (0.067) (0.053) (0.045) (0.041) (0.040)

1 0.452 0.444 0.503 0.494 0.500 0.500 0.501 0.515
(0.057) (0.214) (0.058) (0.066) (0.066) (0.059) (0.056) (0.055)

0.8 0.5 0.772 0.795 0.799 0.798 0.801 0.800 0.800 0.803
(0.041) (0.064) (0.048) (0.059) (0.053) (0.043) (0.039) (0.034)

0.8 0.759 0.795 0.801 0.794 0.797 0.797 0.797 0.802
(0.049) (0.057) (0.043) (0.053) (0.044) (0.038) (0.035) (0.030)

1 0.708 0.674 0.796 0.795 0.796 0.796 0.796 0.800
(0.095) (0.304) (0.041) (0.046) (0.043) (0.039) (0.037) (0.034)

1 0.5 0.928 0.879 0.994 0.999 1.000 0.999 0.999 0.998
(0.077) (0.285) (0.037) (0.038) (0.052) (0.041) (0.037) (0.030)

0.8 0.903 0.858 0.997 0.997 0.999 0.999 0.999 0.998
(0.101) (0.317) (0.033) (0.035) (0.033) (0.028) (0.026) (0.025)

Estimation of ϕ
(1)
2,1 = 0

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 –0.003 –0.002 0.001 –0.000 –0.000 –0.000 –0.001 –0.001
(0.026) (0.050) (0.045) (0.053) (0.049) (0.043) (0.042) (0.059)

0.8 –0.010 –0.003 –0.000 –0.004 –0.002 –0.003 –0.002 –0.002
(0.023) (0.048) (0.041) (0.062) (0.053) (0.043) (0.040) (0.049)

1 –0.023 –0.057 –0.005 –0.006 –0.008 –0.007 –0.007 –0.006
(0.030) (0.204) (0.040) (0.051) (0.071) (0.062) (0.058) (0.048)

0.8 0.5 –0.002 –0.004 –0.001 –0.000 –0.001 –0.000 –0.001 –0.002
(0.024) (0.047) (0.038) (0.045) (0.045) (0.038) (0.035) (0.038)

0.8 –0.005 –0.004 –0.002 –0.002 –0.002 –0.002 –0.002 –0.002
(0.018) (0.034) (0.028) (0.040) (0.038) (0.030) (0.027) (0.025)

1 –0.009 –0.052 –0.003 –0.001 –0.003 –0.003 –0.003 –0.004
(0.018) (0.126) (0.013) (0.018) (0.030) (0.025) (0.022) (0.016)

1 0.5 0.019 –0.004 –0.002 0.001 0.001 0.000 –0.000 0.001
(0.030) (0.052) (0.037) (0.039) (0.039) (0.032) (0.029) (0.026)

0.8 0.027 –0.001 –0.000 0.001 0.000 0.000 0.000 0.001
(0.031) (0.033) (0.019) (0.024) (0.024) (0.019) (0.016) (0.012)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B4: VAR(1) with sample size N = 50 and T = 20.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.493 0.501 0.505 0.501 0.504 0.501 0.501 0.506
(0.028) (0.048) (0.046) (0.061) (0.051) (0.042) (0.038) (0.047)

0.8 0.493 0.500 0.505 0.500 0.502 0.502 0.502 0.511
(0.025) (0.046) (0.041) (0.057) (0.047) (0.038) (0.035) (0.044)

1 0.496 0.502 0.508 0.497 0.507 0.507 0.508 0.521
(0.024) (0.055) (0.041) (0.052) (0.044) (0.037) (0.035) (0.048)

0.8 0.5 0.785 0.797 0.801 0.803 0.802 0.802 0.802 0.807
(0.026) (0.046) (0.041) (0.065) (0.052) (0.043) (0.039) (0.046)

0.8 0.791 0.798 0.801 0.801 0.802 0.801 0.801 0.804
(0.018) (0.033) (0.030) (0.049) (0.039) (0.032) (0.029) (0.033)

1 0.798 0.798 0.803 0.799 0.806 0.806 0.806 0.810
(0.019) (0.036) (0.022) (0.033) (0.028) (0.023) (0.021) (0.026)

1 0.5 0.971 0.946 1.000 1.001 1.007 1.006 1.005 1.004
(0.033) (0.188) (0.040) (0.050) (0.072) (0.062) (0.058) (0.048)

0.8 0.992 0.975 1.002 1.000 1.007 1.007 1.007 1.005
(0.014) (0.129) (0.021) (0.024) (0.044) (0.040) (0.039) (0.036)

Estimation of ϕ
(1)
2,1 = 0.5

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.496 0.499 0.495 0.501 0.500 0.500 0.500 0.492
(0.031) (0.065) (0.058) (0.073) (0.061) (0.055) (0.053) (0.079)

0.8 0.497 0.499 0.494 0.508 0.504 0.503 0.503 0.495
(0.028) (0.063) (0.060) (0.096) (0.070) (0.062) (0.060) (0.076)

1 0.499 0.487 0.497 0.510 0.508 0.506 0.504 0.488
(0.026) (0.317) (0.073) (0.096) (0.113) (0.103) (0.098) (0.089)

0.8 0.5 0.490 0.501 0.497 0.505 0.503 0.501 0.501 0.493
(0.033) (0.063) (0.054) (0.072) (0.059) (0.053) (0.052) (0.063)

0.8 0.489 0.500 0.494 0.506 0.501 0.500 0.499 0.492
(0.029) (0.056) (0.053) (0.083) (0.058) (0.054) (0.053) (0.059)

1 0.495 0.492 0.502 0.508 0.513 0.512 0.511 0.498
(0.028) (0.321) (0.058) (0.070) (0.102) (0.098) (0.096) (0.090)

1 0.5 0.457 0.446 0.495 0.504 0.499 0.498 0.496 0.481
(0.053) (0.194) (0.057) (0.065) (0.066) (0.061) (0.058) (0.062)

0.8 0.459 0.440 0.496 0.503 0.506 0.505 0.504 0.491
(0.051) (0.317) (0.054) (0.070) (0.085) (0.081) (0.080) (0.080)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B5: VAR(1) with sample size N = 100 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.453 0.487 0.504 0.491 0.500 0.500 0.501 0.506
(0.059) (0.093) (0.066) (0.080) (0.057) (0.048) (0.044) (0.044)

0.8 0.437 0.490 0.508 0.488 0.501 0.501 0.502 0.506
(0.073) (0.094) (0.065) (0.091) (0.058) (0.050) (0.047) (0.046)

1 0.403 0.323 0.496 0.494 0.500 0.501 0.503 0.511
(0.103) (0.373) (0.066) (0.076) (0.077) (0.071) (0.069) (0.069)

0.8 0.5 0.711 0.773 0.795 0.794 0.800 0.800 0.801 0.803
(0.096) (0.103) (0.058) (0.070) (0.055) (0.045) (0.041) (0.039)

0.8 0.687 0.782 0.795 0.791 0.798 0.798 0.798 0.799
(0.118) (0.095) (0.051) (0.061) (0.048) (0.041) (0.038) (0.038)

1 0.631 0.446 0.793 0.796 0.792 0.793 0.794 0.797
(0.172) (0.534) (0.048) (0.049) (0.050) (0.047) (0.045) (0.044)

1 0.5 0.859 0.654 0.995 0.999 1.000 0.999 0.999 0.999
(0.145) (0.522) (0.042) (0.041) (0.056) (0.046) (0.042) (0.039)

0.8 0.824 0.628 0.997 0.997 1.000 1.000 1.000 0.999
(0.179) (0.557) (0.038) (0.038) (0.035) (0.030) (0.029) (0.030)

Estimation of ϕ
(1)
2,1 = 0

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 –0.011 –0.009 –0.002 –0.004 –0.003 –0.004 –0.004 –0.005
(0.032) (0.071) (0.054) (0.067) (0.057) (0.051) (0.051) (0.062)

0.8 –0.024 –0.012 –0.004 –0.007 –0.003 –0.004 –0.004 –0.005
(0.037) (0.075) (0.056) (0.087) (0.062) (0.055) (0.053) (0.056)

1 –0.040 –0.180 –0.009 –0.003 –0.013 –0.013 –0.013 –0.012
(0.049) (0.378) (0.047) (0.054) (0.086) (0.076) (0.073) (0.069)

0.8 0.5 0.002 –0.005 –0.003 –0.002 –0.002 –0.002 –0.003 –0.004
(0.030) (0.067) (0.047) (0.051) (0.049) (0.042) (0.040) (0.041)

0.8 0.002 –0.005 –0.002 –0.003 –0.003 –0.003 –0.003 –0.003
(0.027) (0.058) (0.038) (0.044) (0.040) (0.032) (0.030) (0.028)

1 –0.002 –0.141 –0.001 –0.001 –0.007 –0.007 –0.007 –0.007
(0.027) (0.221) (0.016) (0.018) (0.035) (0.030) (0.029) (0.026)

1 0.5 0.040 –0.004 –0.002 0.001 0.001 0.001 0.001 0.000
(0.049) (0.078) (0.042) (0.045) (0.044) (0.036) (0.033) (0.031)

0.8 0.067 –0.005 0.001 0.000 0.001 0.000 0.000 0.001
(0.071) (0.053) (0.025) (0.038) (0.026) (0.021) (0.018) (0.016)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B6: VAR(1) with sample size N = 100 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.367 0.390 0.405 0.405 0.402 0.401 0.402 0.407
(0.049) (0.090) (0.069) (0.069) (0.060) (0.051) (0.047) (0.049)

0.6 0.369 0.397 0.412 0.412 0.403 0.403 0.404 0.409
(0.049) (0.091) (0.069) (0.069) (0.061) (0.051) (0.048) (0.050)

0.8 0.365 0.390 0.404 0.404 0.405 0.405 0.405 0.410
(0.051) (0.088) (0.068) (0.068) (0.062) (0.054) (0.052) (0.055)

0.6 0.4 0.548 0.578 0.600 0.600 0.603 0.602 0.603 0.606
(0.064) (0.099) (0.067) (0.067) (0.065) (0.053) (0.048) (0.046)

0.6 0.548 0.583 0.598 0.598 0.601 0.602 0.603 0.606
(0.064) (0.102) (0.069) (0.069) (0.065) (0.054) (0.050) (0.048)

0.8 0.546 0.578 0.599 0.599 0.605 0.605 0.605 0.608
(0.065) (0.108) (0.071) (0.071) (0.066) (0.056) (0.053) (0.051)

0.8 0.4 0.722 0.773 0.796 0.796 0.801 0.800 0.800 0.802
(0.086) (0.120) (0.068) (0.068) (0.071) (0.056) (0.050) (0.046)

0.6 0.721 0.770 0.797 0.797 0.800 0.801 0.801 0.802
(0.086) (0.131) (0.071) (0.071) (0.071) (0.058) (0.052) (0.046)

0.8 0.719 0.604 0.795 0.795 0.806 0.805 0.806 0.809
(0.089) (0.403) (0.060) (0.060) (0.075) (0.063) (0.059) (0.054)

Estimation of ϕ
(1)
2,1 = 0.2

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.4 0.4 0.188 0.193 0.197 0.197 0.198 0.197 0.197 0.193
(0.036) (0.091) (0.069) (0.069) (0.070) (0.065) (0.066) (0.084)

0.6 0.183 0.192 0.197 0.197 0.200 0.200 0.199 0.196
(0.037) (0.101) (0.076) (0.076) (0.077) (0.071) (0.070) (0.083)

0.8 0.179 0.187 0.191 0.191 0.200 0.199 0.198 0.196
(0.037) (0.116) (0.084) (0.084) (0.089) (0.081) (0.079) (0.084)

0.6 0.4 0.183 0.191 0.196 0.196 0.198 0.197 0.197 0.194
(0.038) (0.092) (0.065) (0.065) (0.064) (0.059) (0.058) (0.068)

0.6 0.179 0.191 0.194 0.194 0.196 0.196 0.196 0.195
(0.038) (0.100) (0.069) (0.069) (0.070) (0.061) (0.060) (0.067)

0.8 0.174 0.189 0.192 0.192 0.195 0.196 0.196 0.193
(0.040) (0.127) (0.078) (0.078) (0.082) (0.070) (0.066) (0.066)

0.8 0.4 0.178 0.189 0.194 0.194 0.199 0.198 0.198 0.195
(0.040) (0.092) (0.061) (0.061) (0.062) (0.053) (0.050) (0.052)

0.6 0.173 0.186 0.192 0.192 0.198 0.197 0.197 0.195
(0.041) (0.105) (0.063) (0.063) (0.067) (0.055) (0.051) (0.050)

0.8 0.166 0.025 0.194 0.194 0.194 0.193 0.192 0.188
(0.044) (0.395) (0.058) (0.058) (0.077) (0.064) (0.059) (0.056)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B7: VAR(1) with sample size N = 100 and T = 10.

Estimation of ϕ
(1)
1,1

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.474 0.494 0.503 0.500 0.502 0.502 0.503 0.508
(0.040) (0.068) (0.056) (0.078) (0.057) (0.049) (0.048) (0.056)

0.8 0.477 0.493 0.502 0.496 0.502 0.503 0.504 0.509
(0.037) (0.066) (0.052) (0.071) (0.050) (0.042) (0.040) (0.045)

1 0.484 0.496 0.505 0.494 0.512 0.513 0.516 0.524
(0.035) (0.085) (0.052) (0.068) (0.050) (0.045) (0.046) (0.055)

0.8 0.5 0.756 0.789 0.798 0.804 0.805 0.804 0.804 0.805
(0.052) (0.074) (0.056) (0.085) (0.061) (0.053) (0.051) (0.053)

0.8 0.777 0.792 0.801 0.803 0.804 0.804 0.804 0.804
(0.034) (0.057) (0.044) (0.066) (0.046) (0.038) (0.036) (0.038)

1 0.804 0.793 0.803 0.797 0.809 0.810 0.811 0.813
(0.026) (0.060) (0.031) (0.042) (0.035) (0.032) (0.032) (0.035)

1 0.5 0.941 0.822 0.996 0.999 1.010 1.009 1.009 1.007
(0.064) (0.397) (0.047) (0.056) (0.084) (0.076) (0.074) (0.070)

0.8 0.995 0.931 1.003 1.000 1.015 1.014 1.015 1.013
(0.020) (0.221) (0.024) (0.026) (0.061) (0.058) (0.057) (0.054)

Estimation of ϕ
(1)
2,1 = 0.5

ϕ
(1)
1,1 ϕ

(2)
2,1 HK AB BB IV MIV–1 MIV–2 MIV–3 MIV–max

0.5 0.5 0.485 0.498 0.496 0.505 0.501 0.500 0.499 0.495
(0.038) (0.092) (0.072) (0.097) (0.074) (0.070) (0.072) (0.087)

0.8 0.488 0.498 0.495 0.506 0.498 0.498 0.498 0.495
(0.036) (0.100) (0.081) (0.129) (0.085) (0.080) (0.081) (0.088)

1 0.498 0.523 0.501 0.510 0.510 0.508 0.505 0.495
(0.033) (0.520) (0.086) (0.095) (0.137) (0.129) (0.125) (0.119)

0.8 0.5 0.462 0.495 0.494 0.509 0.501 0.500 0.500 0.496
(0.052) (0.095) (0.070) (0.095) (0.070) (0.066) (0.065) (0.072)

0.8 0.465 0.498 0.497 0.513 0.503 0.503 0.503 0.500
(0.049) (0.092) (0.070) (0.110) (0.072) (0.068) (0.068) (0.070)

1 0.479 0.498 0.504 0.506 0.517 0.515 0.513 0.505
(0.040) (0.581) (0.065) (0.073) (0.128) (0.125) (0.124) (0.118)

1 0.5 0.415 0.326 0.493 0.502 0.496 0.494 0.492 0.483
(0.092) (0.424) (0.065) (0.077) (0.080) (0.075) (0.074) (0.077)

0.8 0.410 0.344 0.501 0.507 0.515 0.512 0.511 0.504
(0.098) (0.537) (0.062) (0.076) (0.111) (0.107) (0.106) (0.101)

Notes: Results from 2,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. RMSE is presented within the parentheses.
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Table B8: AR(2) with ϕ2 = −0.2

Estimation of ϕ1 = 1
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 1.001 0.991 1.001
(0.065) (0.095) (0.068)
[0.053] [0.101] [0.070]

10 40 0.997 0.989 0.998 0.998 0.998 0.997
(0.065) (0.087) (0.062) (0.056) (0.054) (0.055)
[0.053] [0.097] [0.046] [0.041] [0.040] [0.037]

20 20 0.998 0.994 0.998 0.998 0.998 0.998
(0.064) (0.074) (0.063) (0.057) (0.055) (0.054)
[0.059] [0.078] [0.053] [0.049] [0.046] [0.042]

40 10 0.998 0.997 0.998 0.998 0.998 0.997
(0.064) (0.068) (0.063) (0.057) (0.055) (0.053)
[0.053] [0.062] [0.051] [0.050] [0.052] [0.050]

400 1 0.997 0.997 0.997 0.998 0.998 0.998
(0.063) (0.063) (0.063) (0.057) (0.055) (0.050)
[0.047] [0.049] [0.048] [0.047] [0.049] [0.049]

Estimation of ϕ1 = 1.2
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 1.204 1.197 1.201
(0.218) (0.265) (0.063)
[0.050] [0.048] [0.049]

10 40 1.195 1.200 1.196 1.196 1.196 1.197
(0.174) (0.192) (0.063) (0.059) (0.057) (0.059)
[0.052] [0.051] [0.052] [0.053] [0.052] [0.056]

20 20 1.196 1.193 1.198 1.198 1.198 1.197
(0.100) (0.195) (0.064) (0.058) (0.056) (0.058)
[0.054] [0.054] [0.054] [0.053] [0.051] [0.053]

40 10 1.200 1.195 1.198 1.197 1.197 1.197
(0.172) (0.102) (0.065) (0.059) (0.057) (0.056)
[0.060] [0.060] [0.054] [0.052] [0.054] [0.048]

400 1 1.198 1.196 1.198 1.197 1.197 1.196
(0.134) (0.236) (0.063) (0.058) (0.055) (0.051)
[0.055] [0.052] [0.054] [0.050] [0.050] [0.055]

Notes: Results from 5,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. The number of instruments of MIV–max is limited to at most 20 sets

of instruments for computational reasons. RMSE is within the parentheses and size within the square brackets.

The associated results for the estimates of ϕ2 are found in Table B10.
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Table B9: AR(2) with ϕ2 = −0.2

Estimation of ϕ2 = −0.2 under ϕ1 = 0.6
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 –0.200 –0.234 –0.200 –0.200 –0.200 –0.200
(0.064) (0.225) (0.076) (0.076) (0.076) (0.076)
[0.047] [0.342] [0.101] [0.101] [0.101] [0.101]

10 40 –0.202 –0.204 –0.202 –0.201 –0.201 –0.202
(0.062) (0.072) (0.063) (0.058) (0.057) (0.064)
[0.045] [0.084] [0.048] [0.051] [0.053] [0.072]

20 20 –0.202 –0.203 –0.202 –0.201 –0.201 –0.202
(0.063) (0.068) (0.064) (0.058) (0.056) (0.063)
[0.054] [0.071] [0.053] [0.058] [0.057] [0.073]

40 10 –0.201 –0.202 –0.201 –0.202 –0.202 –0.202
(0.063) (0.066) (0.064) (0.058) (0.055) (0.058)
[0.049] [0.060] [0.052] [0.049] [0.048] [0.066]

400 1 –0.203 –0.203 –0.203 –0.203 –0.202 –0.202
(0.063) (0.063) (0.063) (0.057) (0.054) (0.050)
[0.055] [0.055] [0.056] [0.050] [0.050] [0.050]

Estimation of ϕ2 = −0.2 under ϕ1 = 0.8
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 –0.199 –0.219 –0.200 –0.200 –0.200 –0.200
(0.064) (0.148) (0.072) (0.072) (0.072) (0.072)
[0.049] [0.213] [0.086] [0.086] [0.086] [0.086]

10 40 –0.199 –0.201 –0.199 –0.199 –0.200 –0.200
(0.063) (0.068) (0.064) (0.058) (0.057) (0.062)
[0.048] [0.064] [0.053] [0.053] [0.054] [0.063]

20 20 –0.201 –0.202 –0.201 –0.201 –0.201 –0.201
(0.063) (0.066) (0.064) (0.058) (0.056) (0.061)
[0.050] [0.060] [0.051] [0.052] [0.050] [0.065]

40 10 –0.202 –0.202 –0.202 –0.201 –0.201 –0.201
(0.064) (0.065) (0.064) (0.058) (0.056) (0.056)
[0.053] [0.055] [0.054] [0.054] [0.056] [0.060]

400 1 –0.200 –0.200 –0.200 –0.200 –0.200 –0.200
(0.063) (0.063) (0.063) (0.057) (0.054) (0.050)
[0.047] [0.048] [0.047] [0.045] [0.043] [0.046]

Notes: Results from 5,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. The number of instruments of MIV–max is limited to at most 20 sets

of instruments for computational reasons. RMSE is within the parentheses and size within the square brackets.

The associated results for the estimates of ϕ1 are found in Table 3.
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Table B10: AR(2) with ϕ2 = −0.2

Estimation of ϕ2 = −0.2 under ϕ1 = 1
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 –0.200 –0.210 –0.201
(0.065) (0.096) (0.068)
[0.052] [0.090] [0.065]

10 40 –0.200 –0.200 –0.201 –0.201 –0.200 –0.201
(0.063) (0.064) (0.063) (0.058) (0.057) (0.061)
[0.053] [0.056] [0.053] [0.051] [0.054] [0.060]

20 20 –0.201 –0.201 –0.201 –0.201 –0.201 –0.202
(0.064) (0.064) (0.064) (0.058) (0.056) (0.060)
[0.050] [0.049] [0.051] [0.049] [0.049] [0.058]

40 10 –0.200 –0.201 –0.200 –0.201 –0.201 –0.201
(0.064) (0.065) (0.064) (0.058) (0.056) (0.056)
[0.055] [0.055] [0.055] [0.054] [0.052] [0.054]

400 1 –0.202 –0.202 –0.202 –0.201 –0.201 –0.201
(0.064) (0.064) (0.064) (0.058) (0.055) (0.050)
[0.052] [0.052] [0.051] [0.052] [0.050] [0.047]

Estimation of ϕ2 = −0.2 under ϕ1 = 1.2
T − 3 N IV σa = 0 IV σa = 3 MIV–1 MIV–2 MIV–3 MIV–max

1 400 –0.210 –0.200 –0.199
(0.513) (0.267) (0.063)
[0.050] [0.050] [0.047]

10 40 –0.200 –0.201 –0.201 –0.201 –0.200 –0.201
(0.076) (0.083) (0.062) (0.057) (0.056) (0.058)
[0.045] [0.045] [0.046] [0.045] [0.043] [0.049]

20 20 –0.200 –0.200 –0.201 –0.201 –0.201 –0.201
(0.072) (0.078) (0.063) (0.058) (0.056) (0.058)
[0.047] [0.046] [0.044] [0.051] [0.054] [0.050]

40 10 –0.201 –0.201 –0.201 –0.201 –0.201 –0.202
(0.072) (0.070) (0.064) (0.058) (0.056) (0.055)
[0.052] [0.052] [0.051] [0.052] [0.053] [0.052]

400 1 –0.199 –0.199 –0.199 –0.199 –0.200 –0.200
(0.069) (0.071) (0.063) (0.058) (0.055) (0.050)
[0.051] [0.051] [0.051] [0.053] [0.053] [0.054]

Notes: Results from 5,000 Monte Carlo repetitions. MIV–1 represents the MIV estimator with one set of

instruments, MIV–2 with two sets, etc. The number of instruments of MIV–max is limited to at most 20 sets

of instruments for computational reasons. RMSE is within the parentheses and size within the square brackets.

The associated results for the estimates of ϕ1 are found in Table B8.
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B.B. AR(1): Departure From Constant Variance

Departures from the assumption of constant variance over time are particularly relevant
to the MIV estimator because this assumption is central for establishing consistency in
the fixed-T setting. It is therefore important to assess how sensitive the estimator is to
violations of this condition.

There are several ways to introduce time variation in variance within this framework,
and each may affect the estimator in a different way. One mechanism that generates time
variation in variance arises from nonstationary initial conditions. For example, if all units
start at the same value, the variance in the beginning of the sample is compressed, creating
a temporary deviation from stationarity. A second mechanism arises when the variance
of the idiosyncratic shocks changes at a specific point in time, creating a local distortion
in volatility at that point and in the preceding periods. A third mechanism also relates
to the role of initial conditions but differs from the first in an important respect. Instead
of all units beginning at a common deterministic value within the observed sample, the
process is viewed as having been initiated at zero some time earlier. The distance from
this starting point determines how close the variance is to its stationary level, with the
deviation from stationarity diminishing as time passes.

To capture these forms of variance heterogeneity, the simulation design examines (i)
processes initiated and observed at an initial zero state, (ii) processes experiencing a one-
time variance increase near the end of the sample, and (iii) processes observed at varying
distances from an initial zero state.

Figures B1 and B2 report the results. Since time varying variance affects AR and
VAR estimators through the same conceptual mechanism, regardless of the lag order, the
analysis focuses on an AR(1) process,

yi,t = ui,t,

ui,t = ϕui,t−1 + εi,t,

where εi,t ∼ N (0, 1) and ϕ ∈ {0.4, 0.6, 0.8}. The unit-root case is excluded because the
estimator remains consistent under time-varying variance in that case.

To explore the sensitivity of the estimator in short panels, the time dimension is grad-
ually increased. This allows the analysis to identify the magnitude of T required for the
estimator to accommodate time-varying variance consistent with the large-T asymptotic
results. To ensure that the findings reflect the role of the time dimension rather than
changes in overall sample size, the total effective sample size is kept approximately fixed.
Samples with different numbers of time-series observations are considered by letting the
effective number of time periods vary from 1 to 40, that is, T ∈ {3, 4, . . . , 42}. For each
value of T , the number of cross-sectional observations is chosen as the smallest integer
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that ensures that the total effective sample size is at least 400.
In the column of subplots to the left in Figure B1 the processes are initiated at time

point t = 1 with ui,0 = 0. This is an extreme case because it represents either a complete
collapse of an ongoing process at t = 0, or the situation where the process is genuinely new
and starts at the same value for every cross-sectional unit, which in many applications is
implausible.

As shown in the figure, this type of departure from constant variance produces a
relatively large bias for very short panels, particularly when the underlying process is
persistent. The results aligns with the theoretical result that the bias decreases as T

increases. As T becomes larger, the cross-sectional sum of endpoint terms, which the
estimator sets to zero under the constant variance assumption, becomes dominated by
the remaining terms of the estimator, which reduces the bias. Nevertheless, the decline
in bias is quite rapid. When the effective number of time-series observations is T −2 = 10
and ϕ = 0.8, the bias is less than 0.04, for ϕ = 0.6 it is about 0.02, and for ϕ = 0.4 it is
roughly 0.01 when using up to three sets of instruments.

An additional observation is that, although adding more instruments increases the
estimator’s reliance on the constant variance assumption, the associated cost in terms of
bias does not appear to be very large. In particular, as long as the number of instruments
is kept limited, the increase in bias remains small.

In the column of subplots to the right in Figure B1, the results are based on DGPs
with stationary initial values but with a one-time increase in the variance of the idiosyn-
cratic shocks at time point T − 1, that is, εi,T −1 ∼ N (0, 2) while εi,t ̸=T −1 ∼ N (0, 1).
This particular placement of the variance change is especially problematic for the MIV
estimator because it enters directly into the cross-sectional sum of endpoint observations
of the explanatory variables without allowing the effect to decay over time.17

The figure shows that the pattern is reversed in this case, under lower persistence the
estimator is less robust to this type of change in variance, whereas it is more resilient
when the underlying process is more persistent. Now, for T − 2 = 10 and ϕ = 0.8 the
bias is less than 0.02, for ϕ = 0.6 the bias is around 0.03, and for ϕ = 0.4 the bias is
around 0.04. Note, again, that the number of instruments does not have a large impact
on the bias.

In an additional experiment the sample size is fixed to T = 10 and N = 50, and the
distance in time from an initial value equal to zero is examined. The distance ranges
from one to ten time periods, and the results are shown in Figure B2. This experiment
illustrates how quickly the variance approaches a level that is close enough to its stationary
counterpart for the estimator to become essentially unbiased. For low persistence, the

17In a preliminary simulation, a permanent variance increase of the same magnitude introduced at
time point T/2 produced similar convergence toward the true coefficient for d = 1. For d = 2 and d = 3,
convergence was somewhat slower, while in the MIV–max case, where the number of instruments grows
with time, the estimator failed to converge.
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Notes: Results based on 5,000 Monte Carlo repetitions. MIV–1 uses one set of instruments, MIV–2 uses two

sets, MIV–3 uses three sets, and MIV–max includes all available differencing lengths.

Figure B1: Two cases of changing variance across time.
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estimator exhibits virtually no bias once the process has evolved for only two periods
after the zero state. After about five to six periods, the bias is very small across all
persistence levels.

These results indicate that the assumptions leading to constant variance over time are,
in practice, not especially restrictive, as only a small number of time-series observations
is typically sufficient for the estimator to be robust to moderate departures from constant
variance.

Regarding the stacking of instruments, Figures B1 and B2 show that MIV–max tends
to have slightly higher bias compared to more parsimonious versions of the estimator.
Since adding more than three sets of instruments does not necessarily improve efficiency,
it is advisable to limit their number. Doing so reduces sensitivity to non-constant variance
without causing any notable loss of efficiency.
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Notes: Results based on 5,000 Monte Carlo repetitions. MIV–1 uses one set of instruments, MIV–2 uses two

sets, MIV–3 uses three sets, and MIV–max includes all available differencing lengths.

Figure B2: Distance to initial values equal to zero.
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