
Celani, Alessandro; Pedini, Luca

Working Paper

Moderate time-varying parameter VARs

Working Paper, No. 16/2025

Provided in Cooperation with:
Örebro University School of Business

Suggested Citation: Celani, Alessandro; Pedini, Luca (2025) : Moderate time-varying parameter VARs,
Working Paper, No. 16/2025, Örebro University School of Business, Örebro

This Version is available at:
https://hdl.handle.net/10419/339199

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/339199
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


                                                                                                                                                                          

ISSN 1403-0586   

Örebro University School of Business  
SE-701 82 Örebro, Sweden 

 

 

WORKING PAPER 16/2025 (ECONOMICS/STATISTICS) 

Moderate Time-Varying Parameter VARs 

Alessandro Celani and Luca Pedini 

 
 

 



Moderate Time-Varying Parameter VARs ∗

Alessandro Celani †
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Abstract

This paper proposes a parsimonious reparametrization for time-varying

parameter models that captures smooth dynamics through a low-dimensional

state process combined with B-spline weights. We apply this framework to

TVP-VARs, yielding Moderate TVP-VARs that retain the interpretability

of standard specifications while mitigating overfitting. Monte Carlo evi-

dence shows faster estimation, lower bias, and strong robustness to knot

placement. In U.S. macroeconomic data, moderate specifications recover

meaningful long-run movements, produce stable impulse responses and de-

liver superior density forecasts and predictive marginal likelihoods relative

to conventional TVP-VARs, particularly in high-dimensional settings.
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1 Introduction

It is hard to overstate the role of Time-Varying Parameter Vector Autoregressions (TVP-

VARs) in empirical macroeconometrics. Since the seminal works by Cogley and Sargent

(2005) and Primiceri (2005), TVP-VARs have become a central tool for analyzing the

relationship among macroeconomic variables over time. Their popularity stems from the

flexibility to capture unstable economic dynamics, often featuring various forms of nonlin-

earities. From an applied perspective, they typically deliver superior forecast performance

than their static counterpart (D’Agostino et al., 2013; Koop and Korobilis, 2013; Clark

and Ravazzolo, 2015), and they also offer valuable insights for structural dynamic analysis

(Benati and Surico, 2008; Baumeister and Peersman, 2013; Boeck and Mori, 2025).

Similarly to any TVP framework, in TVP-VARs the coefficient dimension grows with

the length of the relevant time domain T , raising serious concerns in terms of over-

parametrization. Bayesian methods are commonly introduced to mitigate the dimen-

sionality issue. However, the computational burden often remains substantial, as these

approaches rely on intensive Markov Chain Monte Carlo (MCMC) methods. An obvious

consequence is that time variation is typically applied only to small-scale systems, with

the potential shortcoming of omitted variable bias (Bańbura et al., 2010; Giannone et al.,

2014). In high-dimensional settings, it is common to allow time variation only in a sub-

set of coefficients, most often volatilities (Chan, 2023a; Carriero et al., 2024) and/or in

intercepts (Banbura and van Vlodrop, 2018; Götz and Hauzenberger, 2021).

A different perspective motivates this paper. Temporal instabilities that economists

typically face may be more limited than commonly assumed, with underlying dynam-

ics evolving only gradually over time. In this context, a key question arises: are T

coefficients truly needed to capture such evolution? Motivated by this question, we intro-

duce a reparametrization of TVP within the state-space realm, with the aim of relaxing

the assumption that parameters must evolve at the same frequency as the underlying

dataset. Specifically, we linearly decompose the T -dimensional transition equation into

two components: i) a lower-dimensional process that evolves at a lower frequency than

the original data and ii) deterministic functions of time, namely B-spline bases, which

weight the lower-frequency parameter and provide a mapping to the original temporal

dimension. The magnitude of the parameter space becomes proportional to the number

of spline knots.

The generality is high: the canonical TVP scheme used in the literature can be re-

covered by employing constant (0-th degree) splines with as many knots as time points.

By allowing for fewer knots, we can naturally constrain the degree of temporal variability

that the model can capture. However, simply reducing the number of knots is inadequate,

as it generates undesirable stepwise dynamics in which parameters remain constant for

some periods before abruptly jumping. This is where the spline degree becomes essential:
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higher-degree splines produce smoother trajectories which naturally counter stepwise pat-

terns and make knot placement less influential. For this reason, our baseline specification

adopts quadratic (2-nd degree) splines, which align with the Random Walk dynamics

commonly used in TVP models. Since the amount of time variation that can be repre-

sented decreases as the number of knots is reduced, we refer to the resulting specification

as the Moderate TVP (MTVP).

The proposed idea can be applied to any state-space model with a linear transition

equation, a requirement met by almost all models used in empirical macroeconomics.

In this paper, we apply the approach in a TVP-VAR, which we refer to as Moderate

TVP-VARs (MTVP-VARs). This setting is appealing because it allows us to assess the

method’s performance in both forecasting and structural applications, which are equally

important.

The resulting estimation is performed via a Bayesian approach. Due to the linearity

of the decomposition, conditional posterior for the parameters and the latent states can

be easily derived, thus enabling an efficient Gibbs sampling procedure. Nevertheless, the

choice of prior hyperparameters is crucial, especially when comparing models of different

dimensions and with different number of knots. To address this, we propose a hierarchical

approach to estimate state prior variances jointly with the other parameters.

If time variation is not pervasive, as we assert, the moderate approach represents an

efficient dimensionality reduction technique for TVP-VARs, with benefits in both estima-

tion bias and computational time. To investigate this, we run comprehensive simulation

exercises analyzing performances of several moderate specifications. In particular, we

compare computational time, parameter bias, and sensitivity to knot placement against

the benchmark model (Primiceri, 2005). MTVP-VARs approximate smooth unstable

patterns efficiently and for truly constant coefficients they systematically outperform the

benchmark, as they are closer to a limiting static specification. Quadratic splines achieve

superior fitting performances, while constant splines offer dramatic speed gains. Next, we

bring the new models to real data by estimating MTVP-VARs of different dimensions on

a quarterly U.S. macro dataset. We begin with a full-sample analysis to assess whether

the estimated quantities are economically meaningful. A smooth moderate specification

with parameters that vary every two years delivers estimated trends and structural im-

pulse responses statistically indistinguishable from the benchmark. In a formal Bayesian

model comparison exercise based on the predictive Bayes factor, we find decisive support

for the smoothed MTVP-VAR in both the small-scale and large-scale settings. Finally,

the forecasting exercise confirms this fact: all smoothed versions usually outperform the

benchmark and the piecewise constant alternatives in terms of density forecasts, with

particular reference to interest rate, industrial production and unemployment variables.

Literature review. Our paper contributes to the expanding literature on efficient di-
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mensionality reduction techniques for TVP-VARs. Early Bayesian contributions include

Koop and Korobilis (2013), who alleviate the computational burden of MCMC estima-

tion through the use of forgetting factors. In a similar vein, Zheng et al. (2023) introduce

a recursive, score-driven filtering framework that enables fast sequential estimation of

time-varying parameters. Chan et al. (2020) take a different perspective by reducing

the cross-sectional dimension of the coefficients via a factor decomposition. In contrast,

our approach focuses on the temporal dimension, although the two strategies could be

naturally combined. Korobilis (2021) employs factor-graph decompositions to develop ef-

ficient Bayesian algorithms for TVP regressions, although their method is not applicable

under more classical Random Walk based transitions. Hauzenberger et al. (2022) achieve

dimensionality reduction and computational efficiency by grouping the parameters into

regimes through mixture models and by compressing the predictor matrix using the sin-

gular value decomposition. Instead, a large body of work addresses overfitting without

directly tackling the computational issue: some examples include Belmonte et al. (2014);

Bitto and Frühwirth-Schnatter (2019); Huber et al. (2021); Chan (2023b), among others.

Finally, a separate strand of literature relies on non–likelihood-based methods. Notable

contributions are the nonparametric kernel approaches of Giraitis et al. (2018); Kapetan-

ios et al. (2019); Braun et al. (2025), with Petrova (2019) providing a quasi-Bayesian

treatment.

It is also worth mentioning that this article contributes to the ongoing research on

the use of penalized splines to capture arbitrarily complex patterns, a method originally

introduced by Eilers and Marx (1996) and later extended to a Bayesian framework by

Lang and Brezger (2004). Notice that the application of P-splines in Economics has

recently gained popularity, notably through Barnichon and Brownlees (2019) and Tanaka

(2020), who employ them to smooth Local Projections.

The rest of the paper is organized as follows. In Section 2, we introduce the proposed

methodology. We first develop the method for TVP regression, and then adapt it to

TVP-VARs. We also detail the hierarchical prior framework considered and outline the

resulting Gibbs sampler. Section 4 conducts the Monte Carlo exercises and in 5 we discuss

the empirical application. Finally, Section 6 concludes and outlines directions for future

research.

2 Moderate univariate TVP regression

For simplicity, we introduce our approach in the context of a linear heteroskedastic TVP

regression. This framework is general enough to encompass most of the models commonly

employed in empirical macroeconomics (e.g., the TVP-VAR we use in the paper). The
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measurement equation and the error term are defined as follows:

yt = x′
tβt + ϵt, ϵt ∼ N (0, σ2

t ) (1)

where yt is the dependent variable, xt a M × 1 vector of explanatory variables, βt is the

corresponding vector of TV coefficients and σ2
t = exp(ht) is the TV variance governed

by the latent state ht. As the focus of this paper is on the temporal dimension of the

model, we find it convenient to adopt the non-centered parameterization pioneered by

Frühwirth-Schnatter and Wagner (2010), which decomposes parameters into a constant

and a TV component, the latter with zero initial conditions. Rewrite the measurement

equation as

yt = x′
tβ + x′

tβ̃t + ϵt, ϵt ∼ N (0, σ2
t ) (2)

where now σ2
t = exp(h+ h̃t). β and h are the static components, whereas β̃t and h̃t are

the dynamic ones. The original parameters are recovered as βt = β + β̃t, ht = h + h̃t.

We complete the model by assigning dynamic hierarchical priors to β̃t and h̃t in the form

of driftless Random Walk processes:

β̃t − β̃t−1 ∼ N (0, Q̃)

h̃t − h̃t−1 ∼ N (0, s̃)
(3)

initialized at zero: β̃0 = 0, h̃0 = 0. To prevent ambiguity and to facilitate comparison

with the moderate specifications developed later, we refer to this benchmark framework

as “RW”, highlighting the form of the law of motion for the parameters. This specifi-

cation represents an extreme case, assigning as many parameter states as time points.1

Nonetheless, when temporal instability is present but not pervasive, dynamic heterogene-

ity may be captured with fewer parameters. Building on this idea, the MTVP framework

embodies the notion of moderate time variation: parameters are allowed to evolve over

time, although not necessarily in every period.

2.1 Proposed method

The goal of MTVP is to reduce the number of parameters to be estimated with minimal

alteration of their law of motion. This is achieved by rewriting the state equation of

a generic parameter as a function of two components: a lower-dimensional state equa-

tion and a set of deterministic, time-varying weights. These weights map the lower-

dimensional states back to the original time scale and their functional form determines

the shape of the reconstructed TV parameters.

We begin by considering the conditional mean parameter. Suppose we partition the

1The opposite extreme is the fully static case obtained with βt = β and ht = h, which implies
β̃1 = · · · = β̃T = 0 and h̃1 = · · · = h̃T = 0.
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temporal domain into R = T/K non-overlapping intervals of equal length 1 ≤ K ≤ T .

For example, with quarterly data and K = 8 (assuming for the moment that T is a

multiple of 8), each interval corresponds to two years. Let θr, r = 1, . . . , R, be an auxiliary

M dimensional vector of parameters associated with the r-th interval: θr captures lower-

frequency time variation, as it is allowed to vary “just” R times across the time domain.

To maintain coherence with the framework, we model the transition of θr using a driftless

Random Walk:

θr − θr−1 ∼ N (0,Q) (4)

with θ0 = 0. The goal is to estimate θr instead of β̃t, while still allowing parameters to

evolve over t. The main challenge is to reconcile the mismatch between the two “temporal

domains” and to construct a mapping between the two parameter vectors. To bridge this

gap, we introduce a set of time-varying weights wt,r satisfying the usual constraints for

each t: wt,r ≥ 0,
∑R

r=1wt,r = 1. We define the mapping as:

β̃t = Wt,1θ1 + · · ·+Wt,RθR (5)

where a common weighting scheme is assumed to govern the time variation of each element

of β̃t, i.e., Wt,r = wt,rIM .

Although a proper discussion on the weights is deferred to the next section, one fea-

ture is worth emphasizing. In practice, the weights wt,r can be set to zero to restrict the

region of influence. For example, under the weighting scheme we will adopt, parameters

effectively depend only on their own region and, at most, a few neighboring ones. Ac-

cordingly, the T ×R matrix W, with generic element wt,r, is highly sparse (see Figure 1

for some examples).

Importantly, this general formulation nests the benchmark case and accommodates

a range of intermediate specifications. In particular, with R = T , a weighting scheme

such that wi,j = 1 if i = j and 0 otherwise, we recover the RW , since Eq. (5) reduces to

β̃t = θt.

The proposed framework naturally extends to the SV, for which we specify the fol-

lowing decomposition of the latent state h̃t:

h̃t = wt,rg1 + · · ·+ wt,RgR

gr − gr−1 ∼ N (0, s)
(6)

where, again, gr is an auxiliary parameter initialized at g0 = 0. For clarity, we use the

same number of regions R as in the conditional mean specification, although in practice

R may differ between the mean and volatility components, a possibility we consider

throughout the paper.2

2Empirical evidence indicates that volatilities of macroeconomic variables often display pronounced
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Compact form. Regardless of the specific form of the weights, the proposed de-

composition preserves linearity in the parameters to be estimated. The multiplicative

interaction between the weight matrices and the auxiliary parameters does not pose any

difficulty, as the former are fixed prior to estimation. Nevertheless, the dependence of

each parameter on potentially many auxiliary components complicates the construction of

an estimation scheme based on filtering techniques (Carter and Kohn, 1994; Frühwirth-

Schnatter, 1994). Yet, deriving the conditional posteriors becomes considerably more

convenient if the model is expressed in a compact form. This representation enables the

use of the efficient sampler of Chan and Jeliazkov (2009), which offers the additional

advantage of being computationally more efficient than sequential estimation techniques.

To make this explicit, we present the compact representation for both the mean and

volatility parameters, and defer the detailed derivation of the conditional posteriors for

the TVP-VAR case to Appendix B.

Let y = [y1, . . . , yT ]
′, X = [x1, . . . ,xT ]

′, X̃ = diag(x′
1, . . . ,x

′
T ), and ϵ = [ϵ1, . . . , ϵT ]

′.

The stacked measurement equation is a linear regression model with a general error

covariance matrix:

y = Xβ + X̃β̃ + ϵ, ϵ ∼ N (0,Σ) (7)

where β̃ = [β̃′
1, . . . , β̃

′
T ]

′, and Σ = diag(exp(h)), h = h + [h̃1, ..., h̃T ]
′. Eq. (5) can be

expressed compactly over T as a Kronecker product:

β̃ = (W ⊗ IM)θ (8)

with θ = [θ′
1, . . . ,θ

′
R]

′. Substituting Eq. (9) into Eq. (7) shows that the model is linear

in θ:

y = Xβ + Lθ + ϵ,

where L = X̃(W⊗ IM). Combining this expression with the stacked prior for θ makes it

straightforward to show that the conditional posterior is Gaussian. Similar conclusions

apply to the log volatility parameters. Specifically, the vector error term in Eq. (7) can

be reformulated as a linear function of g = [g1, . . . , gR]
′ as follows:

log ϵ2 = h+Wg + u

where each component of u follows a log Chi-Square distribution. By adopting the

mixture representation of Kim et al. (1998) and combining it with the stacked Gaussian

prior for g, we obtain a Gaussian conditional posterior, from which we can sample using

the precision sampler discussed above.

temporal instability, while the conditional mean parameters tend to be more stable. This suggests that
the optimal R is typically larger for volatilities than for conditional means.
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2.2 Weight selection

The proposed method crucially depends on the choice of K and on the functional form

of the weights wt,r, which determine the size and structure of the matrix W. For exam-

ple, with the previously mentioned 0 − 1 weights, the method yields stepwise dynamics

characterized by regular abrupt jumps. This motivates the need for a smoother temporal

evolution. Smooth weighting schemes can be generated using standard basis functions

such as B-splines, Fourier bases, or wavelets.

In this paper we adopt B-Splines (BSP): a BSP consists of q+1 polynomial segments

of degree q, which are connected at q inner knots. The BSP is positive only within the

domain defined by the q knots and is zero outside. This compact support guarantees that

each βt depends only on q+1 regions, yielding a desirable connection to a few neighbor-

ing points. In this way, we enforce a “forgetfulness” of distant past observations. Here

we use quadratic (q = 2) splines as our baseline. They are the lowest-order splines that

yield smooth parameter paths, having continuous first derivatives. Thus, they naturally

align with the first difference priors commonly used for TVP models.3 For comparison

purposes, we also consider constant (q = 0) splines as a reference for stepwise move-

ments. A general moderate smooth configuration is denoted as SPK , and a piecewise one

as PCK .
4 We remain agnostic about which one is better: neither should be universally

preferable a priori and the choice depends on the researcher’s objectives and application.

As we will see, PCK is quite sensitive to knot placement, but delivers substantial compu-

tational gains even for small K and in low dimensions, making it attractive when speed

is prioritized. By contrast, SPK specifications produce smoother dynamics, which are

less sensitive to knot placement, and generally achieve superior parameter fitting relative

to PCK . Their computational advantages, however, become pronounced mainly in high-

dimensional settings. A comprehensive assessment of their properties and performance,

including sensitivity to knot placement and CPU times, is provided in Section 4.

Throughout the paper, we consider intervals of two, four, and six years for quarterly

data, namely:

K = [8, 16, 24]

with equidistant knots starting at 1 − qK 5 with spacing K. For each specification, the

3In the penalized spline literature, it is common to use cubic (q = 3) splines combined with a second-
derivative penalization, so that the resulting function also has a continuous second derivative. In our time
series context, this choice would correspond to imposing second-difference priors, effectively suggesting
I(2) dynamics, which appears unlikely for the macroeconomic dynamics we analyze. An exception arises
when modeling trends of nonstationary variables, usually treated as I(2) processes (Hodrick and Prescott,
1997). Moreover, raising the spline degree increases the number of non-zeros in the W matrix, which in
turn worsens computational times.

4Note that, as previously discussed, the PC specification is a natural generalization of the RW ,
which is recovered by setting K = 1, so that RW = PC1. Indeed, the PCK dynamics can be interpreted
as a “multi-period Random Walk” that evolves at a lower frequency than the data.

5Placing the first knot at this point in the negative domain ensures that the corresponding basis
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Figure 1: The effect of different weighting schemes
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Note: The figure illustrates the effect of different moderate specifications on the estimation of the SV
of the residuals for a generic variable in a single realization of a simulated TVP-VAR, as described in
Section 4. The sample size is T = 250. First row : first 40 rows of the three weight matrices considered.
The number of columns varies, being equal to min(40, R), which yields 40 for the RW case, 31 for the
PC8, and 33 for the SP8. The shading ranges from 0 (white) to 1 (black). Second row : black dashed
lines denote the true process, solid blue lines represent the posterior median, and shaded blue areas
indicate the 90% credible intervals.

total number of partitions is R = R̄ + q, with R̄ = ⌊T/K⌉, where ⌊·⌉ denotes rounding

to the nearest integer for any chosen K. Based on the partitioning and spline degrees

described above, we consider the following models:

M = {SP8, SP16, SP24, PC8, PC16, PC24}

To provide the reader an idea on how the machinery works, we briefly present a result

from the simulation exercise of Section 4. In particular, we show the fit of the RW , PC8

and SP8 on the TV standard deviation of the residual from a generic equation in the TVP-

VAR. In the second row of Figure 1, the black dotted lines denote the true process, while

the blue lines and shaded areas represent, respectively, the posterior median and 90%

credible intervals, obtained under the same prior framework but with different weighting

schemes. The corresponding weight matrices are shown in the top row. PC8 and SP8

use 8 times fewer parameters, but differ in their aggregate dynamics due to the weight

functional form: piecewise constant and smooth, respectively. All specifications perform

function peaks at the first observation.
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well in capturing the underlying process. Nonetheless, the spline degree is influential: the

third column is visually preferable, as it avoids the irregular pattern of the second.6

3 Moderate TVP-VAR

We now introduce a class of models we call MTVP-VARs, i.e., TVP-VARs in which the

moderate decomposition is applied to both mean coefficients and log volatilities for each

equation in the system. For computational convenience, we adopt a slight modification of

the original Primiceri (2005) framework by using the equation-by-equation representation

of Chan (2023b), valid under the recursive identification scheme.

Let yt be an N -dimensional vector of endogenous variables whose dynamics are gov-

erned by a TVP-VAR with P lags in recursive structural form:

Φ0,tyt = µt +Φ1,tyt−1 + · · ·+ΦP,tyt−P + ϵt, ϵt ∼ N (0,Σt), (9)

where Φ0,t is a lower triangular contemporaneous coefficient matrix with ones on the

main diagonal, µt is the vector of intercepts, Φ1,t, . . . ,ΦP,t are the matrices of lagged

coefficients, and Σt = diag (exp(h1,t), . . . , exp(hN,t)). This model can be rewritten as

a sequence of N independent non-centered TVP regressions with an expanding set of

explanatory variables and SV of the form:

yi,t = z′i,tβi + z′i,tβ̃i,t + ϵi,t, ϵi,t ∼ N (0, exp(hi + h̃i,t)) (10)

where xt = [1,yt−1′ , ...,y
′
t−P ]’, z1,t = xt, and zi,t = [x′

t,−y1,t, . . . ,−yi−1,t]
′ for i > 1. Our

MTVP-VAR is obtained by applying the moderate decomposition to each of these TVP

regressions:

β̃i,t = W1,tθi,1 + · · ·+WR,tθi,R

h̃i,t = w1,tgi,1 + · · ·+ wR,tgi,R

θi,r − θi,r−1 ∼ N (0,Qi)

gi,r − gi,r−1 ∼ N (0, si)

(11)

where Wt,r = wt,rIMi
, with Mi = NP+i indicating the total number of coefficients in the

i-th equation. We assume that the error covariance matrices for the state equations are

diagonal, Qi = diag(qi,1, . . . , qi,Mi
), with elements following Inverse Gamma distributions.

6Figure 7 in the Appendix C shows an analogous result for the four-year interval, corresponding to
K = 16.
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The same holds for the state variance of the log volatilities:

qi,j ∼ IG(τ1, (τ1 + 1)ξ1,j), j = 1, . . . ,Mi

si ∼ IG(τ2, (τ2 + 1)ξ2)
(12)

where τ1 and τ2 are prior shapes, while ξ1,j and ξ2 denote prior modes. To distinguish

between intercepts and lagged coefficients, we set ξ1,j = ξ̄1 for VAR coefficients (j > 1),

and ξ1,j = 42ξ̄1 for intercepts (j = 1), with ξ̄1 representing the common mean prior mode.

Choosing state prior hyperparameters is problematic even in the benchmark model.

In our framework the problem magnifies, as there is no guarantee that values commonly

used in the literature are appropriate for moderate specifications with arbitrary K. To

address this, we adopt a simple hierarchical framework by placing a Gamma prior on ξ̄1,

which is motivated by having conditional analytical posterior for this coefficient:

ξ̄1 ∼ G(2, γ/2) (13)

so that E(ξ̄1) = γ. The remaining hyperparameters are adapted across specifications by

ensuring the same level of prior shrinkage (through shapes) and a common expected total

variance for the auxiliary processes (through modes):τ1
τ2

 = K−1

40
10

 ,

γ
ξ2

 = K

0.012
0.12



Remaining priors and Gibbs sampler. We employ Gaussian priors for both

the mean and log variance static parameters: βi ∼ N (0, Q̄i), hi ∼ N (0, 52). Each Q̄i

is diagonal and follows a classical Minnesota style (Doan et al., 1984). To this end,

let Q̄ = diag(Q̄1, . . . , Q̄N) be the full covariance matrix of the static parameters. In

particular, its generic j-th diagonal element q̄jj is equal to

q̄jj =



λ1

l2
, own l-th lag

λ2σ2
i

l2σ2
j
, cross-equation l-th lag

λ3σ2
i

σ2
j
, contemporaneous variables

λ4σ
2
i , intercept

where σ2
i denotes the sample variance of the residuals from individual AR(4) of each yi,t,

λ3 = 0.22, λ4 = 102 are fixed shrinkages, whereas λ1, λ2 are hierarchical shrinkages to

be estimated. In particular, we follow Chan (2021) and append to both a Gamma prior:

10



Figure 2: Posterior of
√

ξ̄1 across specifications.
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Note: The figure shows the posterior distribution of the hierarchical standard deviation
√
ξ̄1 for the RW

and different moderate specifications SP for a single Monte Carlo replication with N = 3. Shaded areas
indicate the 90% prior probability bands, black dots mark the prior medians, and boxplots summarize
the posterior draws.

λ1 ∼ G(2, 0.22/2), λ2 ∼ G(2, 0.12/2).
To finalize the estimation step we define the vectorized version of the TV parameters

of interest θi = [θ′
i,1, . . . ,θ

′
i,R]

′, and gi = [gi,1, . . . , gi,R]
′. Bayesian estimation is performed

using a Gibbs sampler that iterates over the following conditional posterior distribu-

tions: p(βi|•), p(θi|•), p(hi|•), p(gi|•), p(si|•), i = 1, . . . , N , p(qi,j|•), i = 1, . . . , N ,

j = 1 . . . , Ki, p(ξ̄1|•), p(λ1|•), p(λ2|•), where • represents the set of conditioning pa-

rameters except the one that we sample from. All the details regarding full conditional

posteriors and their derivation are given in Appendix B.

4 Monte Carlo Study

In this section we conduct a simulation study to assess the performance of MTVP-VAR

models under parameter instability. The simulation setup closely follows Amir-Ahmadi

et al. (2020): the DGP is a TVP-VAR(1) without contemporaneous interactions (Φ0,t =

IN) and with a lower-triangular structure for Φ1,t, which allows to test the model ability

to capture both constant and TV parameters. Both the mean and log variance coefficients

evolve according to deterministic sine and cosine functions with varying amplitudes and

peak locations, whose details are provided in Appendix D. All setups consider T = 250

observations and N = 3, although larger dimensions are also explored when analyzing

computational times. We use the prior specification and sampler outlined in Section 3.

We divide the Monte Carlo exercise into three sub-experiments: firstly, we evaluate

11



the importance of the hierarchical prior with adaptive hyperparameters on the latent state

variances. Secondly, we analyze the CPU times of the moderate schemes with respect

to the RW . Finally, we conduct a comprehensive Monte Carlo exercise to assess the

MTVP performances, by comparing estimated parameters to the true ones and examining

sensitivity to knot placement.

Figure 2 reports the result of the first experiment. The boxplots indicate the pos-

terior distributions of
√
ξ̄1, while the shaded areas refer to the 90% mass of the prior

distribution. As shown in the first column, for the RW fixing ξ̄1 = 0.012 (black dot)

is clearly suboptimal: the posterior distribution falls outside the prior 90% bands, in-

dicating that a fixed-prior is inadequate. The same pattern repeats across the other

specifications. Crucially, the compensation mechanism introduced via the hierarchical

prior, which shifts scale and shape, appears necessary: the posterior median and related

boxplot bands point to a larger standard deviation. Nonetheless, the magnitude of the

adjustment differs by specification, motivating a modular hierarchical approach.

Next, we examine the computational performances of the proposed models. Table 1

reports the runtime for obtaining 1000 posterior draws of the considered specifications.

Results are shown for increasing system dimensions: N = 3 (small), N = 14 (large),

and N = 50 (very large). Across all cases, moderate specifications deliver substantial

time savings relative to the benchmark. As the length of the regions increases, runtime

improves at a different speed. The stepwise PC specifications show dramatic reductions,

whereas the general smooth SP exhibits more modest gains. The efficiency gains become

more pronounced as the system dimension increases. In the very high-dimensional setting

(N = 50), the SP specification is roughly two to more than three times faster than

the benchmark RW model. The PC variants achieve larger gains, ranging from nearly

eight to almost fifteen times faster. This makes the class of moderate specifications

increasingly attractive as N grows, which is particularly relevant for very large-scale

applications with hundreds of dependent variables, where estimating TVP models with

MCMC methods remains infeasible. The marked difference between SP and PC may

appear counterintuitive at a first glance, but is well motivated by the nature of the

weighting matrices: in the PC case, W is composed by Boolean entries, meaning a

parsimonious object in terms of machine memory. On the other hand, SP implies a

double-precision matrix, far more computationally intensive.

We now turn to the full Monte Carlo exercise, where we simulate a total of S = 200

small (N = 3) datasets and evaluate the models using three performance metrics for

the estimated parameters: mean squared error (MSE), coverage probability (Coverage),

and the average length of credible intervals (Length). Let βtrue
t denote a generic true

parameter and β̂m,t the corresponding posterior median estimate from model m ∈ M in

12



Table 1: Computational time of MTVP in different dimensions

RW SP8 PC8 SP16 PC16 SP24 PC24

N = 3 1.76 23.8% 45.2% 34.3% 49.4% 37.3% 50.7%

N = 14 34.81 26.3% 66.7% 42.1% 71.9% 46.9% 73.7%

N = 50 1587 44.5% 87.5% 62.7% 91.6% 70.5% 93.1%

Note: For each dimension N (across rows), the RW column reports the runtime in seconds to obtain
1000 posterior draws for the benchmark. The remaining entries display the percentage time savings
achieved by each MTVP specification relative to it.

simulation s = 1, . . . , 200.7 The MSE is defined as the mean of the squared errors:

MSEm = T−1

T∑
t=1

(
β̂m,t − βtrue

t

)2
Coverage is the arithmetic mean of the probability that the true value is within the 90%

credible interval:

Coveragem = T−1

T∑
t=1

1
(
β̂5%
m,t < βtrue

t

)
× 1

(
βtrue
t < β̂95%

m,t

)
where β5%

m,s,t and β95%
m,s,t are the posterior 5-th and 95-th percentile estimates, with 1(·)

being the indicator function. Length denotes the arithmetic mean of the length of the

90% credible interval,

Lengthm = T−1

T∑
t=1

(
β̂95%
m,t − β̂5%

m,t

)
For each metric, we report results relative to the benchmark in log differences.8

Figure 3 reports the results in the form of boxplots across replications. Parameters

are grouped by similarity across rows and the related metrics averaged by groups: the

time-varying and zero entries of Φ1,t are displayed in the first two rows; TV log variances

in the last row.

Starting with MSE, the SP specifications outperform the benchmark across all coef-

ficient classes. The gains are consistent across the number of regions, not only for the

coefficients that are constant over time (as one would expect) but also for the TV ones.

For the log variances, performance improves as dimensionality decreases, with SP24 de-

livering the best results in this class. By contrast, SP8 and SP16 yield estimates that are

statistically equivalent to the benchmark. For coverage and length, results are mixed.

7For estimated parameters and resulting criteria we avoid the s subscript for ease of exposition.
8For example, the relative MSE is defined as log(MSEm/MSERW ).
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Figure 3: Results of the Monte Carlo simulation
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Note: The figure reports the results of the simulation exercise. Panels are organized by rows according to
the type of parameter evolution: zero mean coefficients (first row), TV mean coefficients (second row), and
TV log volatilities (third row). Each column corresponds to a different evaluation metric. Blue boxplots
denote smooth (SP) specifications, orange boxplots denote piecewise constant (PC) specifications.

For zero-mean coefficients, SP attains higher coverage at shorter band length, making it

universally preferable, as expected. Band length also decreases as K grows, making lower

parametrized specifications very precise at little cost, consistent with convergence toward

a static specification. For TV mean coefficients, achieving higher coverage requires longer

bands, whereas for log variances, SP substantially shortens bands with only a slight drop

in coverage. Performance is notably stable across K, indicating robustness to interval-

length selection. On the other hand, PCs work adequately well for zero coefficients, while

for TV ones the performance deteriorates markedly at higher K, making PC attractive

only with K = 8. To sum up, the SP emerges as a clear winner across the three proposed

criteria. That said, as Table 1 shows, the PC8 version remains attractive given its com-

putational advantage. Longer-interval PC variants should be considered only when time

variation can be nearly ruled out.

Knot positioning. The main weakness of the MTVP approach is its sensitivity to

knot placement, a concern that magnifies as K increases. Sensitivity also differs across

specifications: PC versions are more vulnerable, whereas SP variants mitigate it by

construction through a smooth weighting scheme. In our setting with equidistant knots,

each moderate specification allows up to K distinct knot locations over time; depending
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Table 2: Monte Carlo knot positioning exercise

SP8 PC8 SP16 PC16 SP24 PC24

Mean 0
0.008
(0.006)

0.029
(0.018)

0.011
(0.008)

0.053
(0.034)

0.014
(0.011)

0.007
(0.045)

Mean TV
0.003
(0.001)

0.012
(0.002)

0.004
(0.001)

0.019
(0.004)

0.005
(0.001)

0.023
(0.005)

Log variance
0.014
(0.003)

0.072
(0.013)

0.018
(0.004)

0.120
(0.020)

0.025
(0.007)

0.151
(0.024)

Note: The table reports the results of the Monte Carlo based knot placement exercise. Columns report
the Monte Carlo mean (with standard deviations in parentheses) of the square root of the variance
component in Eq. (15) for the various MTVP specifications.

on how much time variation the data truly exhibit, this can be manageable or problematic.

Our claim is that whenever time variation is not pervasive, the knot-placement issue is

likely second-order relative to the gains.

To assess knot placement explicitly, we extend the earlier MSE definition. Previously,

the MSE (as the other criteria) were computed for a single, implicit knot position. Since

there are up to K admissible placements, there is an equivalent number of MSEs per

specification

MSEk,m = T−1
∑
t

(β̂k,m,t − βtrue
t )2

where β̂k,m,t is the time t estimated parameters under knot positioning k = 1, ..., K. The

“model level MSE” then marginalizes over all knot placements and is defined as

MSEm = (KT )−1
∑
k

∑
t

(β̂k,m,t − βtrue
t )2 = K−1MSEk,m (14)

We now introduce
¯̂
βm,t = K−1

∑
k β̂k,m,t, the average posterior mean across all knot

placement specifications. With this in hand, we define the following Bias-Variance style

decomposition of eq. (14):

MSEm = T−1
∑
t

(
βtrue
t − ¯̂

βm,t

)2
︸ ︷︷ ︸

Bias2m

+(KT )−1
∑
k

∑
t

(
β̂k,m,t − ¯̂

βm,t

)2
︸ ︷︷ ︸

Variancem

(15)

where the first term is the MSE between the true coefficient and the posterior mean

averaged over all knot placements for each model.9 As shown in Figure 8 in Appendix

C, this component is effectively constant across specifications. Intuitively, averaging over

9Eq. (15) simplifies because the cross term 2(KT )−1
∑

k

∑
t

(
βtrue
t − ¯̂

βm,t

)(
β̂k,m,t − ¯̂

βm,t

)
= 0 due

to
∑

k β̂k,m,t −K
¯̂
βm,t = 0 ∀t.
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placements neutralizes positioning effects, making the result equivalent to estimating i)

a single specification with K = 1 or ii) the average of estimates over K knot locations

when K > 1. Our main concern is the second term, which captures the variability across

knot placements around their mean estimate. This quantity is zero for RW and, for the

moderate specifications, measures the error incurred by ignoring knot placement.

Table 2 reports the results, organized by rows according to the coefficient class.

Columns report the averages of the Monte Carlo empirical distribution of the square

root of the variance component in Eq. (15).

As expected, the magnitude of the estimated variability mirrors the underlying vari-

ability of the true coefficients: it remains modest for the mean coefficients, while it

becomes substantially larger for the log-variances, which exhibit the strongest time vari-

ation. The SP specifications display markedly smaller magnitudes than the PC alter-

natives, with differences of two to six times. Importantly, the smooth specifications also

remain stable across different numbers of regions: even when selecting only one coefficient

every 24 observations, the SP produces, on average, less than twice the error associated

with more parametrized specifications.

Summing up, while the proposed moderate approach inherently entails a knot selec-

tion variability, this has very limited practical implications for both non-TV and TV

coefficients when smooth weighting schemes are used. In contrast, with stepwise dynam-

ics the issue becomes pronounced, requiring estimation across multiple combinations and

thereby reducing efficiency.

5 Empirical application

We now assess the performance of the proposed approach on real data. We begin de-

scribing the macroeconomic dataset, then we present some full sample results for a small

dimensional specification in Section 5.1. Finally, Section 5.2 presents a formal forecast-

ing exercise using an out-of-sample expanding window scheme both in a small and in a

high-dimensional setting.

In all empirical applications of the MTVP-VAR, we fix K = 8 for the variance com-

ponent, while the conditional mean parameters are allowed to follow larger values of K.

Specifically, all SPs and PCs with K = 16, 24 apply exactly these values to the mean

component, whereas for the variance we fix it at K = 8. Naturally, the RW and K = 8

models are unaffected by this choice. We adopt this restriction because SV is known to

be the most TV part in the parameter space and from our experiments it emerges that

setting K > 8 for the variance oversmooths the volatility dynamics.

Data. The dataset comprises 14 U.S. quarterly series from 1959Q1 to 2019Q4, ob-

tained from the FRED-QD database at the Federal Reserve Bank of St. Louis. In
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Figure 4: Trends and standard deviations (SP8)
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Note: The figure shows the posterior trends and standard deviation for two specifications: benchmark
RW (red lines), and moderate SP8 (blue dashed-dotted lines). External red lines and blue shaded-areas
delimit the 90% credible bands for the two specifications, respectively.

the empirical analysis, we consider two VAR specifications: a small-scale model with

N = 3 variables and a larger one with N = 14. The small-scale VAR is the canonical

tri-variate monetary policy system, including real GDP growth, GDP deflator inflation

and the federal funds rate. Given the convenient dimension, we use this specification to

illustrate both full-sample and forecasting results. The large-scale VAR, employed exclu-

sively in the forecasting application, augments the small model with, among the others,

consumption, investment, industrial production, unemployment and other labor-market

and real-activity variables. Integrated series are transformed into stationary ones via

annualized growth rate to ensure stable dynamics. The full list of variables and data

transformations is reported in Table 5 in Appendix A.

5.1 Full sample results

An important aspect in our analysis is to assess whether MTVP-VARs produce economi-

cally meaningful quantities from an interpretational perspective, at least in the same way

as the RW does. To address this, in this section we summarize full-sample results of the

moderate approach versus the benchmark model. For the sake of conciseness, we focus

on the SP8 case, while we defer the other moderate variants to the Appendix C.

We present the model estimated TV trends (or infinite horizon forecasts) and standard

17



Figure 5: IRFs after a monetary policy shock (SP8)
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Note: The figure shows the posterior IRFs of Inflation and real GDP growth after a monetary policy
shock for the two TVP-VAR specifications: benchmark RW (red lines), and moderate SP8 (blue dashed
dotted-lines). Rows reflect different forecast horizons: 1, 4, 8. External red lines and blue shaded-areas
delimit the 90% credible bands.

deviations in Figure 4.10 At a general level, SP8 delivers smoother dynamics compared

to the more jagged ones of the RW . While the latter could, in principle, be smoothed by

imposing tighter state-variance priors on the time-varying coefficients, our hierarchical

specification rules out such ad-hoc tuning, since the amount of shrinkage is itself esti-

mated.11 The SP8 effectively captures the long-run dynamics of trends and standard

deviations, while being less sensitive to local fluctuations. This leads to narrower cred-

ible bands and more precise estimates, as particularly evident in the trend estimates.

Nevertheless, when the data demand it, the moderate specification is fully capable of

capturing rapid swings in parameter dynamics. This is evident from the sharp move-

ments of interest-rate volatility in the late 1970s, which SP8 captures accurately. This

demonstrates that a more parsimonious and smoother specification can still accommodate

highly time-varying environments without incurring in excessive bias.

Finally, we investigate the structural Impulse Responses (IRFs) of Inflation and Real

GDP growth to a monetary policy shock. Identification follows a standard Cholesky

10Because trend estimation requires global stationarity, we incorporate an accept–reject step to discard
explosive draws following Cogley and Sargent (2005).

11Figure 9 in Appendix C shows the estimated hierarchical shrinkages for the empirical application.
The results underscore the importance of the adaptive mechanism also with real data, mirroring the
simulation results.
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recursive ordering, as in Primiceri (2005). TV IRFs are reported for horizons 1, 4, and 8

in Figure 5. This shock produces an inflationary response, while the effect on real GDP

is statistically equal to zero. The two models deliver very similar results, particularly at

short horizons, where the median IRFs are virtually identical. The moderate specification

again exhibits smoother dynamics, efficiently summarizing the same patterns captured

by the benchmark. At the same time, the SP8 model displays wider credible intervals,

especially at longer horizons, a consequence of its smoother trend estimates, which in

turn permit more persistent cyclical fluctuations.

In summary, the full-sample experiment shows that the moderate SP8 specification

successfully reproduces the qualitative dynamics of the RW model while using far fewer

parameters (an eight-fold reduction in this case). Although this result is strongest for SP8,

which is the least parsimonious moderate setup, the other moderate specifications also

deliver robust and satisfactory outcomes. To illustrate this, we report the corresponding

results for the PC8 and SP16 in Figures 10–13 in Appendix C.

5.2 Forecasting exercise

While full-sample analyses help validate the framework from an interpretational stand-

point, evaluating forecasting performance is equally important, as it provides an addi-

tional form of model validation. Out-of-sample forecasting allows us to assess whether

the gains from the induced parsimony of the proposed approach outweigh any advan-

tage the more parametrized RW may have in capturing unstable features of the data.

Accordingly, this section evaluates the MTVP approach in both a Small (N = 3) and

Large (N = 14) TVP-VAR via a recursive forecasting exercise. Specifically, the out-

of-sample forecasting experiment follows an expanding-window scheme that begins with

1959Q1 – 1980Q1 and then adds one quarter at a time up to 2019Q4. At each recursion,

we estimate the model using data only up to time t, denoted y1:t. We perform model

comparison via the predictive Marginal Likelihood (ML) and examine point and density

forecast accuracy as well. Even in this case, we compare all moderate variants previously

introduced to the benchmark RW .

Model comparison. Following Geweke and Amisano (2010), we derive the ML from

the sequence of one-step-ahead joint log predictive densities up to time t. Specifically,

the log predictive ML can be factored as

logMLm ≈
T−1∑
t=t0

log p(ŷm
t+1 = yt+1|y1:t)

where p(ŷm
t+h = yt+h|y1:t) is the one-step ahead joint predictive density of model m, with
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Figure 6: Cumulative log predictive BF
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Note: The figure shows the evolution of the log predictive BF for all moderate specifications relative to
the RW for the small dimensional case (left panel) and the high dimensional case (right panel).

t0 = 1980Q1. 12 Given the log ML, computing the resulting log predictive Bayes Factor

(BF) between model m and the RW is straightforward

log BFm = logMLm − logMLRW

Figure 6 reports the evolution of log predictive Bayes factors over time for each model, in

both the small and high-dimensional settings. To provide context to the plot, a log BFm

greater than ≈ 2.5 indicates a strong evidence in favor of model m, whereas log BFm > 7

indicates a decisive evidence in favor of model m.13

In the small system, all SP specifications exhibit very similar dynamics, with signif-

icant results emerging from 1985 onward and becoming particularly pronounced toward

the end of the sample (log BFm > 10), with SP8 as the best performing model. Among

the PC specifications, only the more parameterized one, namely PC8 shows a positive

and significant pattern. Interestingly, at the very beginning of the sample, all PCs dis-

plays positive logBF , even superior to those of the SP counterpart. However, as the

sample grows, the advantage is progressively lost for PC16 and PC24, while PC8 more

than offsets this tendency. The SP paths, instead, appear more stable across time with

the only exception of the sudden rise after 2010. The same conclusions, though magnified,

apply to the large VAR system. Values of log BFm > 20 appear from the beginning of the

sample and exceed approximately 40 toward the end for all SP models. This time data

12The approximation arises because the sum starts at t0 > 1 rather than the first observation, thereby
reducing the effect of the prior.

13The threshold values are mutated from Jeffreys (1998), but in natural-log form.

20



favor SP16, which approaches a log BFm of 60 in the last window, with SP8 immediately

after. Among the PC specifications, both PC8 and PC16 attain positive results at the

end of the sample, even though markedly inferior to the SP alternatives. Once again

PCs exhibit an initial positive spike in BF immediately followed by a persistent decline

up to the 2007 financial crisis, after which they partially recover. On the other hand,

all SPs are more stable with positive logBF throughout the sample and a pronounced,

steady increase after the financial crisis.

Point and density forecast. Point-forecast accuracy for variable i is evaluated

using the Mean Squared Forecasting Error (MSFE), defined as:

MSFEm
i,h =

1

T − h− t0

T−h∑
t=t0

(ŷi,t+h|y1:t − yi,t+h)
2

where t0 is the final observation of the first forecast window, yj,t+h the observed value, and

ŷi,t+h|y1:t is the mean of the posterior predictive mean under model m. Density forecasts,

on the other hand, are compared via the Average Log Predictive Likelihood (ALPL):

ALPLm
i,h =

1

T − h− t0

T−h∑
t=t0

log p(ŷmi,t+h = yi,t+h|y1:t),

where p(ŷi,t+h = yi,t+h|y1:t) is the predictive likelihood of variable i at forecast horizon h

for model m.We consider two forecast horizons, h = 1 and h = 4. To formally compare

model m against the RW , we follow Carriero et al. (2015) and report percentage gains

both in terms of MSFE and ALPL:

100 (1−MSFEm
i,h/MSFERW

i,h )

100 (ALPLm
i,h − ALPLRW

i,h )

For both measures, values greater than zero indicate that model m outperforms the RW .

Table 3 displays the results for the small-scale setup. At forecast horizon h = 1,

the MSFE indicates that the SP specifications perform better than the PC alternatives

almost uniformly. Moreover, all three SP specifications outperform the benchmark on

average, with SP8 being the preferred option for out-of-sample forecasting the federal

funds rate, and SP24 for GDP growth. The PC alternatives, on the other hand, show an

overall deterioration relative to the RW , apart from the case of PC24 on the federal funds

rate. At h = 4, the SP models confirm their positive performance, with SP8 emerging as

the best model on average. Interestingly, with the exception of the aforementioned SP8,

all models experience a marked worsening in forecasting the interest rate, while perfor-
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Table 3: Point and density forecast (N = 3)

SP8 SP16 SP24 PC8 PC16 PC24

Rel. MSFE, h = 1

GDP deflator 0.45 0.21 −0.34 −1.25 −8.29 −11.22

Real GDP −0.04 0.33 1.31 0.06 −0.77 −1.06

Federal funds rate 3.32 1.70 2.52 0.68 0.47 3.51

Average 1.25 0.75 1.16 −0.17 −2.87 −2.92

Rel. MSFE, h = 4

GDP deflator 2.13 6.38 9.07 −4.98 −9.17 −19.87

Real GDP −0.04 0.94 −4.96 0.71 0.68 1.03

Federal funds rate 4.68 −1.77 −8.49 −3.95 −4.96 −5.55

Average 2.26 1.85 −1.46 −2.74 −4.48 −8.13

Rel. ALPL, h = 1

GDP deflator 0.77 0.45 −0.68 −0.09 −2.44⋆ −3.34⋆

Real GDP 0.39 0.13 0.44 0.30 0.00 −0.44

Federal funds rate 8.79⋆ 7.33 7.86 3.23 −0.46 −1.33⋆

Average 3.32 2.63 2.54 1.15 −0.97 −1.70

Rel. ALPL, h = 4

GDP deflator 2.26 1.38 0.45 −0.59 −4.57⋆⋆ −8.50⋆⋆⋆

Real GDP 0.06 0.34 −0.08 2.14 2.23 1.85

Federal funds rate 6.75 1.13 −0.95 0.25 −4.58 −5.28

Average 3.02 0.95 −0.19 0.60 −2.31 −3.98

Note: Point and density forecast for the small setup (N = 3). Bold identifies the best performance
across the considered specifications. ∗, ∗∗, ∗∗∗ identify significance of the Diebold-Mariano test (Diebold
and Mariano, 1995) for point forecast at 10%, 5% and 1%, respectively; The symbols ⋆, ⋆⋆, and ⋆⋆⋆

indicate the three significance levels for the Amisano–Giacomini test (Amisano and Giacomini, 2007) for
log predictive likelihoods with normal weights based on the center of the distribution.

mance improves for the GDP deflator, particularly for SP24. Statistical significance is

once again not achieved in all cases under examination. Turning to the ALPL results,

the SP specifications outperform both the benchmark and the PC alternatives. In par-

ticular, SP8 shows a clear advantage in density forecasting inflation (a 2% gain at h = 4)

and the interest rate variable (a 9% and 7% gain at h = 1 and h = 4, respectively, with

the former statistically significant at size 0.10). Notice that, at h = 1, all SP models

deliver qualitatively similar results. Among the PC specifications, only PC8 stands out

when considering the average performance. This fact seems to suggest that in a small-

dimensional setup the temporal variability of parameters is high and a stepwise dynamics

becomes clearly problematic when few knots are used. On the other hand, the quadratic

splines of SP models tackle the issue entirely.
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Table 4: Point and density forecast (N = 14), selected series

SP8 SP16 SP24 PC8 PC16 PC24

Rel. MSFE, h = 1

GDP deflator 1.48 4.98 6.75 −6.31 −5.38 −5.49∗

Real GDP 0.07 0.11 −0.13 −0.37 −0.65 −0.54

Federal funds rate 0.61 1.05 1.28 0.24 −1.12 2.36

Industrial production −1.03 −0.79 2.09 −5.94 −9.64∗ −2.40

Unemployment rate 1.30 4.26 6.90 −2.73 −1.01 −1.49

Tot. Average −0.35 0.66 1.52 −2.68 −3.07 −1.19

Rel. MSFE, h = 4

GDP deflator 5.20 7.96 14.65 −17.59 −16.66 −22.48

Real GDP −2.51 −3.17 −3.70 −3.44 −3.66 −3.84

Federal funds rate 1.08 −1.95 2.13 3.74 −2.86 2.37

Industrial production −0.58 −0.92 −2.88 −1.13 0.35 1.01

Unemployment rate 4.98∗ 10.37∗ 14.87∗ −1.84 −2.87 −8.25

Tot. Average 0.74 1.30 2.89 −1.62 −1.78 −2.06

Rel. ALPL, h = 1

GDP deflator 0.88 1.38 0.50 −1.40 −1.57 −2.77

Real GDP −0.11 −0.18 −0.36 −0.36 −0.59 −0.40

Federal funds rate 5.37 4.88 3.80 −0.65 −1.81 −7.31⋆⋆

Industrial production 1.56 1.69 3.09 −0.72 −3.32⋆⋆ −1.33⋆⋆

Unemployment rate 3.02⋆⋆ 4.69⋆⋆⋆ 5.32⋆⋆ −3.45 −8.38⋆⋆ −15.91⋆⋆⋆

Tot. Average 1.93 2.36 2.46 −0.21 −1.54 −3.37

Rel. ALPL, h = 4

GDP deflator 2.00 2.47 1.00 −2.49⋆ −5.27⋆⋆⋆ −10.73⋆⋆⋆

Real GDP 0.74 0.55 0.11 0.51 0.66⋆ −0.07⋆⋆⋆

Federal funds rate 2.58 0.75 −1.97 0.54 −1.55 −1.19

Industrial production 5.37 5.75 4.47 5.88 8.59 7.66⋆⋆

Unemployment rate 6.39 17.77 11.11 8.39 1.68 8.00

Tot. Average 5.12 6.71 6.20 6.51 4.65 3.64

Note: Point and density forecast large setup (N = 14), selected series. Bold identifies the best perfor-
mance across the considered specifications. The entry “Tot. Average” refers to the average computed
over all 14 variables. ∗, ∗∗, ∗∗∗ identify significance of the Diebold-Mariano test (Diebold and Mariano,
1995) for point forecast at 10%, 5% and 1%, respectively; The symbols ⋆, ⋆⋆, and ⋆⋆⋆ indicate the three
significance levels for the Amisano–Giacomini test (Amisano and Giacomini, 2007) for log predictive
likelihoods with normal weights on the center of the distribution.

Moving on to the large-scale setup, Table 4 reports both the relative MSFE and ALPL

for a selection of macroeconomic variables of interest, namely the previous three from the
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small-dimensional setup, plus industrial production and unemployment rate.14 Again,

the SP specifications not only outperform the competitor PC, but also the benchmark

for both forecast horizons. Specifically, the best model on average in terms of MSFE

appears to be SP24 with remarkable results for the GDP deflator (percentage gains over

the RW of 7% at h = 1 and 15% at h = 4, though not statistically significant) and the

unemployment rate (relative gains of 7% and 15% at the two forecast horizons respec-

tively, with statistical significance at the 0.10 level for h = 4). Notably, all SP models

display substantial advantage in forecasting the unemployment rate at further horizons

(all cases are statistically significant at 0.10).

Analogously to the N = 3 scenario, all SP models yield broadly similar conclusions

for density forecast at h = 1. A net superiority with respect to the benchmark is exhibited

for the federal funds rate (4-5% gains), the industrial production (2-3% gains) and the

unemployment rate (3-5% gains, with statistically significance at 0.05 for SP8 and SP24;

at 0.01 for SP16). Consistently with the MSFE conclusions, SP24 has the best overall

performance among the MTVP-VARs. At h = 4, the positive performance of the SPs

is corroborated again. Coming to the individual predicted densities, SP16 is preferable

for GDP deflator (2% gain) and the unemployment rate (18% advantage, though not

statistically significant). The PCs are also able to recover positive performances at h = 4,

especially for the GDP growth (statistically significant in case of PC16 at 0.10), industrial

production (statistically significant at 0.05 for PC24) and unemployment rate. Following

these results, we suspect that, at higher forecast horizon in a high-dimensional system,

parameter time variation becomes less pronounced, favoring MTVP schemes, even with

stepwise dynamics.

6 Conclusion

In this paper we have proposed a new way to model gradual time variation in TVP mod-

els by decoupling the evolution of coefficients from the frequency of the data. Rather

than allowing parameters to vary at each period, our MTVP framework represents time

variation through a low-dimensional process combined with B-spline weights. This re-

duces the number of states required to capture smooth dynamics and nests the standard

benchmark TVP scheme as a special case.

Our simulations show that both piecewise constant and smooth variants deliver sub-

stantial computational gains relative to the benchmark, with the reduction becoming

larger in higher dimensions. Smooth specifications also achieve lower estimation bias

and remain remarkably robust to knot placement, confirming that when time variation is

modest, the exact knot positions have little impact. Using US data, we show that mod-

14For brevity, we report only a subset of the results; the complete set of tables can be found in the
Appendix E.
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erate specifications produce economically meaningful estimates, making them a credible

tool for structural analysis. Coming to forecast performances, MTVP-VARs are at least

as competitive as the standard TVP-VAR in terms of point forecasting, but have a clear

advantage in terms of density forecasting, especially in high-dimensional setup.

The proposed approach is not without limitations. When time variation is pervasive,

the choice of the number of knots becomes critical, and using too few knots may introduce

misspecification. A promising direction for future work is to endogenize both the number

and placement of knots, for example through Reversible Jump MCMC methods (Green,

1995), which can accommodate model spaces of different dimensions. Moreover, the TVP

framework adopted here assumes uncorrelated state innovations. This restriction can be

relaxed by allowing for a full hierarchical covariance matrix, as in Amir-Ahmadi et al.

(2020), or by using a factor decomposition, as in Korobilis (2022). Finally, the implicit

variable ordering required by the benchmark TVP-VAR can be avoided by extending the

moderate approach to alternative TVP covariance structures that are not subject to this

limitation, such as those in Kastner (2019); Chan et al. (2024).
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Appendix

A Description of the dataset

Table 5: Dataset

Variables FRED-QD code Transformation Small Large

(N=3) (N=14)

Real GDP GDPC1 400 ·∆ log x x

GDP deflator GDPDEF 400 ·∆ log x x

Federal funds rate FEDFUNDS Raw x x

Real income DPIC96 400 ·∆ log x

Real consumption PCEC96 400 ·∆ log x

Hours worked CES0600000007 Raw x

Hourly earnings CES0600000008 400 ·∆ log x

Capacity utilization CUMFNS Raw x

Nonfarm payrolls PAYEMS 400 ·∆ log x

Industrial production INDPRO 400 ·∆ log x

Unemployment rate UNRATE Raw x

Real M2 money stock M2REAL 400 ·∆ log x

10 year yield GS10 Raw x

BAA spread BAAFM Raw x
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B Estimation details

In this Appendix, we outline the estimation details for the MTVP-VAR in Eq. (10) with

the corresponding prior framework.

• In order to sample from each p(βi|•) and p(θi|•), we first stack Eq. (10) over T :

yi = Ziβi + Z̃iβ̃i + ϵi, ϵi ∼ N (0,Σi) (16)

where yi = [yi,1, . . . , yi,T ]
′, Zi = [zi,1, . . . , zi,T ]

′, Z̃i = diag(z′i,1, . . . , z
′
i,T ), βi =

[β′
i,1, . . . ,βi,T ]

′, ϵi = [ϵi,1, . . . , ϵi,T ]’, and Σi = diag[exp(hi,1), . . . , exp(hi,T )].

1. Using standard linear regression results, it can be shown that the conditional

posterior of βi is Gaussian

p(βi|•) ∼ N (β̂i,B
−1
βi
)

with mean and covariance:

Bβi
= Q̄−1

i + Z′
iΣiZi, θ̂i = B−1

βi

[
Z′

iΣi(yi − Z̃iβ̃i)
]

2. For p(θi|•), we rewrite Eq. (16) as a function of θi :

yi = Ziβi + Z̃i(W ⊗ IKi
)θi = Ziβi + Liθi + ϵi, ϵi ∼ N (0,Σi)

where Li = Z̃i(Wi ⊗ IKi
). Next, let Hθi denote a first difference matrix:

Hθi =


IKi

0 · · · 0

−IKi
IKi

...
. . .

0 −IKi
IKi


Thus, we can rewrite compactly the prior for θi as:

Hθiθi = ωi ωi ∼ N (0,Vθi)

where Vθi = diag(IR ⊗Qi). It can be shown that

p(θi|•) ∼ N (θ̂i,B
−1
θi
)
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where

Bθi = H′
θi
VθiHθi + L′

iΣiLi, θ̂i = B−1
θi

[
L′

iΣi(yi − Ziβi)
]

We obtain draws from this high dimensional full conditional distribution using

the efficient sampler of Chan and Jeliazkov (2009).

• In order to sample from each p(hi|•) and p(gi|•), we express the error term of Eq.

(16) as:

ϵi = exp(hi/2 +Wigi/2)ui, ui ∼ N (0, IT )

By squaring and subsequently taking logarithms of each element of ϵi we obtain a

linear state space model:

ϵ̃i = hi +Wigi + ũi

where ϵ̃i = log ϵ2i , and each element of ũi follows a log Chi-Square distribution

with one degree of freedom. Following Kim et al. (1998), we approximate ũi with

a mixture of 10 Gaussian distributions

ũ∗ ∼ π1N (a1,C1) + · · ·+ π10N (a10,C10)

where aj, Cj are predetermined mixtures mean and variance components and πj

the mixture weight, , with j = 1, . . . , 10. Given a draw of the auxiliary component

density indicators ζ = [ζ1, . . . , ζT ],

ũ∗
t |(ζt = j) ∼ N (aj,Cj)

P(ζt = j) = πj

the model can be recast in linear and Gaussian form:

ϵ̃i|ζ = hi +Wigi + ai + u∗|ζ, u∗|ζ ∼ N (0,Ci)

with ai = [aj,1, . . . , aj,T ]
′ and Ci = diag[Cj,1, . . . ,Cj,T ].

1. The conditional posterior of hi has a Gaussian form

p(hi|•) ∼ N (ĥi, b
−1
hi
)

with mean and variance

bhi
= 5−2 + ι′Ciι, ĝi = [ι′(ϵ̃i|ζ − ai −Wigi)]/bhi

where ι is a conformable vector of ones.
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2. To sample from p(gi|•), we introduce another first difference matrix:

Hgi =


1 0 · · · 0

−1 1
...

. . .

0 −1 1


Then, the prior for gi can be written compactly as

Hgigi = νi, νi ∼ N (0,Vgi)

where Vgi = diag(siIR). Using standard linear regression results, we have:

p(gi|•) ∼ N (ĝi,B
−1
gi
)

where

Bgi = H′
gi
VgiHgi +W′

iCiWi, ĝi = B−1
gi
[W′

iCi(yi − ai − hi)]

Again, draws from this full conditional distribution are obtained via the pre-

cision sampler of Chan and Jeliazkov (2009).

• All the conditional posteriors for p(qi,j|•), and p(si|•) are Inverse Gamma:

qi,j|• ∼ IG

(
τ1 +

R

2
, (τ1 + 1)ξ1,j +

∑R
r=1∆θ2i,j,r

2

)

si|• ∼ IG

(
τ2 +

R

2
, (τ2 + 1)ξ2 +

∑R
r=1∆g2i,r

2

)

• In order to sample from p(ξ̄1|•), we first note that these parameters only appear in

their respective priors, so

p(ξ̄1|•) ∝
N∏
i=1

p(Qi|ξ̄1)p(ξ̄1)

After manipulating the expression and noticing that the mode ξ̄1 is simply a rescal-

ing of the rate parameter, we obtain,

ξ̄1|• ∼ G

2 + τ1

N∑
i=1

Mi,

[
(1 + τ1)

(
1∑

i 4
−2qi1

∑
j>1 qij

)
+

2

γ

]−1

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where the Gamma parameters have to be intended as shape and scale.

• The conditional posteriors of λ1 and λ2 are Generalized Inverse Gaussians (Chan,

2021):

λ1|• ∼ GIG

(
2− NP

2
,

2

0.22
,
∑
ij∈S1

β2
ij

q̃ij

)
and similarly for λ2:

λ2|• ∼ GIG

(
2− (N − 1)NP

2
,

2

0.12
,
∑
ij∈S2

β2
ij

q̃ij

)

where q̃ij denotes the Minnesota prior element q̄ij without λ1, λ2, while S1 and S2

denote, respectively, the set of indices (i, j) associated with own lags and other

coefficient lags
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C Additional results

Figure 7: The effect of different weighting schemes (K = 16)
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Note: The figure illustrates the effect of different moderate specifications (K = 16) on
the estimation of the SV of the residuals for a generic variable in a single realization of a
simulated TVP-VAR, as described in Section 4. The sample size is T = 250. First row :
first 40 rows of the three weight matrices considered. The number of columns varies,
being equal to min(40, R), which yields 40 for the RW case, 16 for the PC8, and 18 for
the SP16. The shading ranges from 0 (white) to 1 (black). Second row : black dashed
lines denote the true process, solid blue lines represent the posterior median, and shaded
blue areas indicate the 90% credible intervals.
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Figure 8: Monte Carlo knot positioning exercise (Bias2)
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Note: The figure shows more results from the Monte Carlo knot positioning study. Each panel displays
the Bias2 component in Eq. (15) for the various MTVP specifications.

Figure 9: Posterior of
√

ξ̄1 across specifications (real data).

RW SP8 SP16 SP24

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Note: The figure shows the posterior distribution of the hierarchical standard deviation
√
ξ̄1 for the RW

and different moderate specifications SP in the small-dimensional full-sample application with real data.
Shaded areas indicate the 90% prior probability bands, black dots mark the prior medians, and boxplots
summarize the posterior draws.
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Figure 10: Trends and standard deviations (PC8)
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Note: The figure shows the posterior trends and standard deviation for two specifications: benchmark
RW (red lines), and moderate PC8 (blue dashed-dotted lines). External red lines and blue shaded-areas
delimit the 90% credible bands for the two specifications, respectively.
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Figure 11: IRFs after a monetary policy shock (PC8)
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Note: The figure shows the posterior IRFs of Inflation and real GDP growth after a monetary policy
shock for the two TVP-VAR specifications: benchmark RW (red lines), and moderate PC8 (blue dashed
dotted-lines). Rows reflect different forecast horizons: 1, 4, 8. External red lines and blue shaded-areas
delimit the 90% credible bands.
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Figure 12: Trends and standard deviations (SP16)
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Note: The figure shows the posterior trends and standard deviation for two specifications: benchmark
RW (red lines), and moderate SP16 (blue dashed-dotted lines). External red lines and blue shaded-areas
delimit the 90% credible bands for the two specifications, respectively.
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Figure 13: IRFs after a monetary policy shock (SP16)
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Note: The figure shows the posterior IRFs of Inflation and real GDP growth after a monetary policy
shock for the two TVP-VAR specifications: benchmark RW (red lines), and moderate SP16 (blue dashed
dotted-lines). Rows reflect different forecast horizons: 1, 4, 8. External red lines and blue shaded-areas
delimit the 90% credible bands.
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D Simulation details: Data Generating Process

Figure 14: True simulation parameters
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Note: The figure displays four parameters of the DGP shown below. Panel 1: intercept, panel 2: own-lag
coefficient, panel 3: cross-lag coefficient, and panel 4: standard deviation.

The simulation design follows the tri-variate VAR by Amir-Ahmadi et al. (2020) with

some minor changes introduced to align TVP dynamics for block of coefficients. The

corresponding DGP is reported below:
y1,t

y2,t

y3,t

 =


µ1,t

µ2,t

µ3,t

+


β11,t 0 0

β21,t β22,t 0

β31,t β32,t β33,t



y1,t−1

y2,t−1

y3,t−1

+


ϵ1,t

ϵ2,t

ϵ3,t

 t = 1, . . . , T,

where

µi,t = cos(xt), βii,t = si0.4 sin(xt), βij,t = si0.3 cos(xt), i > j

si ∼ Rademacher, ϵi,t ∼ N (0, σ2
i,t), σi,t = 1 +

sin(xt)

2

with xt as a vector of T evenly spaced points in [−π, π].

41



E Additional expanding-window results
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Table 6: Point forecast - Large-scale VAR

SP8 SP16 SP24 PC8 PC16 PC24

FH: 1

GDP deflator 1.48 4.98 6.75 −6.31 −5.38 −5.49∗

Real GDP 0.07 0.11 −0.13 −0.37 −0.65 −0.54

Federal funds rate 0.61 1.05 1.28 0.24 −1.12 2.36

Real income −1.39∗ −1.26∗ −1.07 −3.34∗∗ −3.48∗∗ −3.26∗

Real consumption −0.69 −1.27∗∗ −0.53 −2.88∗ −3.52∗ −3.73∗

Hours worked 1.64 3.22 5.21 3.11 2.90 8.04∗

Hourly earnings −0.26 1.69 1.86 −5.43∗∗ −6.44∗∗ −6.87∗∗∗

Capacity utilization −1.36 −2.41 −0.94 −2.08 −5.21 −2.37

Nonfarm payrolls −1.02 −0.08 2.07 −5.10 −7.08∗ −2.21

Industrial production −1.03 −0.79 2.09 −5.94 −9.64∗ −2.40

Unemployment rate 1.30 4.26 6.90 −2.73 −1.01 −1.49

Real M2 money stock −0.45 0.67 −3.60 −2.33∗ −1.69 0.55

10 year yield 1.54 2.09 2.04 0.33 4.56 2.41

BAA spread −5.32 −3.06 −0.59 −4.67 −5.30 −1.68

Average −0.35 0.66 1.52 −2.68 −3.07 −1.19

FH: 4

GDP deflator 5.20 7.96 14.65 −17.59 −16.66 −22.48

Real GDP −2.51 −3.17 −3.70 −3.44 −3.66 −3.84

Federal funds rate 1.08 −1.95 2.13 3.74 −2.86 2.37

Real income 0.12 −0.21 −0.20 −0.48 −0.19 −0.60

Real consumption −0.91 −1.22 −1.35 −4.00 −3.17 −3.58

Hours worked 3.45 4.64 7.22∗ 20.57∗∗∗ 23.08∗∗∗ 21.03∗∗

Hourly earnings −0.27 4.33 9.67 −19.26 −19.06∗∗ −17.89∗

Capacity utilization −1.40 −2.01 −1.79 −1.09 −2.51 −2.09

Nonfarm payrolls −1.50 −1.33 −0.16 −2.78 −3.26 −5.02

Industrial production −0.58 −0.92 −2.88 −1.13 0.35 1.01

Unemployment rate 4.98∗ 10.37∗ 14.87∗ −1.84 −2.87 −8.25

Real M2 money stock 0.30 −0.31 3.07 −5.85 −1.06 −2.16

10 year yield 7.03∗∗ 6.52∗∗ 9.69∗∗ 2.91 11.83 3.22

BAA spread −4.61 −4.54 −10.67 7.51 −4.94 9.50

Average 0.74 1.30 2.89 −1.62 −1.78 −2.06

Note: Relative MSFE for point forecasts, N:14 - full results. Bold identifies the best performance across
the considered specifications. - ∗, ∗∗, ∗∗∗ identify significance of the Diebold-Mariano test (Diebold and
Mariano, 1995) for point forecast at 10%, 5% and 1%, respectively.
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Table 7: Density forecast - ALPL

SP8 SP16 SP24 PC8 PC16 PC24

FH: 1

GDP deflator 0.88 1.38 0.50 −1.40 −1.57 −2.77

Real GDP −0.11 −0.18 −0.36 −0.36 −0.59 −0.40

Federal funds rate 5.37 4.88 3.80 −0.65 −1.81 −7.31⋆⋆

Real income 0.49 0.65 0.55 1.78 1.70 1.95

Real consumption −0.07 −0.41⋆ −0.16 −1.12⋆⋆ −1.10⋆⋆ −1.33⋆⋆⋆

Hours worked 2.97 3.78 4.80⋆ 1.07 −3.16 −6.65⋆⋆

Hourly earnings 0.06 0.90 0.91 −2.88⋆⋆ −3.65⋆⋆⋆ −5.69⋆⋆⋆

Capacity utilization 1.55⋆⋆ 0.98 1.28 0.56 −2.02 −2.93⋆⋆

Nonfarm payrolls 2.00⋆⋆ 2.33⋆⋆ 3.20⋆⋆ 0.25 −1.93 −2.29⋆⋆

Industrial production 1.56 1.69 3.09 −0.72 −3.32⋆⋆ −1.33⋆⋆

Unemployment rate 3.02⋆⋆ 4.69⋆⋆⋆ 5.32⋆⋆ −3.45 −8.38⋆⋆ −15.91⋆⋆⋆

Real M2 money stock 1.54 2.33 1.54 1.53 2.06 2.15

10 year yield 3.62 4.19 3.37 2.12 4.00 1.39⋆⋆

BAA spread 4.15 5.86 6.57 0.28⋆ −1.83⋆⋆ −6.12⋆⋆

Average 1.93 2.36 2.46 −0.21 −1.54 −3.37

FH: 4

GDP deflator 2.00 2.47 1.00 −2.49⋆ −5.27⋆⋆⋆ −10.73⋆⋆⋆

Real GDP 0.74 0.55 0.11 0.51 0.66⋆ −0.07⋆⋆⋆

Federal funds rate 2.58 0.75 −1.97 0.54 −1.55 −1.19

Real income 0.34 0.14 0.52 2.19 1.79 1.55

Real consumption −1.29 −1.60⋆⋆ −1.36⋆⋆ −2.42⋆⋆ −1.99⋆⋆⋆ −2.86⋆⋆⋆

Hours worked 4.04⋆ 8.65⋆⋆ 10.18⋆⋆ 8.15⋆⋆⋆ 2.49 −4.28

Hourly earnings 0.76 2.22 2.39 −5.60⋆⋆⋆ −7.86⋆⋆⋆ −10.67⋆⋆⋆

Capacity utilization 16.66 21.2 21.40 35.76 28.87⋆ 28.04⋆⋆⋆

Nonfarm payrolls 6.18 8.50 12.57 10.55 9.30⋆⋆ 8.32⋆⋆⋆

Industrial production 5.37 5.75 4.47 5.88 8.59 7.66⋆⋆

Unemployment rate 6.39 17.77 11.11 8.39 1.68 8.00

Real M2 money stock −1.01 −1.14⋆ −2.14 −2.13 −1.33 −2.20⋆

10 year yield 7.61 7.60 9.27 8.28 10.46 6.08

BAA spread 21.28 20.92 19.22 23.51 19.29 23.35

Average 5.12 6.71 6.20 6.51 4.65 3.64

Note: Relative ALPL for point forecasts, N:14 - full results. Bold identifies the best performance across
the considered specifications. - ⋆, ⋆⋆, ⋆⋆⋆ identify significance of the Amisano-Giacomini test (Amisano
and Giacomini, 2007) for density forecast at level 10%, 5% and 1%, respectively, using normal distribution
weights for the distribution center.
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