
Sakamoto, Hiroaki; Traeger, Christian

Working Paper

Self-enforcing Stable Sets

CESifo Working Paper, No. 12360

Provided in Cooperation with:
Ifo Institute – Leibniz Institute for Economic Research at the University of Munich

Suggested Citation: Sakamoto, Hiroaki; Traeger, Christian (2025) : Self-enforcing Stable Sets, CESifo
Working Paper, No. 12360, Munich Society for the Promotion of Economic Research - CESifo GmbH,
Munich

This Version is available at:
https://hdl.handle.net/10419/336060

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/336060
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


  

 

 Self-enforcing Stable Sets 
Hiroaki Sakamoto, Christian Traeger 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

 
Working Papers 

12360 
2025 

 December 2025 



 

 

 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Imprint: 

CESifo Working Papers 

ISSN 2364-1428 (digital) 

Publisher and distributor: Munich Society for the Promotion  
of Economic Research - CESifo GmbH 

Poschingerstr. 5, 81679 Munich, Germany 
Telephone +49 (0)89 2180-2740 
  
Email office@cesifo.de 
https://www.cesifo.org  

Editor: Clemens Fuest 

An electronic version of the paper may be downloaded free of charge 
· from the CESifo website: www.ifo.de/en/cesifo/publications/cesifo-working-papers 
· from the SSRN website: www.ssrn.com/index.cfm/en/cesifo/   
· from the RePEc website: https://ideas.repec.org/s/ces/ceswps.html  



Self-enforcing stable sets∗

Hiroaki Sakamoto Christian Traeger

Version of December 2025

Abstract

We study coalition formation with externalities under voluntary, non-binding partic-

ipation. Motivated by climate agreements, where standard modeling predicts small,

inefficient coalitions, we propose a new solution concept—the self-enforcing stable set.

It synthesizes the self-enforcing logic of non-cooperative approaches with the consis-

tency requirement of cooperative forward-looking stability. By endogenizing players’

beliefs about the eventual outcomes of negotiations, we show that rational foresight

disciplines strategic free-riding and selects constrained Pareto efficient outcomes. In

canonical climate-agreement models, this yields sharp predictions: stable coalitions

must be large and only mildly fragmented, aligning closely with observed participa-

tion patterns.
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1 Introduction

The Coase theorem suggests that, when transaction costs are sufficiently small, bargaining

among affected parties should resolve externality problems: rational agents ought to negoti-

ate toward Pareto improvements whenever such gains exist.1 Yet, as Dixit and Olson (2000)

emphasize, the classic argument presumes that no party abandons negotiations to free ride.

In environments where agreements must be voluntary and non-binding, this presumption

is at odds with the strategic realities of cooperation. Without external enforcement, par-

ticipants can always reconsider their commitments, and potential beneficiaries may have

incentives to stand aside. As a result, Coasian bargaining is often regarded as ineffective in

self-enforcing environments, and the prevailing view in the literature is that such settings

inevitably fail to correct externalities, leading to small coalitions and inefficient agreements.

This paper reexamines that pessimistic conclusion. We study a coalition-formation game

with externalities in which players can voluntarily join or leave an agreement, and where

transfers or side payments are not enforceable. The framework is deliberately general and

can be applied to a wide range of free-rider problems, but our main application is cli-

mate change. As Nordhaus (1977) put it nearly half a century ago, the problem of climate

change is the “most extreme imaginable form of external diseconomy” and can only be

solved through agreements among sovereign countries. In the absence of a supranational

enforcement agency, such agreements must be self-enforcing: no country can be forced to

participate, and every country reserves the right to leave at will. A general conclusion in the

literature is that any stable agreement in such a self-enforcing environment involves substan-

tial inefficiency, often with only a few countries remaining in the agreement. The predictions

of our analysis are less pessimistic and more consistent with empirical evidence that some

self-enforcing agreements attract many participants and manage to mitigate transboundary

pollution (Breitmeier et al., 2006; Young, 2011; UNFCCC, 2016).

An important component of our analysis is farsightedness. We suggest that negotiating

parties form rational expectations about the outcomes that will eventually emerge from

the negotiation. As Aumann and Myerson (1988) emphasize, when a player or a group of

players deviates, the actions of others should not be taken as given. Even a single player

hinting at a change in participation can trigger reactions from insiders and outsiders alike,

potentially setting off a cascade of further adjustments. Such responsiveness is characteristic

of open-ended negotiation environments like climate agreements, where participation is fluid

rather than a one-shot, irreversible decision. Hence, when contemplating a deviation, players

must evaluate not only the immediate payoff change but also the equilibrium outcomes that

1Coase (1960) himself emphasizes the likely failure to reach efficient agreements due to transaction costs.
In our primary application, the regular high-level meetings on climate change and the establishment of a
permanent UN entity dedicated to finding solutions suggest that transaction costs are small compared to
the stakes at the intergovernmental level. Our general framework accommodates transaction costs without
qualitative changes to the results.
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could ultimately prevail. We show that in self-enforcing environments, such rational foresight

disciplines free riding and thereby places an effective bound on equilibrium inefficiency.

Our theoretical framework integrates two strands of literature on coalition formation.

The first strand, focused on self-enforcing agreements, employs a non-cooperative partici-

pation game originally developed by d’Aspremont et al. (1983) and Palfrey and Rosenthal

(1984) in industrial organization (see Finus (2001) and Barrett (2005) for surveys of the

early literature, and Carattini et al. (2019) and Harstad (2024) for reviews of recent de-

velopments). In this framework, players decide independently whether to join a coalition,

anticipating that subsequent actions and payoffs are determined by the resulting coalition

structure (i.e., coalition size, composition, and membership status).2 The framework was

quickly adopted in the analysis of international environmental agreements by Hoel (1992),

Carraro and Siniscalco (1993), and Barrett (1994), among others, and has evolved to be

the literature’s workhorse model. While this non-cooperative approach captures important

aspects of reality, its predictions are primarily driven by myopic expectations. Potential

defectors optimistically expect that they can reap the benefits of free riding without trig-

gering reactions from others, whereas potential participants pessimistically expect that, if

they join the coalition, nobody will follow suit.3

The second strand of literature is the cooperative game theory of coalition formation (see

Ray (2007) and Ray and Vohra (2015a) for general overviews). At the core of this literature

lies a consistency condition, which requires that any alternative to an existing agreement

must itself be stable; if an alternative agreement is not stable, it does not constitute a valid

objection. Such a consistency condition originates with von Neumann and Morgenstern’s

(1944) concept of stable sets (vNM stable sets), which partitions outcomes into two classes:

stable outcomes, which are not “dominated” by other stable outcomes, and unstable out-

comes, which must be “dominated” by some stable outcome. Harsanyi (1974) and Ray and

Vohra (2015b), among others, extend the general concept of stable sets and refine the defi-

nition of “domination” to better capture farsightedness. Although conceptually appealing,

the idea of stable sets has rarely been adopted in applied studies.4 A primary reason for

this limited adoption is that stable sets are hard to characterize and their existence is not

guaranteed, especially when players’ payoffs depend on the entire coalition structure due to

2Ray and Vohra (1997) adopt the same two-stage procedure, although their paper is not typically included
in this literature.

3The opposite extreme is the assumption that any deviation from a coalition triggers the collapse of the
coalition. Under such an assumption, the grand coalition becomes easy to stabilize (Chander and Tulkens,
1995, 1997; Germain et al., 2003). A notable application of this reasoning to climate change is Gerber and
Wichardt (2009).

4Notable exceptions are Diamantoudi and Sartzetakis (2015, 2018), who apply (farsighted) stable sets
of Harsanyi (1974) to the analysis of international environmental agreements based on two variants of
effectivity set. Diamantoudi and Sartzetakis (2015) allow potential defectors to coordinate their actions
whereas Diamantoudi and Sartzetakis (2018) only allow for unilateral deviations. Both papers rely on a
particular model structure with symmetric players to ensure the existence and tractability of solutions.
Their relatively optimistic findings follow from a threat of complete collapse of an agreement (Diamantoudi
and Sartzetakis, 2015) or a domino effect of consecutive defections (Diamantoudi and Sartzetakis, 2018).
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cross-coalition externalities. For example, a typical participation game of international envi-

ronmental agreements can have no vNM stable sets. Ensuring the existence and tractability

of stable sets often requires restrictive assumptions on the model structure.

These two strands of literature, though active for decades, have remained largely sep-

arate. They even use crucial terminology—internal and external stability—with different

meanings. The present paper provides a bridge between the two by developing a new solu-

tion concept that synthesizes key features from each tradition. On the one hand, drawing

on the non-cooperative literature, our solution concept incorporates the self-enforcing na-

ture of agreements; stable coalitions must be robust against unilateral deviations by both

insiders and outsiders. On the other hand, we follow the cooperative literature in imposing

a consistency requirement; a coalition’s stability can only be undermined by an alternative

coalition that can eventually prevail as a stable outcome. We synthesize these ideas in a

general framework and our core insights do not depend on a particular model structure.

Unlike many existing approaches in the literature, our solution concept leads to equilibrium

outcomes that are relatively easy to characterize, as we demonstrate using canonical models

of international climate cooperation.

A crucial step in synthesizing these key features is endogenizing players’ expectations un-

der strategic uncertainty. In complex, unstructured negotiations where negotiation protocols

(who moves when, in what order, and with what information) are not clearly defined, the

precise sequence of moves following a deviation is inherently unpredictable. Rational players

anticipate that unsettling the status quo will ultimately lead to some stable outcome, but

they cannot know which one. The existing literature typically resolves this uncertainty by

imposing behavioral assumptions based on deterministic reaction chains. One common ap-

proach assumes optimism on the part of the defector: players deviate whenever there exists

one reaction path that makes them better off, even if other plausible paths do not (Harsanyi,

1974). By contrast, Chwe (1994)’s largest consistent set assumes pessimistic players who

deviate only if every plausible path makes them better off. As Ray and Vohra (2015a)

show with simple examples, neither approach is satisfactory, especially with externalities.5

We propose an alternative approach that directly addresses this strategic uncertainty by

introducing probabilistic beliefs—a probability distribution over the set of potential stable

outcomes. These beliefs allow players to evaluate the expected payoff from a deviation,

which in turn determines the set of stable outcomes. Crucially, we endogenize these beliefs

rather than imposing them exogenously. Equilibrium beliefs are defined as a fixed point:

the set of outcomes players believe to be stable must be the set of outcomes that are stable

given those beliefs. This consistency requirement disciplines players’ expectations, moving

beyond simple optimism or pessimism.

Our main characterization shows that a coalition structure is stable if and only if it

5See Dutta and Vohra (2017) and Ray and Vohra (2019) for recent refinements of plausible deviation
paths.
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achieves constrained Pareto efficiency, i.e., the efficiency attainable without transfers. In

self-enforcing settings, negotiations among farsighted players only settle when everyone be-

lieves that the current arrangement is the unique stable outcome; if multiple outcomes were

believed possible, someone would always deviate from their least-preferred option. Hence, in

equilibrium, beliefs must converge on a single negotiation endpoint. Once such disciplined

beliefs emerge, myopic free riding becomes unprofitable: a transient gain from defection is

understood as futile because there is no rational basis for expecting negotiations to settle

in the defector’s favor. Consistency, the understanding that only stable equilibria consti-

tute credible threats of deviating, then drives the outcome toward efficiency. If a Pareto-

improving arrangement still exists, rational players recognize that the inefficient status quo

is untenable as the unique endpoint of negotiations. Thus, the process continues until all

constrained Pareto improvements are exhausted, with any residual inefficiency arising solely

from institutional constraints that preclude enforceable transfers.6

Taken together, our analysis contributes to the literature on self-enforcing agreements

along several dimensions. First, we offer a tractable benchmark that brings farsighted-

ness into the standard participation-game approach: the self-enforcing stable set combines

stability against unilateral deviation with a cooperative consistency requirement on long-

run negotiation outcomes, while remaining simple to apply in general environments with

externalities.7 Second, we provide a general characterization and existence result: stable

outcomes coincide exactly with constrained Pareto efficient coalitions (and, in our exten-

sion, coalition structures), yielding a transparent description of what self-enforcing negoti-

ations can achieve. Third, this benchmark delivers sharp and empirically plausible implica-

tions in canonical models of climate cooperation—predicting high participation and limited

fragmentation—and our second-order refinement further sharpens equilibrium predictions

without sacrificing tractability.8

In Section 2, we describe the model and briefly review the two solution concepts com-

6Section 3.2 relates this characterization to prior results.
7We view the simplicity and abstraction from negotiation details as a key strength of our approach.

That said, in Appendix A, we also provide an alternative theoretical underpinning by presenting a sequential
bargaining game in which the stationary subgame-perfect equilibria coincide with our proposed solution. The
model is not intended to replace full-scale dynamic approaches but to offer a complementary perspective on
coalition formation. A recent contribution by Vosooghi et al. (2024) uses a sequential bargaining framework
within a calibrated integrated assessment model to study climate coalitions under farsighted behavior,
providing an empirically grounded complement to our theoretical analysis.

8There is a growing literature that revisits international climate cooperation using modern tools from
political economy, contract theory, dynamic games, and trade policy. This body of work has yielded impor-
tant insights by analyzing climate cooperation through a range of complementary lenses, including dynamic
technology investment (Battaglini and Harstad, 2016; Harstad, 2016; Harstad et al., 2019), domestic po-
litical economy (Battaglini and Harstad, 2020; Harstad and Kessler, 2025), international trade (Nordhaus,
2015; Böhringer et al., 2016; Kortum and Weisbach, 2024; Farrokhi and Lashkaripour, 2025; Iverson, 2025),
bargaining protocols (Harstad, 2023a,b), and transfer schemes (Okada, 2023; Dutta and Radner, 2025; Kerr
et al., 2025). Our analysis complements this literature by abstracting from particular institutional dimen-
sions in order to establish a general theoretical benchmark for self-enforcing climate cooperation under
farsighted behavior.
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monly used in the literature. We then present our new solution concept, the self-enforcing

stable set, and explain how it relates to the existing approaches. Section 3 characterizes

our solution in a general setting, relates it to the literature, and discusses several applica-

tions. To further sharpen predictions, Section 4 introduces a refinement that we refer to

as second-order stability. Section 5 extends the model to a setting with multiple coexisting

coalitions.

2 The model

This section explains the setup, reviews existing approaches, and formalizes our solution

concept.

2.1 Setting

Let N = {1, 2, . . . , n} be the set of n ≥ 3 players; players can be asymmetric. The set of

all nonempty subsets of N , denoted by N , represents the set of all possible coalitions. For

now, we assume that only a single coalition can form; we relax this assumption in Section 5.

Once a coalition forms, it uniquely determines the payoffs for all players, both insiders

and outsiders.9 These payoffs, which may incorporate transaction costs, are represented

by reduced-form functions ui : N → R for each i ∈ N . Notice that, by mapping each

coalition to a unique payoff vector, we exclude the possibility of transfers or reallocation of

surplus among players. Our examples below show how these reduced-form payoffs can be

interpreted as the outcomes of an underlying game. Table 1 summarizes the key notation

used throughout the paper.

We illustrate core concepts using two common examples from the international environ-

mental agreement literature. In these examples, n countries emit a global pollutant and

each country’s emission level gi depends on the prevailing coalition structure. Coalition

members coordinate to maximize their joint payoff, whereas non-members choose emissions

to maximize their individual payoffs.10 The following examples introduce the reduced-form

payoff function ui for such settings.

Example 1. Player i’s underlying utility consists of private benefits from his or her own

9Throughout, we use the term payoff in the game-theoretic sense, i.e., the objective each player maximizes.
In our examples, payoffs correspond to the utility derived from emissions and climate.

10As Battaglini and Harstad (2016) show, the assumption of joint payoff maximization can be interpreted
as an equilibrium outcome of a within-coalition bargaining. Gersbach and Winkler (2011) design a refunding
scheme that sets within-coalition incentives for joint welfare maximization under a polluting externality
(conditional on participation). Alternative behavioral assumptions are also possible as long as players’
payoffs are uniquely determined for each coalition. One could assume, for example, that the coalitional
surplus is divided among its members based on the Shapley value. See Myerson (1977), Hart and Kurz
(1983) and Aumann and Myerson (1988) for such specifications.
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Table 1: Key notation used throughout the paper

Symbol Description

N := {1, 2, . . . , n} Set of n ≥ 3 players

N Set of all nonempty subsets of N (possible coalitions)

ui : N → R Reduced-form payoff function of player i

M ∼ M ′ Coalitions M and M ′ are payoff-equivalent

|M | Cardinality of coalition M

M ⊂ N Generic subset of possible coalitions

M̃ := {M ′ ∈ N | M ′ ∼ M} Indifference class of coalitions payoff-equivalent to M

gi Emission level of country i

γ ≥ 2 Convexity parameter of abatement cost

ξ > 0 Marginal cost of externality

Coalition Structures (Section 5)

N Set of all partitions of N (coalition structures)

M = {M1,M2, . . . ,ML} A coalition structure with L coexisting coalitions

|M | = L Number of coexisting coalitions in structure M

Ml ⊂ N Members of the l-th coalition

N := {N} Grand coalition structure

emissions and a negative externality from aggregate emissions:

−1

γ
(ḡi − gi)

γ︸ ︷︷ ︸
private benefit

− ξ
∑
j∈N

gj︸ ︷︷ ︸
externality

,

with γ ≥ 2 and ξ > 0. The private benefits are maximal under the “business-as-usual”

(BAU) emission level, ḡi, and decline as the player engages in mitigation by choosing

gi < ḡi.
11 We constrain emissions such that 0 ≤ gi ≤ ḡi and assume ḡi ≥ n

1
γ−1 ξ

1
γ−1

so that equilibrium emission levels remain non-negative. The parameter γ characterizes

the convexity of abatement costs, while ξ represents the marginal damage from pollution

(e.g., climate damage per ton of carbon).12 Given that coalition members maximize their

joint payoffs and non-members maximize their own payoffs, this game yields the following

11Strictly speaking, ḡi denotes the BAU emission level in a continuum-player setting, or when players
fail to account for the harm caused by their own emissions. In our discrete-player model, even free riders
internalize this self-inflicted damage and optimally choose gi = ḡi − ξ1/(γ−1). We note that private benefits
of emissions are equivalent to private abatement costs.

12More generally, ξ captures marginal damages relative to abatement costs as we have normalized the
multiplicative constant on the benefit term to one.
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reduced-form payoff function (derived in Appendix C.1):

ui(M) =

ξ
γ

γ−1

(
|M |

γ
γ−1 − |M |+ n− 1

γ
|M |

γ
γ−1

)
− ξ

∑
j∈N ḡj ∀i ∈ M

ξ
γ

γ−1

(
|M |

γ
γ−1 − |M |+ n− 1

γ

)
− ξ

∑
j∈N ḡj ∀i /∈ M,

(1)

for each M ∈ N , where |M | is the coalition’s cardinality (number of coalition members).

The most widely used specification in the literature corresponds to γ = 2, delivering a

linear-quadratic problem.

Example 2. Another canonical model, common in climate economics (Golosov et al., 2014;

Hassler et al., 2016), specifies each player’s utility as

ln(gi)︸ ︷︷ ︸
private benefit

− ξ
∑
j∈N

gj︸ ︷︷ ︸
externality

for some ξ > 0. In this specification, benefits increase logarithmically with emissions,

whereas damages remain linear in aggregate emissions. Applying the same behavioral as-

sumptions as before yields the following reduced-form payoff (see Appendix C.1):

ui(M) =

− ln(ξ)− n− 1 + |M | − ln(|M |) ∀i ∈ M

− ln(ξ)− n− 1 + |M | ∀i /∈ M.
(2)

2.2 Solution concepts

We now turn to the solution concept of the game. We begin by reviewing the standard equi-

librium concept for self-enforcing agreements and then turn to von Neumann-Morgenstern

stability. Our approach combines key elements of both concepts.

The standard approach in the self-enforcing agreement literature treats the formation of

agreements as a one-shot participation game (d’Aspremont et al., 1983). The corresponding

solution concept can be formalized as follows:

Definition 2.1 (One-shot stability). A nonempty subset M ⊂ N is a one-shot stable set if

M ∈ M ⇐⇒

ui(M) ≥ ui(M \ {i}) ∀i ∈ M and

ui(M) > ui(M ∪ {i}) ∀i /∈ M.
(3)

The first inequality in condition (3) is what this strand of literature refers to as the

internal stability condition; no member of a stable coalition has an incentive to leave the

coalition. The second inequality is accordingly referred to as the external stability condition;

no outsider has an incentive to join.13 These internal and external stability conditions jointly

13Here, following other studies in the literature, we assume that players choose to be a member of a
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capture the central feature of self-enforcing agreements: coalitions are not stable unless

everyone agrees to settle. Technically, the one-shot stable set corresponds to the set of all

Nash equilibria in the participation game, where no single player has an incentive to change

their participation decision given the participation decisions of the others. While appropriate

for simultaneous-move games with irreversible participation, this notion of stability fails

to reflect the open-ended nature of real-world settings such as climate negotiations. The

internal stability condition, for instance, compares payoffs under coalition M to those under

M \ {i}, implicitly assuming that the other players cannot react to player i’s defection. An

analogous criticism applies to the external stability condition.

The solution concept of von Neumann and Morgenstern (1944) addresses this issue. We

introduce it using the effectivity set, which formalizes the set of players whose membership

status changes when the coalition shifts from M to M ′.

Definition 2.2 (Effectivity set). For each pair (M,M ′) ∈ N ×N , we define the effectivity

set as E(M,M ′) := (M \M ′) ∪ (M ′ \M).

The sets M \ M ′ and M ′ \ M respectively represent the players leaving and joining

the coalition in the transition from M to M ′. Their union can thus be interpreted as the

set of players who can collectively bring about the transition. We define a coalition M as

dominated by another coalition M ′ if all players in the effectivity set E(M,M ′) prefer M ′

over M .14

Definition 2.3 (M-domination). A coalition M is M ′-dominated if

ui(M
′) ≥ ui(M) ∀i ∈ E(M,M ′), (4)

where at least one of the inequalities is strict. We say that M is M-dominated if there

exists a coalition M ′ ∈ M such that M is M ′-dominated.

Equipped with the concept of M-domination, we can define von Neumann-Morgenstern

stability.

Definition 2.4 (vNM stable set). A nonempty subset M ⊂ N is a vNM stable set if

M ∈ M ⇐⇒ M is not M-dominated. (5)

The literature on cooperative game theory refers to the right arrow in condition (5)

as internal stability and to the left arrow as external stability. These are different from

the internal and external stability concepts used in the self-enforcing agreement literature

discussed above. From here on, we adopt the terminology in accordance with the cooperative

coalition whenever they are indifferent.
14This definition presumes that insiders and outsiders of a coalition can communicate and coordinate their

actions upon deviations.
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game theory literature. Internal stability (the right arrow) requires that a stable coalition

cannot be dominated by another stable coalition. External stability (the left arrow) requires

that every unstable coalition must be dominated by some stable coalition. Unlike one-shot

stable sets, players compare a candidate coalition only to stable coalitions, which is the

key conceptual advantage of vNM stable sets. However, characterizing vNM stable sets is

generally difficult and there is no guarantee that a vNM stable set even exists.

Remark 1. No vNM stable set exists in Example 2 with n = 4 (see Appendix D.1).15

The difficulty in characterizing and even establishing the existence of vNM stable sets

stems from the fact that the concept relies on finding a fixed point; to determine whether

a coalition is stable, one must already know the entire set of stable coalitions. Proving

the (non-)existence of such a fixed point typically requires detailed specifications of the

underlying model and, in our example, it depends on the number of players involved.

Before turning to our contribution, it is helpful to compare vNM stability with one-

shot stability by recasting the latter in the language of cooperative game theory. The

essential step in one-shot stability is to test whether a candidate coalition is dominated

by any “neighboring” coalition that emerges when a player unilaterally changes his or her

participation status.

Definition 2.5 (Neighbor-domination). Given coalition M ∈ N , we define the map M o :

N → N that characterizes for each player i ∈ N the coalition emerging when that player

changes participation status:16

M o(i) :=

M \ {i} if i ∈ M

M ∪ {i} if i /∈ M.
(6)

A coalition M is neighbor-dominated if

∃i ∈ N such that ui(M
o(i)) ≥ ui(M), (7)

where we require strict inequality if i ∈ M .

Given this definition, we have the following alternative definition of one-shot stable sets.

Remark 2. One-shot stable sets can equivalently be defined as the set M ⊂ N such that

M ∈ M ⇐⇒ M is not neighbor-dominated.
15If direct dominance in the vNM solution is replaced by the indirect dominance of Harsanyi (1974), stable

sets exist in this example. For instance, the grand coalition indirectly dominates other coalitions through
the threat of agreement collapse. This mechanism, however, relies on the specific structure of this example.
In general, neither the existence nor the tractability of (farsighted) stable sets is guaranteed, especially when
players are asymmetric or when multiple coalitions can coexist.

16Some readers might prefer defining the map generally as o : N ×N → N , which also characterizes the
coalition Mo(i) by equation (6).
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This alternative definition allows us to make a direct comparison between one-shot stabil-

ity and vNM stability along two important dimensions. First, as evident from condition (7),

the neighbor domination is triggered whenever any player benefits from unilateral devia-

tion, capturing the self-enforcing nature of the solution concept. In essence, a single player

can unsettle the status quo if the grass looks greener on the other side. By contrast, the

domination criterion adopted in vNM stability (condition (4)) implies that a deviation is

possible only when all players on the transition path agree. Second, to evaluate one-shot

stability, we merely have to compare a candidate coalition to its given neighbor coalitions

(one for each player) regardless of whether these neighbors are themselves stable. On the

other hand, vNM stability requires comparing a candidate coalition to a set of endogenously

determined stable coalitions.

2.3 Self-enforcing stable sets

Our solution concept of self-enforcing stable sets synthesizes components of one-shot stability

and vNM stability along the two dimensions discussed above. A crucial component we adopt

from the one-shot concept of self-enforcing agreements is that a single player can unsettle

the situation if he or she thinks that the grass is greener on the other side. Yet, the other

side is no longer the immediate neighbor. From von Neumann and Morgenstern’s stability

concept and the subsequent farsightedness literature, we adopt the requirement that players

look ahead and anticipate the long-run stable outcome(s) triggered by a deviation.

A key innovation of our framework is that, in synthesizing these features, we explicitly

model players’ beliefs about the long-run outcomes as part of the equilibrium. Players rec-

ognize that the game has a set of alternative stable outcomes and that any deviation will

trigger a sequence of reactions eventually leading to one of these alternatives. The conse-

quence of defection is therefore not uniquely determined a priori. The existing literature

typically resolves this uncertainty through behavioral assumptions: potential defectors are

either optimistic, deviating whenever some reaction path leads to improvement (Harsanyi,

1974), or pessimistic, deviating only when all paths lead to improvement (Chwe, 1994). In

complex, unstructured, real-world negotiations, however, assuming players can predict the

exact sequence of moves and countermoves is unrealistic. This fundamental uncertainty

motivates the methodological shift from tracing specific deviation paths to focusing on the

endpoints of negotiation via probabilistic beliefs. Rather than imposing optimism or pes-

simism, we allow players to form beliefs over the eventual outcomes, and assume they deviate

if and only if they are better off in expectation.

To formalize these ideas, we introduce an alternative domination criterion. In our ap-

proach, domination is no longer defined relative to a single neighboring coalition or a de-

terministic set of stable alternatives, but is instead defined with respect to a belief and

the expectations it induces. Let M be the set of (believed-to-be) possible long-run out-
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Figure 1: Schematic diagram illustrating the idea of self-enforcing stable sets.

comes of the negotiation process (see Figure 1 for an illustration). We define a corre-

sponding belief as p : M → (0, 1] satisfying
∑

M∈M p(M) = 1. It assigns strictly posi-

tive weight to potentially stable coalitions M. Player i’s expected payoff under belief p is

Epui(·) :=
∑

M∈M p(M)ui(M), which characterizes the expected consequence of unsettling

the negotiations. We say that a coalition M is dominated under belief p if some player is

better off in expectation under belief p than he or she would be by sticking with M .

Definition 2.6 (p-domination). A coalition M is p-dominated if

∃i ∈ N such that Epui(·) > ui(M).

At first glance, allowing any player to unsettle the status quo may seem like a strong

requirement. Yet this individual ability is tightly disciplined by common rational expec-

tations: a deviator compares payoffs only with coalitions that all players view as feasible

long-run outcomes. Unlike other approaches in the literature, no single player can unilater-

ally hold optimistic or pessimistic expectations regarding the outcome of defection. In our

framework, expectations are an endogenously determined component of equilibrium rather

than a fixed behavioral assumption.

We view negotiations as a process of converging to a common belief p that governs the

set of possible long-term stable coalitions. While our analysis assumes a common belief, we

interpret it as an equilibrium outcome rather than a premise. Appendix B demonstrates that

even if players begin with heterogeneous beliefs, the stability conditions force convergence

to a common belief in equilibrium. Either way, we abstract from the details of any specific

12



Table 2: Comparison of different solution concepts.

Solution Comparing to Relevant players for destabilizing condition

One-shot M ⊂ N neighbor ∃i ∈ N
ui(M

o(i)) ≥ ui(M)
inequality strict for insiders

SES M, p : M → (0, 1]
stable alternatives M

using belief p
∃i ∈ N Epui(·) > ui(M)

vNM M ⊂ N stable alternatives M
using each element

∀i ∈ E(M,M ′)
ui(M

′) ≥ ui(M)
one inequality strict

Note: Dashed lines indicate conceptual similarity between neighboring cells. One-shot =
standard concept for self-enforcing equilibria in the literature. SES = self-enforcing stable sets.
vNM = von Neumann-Morgenstern stability.

negotiation process and merely formulate the requirements for a set of coalitions to qualify

as eventual outcomes of the negotiation. A set of coalitions M is a self-enforcing stable

set if there exists a corresponding belief p over M such that M consists of exactly those

coalitions that are not p-dominated.17

Definition 2.7 (Self-enforcing stable set). A nonempty subset M ⊂ N is self-enforcing

stable (SES) if there exists a belief p : M → (0, 1] such that:

M ∈ M ⇐⇒ M is not p-dominated. (8)

The SES solution, like von Neumann and Morgenstern’s (1944) solution concept, is de-

fined implicitly as a fixed point: M appears on both sides of condition (8). We demonstrate

in the subsequent sections that, despite this implicit definition, the proposed solution gen-

erally exists and can be characterized even in highly abstract settings. The right arrow in

condition (8) defines internal stability, which requires that any stable outcome must not be

dominated (here, in expectation) by other stable outcomes. The left arrow characterizes our

version of external stability; whenever all players (weakly) prefer a coalition to the expected

outcome implied by the stable set, that coalition must be part of the stable set.18

Table 2 summarizes the three stability concepts we discussed, illustrating how our solu-

tion concept combines key features of self-enforcing one-shot stability and forward-looking

vNM stability. The “Solution” column highlights that our concept employs a belief over

17We abstract from negotiation histories by treating continuation beliefs as stationary over long-run
endpoints (Appendix A). History may still matter for equilibrium selection when multiple stable endpoints
exist: stability implies convergence to a common belief in equilibrium (Appendix B), and once convergence
occurs, Lemma 3.1 will imply that beliefs concentrate on a payoff-equivalent singleton.

18Note that the logic of external stability is analogous to subgame perfection: when evaluating a candidate
equilibrium outcome, we cannot ignore off-equilibrium alternatives that would be stable once proposed.
Appendix A formalizes this intuition, showing that self-enforcing stable sets can be supported as subgame-
perfect equilibria of a sequential bargaining game in which proposers are selected at random.
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the stable outcomes rather than only the outcomes themselves. The “Comparing to” col-

umn shows that the one-shot stability looks only at neighbor coalitions, which are typically

transient short-term outcomes, whereas the SES and vNM solutions both compare the sta-

tus quo with long-term stable alternatives. To define long-term stability, the SES solution

adopts a belief over stable outcomes, whereas the vNM stability relies on pairwise com-

parison with individual stable outcomes. The “Relevant players” column indicates that

self-enforcing solutions—both one-shot and SES—must withstand any unilateral deviation,

whereas the vNM solution requires a potentially large set of players to be on board with a

change. The final column details the specific payoff comparison, which is similar in spirit

across all concepts: one or more players expect a higher payoff from deviating.

3 Characterization

This section characterizes self-enforcing stable sets, first in general, and then for the climate-

related examples of Section 2.1.

3.1 General results

An attractive feature of our solution concept is that the equilibrium outcomes can be char-

acterized even in general settings. To streamline the presentation, we begin by introducing

notation to handle payoff-equivalent coalitions.

Definition 3.1 (Distinct/payoff-equivalent coalitions).

(i) Coalitions M,M ′ ∈ N are distinct if there exists i ∈ N such that ui(M) ̸= ui(M
′).

(ii) If M and M ′ are not distinct, we write M ∼ M ′.

(iii) We refer to a set of coalitions M ⊂ N as effectively singleton if M ∼ M ′ for all

M,M ′ ∈ M.

(iv) We write M̃ := {M ′ ∈ N | M ′ ∼ M} for M ’s indifference class, i.e., the set of payoff-

equivalent coalitions containing M .

The following lemma reveals how rational foresight disciplines equilibrium beliefs in self-

enforcing settings (all proofs are provided in Appendix D).

Lemma 3.1. A self-enforcing stable set cannot contain distinct coalitions.

Lemma 3.1 implies that any self-enforcing stable set must be effectively singleton, con-

taining only coalitions with identical payoff profiles. If a stable set contained coalitions with

distinct payoffs, there would always be at least one player for whom one of these stable

coalitions is worse than the others. Such a player would refuse to settle for that particular

coalition and thus the coalition cannot be part of the stable set. This logic is shared by all
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players. Every player understands that a coalition is not stable if any player can identify a

more favorable alternative that others also recognize as stable. Consequently, negotiations

can only settle when consensus emerges on the eventual outcome. This finding can be in-

terpreted as a process of belief discipline through negotiations. While players may begin

with arbitrary beliefs, as negotiations unfold, only a subset of those beliefs survives the con-

sistency requirements of self-enforcing stable sets. Any equilibrium belief that ultimately

prevails must assign positive probability only to an effectively singleton set.

The critical question, then, is which effectively singleton sets qualify as self-enforcing

stable sets. We find that they are characterized by Pareto efficiency.

Definition 3.2 (Pareto efficient coalition). A coalition is Pareto efficient if no other coalition

leaves all players equally well off while making at least one player strictly better off.

While this definition is standard, its interpretation in our framework is crucial. Be-

cause we consider settings where transfers among players are restricted (as embedded in the

reduced-form payoffs), this notion of Pareto efficiency must be understood as constrained

efficiency, i.e., the efficiency attainable without transfers. This contrasts with full efficiency,

which assumes unrestricted transfers.19 Achieving full efficiency would require compensat-

ing players who benefit from a fragmented structure, which is ruled out in our self-enforcing

framework.

The following theorem establishes the central result of our analysis.

Theorem 3.1. A subset M ⊂ N is a self-enforcing stable set if and only if there exists a

Pareto efficient coalition M such that M = M̃ . There always exists a self-enforcing stable

set.

Every self-enforcing stable set is the indifference class of a Pareto efficient coalition, which

immediately establishes its existence through the existence of Pareto efficient coalitions. The

key driver of this result is the external stability condition (the left arrow in condition (8)).

To see why, suppose that coalition M is in a self-enforcing stable set. By Lemma 3.1, all

other coalitions in that self-enforcing stable set must be payoff-equivalent to M . Thus, if M

were not Pareto efficient, all stable coalitions would be Pareto dominated by some unstable

coalition M ′. But once M ′ were proposed as an outcome of the game, every player would

unanimously accept it. The external stability condition then implies that M ′ must be stable,

yielding a contradiction. In equilibrium, all players agree on a particular Pareto efficient

coalition as the (effectively) unique possible outcome of the game.

19If transfers were costlessly enforceable, it is well known that the fully efficient outcome can be stable (see,
for example, Okada (2023)). Under such conditions, our framework would identify the grand coalition as the
unique stable structure, as surplus redistribution allows it to Pareto-dominate any fragmented arrangement.
We note that, once transfers are allowed, each coalition structure corresponds to a continuum of payoff
outcomes (each determined by a particular transfer arrangement), thereby expanding the space of reduced-
form payoffs. Consequently, the self-enforcing stable set under enforceable transfers would consist of all
payoff vectors implementable within the grand coalition.
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One might suspect that the Pareto efficiency in Theorem 3.1 is a direct consequence of

the unanimity embedded in the internal stability condition (the right arrow in condition (8)).

That is not the case. The primary role of internal stability is to ensure that any stable set

is effectively singleton, which by itself does not imply efficiency. It is instead the external

stability condition that requires stable outcomes to be Pareto efficient.20 A grossly inefficient

outcome would invite the expectation that a Pareto-dominating alternative will eventually

be proposed, thereby destabilizing the inefficient state. This filtering process continues until

all Pareto improvements have been exhausted. A key insight from Theorem 3.1 is therefore

that, in self-enforcing settings, the consistency of farsighted beliefs is crucial for restoring

the efficiency suggested by the Coase theorem.21

3.2 Relation to prior work

The literature has long sought to establish a connection between stability and efficiency.

Typically, the logic for stabilizing efficient outcomes involves a form of coalition breakdown:

defections are deterred by the threat of triggering unfavorable fragmentation, or efficient out-

comes indirectly dominate inefficient alternatives through a temporary agreement collapse.

While powerful, such mechanisms are inherently model-specific, making general insights

difficult to obtain. Our approach provides a distinct logic for efficiency. Focusing on self-

enforcing settings and endogenizing players’ expectations as probabilistic beliefs, we show

that efficiency follows directly from general consistency requirements imposed on equilibrium

beliefs. Internal stability—no stable outcome is dominated in expectation by the set of stable

outcomes—forces beliefs to converge on a single endpoint, whereas external stability—any

unanimously preferred outcome must itself be considered stable—rules out the expectation

of inefficient stable outcomes. Together, these forces deliver an exact equivalence between

stability and constrained efficiency without relying on model-specific structures.

To put this result in context, we contrast it with two prominent approaches that also

link stability with efficiency in games with externalities.

Sequential bargaining with irreversible commitments

A key approach in the literature is the sequential bargaining framework of Ray and Vohra

(1999, 2001). In their framework, coalition formation is modeled as an extensive-form game

with irreversible commitments. Players negotiate sequentially, and once a player commits to

a singleton coalition (becoming a free rider), that player permanently exits the negotiation.

The remaining players then continue bargaining exclusively among themselves. This irre-

20To be more precise, both internal and external stability act together. The unanimity condition of
internal stability plays an indirect role by ruling out the possibility that two or more distinct coalitions are
simultaneously stable. Without it, external stability alone would not be able to eliminate inefficiency.

21We reiterate that our payoff functions can incorporate transaction costs. We are interested in the
settings where the stakes are sufficiently high to overcome such frictions.
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versibility allows the use of backward recursion to characterize a unique equilibrium coalition

structure.

Their results show that equilibrium inefficiency is bounded, and full efficiency can some-

times be attained, depending on the total number of players. In their framework, efficiency

is achieved through deterrence: a player considering defecting from the grand coalition an-

ticipates that the remaining players may continue to fragment, potentially resulting in a

highly inefficient coalition, reducing the defector’s payoff below the grand coalition’s payoff.

This threat is credible when the process is irreversible: once the first player leaves, form-

ing the grand coalition becomes impossible. Consequently, smaller coalitions are evaluated

only against the restricted set of outcomes still achievable, allowing even Pareto inefficient

outcomes to serve as credible threats.

Our framework operates through a fundamentally different mechanism. Since participa-

tion is non-binding, the threats of triggering the process to end up with highly inefficient

outcomes are no longer credible. Instead, defection is deterred by its futility. As shown in

Lemma 3.1, internal stability requires beliefs to concentrate on an effectively unique stable

endpoint. Thus, once an equilibrium belief emerges, any deviation is perceived as pointless,

as players have no rational basis to expect a better eventual outcome. While the sequential

bargaining framework of Ray and Vohra (1999, 2001) is suited to structured environments

with strong commitment technologies, our belief-based approach applies to unstructured

negotiations where agreements must be self-enforcing.

Farsighted stability with optimistic deviations

Another point of comparison is the work of Diamantoudi and Xue (2007) and Diamantoudi

and Sartzetakis (2015), who study environments closer to ours, characterized by open-ended

negotiations. Extending the notion of equilibrium binding agreement of Ray and Vohra

(1997), they employ vNM stable sets based on indirect dominance. In their framework,

a coalition is unstable if there exists any sequence of deviations that ultimately benefits

all players involved in the reaction chain. This approach resolves strategic uncertainty by

assuming optimism: a deviation is considered viable if at least one favorable path exists.

Under this criterion, a constrained- or fully efficient agreement can be sustained if play-

ers can optimistically foresee a multi-step path leading back to the efficient outcome from

any inefficient alternative. Such paths often involve a temporary, coordinated collapse of

cooperation. For instance, members of an existing coalition might strategically defect, ei-

ther simultaneously or sequentially, to unravel the inefficient status quo, thereby creating

incentives for free riders to join a new, more efficient coalition. The credibility of such

paths, however, is highly model-specific. In fact, as Diamantoudi and Xue (2007) show with

counterexamples, this approach can also admit inefficient equilibria, even when transfers are

permitted.
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Our approach offers a different resolution to strategic uncertainty. Instead of assuming

optimism and tracing specific deviation paths, we endogenize expectations as equilibrium

beliefs over the set of stable endpoints. Efficiency arises not from the threat of a temporary

collapse, but from general consistency requirements on these beliefs. Thus, while their stud-

ies characterize what can be stable under optimistic expectations, our self-enforcing stable

sets identify what must be stable when expectations themselves are part of the equilibrium.

3.3 Applications

We now examine self-enforcing stable sets in the two examples introduced in Section 2.1.

These examples represent common frameworks in the literature on international environ-

mental agreements, especially those addressing climate change. For comparison, we also

characterize the one-shot stable sets frequently analyzed in this literature.

Isoelastic payoff

For the isoelastic payoff specification in Example 1, the reduced-form payoff function is

given by equation (1). The quadratic cost case (γ = 2) is widely applied in the literature.

Karp and Sakamoto (2021) characterize the one-shot stable sets for general isoelastic cost

convexities. In particular, they find the following.

Proposition (Karp and Sakamoto, 2021). The one-shot stable set in Example 1 is

M = {M ∈ N | |M | = mγ} ,

where mγ is an integer satisfying mγ = 3 for γ = 2 and mγ = 2 for γ > 2.

The one-shot stability concept determines a unique coalition size, but not the identity of

the members. We observe that (i) the size of stable coalitions, mγ, is independent of the total

number of players, n, and that (ii) these coalitions are very small and the resulting allocation

is highly inefficient for large n. Applied to climate change agreements, this solution concept

predicts that, of approximately 200 nation-states, only two or three will participate in the

final agreement.

By contrast, the self-enforcing stable sets in this example are sensitive to the number of

players and the associated predictions are much less pessimistic.

Proposition 3.1. The set of self-enforcing stable sets in Example 1 is

C =
{
M̃ ⊂ N | |M | > zγ(n)

}
, (9)

where the minimal participation threshold zγ(n) ∈ (1, n) is the unique positive root of

n
γ

γ−1 − n− 1

γ
n

γ
γ−1 = z

γ
γ−1 − z − 1

γ
(10)
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for a given number of players n and cost convexity parameter γ. The minimal participa-

tion threshold zγ(n) and the corresponding minimal membership share rγ(n) := zγ(n)/n are

both increasing in n. As the number of players grows, the membership share converges to

limn→∞ rγ(n) = (1− 1/γ)1−1/γ. Moreover, for n ≥ 12, both zγ(n) and rγ(n) increase in the

abatement cost convexity γ.

For the linear-quadratic model (γ = 2), the threshold has a closed-form expression

z2(n) =
1+
√

1+2(n−1)2

2
, and the asymptotic minimal membership share is 1/

√
2 ≈ 0.707.

The inequality in equation (9) reflects Theorem 3.1, specialized to this symmetric free-

rider environment. In any self-enforcing stable set, a coalition must give every player at least

as much as she expects to get by triggering renewed negotiations. Because our payoffs depend

only on coalition size, this expected-deviation condition reduces to a simple comparison of

payoffs in the grand coalition and free-riding on a smaller coalition. In this example, each

self-enforcing stable set is a singleton.

A coalition is self-enforcing stable if and only if it has strictly more than zγ(n) members,

formally ⌊zγ(n)⌋+1, where ⌊z⌋ = max{k ∈ N | k ≤ z} is the floor function.22 The threshold

zγ(n) depends on the number of players, n, as illustrated in Figure 2. The left panel in

the figure plots the minimal size of stable coalitions, ⌊zγ(n)⌋ + 1, whereas the right panel

plots the minimal membership share, zγ(n)/n, both as functions of n. For the common

linear-quadratic model, the minimal membership share converges to 1/
√
2 ≈ 0.707; thus, as

the number of players grows large, at least 70% of them must participate for a coalition to

be stable. This finding contrasts sharply with the predictions of one-shot stability, where a

stable coalition has at most three members, irrespective of the total number of players in

the game.

The reasoning behind the contrasting predictions is revealing. In the one-shot framework,

stability requires that the payoff from free riding be small enough to deter myopic members

from defecting, a condition rarely met when externalities are substantial. Consequently,

one-shot stability contains free riding only when it is not a major concern to begin with.

In our framework, by contrast, stability for any non-grand coalition requires that free

riders earn sufficiently large payoffs. If a coalition fails to provide such benefits, all players

would unanimously prefer a more efficient alternative, such as the grand coalition. The

recognition that the grand coalition can be a stable alternative then destabilizes an inefficient

status quo. As the number of countries and/or the magnitude of the externality increases,

the payoffs to cooperation increase, and countries will also require higher payoffs as outsiders.

This logic is formalized in equation (10), where the left side represents the payoff to a member

of the grand coalition, and the right side the payoff to a free rider on a coalition of size z.

As n increases on the left side, z must increase on the right side as well; larger gains from

22Similarly, we denote the ceiling function (the smallest integer greater than or equal to z) by ⌈z⌉, which
we use later.
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Figure 2: Minimal self-enforcing stable coalition size ⌊zγ(n)⌋ + 1 (left) and participation
rate zγ(n)/n (right) as functions of the number of players n for different values of the cost
convexity γ in Example 1. The depicted minimal coalition size is also the unique second-
order stable coalition size (see Section 4).

full cooperation require that the minimal stable coalition size rise to ensure high enough

payoffs to free riders.23

Figure 2 also shows that higher cost convexity γ leads to greater participation. Propo-

sition 3.1 establishes this observation as a general result for n ≥ 12.24 When marginal

abatement costs rise more steeply, the socially optimal abatement level falls, reducing the

required abatement effort, which lowers the membership cost of the grand coalition relative

to free riding.25 Consequently, to compete with the relatively higher net benefits of full

cooperation, non-member payoffs must be larger to prevent Pareto domination, which in

turn requires a higher threshold for the stable coalition size. Again, this result stands in

stark contrast to the prediction from the one-shot stable set, where more convex costs imply

reduced participation.

23Large free-riding benefits do not induce defections because farsighted members recognize that any free-
rider status gained from deviating would be merely transient and that there is no rational basis for expecting
a better outcome than the current arrangement.

24The requirement n ≥ 12 is sufficient, but not necessary. Numerical computations indicate that the
statement is true for all n ≥ 8.

25The effect is visible in equation (10), where the terms 1
γn

γ
γ−1 and 1

γ represent the abatement costs for
grand coalition members and free riders, respectively. Both cost terms decrease in γ, but the reduction
is greater for grand coalition members, especially for large n, because of the additional abatement. The
increasing γ in the exponent of n

γ
γ−1 reflects higher costs due to stronger convexity, whereas the decreasing

(and dominating) 1
γ−1 captures the reduction in the optimal abatement target induced by the cost increase.
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Figure 3: Minimal coalition size ⌊n− ln(n)⌋+ 1 (left) and participation rate (n− ln(n))/n
(right) as functions of the number of players n in Example 2. The depicted minimal coalition
size is also the unique second-order stable coalition size (see Section 4).

Logarithmic payoff

In Example 2, the one-shot stable set gives an even more pessimistic outlook and the self-

enforcing stable sets are even easier to characterize.

Proposition 3.2. In Example 2 with reduced-form payoffs given by equation (2), a) the

unique one-shot stable set is

M = {M ∈ N | |M | = 2} ;

b) the set of self-enforcing stable sets is

C =
{
M̃ ⊂ N | |M | > n− ln(n)

}
,

where the minimal size of stable coalitions is strictly increasing in n.

One-shot stability suggests that only two players can participate in a stable coalition,

no matter how many players exist in the game. On the other hand, similarly to Example 1

in Proposition 3.1, self-enforcing stability gives rise to a much more optimistic prediction.

A coalition is self-enforcing stable if and only if its size is greater than a threshold value,

n − ln(n), eliminating excessively inefficient outcomes. Figure 3 depicts the minimal size

of stable coalitions, ⌊n − ln(n)⌋ + 1, and the minimal participation rate, 1 − ln(n)
n

, both of

which increase as the number of players grows.

A notable result from this particular specification is that the minimal participation rate

converges to 1 for n → ∞. This result follows from the model’s structure: while the
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damages from pollution are linear, the utility from emissions is logarithmic. To be more

precise, coalition M is self-enforcing stable if and only if

ln(1/ξ) + |M | > ln(1/(ξn)) + n,

which requires that the payoff to a free rider (left side) be greater than the payoff to a

member of the grand coalition (right side). Relative to free riders, members of the grand

coalition benefit more from avoided pollution (n > |M |), but at the cost of reduced con-

sumption (1/(ξn) < 1/ξ). As the number of players, n, increases, the benefits of forming

the grand coalition rise linearly, whereas the utility gain from free riding grows only log-

arithmically. Consequently, the minimal share of coalition members must grow such that

free-riding benefits can still compete with cooperation benefits. To illustrate the speed of

this convergence, we consider the case of n = 195 countries, as in international climate

negotiations. In this scenario, the minimal membership share is already very close to 1,

requiring that at least 97% of potential participants become members. This figure aligns

closely with the observed participation rate of the Paris Agreement on Climate Change,26

demonstrating the empirical relevance of our solution concept.

4 General free-rider games and equilibrium refinement

The preceding applications show that our solution concept yields empirically plausible

predictions. A potential limitation is that it may admit a large set of stable outcomes.

This multiplicity can be interpreted as a second-order coordination problem: when several

constrained-efficient endpoints are self-enforcing, parties may have incentives to engage in

strategic positioning that affects which endpoint becomes focal. The present section ad-

dresses this issue by introducing a refinement mechanism that restricts the set of equilibria

and delivers sharper theoretical predictions. We demonstrate the implications of this refine-

ment by introducing a general class of symmetric free-rider games, for which we characterize

the self-enforcing stable sets before and after applying the refinement.

4.1 Second-order stability

To capture additional considerations that can help narrow down the set of likely equilibria,

we consider a meta-game. The meta-game is played on the set of self-enforcing stable

coalitions, and we select its solutions by applying vNM stability. We denote by C the

26As of August 2025, 192 of the 195 countries (98.5%) have ratified the Paris Agreement. This figure
includes Niue and the Cook Islands, which are self-governing states in free association with New Zealand.
Looking only at UN member states (excluding Niue and the Cook Islands), 190 of 193 countries, or 98.4%,
have ratified. If all parties to the United Nations Framework Convention on Climate Change (UNFCCC)
are counted, including the European Union, the Holy See, and the State of Palestine, the total comes to 195
of 198, also 98.5%. The United States is expected to withdraw from the agreement in 2026.
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collection of all self-enforcing stable sets. By Theorem 3.1, each element of C is of the form

M̃ with M ∈ N Pareto efficient. Definition 4.1 extends von Neumann and Morgenstern’s

(1944) dominance relation from a subset of coalitions, M ⊂ N , to a subset of self-enforcing

stable sets, A ⊂ C .

Definition 4.1 (Dominated set of coalitions.). A self-enforcing stable set M̃ ∈ C is dom-

inated by a set A ⊂ C of self-enforcing stable sets (A -dominated) if there exists M̃ ′ ∈ A

such that M is M ′-dominated.

Second-order stability is simply the application of the classic von Neumann and Morgen-

stern’s (1944) solution concept to the meta-game played over the collection of self-enforcing

stable sets, C .

Definition 4.2 (Second-order stability). A nonempty subset A ⊂ C of self-enforcing stable

sets is second-order stable if

M̃ ∈ A ⇐⇒ M̃ is not A -dominated. (11)

The right arrow in condition (11), which we call the second-order internal stability condi-

tion, requires that no second-order stable solution of the meta-game should be dominated by

another second-order stable solution. The second-order external stability condition, which is

the left arrow in condition (11), requires that every second-order unstable outcome should

be dominated by some second-order stable outcome.

4.2 Symmetric free-rider games

We noted in Section 2.2 that vNM stable sets, when applied to the entire outcome space,

are often hard to characterize and may fail to exist. When vNM stability is applied to the

meta-game over self-enforcing stable sets, neither of these issues arises in a large class of

symmetric free-rider games. Moreover, our analysis of this class of games illustrates how

second-order stability sharpens predictions by eliminating overly optimistic outcomes.

Our symmetric free-rider games capture the defining features of public good provision.

On the one hand, enlarging a coalition benefits all players. On the other hand, each indi-

vidual has an incentive to free ride on the efforts of others.

Assumption 1. Players’ reduced-form payoff functions are symmetric and satisfy the fol-

lowing conditions. Let M ⊂ M ′ with |M | < |M ′|. Then,

ui(M
′) > ui(M)︸ ︷︷ ︸

member payoff

, uj(M
′) ≥ uj(M)︸ ︷︷ ︸

non-member payoff

for all i ∈ M and j /∈ M ′ (12)
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and

ui(M) ≤ uj(M)︸ ︷︷ ︸
free-riding incentive

for all i ∈ M and j /∈ M. (13)

The first inequalities in condition (12) assert that both coalition members and free riders

are better off when the coalition is larger. Condition (13) requires that, for a given coali-

tion, a free rider is weakly better off than a member. Both of our earlier examples satisfy

Assumption 1.

Theorem 4.1. Under Assumption 1, there exists an integer m⋆ such that a) the set of

self-enforcing stable sets is

C =
{
M̃ ⊂ N | |M | ≥ m⋆

}
;

b) a nonempty subset A ⊂ C of self-enforcing stable sets is second-order stable if and only

if

A =
{
M̃ ∈ C | |M | = m⋆

}
.

Part a) of Theorem 4.1 generalizes Propositions 3.1 and 3.2. A non-grand coalition

in the symmetric free-rider game is Pareto efficient if and only if the free-riders’ payoff is

high enough to prevent Pareto domination by the grand coalition. Because the free-riding

incentive increases with the size of a coalition, a coalition is Pareto efficient if and only if

its size is greater than some threshold m⋆. In Examples 1 and 2, m⋆ is ⌊zγ(n)⌋ + 1 and

⌊n− ln(n)⌋ + 1, respectively. As in these examples, the general case also suggests that the

class of self-enforcing stable coalitions can be large. In particular, the grand coalition is

always self-enforcing stable, which might appear overly optimistic.

Part b) of the theorem characterizes the second-order stable outcomes of the games.

Second-order stability pins down a unique coalition size, just as one-shot stability does. In

contrast to one-shot stability, however, it predicts a Pareto efficient coalition that has just

enough members—and thus provides just enough benefits to free riders—to avoid Pareto

domination by the grand coalition. By selecting precisely the smallest coalition size that

yields a (constrained) Pareto efficient outcome, second-order stability introduces a degree of

pessimism to the otherwise optimistic predictions of the self-enforcing stability. In Exam-

ples 1 and 2, the sizes and the participation rates of the second-order stable coalitions are

precisely those graphed in Figures 2 and 3.

5 Coalition structures

So far, we have assumed that players either free ride or join a single coalition. The present

section extends the model to allow multiple coalitions to coexist.
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5.1 Setting and general results

LetN be the set of all partitions ofN . Each partitionM ∈ N represents a possible coalition

structure, and |M | denotes the number of coexisting coalitions in M . When |M | = L, for

example, M consists of L disjoint subsets that partition N , i.e., M = {M1,M2, . . . ,ML}
such that ∪L

l=1Ml = N and Ml ∩Mk is empty for all k ̸= l. The elements M1,M2, . . . ,ML

are coexisting coalitions under M , and every player belongs to exactly one of them. In this

framework, what we previously termed a free rider corresponds to a member of a singleton

coalition. As before, ui : N → R represents the payoff of player i ∈ N under each possible

coalition structure, and we writeM ∼ M ′ ifM andM ′ are payoff-equivalent for all players.

We use N := {N} to denote the grand coalition structure.

Example 1∗. Generalizing the isoelastic payoff model (Example 1) to the setting with

multiple coalitions, we find that player i in any given coalition Ml chooses the emission

level gi = ḡi − (|Ml|ξ)1/(γ−1). The resulting reduced-form payoff to a member of Ml under

coalition structure M (derived in Appendix C.2) is

ui(M ) = ξ
γ

γ−1

(∑
M∈M

|M |
γ

γ−1 − 1

γ
|Ml|

γ
γ−1

)
− ξ

∑
j∈N

ḡj ∀i ∈ Ml. (14)

The payoff function coincides with equation (1) if |Mk| = 1 for all k ̸= l.

Example 2∗. When the logarithmic payoff model (Example 2) is generalized to the present

setting, members of a coalition Ml ∈ M choose gi = 1/(|Ml|ξ) and obtain the following

reduced-form payoff (see Appendix C.2 for details):

ui(M) = − ln(ξ)− ln(|Ml|)− |M | ∀i ∈ Ml. (15)

This payoff function coincides with equation (2) if |Mk| = 1 for all k ̸= l.

Assumptions, Definitions, and Theorem 3.1 from the single-coalition setting extend di-

rectly to the setting with multiple coexisting coalitions: we simply replace coalitions M with

coalition structures M , sets of coalitions M with sets of coalition structures M, and the

set of all coalitions N with the set of all coalition structures N .

Definition 5.1 (p-domination). Given a belief p : M → (0, 1], a coalition structure M is

p-dominated if there exists i ∈ N such that Epui(·) > ui(M).

Definition 5.2 (Self-enforcing stable set). A nonempty subset M ⊂ N of coalition struc-

tures is a self-enforcing stable set if there exists a belief p : M → (0, 1] such that:

M ∈ M ⇐⇒ M is not p-dominated.

25



Theorem 5.1. A subset M ⊂ N is a self-enforcing stable set if and only if there exists a

Pareto efficient coalition structure M such that M = M̃ := {M ′ ∈ N | M ′ ∼ M}. There
always exists a self-enforcing stable set.

Self-enforcing stable sets remain effectively singleton and Pareto efficient. In light of

Theorem 5.1, we take the liberty of referring to a coalition structure M ∈ M̃ as a self-

enforcing stable coalition structure, rather than referring to the effectively singleton set.

5.2 One-shot stable sets

For comparison, we also characterize one-shot stable sets in the multi-coalition setting.

When multiple coalitions can coexist, a unilateral deviation by a single player can induce sev-

eral coalition structures. Suppose, without loss of generality, that the current coalition struc-

ture is M = {M1, . . . ,ML} and player i belongs to coalition Ml for some l ∈ {1, 2, . . . , L}.
If player i leaves Ml, there are L possible outcomes, depending on his or her destination.

One possibility is that player i forms a singleton coalition, yielding M ′ = {M1, . . . ,Ml \
{i}, . . . ,ML, {i}}. Alternatively, player i may join another coalition Mk with k ̸= l, in which

case the resulting coalition structure is M ′ = {M1, . . . ,Ml \ {i}, . . . ,Mk ∪ {i}, . . .ML}. If

Ml \ {i} is empty, it is removed from the partition. We denote the set of all such potential

coalition structures resulting from player i’s deviation by M o(i) ⊂ N . With this notation,

we can extend the definition of one-shot stability based on neighbor-domination.

Definition 5.3 (Neighbor-domination). Given a coalition structure M ∈ N , let M o :

N ⇒ N be the correspondence that yields, for each player i ∈ N , the set of all coalition

structures emerging when that player changes membership status. A coalition structure M

is neighbor-dominated if

∃i ∈ N, ∃M ′ ∈ M o(i) such that ui(M
′) ≥ ui(M ),

where we require strict inequality if player i belongs to a (weakly) smaller coalition under

M ′ than under M .27

Definition 5.4 (One-shot stability). A coalition structure M ∈ N is one-shot stable if it

is not neighbor-dominated.

The following proposition provides a complete characterization of the one-shot stable

sets for Examples 1∗ and 2∗.

27To prevent domination cycles, we adopt the following tie-breaking rule for unilateral moves: a player
will switch to a different coalition if the move results in a strictly larger coalition and a weakly higher payoff.
However, a move to a coalition of the same or smaller size requires a strictly positive payoff gain. This
assumption is consistent with the convention used in our single-coalition analysis.
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Proposition 5.1. In Examples 1∗ and 2∗, one-shot stable coalition structures take the fol-

lowing form. For Example 1∗ with γ = 2, a coalition structure M is one-shot stable if and

only if every coalition in M has two or three members. In all other cases, M is one-shot

stable if and only if it contains at most one singleton coalition and all remaining coalitions

have exactly two members.

Just as in the single-coalition setting, a one-shot stable coalition structure M in the

multi-coalition setting is tightly constrained. For both Example 1∗ with γ > 2 and Exam-

ple 2∗, the structure is particularly simple: if n is even, every coalition in M has exactly

two members; if n is odd, M includes one singleton coalition and all other coalitions have

two members. For Example 1∗ with γ = 2, every coalition in M contains either two or three

members. These results highlight three key features of one-shot stability. First, large coali-

tions remain unstable, as allowing for multiple coexisting coalitions does not increase the

size of stable coalitions. This limitation is a direct consequence of myopic expectations: each

coalition must independently withstand its members’ short-sighted incentives for unilateral

deviation. Second, the equilibrium structure is highly fragmented: negotiations among n

players result in at least ⌊n/m⌋ coexisting coalitions, where m is two or three. Third, co-

existing coalitions must be of similar size, with size differences not exceeding one. When

coalitions with asymmetric sizes coexist, players in the larger coalition have an incentive to

switch to the smaller one, myopically expecting that everyone else stays put. Applied to cli-

mate negotiations with 200 countries in Example 2∗, one-shot stability in the multi-coalition

setting predicts that the outcome would be 100 two-country coalitions.

5.3 Self-enforcing stable sets

In contrast to one-shot stability, self-enforcing stable sets produce markedly different (and

arguably more plausible) predictions for the same examples.

Proposition 5.2.

a) Possible full efficiency: The grand coalition, N ∈ N , is self-enforcing stable in both

Examples 1∗ and 2∗.

b) Limited fragmentation: Any self-enforcing stable coalition structure M satisfies

1. |M | < n− zγ(n) + 1 in Example 1∗, where zγ(n) is the positive root of equation (10).

2. |M | < ln(n) + 1 in Example 2∗.

c) Asymmetric coalition size: If M is self-enforcing stable, any two distinct coalitions

M,M ′ ∈ M with |M ′| ≥ |M | must satisfy:

1. |M ′| > 1
ϕγ
|M | in Example 1∗, where ϕγ ∈ (0, 1) is the unique root solving

γ
γ−1

= (ϕ+ 1)
γ

γ−1 − ϕ
γ

γ−1 .
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Figure 4: Maximal number of coalitions for stable coalition structures (left) and minimal
equilibrium efficiency ratio (right), both based on Example 2∗.

2. |M ′| > (e− 1)|M | in Example 2∗, where e is Euler’s number.

Part a) points out that full cooperation, i.e., the grand coalition, remains a self-enforcing

stable outcome of the game. The remainder of Proposition 5.2 characterizes the structure of

less efficient self-enforcing stable outcomes (constrained efficient outcomes). In the present

context, inefficiency arises from fragmentation: members of coexisting coalitions fail to in-

ternalize the externalities they impose on other coalitions. Part b) of the proposition derives

an upper bound on the equilibrium number of coexisting coalitions, |M |. In Example 2∗,

for instance, a stable coalition structure cannot contain more than ⌈ln(n)⌉ coalitions—at

most four coalitions for n = 50, five for n = 100, and six even for n = 400. We note that

(i) any individual free rider is counted as a “coalition” in this setting, so our results strictly

limit the number of players who can free ride in any stable outcome; and (ii) the theoretical

upper bound, ⌈ln(n)⌉, is not always tight; the left panel of Figure 4 contrasts it with the

numerically computed maximal number of coalitions, which is often lower.

This result is driven by a general mechanism that extends beyond these examples. For a

fragmented coalition structure to persist, some player must have a strong enough incentive to

resist eliminating the fragmentation. For instance, when a few players form a small coalition

and the remaining players form a much larger one, the smaller group benefits from this

fragmentation and would oppose a merger into the grand coalition. This benefit diminishes,

however, when the larger coalition splits into smaller coalitions and the structure becomes

more fragmented. With sufficient fragmentation, no player would benefit from maintaining

it, and therefore such a highly fragmented structure cannot be perceived as a long-term stable

outcome under rational foresight. Equilibrium fragmentation, and its associated inefficiency,

can arise only when it delivers sufficiently large benefits to some players.
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To quantify the inefficiency that can arise in equilibrium, we define an efficiency measure

for coalition structures. LetM0 denote the least efficient coalition structure where all players

are free riding (|M0| = n). The efficiency measure of coalition structure M is then defined

as the ratio
∑

i

(
ui(M)−ui(M0)

)
∑

i

(
ui(N)−ui(M0)

) . This is a utilitarian measure that captures the welfare gain

achieved by M relative to the maximized welfare gain achieved by the grand coalition.28 We

compute this efficiency ratio for every stable coalition structure in Example 2∗. The right

panel of Figure 4 plots, for each n, the minimal equilibrium efficiency ratio, illustrating the

worst-case (in)efficiency for each given number of players. In this example, the equilibrium

efficiency ratio generally increases with the number of players. Notably, it remains above

0.9 for n ≥ 20, indicating that inefficiency due to fragmentation is quite limited.

Part c) of the proposition analyzes the composition of stable coalition structures. In

contrast to the predictions of one-shot stability, asymmetry among coexisting coalitions

is not only possible but also necessary for self-enforcing stability. Any stable fragmented

structure requires a player who benefits from the existing fragmentation—and such a player

exists only under a sufficient size asymmetry. If a coalition structure contains two coalitions

of similar size, members of neither coalitions can effectively free ride on the other; merging

them would constitute a Pareto improvement.29 Accordingly, players do not expect similarly-

sized coexisting coalitions to arise in any stable negotiation outcome. In Example 2∗, for

instance, any two coexisting coalitions in a stable structure must differ in size by a factor of

at least e− 1 ≈ 1.72.

The inequalities established in part c) of Proposition 5.2 are only necessary conditions,

providing a minimum degree of asymmetry required for self-enforcing stability. Actual

equilibrium coalition structures can, and often do, exhibit even greater asymmetry. Ta-

ble 3 lists the stable coalition structures of Example 2∗ for selected values of n, where

we use {|M1|, |M2|, . . . , |ML|} as the numeric representation of a coalition structure M =

{M1,M2, . . . ,ML}. Because players in Example 2∗ are symmetric, if M is self-enforcing

stable, any coalition structure with the same numeric representation as M is also self-

enforcing stable. For n = 5, only {5} (grand coalition) and {1, 4} are stable coalition

structures, meaning at most a single player can free ride. For n = 200, numerous coalition

structures are stable, but even in the least efficient structure, {1, 2, 5, 192}, over 95% of

the players belong to a single coalition, while the remaining players form small coexisting

coalitions. This theoretical prediction—a near-universal agreement coexisting with a small,

fragmented fringe—aligns remarkably well with observed patterns of international coop-

28This efficiency measure is invariant under affine utility transformations, but not under general monotone
transformations (analogous to the Arrow-Pratt measures of risk aversion).

29Although members of the merged coalition face higher abatement burdens, the benefits from reduced
pollution more than offset the additional abatement costs. Note that this collective rationale for merging
also exists under one-shot stability, where members of two-player coalitions would all benefit if they could
merge into a four-player coalition. However, the resulting coalition is not stable because short-sighted players
would have an incentive to unilaterally defect, expecting to free ride on the remaining three-player coalition.
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Table 3: Set of all self-enforcing stable coalition structures in Example 2∗

n {|M1|, |M2|, . . . , |ML|}

3 {3}, {1, 2}∗

4 {4}, {1, 3}∗

5 {5}, {1, 4}∗

10 {10}, {1, 9}, {2, 8}, {3, 7}, {1, 2, 7}∗

20 {20}, {1, 19}, {2, 18}, {3, 17}, {1, 2, 17}∗, {4, 16}, {1, 3, 16}, {5, 15}, {1, 4,
15}, {6, 14}, {1, 5, 14}, {2, 4, 14}, {7, 13}, {1, 6, 13}, {2, 5, 13}

35 {35}, {1, 34}, {2, 33}, {3, 32}, {1, 2, 32}∗, {4, 31}, {1, 3, 31}, {5, 30}, {1, 4,
30}, {6, 29}, {1, 5, 29}, {2, 4, 29}, {7, 28}, {1, 6, 28}, {2, 5, 28}, {8, 27}, {1,
7, 27}, {2, 6, 27}, {9, 26}, {1, 8, 26}, {2, 7, 26}, {3, 6, 26}, {10, 25}, {1, 9,
25}, {2, 8, 25}, {3, 7, 25}, {11, 24}, {1, 10, 24}, {2, 9, 24}, {3, 8, 24}, {4, 7,
24}, {12, 23}, {1, 11, 23}, {2, 10, 23}, {3, 9, 23}, {4, 8, 23}, {1, 12, 22}, {2,
11, 22}, {4, 9, 22}

50 {50}, {1, 49}, {2, 48}, {3, 47}, {1, 2, 47}, {4, 46}, {1, 3, 46}, {5, 45}, {1, 4,
45}, {6, 44}, {1, 5, 44}, {2, 4, 44}, {7, 43}, {1, 6, 43}, {2, 5, 43}, {8, 42}, {1,
7, 42}, {2, 6, 42}, {1, 2, 5, 42}∗, {9, 41}, {1, 8, 41}, {2, 7, 41}, {3, 6, 41}, {10,
40}, {1, 9, 40}, {2, 8, 40}, {3, 7, 40}, {11, 39}, {1, 10, 39}, {2, 9, 39}, {3, 8,
39}, {4, 7, 39}, {12, 38}, {1, 11, 38}, {2, 10, 38}, {3, 9, 38}, {4, 8, 38}, {13,
37}, {1, 12, 37}, {2, 11, 37}, {3, 10, 37}, {4, 9, 37}, {14, 36}, {1, 13, 36}, {2,
12, 36}, {3, 11, 36}, {4, 10, 36}, {5, 9, 36}, {15, 35}, {1, 14, 35}, {2, 13, 35},
{3, 12, 35}, {4, 11, 35}, {5, 10, 35}, {16, 34}, {1, 15, 34}, {2, 14, 34}, {3, 13,
34}, {4, 12, 34}, {5, 11, 34}, {17, 33}, {1, 16, 33}, {2, 15, 33}, {3, 14, 33},
{4, 13, 33}, {5, 12, 33}, {6, 11, 33}, {18, 32}, {1, 17, 32}, {2, 16, 32}, {3, 15,
32}, {4, 14, 32}, {5, 13, 32}, {6, 12, 32}

200 {200}, {1, 199}, {2, 198}, {3, 197}, {1, 2, 197}, . . . , {1, 2, 5, 192}∗, . . . , {2,
25, 47, 126}

Note: ∗ indicates that the coalition structure is the least efficient one for given n.

eration. The Paris Agreement, for instance, features broad participation alongside a few

holdouts, demonstrating the empirical relevance of our theory even when multiple coalitions

can form. Overall, the pattern across all cases in Table 3 reveals that, apart from the grand

coalition, stable structures invariably feature substantial asymmetry, characterized by one

dominant coalition and at most a few small coexisting groups.

These results echo the findings of Ray and Vohra (2001), who analyze coalition forma-

tion in a comparable public goods setting. Their framework, like ours, predicts possible full

efficiency, limited fragmentation, and asymmetric coalition structures in equilibrium. How-

ever, the underlying logic is fundamentally different. To illustrate the distinction, consider

Example 2∗ with n = 4 players. Table 3 shows that both the grand coalition {4} and the

asymmetric structure {1, 3} are self-enforcing stable. By contrast, the solution concept of
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Ray and Vohra (2001), when applied to the same example, predicts that the grand coalition

is the unique equilibrium. The key difference is commitment. In their framework, once a

player chooses to be a free rider and forms a singleton coalition, that player is permanently

locked out, making the grand coalition unattainable thereafter. This commitment power

makes threats of subsequent inefficient fragmentation credible, where the remaining three

players form {1, 2} to yield the final state of {1, 1, 2}. Without commitment, such a threat

is empty because all players would prefer to renegotiate to the grand coalition and, there-

fore, understand that the suggested fragmentation would not be stable. Consequently, in

our framework, where participation is non-binding, inefficient outcomes like {1, 1, 2} cannot

serve as credible deterrents. The logic of (external) stability only eliminates Pareto domi-

nated coalition structures, allowing a structure like {1, 3} to persist as a stable outcome.

6 Conclusions

This paper develops a theory of self-enforcing agreements based on a new solution concept:

the self-enforcing stable set. The concept synthesizes the unilateral deviation logic of non-

cooperative participation games with the farsighted consistency requirement of cooperative

stability. A central methodological innovation is to endogenize players’ beliefs about the

eventual outcomes of negotiations. By treating beliefs as part of equilibrium, we obtain a

simple but powerful implication: negotiations can settle only once expectations concentrate

on an effectively unique endpoint. This consistency requirement on equilibrium beliefs rules

out optimistic free riding, in which defectors rely on others remaining in unstable configura-

tions. As a result, negotiations can converge only after all constrained Pareto improvements

have been exhausted, with any remaining inefficiency reflecting the absence of enforceable

transfers. The mechanism is general and does not rely on model-specific punishment paths,

irreversible commitments, or bargaining protocols.

Applied to canonical models of international environmental agreements, the theory yields

predictions that differ starkly from standard myopic participation games. Whereas one-

shot stability typically implies small and highly fragmented coalitions, self-enforcing stable

sets predict large participation rates that increase with the number of potential signato-

ries. When multiple coalitions coexist, only limited and asymmetric fragmentation can be

stable, yielding a theoretical explanation for core-periphery patterns observed in practice.

In particular, quadratic abatement costs imply participation rates exceeding 70 percent,

and a widely adopted logarithmic specification yields near-universal participation, closely

matching observed outcomes under the Paris Agreement. A second-order refinement fur-

ther sharpens these predictions by selecting the least efficient coalitions among multiple

constrained-efficient outcomes.

In the real world, negotiation tactics often appear short-sighted; withdrawal threats, ex-

emption demands, or aggressive bargaining for special treatment are not uncommon. Within
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our framework, such behavior may arise from strategic positioning over equilibrium selection.

When multiple constrained-efficient outcomes are self-enforcing, parties have incentives to

steer negotiations toward their preferred endpoint, including one that grants them a free-

riding position or implicit compensation. Identifying exactly which actors can successfully

secure such concessions requires a richer model of bargaining power or negotiation protocols,

dimensions we deliberately abstract from in the present framework.
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A Sequential bargaining perspective

This section provides an alternative perspective on our solution concept using a sequential

bargaining game. Following Rubinstein (1982) and Chatterjee et al. (1993), consider a

sequential bargaining process in which a randomly selected player proposes a coalition. If

the proposal is accepted unanimously, the game ends. Otherwise, a new proposer is chosen

by nature, and the game continues. Let πi be the (stationary) probability that player i ∈ N

is selected by nature. These probabilities need not be uniform; we require only that πi > 0

for all i, ensuring that every player has a positive chance to propose. The game has an

infinite time horizon and no discounting. A strategy of player i is a pair (µi, σi), where

µi ∈ N is the coalition that i proposes when selected, and σi : N → {0, 1} specifies i’s

response to others’ proposals. Here, σi(M) = 1 indicates acceptance of coalition M , while

σi(M) = 0 indicates rejection. If the game does not end in a finite number of steps, the

players’ payoffs are given by a disagreement point (di)i∈N . We assume that the disagreement

is the worst-case scenario; that is, di ≤ minM∈N ui(M) for all i ∈ N .

A stationary subgame perfect equilibrium of this game is characterized by a strategy

profile (µi, σi)i∈N such that for each i ∈ N , the choice µi ∈ N solves

max
µ∈N

{∏
j∈N

σj(µ)ui(µ) +

(
1−

∏
j∈N

σj(µ)

)
v̄i

}
(16)

and for each M ′ ∈ N , the acceptance decision σi(M
′) ∈ {0, 1} is given by

σi(M
′) =

1 if ui(M
′) ≥ v̄i

0 otherwise,
(17)

where v̄i denotes the continuation value when a proposal is rejected. If
∏

k∈N σk(µj) = 0 for

all j, no coalition forms and the continuation value becomes v̄i = di. Otherwise, v̄i solves

v̄i =
∑
j∈N

[∏
k∈N

σk(µj)ui(µj) +

(
1−

∏
k∈N

σk(µj)

)
v̄i

]
πj

or equivalently,

v̄i =
∑
j∈N

p(µj)ui(µj), where p(µj) :=

∏
k∈N σk(µj)πj∑

l∈N
∏

k∈N σk(µl)πl

. (18)

Condition (16) requires that each player’s proposal maximize the expected payoff, while

condition (17) ensures that players reject proposals if and only if doing so makes them

strictly better off. Note that, in equilibrium, the function p defined in (18) provides a

micro-foundation of the equilibrium belief we introduced in the definition of self-enforcing
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stable sets. It represents the equilibrium probability that a given coalition eventually forms

when a proposal is rejected.30

The following proposition establishes the equivalence between the set of equilibrium

coalitions in this game and the set of self-enforcing stable sets. Every self-enforcing stable

set can be supported as an outcome of the sequential bargaining process. Conversely, each

equilibrium of the sequential bargaining corresponds to a self-enforcing stable set.

Proposition A.1. The following are equivalent:

1. M is a self-enforcing stable set;

2. there exists an equilibrium strategy profile (µi, σi)i∈N of the sequential bargaining such

that

M = {M ∈ N | M ∼ µj for some j ∈ N and σi(M) = 1 for all i ∈ N} . (19)

Proof. Suppose that M is a self-enforcing stable set. By Theorem 3.1, we know that there

exists a Pareto efficient coalition M ∈ N such that M = {M ′ ∈ N | M ′ ∼ M}. Consider a
strategy profile (µi, σi)i∈N defined by µi ∈ M for all i ∈ N and

σi(M
′) =

1 if ui(M
′) ≥ ui(M)

0 otherwise

for all i ∈ N . Then equality (19) holds. We show that this strategy profile is consistent

with (16) and (17). Since ui(µj) = ui(M) for all j ∈ N , we have v̄i = ui(M) for each i ∈ N ,

which immediately implies that σi is consistent with (17). Also, since M is a Pareto efficient

coalition,

ui(M
′) > v̄i =⇒ uj(M

′) < v̄j for some j ∈ N =⇒
∏
j∈N

σj(M
′) = 0,

implying that µi actually solves (16).

Conversely, suppose that (µi, σi)i∈N is an equilibrium strategy profile of the sequential

bargaining. We show that M defined by (19) is an effectively singleton set containing a

Pareto efficient coalition, which by Theorem 3.1 implies that M is a self-enforcing stable

set. Notice first that M is nonempty because the disagreement point gives the worst payoff

and, thus, at least one proposal is unanimously accepted in equilibrium. Moreover, M
cannot contain distinct coalitions because otherwise there would exist M,M ′ ∈ M such

that ui(M
′) > v̄i > ui(M) for some i ∈ N , which contradicts the fact that σi(M) = 1. It

follows that M = {M ′ ∈ M | M ′ ∼ M} for some M ∈ N and therefore µi ∼ M for all

30If the same coalition is proposed by more than one player, say by j and j′ ̸= j, then the probability
assigned to the coalition is the sum of the individual probabilities: p(µj) + p(µj′).
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i ∈ N . If this M is not a Pareto efficient coalition, there would exist another coalition

M ′ ∈ N that Pareto dominates M (and it thus Pareto dominates µi for all i ∈ N), which

implies that σi(M
′) = 1 for all i ∈ N and ui′(M

′) > v̄i′ for some i′ ∈ N . But this means

that µi′ does not solve (16), a contradiction. Therefore, the set M defined by (19) is a

self-enforcing stable set.

B Heterogeneous beliefs

In the main text we assume that in equilibrium, all players share a common belief over the

set of self-enforcing stable coalitions. Here, we relax this assumption and show how the

common belief can be interpreted as an outcome rather than a premise.

For each player i ∈ N , let pi denote a probability measure on N representing player i’s

belief. We denote the set of coalitions with positive support under pi by Mpi , and write

Epiuj(·) :=
∑

M∈Mpi
pi(M)uj(M), the expected payoff of player j under the belief of player i.

Given the set of all players’ beliefs, the intersection M = ∩i∈NMpi specifies the set of

coalitions that receive strictly positive probability from all players. For this game, we define

self-enforcing stable sets as follows:

Definition B.1 (Self-enforcing stable set). A nonempty subset M ⊂ N is a self-enforcing

stable set if there exists a belief profile (pi)i∈N such that M = ∩i∈NMpi and

M ∈ Mpj ⇐⇒ ui(M) ≥ Epjui(·) ∀i ∈ N (20)

for each j ∈ N .

This definition naturally extends Definition 2.7 introduced in the main text. The right-

arrow in (20) requires internal stability: a coalition can only be believed to be stable by

player j if no one has an incentive to deviate under the belief of player j. The left-arrow (20)

corresponds to external stability: if player j believes that every player weakly prefers a par-

ticular coalition to the expected outcome of defection, then that coalition must be considered

stable by player j. In equilibrium, both the internal and external stability conditions must

hold for all players. This implies that even if we allow players to begin a negotiation process

with different beliefs, they must converge to a common belief in any stable outcome of the

negotiation.

Proposition B.1. If M is a self-enforcing stable set as defined in Definition B.1, the

corresponding equilibrium belief profile (pi)i∈N must satisfy Mpi = M for all i ∈ N . Con-

sequently, the equilibrium outcomes are equivalent to those derived under the common-belief

assumption in Definition 2.7.

Proof. Consider an arbitrary player j ∈ N . Following the same logic as in the common-belief

case, the internal stability condition requires that Mpj cannot contain distinct coalitions
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(see Lemma 3.1). Then, as shown in Theorem 3.1, the external stability condition implies

that Mpj must be the indifference class M̃j for some Pareto efficient coalition Mj. This

Pareto efficient coalition Mj may vary across players. For a self-enforcing stable set to

exist, however, the intersection ∩j∈NMpj must be nonempty. This is possible only if the

indifference class that each player believes to be stable is identical, i.e., Mj ∼ Mk for all

j, k ∈ N . Therefore, in equilibrium, all players must share a common belief.

What plays an important role here is the requirement that the intersection ∩i∈NMpi must

be nonempty in equilibrium. On its own, this condition does not imply belief convergence; it

merely ensures that all players assign positive probability to at least one common outcome.

This is arguably the minimal requirement for a belief profile to constitute an equilibrium,

as any outcome of the negotiation would otherwise contradict the belief of at least one

player. When this basic requirement is combined with the internal and external stability

conditions, it implies that players’ beliefs must converge. We emphasize that our approach

does not characterize how such convergence occurs. The details of that process are likely

context-dependent and would differ across negotiation environments.

C Details governing payoffs in the examples

C.1 Payoff structures in Examples 1 and 2

Example 1. Consider any coalition M ∈ N . A free-riding player i /∈ M accounts for only

private damages from emissions and solves

max
gi

{
−1

γ
(ḡi − gi)

γ − ξ
∑
j∈N

gj

}
,

leading to the first order condition

(ḡi − gi)
γ−1 − ξ = 0 =⇒ gi = ḡi − ξ

1
γ−1 ,

which satisfies 0 ≤ gi ≤ ḡi as we assume ḡi ≥ n
1

γ−1 ξ
1

γ−1 . On the other hand, a member i ∈ M

of the coalition internalizes the damages to the other members and solves

max
gi

{
−1

γ
(ḡi − gi)

γ −
∑
k∈M

ξ
∑
j∈N

gj

}
,

leading to the first order condition

(ḡi − gi)
γ−1 − |M |ξ = 0 =⇒ gi = ḡi − (|M |ξ)

1
γ−1 ≥ 0. (21)
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Hence, the |M | coalition members each emit ḡi− (|M |ξ)
1

γ−1 and the n−|M | free riders each
emit ḡi − ξ

1
γ−1 . Inserting this result back into the payoffs of the free riders implies

ufree(M) = −1

γ

(
ḡi −

(
ḡi − ξ

1
γ−1

))γ
− ξ

( ∑
j∈N\M

(
ḡj − ξ

1
γ−1

)
+
∑
j∈M

(
ḡj − (|M |ξ)

1
γ−1

))
= −1

γ

(
ξ

1
γ−1

)γ
− ξ

∑
j∈N

ḡj + ξ
(
(n− |M |)ξ

1
γ−1 + |M ||M |

1
γ−1 ξ

1
γ−1

)
= −1

γ
ξ

γ
γ−1 − ξ

∑
j∈N

ḡj +
(
n− |M |+ |M |

γ
γ−1

)
ξ

γ
γ−1

and similarly for members of the coalition

umember(M) = −1

γ

(
ḡi −

(
ḡi − (|M |ξ)

1
γ−1

))γ
− ξ

∑
j∈N

ḡj +
(
n− |M |+ |M |

γ
γ−1

)
ξ

γ
γ−1

= −1

γ
|M |

γ
γ−1 ξ

γ
γ−1 − ξ

∑
j∈N

ḡj +
(
n− |M |+ |M |

γ
γ−1

)
ξ

γ
γ−1

delivering equation (1).

Example 2. In the second example, the free-riders face

max
gi

{
ln(gi)− ξ

∑
j∈N

gj

}
=⇒ gi =

1

ξ

and the members of the coalition face

max
gi

{
ln(gi)−

∑
k∈M

ξ
∑
j∈N

gj

}
=⇒ gi =

1

|M |ξ
. (22)

Inserting these emissions back into the payoff functions yields

ufree(M) = − ln(ξ)− ξ

 ∑
j∈N\M

1

ξ
+
∑
j∈M

1

|M |ξ


= − ln(ξ)− n− 1 + |M |

and

umember(M) = − ln(|M |ξ)− (n− |M |)− 1 = − ln(ξ)− ln(|M |)− n− 1 + |M |,

delivering equation (2).
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C.2 Payoff structures in Examples 1∗ and 2∗

Example 1∗. Following the derivation of equation (21), members of a coalition Ml ∈ M

face the first order condition

gi = ḡi − (|Ml|ξ)
1

γ−1 .

Inserting these results back into the payoff function of a member i ∈ Ml yields

ui(M) = −1

γ

(
ḡi −

(
ḡi − (|Ml|ξ)

1
γ−1

))γ
− ξ

( ∑
Mk∈M

∑
j∈Mk

(
ḡj − (|Mk|ξ)

1
γ−1

))
= −1

γ
|Ml|

γ
γ−1 ξ

γ
γ−1 − ξ

∑
j∈N

ḡj + ξ
∑

Mk∈M

|Mk|(|Mk|ξ)
1

γ−1

= ξ
γ

γ−1

( ∑
Mk∈M

|Mk|
γ

γ−1 − 1

γ
|Ml|

γ
γ−1

)
− ξ

∑
j∈N

ḡj,

delivering equation (14) of Examples 1∗.

Example 2∗. Following the derivation of equation (22), members of a coalition Ml ∈ M

face the first order condition

gi =
1

|Ml|ξ
.

Inserting these results back into the payoff function of a member i ∈ Ml yields

ui(M ) = − ln(|Ml|ξ)− ξ

( ∑
Mk∈M

∑
j∈Mk

1

|Mk|ξ

)
= − ln(ξ)− ln(|Ml|)− ξ

∑
Mk∈M

1

ξ
= − ln(ξ)− ln(|Ml|)− |M |,

delivering equation (15) of Example 2∗.

D Proofs

D.1 Proof of Remark 1

Proof. Let M be a vNM stable set. We shall show that M is empty. We start with three

observations. The grand coalition, {1, 2, 3, 4}, Pareto dominates any coalition with 2 or fewer

members.31 A coalition with three members, e.g., {1, 2, 3}, Pareto dominates the scenario

where the “coalition” is a singleton.32 A coalition with two members is only dominated by

31The members of the grand coalition have payoff level umember of 4
i = − ln(ξ)− ln(4)− 1, which is larger

than the payoff level of the free riders on a coalition of two ufree on 2
i = − ln(ξ)− 2− 1.

32umember of 3
i = − ln(ξ) − ln(3) − 1 − 1 > − ln(ξ) − 3 − 1 = ufree

i where all ufree
i is the payoff when all

players are free riding.
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M if the grand coalition is in M.33

Suppose a coalition of three is part of the solution set, e.g., {1, 2, 3} ∈ M. Since

M is a vNM stable set, {1, 2, 3} cannot be dominated by M. As a result {1, 2} /∈ M
because u3({1, 2}) = − ln(ξ) − 3 > − ln(ξ) − ln(3) − 2 = u3({1, 2, 3}). Then we must have

{1, 2, 3, 4} ∈ M because otherwise {1, 2} would not be dominated by M. But this is a

contradiction because {1, 2, 3, 4} is dominated by {1, 2, 3}. The same argument applies to

other coalitions with three members.

Now suppose {1, 2, 3, 4} ∈ M. Since M is a vNM stable set, the grand coalition cannot

be dominated by M. However, {1, 2, 3, 4} would be dominated by M if {1, 2, 3} ∈ M
because u4({1, 2, 3}) = − ln(ξ)−2 > − ln(ξ)− ln(4)−1 = u4({1, 2, 3, 4}). Hence, {1, 2, 3} /∈
M, implying that {1, 2, 3} must be dominated by M. Because a coalition of three Pareto

dominates the case of singleton coalitions, it follows that {1, 2} ∈ M, {1, 3} ∈ M, or

{2, 3} ∈ M. But these coalitions would then be dominated by M because {1, 2, 3, 4} ∈ M,

a contradiction.

Given {1, 2, 3, 4} /∈ M, it has to be dominated by M. However, the grand coalition

is only dominated by a coalition of three and we have just shown that a coalition of three

cannot be part of M. Thus, the solution set is empty.

D.2 Proof of Lemma 3.1

Proof. Let M be a self-enforcing stable set. Suppose, by way of contradiction, that M
contains distinct coalitions. Then there exists a player i ∈ N and coalitions M ′,M ′′ ∈ M
such that ui(M

′) = minM∈M ui(M) < ui(M
′′). It follows that

ui(M
′) < p(M ′)ui(M

′) +
∑

M∈M\{M ′}

p(M)ui(M) = Epui(·),

which, together with the right arrow in condition (8), implies M ′ /∈ M, a contradiction.

D.3 Proof of Theorem 3.1

Proof. Sufficiency (“if”): Suppose that M = M̃ for some Pareto efficient coalition M .

Then

M ′ ∈ M =⇒ ui(M
′) = ui(M) = Epui(·) ∀i ∈ N

33The first statement established that the grand coalition dominates a coalition of two. A member
defecting from a coalition of two would reduce payoff from umember of 2

i = − ln(ξ) − ln(2) − 2 − 1 to the
lower value ufree

i = − ln(ξ) − 3 − 1, thus, a coalition of two cannot be dominated by everyone free riding.
A free rider joining a coalition of two would reduce his or her payoff from ufree on 2

i = − ln(ξ) − 2 − 1 to
umember of 3
i = − ln(ξ)− ln(3)− 1− 1. Thus, a coalition of two cannot be dominated by a coalition of three.
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whereas Pareto efficiency, together with the fact that any coalition not in M has to be

distinct from M , implies

M ′ /∈ M =⇒ ∃ i ∈ N s.th. ui(M
′) < ui(M) = Epui(·).

Therefore, M is a self-enforcing stable set.

Necessity (“only if”): Let M be an arbitrary self-enforcing stable set and pick M ∈ M.

By Lemma 3.1, we know that M cannot contain distinct coalitions, which implies that

M ⊂ {M ′ ∈ N | M ′ ∼ M} .

Since ui(M) = Epui(·) for all i ∈ N , any coalition that is not distinct from M must be

included in M (by the left arrow in condition (8)). Hence,

M = {M ′ ∈ N | M ′ ∼ M} .

It remains to show that M is Pareto efficient. Suppose that M is not Pareto efficient. Then

there exists a coalition M ′ that is distinct from M and ui(M
′) ≥ ui(M) = Epui(·) for all

i ∈ N . Since M is a self-enforcing stable set, this inequality implies that M ′ must be

included in M, contradicting the fact that M cannot contain distinct coalitions.

D.4 Proof of Proposition 3.1

Proof. The proof is divided into three parts.

Part 1: Establishing equation (9)

By Theorem 3.1, we only have to identify the set of Pareto efficient coalitions. A necessary

condition for a coalition to be Pareto efficient is that the coalition is not Pareto dominated

by the grand coalition. This condition also turns out to be sufficient (see below). Members

are always better off in the grand coalition than in any other coalition. Thus, for coalition

M not to be Pareto dominated, the free riders on coalition M must be strictly better off

than the members of the grand coalition, which leads to the condition

γ − 1

γ
n

γ
γ−1 − n < |M |

γ
γ−1 − |M | − 1

γ
. (23)

Since the right side is increasing in |M |, this inequality is equivalent to |M | > zγ(n), where

zγ(n) is the positive root defined in the proposition (see below for existence and uniqueness

of such zγ(n)).

To complete the argument, we show that every inefficient coalition is Pareto dominated

by the grand coalition. First, a coalition cannot be Pareto dominated by another coalition
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of the same or smaller size, because free riders always receive higher payoffs than members

and both members and free riders are better off when the coalition is larger. This means

that any inefficient coalition must be Pareto dominated by a larger coalition. A coalition

is Pareto dominated by a larger coalition if and only if free riders in the smaller coalition

are weakly better off as members of the larger coalition. Since members’ payoffs are highest

in the grand coalition, it follows that any coalition Pareto dominated by a larger coalition

must also be Pareto dominated by the grand coalition. This establishes that equation (9)

characterizes the set of self-enforcing stable sets.

Part 2: Participation sensitivity to γ

To analyze the properties of the threshold value zγ(n), we define the function:

F (z, θ, n) :=
1

θ
(nθ − 1)︸ ︷︷ ︸
=:g(θ,n)

−n− zθ + z + 1

for z ≥ 0, θ > 0, and n > 1 (all treated as real numbers). The threshold zγ(n) discussed

in the main text solves F (z, θ, n) = 0 for given parameters θ = γ
γ−1

∈ (1, 2] and n ≥ 3. To

understand how this root changes with the parameters, we first characterize the function

F (z, θ, n) itself. The partial derivatives of F (z, θ, n) are as follows:

Fz(z, θ, n) = 1− θzθ−1, Fθ(z, θ, n) =
1

θ
nθ ln(n)− 1

θ2
(nθ − 1)︸ ︷︷ ︸

gθ(θ,n)

−zθ ln(z).

Fzz(z, θ, n) = −θ(θ − 1)zθ−2

Fθθ(z, θ, n) =
1

θ
nθ ln(n) ln(n)− 2

θ2
nθ ln(n) +

2

θ3
(nθ − 1)︸ ︷︷ ︸

gθθ(θ,n)

−zθ ln(z) ln(z)

Fzθ(z, θ, n) = Fθz(z, θ, n) = −(θ ln(z) + 1)zθ−1

The function g(θ, n) has the integral representation

g(θ, n) =
1

θ
(nθ − 1) = ln(n)

∫ 1

0

nθtdt

because
∫ 1

0
nθtdt = nθ−1

ln(nθ)
. One implication of this form is that

∂kg(θ, n)

∂θk
= (ln(n))k+1

∫ 1

0

tknθtdt > 0 ∀k = 0, 1, 2, . . . ,

where ∂0g(θ,n)
∂θ0

:= g(θ, n), so all partial derivatives of g(θ, n) with respect to θ as well as

g(θ, n) itself are strictly positive. Furthermore, the integral representation implies that
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ln(∂kg(θ, n)/∂θk) is strictly convex with respect to θ:

∂k+2g(θ, n)

∂θk+2

∂kg(θ, n)

∂θk
>

∂k+1g(θ, n)

∂θk+1

∂k+1g(θ, n)

∂θk+1
∀k = 0, 1, 2, . . . (24)

because its integral form, (
∫ 1

0
tk+2nθtdt)(

∫ 1

0
tknθtdt) > (

∫ 1

0
tk+1nθtdt)2, is equivalent to

(∫ 1

0

(t
k+2
2 )2nθtdt

) 1
2
(∫ 1

0

(t
k
2 )2nθtdt

) 1
2

>

∫ 1

0

t
k+2
2 t

k
2nθtdt,

which follows from the Cauchy-Schwarz inequality. Note that this inequality holds for k = 0,

meaning that ln(g(θ, n)) is also strictly convex in θ.

The following lemma provides a general insight into how F (z, θ, n) changes with θ, play-

ing a critical role in our subsequent proof. We note that z in the lemma need not be a root

of F (z, θ, n) = 0. Also, θ can be equal to (or even less than) 1, as this is required for the

boundary analysis in a later step of the proof.

Lemma D.1. Let n ≥ 12, z > 1, and θ ∈ (0, 2]. If Fθ(z, θ, n) = 0, then Fθθ(z, θ, n) < 0.

Proof. We first use the condition Fθ(z, θ, n) = 0 to eliminate z. The condition Fθ(z, θ, n) = 0

is equivalent to gθ(θ, n) = zθ ln(z), and thus to ln(gθ(θ, n)) = θ ln(z)+ ln(ln(z)). Using these

expressions, we can rewrite the desired conclusion, Fθθ(z, θ, n) < 0, solely in terms of θ and

n. The inequality Fθθ(z, θ, n) < 0 is equivalent to gθθ(θ, n) < zθ ln(z) ln(z), and thus

Fθθ(z, θ, n) < 0 ⇐⇒ gθθ(θ, n)

gθ(θ, n)
< ln(z)

⇐⇒ θ
gθθ(θ, n)

gθ(θ, n)
+ ln

(
gθθ(θ, n)

gθ(θ, n)

)
< θ ln(z) + ln(ln(z))︸ ︷︷ ︸

ln(gθ(θ,n))

⇐⇒ ln(gθ(θ, n))− θ
gθθ(θ, n)

gθ(θ, n)
− ln

(
gθθ(θ, n)

gθ(θ, n)

)
︸ ︷︷ ︸

=:G(θ,n)

> 0.

Hence, the proof is complete if we can show G(θ, n) > 0 for all θ ∈ (0, 2] and for all n ≥ 12.

We proceed in two steps. First, observe that G(θ, n) is a strictly decreasing function of

θ because the partial derivative is negative:

Gθ(θ, n) = − gθθθ(θ, n)gθ(θ, n)− gθθ(θ, n)gθθ(θ, n)

gθ(θ, n)gθ(θ, n)︸ ︷︷ ︸
> 0 because of (24) for k = 1

(
θ +

gθ(θ, n)

gθθ(θ, n)

)
< 0,

which means that, for each n, G(θ, n) > 0 for θ ∈ (0, 2] if and only if G(2, n) > 0. Second,

we show that G(2, n) > 0 for all n ≥ 12. To verify this inequality, differentiate G(2, n) with
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respect to n and observe

∂G(2, n)

∂n
> 0 ⇐⇒ n2 ln(n) >

(
1
2
n2 ln(n)− 1

4
(n2 − 1)

) (
n2 ln(n) ln(n)− 1

2
n2 ln(n) + 1

4
(n2 − 1)

)
1
2
n2 ln(n) ln(n)− 1

2
n2 ln(n) + 1

4
(n2 − 1)

⇐⇒ n− 1

n
> 2 ln(n).

Since this inequality holds for all n ≥ 2, G(2, n) is monotonically increasing for all n ≥ 2.

Moreover, direct calculations confirm that G(2, 11) < −0.005 < 0 < 0.008 < G(2, 12).

Combining the monotonicity with this numerical check, we conclude

G(θ, n) ≥ G(2, n) ≥ G(2, 12) > 0 ∀n ≥ 12,∀θ ∈ (0, 2],

as claimed.

We now analyze the root of F (z, θ, n) = 0. We aim to show that for n ≥ 12, this root

is decreasing in θ ∈ (1, 2], which implies it is increasing in γ = θ
θ−1

∈ [2,∞). For any

given n > 1 (treated as a real number) and θ > 1, let z(θ, n) be the positive real root of

F (z, θ, n) = 0. The following lemma establishes that this root exists and is unique.

Lemma D.2. For each n > 1 and θ > 1, the equation F (z, θ, n) = 0 has a unique positive

real solution z(θ, n) in the open interval (1, n). At this solution, the slope of z 7→ F (z, θ, n)

is strictly negative: Fz(z(θ, n), θ, n) < 0.

Proof. For z ≥ 1 and θ > 1, the partial derivative with respect to z is Fz(z, θ, n) = 1 −
θzθ−1 ≤ 1 − θ < 0. Thus, the function z 7→ F (z, θ, n) is strictly decreasing on [1,∞).

Evaluating the function at the boundaries of the interval (1, n) gives

F (1, θ, n) = g(θ, n)− (n− 1) > g(1, n)− (n− 1) = 0

and

F (n, θ, n) = −θ − 1

θ
(nθ − 1) < 0.

Since z 7→ F (z, θ, n) is continuous, the intermediate value theorem then guarantees that a

unique root exists in (1, n).

To complete the proof, we show that no root exists in [0, 1]. Since Fzz(z, θ, n) < 0 for

all z > 0, it is sufficient to show that both F (0, θ, n) and F (1, θ, n) are positive. Because

F (0, θ, n) = g(θ, n) − n + 1 > 0 and we have already established that F (1, θ, n) > 0, the

function F (z, θ, n) must be strictly positive over the interval [0, 1]. Therefore, the equation

F (z, θ, n) = 0 has no root in [0, 1].

To characterize how z(θ, n) varies with θ, apply the implicit function theorem to F (z(θ, n), θ, n) =

0 to obtain
∂z(θ, n)

∂θ
= −Fθ(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)
.
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As shown in Lemma D.2, the denominator is negative: Fz(z(θ, n), θ, n) < 0. Hence, ∂z(θ,n)
∂θ

<

0 if and only if Fθ(z(θ, n), θ, n) < 0. Differentiating the equation once more yields

∂2z(θ, n)

∂θ2
= −Fθθ(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)
− Fθz(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)

∂z(θ, n)

∂θ

+
Fzz(z(θ, n), θ, n)

∂z(θ,n)
∂θ

+ Fzθ(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)Fz(z(θ, n), θ, n)
Fθ(z(θ, n), θ, n),

which means
∂z(θ, n)

∂θ
= 0 =⇒ ∂2z(θ, n)

∂θ2
= −Fθθ(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)
.

Given Fz(z(θ, n), θ, n) < 0, it follows that if the sign of ∂z(θ,n)
∂θ

flips from negative to positive

at some θ, then Fθθ(z(θ, n), θ, n) ≥ 0 must hold for such θ. By Lemma D.1, such a sign

change is not possible for n ≥ 12. Hence, if the sign of limθ↘1
∂z(θ,n)

∂θ
is negative, the

derivative remains negative for all θ ∈ (1, 2]. The following lemma formalizes this argument.

Lemma D.3. For n ≥ 12, z(θ, n) is strictly decreasing with θ ∈ (1, 2].

Proof. We aim to show limθ↘1
∂z(θ,n)

∂θ
< 0 for all n ≥ 12. For each n > 1, let z(1, n) :=

limθ↘1 z(θ, n), which must solve

lim
θ↘1

1
θ
(nθ − 1)− (n− 1)

zθ − z
= 1,

and therefore z(1, n) ln(z(1, n)) = n ln(n) − (n − 1). This means that z(1, n) > 1 and

Fθ(z(1, n), θ, n)|θ=1 = 0. It then follows from Lemma D.1 that

lim
θ↘1

Fθθ(z(θ, n), θ, n) = Fθθ(z(1, n), 1, n) < 0 ∀n ≥ 12.

To evaluate limθ↘1
∂z(θ,n)

∂θ
, we apply L’Hopital’s rule because limθ↘1 Fθ(z(θ, n), θ, n) = 0 and

limθ↘1 Fz(z(θ, n), θ, n) = 0:

lim
θ↘1

∂z(θ, n)

∂θ
= − lim

θ↘1

Fθ(z(θ, n), θ, n)

Fz(z(θ, n), θ, n)

= − lim
θ↘1

d
dθ
Fθ(z(θ, n), θ, n)

d
dθ
Fz(z(θ, n), θ, n)

= − lim
θ↘1

Fθθ(z(θ, n), θ, n) + Fzθ(z(θ, n), θ, n)
∂z(θ,n)

dθ

Fzθ(z(θ, n), θ, n) + Fzz(z(θ, n), θ, n)
∂z(θ,n)

dθ

= −
Fθθ(z(1, n), 1, n) + Fzθ(z(1, n), 1, n) limθ↘1

∂z(θ,n)
dθ

Fzθ(z(1, n), 1, n) + Fzz(z(1, n), 1, n) limθ↘1
∂z(θ,n)

dθ

,

where Fzz(z(1, n), 1, n) = 0 and Fzθ(z(1, n), 1, n) = −(ln(z(1, n)) + 1). Solving the equation

48



for limθ↘1
∂z(θ,n)

∂θ
yields

lim
θ↘1

∂z(θ, n)

∂θ
=

1

2

Fθθ(z(1, n), 1, n)

ln(z(1, n)) + 1
< 0 ∀n ≥ 12,

meaning that z(θ, n) is strictly decreasing in a neighborhood of θ = 1. We know from

Lemma D.1 that as long as n ≥ 12, the sign of ∂z(θ,n)
∂θ

cannot flip from negative to positive

as θ increases from 1 to 2. Therefore, we conclude that ∂z(θ,n)
∂θ

< 0 for all θ ∈ (1, 2] and

n ≥ 12.

Let θ = γ
γ−1

. Since this transformation is strictly decreasing in γ (with θ declining from

2 to 1 as γ rises from 2 to ∞), Lemma D.3 immediately implies that as long as n ≥ 12, the

threshold value zγ(n) = z(θ, n)|θ= γ
γ−1

strictly increases with γ ≥ 2.

Part 3: Participation sensitivity to n

To simplify the exposition, we continue using the transformation θ = γ
γ−1

. Since θ ∈ (1, 2] for

γ ≥ 2, it is sufficient to show that both the threshold z(θ, n) and the minimal participation

rate z(θ,n)
n

are strictly increasing in n ≥ 3 for all θ ∈ (1, 2].

Differentiating F (z(θ, n), θ, n) = 0 with respect to n yields

∂z(θ, n)

∂n
= − nθ−1 − 1

Fz(z(θ, n), θ, n)
> 0,

where we know from Lemma D.2 that the denominator is strictly negative. This implies

that z(θ, n) is strictly increasing in n. Also, since

∂(z(θ, n)/n)

∂n
=

1

n2

(θ − 1)(n− z(θ, n)− 1)

θ(z(θ, n))θ−1 − 1
,

the ratio z(θ,n)
n

is increasing in n if and only if n− z(θ, n)− 1 > 0. Observe

∂(n− z(θ, n)− 1)

∂n
> 0 ⇐⇒ ∂z(θ, n)

∂n
< 1 ⇐⇒ z(θ, n)

n
>

(
1

θ

) 1
θ−1

.

This means that, for a given θ, if both n− z(θ, n)− 1 ≥ 0 and z(θ,n)
n

>
(
1
θ

) 1
θ−1 hold at some

n, they must also hold (with the first inequality being strict) for all larger n. We verify that

at n = 3, these inequalities simultaneously hold for any θ ∈ (1, 2].

For n = 3, the two required inequalities, 3 − z(θ, 3) − 1 ≥ 0 and z(θ,3)
3

>
(
1
θ

) 1
θ−1 , are

equivalent to 3
(
1
θ

) 1
θ−1 < z(θ, 3) ≤ 2. Then, since 3

(
1
θ

) 1
θ−1 > 3/e > 1 and F (z, θ, 3) is strictly

decreasing in z > 1, this condition is equivalent to

F (z, θ, 3)|
z=3( 1

θ )
1

θ−1
> F (z(θ, 3), θ, n)︸ ︷︷ ︸

=0

≥ F (z, θ, 3)|z=2. (25)
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Because
(
1
θ

) 1
θ−1 ≤ 1/2 < 1 and 1

θ
3θ ≥ 3, the leftmost term in condition (25) is strictly

positive: F (z, θ, 3)
∣∣
z=3( 1

θ )
1

θ−1
= (1 −

(
1
θ

) 1
θ−1 )(1

θ
3θ − 3) + 1 − 1

θ
> 0. To verify that the

rightmost term is non-positive, observe

F (z, θ, 3)|z=2 ≤ 0 ⇐⇒ 1

θ
(3θ − 1)︸ ︷︷ ︸
g(θ,3)

≤ 2θ ⇐⇒ ln(g(θ, 3))− θ ln(2) ≤ 0.

We know from inequality (24) that ln(g(θ, 3)) is strictly convex in θ, hence so is ln(g(θ, 3))−
θ ln(2). Thus, ln(g(θ, 3))− θ ln(2) must attain its maximum at an endpoint:

ln(g(θ, 3))− θ ln(2) ≤ max
θ∈{1,2}

{ln(g(θ, 3))− θ ln(2)} = 0 ∀θ ∈ [1, 2],

implying F (z, θ, 3)|z=2 ≤ 0 for all θ ∈ (1, 2]. Consequently, condition (25) holds for all

θ ∈ (1, 2], which in turn proves that the minimal membership share z(θ,n)
n

increases with

n ≥ 3.

To see the limit of z(θ, n)/n for n → ∞, we note that z(θ, n) satisfies

F (z(θ, n), θ, n) = 0 ⇐⇒ 1

θ

(
nθ − 1

)
− n− (z(θ, n))θ + z(θ, n) + 1 = 0

⇐⇒
(
z(θ, n)

n

)θ

− n1−θ z(θ, n)

n
=

1

θ
+

θ − 1

θ
n−θ − n1−θ

for all n. Since z(θ, n)/n < 1 for all n, taking the limit n → ∞ and observing that n−θ and

n1−θ both converge to 0 yields

(
lim
n→∞

z(θ, n)

n

)θ

=
1

θ
⇐⇒ lim

n→∞

z(θ, n)

n
=

(
1

θ

) 1
θ

=

(
γ − 1

γ

) γ−1
γ

,

completing the proof.

D.5 Proof of Proposition 3.2

Proof. Part a): The (one-shot) internal stability condition requires for all i ∈ M

ui(M) ≥ ui(M \ {i}) ⇐⇒ |M | − ln(|M |) ≥ |M | − 1 ⇐⇒ |M | ≤ e ≈ 2.72,

whereas the (one-shot) external stability condition requires for all i /∈ M

ui(M) > ui(M ∪ {i}) ⇐⇒ |M | > |M |+ 1− ln(|M |+ 1) ⇐⇒ |M | > e− 1 ≈ 1.72.

The two conditions jointly imply that a coalition is one-shot stable if and only if |M | = 2.

Part b): A coalition M is not Pareto dominated by the grand coalition if and only if
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|M | > n − ln(n). Based on the same argument as in the proof of Proposition 3.1, this

necessary condition for Pareto efficiency is also sufficient. We give a rigorous proof for

general symmetric free-rider games when we prove Theorem 4.1.

D.6 Proof of Theorem 4.1

Proof. We prove Theorem 4.1 in six steps—part a) is established in step 3 and part b) in

step 6. Assumption 1 implies that for any M,M ′ ∈ N (regardless of potential overlap),

|M ′| > |M | =⇒ ui(M
′) > uj(M) ∀i ∈ M ′,∀j ∈ M, (26)

|M ′| > |M | =⇒ ui(M
′) ≥ uj(M) ∀i /∈ M ′,∀j /∈ M, (27)

ui(M) ≤ uj(M) ∀i ∈ M,∀j /∈ M (28)

We refer to statements (26), (27), (28) as Inequalities 1 (strict), 2 (weak), 3 (weak), respec-

tively.

Step 1: The grand coalition, N , is Pareto efficient.

For all M ∈ N with M ̸= N , we have |M | < |N |. Thus, by Inequality 1, there exists i ∈ N

such that ui(N) > ui(M) for all M ∈ N \ {N}.

Step 2: Apart from the grand coalition, a coalition M ∈ N \ {N} is Pareto efficient if and

only if there exists i /∈ M such that ui(M) > ui(N).

Necessity (“only if”): In words, a free rider on any Pareto efficient non-grand coalition M

has to be better off than the members of the grand coalition. Pareto efficiency of coalition

M ̸= N is equivalent to the statement that M is not Pareto dominated by any coalition

M̂ ∈ N , namely,

∃ i ∈ N such that ui(M) > ui(M̂) or ui(M) ≥ ui(M̂)∀ i ∈ N (29)

for all M̂ ∈ N . In particular, for M̂ = N , the first condition in equation (29) must

be satisfied because the second possibility is ruled out by Inequality 1 (and the fact that

|M | < |N |). If the first condition is satisfied for some i ∈ N , then by Inequality 3 the same

condition has to be satisfied for a free rider j /∈ M . Thus, we established that the existence

of j /∈ M such that uj(M) > uj(N) is a necessary condition for the Pareto efficiency of any

non-grand coalition M .
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Sufficiency (“ if”): We shall show that

∃ j /∈ M such that uj(M) > uj(N) =⇒
∃ i ∈ N such that ui(M) > ui(M̂)

or

ui(M) ≥ ui(M̂)∀ i ∈ N

∀M̂ ∈ N .

(30)

For M̂ = N , the first condition on the right side immediately follows from the left side. For

M̂ = M , the second condition on the right side is trivially satisfied. For M̂ /∈ {N,M}, we
distinguish three cases. (i) Let |M̂ | > |M |. Then there exists i ∈ M̂ \M and the right side of

statement (30) follows from Inequality 1 and symmetry because ui(M) = uj(M) > uj(N) >

ui(M̂) given M̂ ̸= N . The other two cases hold independently of the premise, i.e., of the

left side of statement (30). (ii) Let |M̂ | < |M |. Then, by Inequality 1, the members of M

are strictly better off than those of M̂ . If the intersection M ∩ M̂ is nonempty, this directly

implies ui(M) > ui(M̂) for i ∈ M̂ ∩ M . If M ∩ M̂ is empty, Inequalities 3 and 1 imply

ui(M) ≥ uk(M) > ui(M̂) for i /∈ M (and thus i ∈ M̂) and k ∈ M . (iii) Let |M̂ | = |M |.
Then, by Inequality 3, the free riders are either strictly better off than the members, i.e.,

ui(M) > ui(M̂) for i ∈ M̂ \ M , or free riders and members have equal payoffs so that

ui(M) = ui(M̂) for all i ∈ N .

Step 3: There exists m⋆ ∈ N such that M is Pareto efficient if and only if |M | ≥ m⋆. By

Theorem 3.1, this step proves part a) of the theorem.

By step 2, we know that a non-grand coalition M is Pareto efficient if and only if there exists

i /∈ M such that ui(M) > ui(N). Assume M satisfies this condition and let M̂ ∈ N , M̂ ̸= N

with |M̂ | ≥ |M |. Then uj(M̂) ≥ ui(M) > ui(N) = uj(N) for all j /∈ M̂ and i /∈ M ,

i.e., the condition is also satisfied for all coalitions of same or larger size. The first (weak)

inequality follows from Inequality 2 if |M̂ | > |M | or payoff symmetry if |M̂ | = |M |, the
second (strict) inequality holds by assumption about the nature of M , and the final equality

by symmetry of the payoff functions (all players are members of the grand coalition). Let

A := {M | ∃i /∈ M such that ui(M) > ui(N)} and set m⋆ := min{|M | | M ∈ A} if A
is nonempty and m⋆ := n otherwise. Steps 1 and 2 have shown that the union A ∪ {N}
characterizes the set of all Pareto efficient coalitions. We have now shown that a coalition

is in this set if and only if it has at least m⋆ members.

Step 4: If |M | = m⋆, there is no other Pareto efficient coalition M ′ such that

ui(M
′) ≥ ui(M) ∀i ∈ E(M,M ′),

where at least one of the inequalities is strict, meaning that M is not dominated by M ′.

If m⋆ = n, the statement follows from step 3 because then the grand coalition is the only
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Pareto efficient coalition. Let m⋆ < n and M ′ be a Pareto efficient coalition. We show that

∃i ∈ E(M,M ′) such that ui(M
′) < ui(M) (31)

or

ui(M
′) ≤ ui(M) ∀i ∈ E(M,M ′), (32)

where E(M,M ′) = (M ′ \M) ∪ (M \M ′). If M ′ = N , condition (32) holds by definition of

m⋆ and payoff symmetry. Condition (32) also holds if M ′ ∼ M . Let M ′ ̸= N with M ′ ̸∼ M .

We know from part a) of the theorem, i.e., step 3 of the proof, that n > |M ′| ≥ m⋆. We

distinguish two cases. (i) If |M ′| = m⋆, both M ′ \ M and M ′ \ M are nonempty, and by

Inequality 3

ui(M
′) ≤ ui(M) ∀i ∈ M ′ \M

and

ui(M
′) ≥ ui(M) ∀i ∈ M \M ′.

Since players are symmetric, either both inequalities hold with equality or both of them hold

with strict inequality. Since M ′ is distinct from M , the first case cannot be true. Thus, both

of these must hold with strict inequality, which implies condition (31). (ii) If n > |M ′| > m⋆,

then M ′ \M is nonempty (because |M | = m⋆) and

ui(M) ≥ ui(N) > ui(M
′) ∀i ∈ M ′ \M,

where the first inequality follows from step 2 of the proof and the second follows from

Inequality 1 (note that M ′ ̸= N). Therefore, condition (31) is satisfied.

Step 5: If |M | > m⋆, there is a coalition M ′ ⊂ M with |M ′| = m⋆ such that

ui(M
′) ≥ ui(M) ∀i ∈ M \M ′,

where at least one of the inequalities is strict, meaning that M is dominated by M ′.

If M = N , take any M ′ with |M ′| = m⋆ and the statement follows directly from steps 2

and 3 of the proof; since M ′ is a Pareto efficient non-grand coalition (step 3), free riders

on M ′ must be better off than the members of the grand coalition (step 2). Let M ̸= N .

Then n > |M | > m⋆. We can find a coalition M ′ ⊂ M with |M ′| = m⋆ and M \M ′ being

nonempty. Since M ′ is Pareto efficient (step 3), we have

ui(M
′) ≥ ui(N) > ui(M) ∀i ∈ M \M ′,

where the first inequality follows from step 2 of the proof and the second from Inequality 1.
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Step 6: A set A of self-enforcing stable sets is second-order stable if and only if

A =
{
M̃ ⊂ N | |M | = m⋆

}
,

which proves part b) of the theorem.

Let A be a second-order stable collection of self-enforcing stable sets. By step 4 of the

proof, the set A must include every M̃ such that |M | = m⋆. Then, by step 5 of the proof,

every other self-enforcing stable set is A -dominated and, therefore, cannot be included in

A .

D.7 Proof of Theorem 5.1

Proof. The proofs of Lemma 3.1 and Theorem 3.1 carry through step by step merely re-

placing coalitions M by coalition structures M (and similarly the primed variations and

those carrying a tilde), replacing the sets M by the sets M, and replacing the set of all

coalitions N by the set of all coalition structures N . These establish as an intermediate

step (Lemma 3.1) that a self-enforcing stable set of coalition structures cannot contain dis-

tinct coalition structures and subsequently the Theorem’s statement characterizing the set

of self-enforcing equilibria.

D.8 Proof of Proposition 5.1

We prove the following lemma, from which the statement of Proposition 5.1 directly follows.

Lemma D.4. In Examples 1∗ and 2∗, a coalition structure M is one-shot stable if and only

if a) any coalition in M has at most m∗ members, where m∗ = 3 for Example 1∗ with γ = 2,

and m∗ = 2 otherwise; b) whenever M contains a singleton coalition, all other coalitions

have exactly m∗ members; and c) for Example 1∗ with γ = 2, no coalition in M is singleton.

Proof. Necessity (“only if”): We first note that m∗ is the integer characterizing the size

of one-shot stable coalitions in the single-coalition setting: a coalition is robust against

insiders’ unilateral defections if and only if it has at most m∗ members, and it is robust

against outsiders’ unilateral entries if and only if it has at least m∗ members. See the proof

of Proposition 3.2 for Example 2. For Example 1, see the appendix of Karp and Sakamoto

(2021).

Now, let M be a one-shot stable coalition structure in the multi-coalition setting. Since

players are allowed to leave existing coalitions and unilaterally form singleton coalitions,

every coalition in M must be immune to insiders’ unilateral defections, just as in the

single-coalition setting. This deviation test is unaffected by the presence of other coexisting

coalitions. As shown in the reduced-form payoff functions (14) and (15), the change in a
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player’s payoff from switching coalitions depends only on the sizes of the origin and destina-

tion coalitions.34 This immediately implies condition a) of the lemma: any coalition in M

must have at most m∗ members. Also, when there is a singleton coalition in M , the player

in that singleton coalition must not be better off joining any other coalitions. It follows that

all other coalitions must be immune to unilateral entry by a free rider as well, requiring that

those coalitions must have at least m∗ members. Combined with condition a), this proves

condition b) of the lemma: whenever M contains a singleton coalition, all other coalitions

in M must have exactly m∗ members. An immediate implication is that M can contain at

most one singleton coalition. To see that condition c) is implied for Example 1∗ with γ = 2,

suppose to the contrary that M contains a singleton coalition. Then, by condition b), all

other coalitions in M have size m∗ = 3. But members of these three-player coalitions have

an incentive to leave and merge with the singleton coalition, forming a coalition of size two;

the payoff gain from such a switch is strictly positive: ξ2
(
1
2
22 − 12 − 1

2
32 + 22

)
= ξ2

2
> 0.

This contradicts the assumed stability of M .

Sufficiency (“if”): Let M be a coalition structure that satisfies conditions a), b), and c)

of the lemma. Then, as discussed above, every coalition in M is immune to both insiders’

unilateral defections to singleton status and outsiders’ unilateral entries from singleton sta-

tus. It remains to show that members of any non-singleton coalition in M have no incentive

to switch to other existing coalition in M . The proof makes use of two key properties. First,

as an immediate consequence of the three conditions, the size difference between any two

coexisting coalitions in M is at most one.35 Second, our tie-breaking rule (Definition 5.3)

states that a player will defect to a larger coalition if it provides a weakly higher payoff, but

will only defect to a same-sized or smaller coalition if the payoff gain is strictly positive.

Consider player i in coalition Ml ∈ M with |Ml| ≥ 2, who contemplates switching

to another coalition Mk ∈ M . This deviation transforms Ml and Mk into Ml \ {i} and

Mk ∪ {i}, respectively, while leaving all other coalitions unchanged. In Example 1∗, the

player is weakly better off from this switch if and only if

ξ
γ

γ−1

( ∑
M∈M\{Ml,Mk}

|M |
γ

γ−1 + (|Ml| − 1)
γ

γ−1 + (|Mk|+ 1)
γ

γ−1 − 1

γ
(|Mk|+ 1)

γ
γ−1

)
− ξ

∑
j∈N

ḡj

≥ ξ
γ

γ−1

( ∑
M∈M

|M |
γ

γ−1 − 1

γ
|Ml|

γ
γ−1

)
− ξ

∑
j∈N

ḡj.

34More precisely, the payoff difference also depends on whether the move creates a new coalition (when
the destination coalition was originally empty) or dissolves an existing one (when the origin coalition had
only one member), but these considerations are independent of the rest of the coalition structure and apply
equally to the deviation test in the single-coalition setting.

35If a singleton exists, condition b) requires all other coalitions to have exactly m∗ ∈ {2, 3} members;
when m∗ = 2, the gap is 1, whereas when m∗ = 3, condition c) rules out the singleton. If no singleton
exists, all coalitions have size at least 2 and at most m∗ ≤ 3. Consequently, any two coexisting coalitions
differ in size by at most one.
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After canceling terms, this inequality simplifies to:

h(|Mk|+ 1) ≥ h(|Ml|), where h(z) :=
γ − 1

γ
z

γ
γ−1 − (z − 1)

γ
γ−1 .

A strict payoff improvement requires h(|Mk| + 1) > h(|Ml|). This means that the player

has an incentive to switch if either i) h(|Mk| + 1) ≥ h(|Ml|) and |Mk ∪ {i}| > |Ml| (i.e.,
the player weakly prefers to form a strictly larger coalition), or ii) h(|Mk| + 1) > h(|Ml|)
and |Mk ∪ {i}| ≤ |Ml| (i.e., the player strictly prefers to form a weakly smaller coalition).

Note that function h(z) is strictly decreasing in z for any z > 1

1−( γ−1
γ )

γ−1 ∈ (1/e, 2]. Because

|Ml| ≥ 2, it follows from this monotonicity of h(z) that case i) never holds. Case ii) requires

|Mk|+1 < |Ml|, but this is impossible because the size difference among coexisting coalitions

in M cannot exceed one.

In Example 2∗, since the number of coexisting coalitions |M | is unchanged, switching

from coalition Ml to Mk makes player i weakly better off if and only if

− ln(ξ)− ln(|Mk|+ 1)− |M | ≥ − ln(ξ)− ln(|Ml|)− |M |

or |Mk| + 1 ≤ |Ml|. The player is strictly better off if and only if |Mk| + 1 < |Ml|. If the

player ends up in a strictly larger coalition (|Mk ∪ {i}| > |Ml|), he or she is strictly worse

off. On the other hand, a strictly profitable deviation to a same-sized or smaller coalition

requires |Mk| + 1 < |Ml|, which is impossible because |Mk| and |Ml| can differ by at most

one. Therefore, starting from M , no player has an incentive to switch from a non-singleton

coalition to another coalition and this completes the proof.

D.9 Proof of Proposition 5.2

Proof. Part a): If one coalition structure Pareto dominates another, it must yield a strictly

higher aggregate payoff. In both examples, the grand coalition structure produces the

highest aggregate payoff. Therefore, the grand coalition structure is not Pareto dominated

by any alternative coalition structure.

Part b): Suppose that a coalition structure M ̸= N is part of a self-enforcing stable set.

By Theorem 5.1, M must be Pareto efficient. In particular, M is not Pareto dominated by

the grand coalition, and thus

∃i ∈ N such that ui(N ) < ui(M). (33)

For Example 2∗, it follows that − ln(n)− 1 < − ln(m1)− |M |, where m1 := minM∈M |M | is
the size of the smallest coalition in M . Since m1 ≥ 1, it must hold that − ln(n)−1 < −|M |
and, thus, |M | < ln(n)+1 as claimed. For Example 1∗, we write M = {M1,M2, . . . ,M|M |}
and assume, without loss of generality, that |M1| ≤ |M2| ≤ . . . ≤ |M|M ||. We start with two
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observations. First, players in the smallest coalition, M1, receive the largest payoff because

the payoff function is

ui(M ) = ξ
γ

γ−1

( ∑
M∈M

|M |
γ

γ−1 − 1

γ
|Ml|

γ
γ−1

)
− ξ

∑
j∈N

ḡj ∀i ∈ Ml, (34)

where only the second term in the parentheses varies between coalitions. Second, reallocating

a member of a smaller coalition to a larger one (while keeping the number of coexisting

coalitions) always improves the payoff of the players in the smallest coalition, because

1 < |Ml| < |M|M || =⇒ |Ml|
γ

γ−1 + |M|M ||
γ

γ−1 < (|Ml| − 1)
γ

γ−1 + (|M|M ||+ 1)
γ

γ−1 .

Such a reallocation increases the first term in the parentheses in (34) and, if l = 1, also

decreases the second term. These observations imply that the payoff of the smallest coalition

is maximized when players are concentrated in the largest coalition as much as possible, i.e.,

when 1 = |M1| = |M2| = · · · = |M|M |−1| < |M|M || = n − |M | + 1. This yields the highest

possible payoff of players under the requirement that |M | coalitions coexist. Hence,

ui(M) ≤ ξ
γ

γ−1

(
(n− |M |+ 1)

γ
γ−1 + |M | − 1− 1

γ

)
− ξ

∑
j∈N

ḡj ∀i ∈ N,

where the right side is the payoff of members of M1 when every coalition except for M|M | is

singleton. It then follows from equation (33) that

n
γ

γ−1 − 1

γ
n

γ
γ−1 = ξ−

γ
γ−1

(
ui(N ) + ξ

∑
j∈N

ḡj

)

< ξ−
γ

γ−1

(
ui(M ) + ξ

∑
j∈N

ḡj

)

≤ (n− |M |+ 1)
γ

γ−1 + |M | − 1− 1

γ
,

from which we conclude

γ − 1

γ
n

γ
γ−1 − n < (n− |M |+ 1)

γ
γ−1 − (n− |M |+ 1)− 1

γ
. (35)

Note that the right side of this inequality is equated with the left side when (n− |M |+ 1)

are all replaced by zγ(n), the unique root of equation (10). Because the right side of

inequality (35) is increasing in (n − |M | + 1), this implies n − |M | + 1 > zγ(n) for any

self-enforcing stable coalition structure M .

Part c): Let M be in a self-enforcing stable set with M,M ′′ ∈ M such that M ′ ̸= M and

|M ′| ≥ |M |. We now consider an alternative coalition structure M̂ which coincides with M
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except that coalitions M and M ′ are merged into a single coalition. Such a merger makes

all players not part of M or M ′ better off, i.e., uj(M̂ ) > uj(M) for all j /∈ M ∪ M ′; see

equations (14) and (15). Then, since M is Pareto efficient by Theorem 5.1, there must exist

i ∈ M ∪ M ′ such that ui(M̂) < ui(M). Because players’ payoffs are larger in a smaller

coalition (and symmetric), this implies that

ui(M̂) < ui(M ) ∀i ∈ M. (36)

For Example 2∗, this condition translates into − ln(|M |+ |M ′|)− |M̂ | < − ln(|M |)− |M |.
Since |M̂ | = |M |−1, this inequality implies |M ′| > (e−1)|M | as claimed. For Example 1∗,

it follows from (36) that

(|M |+ |M ′|)
γ

γ−1 − 1

γ
(|M |+ |M ′|)

γ
γ−1 < |M |

γ
γ−1 + |M ′|

γ
γ−1 − 1

γ
|M |

γ
γ−1 ,

or equivalently,

γ

γ − 1
>

(
|M |
|M ′|

+ 1

) γ
γ−1

−
(
|M |
|M ′|

) γ
γ−1

.

The right side of this inequality is increasing in |M |/|M ′|, mapping onto (1, 2
γ

γ−1 − 1] for

|M |/|M ′| ∈ (0, 1]. Because γ
γ−1

∈ (1, 2], there exists a unique root ϕγ ∈ (0, 1) to the equation

γ

γ − 1
= (ϕ+ 1)

γ
γ−1 − ϕ

γ
γ−1 .

and it must hold |M |/|M ′| < ϕγ.
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