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Accepted 16 January 2025 This study aims to develop an accurate option pricing model for car leases by introducing a put option
valuation framework based on the Weibull distribution. Traditional models typically assume asset values
follow a lognormal distribution, failing to capture the left-skewed nature and bounded dynamics. To address
this limitation, this study compares the performance of the Weibull distribution with that of the lognormal
model using residual value data from two popular car models in South Korea, evaluating each model’s ability
to reflect unique depreciation patterns. The findings demonstrate that the Weibull distribution provides a
superior fit to the data, leading to more precise option pricing. This enhanced accuracy is crucial for auto
finance companies navigating uncertainties in used car prices, particularly as the mobility services and car
leasing markets continue to expand. Moreover, the practical implications of this research extend beyond the
auto finance industry; insights from this study can inform sectors dealing with skewed or bounded assets,
such as insurance products and financial derivatives, thereby enabling improved risk assessment and
decision-making processes. This research introduces a novel approach to modeling put option values using
the Weibull distribution, filling a significant gap in the existing literature on car lease option pricing.
However, as this is the first study to model put option values using the Weibull distribution, further research
is necessary. Specifically, investigating volatility patterns over the lifecycle of used cars could significantly
enhance the value of this framework.

Keywords Car leases, Real option valuation, Put option formula, Weibull distribution, Left-skewed distribution

Paper type Research paper

1. Introduction

As car leases become one of the main businesses in the auto finance industry, accurately
pricing the embedded options in car leases has become more critical than ever. However,
industry practitioners rely on empirical statistical measures and non-parametric methods for
product development, risk management, and funding communication due to the limitations of
existing derivative pricing models. While the lognormal distribution effectively captures the
potential for significant upward movements in most financial asset prices, it is ill-suited for
used car values, which predominantly exhibit left-skewed distribution patterns.

Accurate option valuation is pivotal in the auto finance industry for three key reasons: it
provides a cost basis for lease products, where consumers may buy or return the vehicle;
it underpins risk management, informing loss reserves or provisions; and it supports funding
strategies, enabling investors to evaluate embedded risks and returns on investment. However,
the Black-Scholes model largely fails to meet these practical needs, as it assumes the
underlying asset follows a lognormal distribution. This misalignment is compounded by
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volatility assumptions, which incorrectly presume volatility increases with the square root of Journal of
time. Such assumptions overestimate option prices in car leases, where residual values exhibit Derivatives and
irregular and idiosyncratic volatility patterns. Quantitative

These theoretical limitations have rendered the Black-Scholes model ineffective for Studies: 4217
valuing embedded options. Consequently, auto finance companies have relied on empirical
statistical measures. Such empirical approaches often fail to meet the rigorous standards
investors require. For instance, one U.S.-based auto finance company uses the fixed charge
coverage ratio — an internal risk measure agreed upon with major institutional investors — to
assess its ability to cover operation costs. Yet, this measure encompasses broader business
performance rather than isolating lease-specific risks. This complicates product-specific
funding efforts and risk management since investors request greater spread to mitigate the
immeasurable uncertainty.

The absence of robust option valuation frameworks also prevents auto finance companies
from effectively utilizing derivatives for product optimization. Overestimated option values
make lease products less competitive than installment products or loans. Addressing these
limitations is essential to align auto finance practices with the unique characteristics of their
underlying assets, thereby enabling more precise risk management, investor communication,
and competitive product development.

This study aims to bridge that gap by providing a rigorous theoretical framework tailored to
the unique characteristics of car residual values. The absence of market-traded option prices
does not diminish the importance of accurate valuation; instead, it underscores the critical need
for a robust methodology that auto finance companies can rely on. Our approach demonstrates
how the Weibull-based model better captures the observed characteristics of residual car
values and offers a practical alternative to the lognormal distribution.

Used car prices typically decline over time and exhibit limited potential for extreme price
increases. Furthermore, they tend to follow a left-skewed pattern, the opposite of the right-
skewed nature of lognormal distributions. Such asymmetry is common not only in residual car
values but also in several insurance products. Left-skewed characteristics of such insurance
products increase a decision-maker’s insurance demand under uncertainty (Hong, 2022). Left-
skewed patterns are also observed in stock markets. Recent studies (Kim et al., 2023a) have
shown that stocks with high left-tail risk exhibit lower future returns, consistent with the
skewness-related anomalies. Considering the Weibull distribution, with its flexibility to model
asymmetric risks and heavier left tails, is more appropriate for capturing the dynamics of the
assets subject to similar depreciation patterns, this study introduces a Weibull distribution-
based put option pricing formula and compares the performance between the Weibull and
lognormal distributions.

The remainder of this study is organized as follows. Section Two reviews the literature on
option pricing models and their applications in car leases. Section Three introduces the
Weibull distribution and its parameter estimation methods. Section Four discusses embedded
options in car leases. Section Five presents the Weibull-based put option formula and validates
it through proofs and testing. Section Six describes the dataset and filtering methods. Section
Seven compares Weibull and lognormal distributions in capturing residual car value dynamics.
Finally, Section Eight concludes the study with implications for the auto finance industry and
suggestions for future research.
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2. Literature review

Since Fisher Black and Myron Scholes introduced their option pricing formula in 1973 (Black
and Scholes, 1973), option valuation techniques have become widely adopted in financial
markets and across various industries. In particular, researchers have applied these methods to
analyze embedded options in car leases, a topic that has gained significant attention (Dasgupta,
2004; Gamba and Rigon, 2008; Giaccotto et al., 2007; Li and You, 2022; McConnell and
Schallheim, 1983; Miller, 1995; Oppenheimer, 2002; Starkey, 1997; Trigeorgis, 1996).
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JDQS McConnell and Schallheim (1983) were among the first to conceptualize a lease as a
33,2 compound option. Later studies extended this approach, incorporating indirect utility methods
to explore consumer decision-making and estimate option values (Dasgupta, 2004; Starkey,
1997). Giaccotto et al. (2007) and Miller (1995) argued that the call option values in leases
account for cost differences between loans and leases. Further research has identified other
embedded options within leases. Gamba and Rigon (2008) demonstrated that the early
termination option behaves like an American put option when market interest rates fluctuate.
Trigeorgis (1996) argued that other options, such as renewal options and contingent claims,
have influenced the valuation of leases. Li and You (2022) and Oppenheimer (2002)
emphasized that put options play a critical role in car lease structures.

Despite extensive research on embedded options, most studies assume that the underlying
assets (used car prices) follow a lognormal distribution. However, unlike stock prices, used car
values typically decline over time, exhibiting non-linear depreciation. This behavior mirrors
certain insurance products, such as warranties, which also experience predictable depreciation.
As aresult, used car prices require valuation models that accommodate non-linear patterns and
heavy-tailed distributions, which traditional lognormal models fail to capture.

To address these limitations, many researchers have adopted non-parametric Bayesian
methods to model the complex dynamics of asset uncertainty. Markov Chain Monte Carlo
(MCMC) techniques are particularly useful for estimating posterior distributions without
relying on strict parametric assumptions (Speagle, 2019). However, the application of MCMC
methods presents specific challenges. These techniques are computationally intensive and
sensitive to the selection of initial values and priors, which can lead to convergence issues and
biased estimates if not carefully managed (Van Ravenzwaaij et al., 2018). Consequently, auto
finance industry practitioners have sought simpler valuation models that offer practical utility
while maintaining accuracy.

In other industries than auto finance, researchers have explored more flexible distributions
to improve option valuation. Savickas (2002) introduced a call option formula based on the
Weibull distribution, effectively capturing the negative skewness observed in S&P 500 index
options. Building on this work, Mauler and Mcdonald (2015) developed option pricing
formulas using various distributions, including inverse hyperbolic sine (IHS), generalized beta
of the second kind, g-and-h, and generalized gamma. Their findings demonstrated that these
flexible distributions improve the accuracy of option pricing beyond what traditional models
can achieve.

While research on flexible distributions has primarily focused on call options, auto finance
and insurance products often require accurate put option valuations to address downside risks.
This study proposes to value put options in car leases using the Weibull distribution as a
parametric tool, given its flexibility in modeling downside risks. Figure 1 illustrates the left-
skewed residual values of used cars, which align well with the Weibull distribution’s ability to
capture such patterns.

112

3. Weibull distribution

The flexibility of the Weibull distribution helped this study determine more precise option
pricing for car leases. The Weibull distribution, introduced by Waloddi Weibull (1951), is a
versatile tool widely applied in diverse fields, including reliability engineering, quality
control, weather forecasting, electrical and industrial engineering, and more (Gomez et al.,
2023). The distribution was also introduced in financial derivatives analysis and applied to
various financial product valuation assessments (Chen and Gerlach, 2013; Heo et al., 2012; Li
et al., 2024; Lin et al., 2023; Savickas, 2002).

Weibull (1951) introduced the probability density function of the Weibull distribution,

flx; B,68) = B’ x€ Ry, f,6€ R (1)

Downloaded from http://www.emerald.com/jdgs/article-pdf/33/2/110/9846636/jdqs-10-2024-0041.pdf by ZBW German National Library of Economics user on 26 February 2026



(a) Sonata " (b) Tucson Journal of

30 Derivatives and

12000 ] Quantitative
. [=]
B Studies: ME T
2000
8000
113
5 5
g g
[} [}
1000
4000
0 0
-0.50 -0.25 0.00 0.25 -0.50 -0.25 0.00 0.25
Deviation from monthly mean Deviation from monthly mean

Note(s): The residual deviations from the residual mean value of each month were used for
the histograms
Source(s): Figure by author

Figure 1. Histograms of residual value deviations of Hyundai Sonata and Tucson used car prices

If the shape parameter § equals one, the Weibull distribution becomes an exponential
distribution with scale parameter . The distribution pattern can be determined using the size of
5. Lety = px°.

dy = pox*tdx
f(x)dx =edy

Thus, the cumulative distribution will be

t peo 5
Fm:/f@wz/ edy=1—e" )
0 0
If the random variable X is for a lifetime, the reliability function R(x) is defined as
Rx)=P(X>x)=1-F(x)=e¢" 3)
Sequentially, the failure rate function is determined,

flx)  poxtle?? 5-1
(p('x) - R(X) - e_ﬁté - ﬁéx (4)
The Weibull distribution’s shape is determined through the failure rate function. If § < 1, the
shape shows an exponential decrease. If § = 1, the failure rate will be constant. In the
meantime, if 6 > 1, the failure will generate a geometrically increasing pattern, meaning
the Weibull distribution is negatively skewed. Savickas (2002) argued that the distribution
would have a negative third central moment, or skewness, whenever the parameter
d > 3.60234, regardless of the value of the parameter f. This study found distributions of
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JDQS car residual values are negatively skewed Weibull distributions. The deltas for Sonata and
33,2 Tucson were 11.422843 and 7.982199, respectively (see Table 2).
The expected value and its associated variance can be determined using the moment-
generating function:

r\ __ ® r —_ ® X (_;—y
14 E(X)f/0 X'f(x)dx /0 (ﬂ)e dy

B 1r/5 o0 o gy 131—‘1 r s
f*>/0yeyfﬁ(+5) ®)

Thus, the expected value and variance are

EX)=E(X") = (%)%F(l +%) (6)

2 N>
I'1+=)—<I'(1+-= 7
(43 {( )} 2
3.1 Parameter estimation

The parameters were estimated using the maximum likelihood estimation method. If data x,
X2,y %, (Vx; >0, x; € R) are given, the likelihood function will be:

L(ﬂ? (5‘)61,)62, cee ’xn) = Hf(x, ﬂ, 5) = Hﬂﬁx?_lg_ﬂxf (8)
i=1 i=1
The associated loglikelihood is:

InL(f, 8|x1, %2, ..., %) = Zln (/)’5)(?“16_/’*7?)
i1

=nXIn(f) +nXIn(s) + (6 — l)iln(xi)—ﬁixf )
p P

To find parameters f and § maximizing the loglikelihood value, numerical optimization
algorithms, such as the Newton-Raphson method, gradient descent, or Broyden-Fletcher-
Goldfarb-Shanno (BFGS), are used. This study used the BFGS, one of the most widely used
quasi-Newton methods due to its various advantages, such as the Hessian matrix
approximation, fast convergence, robustness regardless of function types and initial
estimates, and unconstrained optimization (Li, 2020; Xie et al., 2020). More specifically,
the BFGS, using the second-order derivative of an object function, performs excellently in
self-correcting and approximating through the Hessian matrix approximation even where the
second derivative cannot be calculated (Li, 2020; Xie et al., 2020).
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4. Options embedded in car leases Journal of
Since lessees can purchase leased cars at maturity or early terminate the contracts, many  Derivatives and
researchers argued that leases have call options that can be exercised at maturity and put Quantitative
options to terminate before the contracts expire (Dasgupta, 2004; Gamba and Rigon, 2008; Studies: MET
Giaccotto et al., 2007; Miller, 1995; Oppenheimer, 2002; Starkey, 1997; Trigeorgis, 1996). Li
and You (2022) added that lessees also have a put option that can be exercised at maturity. This
study contends that the only put option at maturity is significant to both lessees and lessors.

Some may argue that call options are valuable because lessees benefit from lower monthly
payments and the option to purchase the car at maturity. However, consumers sensitive to
payments can opt for long-term loans, like 60-month loans. Instead, their primary concerns are
used car depreciation and uncertainty at maturity. They can return the cars or exercise put
options when market conditions are unfavorable or when they prefer not to sell the used cars
themselves. Auto lease companies also worry about used car price uncertainty and aim to
manage this while offering competitive lease products (Pierce, 2007).

The early termination option is also insignificant because the penalty typically outweighs
its benefits. In general, auto finance companies charge lessees for all losses incurred from early
terminations. Giaccotto et al. (2007) argued that the early termination penalty in the U.S. is
significantly larger than the theoretical prices of termination options. Hyundai Capital Korea
also imposes an early termination penalty ranging from 19% to 40% of the outstanding
balance, substantially greater than theoretical option prices, when lease consumers return
vehicles within the contract’s first two years. This makes it nearly impossible for lease
consumers to profit from early termination.

115

5. Weibull distribution-based put option formula

Although managing downside risks is crucial for real-world businesses like auto finance and
insurance companies, the valuation of put options using flexible distributions has been largely
overlooked. A standalone put option formula may not be necessary since put-call parity always
enables the calculation of put option prices. However, while this argument holds in idealized
markets where call option prices are reliably available, practical and theoretical limitations
render put-call parity insufficient in many real-world scenarios. Bastianello et al.’s (2024)
findings reinforce the argument that the validity of put-call parity can be undermined by non-
linear pricing rules, market frictions such as bid-ask spreads, and the absence of additivity in
probability measures. These factors often disrupt the theoretical foundation of put-call parity,
leading to deviations from its expected outcomes. Their work highlights scenarios where these
deviations occur due to market imperfections.

Krause (2019) also examined put-call parity violations in the U.S. equity options markets,
identifying non-synchronous trading hours between stock and options markets as a key factor
contributing to these anomalies. While aligning trading hours mitigated many of these
deviations, his findings suggest that market imperfections, rather than arbitrage opportunities,
often drive apparent violations. These insights underline the necessity for alternative pricing
methods, reinforcing the importance of a standalone put option framework for specific asset
classes like those discussed in this study.

Let the risk-neutral Weibull density function be (Weibull, 1951):

flx p.8) = pox*'e " x € Roo, f, € RT (10)
If # and § are scale and shape parameters of the Weibull distribution under the equivalent
martingale measure, the current asset price and variance will be the same as those at time T. If

Sp is the current asset price and €, is the information available at time ¢, then the risk-neutral
mean and variance will be
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0
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When the strike price is K, and the maturity is T, the put option value P is determined by
calculating the present value of the payoffs at maturity T, represented by max (K — S7,0)
where Sy is the asset price at time T. If there is no price-changing intervention like a dividend,
we have

P = ¢”TE[max(K — Sr,0)|Q)] (13)
where E is the expectation under the risk-neutral measure, and &, represents the information
available at time zero. If dividends exist, the S is replaced with S2 (= Sy — D7) where Dr is the

present value of the expected dividends paid from time 0 to T. Using risk-neutral density
function f(x; S, 5), we can express P as

K ~
P [ (K~ 0f(xi p.0)as
0

K
= e"’T/ (K — x)ﬂéxﬁ"'e‘/”‘ﬁ dx
0

— 7rT|: / ﬂéxb 1 7/5)( dx—/ /}5 ) 7/1'1 :|

= |:KFWubull(K B.d) — / poe ™ d ] (14)

where Fy.pu(K; B,6) is the cumulative distribution function of the Weibull distribution
evaluated at K. For the second integral,

dr = pox*dx
if tis replaced wth
.

Then we have:
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5
The integral [;” 1'/%¢~dt can be split into two parts: f(f X (1/5¢~1dt and Jixe e dt
From the gamma function definition,

o 1
/ Moo tdr = F(l +7)
0 5

The gamma function can be split into lower and upper incomplete gamma functions:

1 PK?

y(l +—,ﬂK‘)) :/ oedt (16)
5 0
1 o0

F<1+—,ﬂK5> :/ P! dt an
5 o

Thus,
L [PK 1 1
'z / xl/ﬁe-fdt:ﬁ-Sy(l +5 ﬂK5) (18)
0

Combining the first and second integrals,
—T —L 1 )
P =" KFwepu(K; 5,8) — oy 1 + 5 PK 19)

where y(s,x) is the lower incomplete gamma function defined as fox #*~le~'dt. Using the

1
substitution E‘(ST 1 Q) = (%) T (1 + %), we have:
—rT T 1 5 1
P=e¢ KFWeibull(K; ﬂ, (3) — E(ST : Qo)}/ 1 +57ﬁK F 1 —+ 5 (20)
Since E (S7 : Q) is the same as Sy under the equivalent martingale measure, we arrive at

1 . 1
P = ¢ KFweinu(K; f,8) — 507(1 + g’ﬂKo) /F<1 +E> @b

Appendix A.2 provides proof of the formula using the put-call parity.
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JDQS 6. Data
33,2 This study examined the two popular car models traded in South Korea: Hyundai Sonata and

Tucson. The data were officially obtained from the South Korean Transportation Safety
Authority of the Ministry of Land, Infrastructure and Transport. The data is open to the public
as a paid service. The total annual transaction units of the two car models were 241,404 in
2023. This study filtered 169,001 outliers in four steps.

First, cars sold immediately after purchase were eliminated. Selling cars immediately after
purchase in South Korea is not rare because of huge discounts for employees and retired
employees. Hyundai and Kia’s employees buy their brand cars at a maximum 30% discount,
even after retirement, every two years in South Korea. Employees at their affiliate companies
also buy cars at a maximum 25% discount when employed. Although Hyundai and Kia
prohibit the employees from selling the cars within two years after purchase, controlling it is
not always possible.

Second, transactions with original new cars sold to manufacturers’ employees were
removed using K-means methods, represented by

. - 2
argmin Z ZH x—u (22)

i=1 xeC;

118

(a) Sonata (b) Tucson
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Note(s): The lower box-plot data were eliminated, assuming that most cars in the lower
box plots were cars sold to employees
Source(s): Figure by author

Figure 2. Box plots by K-means methods
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where C; is the set of points assigned to cluster i and y; is the centroid of cluster i. Because it is Journal of
rare to buy cars at more than a five percent discount in South Korea, cars purchased at a Derivatives and
significant discount can be said to be cars sold to employees. Quantitative
The K-means algorithm is an unsupervised learning method that clusters data into K groups Studies: MET
by iteratively updating the centroids of each cluster to group the nearest data points together
(Steinley and Brusco, 2007). This technique effectively distinguished between cars sold to
manufacturer employees and ordinary consumers, although it does not guarantee perfect
classification. Figure 2 shows the box plots after classifying the transactions into two groups 119
for Sonata and Tucson.
Silhouette scores were calculated to measure how similar an object is to its own cluster
compared to others. The silhouette score, which evaluates the consistency within clusters by
considering both cohesion and separation, is represented by Rousseeuw (1987):

b(i) — a(i)
max(a(i), b(i))

s(i) =1(C; > 1) V. eC 23)

where a(i) is the average distance between object i and all other points in the same cluster, and b
(i) is the average distance between object i and all other points in the nearest cluster. (C; > 1)
is an indicator function that takes the value one if C; is greater than one and zero otherwise. The
average silhouette scores for the K-means classifications of Sonata and Tucson were 0.57184
and 0.53849, respectively, indicating that both were moderately positive and that the clustering
was reasonably well-structured.

Third, excess mileage and excess aging cars were removed. Considering that most South
Korean car lessors set 20,000 km as an annual mileage limit (Kim et al., 2023b), cars with an
annual mileage of more than 20,000 km were removed. According to the Korea Transportation
Safety Authority, the average passenger car mileage in South Korea was 13,140 km in 2022.
This study eliminated those cars because most leasing consumers select leases considering
their expected annual mileage. In addition, cars aged more than 15 years were removed
because their small transactions made statistical outlier detection methods not converge. Their
removal was not a problem in the analysis since the terms of most leasing contracts are less
than 60 months in South Korea.

Fourth, statistical outliers were eliminated using the Extended Isolation Forest (EIF). The
EIF method begins by building an ensemble of isolation trees through random sampling of data
points, selecting a feature, and determining a split value. The isolation score of a point x is
calculated as the average height at which the point is isolated across all trees, represented by
the formula:

1 n
1) =~ > hx.T) 24)
i=1

where n is the number of trees in the ensemble and A(x, T;) is the height of the node in the tree T;
at which point x is isolated. The isolation score quantifies how quickly a point can be isolated
from the rest of the data. Lower isolation scores indicate that the points are outliers since they
are isolated more quickly. Next, the anomaly score is calculated based on the average of the
points across the isolation trees, expressed as:

Ax) =27 (25)

where A(x) represents the anomaly score for point x, E(%(x)) is the expected depth of the point
x, and ¢(n) is an average path length of all data points. The expected depth of the point x,
or E(h(x)), decreases to zero, the anomaly score increases to one. If the anomaly score exceeds

Py
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JDQS the threshold, the point x is classified as an anomaly. The Isolation Forest technique isolates
33,2 anomalies instead of profiling normal data points (Liu et al., 2008). It works by recursively
splitting the data space with random cuts, and the assumption is that outliers are isolated faster
than regular data points because they are fewer and more different (Liu et al., 2008). It
estimates the anomaly score based on the number of splits, but there’s no closed-form formula
for directly computing outlier scores; the score comes from the distribution of paths taken in
the isolation trees (Liu et al., 2008).

Before choosing the EIF method, this study compared it with two other outlier detection
methods: the Local Outlier Factor (LOF) and the Interquartile Range (IQR). The Local Outlier
Factor (LOF) algorithm identifies anomalies by comparing the local density of a point with
that of its neighbors (Breunig et al., 2000). The LOF score for a data point x is defined as
(Breunig et al., 2000):

120

> Irdi(0)/Irdi(x)
LOF,(x) = "= el (26)

where the local reachability density of a point x is defined as:

[Ne(x)|
Ird = 27
rdi(x) > reachability distance (x, 0) @7)

0ENK(x)

with N (x) being the k-nearest neighbors of x, and the reachability distance between points x
and o defined as:

reachability distance(x, 0) = max(disct(x, 0), dist(x, N;(0))) (28)

The central idea is that points with significantly lower density than their neighbors are
considered outliers. The LOF requires calculating each data point’s k-nearest neighbors
(k-NN), which involves measuring distances, often Euclidean, between points (Breunig et al.,
2000). Like EIF, no closed-form formula exists; instead, the LOF score is a numerical result
derived from these distance comparisons (Breunig et al., 2000).

In the meantime, the IQR method is a statistical technique based on quartiles. It identifies
outliers by comparing the spread of the middle 50% of the data. The IQR is calculated as:

IQR = Q3 — QI (29)

where Q1 and Q3 are the first and third quartiles, respectively. Outliers are then identified as
any data points falling below Q1 — 1.5 X IQR or above Q3 + 1.5 X IQR. This threshold helps
detect points that lie significantly beyond the typical spread of the data.

The Chi-square testing score for the outlier detection methods was 2010.7, with a degree of
freedom of 28, calculated by multiplying 14 by 2. The 14 was the number of years or driving
month groups minus one, and 2 was the number of outlier detection methods minus one. The
p-value of the Chi-square testing was smaller than 2.2e—16, indicating significant differences
in the number of outliers identified by the three methods. This implies that the methods did not
perform equally when detecting outliers.

The t-testing results also showed significant differences among the three methods. The
t-value of EIF was —18.601 with a degree of freedom of 3243.4 and a p-value lower than 2.2e—
16. The t-value of IQR was —31.101 with a degree of freedom of 1,503 and a p-value lower
than 2.2e—16, too. In contrast, the t-value of LOF was 8.099 with a degree of freedom of
1883.9 and a p-value lower than 9.849e—16. The EIF and IQR methods detected lower
observations as outliers more than the LOF method.
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Figure 3. Comparison of three outlier detection methods
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JDQS Figure 3 visually compares three outlier detection methods for Hyundai Sonata’s used car
33,2 transactions. It indicates that EIF detected upper and lower outliers better than the IQR
method. The LOF method did not simply detect outliers based on whether a value was too large
or too small but primarily focused on density-based detection. Because of this, values
appearing in the middle of the data distribution could still be considered outliers if the density
of the region they are located in significantly differed from their surrounding points.
Considering the Chi-square and t-testing results and visual comparison of the three methods,

122 this study selected the EIF as the outlier detection method.

Table 1. Examined car models’ transaction volumes and outlier elimination

Sonata Tucson
® Number of used car transactions in 2023 172,897 68,507
® Immediate sale after purchase 187 246
® Longer than 180 months (or 15 years) 16,653 4,878
@ Internal sales to employees 93,101 46,756
® Cars driving more than 20,000 km per year 19,296 6,031
® Outliers 3,028 789
Total (D -@-®-@®-6-0®) 57,472 14,931

Source(s): The author

Table 1 shows the details of the data filtering results. A significant number of
transactions were outliers. In particular, 93,101 and 46,756 units of Sonata and Tucson
transactions were cars sold to employees. The numbers looked reasonable because the two
models are among the most popular cars for employees, and the number of Hyundai Motor
conglomerates in South Korea was 188,891 as of 2022, according to the Fair Trade
Commission of South Korea. Most employees buy cars every two years thanks to the
employee discount policy. If retired employees eligible for discounted purchases are
included, the number of employee discount candidate buyers will be significantly more
considerable. Figure 4 shows the scatter plots of residual values by driving months after
eliminating outliers.

7. Testing results

This study tested the model performance in two ways: model fit and prediction accuracy. For
this purpose, the Weibull and lognormal parameters were estimated using the maximum
likelihood method. The numeric number one was added to all the residual value deviations to
make all the values greater than zero, critical to applying lognormal and Weibull distributions.
Figure 5 shows the estimated Weibull and lognormal functions with the histograms of the
residual value deviations. The details of the Weibull parameter estimation for two car models
are in Appendix.
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JDQS Table 2. Performance testing results

33,2
Sonata Tucson
Weibull Lognormal Weibull Lognormal
New car price* 28,080,000 27,710,000
Asset price (S0) ** 10398579.52 10261561.20
Strike price (K) 13352040.41 13176105.40
124 Annual standard deviation 13.49% 14.59%
Beta 0.6105587 0.597323
Delta 11.422843 7.982199
Risk-free interest rate 5% 5%
Time to maturity (years)*** 5 5
Put option price (Korean Won) 580580.53 1230718.89 722456.98 1329775.42
Prediction accuracy
Mean square error (MSE) 0.02169159 0.0223690 0.0259642 0.0281327
Mean absolute error (MAE) 0.1150858 0.1180491 0.1258247 0.1325515
Model fit
AIC —101533.05 —92581.37 —23685.70 —20459.81
BIC —101515.13 —92563.45 —23670.48 —20444.59
Log-likelihood 50768.52 46292.68 11844.85 10231.91

Note(s): *The most common price of each model was selected as the new car price. **The asset prices are the
present values of the strike prices. ***Five-year leases are the most common leasing terms in South Korea
Source(s): The author

Table 2 shows the performance testing results and the put option prices with five-year
maturities where the strike price equals the expected values at time T. The put option price with
Weibull distribution for Sonata was 580,580.53 Korean Won, 52.83% lower than the put option
price with lognormal distribution, 1,230,718.89 Korean Won. This apparent contradiction arises
because Weibull distributions are left-skewed, capturing more extreme losses. The primary
reason is the overestimated volatility in the Black-Scholes formula: The Black-Scholes formula
assumes that the volatility increases by the square root of time (Hull and Basu, 2016). However,
the actual volatility of used car prices did not follow the square root of time relationship.

The Sonata residual values’ annual standard deviations for the five years were 0.1581,
0.1333, 0.1242, 0.1174, and 0.1417. Given the relatively stable fluctuations over time, this
study applied 0.1349, the arithmetic average of these five years’ annual standard deviations, as
the annual volatility for the Black-Scholes option valuation. The Tucson residual values also
showed a similar volatility pattern as the Sonata’s. Their annual standard deviations were
0.1404, 0.1351, 0.1619, 0.1351, and 0.1571. The arithmetic average was 0.1459.

However, the arithmetic average for volatility calculation does not fully align with
theoretical assumptions. This demonstrates that the Black-Scholes model is theoretically and
practically invalid for valuing options in car lease assets. The observed stability in residual
value volatility underscores the mismatch between the Black-Scholes model’s volatility
assumptions and the actual behavior of used cars. Although applying stochastic volatility could
mitigate some errors, it does not fully address the fundamental inaccuracies stemming from the
lognormal distribution assumption either. This further emphasizes the need for alternative
models tailored to the unique characteristics of depreciating assets like car residual values.

The Weibull distribution provided a better fit than the lognormal distribution for estimating
residual value deviations (see Table 2). Model performance was assessed using the Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC). The AIC and BIC are
commonly employed to compare models by balancing goodness of fit with model complexity.
A lower AIC or BIC value indicates a better trade-off between model fit and complexity,
helping to prevent overfitting.

Downloaded from http://www.emerald.com/jdgs/article-pdf/33/2/110/9846636/jdqs-10-2024-0041.pdf by ZBW German National Library of Economics user on 26 February 2026



While AIC imposes a penalty for models with more parameters to prevent overfitting, BIC Journal of
applies a stricter penalty by accounting for sample size, favoring simpler models as the sample Derivatives and
size increases (Ding et al., 2017; Liu and Zhou, 2024). The Weibull distribution is Quantitative
characterized by two parameters: shape and scale. Similarly, the lognormal distribution has Studies: MET
two parameters — mean and standard deviation. As a result, the penalty terms for both
distributions are equivalent. For the Sonata’s residual value distribution, the log-likelihood
values for the Weibull and lognormal distributions were 50768.52 and 46292.68, respectively.
Consequently, the Weibull distribution yielded lower AIC and BIC values. For Tucson’s
residual value distribution, the log-likelihood values were 11844.85 for the Weibull
distribution and 10231.91 for the lognormal distribution. As with the Sonata, the Weibull
distribution resulted in lower AIC and BIC values for the Tucson.

Mean Squared Error (MSE) and Mean Absolute Error (MAE) were employed as evaluation
metrics to assess the prediction accuracy, focusing on model performance rather than option
valuation accuracy since no market prices exist. MSE measures the average of the squared
differences between predicted and actual values, placing a higher penalty on larger errors, while
MAE calculates the average of the absolute differences, providing a more straightforward
interpretation of the model’s performance. By comparing both metrics, it is possible to
understand the overall error magnitude and how sensitive the model is to large deviations (Chai
and Draxler, 2014; Willmott and Matsuura, 2005). In this study, a Monte Carlo simulation with
1,000 iterations was conducted to ensure robust performance evaluation. The results showed
that the Weibull distributions generated more accurate estimations.

125

8. Conclusion

Options valuation is one of the most critical decision-making factors for auto finance
companies and their consumers. However, traditional option valuation models have struggled
to accurately capture the complex pricing mechanisms embedded in car leases. This limitation
has led researchers and industry practitioners to explore non-parametric Bayesian methods and
empirical statistical measures to estimate the dynamics of used car value uncertainties instead
of relying on the Black-Scholes formula. While Bayesian statistics offer flexibility and
powerful tools for uncertainty estimation, they also present challenges, such as high
computational demands and sensitivity to prior assumptions. As a result, in some cases,
parametric statistical approaches like the Weibull distribution are more suitable for modeling
the distinct characteristics of car residual values due to their simplicity and interpretability.
This study proposes a put option valuation formula using the Weibull distribution, suggesting
that this approach provides a better fit than traditional models based on the lognormal
distribution.

Since this study is the first attempt to model put option values under the assumption of a
Weibull distribution, the field remains open for further exploration. One critical area for future
research is the behavior of volatility. Unlike stock prices, used car values experience
heightened volatility in the early stages, eventually stabilizing as the car ages. Understanding
such stochastic volatility of residual values could enable the auto finance industry to manage
both short- and long-term leases more effectively. Furthermore, while stock prices exhibit
unlimited upside potential, making the lognormal distribution a reasonable assumption, used
car values are constrained in their movements. They have a maximum value (the price of a new
car) and can reach a minimal bottom price (scrap value). Comparing the lognormal distribution
with the Weibull distribution could provide more practical insights into the auto leasing market
by enhancing the understanding of residual value dynamics.

As many auto manufacturers and finance companies increasingly adopt Mobility as a
Service (MaaS) as part of their future strategies (Brown et al., 2022; Weber, 2022), there is a
growing imperative within the auto industry to conduct a more comprehensive examination of
used car values and associated risk management practices. This shift is not merely a response
to evolving consumer preferences but also a recognition of the complexities involved in
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JDQS valuing used cars in a dynamic market characterized by fluctuating demand and uncertain
33,2 residual values.

Moreover, the implications of this research extend well beyond the realms of auto finance
and MaaS. The insights gained from this study can be applied to various sectors where the
underlying assets exhibit skewness or bounded dynamics. For instance, insurance products
with asymmetric payout structures, such as life insurance or warranties, often entail risks that
can be better modeled using Weibull distribution approaches. Additionally, financial assets

126 that demonstrate non-linear risks, such as certain derivatives or structured products, could
greatly benefit from the enhanced modeling capabilities that the Weibull framework provides.
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Appendix

A.1. Derivation of Weibull parameters
The Weibull distribution is widely defined as (Modarres et al., 2016):

f(x;0,8) = g(g)éilexp [—(g)ﬁ} ,XERs,0,6€RT

where @ and 6 are scale and shape parameters, respectively. This formula is a modified version of the one
originally presented by Weibull (1951):

f(x; B,8) = pox’~" e

If (é)‘5 is replaced with g, then

20 e[
= (é) ééxﬁ‘lexp {— (é) 64

]
= ﬂéx‘sf1 e

Table A1 shows the scale () and shape () parameters calculated in R, and #and é used in this study. The
variance of the beta () were calculated using the covariance matrix and partial derivative. The partial
derivatives are:

é)ﬂ shape+1
= —shape X [ ——
dscale Shape (scale)

9 shape
p = ! X In !
Jshape scale scale

The variance of beta is:
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Table Al. Parameter estimation of the Weibull distribution
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Parameters in R Parameters in this study
Scale (0) Shape () Beta (ff) Delta (6)
Sonata 1.044139 11.422843 0.6105587 11.422843
Standard errors 0.0004021 0.0361197 0.0019063 0.0361197
Z-value 2596.54 316.25 320.29 316.25
Tucson 1.04806 10.55960 0.6091565 10.55960
Standard error 0.0008551 0.0662933 0.0037234 0.0662933
Z-value 1225.62 159.29 163.60 159.29

Source(s): The author

A.2. Proof of put option formula
The put option value derived in this study can be proved using the put-call parity using the call option
formula Savickas’ (2002) derived. The call option formula is

C=S {1 ~ (1) (2ﬁKﬁ)} — Kee

where Fz(1 ) is the y*> CDF at point 2K? with the degrees of freedom 2(1 + 1/ 8), and no dividend is
assumed. The put option formula this study derived is

1 1
P = e_rTKFWeibu”(K; ﬂ, 5) — S()]/(l + S,ﬁKtS) /F<1 + 3)
Because the put-call parity is C—P = Sy — e™'’K,

C-P=5, [1 ~Fy(1a) (2ﬂKﬁ)] — KeTe

1 1
_ e—rTKFdeu,,(K; B,6) + Soy<1 + 5“51(5) /F(l + 5)

Thus,

C—P=S,|1-F (2ﬁ1<5)+y(1+1,ﬁ1<5) r(1+1)
2(14—%) g o

—e'TK |:FWeibu[1(K; p,6) + e_ﬂKé]
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33,2

y(l + %,ﬂK’S)
(29K") =~
+%) F(l +§>

C—P=S,—-¢""K {FWeib,,”(K; B,6) + e"ﬂKﬁ}

Since F
2 (1
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Since Fyeipu(K; ,8) =1 — X

_ Bk s s
Fweirat(K; B,8) + e =1 — " 17K =1
In conclusion,

C—-P=S,—-¢"K
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