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ABSTRACT
We develop a cross-border market model for two countries based on a continuous trading mechanism, in which the transmission
capacities that enable transactions between market participants from different countries are limited. Our market model can be
described by a regime-switching process alternating between active and inactive regimes, inwhich cross-border trading is possible,
respectively prohibited. Starting from a reduced-form representation of the two national limit order books, we derive a high-
frequency approximation of the microscopic model, assuming that the size of an individual order converges to zero while the
order arrival rate tends to infinity. If transmission capacities are available, the limiting dynamics are as follows: the queue size
processes at the top of the two limit order books follow a four-dimensional linear Brownian motion in the positive orthant with
oblique reflection at the axes. Each time the two best ask queues or the two best bid queues simultaneously hit zero, the queue size
process is reinitialized. The capacity process can be described as a linear combination of local times and ishence of finite variation.
The analytic tractability of the limiting dynamics allows us to compute key quantities of interest.

1 Introduction

Limit order books (LOBs) are a standard tool for price formation
in modern financial markets. At any given point in time, an LOB
depicts the number of unexecuted buy and sell orders at different
price levels. The highest price a potential buyer is willing to pay
is called the best bid price, whereas the best ask price is the
smallest price of all placed sell orders. Incoming limit orders can
be placed at many different price levels, while incoming market
orders are matched against standing limit orders according to
a set of priority rules. While limit order books have provided
an efficient market matching mechanism in financial markets
for many years, they are nowadays also used as a matching tool
in intraday electricity markets. Intraday electricity markets are

short-term markets that allow the market participants to balance
their position from the day-ahead market until shortly before
delivery,which is especially relevant formarketswith ahigh share
of renewables.

The mathematical analysis of the dynamics of a limit order
market is a challenging task which has recently attracted many
researchers inmathematical finance. One approach to study limit
order books is based on an event-by-event description of the order
flow as for example done in Luckock (2003); Cont et al. (2010);
Cont and de Larrard (2013). The resulting stochastic systems typ-
ically yield realistic models as they preserve the discrete nature of
the dynamics, but turn out to be computationally challenging. To
overcome this issue, others deal with continuum approximations
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of the order book, describing its time-dependent density through
a stochastic partial differential equation, cf. e.g. Markowich et al.
(2016); Cont andMüller (2021). Combining these two approaches,
one can include suitable scaling constants in the microscopic
order book dynamics and study its scaling behavior when the
number of orders gets large while each of them is of negligible
size. Scaling limits of the full order book dynamics (prices and
volumes) are e.g. studied in Horst and Paulsen Horst and Paulsen
(2017), Horst and Kreher Horst and Kreher (2017;2019), Gao and
Deng Gao and Deng (2018), and Kreher and Milbradt Kreher and
Milbradt (2023). These models can explain how the shape of the
volume density function changes due to the incoming order flow.
On the other hand, Cont and de Larrad Cont and de Larrard
(2012) study a reduced-form model of a limit order book, which
assumes a constant spread and only describes the order flow at
the top of the book, thereby providing closer insight into the price
formation process.

While the mathematical description of a single LOB is already
a complex task, real-world opportunities to trade the same
asset at different venues simultaneously (so called cross-listed
assets) require even more complex models. A special example
of this is the continuous trading mechanism of the integrated
European intraday electricity market “Single Intraday Coupling”
(SIDC), launched in 2018. Its market mechanism is based on
a shared order book and allows for cross-border transactions
between market participants from different countries as long as
transmission capacities are available.

In this paper, we introduce a microscopic model of a cross-
border market between two countries with a continuous trading
mechanism and limited transmission capacities. To the best of
our knowledge, this is the first attempt in the literature to build a
rigorous mathematical model of an integrated limit order market
based on the underlying market microstructure. Our model is a
further development of the one considered inCont and de Larrard
Cont and de Larrard (2012) and will allow us to analyze the
influence of the market coupling on the price dynamics. In Cont
and de Larrard (2012) the authors prove that under heavy traffic
conditions the best bid and ask queues can be approximated by a
planar Brownian motion in the first quadrant with inward jumps
upon hitting the axes. We extend their model in multiple ways.
First, we analyze the reduced-form representations of two LOB
models simultaneously over time. Second, we allow domestic
market orders to be matched against standing limit order volume
in the foreign country, which leads to cross-border trades. Finally,
motivated by the limitation of transmission capacities in the
SIDC, we restrict the maximum cross-border trading volume. To
this end, we keep track of the origin of each incoming order
and introduce a capacity process that records the net cross-
border trading volume over time. As the resulting microscopic
market dynamics are too complex to get a good understanding of
the market mechanism and the impact of the market coupling,
we impose heavy traffic conditions and prove that our model
can be approximated by a tractable, continuous-time regime
switching process. Using this approximation we investigate how
the cross-border trading opportunities affect the price evolution
analytically and via simulations.

In more detail, our microscopic model is described through two
best bid and ask queue size processes and two price processes,

one for each country, as well as a two-sided capacity process. The
state of the shared order book changes due to incoming market
or limit orders. While the order flow directly affects the queue
size processes, it indirectly also defines the price and capacity
dynamics: if a single queue is about to become negative due to
an incoming market order, the queue will be set to zero and the
remaining order size will be depleted from the corresponding
queue in the foreign market as long as both, enough standing
volume and enough transmission capacity are available. This will
lead to a cross-border trade. If the cumulative best bid or ask
queue is about to be depleted by an incoming market order, both
price processes will change by one tick and all queues will be
reinitialized by some random variables representing the depth
of the books. Each time a cross-border trade is executed, the
capacity process is updated. Now, starting in a so-called active
regime in which cross-border trading is possible, we switch to
a so-called inactive regime if the capacity process hits one of its
boundaries. In the inactive regime, market participants can only
execute market orders against limit orders of the same origin.
Throughout, we make the simplifying assumption that there
are no transmission/interconnector costs. Under these idealized
conditions the best bid and ask prices of both national LOBs
coincide in the active regime, while they become different when
switching to an inactive regime. Assuming an efficient allocation
of capacities, i.e. only the net volume of all executed cross-border
trades will actually be transacted cross-border, the submission of
off-setting orders makes it possible to switch back to an active
regime. To illustrate our cross-border market model, we conduct
a small simulation study.

Our main theorem states that in the high frequency limit,
i.e. when the number of orders goes to infinity while each
of them is of negligible size, the market dynamics are the
following: in an active regime, the queue size process is described
by a four-dimensional linear Brownian motion in the positive
orthant with oblique reflection at the axes. Each time two queues
simultaneously hit zero, the whole process is reinitialized at a
new value in the interior of ℝ4

+. The bid price processes of both
countries agree and follow a pure jump process, whose jump
times are equal to those of the volume process. The capacity
process is a continuous process of finite variation, constructed
from the component-wise local time process of the queue size
process. During an inactive regime the queue size process is
described by a four-dimensional linear Brownian motion in the
positive orthant. Each time it hits one of the axes, the depleted
component as well as the component corresponding to the other
side of the LOB of the same country are both reinitialized at a
new value in the interior of ℝ2

+, while the other two components
stay unchanged. The bid price process follows a two-dimensional
pure jump process, whose components do almost surely not jump
simultaneously and only move at hitting times of the axes by the
corresponding components of the queue size process.

While the high-frequency approximation of the cross-border
markets dynamics during inactive regimes can readily be deduced
from Cont and de Larrard (2012), the analysis of the cross-
border market dynamics during active regimes is more intricate
as the used methodology - rewriting the queue size process as a
regulated process of the order flow and the reinitalization values
- becomes more involved. In the active regime, the queue size
process follows inbetween price changes the so called generalized
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processor sharing (GPS) discipline, which was introduced in
Parekh and Gallager (1993) as a model for the efficient sharing
of a single processing resource among traffic in communication
networks. Heavy traffic limit theorems for a large class of queuing
networks can be conveniently analyzed by rewriting the dynam-
ics as the solution to an associated Skorokhod problem (SP)
and applying continuous mapping techniques. For polyhedral
Skorokhod problems satisfying the completely- condition this
has been done in Chen and Mandelbaum (1991); Reiman (1984).
The GPS SP does not satisfy this condition and solutions of it gen-
erally only exist for functions of finite variation, cf. Dupuis and
Ramanan (1999). However, for general càdlàg traffic processes
the GPS dynamics can be represented as the unique solution
of a so called extended Skorokhod problem (ESP) introduced in
Ramanan (2006). This representation can then be used to derive
its scaling limit, cf. Ramanan and Reiman (2003).

To study the active dynamics under heavy traffic conditions, we
first represent the bid side components, respectively ask side
components, of the queue size process between price changes
as a series of local solutions to the one-dimensional Skorokhod
problem at alternating axes and afterwards identify this con-
struction with the solution to the GPS ESP. This allows us to
apply continuous mapping techniques to prove that in the active
regime the queue size process on each side of the shared order
book can be approximated by a sum-conserving semimartingale-
reflecting Brownian motion (SRBM) in the positive orthant,
which jumps into the interior of the orthant upon hitting the
origin. SRBMswere first studied in Varadhan andWilliams (1985)
under the completely- condition. As mentioned above the GPS
reflection problem does not satisfy this condition and our sum-
conserivng SRBM with absorption is indeed a special case of
the dual skew symmetric SRBM studied in Ernst et al. (2021);
Franceschi and Raschel (2022). Our construction via a series of
one-dimensional Skorokhod problems also allows us to gain a
better understanding of the reflecting behaviour. For example, we
are able to characterize the survival probability of the hitting time
at the opposite axis as the solution of an interface problem for the
two-dimensional heat equation. This result can be used to analyze
how often country 𝐹 imports from 𝐺, respectively exports to 𝐺.
Moreover, we provide an analytical formula for the distribution of
the duration until the next price change and study its dependence
on the model parameters.

We also conduct a simulation study to see how the market
coupling affects price stability in both markets. Altogether, the
main financial insights from the analysis of our cross-border
market model are the following: (i) under an efficient allocation
of transmission capacities, the cross-border trading volume is of
much smallermagnitude than the domestic trading volume, even
if transmission capacities are unbounded; (ii) in an imbalanced
market setting, capacities will be rather quickly occupied in one
direction and regime switches will become rare events; (iii) while
the liquidity in the shared order book is always higher than in
each national order book, the exact impact of the cross-border
trading mechanism on price stability depends on the precise
correlation structure of the order flow process, which may have
a stabilizing, but in some cases also a drift amplifying effect.

The literature concerning the modelling of interconnected elec-
tricity markets is rather sparse. Christensen and Benth Chris-

tensen and Benth (2020) propose a regime-switching reduced-
form model for electricity prices in a two-market setup, in which
prices are described by multiplying a two-dimensional Ornstein-
Uhlenbeck process with a regime-dependent convergence matrix
whose state is determined by an independent latent stochastic
process. As opposed to this, in our model regime switches
are triggered endogenously by keeping track of the utilized
transmission capacities.

Last but not least, we note that there is a substantial literature
on optimal trading strategies for cross-listed stocks (cf. e.g. Mud-
chanatongsuk et al. (2008); Tourin and Yan (2013)) and also
some recent papers on optimal cross-border trading in intraday
electricity markets (cf. e.g. Cartea et al. (2019;2022)). However,
these models start from an ad hoc description of the price
dynamics and the incurred permanent and transient price impact
cost. Our focus in this paper is different: we want to understand
the impact of the market architecture on the price formation
process from first principles, i.e. from the observed order flow.
Indeed, empirical studies (cf. e.g. Kiesel and Paraschiv (2017);
Hagemann et al. (2016)) suggest that the incorporation of themar-
ket microstructure in any realistic model of intraday electricity
markets is crucial to gain a better understanding of the market
dynamics. Studying more realistic (and more complicated) order
flow dynamics as well as optimal trading problems within our
model is left for future research.

1.1 Empirical Motivation

In this subsection, we provide some empirical motivation for
our microscopic model dynamics, looking at SIDC trade book
data1 (from June 30, 2020) and capacity flow data2 (from January
2021). Since the start of SIDC (formerly XBID) in 2018, the traded
volume as well as the overall number of trades on SIDC is steadily
increasing. InNovember 2022, the overall monthly traded volume
has exceeded 10 million MWh, while the number of trades per
quarter has exceeded 20 million, cf. SID (2022). Even though the
SIDC market is still very illiquid compared to many financial
markets, the development of the past years shows a clear trend
toward significantly more liquid intraday electricity markets,
which suggests that scaling limit approximations of the market
dynamics will gain plausibility in the future.

Cross-border trading opportunities play an important role in
the European intraday electricity market. For example, in our
analyzed data set, Austria exported four times more electricity
for delivery time 7pm to Germany as it transacted domestically.
In contrast, Germany exported comparably few electricity to
other countries for the same delivery window and most of its
transactions were done domestically. Studying the transaction
flow over time reveals the same picture. In Figure 1, we depict the
cumulative trading volumes and execution prices as a function
of the execution time. The dashed gray lines in Figure 1 denote
the last cross-border trade between both market areas. In both
pictures, we observe that the execution prices rapidly change after
the last transaction between Germany and Austria.

To move toward a fully integrated European electricity market,
the major obstacle to overcome is the limitation of transmission
capacities. The rapid change of the prices in Figure 1 after the last
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FIGURE 1 Transactions for the German and Austrian market area for delivery time 7 pm. The 𝑦-axis displays all executed trades: prices (left),
cumulative volume (right).
[Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 Maximum available (in yellow) and used (in orange)
transmission capacity in January 2021. [Color figure can be viewed at
wileyonlinelibrary.com]

cross-border trade between Germany and Austria indicates a full
occupation of the transmission capacity in our considered data
set. Indeed, the available transmission capacities are typically
occupied at the end of a trading session: Figure 2 shows that
for most continuously traded intraday electricity products, the
transmission capacities between France and Spain were occupied
at the end of the trading session in January 2021. Hence, incorpo-
rating the restriction of cross-border trading possibilities into the
marketmodel is necessary to develop a good understanding of the
SIDC market dynamics.

1.2 Outline

The remainder of this paper is structured as follows: in Section 2
we define the discrete-time cross-border market dynamics 𝑆(𝑛).
Especially, we introduce the active market dynamics 𝑆(𝑛) and
the inactive market dynamics

≈

𝑆(𝑛), describing the evolution of
the cross-border market dynamics when cross-border trades
are possible, respectively prohibited. We then state our main
result (Theorem 2.6). A small simulation study of the cross-

border market model is provided in Section 3. In Section 4
we analyze the active dynamics 𝑆(𝑛), identify their limit 𝑆, and
study the price behaviour as well as the cross-border trading
activity (cf. Subsection 4.4) for the limiting dynamics. In Section 5,
we state the convergence result for the inactive dynamics

≈

𝑆(𝑛).
Finally, Section 6 contains the proof of our main result, while
Section 7 discusses two possible extensions of our model. Some
technical details and proofs are transferred to the Appendix.

Notations. 𝐷(ℝ+, ℝ
𝑑) denotes the Skorokhod space of càdlàg

functions 𝜔 ∶ ℝ+ → ℝ𝑑 endowed with the usual Skorokhod met-
ric 𝑑𝐽1 , cf. (Billingsley 1999, Section 16). For 𝑘 ∈ ℕ and 1 ⩽ 𝑗 ⩽ 𝑘
the 𝑗-th projectionmap is given by 𝜋(𝑘)𝑗 ∶ 𝐷(ℝ+, ℝ

𝑘) → 𝐷(ℝ+, ℝ),
i.e. 𝜋(𝑘)𝑗 𝜔 = 𝜔𝑗 for 𝜔 = (𝜔1, . . . , 𝜔𝑘) ∈ 𝐷(ℝ+, ℝ

𝑘). Similarly, 𝜋(𝑘)𝑖,𝑗 ∶
𝐷(ℝ+, ℝ

𝑘) → 𝐷(ℝ+, ℝ
2), 𝑘 ⩾ 2, denots the (𝑖, 𝑗)-th projection

map, i.e. 𝜋(𝑘)𝑖,𝑗 𝜔 = (𝜔𝑖, 𝜔𝑗) for 1 ⩽ 𝑖, 𝑗 ⩽ 𝑘. By a slight abuse of
notation, we also write 𝜋(𝑘)𝑗 𝑥 = 𝑥𝑗 and 𝜋

(𝑘)
𝑖,𝑗 𝑥 = (𝑥𝑖, 𝑥𝑗) for 𝑥 =

(𝑥1, . . . , 𝑥𝑘) ∈ ℝ
𝑘 and 1 ⩽ 𝑖, 𝑗 ⩽ 𝑘. Moreover, we introduce the

short hand notations 𝜋𝑗 ∶= 𝜋
(4)
𝑗 and 𝜋𝑖,𝑗 ∶= 𝜋

(4)
𝑖,𝑗 for 1 ⩽ 𝑖, 𝑗 ⩽ 4

as well as 𝜋𝐹 ∶= 𝜋1,2, 𝜋𝐺 ∶= 𝜋3,4, 𝜋𝑏 ∶= 𝜋1,3, 𝜋𝑎 ∶= 𝜋2,4.

In the following, we make extensive use of the two summation
functions ℎ and ℎ1 defined as

ℎ1 ∶ 𝐷(ℝ+, ℝ
2) → 𝐷(ℝ+, ℝ), ℎ1 ∶ 𝜔 ↦ (𝜋

(2)
1 𝜔 + 𝜋(2)2 𝜔),

ℎ ∶ 𝐷(ℝ+, ℝ
4) → 𝐷(ℝ+, ℝ

2), ℎ ∶ 𝜔 ↦ (ℎ1(𝜋𝑏𝜔), ℎ1(𝜋𝑎𝜔))

= (𝜋1𝜔 + 𝜋3𝜔, 𝜋2𝜔 + 𝜋4𝜔).

Throughout we set inf ∅ ∶= ∞ and ∞−∞ ∶= ∞. Furthermore,
if two stochastic processes 𝑋 and 𝑌 have the same finite-
dimensional distributions, we write 𝑋 ≃ 𝑌. The symbol ⇒
denotes weak convergence of probability measures, resp. conver-
gence in distribution of random variables.

2 Setup andMain Result

We consider two neighboring countries 𝐹 (France) and 𝐺 (Ger-
many), each of them having a national LOB through which it can
trade its goods domestically. Moreover, as long as enough trans-
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mission capacities remain, market orders can also be matched
against standing volumes in the foreign LOB. In the following
we describe our cross-border market dynamics by extending
the reduced-form representation of an LOB introduced in Cont
and de Larrard (2012) to two interacting LOBs: for each 𝑛 ∈ ℕ
we consider on a stochastic basis (Ω(𝑛), (𝑛), ℙ(𝑛))3 a stochastic
process 𝑆(𝑛) = (𝑆(𝑛)(𝑡))𝑡⩾0 taking values in 𝐸 ∶= ℝ2 ×ℝ4

+ ×ℝ, i.e.

𝑆(𝑛)(𝑡) =
(
𝐵(𝑛)(𝑡), 𝑄(𝑛)(𝑡), 𝐶(𝑛)(𝑡)

)
,

where the ℝ2-valued process 𝐵(𝑛) = (𝐵𝐹,(𝑛), 𝐵𝐺,(𝑛)) describes the
best bid prices in 𝐹 and 𝐺, the ℝ4

+-valued process 𝑄(𝑛) =
(𝑄𝑏,𝐹,(𝑛), 𝑄𝑎,𝐹,(𝑛), 𝑄𝑏,𝐺,(𝑛), 𝑄𝑎,𝐺,(𝑛)) describes the standing volumes
at the best bid/ask price in 𝐹 and 𝐺, and the ℝ-valued process
𝐶(𝑛) describes the net volume of all cross-border trades. We will
refer to 𝐶(𝑛) as the capacity process of the cross-border market
model 𝑆(𝑛). For all 𝑛 ∈ ℕ, the bid price process 𝐵(𝑛) takes values
in (𝛿ℤ)2 ⊂ ℝ2, where 𝛿 > 0 denotes the tick size. As in Cont and
de Larrard (2012) we make the simplifying assumption that the
spread is constant and equal to one tick at all times, i.e. the best
ask price processes are given by 𝐴𝐼,(𝑛) ∶= 𝐵𝐼,(𝑛) + 𝛿 for 𝐼 = 𝐹,𝐺.

Remark 2.1. Assuming that the bid-ask spread is constant and
equal to one tick facilitates the subsequent analysis considerably
as it implies that every event affecting the ask (resp. bid) price
simultaneously affects the bid (resp. ask) price. Especially, we do
not have to model spread placements. We note, however, that in
principle this can be done, following Bayer et al. (2017); Horst and
Paulsen (2017); Horst and Kreher (2017);;2019), if one assumes
that spread placements occur on a much slower time scale, but
are considerably larger than other limit order placements.

The state of the cross-border market changes due to arriving
market and limit orders at the best bid/ask queues in 𝐹,𝐺.
For simplicity, we assume that the time intervals between two
consecutive order arrivals are of equal length Δ𝑡(𝑛) > 0, i.e. at
each time 𝑡(𝑛)

𝑘
∶= 𝑘Δ𝑡(𝑛), 𝑘 ∈ ℕ, an order book event takes place.

Note, however, that an extension to randomly spaced arrival times
as in Horst and Paulsen (2017); Cont and de Larrard (2012) is
possible by invoking a time-change argument. We assume that
Δ𝑡(𝑛) → 0 as 𝑛 →∞, i.e. the number of orders explodes as 𝑛 →∞.
Moreover, all orders are assumed to be of constant size Δ𝑣(𝑛),
which also tends to zero as 𝑛 →∞.

To study the cross-bordermarket dynamicswith limited transmis-
sion capacities we denote by 𝜅− > 0 the maximum transmission
capacity in direction 𝐹 to 𝐺 (i.e. exports from 𝐹) and by 𝜅+ > 0

the maximum capacity in direction 𝐺 to 𝐹 (i.e. imports to 𝐹).
Without loss of generalitywe suppose that 𝜅+ and 𝜅− aremultiples
of Δ𝑣(𝑛) for all 𝑛 ∈ ℕ. We suppose that at time 𝑡 = 0 the bid prices
of 𝐹 and 𝐺 coincide, i.e. 𝐵𝐹,(𝑛)0 = 𝐵𝐺,(𝑛)0 . Hence, in the 𝑛-th model
the initial state of the cross-border market model is given by the
𝐸-valued random variable 𝑆(𝑛)0 = (𝐵(𝑛)0 , 𝑄

(𝑛)
0 , 𝐶

(𝑛)
0 ), where 𝐵

(𝑛)
0 =

(𝐵
𝐹,(𝑛)
0 , 𝐵

𝐺,(𝑛)
0 ) ∈ (𝛿, 𝛿)ℤ,𝑄(𝑛)0 = (𝑄𝑏,𝐹,(𝑛)0 ,𝑄𝑎,𝐹,(𝑛)0 , 𝑄

𝑏,𝐺,(𝑛)
0 ,𝑄𝑎,𝐺,(𝑛)0 ) ∈

(Δ𝑣(𝑛)ℕ)4, and 𝐶(𝑛)0 ∈ [−𝜅−, 𝜅+] ∩ Δ𝑣(𝑛)ℤ ℙ-a.s.

Assumption1 (Convergence of initial state). There
exists a (𝛿, 𝛿)ℤ × (0,∞)4 × [−𝜅−, 𝜅+]-valued random variable
𝑆0 = (𝐵0, 𝑄0, 𝐶0) such that 𝑆

(𝑛)
0 ⇒ 𝑆0 as 𝑛 →∞.

2.1 Event Types, Order Sizes, and the Depth of
the Limit Order Books

The state of the cross-border market model changes due to the
submission of limit and market orders. While limit orders are
added to the queues of orders awaiting execution, market orders
reduce the queue lengths at the top of the book. To each order
event we assign two random variables 𝜙(𝑛)

𝑘
∈ {𝑏, 𝑎} and 𝜓(𝑛)

𝑘
∈

{𝐹, 𝐺}, which record the affected side of the LOB and the origin of
the order: if the 𝑘-th order event affects the bid (resp. ask) side of
the LOB, then 𝜙(𝑛)

𝑘
= 𝑏 (resp. 𝜙(𝑛)

𝑘
= 𝑎). If the 𝑘-th order has origin

𝐹 (resp.𝐺), then 𝜓(𝑛)
𝑘

= 𝐹 (resp. 𝜓(𝑛)
𝑘

= 𝐺). Hence, each event falls
into one of the following four categories:

(𝐛, 𝐅). A market sell or a limit buy order with origin 𝐹 arrives,
i.e. (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑏, 𝐹).

(𝐚, 𝐅). A market buy or a limit sell order with origin 𝐹 arrives,
i.e. (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑎, 𝐹).

(𝐛, 𝐆). A market sell or a limit buy order with origin 𝐺 arrives,
i.e. (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑏, 𝐺).

(𝐚, 𝐆). A market buy or a limit sell order with origin 𝐺 arrives,
i.e. (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑎, 𝐺).

Market orders of type (𝑏, 𝐹) and (𝑎, 𝐺) correspond to possible
transactions from 𝐹 to 𝐺, i.e. exports from 𝐹, whereas (𝑎, 𝐹) and
(𝑏, 𝐺) correspond to possible transactions from𝐺 to𝐹, i.e. imports
to 𝐹. In all cases, however, domestic transactions are preferred to
foreign ones.

To distinguish between limit andmarket orders, we introduce the
random sequence (𝑈(𝑛)

𝑘
)𝑘⩾1, where 𝑈

(𝑛)

𝑘
∈ {−Δ𝑣(𝑛), Δ𝑣(𝑛)} for all

𝑘 ⩾ 1. If 𝑈(𝑛)

𝑘
is positive, i.e. 𝑈(𝑛)

𝑘
= Δ𝑣(𝑛), the 𝑘-th order is a limit

order placement. Conversely, if𝑈(𝑛)

𝑘
is negative, i.e.𝑈(𝑛)

𝑘
= −Δ𝑣(𝑛),

the 𝑘-th order is a market order. For notational convenience, the
type-dependent order sizes will be denoted by

𝑉
𝑖,𝐼,(𝑛)

𝑘
∶= 𝑈(𝑛)

𝑘
𝟙𝑖,𝐼
𝑘,𝑛

with 𝟙𝑖,𝐼
𝑘,𝑛
∶= 𝟙{(

𝜙
(𝑛)
𝑘
,𝜓
(𝑛)
𝑘

)
=(𝑖,𝐼)

},
(𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺}, 𝑘 ∈ ℕ,

and the four-dimensional order size vector by 𝑉
(𝑛)

𝑘
∶=

(𝑉
𝑏,𝐹,(𝑛)

𝑘
, 𝑉

𝑎,𝐹,(𝑛)

𝑘
, 𝑉

𝑏,𝐺,(𝑛)

𝑘
, 𝑉

𝑎,𝐺,(𝑛)

𝑘
), 𝑘 ∈ ℕ.

In order to derive a heavy traffic approximation for the cross-
border market model 𝑆(𝑛), we must impose further assumptions
on the mean and covariance structure of the order size vectors
(𝑉

(𝑛)

𝑘
)𝑘⩾1. Combined with the right scaling relation between Δ𝑣(𝑛)

and Δ𝑡(𝑛) (cf. Assumption 3), this will guarantee that the partial
sums of the order sizes verify some version of Donsker’s theorem.

Assumption2 (Order sizes).

i. For all𝑛 ∈ ℕ,𝑉(𝑛) = (𝑉(𝑛)
𝑘
)𝑘⩾1 is a stationary, uniformmixing

array of random variables which are independent of 𝑆(𝑛)0 .

ii. For all 𝑛 ∈ ℕ and (𝑖, 𝐼), (𝑗, 𝐽) ∈ {𝑏, 𝑎} × {𝐹, 𝐺} with (𝑖, 𝐼) ≠
(𝑗, 𝐽) there exist 𝜇𝑖,𝐼,(𝑛) ∈ ℝ, 𝜎𝑖,𝐼,(𝑛) > 0, and 𝜎(𝑖,𝐼),(𝑗,𝐽),(𝑛) ∈ ℝ

Mathematical Finance, 2026 241



such that

𝑥𝑣𝔼
[
𝑉
𝑖,𝐼,(𝑛)
1

]
=
(
Δ𝑣(𝑛)

)2
𝜇𝑖,𝐼,(𝑛),

Var
[
𝑉
𝑖,𝐼,(𝑛)
1

]
+ 2

∞∑
𝑘=2

Cov
[
𝑉
𝑖,𝐼,(𝑛)
1 , 𝑉

𝑖,𝐼,(𝑛)

𝑘

]
=
(
Δ𝑣(𝑛)

)2(
𝜎𝑖,𝐼,(𝑛)

)2
,

2

∞∑
𝑘=1

Cov
[
𝑉
𝑖,𝐼,(𝑛)
1 , 𝑉

𝑗,𝐽,(𝑛)

𝑘

]
+ 2

∞∑
𝑘=2

Cov
[
𝑉
𝑖,𝐼,(𝑛)

𝑘
, 𝑉

𝑗,𝐽,(𝑛)
1

]
=
(
Δ𝑣(𝑛)

)2
𝜎(𝑖,𝐼),(𝑗,𝐽),(𝑛).

iii. There exist 𝜇 ∈ ℝ4 and a positive definite matrix Σ ∈ ℝ4×4

denoted by

𝜇 =

⎛⎜⎜⎜⎜⎜⎝

𝜇𝑏,𝐹

𝜇𝑎,𝐹

𝜇𝑏,𝐺

𝜇𝑎,𝐺

⎞⎟⎟⎟⎟⎟⎠
, Σ =

⎛⎜⎜⎜⎜⎜⎜⎝

(
𝜎𝑏,𝐹
)2

𝜎(𝑏,𝐹),(𝑎,𝐹) 𝜎(𝑏,𝐹),(𝑏,𝐺) 𝜎(𝑏,𝐹),(𝑎,𝐺)

𝜎(𝑏,𝐹),(𝑎,𝐹)
(
𝜎𝑎,𝐹
)2

𝜎(𝑎,𝐹),(𝑏,𝐺) 𝜎(𝑎,𝐹),(𝑎,𝐺)

𝜎(𝑏,𝐹),(𝑏,𝐺) 𝜎(𝑎,𝐹),(𝑏,𝐺)
(
𝜎𝑏,𝐺
)2

𝜎(𝑏,𝐺),(𝑎,𝐺)

𝜎(𝑏,𝐹),(𝑎,𝐺) 𝜎(𝑎,𝐹),(𝑎,𝐺) 𝜎(𝑏,𝐺),(𝑎,𝐺)
(
𝜎𝑎,𝐺
)2

⎞⎟⎟⎟⎟⎟⎟⎠
.

such that as 𝑛 → ∞ it holds for all (𝑖, 𝐼), (𝑗, 𝐽) ∈ {𝑏, 𝑎} ×
{𝐹, 𝐺} with (𝑖, 𝐼) ≠ (𝑗, 𝐽),

(
𝜇𝑖,𝐼,(𝑛), 𝜎𝑖,𝐼,(𝑛)

)
→
(
𝜇𝑖,𝐼 , 𝜎𝑖,𝐼

)
and

𝜎(𝑖,𝐼),(𝑗,𝐽),(𝑛) → 𝜎(𝑖,𝐼),(𝑗,𝐽) =∶ 𝜌(𝑖,𝐼),(𝑗,𝐽)𝜎𝑖,𝐼𝜎𝑗,𝐽 .

The dependence structure introduced in Assumption 2 is
for example satisfied if the sequence of scaled order sizes
(Δ𝑣(𝑛))−1(𝑉

(𝑛)

𝑘
)𝑘⩾1 becomes independent as 𝑛 →∞ or if it is

𝑚-dependent for large 𝑛 ∈ ℕ, i.e. (Δ𝑣(𝑛))−1(𝑉(𝑛)1 , . . . , 𝑉
(𝑛)

𝑘
) and

(Δ𝑣(𝑛))−1(𝑉
(𝑛)

𝑘+𝑗, . . . , 𝑉
(𝑛)

𝑘+𝑗+𝑙) are independent for all 𝑘, 𝑙 ∈ ℕ when-
ever 𝑗 > 𝑚. Note that the uniform mixing condition can be
replaced by a 𝜌-mixing condition as discussed in (Billingsley
1999, Theorem 19.2) and is therefore stronger than the 𝛼-mixing
condition.

Remark 2.2. So far, we have made two simplifying assumptions,
which need to be empirically justified: first, we suppose that the
bid-ask spread is constant, and second, we assume that the order
flow is stationary. As shown in (Cont and de Larrard 2013, Table
2), the former assumption seems to be satisfied in liquid stock
markets, where the bid-ask spread equals one tick about 98% of
the time. However, both assumptions are clearly not satisfied in
intraday electricity markets, if one considers the whole trading
period for a single contract. Indeed, the order flow in these
markets is highly time-inhomogeneous, as most trading activity
takes place during the last hours of the trading session shortly
before delivery. This explains the L-shaped pattern of the bid-
ask spread found in Balardy (2022); Glas et al. (2020). However,
as observed in the same references, the bid-ask spread is nearly
constant (at a value about 30-50 times larger than the tick size)
for about the final 8-10 hours of the trading session before the
last cross-border trade takes place. Therefore, if one restricts the
model to this time interval, the two assumptions seem to be
approximately justified.

Assumption3 (Scaling). As 𝑛 →∞, Δ𝑡(𝑛)

(Δ𝑣(𝑛))
2 → 1.

Under Assumptions 2 and 3 we obtain convergence of the
underlying net order flow process

𝑋(𝑛) ∶=
(
𝑋𝑏,𝐹,(𝑛), 𝑋𝑎,𝐹,(𝑛), 𝑋𝑏,𝐺,(𝑛), 𝑋𝑎,𝐺,(𝑛)

)
,

where for each (𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺} and 𝑡 ⩾ 0,

𝑋𝑖,𝐼,(𝑛)(𝑡) ∶=
∞∑
𝑘=1
𝑋
𝑖,𝐼,(𝑛)

𝑘
𝟙[
𝑡
(𝑛)
𝑘
,𝑡
(𝑛)
𝑘+1

)(𝑡) and 𝑋
𝑖,𝐼,(𝑛)

𝑘
∶=

𝑘∑
𝑗=1
𝑉
𝑖,𝐼,(𝑛)
𝑗 .

The components of 𝑋(𝑛)(𝑡) represent the sum of all market and
limit orders at each side of the order book in countries 𝐹 and
𝐺, which have been submitted up to time 𝑡. In Section 4 we
will derive a pathwise representation of 𝑆(𝑛) = (𝐵(𝑛), 𝑄(𝑛), 𝐶(𝑛))
in terms of the underlying net order flow process 𝑋(𝑛) and
the reinitialization values after price changes defined below,
cf. Theorem 4.3.

Proposition2.3 (Convergence of the net order flow pro-
cess). Under Assumptions 2, 3 the process 𝑋(𝑛) converges weakly
in the Skorokhod topology to a four-dimensional linear Brownian
motion, i.e.

𝑋(𝑛) ⇒ 𝑋 ∶=
(
Σ1∕2𝑊(𝑡) + 𝜇𝑡

)
𝑡⩾0
,

where𝑊 is a standard four-dimensional Brownian motion.

The proof of Proposition 2.3 follows from a classical functional
convergence result for sums of weakly dependent random vari-
ables (cf. (Billingsley 1999, Theorem 19.1)) and is hence omitted.

To describe the dynamics of the queue size process 𝑄(𝑛) we must
define its value after price changes. Motivated by pegged limit
orders, we follow the approach from Cont and de Larrard (2012)
and allow the queue sizes after a price change to depend on the
state of the queue size process just before the price change. In the
following let (𝜏(𝑛)

𝑘
)𝑘⩾1 denote the sequence of stopping times, at

which we observe price changes in the cross-border market 𝑆(𝑛),
and let𝑅+,(𝑛)

𝑘
(resp.𝑅−,(𝑛)

𝑘
) denote the queue size after the𝑘-th price

change in case of a price increase (resp. decrease).

Assumption4 (Reinitialization after price changes).

i. For all 𝑛 ∈ ℕ there exist two independent sequences
(𝜖

+,(𝑛)
𝑘

)𝑘⩾1 and (𝜖
−,(𝑛)
𝑘

)𝑘⩾1 of (0,∞)4-valued, i.i.d. random vari-
ables on (Ω(𝑛), (𝑛), ℙ(𝑛)), which are independent of 𝑉(𝑛) and
𝑆
(𝑛)
0 , and a function Φ(𝑛) ∶ ℝ4

+ ×ℝ4
+ → (Δ𝑣(𝑛)(ℕ + 1))4 such

that the reinitialization value of the queue size process after
a price increase/decrease is given by

𝑅
+,(𝑛)
𝑘

∶= Φ(𝑛)
(
𝑄(𝑛)(𝜏

(𝑛)

𝑘
−), 𝜖+,(𝑛)

𝑘

)
,

𝑅
−,(𝑛)
𝑘

∶= Φ(𝑛)
(
𝑄(𝑛)(𝜏

(𝑛)

𝑘
−), 𝜖−,(𝑛)

𝑘

)
.

Moreover, there exists 𝛼 > 0 such that for 𝑗 = 1, 2, 3, 4 and for
all (𝑥, 𝑦) ∈ ℝ4

+ ×ℝ4
+,

𝜋𝑗Φ
(𝑛)(𝑥, 𝑦) ⩾ 𝛼𝜋𝑗𝑦.
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In the following, let 𝑓+
𝑛 (resp. 𝑓−

𝑛 ) denote the distribution of
𝜖
+,(𝑛)
𝑘

(resp. 𝜖−,(𝑛)
𝑘

), 𝑘 ∈ ℕ.

ii. There exist probability distributions 𝑓+, 𝑓− on (0,∞)4 and
Φ ∈ 𝐶

(
ℝ4

+ ×ℝ4
+, (0,∞)4

)
such that

𝑓+
𝑛 ⇒ 𝑓+, 𝑓−

𝑛 ⇒ 𝑓−, and ‖Φ(𝑛) − Φ‖∞ → 0 as 𝑛 →∞.

2.2 Microscopic Market Dynamics

To describe the dynamics of the cross-border market model 𝑆(𝑛),
we first make the following observation: if enough transmission
capacities remain, the national LOBs are coupled, i.e. incoming
market orders can be matched against standing volumes of the
national and the foreign LOB. As the transmission capacities in
both directions are bounded by 𝜅−, 𝜅+ > 0, it may happen that the
national LOBs decouple, in which case market orders can only be
matched against limit orders with the same origin. Hence, our
cross-border market model switches between the following two
regimes:

∙ the active regime in which the LOBs of 𝐹 and 𝐺 are coupled,
and

∙ the inactive regime in which the LOBs of 𝐹 and 𝐺 are
decoupled.

To describe the behaviour of 𝑆(𝑛) during the two regimes, we
define the active dynamics 𝑆(𝑛) in Section 2.2.1 and the inactive
dynamics

≈

𝑆(𝑛) in Section 2.2.2, which describe the evolution of
the two national LOBs as if we were in the active, respectively
inactive, regime for all times.

2.2.1 Active Dynamics

We define for fixed 𝑛 ∈ ℕ the active dynamics given by the
piecewise constant interpolation

𝑆(𝑛)(𝑡) =
∞∑
𝑘=0
𝑆
(𝑛)

𝑘
𝟙[
𝑡
(𝑛)
𝑘
,𝑡
(𝑛)
𝑘+1

)(𝑡), 𝑡 ⩾ 0,

of the 𝐸-valued random variables

𝑆
(𝑛)

𝑘
∶=
(
𝐵
(𝑛)

𝑘
, 𝑄

(𝑛)

𝑘
, 𝐶

(𝑛)

𝑘

)
, 𝑘 ∈ ℕ0,

where 𝐵(𝑛)
𝑘

denotes the bid prices of 𝐹 and 𝐺, 𝑄(𝑛)
𝑘

denotes the
sizes of the best bid and ask queues in 𝐹 and 𝐺, and 𝐶(𝑛)

𝑘
denotes

the net volume of all cross-border trades after 𝑘 order events. We
assume that there are no capacity constraints (𝜅+ = 𝜅− = ∞)
and therefore the two limit order markets of 𝐹 and 𝐺 are always
coupled. Especially, prices agree throughout, i.e.𝐵𝐹,(𝑛)

𝑘
= 𝐵𝐺,(𝑛)

𝑘
for

all 𝑘 ⩾ 0. In the shared order book, the cumulative queue size
processes are given by

𝑄𝑖,(𝑛) ∶= 𝑄𝑖,𝐹,(𝑛) + 𝑄𝑖,𝐺,(𝑛), 𝑖 = 𝑏, 𝑎.

Definition1 (Evolution of the active dynamics 𝑆(𝑛)
𝑘−1 ⇝

𝑆
(𝑛)
𝑘
). Let 𝐼 ∈ {𝐹, 𝐺} denote the domestic country, 𝐽 ∈ {𝐹, 𝐺} ⧵ 𝐼

the foreign country, and 𝑖 ∈ {𝑏, 𝑎} the affected side of the order
book. If the 𝑘-th order type is (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑖, 𝐼) and if (𝑙 − 1) ∈ ℕ0

price changes have occurred before, then:

∙ If 𝑉𝑖,𝐼,(𝑛)
𝑘

= +Δ𝑣(𝑛), a limit order placement occurs and 𝑄(𝑛)
𝑘

=
𝑄
(𝑛)

𝑘−1 + 𝑉
(𝑛)

𝑘
, 𝐵(𝑛)

𝑘
= 𝐵(𝑛)

𝑘−1, 𝐶
(𝑛)

𝑘
= 𝐶(𝑛)

𝑘−1.

∙ If 𝑉𝑖,𝐼,(𝑛)
𝑘

= −Δ𝑣(𝑛) and 𝑄𝑖,𝐼,(𝑛)
𝑘−1 ⩾ Δ𝑣(𝑛), a domestic trade occurs

and 𝐶(𝑛)
𝑘

= 𝐶(𝑛)
𝑘−1.If moreover 𝑄

𝑖,(𝑛)

𝑘−1 > Δ𝑣(𝑛), no price change
occurs and 𝐵(𝑛)

𝑘
= 𝐵(𝑛)

𝑘−1, 𝑄
(𝑛)

𝑘
= 𝑄(𝑛)

𝑘−1 + 𝑉
(𝑛)

𝑘
.

∙ If 𝑉𝑖,𝐼,(𝑛)
𝑘

= −Δ𝑣(𝑛) and the domestic queue is empty, i.e.
𝑄
𝑖,𝐼,(𝑛)

𝑘−1 = 0, a cross-border trade occurs. In this case,
𝐶
(𝑛)

𝑘
= 𝐶(𝑛)

𝑘−1 + Δ𝑣
(𝑛)(𝟙(𝑖,𝐼)∈{(𝑎,𝐹),(𝑏,𝐺)} − 𝟙(𝑖,𝐼)∈{(𝑎,𝐺),(𝑏,𝐹)}).If

moreover 𝑄
𝑖,𝐽,(𝑛)

𝑘−1 > Δ𝑣(𝑛), no price change occurs,
i.e. 𝐵(𝑛)

𝑘
= 𝐵(𝑛)

𝑘−1, and we have 𝑄
𝑖,𝐽,(𝑛)

𝑘
= 𝑄𝑖,𝐽,(𝑛)

𝑘−1 + 𝑉𝑖,𝐼,(𝑛)
𝑘

and
𝑄
𝑖,𝐼,(𝑛)

𝑘
= 𝑄𝑖,𝐼,(𝑛)

𝑘−1 = 0, 𝑄𝑗,𝐻,(𝑛)
𝑘

= 𝑄𝑗,𝐻,(𝑛)
𝑘−1 for 𝑗 ≠ 𝑖 and𝐻 = 𝐹,𝐺.

∙ If 𝑉𝑖,𝐼,(𝑛)
𝑘

= −Δ𝑣(𝑛) and 𝑄𝑖,(𝑛)
𝑘−1 = Δ𝑣(𝑛), the 𝑙-th price change

occurs. In this case, 𝐵𝐼,(𝑛)
𝑘

= 𝐵𝐽,(𝑛)
𝑘

= 𝐵𝐼,(𝑛)
𝑘−1 + 𝛿(𝟙𝑖=𝑎 − 𝟙𝑖=𝑏) and

all queues are reinitialized, i.e. 𝑄(𝑛)
𝑘

= 𝑅+,(𝑛)
𝑙

𝟙𝑖=𝑏 + 𝑅
−,(𝑛)
𝑙

𝟙𝑖=𝑎,
where 𝑅±,(𝑛)

𝑙
∶= Φ(𝑛)

(
𝑄
(𝑛)

𝑘−1, 𝜖
±,(𝑛)
𝑙

)
.

The definition of the active dynamics corresponds to an efficient
cross-border trading mechanism in the sense that market orders
are onlymatched against foreign standing volumes if no domestic
volumes are available for the same price. Moreover, we keep
track of the net volume of cross-border trades over time via the
(unbounded) capacity process 𝐶(𝑛). Its evolution can be described
by

𝐶
(𝑛)

𝑘
= 𝐶(𝑛)0 +

(
𝑀

𝑏,𝐺,(𝑛)

𝑘
+𝑀𝑎,𝐹,(𝑛)

𝑘

)
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

trades from 𝐺 to 𝐹

−
(
𝑀

𝑏,𝐹,(𝑛)

𝑘
+𝑀𝑎,𝐺,(𝑛)

𝑘

)
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

trades from 𝐹 to 𝐺

, (1)

where for (𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺} the type-dependent cumulative
cross-border volume is defined by

𝑀
𝑖,𝐼,(𝑛)

𝑘
∶= Δ𝑣(𝑛)

𝑘∑
𝑗=1
𝟙{

𝑄
𝑖,𝐼,(𝑛)
𝑗−1 =0, 𝑉𝑖,𝐼,(𝑛)

𝑗
=−Δ𝑣(𝑛)

}, 𝑘 ∈ ℕ.

In the following, we denote

𝑀
(𝑛)

𝑘
∶=
(
𝑀

𝑏,𝐹,(𝑛)

𝑘
,𝑀

𝑎,𝐹,(𝑛)

𝑘
,𝑀

𝑏,𝐺,(𝑛)

𝑘
,𝑀

𝑎,𝐺,(𝑛)

𝑘

)
, 𝑘 ⩾ 1,

𝑀(𝑛)(𝑡) ∶=
∞∑
𝑘=1
𝑀

(𝑛)

𝑘
𝟙[
𝑡
(𝑛)
𝑘
,𝑡
(𝑛)
𝑘+1

)(𝑡), 𝑡 ⩾ 0.

(2)

Remark 2.4. Between price changes the queue size dynamics
in the active regime follows the so called generalized proces-
sor sharing (GPS) discipline, which was introduced in Parekh
and Gallager (1993) as a model for efficient, work-conserving
resource sharing.
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2.2.2 Inactive Dynamics

In this subsection, we describe the inactive dynamics given by the
piecewise constant interpolation

≈

𝑆(𝑛)(𝑡) =
∞∑
𝑘=0

≈

𝑆
(𝑛)

𝑘
𝟙[
𝑡
(𝑛)
𝑘
,𝑡
(𝑛)
𝑘+1

)(𝑡), 𝑡 ⩾ 0,

of the 𝐸-valued random variables

≈

𝑆
(𝑛)

𝑘
∶=
(
≈

𝐵
(𝑛)

𝑘
,
≈

𝑄
(𝑛)

𝑘
,
≈

𝐶
(𝑛)

𝑘

)
, 𝑘 ∈ ℕ0,

where
≈

𝐵
(𝑛)

𝑘
denotes the bid prices in𝐹 and𝐺,

≈

𝑄
(𝑛)

𝑘
denotes the sizes

of the best bid and ask queues in 𝐹 and 𝐺, and
≈

𝐶
(𝑛)

𝑘
denotes the

net volume of all cross-border trades after 𝑘 order events. Since
the national order books are decoupled in the inactive dynamics,
the depletion of a single national order queue already causes a
price change in the corresponding national LOB. Hence, the best
bid prices in 𝐹 and 𝐺 will generally not coincide. Finally, since
no cross-border trades are possible, the capacity process

≈

𝐶(𝑛) is
constant for the whole trading period, i.e.

≈

𝐶
(𝑛)

𝑘
=

≈

𝐶
(𝑛)
0 for all 𝑘 ⩾ 0.

Definition2 (Evolution of the inactive dynamics
≈

𝑆
(𝑛)
𝑘−1 ⇝

≈

𝑆
(𝑛)
𝑘
). Let 𝐼 ∈ {𝐹, 𝐺} denote the domestic country, 𝐽 ≠ 𝐼 the

foreign country, and 𝑖 ∈ {𝑏, 𝑎} the affected side of the order book.
If the 𝑘-th order type is (𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑖, 𝐼) and if (𝑙 − 1) ∈ ℕ0 price

changes have occurred before, then:

∙ No cross-border trades are possible and no changes in the for-
eign market occur, i.e.

≈

𝐶
(𝑛)

𝑘
=

≈

𝐶
(𝑛)

𝑘−1,
≈

𝐵
𝐽,(𝑛)

𝑘
=

≈

𝐵
𝐽,(𝑛)

𝑘−1 and 𝑄
𝑖,𝐽,(𝑛)

𝑘
=

𝑄
𝑖,𝐽,(𝑛)

𝑘−1 for 𝑖 = 𝑏, 𝑎.

∙ If𝑉𝑖,𝐼,(𝑛)
𝑘

= +Δ𝑣(𝑛), a limit order placement occurs and
≈

𝐵
𝐹,(𝑛)

𝑘
=

≈

𝐵
𝐹,(𝑛)

𝑘−1 ,
≈

𝑄
(𝑛)

𝑘
=

≈

𝑄
(𝑛)

𝑘−1 + 𝑉
(𝑛)

𝑘
.

∙ If𝑉𝑖,𝐼,(𝑛)
𝑘

= −Δ𝑣(𝑛) and
≈

𝑄
𝑖,𝐼,(𝑛)

𝑘−1 ⩾ Δ𝑣(𝑛), a domestic trade occurs.
If moreover

≈

𝑄
𝑖,𝐼,(𝑛)

𝑘−1 > Δ𝑣(𝑛), no price change occurs and
≈

𝐵
𝐹,(𝑛)

𝑘
=

≈

𝐵
𝐹,(𝑛)

𝑘−1 ,
≈

𝑄
(𝑛)

𝑘
=

≈

𝑄
(𝑛)

𝑘−1 + 𝑉
(𝑛)

𝑘
.

∙ If 𝑉𝑖,𝐼,(𝑛)
𝑘

= −Δ𝑣(𝑛) and
≈

𝑄
𝑖,𝐼,(𝑛)

𝑘−1 = Δ𝑣(𝑛), the 𝑙-th price change
occurs. In this case,

≈

𝐵
𝐼,(𝑛)

𝑘
=

≈

𝐵
𝐼,(𝑛)

𝑘−1 + 𝛿(𝟙𝑖=𝑎 − 𝟙𝑖=𝑏) and both
national queues are reinitialized, i.e. 𝜋𝐼𝑄

(𝑛)

𝑘
= 𝜋𝐼

≈

𝑅
+,(𝑛)
𝑙

𝟙𝑖=𝑏 +
𝜋𝐼

≈

𝑅
−,(𝑛)
𝑙

𝟙𝑖=𝑎, where
≈

𝑅
±,(𝑛)
𝑙

∶= Φ(𝑛)(
≈

𝑄
(𝑛)

𝑘−1, 𝜖
±,(𝑛)
𝑙

).

Note that the inactive dynamics evolve analogously to those in
Cont and de Larrard (2012) for a single LOB.

2.2.3 Cross-Border Market Dynamics

In this subsection we finally introduce the regime switching
dynamics of our cross-border market model 𝑆(𝑛). To this end, we
have to specify when to switch from the active dynamics 𝑆(𝑛) to
the inactive dynamics

≈

𝑆(𝑛) and vice versa. While it seems natural
to switch from an active to an inactive regime as soon as the
unconstrained capacity process 𝐶(𝑛) leaves the interval [−𝜅−, 𝜅+],
the capacity process

≈

𝐶(𝑛) stays constant during an inactive regime
and therefore cannot be used to decide when to switch back.
However, recall that in an active regime prices 𝐵𝐹,(𝑛) and 𝐵(𝑛),𝐺

are always equal, while they diverge immediately upon entering
an inactive regime. Hence, before reverting back to an active
regime,

≈

𝐵𝐹,(𝑛) and
≈

𝐵𝐺,(𝑛) have to coincide again. Therefore, the
price difference

≈

𝐵𝐹,(𝑛) −
≈

𝐵𝐺,(𝑛) can be used to indicate when to
switch back to an active regime. Note, however, that in the active
regime the price difference 𝐵𝐹,(𝑛) − 𝐵𝐺,(𝑛) always equals zero and
hence it cannot be used to indicate a regime switch to an inactive
regime.

To formalize this idea we define a sequence of random variables
(𝑍

(𝑛)

𝑘
)𝑘⩾1 ∶= (𝑍

𝐹,(𝑛)

𝑘
, 𝑍

𝐺,(𝑛)

𝑘
)𝑘⩾1, which determine the state of the

cross-border market dynamics at the start of an inactive regime,
by

𝑍
𝐼,(𝑛)

𝑘
∶=
⎧⎪⎨⎪⎩
+1 ∶ 𝜋𝐼𝑄

(𝑛)

𝑘−1 + 𝜋𝐼𝑉
(𝑛)

𝑘
∈ Δ𝑣(𝑛)ℕ0 × {−Δ𝑣(𝑛)}

−1 ∶ 𝜋𝐼𝑄
(𝑛)

𝑘−1 + 𝜋𝐼𝑉
(𝑛)

𝑘
∈ {−Δ𝑣(𝑛)} × Δ𝑣(𝑛)ℕ0

+0 ∶ otherwise
(3)

and denote their piecewise constant interpolation by 𝑍(𝑛)(𝑡) =∑∞
𝑘=1 𝑍

(𝑛)

𝑘
𝟙[
𝑡
(𝑛)
𝑘
,𝑡
(𝑛)
𝑘+1

)(𝑡) for 𝑡 ⩾ 0. Moreover, we denote for all 𝑡 ⩾ 0
by

𝑙(𝑛)(𝑡) – the random number of price changes in 𝑆(𝑛) up to time 𝑡,

𝑆(𝑛),𝑡 – the active dynamics with starting value 𝑆(𝑛)(𝑡),
≈

𝑆(𝑛),𝑡 – the inactive dynamics with starting value 𝑆(𝑛)(𝑡).

Definition3 (Cross-bordermarket dynamics). For every𝑛 ∈
ℕ, we set

𝑆(𝑛)(𝑡) ∶=
∞∑
𝑘=1
𝑆(𝑛),𝜌

(𝑛)
𝑘−1

(
𝑡 − 𝜌(𝑛)

𝑘−1

)
𝟙[
𝜌
(𝑛)
𝑘−1,𝜎

(𝑛)
𝑘

)(𝑡)

+
≈

𝑆(𝑛),𝜎
(𝑛)
𝑘

(
𝑡 − 𝜎(𝑛)

𝑘

)
𝟙[
𝜎
(𝑛)
𝑘
,𝜌
(𝑛)
𝑘

)(𝑡),

where 𝜌(𝑛)0 ∶= 0, and for 𝑘 ∈ ℕ, the 𝑘-th inactive, respectively
active, regime starts at

𝜎
(𝑛)

𝑘
∶= 𝜌(𝑛)

𝑘−1 + inf
{
𝑡
(𝑛)

𝑙
> 0 ∶ 𝐶

(𝑛),𝜌
(𝑛)
𝑘−1

𝑙
∉ [−𝜅−, 𝜅+]

}
,

𝜌
(𝑛)

𝑘
∶= 𝜎(𝑛)

𝑘
+ inf

{
𝑡
(𝑛)

𝑙
> 0 ∶

≈

𝐵
𝐹,(𝑛),𝜎

(𝑛)
𝑘

𝑙−1 =
≈

𝐵
𝐺,(𝑛),𝜎

(𝑛)
𝑘

𝑙−1

}
.

Moreover, 𝑆(𝑛)(0) ∶= 𝑆(𝑛)0 and for 𝑘 ∈ ℕ, the starting value of the
𝑘-th inactive, resp. active, regime is given for 𝐼 = 𝐹,𝐺 by

𝐵𝐼,(𝑛)(𝜎
(𝑛)

𝑘
) ∶= 𝐵𝐼,(𝑛)(𝜎(𝑛)

𝑘
−) + 𝛿

(
𝟙
{𝑍𝐼,(𝑛)(𝜎

(𝑛)
𝑘
)=1} − 𝟙{𝑍𝐼,(𝑛)(𝜎(𝑛)

𝑘
)=−1}

)
,

𝜋𝐼𝑄
(𝑛)(𝜎

(𝑛)

𝑘
) ∶= 𝜋𝐼𝑄(𝑛),𝜌

(𝑛)
𝑘−1

(
𝜎
(𝑛)

𝑘
−
)
𝟙
{𝑍𝐼,(𝑛)(𝜎

(𝑛)
𝑘
)=0}

+ 𝜋𝐼𝑅
+,(𝑛)

𝑙(𝑛)(𝜎
(𝑛)
𝑘

−)+1
𝟙
{𝑍𝐼,(𝑛)(𝜎

(𝑛)
𝑘
)=1}

+ 𝜋𝐼𝑅
−,(𝑛)

𝑙(𝑛)(𝜎
(𝑛)
𝑘

−)+1
𝟙
{𝑍𝐼,(𝑛)(𝜎

(𝑛)
𝑘
)=−1} + 𝜋𝐼𝑉

(𝑛)

𝜎
(𝑛)
𝑘
∕Δ𝑡(𝑛)

,

𝐶(𝑛)(𝜎
(𝑛)

𝑘
) ∶= 𝐶(𝑛)(𝜎(𝑛)

𝑘
−),
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respectively

𝑆(𝑛)(𝜌
(𝑛)

𝑘
) ∶=
(
𝐵(𝑛)(𝜌

(𝑛)

𝑘
−), 𝑄(𝑛)(𝜌(𝑛)

𝑘
−) + 𝑉(𝑛)

𝜌
(𝑛)
𝑘
∕Δ𝑡(𝑛)

, 𝐶(𝑛)(𝜌
(𝑛)

𝑘
−)
)
.

Remark 2.5.

∙ According to Definition 3, it may happen that prices coincide,
while the capacities are fully occupied in one direction during
the active regime. In that case, cross-border trading is only
possible in one direction. This situation can be viewed as a
partially active regime.

∙ In our model, a regime switch only changes the order
matching mechanism. However, it might be interesting to
also consider a change in the order flow. This could be
incorporated by a slight generalization of Assumptions 2 and
4, assuming that the distribution of the order sizes and of the
reinitialization values after price changes depend on the type
of the current regime.

2.3 Main Result

Our main result states the weak convergence of the sequence
(𝑆(𝑛))𝑛∈ℕ to some 𝑆 = (𝐵, 𝑄, 𝐶). To describe the dynamics of 𝑆, let
us introduce the continuous-time analogues (𝜌𝑘)𝑘⩾0 and (𝜎𝑘)𝑘⩾1
of theΔ𝑡(𝑛)ℕ0-valued stopping times (𝜌

(𝑛)

𝑘
)𝑘⩾0 and (𝜎

(𝑛)

𝑘
)𝑘⩾1. We set

𝜌0 ∶= 0 and for 𝑘 ⩾ 1,

𝜎𝑘 ∶= inf {𝑡 ⩾ 𝜌𝑘−1 ∶ 𝐶(𝑡) ∉ [−𝜅−, 𝜅+]},

𝜌𝑘 ∶= inf
{
𝑡 ⩾ 𝜎𝑘 ∶ 𝐵

𝐹(𝑡) = 𝐵𝐺(𝑡)
}
. (4)

Theorem2.6 (Main result). Let Assumptions 1–4 be satis-
fied. Then the microscopic cross-border market models 𝑆(𝑛) =
(𝑆(𝑛)(𝑡))𝑡⩾0, 𝑛 ∈ ℕ, converge weakly in the Skorokhod topology on
𝐷(ℝ+, 𝐸) to a continuous-time regime switching process 𝑆, whose
dynamics is as follows: for all 𝑘 ⩾ 0,

∙ on the interval [𝜌𝑘, 𝜎𝑘+1) the queue size process 𝑄 is a four-
dimensional linear Brownian motion in the positive orthant
with oblique reflection at the axes. Each time the two bid queues
or the two ask queues simultaneously hit zero, the process is
reinitialized at a new value in the interior of ℝ4

+. The bid prices
𝐵 follow a two-dimensional pure jump process with jump times
equal to those of the queue size process. In particular, we have
𝐵𝐹 ≡ 𝐵𝐺 . The capacity process𝐶 is a continuous process of finite
variation with values in [−𝜅−, 𝜅+].

∙ on the interval [𝜎𝑘+1, 𝜌𝑘+1) the queue size process 𝑄 behaves
like a four-dimensional linear Brownian motion in the interior
of ℝ4

+. Each time it hits one of the axes, the two components
corresponding to the origin of the depleted component are
reinitialized at a new value in (0,∞)2 while the others stay
unchanged. The bid prices 𝐵 follow a two-dimensional pure
jumpprocesswhose components jumpat hitting times of the axes
by the corresponding components of the queue size process. In
particular, 𝐵𝐹 and 𝐵𝐺 are pure jump processes which do almost
surely not jump simultaneously. The capacity process 𝐶 stays
constant at either −𝜅− or 𝜅+.

To prove our main result, we will first analyze the active and
inactive dynamics separately in Sections 4 and 5 below. The
final proof of Theorem 2.6 can be found in Section 6. Before we
turn to the theoretical analysis of our model, we present a small
simulation study of the model dynamics in the next section.

3 Simulation Study

In this section, we consider a finite time horizon [0,1] and simu-
late ourmarket dynamics for different parameter constellations of
the order flow process. We choose Δ𝑡(𝑛) = 𝑛−1, Δ𝑣(𝑛) = 𝑛−1∕2, and
simulate 𝑛 = 10, 000 time steps. For simplicity, we assume that
the order size vectors (𝑉(𝑛)

𝑘
)𝑘⩾1 are independent over time.

3.1 Simulation of the Full Cross-Border Market
Dynamics

In this subsection, we assume that 𝜅+ = 𝜅− = 0.5, 𝛿 = 0.1, and
that the reinitialization values, i.e. the queue sizes after price
changes, are drawn from the uniform distribution on {𝑗Δ𝑣(𝑛) ∶
𝑗 = 10, . . . , 20}.

In a first simulation, we assume that different order types occur
equally likely, while the frequency of market orders is slightly
higher than the frequency of limit order placements: for (𝑖, 𝐼) ∈
{𝑏, 𝑎} × {𝐹, 𝐺}, we choose

ℙ
[
(𝜙

(𝑛)
1 , 𝜓

(𝑛)
1 ) = (𝑖, 𝐼)

]
= 1

4
and

ℙ
[
𝑉
𝑖,𝐼,(𝑛)
1 = −Δ𝑣(𝑛) ||| (𝜙(𝑛)1 , 𝜓(𝑛)1 ) = (𝑖, 𝐼)] = 1

2
+ 5Δ𝑣(𝑛).

This choice yields 𝜇𝑖,𝐼,(𝑛) = −2.5 and (𝜎𝑖,𝐼,(𝑛))2 = 0.25 −
𝑛−1(𝜇𝑖,𝐼,(𝑛))2 for (𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺} and hence corresponds
to a balanced market setting. We present one realization of
this balanced cross-border market model in Figure 3. For 1,000
replications, we obtain an empirical probability of around 0.53
to observe at least one regime switch for the chosen model
parameters. Since we have chosen the frequency of market
orders higher than the frequency of limit orders, we tend to
observe several price changes and a fluctuating capacity process.
If we changed this relation in favor of order placements, we
would observe less price changes, less variation of the capacity
process, and also less regime switches on average.

In a second simulation, we choose the frequency of cross-border
trades in direction 𝐺 to 𝐹 smaller than the frequency of cross-
border trades in direction 𝐹 to 𝐺: for (𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺},

ℙ[(𝜙
(𝑛)
1 , 𝜓

(𝑛)
1 ) = (𝑖, 𝐼)] = 0.25,

ℙ
[
𝑉
𝑖,𝐼,(𝑛)
1 = −Δ𝑣(𝑛) ||| (𝜙(𝑛)1 , 𝜓(𝑛)1 ) = (𝑖, 𝐼)]

=

{
0.5 + 5Δ𝑣(𝑛) ∶ (𝑖, 𝐼) ∈ {(𝑏, 𝐹), (𝑎, 𝐺)}

0.5 ∶ (𝑖, 𝐼) ∈ {(𝑎, 𝐹), (𝑏, 𝐺)}.

This choice yields the parameters 𝜇𝑏,𝐹,(𝑛) = 𝜇𝑎,𝐺,(𝑛) = −2.5,
𝜇𝑎,𝐹,(𝑛) = 𝜇𝑏,𝐺,(𝑛) = 0, and (𝜎𝑖,𝐼,(𝑛))2 = 0.25 − 𝑛−1(𝜇𝑖,𝐼,(𝑛))2 for all
(𝑖, 𝐼) ∈ {𝑏, 𝑎} × {𝐹, 𝐺} and hence corresponds to an imbalanced
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FIGURE 3 Simulation of bid/ask queues and prices of 𝐹 (orange) and 𝐺 (turquoise) and of the capacity process in a balanced setting. The white
(resp. gray) areas represent the active (resp. inactive) regimes. [Color figure can be viewed at wileyonlinelibrary.com]

market setting. We present one realization of this imbalanced
cross-border market model in Figure 4, where we observe a
single regime switch from the active to the inactive regime. Since
we have chosen the frequency of market orders corresponding
to possible exports from 𝐹 higher than the frequency of those
corresponding to possible imports to 𝐹, the dynamics of the
capacity process has a higher probability to move downward.
Since this imbalance is maintained after the regime switch, the
best bid price of 𝐹 decreases whereas the price of 𝐺 increases.

3.2 Numerical Analysis of Price Stability

The economic idea behind a market coupling is to increase
liquidity, price stability, and overall trading volume. To study
the influence of the market coupling on price stability in our
model, we compute the active and inactive dynamics for the
same simulated order flow process and compare(i) the number
of price changes and (ii) the conditional probability of a price
increase, given a price change occurs, for four different parameter
sets of the order flow. In more detail, we simulate the dynamics
over the interval [0,10] with 𝑛 = 10, 000 time steps per unit
interval and average over 𝑚 = 100 replications. At 𝑡 = 0 we
initialize all four queues at size 10Δ𝑣(𝑛). If a queue is depleted,
we draw its reinitialization value from the uniform distribution
on {𝑗Δ𝑣(𝑛) ∶ 𝑗 = 10, . . . , 20}, while the queue on the opposite
side is reinitialized by adding an independent random variable,
being uniformly distributed on {𝑗Δ𝑣(𝑛) ∶ 𝑗 = 2, 2.2, 2.4, . . . , 4}, to
the previous queue size. Order types are assumed to be equally
likely, i.e. ℙ[(𝜙(𝑛)

𝑘
, 𝜓

(𝑛)

𝑘
) = (𝑖, 𝐼)] = 0.25 for all 𝑘 ∈ ℕ and (𝑖, 𝐼) ∈

{𝑏, 𝑎} × {𝐹, 𝐺}. We study four different scenarios for the means of
the different order types:

a) 𝜇𝑏,𝐹,(𝑛) = 𝜇𝑎,𝐹,(𝑛) = 𝜇𝑏,𝐺,(𝑛) = 𝜇𝑎,𝐺,(𝑛) = 0,

b) 𝜇𝑏,𝐹,(𝑛) = 𝜇𝑏,𝐺,(𝑛) = −2.5, 𝜇𝑎,𝐹,(𝑛) = 𝜇𝑎,𝐺,(𝑛) = 0,

c) 𝜇𝑏,𝐹,(𝑛) = 𝜇𝑎,𝐹,(𝑛) = −2.5, 𝜇𝑏,𝐺,(𝑛) = 𝜇𝑎,𝐺,(𝑛) = 0,

d) 𝜇𝑏,𝐹,(𝑛) = 𝜇𝑎,𝐺,(𝑛) = −2.5, 𝜇𝑎,𝐹,(𝑛) = 𝜇𝑏,𝐺,(𝑛) = 0.

In the following, we denote by  ◦,  𝐹 , and  𝐺 the mean
number of price changes and by ◦

+, 𝐹
+ , and 𝐺

+ the conditional
probability of a price increase, given a price change occurs, in the
shared order book, respectively in the two national order books,
obtained from simulations of the active, respectively inactive,
order book dynamics for the same underlying order flow process.

As the shared market is more liquid than each national market,
one could intuitively expect that the market coupling reduces
the total number of price changes observed in both countries.
This is confirmed in our simulations, cf. Table 1. Analyzing
the conditional probabilities of an upward price movement in
different scenarios reveals two distinct effects of the market
coupling: if both countries exhibit similar trading biases, such
as preferring sell market orders over buy market orders, the
market coupling amplifies the existing asymmetries in the price
movements as shown in scenario b). In contrast, the coupling
can equilibrate opposing trading behaviors of the two countries,
which we observe in scenario d). When one country favors
buying, while the other favors selling, the coupling mechanism

246 Mathematical Finance, 2026



FIGURE 4 Simulation of bid/ask queues and bid prices of 𝐹 (orange) and 𝐺 (turquoise) as well as the capacity process in the imbalanced setting.
The white (resp. gray) areas represent the active (resp. inactive) regimes. [Color figure can be viewed at wileyonlinelibrary.com]

TABLE 1 Number of price changes and conditional probability of
a price increase, given a price change occurs, over the interval [0,10] for
different parameter values.

 ◦  𝑭  𝑮  ◦
+  𝑭

+ 𝑮
+

a) 7.50 11.70 13.56 0.4886 0.4849 0.4798
b) 169.98 170.70 170.16 0.0026 0.0043 0.0055
c) 145.21 292.32 13.89 0.4999 0.5034 0.4802
d) 147.81 170.12 172.05 0.5002 0.0081 0.9949

balances these contradictory patterns. While the cumulative
queues are always longer than the individual queues, also the
mean and variance of the cumulative order flow process differ
from those of the individual order flow processes. This difference
can amplify or cancel the effect caused by the increased order
volume. For example in scenario b), the Sharpe ratio of the
cumulative order flow process is higher than the Sharpe ratio of
each individual queue due to their independence, which leads to
a larger conditional probability of a price increase.

4 Analysis of the Active Market Dynamics

In this section we derive a heavy traffic diffusion limit for the
active market dynamics 𝑆(𝑛) specified in Definition 1 and analyze
its dynamics. To prove the convergence of 𝑆(𝑛), we combine ideas
from (Cont and de Larrard 2012, Theorem 2) and (Ramanan and
Reiman 2003, Theorem 4.14). We first define a function Ψ̃ which

allows us to represent 𝑆(𝑛) as a regulated process of the net order
flow process 𝑋(𝑛) and the reinitialization sequences 𝑅+,(𝑛) and
𝑅−,(𝑛), i.e.

𝑆(𝑛) = Ψ̃
(
𝑄
(𝑛)
0 + 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)

)
+ 𝜀𝑛, 𝑛 ∈ ℕ,

where 𝜀𝑛 denotes some small error term. Having constructed Ψ̃,
wewill study its continuity set and derive a convergence result for
𝑆(𝑛) with the help of the continuous mapping theorem.

4.1 The Active Market Dynamics as a Regulated
Process of the Net Order Flow

The goal of this subsection is to construct the function Ψ̃. To ease
notation, we denote for all 𝜔 ∈ 𝐷(ℝ+, ℝ

2) the component-wise
reflection at zero by

𝓁
(2)
𝑡 (𝜔) ∶=

(
sup
𝑠⩽𝑡

(
−𝜋(2)1 𝜔(𝑠)

)+
, sup
𝑠⩽𝑡

(
−𝜋(2)2 𝜔(𝑠)

)+)
, 𝑡 ⩾ 0,

where 𝑥+ ∶= max{𝑥, 0}. We start by defining a function 𝑔 ∶

𝐷(ℝ+, ℝ
2) → 𝐷(ℝ+, ℝ

2
+), which describes the queue size process

on each side of the shared order book before the first price change,
when applied to the corresponding net order flow process.

Definition 4. Let 𝜔 ∈ 𝐷(ℝ+, ℝ
2). We inductively define 𝑔(𝜔) ∈

𝐷(ℝ+, ℝ
2
+) as follows:
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∙ Set 𝑔1(𝜔) ∶= 𝜔 and 𝜏̂1 ∶= 𝜏̂1(𝜔) ∶= inf {𝑡 ⩾ 0 ∶ ∃ 𝑖 ∈
{1, 2} with 𝜋(2)𝑖 𝜔(𝑡) ⩽ 0}.

∙ For 𝑘 ⩾ 2 and 𝑡 ⩾ 𝜏̂𝑘−1 set

𝑔𝑘(𝜔)(𝑡) ∶= 𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔(𝑡) − 𝜔(𝜏̂𝑘−1−)

+ 𝓁(2)𝑡 (𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−))

with reflection matrix ∶=
(
1 −1
−1 1

)
and

𝜏̂𝑘 ∶= 𝜏̂𝑘(𝜔) ∶= inf
{
𝑡 ⩾ 𝜏̂𝑘−1 ∶ 𝜋

(2)
𝑖 𝑔𝑘(𝜔)(𝑡)𝟙

{
𝜋
(2)
𝑖
𝑔𝑘−1(𝜔)(𝜏̂𝑘−1)>0

}

⩽ 0 for 𝑖 = 1, 2
}
.

∙ Set 𝜏̂0 ∶= 0, 𝜏̂∞ ∶= 𝜏̂∞(𝜔) ∶= lim𝑘→∞ 𝜏̂𝑘(𝜔), and for 𝑡 ⩾ 0,

𝑔(𝜔)(𝑡) ∶=
∞∑
𝑘=1
𝑔𝑘(𝜔)(𝑡)𝟙[𝜏̂𝑘−1,𝜏̂𝑘 )(𝑡).

Moreover, we define for 𝑡 ⩾ 0,

𝑔(𝜔)(𝑡) ∶=
∞∑
𝑘=1
𝓁
(2)

𝑡∧𝜏̂𝑘−
(𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−)) 𝟙[𝜏̂𝑘−1,∞)(𝑡).

Note that on the event that no price change occurs during [0, 𝑡),
we have for all 𝑠 ∈ [0, 𝑡) and 𝑖 = 𝑏, 𝑎 the representation

𝜋𝑖𝑄(𝑠) = 𝑔
(
𝜋𝑖𝑄

(𝑛)
0 + 𝜋𝑖𝑋(𝑛)

)
(𝑠) and

𝜋𝑖𝑀
(𝑛)(𝑠) = 𝑔

(
𝜋𝑖𝑄

(𝑛)
0 + 𝜋𝑖𝑋(𝑛)

)
(𝑠).

By construction on each interval [𝜏̂𝑘−1, 𝜏̂𝑘), 𝑘 ⩾ 2, only
one component of the two-dimensional reflection process
𝓁(2)(𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−)) increases, while the other
stays at zero. Moreover, the increasing component alternates over
successive intervals [𝜏̂𝑘−1, 𝜏̂𝑘), 𝑘 ⩾ 2. Hence, if we denote by Γ1
the one-dimensional Skorokhod map, i.e. for any 𝜓 ∈ 𝐷(ℝ+, ℝ),

Γ1(𝜓)(𝑡) ∶= 𝜓(𝑡) + sup
𝑠⩽𝑡
(−𝜓(𝑠))+, 𝑡 ⩾ 0,

then we have on [𝜏̂𝑘−1, 𝜏̂𝑘),

𝜋
(2)
𝑖 𝑔(𝜔) = Γ1

(
𝜋
(2)
𝑖 (𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−))

)
,

𝜋
(2)
𝑗 𝑔(𝜔) = 𝜋

(2)
𝑗 (𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−))

− (Γ1 − id)
(
𝜋
(2)
𝑖 (𝑔𝑘−1(𝜔)(𝜏̂𝑘−1−) + 𝜔 − 𝜔(𝜏̂𝑘−1−))

)
,

(5)

where 𝑖 denotes the increasing component of the reflection
process on [𝜏̂𝑘−1, 𝜏̂𝑘) and 𝑗 ≠ 𝑖 the other component. Therefore,
on [0, 𝜏̂∞) the function 𝑔 is iteratively constructed as a series of
local solutions to the one-dimensional Skorokhod problem on
alternating axes.

Lemma 4.1. Let 𝜔 ∈ 𝐷(ℝ+, ℝ
2). Then:

i. 𝑔(𝜔) = 𝜔 + 𝑔(𝜔) on [0, 𝜏̂∞).

ii. 𝑔 is sum-conserving before time 𝜏̂∞, i.e. ℎ1(𝑔(𝜔)) = ℎ1(𝜔) on
[0, 𝜏̂∞).

iii. If 𝜏̂𝑘 < 𝜏̂∞ < ∞ for all 𝑘 ∈ ℕ, the map 𝑡 ↦ 𝑔(𝜔)(𝑡) is continu-
ous at 𝜏̂∞.

iv. 𝜋(2)𝑖 𝑔(𝜔)(𝑡) = ∫ 𝑡

0
𝟙
{𝜋
(2)
𝑖
𝑔(𝜔)=0}𝑑𝜋

(2)
𝑖 𝑔(𝜔)(𝑠) for all 𝑡 ∈ [0, 𝜏̂∞)

and 𝑖 = 1, 2.

The proof of Lemma 4.1 can be found inAppendix A.1. Lemma 4.1
ii) implies that

𝜏̂∞ = inf {𝑡 ⩾ 0 ∶ 𝑔(𝜔)(𝑡) = (0, 0)} = inf {𝑡 ⩾ 0 ∶ ℎ1(𝑔(𝜔))(𝑡) = 0}

= inf {𝑡 ⩾ 0 ∶ ℎ1(𝜔)(𝑡) ⩽ 0}.

Moreover, items i) and iv) of Lemma 4.1 imply that for
any 𝜔 ∈ 𝐷(ℝ+, ℝ

2) with 𝜔(0) ∈ ℝ2
+ the pair (𝑔(𝜔), 𝑔(𝜔) − 𝜔) =

(𝑔(𝜔), 𝑔(𝜔)) is on [0, 𝜏̂∞) the unique solution to the so
called two-dimensional general processor sharing (extended)
Skorokhod problem (GPS (E)SP). The definition of the GPS
Skorokhod problem and its extended version can be found in
(Ramanan 2006, Section 3.2). Especially, it is shown in (Ramanan
2006, Theorem 3.6) that there always exists a unique solution
to the GPS extended Skorokhod problem on [0,∞) and that the
solution map is Lipschitz continuous. Moreover, according to
(Ramanan 2006, Theorem 1.3) the GPS SP and the GPS ESP agree
on [0, 𝜏̂∞).

Remark 4.2. If𝑊 is a two-dimensional linear Brownian motion
with positive definite covariance matrix and ℙ[𝑊(0) = (0, 0)] =
0, then ℙ[𝜏̂𝑘 = 𝜏̂∞ < ∞] = 0 for all 𝑘 ∈ ℕ. Clearly, this is true
for 𝑘 = 1 as planar Brownian motion does not hit any given
point except the starting point almost surely. Now suppose the
claim is true for some 𝑘 ∈ ℕ. Then on the event {𝜏̂𝑘(𝑊) < ∞},
𝑔(𝑊) behaves by construction on [𝜏̂𝑘, 𝜏̂𝑘+1] like an obliquely
reflected linear Brownian motion on a half-space started outside
the origin and hence does not hit the origin almost surely,
cf. (Ramasubramanian 1986, Theorem 2). Therefore alsoℙ[𝜏̂𝑘+1 =
𝜏̂∞ < ∞ | 𝜏̂𝑘 < ∞] = 0 and the claim follows by induction.

Next we define 𝐺 ∶ 𝐷(ℝ+, ℝ
4) → 𝐷(ℝ+, ℝ

4
+) and 𝐺 ∶

𝐷(ℝ+, ℝ
4) → 𝐷(ℝ+, ℝ) by

𝐺(𝜔) ∶=
(
𝜋
(2)
1 𝑔(𝜋𝑏𝜔), 𝜋

(2)
1 𝑔(𝜋𝑎𝜔), 𝜋

(2)
2 𝑔(𝜋𝑏𝜔), 𝜋

(2)
2 𝑔(𝜋𝑎𝜔)

)
,

𝐺(𝜔) ∶=
(
𝜋
(2)
2 𝑔(𝜋𝑏𝜔) + 𝜋

(2)
1 𝑔(𝜋𝑎𝜔)

)
−
(
𝜋
(2)
1 𝑔(𝜋𝑏𝜔) + 𝜋

(2)
2 𝑔(𝜋𝑎𝜔)

)
.

(6)

On the event that no price change occurs during [0, 𝑡), the
function 𝐺 (resp. 𝐺) applied to the the net order flow process 𝑋(𝑛)
describes the dynamics of the queue size process 𝑄(𝑛) (resp. the
capacity process 𝐶(𝑛)) of the shared order book, i.e. for all 𝑠 ∈
[0, 𝑡),

𝑄(𝑛)(𝑠) = 𝐺
(
𝑄
(𝑛)
0 + 𝑋(𝑛)

)
(𝑠) and

𝐶(𝑛)(𝑠) = 𝐶(𝑛)0 + 𝐺
(
𝑄
(𝑛)
0 + 𝑋(𝑛)

)
(𝑠).
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Moreover, let us introduce the first hitting time maps 𝜏̃𝑏, 𝜏̃𝑎, 𝜏̃ ∶
𝐷(ℝ+, ℝ

4) → ℝ+ given by

𝜏̃𝑏(𝜔) ∶= inf
{
𝑡 ⩾ 0 ∶ 𝜋

(2)
1 ℎ(𝜔)(𝑡) ⩽ 0

}
,

𝜏̃𝑎(𝜔) ∶= inf
{
𝑡 ⩾ 0 ∶ 𝜋

(2)
2 ℎ(𝜔)(𝑡) ⩽ 0

}
,

𝜏̃(𝜔) ∶= 𝜏̃𝑏(𝜔) ∧ 𝜏̃𝑎(𝜔).

(7)

With the help of 𝜏, 𝐺, and 𝐺 we are now able to define functions
Ψ̃𝑄, Ψ̃𝐶 , and Ψ̃𝐵, which allow to construct the queue size process
𝑄(𝑛), the capacity process 𝐶(𝑛), and the bid price process 𝐵(𝑛)
from the net order flow process 𝑋(𝑛) and the sequences of
reinitialization values 𝑅+,(𝑛) and 𝑅−,(𝑛).

Definition 5. Let 𝜔 ∈ 𝐷(ℝ+, ℝ
4) and let 𝑟+ = (𝑟+𝑛 )𝑛⩾1, 𝑟− =

(𝑟−𝑛 )𝑛⩾1 ∈ ((0,∞)4)ℕ. For 𝑘 ∈ ℕ0, we define functions
Ψ̃
𝑄

𝑘
(𝜔, 𝑟+, 𝑟−), 𝑘 ∈ ℕ0, and Ψ̃𝑄(𝜔, 𝑟+, 𝑟−) as follows:

∙ Set Ψ̃𝑄0 (𝜔, 𝑟
+, 𝑟−) ∶= 𝐺(𝜔).

∙ Let 𝑘 ⩾ 1 and Ψ̃𝑄
𝑘−1 ∶= Ψ̃

𝑄

𝑘−1(𝜔, 𝑟
+, 𝑟−). Define iteratively4

Ψ̃
𝑄

𝑘
(𝜔, 𝑟+, 𝑟−) ∶= Ψ̃𝑄

𝑘−1𝟙
[
0,𝜏̃(Ψ̃

𝑄
𝑘−1)
)

+ 𝟙[
𝜏̃(Ψ̃

𝑄
𝑘−1),∞

)
{
𝟙{

𝜏̃(Ψ̃
𝑄
𝑘−1)=𝜏̃𝑎(Ψ̃

𝑄
𝑘−1)
}𝐺(𝑟+

𝑘
+ 𝜔 − 𝜔

(
𝜏̃(Ψ̃

𝑄

𝑘−1)
))

+ 𝟙{
𝜏̃(Ψ̃

𝑄
𝑘−1)≠𝜏̃𝑎(Ψ̃𝑄𝑘−1)

}𝐺(𝑟−
𝑘
+ 𝜔 − 𝜔

(
𝜏̃(Ψ̃

𝑄

𝑘−1)
))}

.

∙ Finally, set 𝜏̃0 ∶= 0, 𝜏̃𝑘 ∶= 𝜏̃
(
Ψ̃
𝑄

𝑘−1(𝜔, 𝑟
+, 𝑟−)

)
for 𝑘 ⩾ 1, and

Ψ̃𝑄(𝜔, 𝑟+, 𝑟−)(𝑡) =
∞∑
𝑘=1
Ψ̃
𝑄

𝑘−1(𝜔, 𝑟
+, 𝑟−)(𝑡)𝟙[𝜏̃𝑘−1,𝜏̃𝑘 )(𝑡), 𝑡 ⩾ 0.

Moreover, we define 5

Ψ̃𝐶(𝜔, 𝑟+, 𝑟−)(𝑡) =
∑∞
𝑘=0 𝐺
(
Ψ̃𝑄(𝜔, 𝑟+, 𝑟−)(𝜏̃𝑘) + 𝜔 − 𝜔(𝜏̃𝑘)

)
(𝑡 ∧ 𝜏̃𝑘+1) 𝟙(𝜏𝑘 ,∞)(𝑡), 𝑡 ⩾ 0,

as well as

𝑁𝑎(𝜔, 𝑟
+, 𝑟−)(𝑡) ∶=

∑
𝑘∶ 𝜏̃𝑘⩽𝑡

𝟙{
𝜋
(2)
2

(
ℎ◦Ψ̃

𝑄
𝑘−1

)
(𝜏̃𝑘)⩽0

},
𝑁𝑏(𝜔, 𝑟

+, 𝑟−)(𝑡) ∶=
∑
𝑘∶ 𝜏̃𝑘⩽𝑡

𝟙{
𝜋
(2)
1

(
ℎ◦Ψ̃

𝑄
𝑘−1

)
(𝜏̃𝑘 )⩽0

},
and

Ψ̃𝐵(𝜔, 𝑟+, 𝑟−)(𝑡) ∶= (𝑁𝑎(𝜔, 𝑟
+, 𝑟−)(𝑡) −𝑁𝑏(𝜔, 𝑟

+, 𝑟−)(𝑡))(𝛿, 𝛿),

𝑡 ⩾ 0.

According to the above definition, Ψ̃𝑄(𝜔, 𝑟+, 𝑟−) is obtained by
“regulating” 𝜔 ∈ 𝐷(ℝ+, ℝ

4) according to the function 𝐺 and the
sequences 𝑟+, 𝑟−: between two hitting times 𝜏̃𝑘 and 𝜏̃𝑘+1, the
function Ψ̃𝑄(𝜔, 𝑟+, 𝑟−) behaves as 𝐺(𝑟+

𝑘
+ 𝜔 − 𝜔(𝜏̃𝑘)) or 𝐺(𝑟−𝑘 +

𝜔 − 𝜔(𝜏̃𝑘)) depending onwhich component of (ℎ◦Ψ̃
𝑄

𝑘−1)(𝜔, 𝑟
+, 𝑟−)

first hits zero. Moreover, at times 𝜏̃1, 𝜏̃2, . . . , the process jumps
to a new position inside ℝ4

+ taken from the sequence (𝑟+𝑛 )𝑛⩾1 or
(𝑟−𝑛 )𝑛⩾1. Note that Ψ̃𝑄(𝜔, 𝑟+, 𝑟−) is right-continuous, but may not
have a left-limit at 𝜏̃∞ ∶= lim𝑘→∞ 𝜏̃𝑘 .

Theorem 4.3. For each 𝑛 ∈ ℕ and 𝑡 ⩾ 0,

𝑄(𝑛)(𝑡) = Ψ̃𝑄
(
𝑄
(𝑛)
0 + 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)

)
(𝑡),

𝐵(𝑛)(𝑡) = 𝐵(𝑛)0 + Ψ̃𝐵
(
𝑄
(𝑛)
0 + 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)

)
(𝑡),

𝐶(𝑛)(𝑡) = 𝐶(𝑛)0 + Ψ̃𝐶
(
𝑄
(𝑛)
0 + 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)

)
(𝑡) + Δ𝑣(𝑛)𝑐𝑛(𝑡),

where

∙ (𝐵
(𝑛)
0 , 𝑄

(𝑛)
0 , 𝐶

(𝑛)
0 ) ∈ (𝛿, 𝛿)ℤ × (Δ𝑣(𝑛)ℕ)4 × Δ𝑣(𝑛)ℤ are the initial

values,

∙ 𝑋(𝑛) is the piecewise constant interpolation of the net order flow
process,

∙ 𝑅+,(𝑛) ∈ (Δ𝑣(𝑛)(ℕ + 1)4)ℕ is the sequence of reinitialization
values after price increases in 𝑆(𝑛),

∙ 𝑅−,(𝑛) ∈ (Δ𝑣(𝑛)(ℕ + 1)4)ℕ is the sequence of reinitialization
values after price decreases in 𝑆(𝑛).

The 𝑘-th price change in 𝑆(𝑛) occurs at the stopping time

𝜏̃
(𝑛)

𝑘
∶= 𝜏̃
(
Ψ̃
𝑄

𝑘−1

(
𝑄
(𝑛)
0 + 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)

))
for 𝑘 ⩾ 1,

and the error term satisfies

|𝑐𝑛(𝑡)| ⩽ max{𝑘 ∶ 𝜏̃(𝑛)𝑘 ⩽ 𝑡
}
, 𝑡 ⩾ 0.

Proof. The result follows from a careful, but straight-forward
inspection of the previous definitions. The only thing that needs
explanation is the occurrence of the term Δ𝑣(𝑛)𝑐𝑛: this is due to
the fact that in Definition 4 the function 𝑔(𝜔) does not count
the possibly last reflection at 𝜏̂∞ (corresponding to the last cross-
border trade at the time of a price change) if 𝜏̂∞ = 𝜏̂𝑘 for some
𝑘 ∈ ℕ. □

Finally, we set 𝜏̃(𝑛)0 ∶= 0 and define for (𝜔, 𝑟+, 𝑟−) ∈ 𝐷(ℝ+, ℝ
4) ×

((0,∞)4)ℕ × ((0,∞)4)ℕ and 𝑠0 = (𝑏0, 𝑞0, 𝑐0) ∈ ℝ2 × (0,∞)4 ×ℝ,

Ψ̃(𝑠0, 𝜔, 𝑟
+, 𝑟−) ∶=

(
𝑏0 + Ψ̃𝐵(𝑞0 + 𝜔, 𝑟+, 𝑟−), Ψ̃𝑄(𝑞0 + 𝜔, 𝑟+, 𝑟−),

𝑐0 + Ψ̃𝐶(𝑞0 + 𝜔, 𝑟+, 𝑟−)
)
.

By Theorem 4.3 we have

𝑆(𝑛) = (𝐵(𝑛), 𝑄(𝑛), 𝐶(𝑛)) = Ψ̃(𝑆(𝑛)0 , 𝑋(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)) + (0, 0, Δ𝑣(𝑛)𝑐𝑛).

4.2 Heavy Traffic Approximation of the Active
Dynamics

In this subsection,we derive a limit theorem for the active dynam-
ics 𝑆(𝑛) = (𝐵(𝑛), 𝑄(𝑛), 𝐶(𝑛)) under the heavy traffic condition that
Δ𝑣(𝑛), Δ𝑡(𝑛) → 0. Proposition 2.3 and Theorem4.3 strongly suggest
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to use the continuousmapping theorem to prove the convergence
of 𝑆(𝑛), for which we have to determine the continuity set of Ψ̃.
For 𝓁 ∈ ℕ, we endow the space 𝐷(ℝ+, ℝ

𝓁) with the Skorokhod
𝐽1-topology, the set (ℝ𝓁

+)
ℕ with the topology induced by the

cylindrical semi-norm given through

(𝑅𝑛
𝑘
)𝑘∈ℕ → (𝑅𝑘)𝑘∈ℕ ⇔ ∀𝑘 ∈ ℕ ∶ 𝑅𝑛

𝑘
→ 𝑅𝑘,

and the space𝐷(ℝ+, ℝ
𝓁) × (ℝ𝓁

+)
ℕ × (ℝ𝓁

+)
ℕwith the corresponding

product topology.

Theorem4.4 (Continuity of Ψ̃). Let (𝜔0, 𝑟+, 𝑟−) ∈ 𝐷(ℝ+, ℝ
4) ×

(ℝ4
+)
ℕ × (ℝ4

+)
ℕ satisfy the following conditions:

i. 𝜏̃𝑘 = 𝜏̃
(
Ψ̃
𝑄

𝑘−1(𝜔0, 𝑟
+, 𝑟−)

)
→∞ as 𝑘 → ∞.

ii. For all 𝑘 ∈ ℕ0,ℎ
(
Ψ̃𝑄(𝜔0, 𝑟

+, 𝑟−)(𝜏̃𝑘) + 𝜔0(⋅ + 𝜏̃𝑘) − 𝜔0(𝜏̃𝑘)
)
∈

𝐶′0(ℝ+, ℝ
2). Here 𝐶′0(ℝ+, ℝ

2) contains all continuous func-
tions whose components cross 0 as soon as they hit it, cf. (A.1).

iii. For all 𝑘 ∈ ℕ, 𝜏̃𝑎
(
Ψ̃𝑄
𝑘−1(𝜔0, 𝑟

+, 𝑟−)
) ≠ 𝜏̃𝑏 (Ψ̃𝑄𝑘−1(𝜔0, 𝑟+, 𝑟−)).

Then Ψ̃𝑄(𝜔0, 𝑟
+, 𝑟−) ∈ 𝐷(ℝ+, ℝ

4
+), Ψ̃𝐵(𝜔0, 𝑟

+, 𝑟−) ∈

𝐷(ℝ+, ℝ
2), Ψ̃𝐶(𝜔0, 𝑟

+, 𝑟−) ∈ 𝐷(ℝ+, ℝ) and the functions
Ψ̃𝑄, Ψ̃𝐵, Ψ̃𝐶 defined on𝐷(ℝ+, ℝ

4) × (ℝ4
+)
ℕ × (ℝ4

+)
ℕ are continuous

at (𝜔0, 𝑟+, 𝑟−). Hence, Ψ̃ is continuous at (𝑠0, 𝜔0, 𝑟+, 𝑟−) for any
𝑠0 ∈ ℝ

2 ×ℝ4
+ ×ℝ.

The proof of Theorem 4.4 can be found in Section A.2 of the
Appendix. Condition i) ensures that the function Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−)
is reinitialized only a finite number of times on every compact
interval. Condition ii) ensures that the times of price changes are
continuous at (𝜔0, 𝑟+, 𝑟−). Finally, condition iii) guarantees that
the reinitialization of Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−) at 𝜏̃𝑘 = 𝜏̃

(
Ψ̃
𝑄

𝑘−1(𝜔0, 𝑟
+, 𝑟−)

)
by either 𝑟+

𝑘
or 𝑟−

𝑘
is continuous at (𝜔0, 𝑟+, 𝑟−).

We will apply the map Ψ̃ to an ℝ2 × (0,∞)4 ×ℝ-valued random
variable 𝑆(𝑛)0 , an independent four-dimensional linear Brownian
motion 𝑌, and two sequences 𝑅+ and 𝑅− of (0,∞)4-valued
random variables to be specified below. In Step 2 of the proof of
Theorem 4.5 we will show that (𝑆0, 𝑋, 𝑅+, 𝑅−) fulfills conditions
i)-iii) of Theorem 4.4 with probability one and hence lies in the
continuity set of Ψ̃ ℙ-a.s.

Theorem4.5 (Limit theorem for the active dynamics
𝑆(𝑛)). Let Assumptions 2, 3, and 4 be satisfied and suppose that
for every 𝑛 ∈ ℕ, 𝑆(𝑛)0 = (𝐵(𝑛)0 , 𝑄

(𝑛)
0 , 𝐶

(𝑛)
0 ) is a (𝛿, 𝛿)ℤ × Δ𝑣(𝑛)ℕ4 ×

Δ𝑣(𝑛)ℤ-valued random variable on (Ω(𝑛), (𝑛), ℙ(𝑛)) such that
(𝑆
(𝑛)
0 , 𝑋

(𝑛)) ⇒ (𝑆0, 𝑋), where 𝑋 is as in Theorem 2.3 and 𝑆0 =
(𝐵0, 𝑄0, 𝐶0) with 𝑄0 ∈ (0,∞)4. Then

𝑆(𝑛) ⇒ 𝑆 ∶= (𝐵, 𝑄, 𝐶) ∶= Ψ̃
(
𝑆0, 𝑋, 𝑅

+, 𝑅−)
in the Skorokhod topology on 𝐷(ℝ+, 𝐸),

𝑅+
𝑘
∶= Φ

(
𝑄(𝜏̃∗

𝑘
−), 𝜖+

𝑘

)
, 𝑅−

𝑘
∶= Φ

(
𝑄(𝜏̃∗

𝑘
−), 𝜖−

𝑘

)
, 𝑘 ∈ ℕ,

for independent sequences of i.i.d. random variables (𝜖+
𝑘
)𝑘⩾1 and

(𝜖−
𝑘
)𝑘⩾1 with 𝜖+𝑘 ∼ 𝑓

+ and 𝜖−
𝑘
∼ 𝑓−, and

𝜏̃∗0 ∶= 0, 𝜏̃∗
𝑘
∶= inf

{
𝑡 > 𝜏̃∗

𝑘−1 ∶ 𝜋𝑏𝑄(𝑡−) = (0, 0) or

𝜋𝑎𝑄(𝑡−) = (0, 0)
}

for 𝑘 ⩾ 1.

Especially, there are only finitely many price changes on every
compact interval, i.e. lim𝑘→∞ 𝜏̃

∗
𝑘
= ∞ ℙ-a.s.

Proof. By Skorokhod’s representation theorem we may assume
that all 𝑆(𝑛)0 , 𝑋

(𝑛), 𝜖+,(𝑛), 𝜖−,(𝑛) as well as 𝑆0 and 𝑋 are defined on a
common probability space (Ω, , ℙ) supporting two independent
sequences of i.i.d. random variables (𝜖+

𝑘
)𝑘⩾1, (𝜖−𝑘 )𝑘⩾1 with 𝜖

+
𝑘
∼ 𝑓+,

𝜖−
𝑘
∼ 𝑓− such that

ℙ
[
𝑆
(𝑛)
0 → 𝑆0, 𝑋

(𝑛) → 𝑋 and for all 𝑘 ⩾ 1, 𝜖+,(𝑛)
𝑘

→ 𝜖+
𝑘
, 𝜖

−,(𝑛)
𝑘

→ 𝜖−
𝑘

]
= 1.

In the following we denote 𝑌(𝑛) ∶= 𝑄(𝑛)0 + 𝑋(𝑛) and 𝑌 ∶= 𝑄0 + 𝑋.
Step 1: Iterative construction of 𝑄, 𝑅+, and 𝑅−.

Since for 𝑖 = 𝑏, 𝑎 the process 𝜋𝑖𝑌 defines a planar Brownian
motion, it satisfies the assumptions of Lemma A.2 ℙ-a.s. and we
may conclude that 𝐺 is ℙ-a.s. surely continuous at 𝑌. Hence,
the continuousmapping theorem implies that𝐺(𝑌(𝑛)) → 𝐺(𝑌)ℙ-
a.s. in the Skorokhod topology. Next we construct the process 𝑄
by induction: let 𝜏̃∗1 ∶= 𝜏̃(𝐺(𝑌)) be the first time that (ℎ◦𝐺)(𝑌)
hits the axes and set 𝑄(𝑡) = 𝐺(𝑌)(𝑡) for 𝑡 < 𝜏̃∗1 . Since (ℎ◦𝐺)(𝑌) =
ℎ(𝑌) on [0, 𝜏̃∗1 ) by Lemma 4.1 ii), 𝜏̃

∗
1 = 𝜏̃(𝑌), i.e. 𝜏̃

∗
1 equals the first

hitting time of ℎ(𝑌) of the axes. As ℎ(𝑌) is a planar Brownian
motion, ℎ(𝑌) ∈ 𝐶′0(ℝ+, ℝ

2) ℙ-a.s. Hence, Lemma A.1 and the
continuousmapping theorem imply that 𝜏̃(𝑛)1 → 𝜏̃∗1 ℙ-a.s. As𝐺(𝑌)
is continuous, the convergence of𝐺(𝑌(𝑛)) towards𝐺(𝑌) is actually
uniformly on compact intervals. Therefore, we have on {𝜏̃∗1 ⩾ 𝜏̃

(𝑛)
1 }

that ℙ-almost surely

|||𝑄(𝑛)(𝜏̃(𝑛)1 −) − 𝑄(𝜏̃∗1−)
||| ⩽ |||𝐺(𝑌)(𝜏̃(𝑛)1 −) − 𝐺(𝑌)(𝜏̃∗1−)

|||
+ |||𝐺(𝑌(𝑛))(𝜏̃(𝑛)1 −) − 𝐺(𝑌)(𝜏̃(𝑛)1 −)|||→ 0.

Similarly, one can show that the convergence also holds on the
event {𝜏̃∗1 < 𝜏̃

(𝑛)
1 }. Hence, 𝑄

(𝑛)(𝜏̃
(𝑛)
1 −) → 𝑄(𝜏̃∗1−) ℙ-a.s. Let us set

𝑄(𝜏̃∗1 ) ∶= Φ
(
𝑄(𝜏̃∗1−), 𝜖

+
1

)
𝟙{𝜏̃𝑎,1=𝜏̃∗1 }

+ Φ
(
𝑄(𝜏̃∗1−), 𝜖

−
1

)
𝟙{𝜏̃𝑏,1=𝜏̃∗1 }

,

where

𝜏̃𝑎,1 ∶= 𝜏̃𝑎(𝐺(𝑌)) = 𝜏̃𝑎(𝑌) and 𝜏̃𝑏,1 ∶= 𝜏̃𝑏(𝐺(𝑌)) = 𝜏̃𝑏(𝑌). (8)

As ℎ(𝑌) is a planar Brownianmotion started outside the origin, it
does not hit the origin ℙ-a.s. Thus 𝜏̃𝑏,1 ≠ 𝜏̃𝑎,1 ℙ-a.s. and it follows
from Lemma A.4, Assumption 4, and the continuous mapping
theorem that

𝑄(𝑛)(𝜏̃
(𝑛)
1 ) → 𝑄(𝜏̃∗1 ) ℙ-a.s.

Now assume that we have already defined 𝑄 on [0, 𝜏̃∗
𝑘
] and that(

𝜏̃
(𝑛)
1 , . . . , 𝜏̃

(𝑛)

𝑘
, 𝑄(𝑛)(𝜏̃

(𝑛)
1 ), . . . , 𝑄

(𝑛)(𝜏̃
(𝑛)

𝑘
)
)
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→
(
𝜏̃∗1 , . . . , 𝜏̃

∗
𝑘
, 𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
)
)

ℙ-a.s.

Define the stopping time 𝜏̃∗
𝑘+1 ∶= 𝜏̃

(
Ψ̃𝑄
𝑘
(𝑌, 𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
))
)
and

set

𝑄(𝑡) ∶= Ψ̃𝑄
𝑘
(𝑌, 𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
))(𝑡) for 𝑡 < 𝜏̃∗

𝑘+1,

𝑄(𝜏̃∗
𝑘+1) ∶= Φ

(
𝑄(𝜏̃∗

𝑘+1−), 𝜖
+
𝑘+1

)
𝟙{𝜏̃𝑎,𝑘+1=𝜏̃∗𝑘+1}

+ Φ
(
𝑄(𝜏̃∗

𝑘+1−), 𝜖
−
𝑘+1

)
𝟙{𝜏̃𝑏,𝑘+1=𝜏̃∗𝑘+1}

,

where

𝜏̃𝑎,𝑘+1 ∶= 𝜏̃𝑎
(
Ψ̃
𝑄

𝑘
(𝑌, 𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
))
)
,

𝜏̃𝑏,𝑘+1 ∶= 𝜏̃𝑏
(
Ψ̃𝑄
𝑘
(𝑌, 𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
))
)
.

Note that𝑊𝑘 ∶= 𝑄(𝜏̃∗𝑘) + 𝑌(⋅ + 𝜏̃
∗
𝑘
) − 𝑌(𝜏̃∗

𝑘
) is a four-dimensional

linear Brownian motion with positive definite covariance matrix.
Hence, ℎ(𝑊𝑘) is a two-dimensional linear Brownian motion
with positive definite covariance matrix and the conditions of
Lemma A.5 are fulfilled ℙ-a.s. Therefore, we obtain by similar
arguments as above that

Ψ̃𝑄
𝑘

(
𝑌(𝑛), 𝑄(𝑛)(𝜏̃

(𝑛)
1 ), . . . , 𝑄

(𝑛)(𝜏̃
(𝑛)

𝑘
)
)
→ Ψ̃𝑄

𝑘

(
𝑌,𝑄(𝜏̃∗1 ), . . . , 𝑄(𝜏̃

∗
𝑘
)
)

ℙ-a.s.(
𝜏̃
(𝑛)

𝑘+1, 𝑄
(𝑛)(𝜏̃

(𝑛)

𝑘+1)
)
→
(
𝜏̃∗
𝑘+1, 𝑄

(𝑛)(𝜏̃𝑘+1)
)

ℙ-a.s.

In the following, let us denote 𝑅+
𝑘
∶= Φ(𝑄(𝜏̃∗

𝑘
−), 𝜖+

𝑘
) and 𝑅−

𝑘
∶=

Φ(𝑄(𝜏̃∗
𝑘
−), 𝜖−

𝑘
) for all 𝑘 ⩾ 1. Thenwe showed that (𝑅+,(𝑛), 𝑅−,(𝑛)) →

(𝑅+, 𝑅−) ℙ-a.s. Step 2: (𝑌, 𝑅+, 𝑅−) lies in the continuity set of Ψ̃
ℙ-a.s.

We have to verify conditions i)-iii) of Theorem 4.4. As noted
above, conditions ii) and iii) are satisfied ℙ-a.s. because every
ℎ(𝑊𝑘) is a two-dimensional linear Brownian motions with
positive definite covariance matrix. To verify condition i), let us
show that there are only finitely many price changes on every
compact interval. For this note that the distribution of the first
hitting time of a planar Brownianmotion is well-known, cf. (A.5).
Hence, for any 𝑇 > 0, 𝑦 ∈ (0,∞)4, and 𝑘 ⩾ 0, we know that

ℙ
[
𝜏̃(𝑊𝑘) ⩽ 𝑇 |𝑊𝑘(0) = 𝑦

]
=∶ 𝛽(𝑇, 𝑦) ∈ (0, 1)

is decreasing in 𝑦 component-wise for fixed 𝑇. For 𝜀 > 0

define 𝑈(𝜀) ∶= {𝑥 ∈ ℝ4
+ ∶ 𝜋𝑗𝑥 ⩽ 𝜀 ∀ 𝑗} and 𝜖𝑘 ∶= 𝜖+𝑘 𝟙{𝜏̃𝑎,𝑘=𝜏̃∗𝑘 } +

𝜖−
𝑘
𝟙{𝜏̃𝑏,𝑘=𝜏̃∗𝑘 }

, 𝑘 ∈ ℕ. For any 𝜀 > 0 and𝑚 ⩾ 0 we have by Assump-
tion 4,

ℙ
[
𝜏̃(𝑊𝑚) ⩽ 𝑇

|||(𝑆(𝑢))𝑢⩽𝜏̃∗𝑚]
⩽ ℙ
[
𝜏̃(𝑊𝑚) ⩽ 𝑇

|||𝑊𝑚(0)
]
𝟙{𝑊𝑚(0)∉𝑈(𝜀)}

+ 𝟙{𝑊𝑚(0)∈𝑈(𝜀)}

⩽ 𝛽(𝑇, (𝜀, 𝜀, 𝜀, 𝜀))𝟙{𝑊𝑚(0)∉𝑈(𝜀)}
+ 𝟙{𝑊𝑚(0)∈𝑈(𝜀)}

⩽ (1 − 𝛽(𝑇, (𝜀, 𝜀, 𝜀, 𝜀)))𝟙{𝛼𝜖𝑚∈𝑈(𝜀)} + 𝛽(𝑇, (𝜀, 𝜀, 𝜀, 𝜀)) =∶ 𝛽𝑚(𝑇, 𝜀),

where 𝛽𝑚(𝑇, 𝜀) is independent of {𝜏̃(𝑊𝑘) ⩽ 𝑇 ∀ 𝑘 ⩽ 𝑚 − 1}. As
ℙ[𝛼𝜖𝑚 ∈ 𝑈(𝜀)] does not depend on𝑚 and is strictly smaller than

1 for 𝜀 small enough by Assumption 4 ii), we may conclude that

ℙ
[
𝜏̃(𝑊𝑘) ⩽ 𝑇 ∀𝑘 ⩽ 𝑚

]
= 𝔼

[ ∏
𝑘⩽𝑚−1

𝟙{𝜏̃(𝑊𝑘)⩽𝑇} ⋅ ℙ
[
𝜏̃(𝑊𝑚) ⩽ 𝑇

||| (𝑆(𝑢))𝑢⩽𝜏̃∗𝑚]
]

⩽ ℙ
[
𝜏̃(𝑊𝑘) ⩽ 𝑇 ∀𝑘 ⩽ 𝑚 − 1

]
⋅ 𝔼[𝛽𝑚(𝑇, 𝜀)]

⩽ (𝔼[𝛽𝑚(𝑇, 𝜀)])
𝑚 𝑚→∞
⟶ 0.

Hence, for every 𝑇 > 0 there exists a finite, ℕ-valued random
variable 𝑁𝑇 such that

Ψ̃
𝑄
𝑁𝑇

(
𝑌, 𝑅+, 𝑅−) = Ψ̃𝑄(𝑌, 𝑅+, 𝑅−) ℙ-a.s. on [0, 𝑇].

Step 3: Finally, the continuous mapping theorem allows us to
conclude that

Ψ̃(𝑆
(𝑛)
0 , 𝑋

(𝑛), 𝑅+,(𝑛), 𝑅−,(𝑛)) → Ψ̃(𝑆0, 𝑋, 𝑅
+, 𝑅−) ℙ-a.s.

As there are only finitely many price changes on each compact
interval (cf. Step 2), we have for any 𝜀 > 0 and 𝑡 ⩾ 0,

ℙ
[
Δ𝑣(𝑛)|𝑐𝑛(𝑡)| > 𝜀] = ℙ[|𝑐𝑛(𝑡)| > 𝜀

Δ𝑣(𝑛)

]
⩽ ℙ
[
𝜏̃∗⌊𝜀∕Δ𝑣(𝑛)⌋ ⩽ 𝑡

]
→ 0 as 𝑛 →∞.

Thus, Theorem 4.3 yields that also 𝑆(𝑛) → Ψ̃(𝑆0, 𝑋, 𝑅
+, 𝑅−) ℙ-

a.s. □

4.3 Identification of the Limit

Below we identify the process 𝑔(𝑊) for a planar Brownian
motion𝑊 as a special two-dimensional semimartingale reflecting
Brownian motion (SRBM) absorbed at the origin, which we will
call a sum-conserving SRBM absorbed at the origin.

Definition 6. Let 𝑊 be a two-dimensional linear Brownian
motion on a filtered probability space (Ω, (𝑛), 𝔽, ℙ) with𝑊(0) ≠
(0, 0) ℙ-a.s. The pair (𝑍, 𝑙) of continuous, adapted, ℝ2-valued
processes is a sum-conserving SRBM with absorption associated
with𝑊 if

𝑍(𝑡) =

{
𝑊(𝑡) + 𝑙(𝑡) fo 𝑡 ⩽ 𝜏 ∶= inf {𝑡 ⩾ 0 ∶ 𝑍(𝑡) = (0, 0)}
0 for 𝑡 > 𝜏

,

where

 =
(
1 −1
−1 1

)
and for 𝑖 ∈ {1, 2} the 𝑖-th component 𝑙𝑖 of 𝑙 satisfies

a. 𝑙𝑖 is non-decreasing with 𝑙𝑖(0) = 0,

b. ∫ 𝑡

0
𝑍𝑖(𝑡)𝑑𝑙𝑖(𝑡) = 0 for all 𝑡 ⩾ 0, and

c. 𝑙𝑖(𝑡) = 𝑙𝑖(𝜏) for all 𝑡 ⩾ 𝜏.
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Multidimensional reflecting Brownian motion has been exten-
sively studied in the literature for various choices of reflection
matrices, starting with the pioneering works Harrison and
Reiman (1981); Varadhan and Williams (1985); Williams (1985);
Taylor (1990); Taylor and Williams (1993). We note, however,
that the reflection matrix  considered above is singular and
does in particular not satisfy the completely-𝒮 property often
encountered in the literature on reflecting Brownian motion as
it allows a pathwise construction of SRBM by means of the
Skorokhod map on [0,∞) and thus ensures the semimartingale
property for all times. For as defined above, this does not work
anymore and it is indeed important to set𝑍(𝑡) = (0, 0) for all 𝑡 > 𝜏
for 𝑍 to remain a semimartingale after time 𝜏. In fact, Definition 6
is a special case of the dual skew symmetric SRBM introduced
in Ernst et al. (2021); Franceschi and Raschel (2022), which
requires the reflection vectors to point in opposite directions. The
existence and uniqueness of this process is shown in (Taylor and
Williams 1993, §4.2 and §4.3), cf. also (Franceschi and Raschel
2022, Proposition 2). In particular, it is known that the process
(𝑍, 𝑙) defined above is indeed a continuous semimartingale
(cf. (Williams 1985, Corollary 2)) and a strong Markov process
(cf. (Ramanan 2006, Theorem 4.3)). In the following, with a
slight abuse of terminology, we will also refer to 𝑍 itself as a
sum-conserving SRBM with absorption associated with𝑊.

The next result shows that for a planar Brownian motion 𝑊,
the process 𝑔(𝑊) is a sum-conserving SRBM with absorption
associated with𝑊. In the following, we denote for anyℝ2-valued
continuous semimartingale 𝑋 the component-wise local time of
𝑋 at zero by

𝐿
(2)
𝑡 (𝑋) ∶=

(
𝐿𝑡(𝜋

(2)
1 𝑋), 𝐿𝑡(𝜋

(2)
2 𝑋)
)
, 𝑡 ⩾ 0,

i.e. 𝐿(𝜋(2)𝑖 𝑋) denotes the local time of 𝜋
(2)
𝑖 𝑋 at zero for 𝑖 = 𝑏, 𝑎.

Proposition 4.6. Let 𝑊 = (𝑊1,𝑊2) be a two-dimensional
linear Brownian motion with𝑊(0) ≠ (0, 0) ℙ-a.s. Then 𝑔(𝑊) is a
sum-conserving SRBM absorbed at the origin associated with 𝑊.
Moreover, 𝜏̂∞(𝑊) = inf {𝑡 ⩾ 0 ∶ 𝑔(𝑊) = (0, 0)} ℙ-a.s. and

𝑔(𝑊)(𝑡) =𝑊(𝑡) + 1

2
𝐿
(2)
𝑡 (𝑔(𝑊)) on [0, 𝜏̂∞(𝑊)]. (9)

The proof of Proposition 4.6 can be found in Appendix A.3. With
the help of Proposition 4.6we can now characterize the limit 𝑆 ∶=
Ψ̃(𝑆0, 𝑋, 𝑅

+, 𝑅−) from Theorem 4.5.

Theorem 4.7. Let the assumptions of Theorem 4.5 be satisfied
and define a sequence (𝑊𝑘)𝑘∈ℕ0 of four-dimensional linear Brow-
nian motions, each with mean 𝜇 and covariance matrix Σ, given
by

𝑊𝑘 ∶= 𝑄(𝜏̃∗𝑘) + 𝑋(⋅ + 𝜏̃
∗
𝑘
) − 𝑋(𝜏̃∗

𝑘
), 𝑘 ∈ ℕ0.

Then lim𝑘 𝜏̃
∗
𝑘
= ∞ ℙ-a.s. and the weak limit 𝑆 = (𝐵, 𝑄, 𝐶) of 𝑆(𝑛)

satisfies:

i. For all 𝑘 ⩾ 0 and 𝑡 ∈ [0, 𝜏̃∗
𝑘−1 − 𝜏̃

∗
𝑘
),

(
𝑄𝑖,𝐹, 𝑄𝑖,𝐺

)
(𝑡 + 𝜏̃∗

𝑘
) = 𝜋𝑖𝑊𝑘(𝑡) +

1

2
𝐿
(2)
𝑡

(
𝑔(𝜋𝑖𝑊𝑘)

)

for𝑖 = 𝑏, 𝑎,

i.e. on [𝜏̃∗
𝑘
, 𝜏̃∗
𝑘+1) the process (𝑄

𝑖,𝐹, 𝑄𝑖,𝐺) is a sum-conserving
SRBM for 𝑖 = 𝑏, 𝑎.

ii. For all 𝑘 ⩾ 0, 𝑄 is reinitialized at time 𝜏̃∗
𝑘
at value 𝑄(𝜏̃∗

𝑘
) =

𝑅+
𝑘
𝟙{𝜏̃𝑎,𝑘=𝜏̃∗𝑘 }

+ 𝑅−
𝑘
𝟙{𝜏̃𝑏,𝑘=𝜏̃∗𝑘 }

.

iii. For all 𝑘 ⩾ 0 and 𝑡 ∈ [0, 𝜏̃∗
𝑘+1 − 𝜏̃

∗
𝑘
],

𝐶(𝑡 + 𝜏̃∗
𝑘
) − 𝐶(𝜏̃∗

𝑘
) =

1

2

(
𝐿𝑡(𝜋

(2)
2 𝑔(𝜋𝑏𝑊𝑘)) + 𝐿𝑡(𝜋

(2)
1 𝑔(𝜋𝑎𝑊𝑘))

)
− 1

2

(
𝐿𝑡(𝜋

(2)
1 𝑔(𝜋𝑏𝑊𝑘)) + 𝐿𝑡(𝜋

(2)
2 𝑔(𝜋𝑎𝑊𝑘))

)
.

(10)

In particular, 𝐶 is a continuous process of finite variation.

iv. 𝐵 = (𝐵𝐹, 𝐵𝐹) is a piecewise constant, càdlàg process which
∙ increases by 𝛿 at time 𝜏̃∗

𝑘
if 𝜏̃𝑎,𝑘 = 𝜏̃∗𝑘 , i.e. if ℎ(𝑊𝑘) hits first

the 𝑥-axis,
∙ decreases by 𝛿 at time 𝜏̃∗

𝑘
if 𝜏̃𝑏,𝑘 = 𝜏̃∗𝑘 , i.e. if ℎ(𝑊𝑘) hits first

the 𝑦-axis,
i.e.

𝐵𝐹(𝑡) = 𝐵𝐹0 + 𝛿
∑
0⩽𝑠⩽𝑡

(
𝟙{

𝜋
(2)
2 (ℎ◦𝑄)(𝑠−)=0

} − 𝟙{
𝜋
(2)
1 (ℎ◦𝑄)(𝑠−)=0

}),
𝑡 ⩾ 0.

Proof. According to Theorem 4.5 we have lim𝑘 𝜏̃
∗
𝑘
= ∞ ℙ-a.s. By

definition we have for all 𝑘 ⩾ 0,

𝑄
(
⋅ + 𝜏̃∗

𝑘

)
= Ψ̃𝑄

(
𝑄0 + 𝑋, 𝑅+, 𝑅−)(⋅ + 𝜏̃∗

𝑘

)
= 𝐺(𝑊𝑘) on

[
0, 𝜏̃∗

𝑘+1 − 𝜏̃
∗
𝑘

)
.

Hence, part i) follows from the definition of𝐺 andProposition 4.6.
Part ii) follows directly from Theorem 4.5. By the definition of
Ψ̃𝐶 , we have𝐶(⋅ + 𝜏̃∗

𝑘
) − 𝐶(𝜏̃∗

𝑘
) = 𝐺(𝑊𝑘) on [0, 𝜏̃∗𝑘+1 − 𝜏̃

∗
𝑘
] for 𝑘 ⩾ 0.

Hence, part iii) follows from the definition of 𝐺, Lemma 4.1, and
Proposition 4.6. This implies that 𝐶(⋅ + 𝜏̃∗

𝑘
) − 𝐶(𝜏̃∗

𝑘
) is a process

of finite variation on each interval [0, 𝜏̃∗
𝑘+1 − 𝜏̃

∗
𝑘
]. Since there are

only finitely many price changes on each compact interval, 𝐶 is
the sum of finitely many continuous processes of finite variation
on each compact interval and thus itself of finite variation. Part
iv) follows directly from the definition of Ψ̃𝐵. □

Remark 4.8. By Theorem 4.7 the queue size process 𝑄(𝑛) is
approximated by a semimartingale with a non-trivial martingale
part, whereas the capacity process 𝐶(𝑛) is approximated by a
continuous process of finite variation. Therefore, the domestic
trading activity is of much greater magnitude than the cross-
border trading activity.

4.4 Analysis of the Limiting Dynamics

In the microscopic order book model, the price and queue size
processes result from a complex interplay of the order flow
processes in both countries and therefore quantitative properties
cannot be easily derived. However, Theorem 4.7 shows that the
limiting dynamics are analytically quite tractable and therefore
invite explicit computations.
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4.4.1 Price Changes

In this subsection, we compute the distribution of the duration
until the next price change analytically and study its dependence
on the parameters. According to Theorem 4.7 the limiting price
process 𝐵𝐹 can be described through the hitting times of a
planar Brownian motion with reinitializations inside the positive
orthant. As this process is a Markov process, we only study the
time of the first price change 𝜏̃∗1 in the following.

Proposition 4.9. For any 𝑡 ⩾ 0, the survival probability of 𝜏̃∗1 is
given by

ℙ[𝜏̃∗1 > 𝑡] = 𝑘(𝑥ℎ, 𝜇ℎ, Σℎ; 𝑡), (11)

where the function 𝑘 is defined in (A.5) and

𝑥ℎ ∶= (ℎ◦𝑄)(0), 𝜇ℎ ∶=
(
𝜇𝑏
𝜇𝑎

)
∶=
(
𝜇𝑏,𝐹 + 𝜇𝑏,𝐺
𝜇𝑎,𝐹 + 𝜇𝑎,𝐺

)
,

Σℎ ∶=
(

𝜎2
𝑏

𝜌ℎ𝜎𝑏𝜎𝑎
𝜌ℎ𝜎𝑏𝜎𝑎 𝜎2𝑎

)
with

𝜎2
𝑏
∶= (𝜎𝑏,𝐹)2 + 2𝜎(𝑏,𝐹),(𝑏,𝐺) + (𝜎𝑏,𝐺)2,

𝜎2𝑎 ∶= (𝜎𝑎,𝐹)2 + 2𝜎(𝑎,𝐹),(𝑎,𝐺) + (𝜎𝑎,𝐺)2,

𝜌ℎ𝜎𝑏𝜎𝑎 ∶= 𝜎(𝑏,𝐹),(𝑎,𝐹) + 𝜎(𝑏,𝐹),(𝑎,𝐺) + 𝜎(𝑏,𝐺),(𝑎,𝐹) + 𝜎(𝑏,𝐺),(𝑎,𝐺).

Moreover, if 𝑎3 = 𝑎3(𝜇ℎ, Σℎ) ⩽ 0, where the constant 𝑎3 is defined in
Theorem A.9, then 𝜏̃∗1 is finite ℙ-almost surely and the probability
of the first price movement being upwards is gven by

ℙ
[
𝜏̃∗1 = 𝜏̃𝑎,1

]
= ℙ
[
𝜋
(2)
1 (ℎ◦𝑄)(𝜏̃

∗
1−) > 0

]
= ∫

∞

0
∫

∞

0

exp

(
−𝑧

(
𝜇𝑏

𝜎2
𝑏

−
𝜌ℎ𝑑2
𝜎𝑏

))
𝑝(𝑧, 𝑡)𝑑𝑡𝑑𝑧,

where 𝑝(𝑧, 𝑡) = 𝑝(𝑡, 𝑧; 𝑥ℎ, Σℎ) and 𝑑2 = 𝑑2(𝜇ℎ, Σℎ) are defined in
Theorem A.9. Especially, if 𝜇ℎ = (0, 0), we have

ℙ[𝜏̃∗1 > 𝑡] =
2

𝑡
exp

(
−𝑈
2𝑡

) ∞∑
𝑗=1
sin

(
𝑗𝜋𝜃0
𝛼

)(
1 − (−1)𝑗

)
𝑗𝜋

∫
∞

0

𝑟 exp

(
− 𝑟

2

2𝑡

)
𝐼𝑗𝜋∕𝛼

(
𝑟
√
𝑈

𝑡

)
𝑑𝑟

and

ℙ
[
𝜏̃∗1 = 𝜏̃𝑎,1

]
= ℙ
[
𝜋
(2)
1 (ℎ◦𝑄)(𝜏̃

∗
1−) > 0

]
=
𝛼 − 𝜃0
𝛼

,

where 𝛼 = 𝛼(𝜌ℎ), 𝜃0 = 𝜃0(𝑥ℎ, Σℎ), 𝑈 = 𝑈(𝑥ℎ, Σℎ) are defined in
Theorem A.9 and 𝐼 is the modified Bessel function of the first kind.

Proof. Theorems 4.5 and 4.7 imply that 𝜏̃∗1 =
inf {𝑡 ⩾ 0 ∶ (𝜋1𝑌(𝑡) + 𝜋3𝑌(𝑡))(𝜋2𝑌(𝑡) + 𝜋4𝑌(𝑡)) = 0}, where
𝑌 is a four-dimensional linear Brownian motion started inside
the positive orthant. Hence, the time of the first price change

equals the first exit time of a planar Brownian motion from the
positive orthant and can be computed analogously to Cont and
de Larrard (2012), using Theorem A.9.

Moreover, the first price change is upwards if and only if the
cumulative bid queue is strictly positive at that time. Hence, the
probability of observing an upwards price change equals

ℙ
[
𝜏̃∗1 = 𝜏̃𝑎,1

]
= ℙ
[
(𝜋

(2)
2 ◦ℎ)(𝑄)(𝜏̃

∗
1−) = 0

]
= ℙ
[
(𝜋

(2)
1 ◦ℎ)(𝑄)(𝜏̃

∗
1−) > 0

]
= ℙ
[
𝜋1𝑌(𝜏̃

∗
1 ) + 𝜋3𝑌(𝜏̃

∗
1 ) > 0

]
and can be explicitly computed via formula (A.7) in theAppendix.
The simplified expressions for𝜇ℎ = (0, 0) also followdirectly from
Theorem A.9. □

Next, we numerically study the dependence of the formula (11)
on the model parameters for 𝑡 = 1 and 𝑄𝑏(0) = 𝑄𝑎(0) = 1. First,
we assume that the order size vectors are independent over time.
In this case, we have 𝜎2

𝑏
= (𝜎𝑏,𝐹)2 + (𝜎𝑏,𝐺)2, 𝜎2𝑎 = (𝜎𝑎,𝐹)2 + (𝜎𝑎,𝐺)2,

𝜌ℎ = 0, and

∑
(𝑖,𝐼)∈{𝑏,𝑎}×{𝐹,𝐺}

(𝜎𝑖,𝐼,(𝑛))2 + 𝑜
(
Δ𝑣(𝑛)
)

=
∑

(𝑖,𝐼)∈{𝑏,𝑎}×{𝐹,𝐺}
ℙ
[
(𝜙

(𝑛)
1 , 𝜓

(𝑛)
1 ) = (𝑖, 𝐼)

]
= 1, 𝑛 ∈ ℕ.

Hence,𝜎2
𝑏
= 1 − 𝜎2𝑎. As expected the survival probability increases

with the mean, while the variance affects the skewness and
kurtosis of the curve, cf. Figure 5 (left). For centered mean 𝜇𝑏 =
𝜇𝑎 = 0, the variance has only little influence on the survival
probability, while the symmetry of the curve follows from the
relation 𝜎2

𝑏
= 1 − 𝜎2𝑎, cf. Figure 5 (right). In contrast, if 𝜇𝑏 < 0

(resp. 𝜇𝑎 < 0) the probability is decreasing (resp. increasing) in
the bid variance 𝜎2

𝑏
, since a higher bid variance results in a

higher likelihood of the cumulative bid queue to hit zero and
simultaneously in a lower likelihood of the cumulative ask queue
to hit zero.

Second, we study the influence of correlations between order
events of different origins (𝐹 and 𝐺) on the survival probabil-
ity. In Figure 6 (left) we set all correlation parameters except
𝜌(𝑏,𝐹),(𝑏,𝐺) to zero. In this case a negative (resp. positive) correlation
decreases (resp. increases) the bid variance and hence decreases
(resp. increases) the probability that the cumulative bid queue
will hit zero, while the ask side is unaffected. For this reason the
survival probability decreases with 𝜌(𝑏,𝐹),(𝑏,𝐺).

In Figure 6 (right), we study the influence of the correlation
parameter 𝜌(𝑏,𝐹),(𝑎,𝐺), while the other correlation parameters are
set to zero. Since 𝜌(𝑏,𝐹),(𝑎,𝐺) only affects the correlation parameter
𝜌ℎ in the equation for the survival probability, the relation 𝜎2𝑏 =
1 − 𝜎2𝑎 is again satisfied. We observe that the survival probability
increases with 𝜌(𝑏,𝐹),(𝑎,𝐺) for different choices of 𝜇𝑎 and 𝜎2𝑎.
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FIGURE 5 Survival probability (11) for an independent order flow and different values of 𝜇𝑏, 𝜇𝑎 and 𝜎𝑏, 𝜎𝑎 . [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 6 Influence of correlations in the order flow on the survival probability in (11). Left: Influence of 𝜌(𝑏,𝐹),(𝑏,𝐺) for different values of 𝜇𝑏, 𝜇𝑎
and (𝜎𝑖,𝐼 )2 = 0.25. Right: Influence of 𝜌(𝑏,𝐹),(𝑎,𝐺) for different values of 𝜇𝑎 and 𝜎2𝑎 = 1 − 𝜎2

𝑏
.

[Color figure can be viewed at wileyonlinelibrary.com]

4.4.2 Cross-Border Trading Activity Between Price
Changes

A key insight from our model is that the cross-border trading
activity is of smallermagnitude than the domestic trading activity,
cf. Remark 4.8. In this subsection, we study how the model
parameters affect the cross-border trading activity, which math-
ematically amounts to an analysis of the reflecting behaviour.
For this we recall from Theorem 4.7 that the queue size process
(𝑄𝑖,𝐹, 𝑄𝑖,𝐺) on the bid (𝑖 = 𝑏) side, respectively ask (𝑖 = 𝑎) side,
behaves before time 𝜏̂𝑖,𝐺 ∶= inf {𝑡 ⩾ 0 ∶ 𝑄𝑖,𝐺(𝑡) = 0} like

(
𝑄𝑖,𝐹, 𝑄𝑖,𝐺

)
=
(
𝑌𝑖,𝐹 + sup

𝑠⩽𝑡

(
−𝑌𝑖,𝐹(𝑠)

)+
, 𝑌𝑖,𝐺 − sup

𝑠⩽𝑡

(
−𝑌𝑖,𝐹(𝑠)

)+)
,

where the process (𝑌𝑖,𝐹, 𝑌𝑖,𝐺) is a two-dimensional linear Brow-
nian motion. Our goal is to study the duration of the direction
of cross-border trading, i.e. we would like to understand when
the initially importing country (w.l.o.g. 𝐹) becomes the exporting
country. The next proposition characterizes both, the survival
probability of 𝜏̂𝑖,𝐺 as well as the distribution function of the
size of the opposite queue at time 𝜏̂𝑖,𝐺 , i.e. 𝑄𝑖,𝐹(𝜏̂𝑖,𝐺), as the
unique solution of an interface problem for the inhomogeneous,
respectively homogeneous, two-dimensional heat equation.

Proposition 4.10. For any 𝑡 > 0,

ℙ[𝜏̂𝑖,𝐺 > 𝑡] = 𝐹
(
𝑄𝑖,𝐺(0), 2𝑄𝑖,𝐹(0) + 𝑄𝑖,𝐺(0); 𝑡

)
, (12)

where 𝐹 is the unique bounded 𝐶1,1(ℝ2
+, ℝ+) ∩ 𝐶

2,1(ℝ2
+ ⧵

{(1, 1)ℝ+}, ℝ+) solution of the interface problem

𝐹𝑡 =
⎧⎪⎨⎪⎩
𝜎21

2
𝐹𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐹𝑧1𝑧2 +

𝜎22

2
𝐹𝑧2𝑧2 + 𝜇1𝐹𝑧1 + 𝜇2𝐹𝑧2 ∶ 𝑧2 > 𝑧1

𝜎22

2
𝐹𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐹𝑧1𝑧2 +

𝜎21

2
𝐹𝑧2𝑧2 + 𝜇2𝐹𝑧1 + 𝜇1𝐹𝑧2 ∶ 𝑧2 < 𝑧1

(13)
with boundary conditions

𝐹(𝑧1, 𝑧2; 0) = 1, 𝐹(𝑧1, 0; 𝑡) = 𝐹(0, 𝑧2; 𝑡) = 0 for all 𝑧1, 𝑧2 > 0,

and parameters

𝜇1 ∶= 𝜇𝑖,𝐺, 𝜇2 ∶= 𝜇𝑖,𝐺 + 2𝜇𝑖,𝐹,
𝜎21 ∶= (𝜎𝑖,𝐺)2, 𝜎22 ∶= (𝜎𝑖,𝐺)2 + 4𝜎(𝑖,𝐹),(𝑖,𝐺) + 4(𝜎𝑖,𝐹)2,

𝜌𝜎1𝜎2 ∶= (𝜎𝑖,𝐺)2 + 2𝜎(𝑖,𝐹),(𝑖,𝐺).
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Moreover, if 𝜇𝑖,𝐺 ⩽ 0 or 𝜇𝑖,𝐺 + 𝜇𝑖,𝐹 ⩽ 0, then 𝜏̂𝑖,𝐺 < ∞ ℙ-almost
surely and for any 𝑢 > 0 we have

ℙ
[
𝑄𝑖,𝐹
(
𝜏̂𝑖,𝐺
)
> 𝑢
]
= 𝐺𝑢
(
𝑄𝑖,𝐺(0), 2𝑄𝑖,𝐹(0) + 𝑄𝑖,𝐺(0)

)
,

where 𝐺𝑢 is the unique bounded 𝐶1(ℝ2
+) ∩ 𝐶

2(ℝ2
+ ⧵ {(1, 1)ℝ+})

solution of the interface problem

0 =
⎧⎪⎨⎪⎩
𝜎2
1

2
𝐺𝑢𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐺

𝑢
𝑧1𝑧2

+ 𝜎2
2

2
𝐺𝑢𝑧2𝑧2 + 𝜇1𝐺

𝑢
𝑧1

+ 𝜇2𝐺𝑢𝑧2 ∶ 𝑧2 > 𝑧1 > 0

𝜎2
2

2
𝐺𝑢𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐺

𝑢
𝑧1𝑧2

+ 𝜎2
1

2
𝐺𝑢𝑧2𝑧2 + 𝜇2𝐺

𝑢
𝑧1

+ 𝜇1𝐺𝑢𝑧2 ∶ 0 < 𝑧2 < 𝑧1

with boundary condition 𝐺𝑢(0, 𝑧) = 𝐺𝑢(𝑧, 0) = 𝟙(𝑢,∞)(𝑧∕2), 𝑧 > 0.

Proof. Since

𝜏̂𝑖,𝐺 = inf
{
𝑡 ⩾ 0 ∶ 𝑄𝑖,𝐺(𝑡) = 0

}
= inf

{
𝑡 ⩾ 0 ∶ 𝑌𝑖,𝐺(𝑡) = sup

𝑠⩽𝑡

(
−𝑌𝑖,𝐹(𝑠)

)+}
,

we have for any 𝑡 ⩾ 0,

ℙ
[
𝜏̂𝑖,𝐺 > 𝑡

]
= ℙ
[
∀𝑠 ∈ [0, 𝑡] ∶ 𝑌𝑖,𝐺(𝑠) > sup

𝑠⩽𝑡

(
−𝑌𝑖,𝐹(𝑠)

)+]

= ℙ
[
∀𝑠 ∈ [0, 𝑡] ∶ 𝑌𝑖,𝐺(𝑠) + 𝑌𝑖,𝐹(𝑠) > 𝑌𝑖,𝐹(𝑠) + sup

𝑠⩽𝑡

(
−𝑌𝑖,𝐹(𝑠)

)+]
.

(14)

With an abuse of notation, let us denote by (𝑌𝑖,𝐹, 𝑌𝑖,𝐹, 𝑌𝑖,𝐺) the
unique weak solution of the Tanaka SDE

𝑌𝑖,𝐹(𝑡) = 𝑄𝑖,𝐹(0) + ∫
𝑡

0

sign
(
𝑌𝑖,𝐹(𝑠)

)
𝑑𝑌𝑖,𝐹(𝑠), 𝑡 ⩾ 0,

where (𝑌𝑖,𝐹, 𝑌𝑖,𝐺) has the same law as before. From Tanaka’s
formula we have

|||𝑌𝑖,𝐹(𝑡)||| = 𝑌𝑖,𝐹(𝑡) + 𝐿𝑡(𝑌𝑖,𝐹) = 𝑌𝑖,𝐹(𝑡) + sup𝑠⩽𝑡 (−𝑌𝑖,𝐹(𝑠))+, 𝑡 ⩾ 0,

where the second equality follows from (Zambotti 2017, Lemma
2.12). Therefore,

ℙ
[
𝜏̂𝑖,𝐺 > 𝑡

]
= ℙ
[
∀𝑠 ∈ [0, 𝑡] ∶ 𝑌𝑖,𝐺(𝑠) + 𝑌𝑖,𝐹(𝑠) > |||𝑌𝑖,𝐹(𝑠)|||]

= ℙ
[
∀𝑠 ∈ [0, 𝑡] ∶ 𝑍𝑖,1(𝑠)𝑍𝑖,2(𝑠) > 0

] (15)

with

𝑍1(𝑡) ∶= 𝑌𝑖,𝐹(𝑡) + 𝑌𝑖,𝐺(𝑡) − 𝑌𝑖,𝐹(𝑡),

𝑍2(𝑡) ∶= 𝑌𝑖,𝐹(𝑡) + 𝑌𝑖,𝐺(𝑡) + 𝑌𝑖,𝐹(𝑡)

satisfying the SDE

𝑑𝑍1(𝑡) = 𝑑𝑌𝑖,𝐺(𝑡) +
(
1 − sign(𝑍2(𝑡) − 𝑍1(𝑡))

)
𝑑𝑌𝑖,𝐹(𝑡),

𝑑𝑍2(𝑡) = 𝑑𝑌𝑖,𝐺(𝑡) +
(
1 + sign(𝑍2(𝑡) − 𝑍1(𝑡))

)
𝑑𝑌𝑖,𝐹(𝑡).

Note that 𝑍 = (𝑍1, 𝑍2) satisfies the strongMarkov property by the
weak uniqueness property of the Tanaka SDE, cf. (Kallenberg

2021, Theorems 32.7 and 32.11). Hence, we are looking for
the probability that a two-dimensional, homogeneous diffusion
with starting value 𝑧 ∶= (𝑦, 2𝑥 + 𝑦) ∈ ℝ2

+ does not hit the axes
until time 𝑡. By classical diffusion theory, 𝐹(𝑧1, 𝑧2; 𝑡) ∶= ℙ[𝜏̂𝑖,𝐺 >

𝑡|𝑍1(0) = 𝑧1, 𝑍2(0) = 𝑧2] solves the Kolmogorov backward equa-
tion

𝐹𝑡 =
⎧⎪⎨⎪⎩
𝜎21

2
𝐹𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐹𝑧1𝑧2 +

𝜎22

2
𝐹𝑧2𝑧2 + 𝜇1𝐹𝑧1 + 𝜇2𝐹𝑧2 ∶ 𝑧2 > 𝑧1

𝜎22

2
𝐹𝑧1𝑧1 + 𝜌𝜎1𝜎2𝐹𝑧1𝑧2 +

𝜎21

2
𝐹𝑧2𝑧2 + 𝜇2𝐹𝑧1 + 𝜇1𝐹𝑧2 ∶ 𝑧2 < 𝑧1

with boundary conditions 𝐹(𝑧1, 𝑧2; 0) = 1, 𝐹(𝑧1, 0; 𝑡) =
𝐹(0, 𝑧2; 𝑡) = 0 for all 𝑧1, 𝑧2 > 0. Finally, we note that the
uniqueness of a bounded𝐶1,1(ℝ2

+, ℝ+) ∩ 𝐶
2,1(ℝ2

+ ⧵ {(1, 1)ℝ+}, ℝ+)

solution to the above interface problem can be established as
usual by the energy method, imposing smooth fit conditions at
the interface.

Moreover, if follows from (14) and (15) that

ℙ
[
𝜏̂𝑖,𝐺 = ∞

]
⩽ ℙ
[
∀𝑡 ⩾ 0 ∶ 𝑌𝑖,𝐺(𝑡) > 0

]
∧ ℙ
[
∀𝑡 ⩾ 0 ∶ 𝑌𝑖,𝐹(𝑡) + 𝑌𝑖,𝐺(𝑡) > 0

]
.

Hence, if 𝜇𝑖,𝐺 ⩽ 0 or 𝜇𝑖,𝐺 + 𝜇𝑖,𝐹 ⩽ 0, then 𝜏̂𝑖,𝐺 < ∞ ℙ-a.s. In this
case, the distribution function of 𝑄𝑖,𝐹(𝜏̂𝑖,𝐺) can be characterized
analogously to the survival probability of 𝜏̂𝑖,𝐺 . □

In Figure 7 we plot the numerical solution of the interface
problem (13) for a symmetric, uncorrelated order flow process.

Remark 4.11. Note that (12) also holds true for the starting values
𝑄𝑖,𝐹 = 0, 𝑄𝑖,𝐺 > 0. Therefore, exchanging the role of 𝐹 and 𝐺, one
can obtain the distribution of the reflection times at alternating
axes, given the value of the queue size process at the previous
reflection time.

5 The Inactive Dynamics

In this section we briefly describe the heavy traffic approximation
for the inactive dynamics

≈

𝑆(𝑛) specified in Definition 2. Similarly
to the analysis of the active dynamics in Section 4, one can define
a function

≈

Ψ ∶ 𝐸 × 𝐷(ℝ+, ℝ
4) × (ℝ4

+)
ℕ × (ℝ4

+)
ℕ → 𝐷(ℝ+, 𝐸) such

that for all 𝑛 ∈ ℕ,

≈

𝑆(𝑛) =
≈

Ψ
(
≈

𝑆
(𝑛)
0 , 𝑋

(𝑛),
≈

𝑅+,(𝑛),
≈

𝑅−,(𝑛)
)
,

where
≈

𝑆
(𝑛)
0 is the initial state, 𝑋(𝑛) is the net order flow process,

and
≈

𝑅+,(𝑛), resp.
≈

𝑅−,(𝑛), are the reinitialization values after price
increases, respectively decreases. For details on the construction
of the function

≈

Ψ we refer the interested reader to (Cont and
de Larrard 2012, Definition 1) and (Milbradt 2023, Chapter 2.4).
The following theorem is a straight-forward extension of (Cont
and de Larrard 2012, Theorem 2, Proposition 1) to two correlated,
non-interacting LOBS and follows by similar arguments as
Theorem 4.5.6

Theorem5.1 (Limit theorem for the inactive dynamics
≈

𝑆(𝑛)). Let Assumptions 2, 3, and 4 be satisfied and suppose that for
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FIGURE 7 ℙ[𝜏̂𝑖,𝐺 > 𝑡] as a function of 𝑄𝑖,𝐹(0) (𝑥-axis) and 𝑄𝑖,𝐺(0) (𝑦-axis) for 𝑡 = 0.25, 0.5, 0.75, 1; (𝜎𝑖,𝐹)2 = (𝜎𝑖,𝐺)2 = 0.25, 𝜌(𝑖,𝐹),(𝑖,𝐺) = 0, 𝜇𝑖,𝐹 =
𝜇𝑖,𝐺 = −2. [Color figure can be viewed at wileyonlinelibrary.com]

every 𝑛 ∈ ℕ,
≈

𝑆
(𝑛)
0 = (

≈

𝐵
(𝑛)
0 ,

≈

𝑄
(𝑛)
0 ,

≈

𝐶
(𝑛)
0 ) is a (𝛿ℤ)

2 × Δ𝑣(𝑛)ℕ4 × Δ𝑣(𝑛)ℤ-
valued random variable on (Ω(𝑛), (𝑛), ℙ(𝑛)) such that (

≈

𝑆
(𝑛)
0 , 𝑋

(𝑛)) ⇒

(
≈

𝑆0, 𝑋), where 𝑋 is as in Proposition 2.3 and
≈

𝑆0 = (
≈

𝐵0,
≈

𝑄0,
≈

𝐶0) with
≈

𝑄0 ∈ (0,∞)4. Then

≈

𝑆(𝑛) ⇒
≈

𝑆 = (
≈

𝐵,
≈

𝑄,
≈

𝐶) ∶=
≈

Ψ
(
≈

𝑆0, 𝑋,
≈

𝑅+,
≈

𝑅−
)

in the Skorokhod topology on the space 𝐷(ℝ+, 𝐸),

≈

𝑅+
𝑘
∶= Φ

(
≈

𝑄(
≈
𝜏∗
𝑘
−), 𝜖+

𝑘

)
and

≈

𝑅−
𝑘
∶= Φ

(
≈

𝑄(
≈
𝜏∗
𝑘
−), 𝜖−

𝑘

)
, 𝑘 ∈ ℕ,

for independent sequences (𝜖+
𝑘
)𝑘⩾1, (𝜖−𝑘 )𝑘⩾1 of i.i.d. randomvariables

with 𝜖+
𝑘
∼ 𝑓+, 𝜖−

𝑘
∼ 𝑓− and

≈
𝜏∗0 ∶= 0,

≈
𝜏∗
𝑘
∶= inf

{
𝑡 >

≈
𝜏∗
𝑘−1 ∶ min

𝑖=1,. . . ,4
𝜋𝑖

≈

𝑄(𝑡−) = 0
}
, 𝑘 ∈ ℕ.

Moreover, lim𝑘→∞
≈
𝜏∗
𝑘
= ∞ ℙ-a.s. and the dynamics of

≈

𝑆 can be
characterized as follows:

∙
≈

𝐶(𝑡) =
≈

𝐶0 for all 𝑡 ⩾ 0.

∙ On each interval [≈𝜏∗
𝑘
,
≈
𝜏∗
𝑘+1), the process

≈

𝑄 is a four-dimensional
linear Brownian motion starting in the interior ofℝ4

+ with drift
𝜇 and covariance matrix Σ.

∙
≈

𝐵 = (
≈

𝐵𝐹,
≈

𝐵𝐺) is a piecewise constant càdlàg process whose
components do almost surely not jump simultaneously; for all
𝑡 ⩾ 0,

≈

𝐵(𝑡) =
≈

𝐵0 + 𝛿∑
0⩽𝑠⩽𝑡

(
𝟙{

𝜋2
≈
𝑄(𝑠−)=0

} − 𝟙{
𝜋1

≈
𝑄(𝑠−)=0

}, 𝟙{
𝜋4

≈
𝑄(𝑠−)=0

} − 𝟙{
𝜋3

≈
𝑄(𝑠−)=0

}).

6 Proof of Theorem 2.6

In this section we prove our main result. The proof will follow
by induction, combining the two convergence theorems for the
active dynamics (Theorem 4.5) and for the inactive dynamics
(Theorem 5.1). Similarly to the discrete-time setting, we denote
by (𝜏𝑘)𝑘⩾1 the sequence of stopping times at which we observe a
price change in the limit process 𝑆, by 𝑙(𝑡) the random number
of price changes in 𝑆 up to time 𝑡, and by 𝑅+

𝑘
∶= Φ(𝑄(𝜏𝑘−), 𝜖+𝑘 ),

𝑅−
𝑘
∶= Φ(𝑄(𝜏𝑘−), 𝜖−𝑘 ), 𝑘 ⩾ 1, the reinitialization values, i.e. the

queue sizes after price changes. Finally, for all 𝑡 ⩾ 0, the
processes

𝑆𝑡 ∶= Ψ̃
(
𝑆(𝑡), 𝑋(⋅ + 𝑡) − 𝑋(𝑡), (𝑅+

𝑙(𝑡)+𝑗)𝑗⩾1, (𝑅
−
𝑙(𝑡)+𝑗)𝑗⩾1

)
,

≈

𝑆𝑡 ∶=
≈

Ψ
(
𝑆(𝑡), 𝑋(⋅ + 𝑡) − 𝑋(𝑡), (𝑅+

𝑙(𝑡)+𝑗)𝑗⩾1, (𝑅
−
𝑙(𝑡)+𝑗)𝑗⩾1

)
,
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denote the active, respectively inactive, dynamics starting from
𝑆(𝑡). With this notation Theorem 2.6 can be reformulated as
follows:

Theorem 6.1. Let Assumption 1–4 be satisfied. Then the
microscopic cross-border market models 𝑆(𝑛) = (𝑆(𝑛)(𝑡))𝑡⩾0, 𝑛 ∈
ℕ, converge weakly in the Skorokhod topology on 𝐷(ℝ+, 𝐸) to a
continuous-time regime switching process 𝑆 = (𝐵, 𝑄, 𝐶) such that
for all 𝑘 ∈ ℕ0,

𝑆 ≃ 𝑆𝜌𝑘 on [𝜌𝑘, 𝜎𝑘+1) and 𝑆 ≃
≈

𝑆𝜎𝑘+1 on [𝜎𝑘+1, 𝜌𝑘+1),

where 𝜌𝑘, 𝜎𝑘 were defined in (4).

Proof. As 𝑆(𝑛)0 , 𝑋(𝑛), 𝜖+,(𝑛), 𝜖−,(𝑛) are independent we may assume
by Skorokhod representation that all processes are defined on a
common probability space and

ℙ
[
𝑆
(𝑛)
0 → 𝑆0, 𝑋

(𝑛) → 𝑋 and for all 𝑘 ⩾ 1, 𝜖+,(𝑛)
𝑘

→ 𝜖+
𝑘
, 𝜖

−,(𝑛)
𝑘

→ 𝜖−
𝑘

]
= 1,

where 𝜖+
𝑘
∼ 𝑓+, 𝜖−

𝑘
∼ 𝑓− for 𝑘 ∈ ℕ. For all 𝑛 ∈ ℕ and 𝑡 ⩾ 0, we set

𝑆(𝑛),𝑡 ∶= Ψ̃
(
𝑆(𝑛)(𝑡), 𝑋(𝑛)(⋅ + 𝑡) − 𝑋(𝑛)(𝑡),

(
𝑅
+,(𝑛)
𝑙(𝑛)(𝑡)+𝑗

)
𝑗⩾1
,
(
𝑅
−,(𝑛)
𝑙(𝑛)(𝑡)+𝑗

)
𝑗⩾1

)
,

≈

𝑆(𝑛),𝑡 ∶=
≈
Ψ

(
𝑆(𝑛)(𝑡), 𝑋(𝑛)(⋅ + 𝑡) − 𝑋(𝑛)(𝑡),

(
𝑅
+,(𝑛)
𝑙(𝑛)(𝑡)+𝑗

)
𝑗⩾1
,
(
𝑅
−,(𝑛)
𝑙(𝑛)(𝑡)+𝑗

)
𝑗⩾1

)
.

By Assumption 1 and Theorem 4.5,

𝑆(𝑛),0 = (𝐵(𝑛),0, 𝑄(𝑛),0, 𝐶(𝑛),0) → 𝑆0 = (𝐵0, 𝑄0, 𝐶0) ℙ-a.s. (16)

Note that we have 𝜎(𝑛)1 = 𝜎(𝐶(𝑛),0) and 𝜎1 = 𝜎(𝐶), where 𝜎(𝜔) ∶=
inf {𝑡 ⩾ 0 ∶ 𝜔(𝑡) ∉ [−𝜅−, 𝜅+]}. Let us set 𝜎1 ∶= 𝜎(𝐶0), 𝑆 = 𝑆0 on
[0, 𝜎1), and 𝐶(𝜎1) ∶= 𝐶(𝜎1−). By definition of 𝜎1 and the left-
continuity of 𝐶 at 𝜎1, we conclude that 𝜎1 = 𝜎1.

From Lemma A.8 and Theorem 4.7 we know that in a
neighborhood of 𝜎1 all but one of the local time processes
in (10) stay constant, i.e. locally 𝐶 behaves like |𝑑𝐶(𝑡)| =
1

2
|𝑑𝐿𝑡(𝜋(2)𝑗 𝑔(𝜋𝑖𝑊𝑘))| for some 𝑘 ∈ ℕ, 𝑗 ∈ {1, 2}, and 𝑖 ∈ {𝑏, 𝑎}.
Hence, on the event {𝐶0(0) ∉ {𝜅+ − 𝜅−}} the paths of 𝐶0 take
their values in 𝐶′𝜅+ (ℝ+, ℝ) ∩ 𝐶

′
−𝜅− (ℝ+, ℝ) ℙ-a.s. and Lemma A.1

yields 𝜎(𝑛)1 → 𝜎1 ℙ-a.s. Define 𝜏̃+ ∶= inf {𝑡 > 0 ∶ 𝑄𝑎,𝐹(𝑡)𝑄𝑏,𝐺(𝑡) =
0} and 𝜏̃− ∶= inf {𝑡 > 0 ∶ 𝑄𝑎,𝐺(𝑡)𝑄𝑏,𝐹(𝑡) = 0}. By Lemma A.8 it
holdsℙ [𝜏̃+ = 𝜏̃− < ∞] = 0. On the event {𝐶0(0) = 𝜅+} ∩ {𝜏+ > 𝜏−}

we have 𝜎1 > 𝜏+ and 𝐶0(𝜏̃+) < 𝜅+ ℙ-a.s. and hence by the strong
Markov property we can argue as above and obtain 𝜎(𝑛)1 → 𝜎1
ℙ-a.s. On the other hand, on the event {𝐶0(0) = 𝜅+} ∩ {𝜏+ < 𝜏−}

we have 𝜎 = 𝜏+ = inf {𝑡 > 0 ∶ 𝑌𝑎,𝐹(𝑡)𝑌𝑏,𝐺(𝑡) = 0} = lim𝑛 inf {𝑡 >

0 ∶ 𝑌𝑎,𝐹,(𝑛)(𝑡)𝑌𝑏,𝐺,(𝑛)(𝑡) = 0} ℙ-a.s. by Lemma A.1. Similarly, one
can treat the event {𝐶0(0) = −𝜅−}. Altogether we thus obtain that

𝜎
(𝑛)
1 → 𝜎1 ℙ-a.s.

By Lemma A.8 ℙ[𝜎1 = 𝜏̃∗𝑘 < ∞] = 0 for all 𝑘 ∈ ℕ. Hence, 𝑄 is
almost surely continuous at time 𝜎1 and 𝑄(𝑛),0(𝜎

(𝑛)
1 −) → 𝑄0(𝜎1−)

ℙ-a.s. Similarly, 𝐶(𝑛),0(𝜎(𝑛)1 −) → 𝐶0(𝜎1−) ℙ-a.s. From the proof of
Theorem 4.5 we already know that 𝜏̃(𝑛)

𝑘
→ 𝜏̃∗

𝑘
ℙ-a.s. for all 𝑘 ∈ ℕ.

Hence, not only 𝜎1 avoids all 𝜏̃∗𝑘 , but for large enough 𝑛 also

𝜎
(𝑛)
1 avoids all 𝜏̃(𝑛)

𝑘
. As 𝐵0 is constant on each interval [𝜏̃∗

𝑘−1, 𝜏̃
∗
𝑘
)

and 𝐵(𝑛) is constant on each interval [𝜏̃(𝑛)
𝑘−1, 𝜏̃

(𝑛)

𝑘
), we conclude that

𝐵(𝑛),0(𝜎
(𝑛)
1 −) → 𝐵0(𝜎1−) ℙ-a.s.

Next define

𝑍(𝑥) ∶=
⎧⎪⎨⎪⎩
+1 ∶ 𝑥 ∈ (0,∞) ×ℝ−

−1 ∶ 𝑥 ∈ ℝ− × (0,∞),
+0 ∶ otherwise

and 𝑍𝐼1 ∶= 𝑍(𝜋𝐼𝑄0(𝜎1)) for 𝐼 = 𝐹,𝐺. Now set

𝜋𝐼𝑄(𝜎1) = 𝜋𝐼𝑄(𝜎1−)𝟙{𝑍𝐼1=0} + 𝜋𝐼𝑅
+
𝑙(𝜎1−)+1

𝟙{𝑍𝐼1=1} + 𝜋𝐼𝑅
−
𝑙(𝜎1−)+1

𝟙{𝑍𝐼1=−1},

𝐵𝐼(𝜎1) = 𝐵𝐼(𝜎1−) + 𝛿
(
𝟙{𝑍𝐼1=1} − 𝟙{𝑍𝐼1=−1}

)
.

Let us show that 𝑍𝐼,(𝑛)1 (𝜎
(𝑛)
1 ) → 𝑍𝐼1 ℙ-almost surely on the event

{𝜎1 < ∞} for 𝐼 = 𝐹,𝐺, where the random variables 𝑍𝐼,(𝑛)1 , 𝐼 =
𝐹,𝐺, were defined in (3). From Lemma A.8 we know that ℙ-
a.s. exactly one component of𝑄0(𝜎1) is inℝ− while the remaining
components are in (0,∞). Since 𝑄(𝑛),0(𝜎(𝑛)1 −) → 𝑄0(𝜎1−) ℙ-a.s.,
we conclude that for almost all paths for large 𝑛 the same
component of 𝑄(𝑛),0(𝜎(𝑛)1 ) is in ℝ−, while the others are in
(0,∞). Hence, for 𝐼 = 𝐹,𝐺, 𝜋𝐼𝑄(𝑛),0(𝜎

(𝑛)
1 ) and 𝜋𝐼𝑄

0(𝜎1) are both
either in (0,∞)2, ℝ− × (0,∞), or (0,∞) ×ℝ−, which implies that
𝑍
𝐼,(𝑛)
1 (𝜎

(𝑛)
1 ) → 𝑍𝐼1 ℙ-almost surely. With the help of Lemma A.6

and Lemma A.8 we further conclude that 𝑙(𝑛)(𝜎(𝑛)1 −) → 𝑙(𝜎1−)
ℙ-a.s. Hence, Assumption 4 implies that

𝑆(𝑛)(𝜎
(𝑛)
1 ) → 𝑆(𝜎1) ℙ-a.s. (17)

In order to extend the definition of 𝑆 beyond [0, 𝜎1], we define

𝜌(𝜔) ∶= inf
{
𝑡 ⩾ 0 ∶

|||𝜋(2)1 𝜔(𝑡) − 𝜋(2)2 𝜔(𝑡)||| < 𝛿

2

}
and set 𝜌1 ∶= (𝜎1 + 𝜌(

≈

𝐵𝜎1 )). Further, we set 𝑆 ∶=
≈

𝑆𝜎1 (⋅ − 𝜎1) on
[𝜎1, 𝜌1]. Then by definition 𝜌1 = 𝜌1. Moreover, from Theorems 5.1
and (17) we obtain that

≈

𝑆(𝑛),𝜎1 →
≈

𝑆𝜎1 ℙ-a.s. Since 𝜌(𝑛)1 = 𝜎(𝑛)1 +
𝜌(

≈

𝐵(𝑛),𝜎
(𝑛)
1 ) + Δ𝑡(𝑛), we conclude with Lemma A.1 that 𝜌(𝑛)1 →

𝜌1 ℙ-a.s. Note that at time 𝜌
(𝑛)
1 − Δ𝑡(𝑛), respectively at time 𝜌1, a

price change occurs. Hence, similarly to Step 1 in the proof of
Theorem 4.5 one can show that 𝑆(𝑛)(𝜌(𝑛)1 −) → 𝑆(𝜌1−) ℙ-a.s. and
hence by definition also 𝑆(𝑛)(𝜌(𝑛)1 ) → 𝑆(𝜌1) ℙ-a.s.

Now we can proceed iteratively and construct the process 𝑆 on
[0, lim𝑘 𝜌𝑘) such that for all 𝑘 ∈ ℕ we have 𝑆 = 𝑆𝜌𝑘−1 (⋅ − 𝜌𝑘−1) on
[𝜌𝑘−1, 𝜎𝑘) and 𝑆 =

≈

𝑆𝜎𝑘 (⋅ − 𝜎𝑘) on [𝜎𝑘, 𝜌𝑘) and(
𝜎
(𝑛)
1 , 𝜌

(𝑛)
1 , . . . , 𝜎

(𝑛)

𝑘
, 𝜌
(𝑛)

𝑘
, 𝑆(𝑛)(𝜎

(𝑛)
1 ), 𝑆

(𝑛)(𝜌
(𝑛)
1 ), . . . , 𝑆

(𝑛)(𝜎
(𝑛)

𝑘
), 𝑆(𝑛)(𝜌

(𝑛)

𝑘
)
)

→ (𝜎1, 𝜌1, . . . , 𝜎𝑘, 𝜌𝑘, 𝑆(𝜎1), 𝑆(𝜌1), . . . , 𝑆(𝜎𝑘), 𝑆(𝜌𝑘)) ℙ-a.s.

It remains to show that ℙ[𝜌𝑘 →∞] = 1: at the time of a regime
switch at least the two queues of the country which triggered
the regime change get reinitialized. Hence, at time 𝜌2𝑘 one of the
countries, say 𝐼, has triggered at least 𝑘 regime switches from an
inactive to an active regime and its queues have been reinitialized
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at least 𝑘 times at either 𝜋𝐼𝑅+
𝑘
or 𝜋𝐼𝑅−

𝑘
. By Assumption 4 we

know that each 𝑅±
𝑘
is component-wise bounded from below

by 𝛼𝜖±
𝑘
, where the (𝜖±

𝑘
) are i.i.d. and 𝛼 > 0. As the starting

time 𝜌𝑘 of an active regime equals the hitting time at zero
of one of the components of 𝑄, we can thus bound 𝜌2𝑘 from
below by the sum of the first hitting times at the axes of 𝑘
independent planar Brownian motions, each started from 𝛼 ⋅

min{𝜋𝐹𝜖
+
𝑘
, 𝜋𝐹𝜖

−
𝑘
, 𝜋𝐺𝜖

+
𝑘
, 𝜋𝐺𝜖

−
𝑘
}. But this sum goes to infinity almost

surely as 𝑘 →∞, so that also ℙ[𝜌𝑘 → ∞] = 1.

Altogether, we finally obtain from Theorems 4.5 and 5.1 that
𝑆(𝑛) → 𝑆 ℙ-a.s. □

7 Conclusion and Possible Extensions

In this paper we presented a microscopic reduced form model of
a cross-border market for two countries with restricted transmis-
sion capacities based on a shared LOB. We derived its high fre-
quency dynamicswhich turn out to be analytically quite tractable:
in the limit the dynamics are characterized by a continuous-time
regime switching process, whose queue size dynamics between
price changes is given by a linear four-dimensional Brownian
motion in the positive orthant during inactive regimes and a four-
dimensional SRBM in the positive orthant during active regimes.
There are many possible extensions of our model, of which we
briefly discuss two in the following.

7.1 Diffusive Price Scaling

According to our main result, the price process 𝐵 is piecewise
constant with jumps of size ±𝛿 in the high-frequency limit. Over
much larger time scales, however, prices typically show diffusive
behavior. To bridge the gap, one can follow the idea of (Cont and
de Larrard 2013, Section 4) and consider an additional scaling
regime, i.e. one sets

𝐵̄(𝑚)(𝑡) ∶=
𝐵(𝑎𝑚𝑡)√

𝑚
, 𝑡 ⩾ 0,

and looks for conditions on the sequence (𝑎𝑚), under which 𝐵(𝑚)
satisfies a functional limit theorem. First, if both regimes shall
survive in the scaling limit, this will require that in both regimes
the sequence of durations between time changes satisfies a weak
law of large numbers with the same normalizing sequence. Using
Propositions A.9 and 4.9, one can show that this will be the case
if either

𝑎3(𝜇ℎ, Σℎ) = min{𝑎3(𝜇𝐹, Σ𝐹), 𝑎3(𝜇𝐺, Σ𝐺)} = 0,

in which case 𝑎𝑚 = 𝑚 log(𝑚), or if

max {𝑎3(𝜇ℎ, Σℎ),min{𝑎3(𝜇𝐹, Σ𝐹), 𝑎3(𝜇𝐺, Σ𝐺)}} < 0,

inwhich case 𝑎𝑚 = 𝑚, where (𝜇ℎ, Σℎ) is defined in Proposition 4.9
and

𝜇𝐼 ∶=
(
𝜇𝑏,𝐼

𝜇𝑎,𝐼

)
, Σ𝐼 ∶=

(
(𝜎𝑏,𝐼)2 𝜎(𝑏,𝐼),(𝑎,𝐼)

𝜎(𝑏,𝐼),(𝑎,𝐼) (𝜎𝑎,𝐼)2

)
, 𝐼 = 𝐹,𝐺.

Second, to obtain diffusive dynamics for 𝐵̄(𝑚) as 𝑚 →∞, the
processes 𝐵̄(𝑚), 𝑚 ∈ ℕ, and hence the process 𝐵 itself have
to be martingales as otherwise the drift would dominate the
fluctuations. In general, for an arbitrary dependence structure
of the reinitialization values on the queue size process, i.e. for
general choices of Φ and 𝑓±, this will not be satisfied. Hence,
it will be necessary to assume that Φ(𝑥, 𝑦) does not depend
on 𝑥, i.e. the reinitialization values must be independent and
identically distributed. In this case, the price process sampled
at the time of price changes, i.e. (𝐵(𝜏𝑘))𝑘∈ℕ, can be seen as
an embedded two-dimensional random walk with step size
probabilities

𝑝𝑖 ∶= ℙ
[
𝐵(𝜏̃∗

𝑘
) − 𝐵(𝜏̃∗

𝑘−1) = 𝑏𝑖
]
= ℙ
[
𝜋
(2)
𝑖 (ℎ◦𝑄)(𝜏̃

∗
𝑘
−) = 0

]
, 𝑖 = 1, 2,

for 𝑏1 = (−𝛿,−𝛿) and 𝑏2 = (𝛿, 𝛿) in the active regime, respectively

≈
𝑝𝑖 ∶= ℙ

[
≈
𝐵(

≈
𝜏∗
𝑘
) −

≈
𝐵(

≈
𝜏∗
𝑘−1) = 𝑐𝑖

]
= ℙ
[
𝜋𝑖

≈

𝑄(
≈
𝜏∗
𝑘
−) = 0

]
, 𝑖 = 1, 2, 3, 4,

for 𝑐1 = (−𝛿, 0), 𝑐2 = (𝛿, 0), 𝑐3 = (0,−𝛿), 𝑐4 = (0, 𝛿) in the inac-
tive regime. These quantities can be explicitly computed with
the help of Propositions 4.9 and A.9. Clearly, the process 𝐵 is a
martingale if and only if

𝑝1 = 𝑝2,
≈
𝑝1 =

≈
𝑝2,

≈
𝑝3 =

≈
𝑝4.

These conditions give further restrictions on the order flow
parameters 𝜇 and Σ, which have to be satisfied to prove
weak convergence of 𝐵̄(𝑚) to a Brownian motion with regime-
dependent volatility.

7.2 Multi-Country Setting

A natural question is whether our analysis can be extended
to more than two countries. The main obstacle for such an
extension is the definition of the reflection matrix in a multi-
country setting, i.e. the specification of the cross-border trading
mechanism. In the multi-country setting, there will be several
regimes, each corresponding to a particular division of the
countries into clusters, such that within each cluster all countries
share the same price and cross-border trading may take place.
Depending on the specific set of rules and the available capacities,
direct cross-border trading or trading via intermediaries may be
possible. While our mathematical analysis can easily be extended
to a multidimensional setting with a fixed reflection matrix for
each regime, the situation becomes more complicated when
the reflection matrix depends on the current queue sizes and
the currently available capacities. For example, a country may
choose its trading partner among all other countries in the same
cluster according to its current relative liquidity. As long as the
reflection matrix depends on the current queue sizes and/or
capacities in a Lipschitz continuous way, the idea would be to
apply fixed point methods to find a solution to the corresponding
(extended) SP, as done in Ramasubramanian (2000) for reflection
matrices satisfying a uniform completely- condition. However,
the main difficulty will be to prove the Lipschitz continuity of the
corresponding Skorokhodmap on its domain of definition. Recall
that in our analysis of the two-dimensional case the continuity
of the function 𝑔 - which followed from the Lipschitz continuity
of the solution map to the GPS ESP - was essential to apply
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the continuous mapping theorem in the convergence proof. But
there may be a workaround since we are only interested in the
solution to the ESP until the first hitting time of the origin: under
fairly general conditions, one should be able to prove that two
or more queues will never hit zero simultaneously before that
time. Therefore, similarly to the construction at the beginning of
Section 4.1, one could localize the problem along the hitting times
of different faces and solve the corresponding state-dependent
SP for the respective 𝑑-dimensional half-space between any two
consecutive hitting times. If one succeeded to construct a solution
to the respectivemultidimensional ESP up to the first hitting time
of the origin in this way or another, this would pave the way to
proving the existence and uniqueness of a new class of stochastic
differential equations with oblique, state-dependent reflections
and absorption at the origin.

Endnotes
1The data set is publicly available at EPEXSPOT.We consider theGerman
and Austrian market areas.

2The data set is publicly available at OMIE and focuses on France
and Spain.

3For notational convenience, we will write ℙ instead of ℙ(𝑛) throughout
the paper.

4 Ψ̃𝑘(𝜔, 𝑟
+, 𝑟−) depends on 𝑟+, 𝑟− only through the first 𝑘 reinitialization

values. Therefore, with a slight abuse of notation, we may also write
Ψ̃
𝑄
𝑘
(𝜔, 𝑟+, 𝑟−) = Ψ̃𝑄

𝑘
(𝜔, Ψ̃

𝑄
𝑘
(𝜏̃1), . . . , Ψ̃

𝑄
𝑘
(𝜏̃𝑘)).

5 Since 𝑟+, 𝑟− ∈ ((0,∞)4)ℕ, we have 𝐺(Ψ̃𝑄(𝜔, 𝑟+, 𝑟−)(𝜏̃𝑘) + 𝜔 −
𝜔(𝜏̃𝑘))(𝜏̃𝑘) = 0 for all 𝑘 ∈ ℕ and hence Ψ̃𝐶(𝜔, 𝑟+, 𝑟−)(𝜏̃𝑘) =
Ψ̃𝐶(𝜔, 𝑟+, 𝑟−)(𝜏̃𝑘+), i.e. Ψ̃𝐶(𝜔, 𝑟+, 𝑟−) is right-continuous.

6 In (Cont and de Larrard 2012, Proposition 1) the weak convergence of
prices is established in the weaker Skorokhod𝑀1-topology. However, by
similar arguments as in the proof of Theorem 4.5, one even obtains weak
convergence of prices in the stronger Skorokhod 𝐽1-topology.
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Appendix A: A. Technical Details

A.1 Proof of Lemma 4.1

Proof of Lemma 4.1.

i. By definition, we have for any 𝑡 ∈ [𝜏̂𝑘−1, 𝜏̂𝑘),

𝑔(𝜔)(𝑡) = 𝑔(𝜔)(𝜏̂𝑘−1−) + 𝜔(𝑡) − 𝜔(𝜏̂𝑘−1−) +
(
𝑔(𝜔)(𝑡) − 𝑔(𝜔)(𝜏̂𝑘−1−)

).

Summing over 𝑙 = 2, . . . , 𝑘 and noting that 𝑔(𝜔)(𝜏̂1−) = 𝜔(𝜏̂1−),
𝑔(𝜔)(𝜏̂1−) = 0, we obtain

𝑔(𝜔)(𝑡) = 𝑔(𝜔)(𝜏̂1−) + 𝜔(𝑡) − 𝜔(𝜏̂1−) +
(
𝑔(𝜔)(𝑡) − 𝑔(𝜔)(𝜏̂1−)

)
= 𝜔(𝑡) + 𝑔(𝜔)(𝑡).

ii. Apply ℎ1 to i) and note that ℎ1(𝑥) = 0 for all 𝑥 ∈ ℝ2:
ℎ1(𝑔(𝜔)) = 𝜋

(2)
1 𝑔(𝜔) + 𝜋

(2)
2 𝑔(𝜔) = 𝜋

(2)
1 𝜔 + 𝜋(2)2 𝜔 = ℎ1(𝜔).

iii. Let 𝜏̂𝑘 < 𝜏̂∞ < ∞ for all 𝑘 ∈ ℕ. Without loss of generality, suppose
that 𝜋(2)1 𝜔(𝜏̂1) = 0. Then 𝜋

(2)
1 𝑔(𝜔)(𝜏̂2𝑗−1) = 0 and 𝜋

(2)
2 𝑔(𝜔)(𝜏̂2𝑗) = 0

for all 𝑗 ∈ ℕ. Hence, for any 𝑘 ∈ ℕ,

sup
𝑡∈[𝜏̂𝑘 ,𝜏̂∞)

𝜋
(2)
1 𝑔(𝜔)(𝑡) ⩽ sup

𝑗⩾⌊𝑘∕2⌋ sup
𝑡∈[𝜏̂2𝑗 ,𝜏̂2𝑗+2)

|||𝜋(2)1 𝑔(𝜔)(𝜏̂2𝑗+1) − 𝜋(2)1 𝑔(𝜔)(𝑡)|||.
By i) and the definition of 𝑔,

sup
𝑡∈[𝜏̂2𝑗 ,𝜏̂2𝑗+1)

|||𝜋(2)1 𝑔(𝜔)(𝜏̂2𝑗+1) − 𝜋(2)1 𝑔(𝜔)(𝑡)|||
= sup
𝑡∈[𝜏̂2𝑗 ,𝜏̂2𝑗+1)

|||𝜋(2)1 𝜔(𝜏̂2𝑗+1) − 𝜋(2)1 𝜔(𝑡) − 𝜋(2)2 𝑔(𝜔)(𝜏̂2𝑗+1) + 𝜋(2)2 𝑔(𝜔)(𝑡)|||
⩽ sup
𝑡∈[𝜏̂2𝑗 ,𝜏̂2𝑗+1)

|||𝜋(2)1 𝜔(𝜏̂2𝑗+1) − 𝜋(2)1 𝜔(𝑡)||| + sup
𝑠,𝑡∈[𝜏̂2𝑗 ,𝜏̂2𝑗+1)

|||𝜋(2)2 𝜔(𝑡) − 𝜋(2)2 𝜔(𝑠)|||
and

sup
𝑡∈[𝜏̂2𝑗+1 ,𝜏̂2𝑗+2)

|||𝜋(2)1 𝑔(𝜔)(𝜏̂2𝑗+1) − 𝜋(2)1 𝑔(𝜔)(𝑡)|||
= sup
𝑡∈[𝜏̂2𝑗+1 ,𝜏̂2𝑗+2)

|||𝜋(2)1 𝜔(𝜏̂2𝑗+1) − 𝜋(2)1 𝜔(𝑡) + 𝜋(2)1 𝑔(𝜔)(𝜏̂2𝑗+1) − 𝜋(2)1 𝑔(𝜔)(𝑡)|||
⩽ sup
𝑡∈[𝜏̂2𝑗+1 ,𝜏̂2𝑗+2)

|||𝜋(2)1 𝜔(𝜏̂2𝑗+1) − 𝜋(2)1 𝜔(𝑡)||| + sup
𝑠,𝑡∈[𝜏̂2𝑗+1 ,𝜏̂2𝑗+2)

|||𝜋(2)1 𝜔(𝑡) − 𝜋(2)1 𝜔(𝑠)|||.
Since 𝜔 is left-continuous, we conclude that

sup
𝑡∈[𝜏̂𝑘 ,𝜏̂∞)

𝜋
(2)
1 𝑔(𝜔)(𝑡) ⩽ 3 sup

𝑠,𝑡∈[𝜏̂𝑘 ,𝜏̂∞)

|||𝜋(2)1 𝜔(𝑡) − 𝜋(2)1 𝜔(𝑠)|||
+ sup
𝑠,𝑡∈[𝜏̂𝑘 ,𝜏̂∞)

|||𝜋(2)2 𝜔(𝑡) − 𝜋(2)2 𝜔(𝑠)|||→ 0

as 𝑘 → ∞. Similarly, one can show that sup𝑡∈[𝜏̂𝑘 ,𝜏̂∞) 𝜋
(2)
2 𝑔(𝜔)(𝑡) → 0

as 𝑘 → ∞.

iv. According to (5) on each interval [𝜏̂𝑘−1, 𝜏̂𝑘) one of the components of
𝑔 stays constant, while the other is the unique constraining process
of a locally defined one-dimensional Skorokhod problem and hence
only charges the zero set of the respective component of 𝑔.

□

A.2 Continuity Results

For any 𝑧 ∈ ℝ we define the maps

𝜏𝑧 ∶𝐷(ℝ+, ℝ) → ℝ+, 𝜏𝑧(𝜔) ∶= inf {𝑡 ⩾ 0 ∶ 𝜔(𝑡) ⩽ 𝑧},

𝜏′𝑧 ∶𝐷(ℝ+, ℝ) → ℝ+, 𝜏′𝑧(𝜔) ∶= inf {𝑡 ⩾ 0 ∶ 𝜔(𝑡) < 𝑧}

and introduce for 𝑘 ∈ ℕ the function spaces

𝐷′𝑧
(
ℝ+, ℝ

𝑘
)
∶=
{
𝜔 ∈ 𝐷(ℝ+, ℝ

𝑘) ∶ 𝜏′𝑧

(
𝜋
(𝑘)
𝑗
𝜔
)
= 𝜏𝑧
(
𝜋
(𝑘)
𝑗
𝜔
)
∀ 𝑗 = 1, . . . , 𝑘

}
,

𝐶′𝑧
(
ℝ+, ℝ

𝑘
)
∶=
{
𝜔 ∈ 𝐶(ℝ+, ℝ

𝑘) ∶ 𝜏′𝑧

(
𝜋
(𝑘)
𝑗
𝜔
)
= 𝜏𝑧
(
𝜋
(𝑘)
𝑗
𝜔
)
∀ 𝑗 = 1, . . . , 𝑘

}
,

(A.1)
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which contain all càdlàg, respectively continuous, functions whose
components cross 𝑧 as soon as they hit 𝑧.

Lemma A.1. For all 𝑧 ∈ ℝ the functions 𝜏′𝑧 and 𝜏𝑧 are continuous at 𝜔0 ∈
𝐷′𝑧(ℝ+, ℝ).

Proof. Since convergence in the Skorokhod 𝐽1-topology implies con-
vergence in the Skorokhod 𝑀2-topology, we know from (Whitt 2002,
Theorem 13.6.4) that 𝜏′𝑧 is continuous at 𝜔0. Now let (𝜔𝑛)𝑛∈ℕ ⊂ 𝐷(ℝ+, ℝ)
be any sequence converging towards 𝜔0 in the Skorokhod topology
and let (𝑎𝑛)𝑛∈ℕ ⊂ ℝ+ be a strictly positive null sequence. Then 𝜔+

𝑛 ∶=
𝜔𝑛 + 𝑎𝑛 → 𝜔0 and 𝜔−

𝑛 ∶= 𝜔𝑛 − 𝑎𝑛 → 𝜔0. Since 𝜔0 ∈ 𝐷
′
𝑧(ℝ+, ℝ), we

have 𝜏′𝑧(𝜔0) = 𝜏𝑧(𝜔0). Hence, 𝜏′𝑧(𝜔
±
𝑛 ) → 𝜏′𝑧(𝜔0) = 𝜏𝑧(𝜔0). Since 𝜏′𝑧(𝜔+

𝑛 ) ⩽

𝜏𝑧(𝜔𝑛) ⩽ 𝜏
′
𝑧(𝜔

−
𝑛 ) for all 𝑛 ∈ ℕ, we conclude that 𝜏𝑧(𝜔𝑛) → 𝜏𝑧(𝜔0). □

Next, we want to characterize the continuity set of the function 𝑔

introduced in Definition 4.

LemmaA.2 (Continuity of 𝑔). If 𝜔0 ∈ 𝐷(ℝ+, ℝ
2) satisfies ℎ1(𝜔0) ∈

𝐶′0(ℝ+, ℝ), then the function 𝑔 ∶ 𝐷(ℝ+, ℝ
2) → 𝐷(ℝ+, ℝ

2
+) is continuous at

𝜔0.

Proof. Let us denote by Γ ∶ 𝐷(ℝ+, ℝ
2) → 𝐷(ℝ+, ℝ

2
+) the extended Sko-

rokhod map for the two-dimensional GPS ESP, cf. (Ramanan 2006,
Section 3.2). As already noted in Section 4.1, Lemma 4.1 i) and iv) imply
that 𝑔 = Γ on [0, 𝜏̂∞). By (Ramanan 2006, Theorem 3.6), Γ is Lipschitz
continuous with respect to the topology of uniform convergence on
compact intervals and hence with respect to the Skorokhod topology.
Thus, for any 𝜔′ ∈ 𝐷(ℝ+, ℝ

2) satisfying 𝜏̂∞(𝜔0) ⩾ 𝜏̂∞(𝜔′) we have for
some 𝐿 > 0,

𝑑𝐽1
(
𝑔(𝜔0), 𝑔(𝜔

′)
)
⩽ 𝑑𝐽1

(
𝑔(𝜔0)𝟙[0,𝜏̂∞(𝜔′)), 𝑔(𝜔

′)𝟙[0,𝜏̂∞(𝜔′))
)

+ 𝑑𝐽1
(
𝑔(𝜔0), 𝑔(𝜔0)𝟙[0,𝜏̂∞(𝜔′))

)
⩽ 𝑑𝐽1

(
Γ(𝜔0), Γ(𝜔

′)
)
+ ‖𝑔(𝜔0)𝟙[𝜏̂∞(𝜔′),𝜏̂∞(𝜔0))‖∞

⩽ 𝐿𝑑𝐽1 (𝜔0, 𝜔
′) + ‖ℎ1(𝜔0)𝟙[𝜏̂∞(𝜔′),𝜏̂∞(𝜔0))‖∞,

where the last inequality follows from the Lipschitz continuity of Γ
and Lemma 4.1 ii). Note that ‖ℎ1(𝜔0)𝟙[𝜏̂∞(𝜔′),𝜏̂∞(𝜔0))‖∞ becomes arbi-
trarily small for 𝜔′ close enough to 𝜔0, because 𝜏̂∞(𝜔) = 𝜏0(ℎ1(𝜔)) is
continuous at 𝜔0 by Lemma A.1 and 𝑡 ↦ ℎ1(𝜔0)(𝑡) is continuous with
ℎ1(𝜔0)(𝜏̂∞(𝜔0)) = 0. The case 𝜏̂∞(𝜔0) < 𝜏̂∞(𝜔′) is treated analogously
noting that

‖ℎ1(𝜔′)𝟙[𝜏̂∞(𝜔0),𝜏̂∞(𝜔′))‖∞ ⩽ ‖ℎ1(𝜔′) − ℎ1(𝜔0)‖∞ + ‖ℎ1(𝜔0)𝟙[𝜏̂∞(𝜔0),𝜏̂∞(𝜔′))‖∞,
which also becomes arbitrarily small for 𝜔′ close enough to 𝜔0. □

Corollary A.3. Let 𝜔0 ∈ 𝐷(ℝ+, ℝ
2) satisfy ℎ1(𝜔0) ∈ 𝐶′0(ℝ+, ℝ). Then 𝑔̂ ∶

𝐷(ℝ+, ℝ
2) → 𝐷(ℝ+, ℝ) given by 𝑔̂ ∶= 𝜋

(2)
2 𝑔 − 𝜋

(2)
1 𝑔 is continuous at 𝜔0.

Proof. Thanks to LemmaA.2 the function 𝑔 is continuous at𝜔0. As 𝑔̂(𝜔) =
𝜋
(2)
1 𝜔 − 𝜋(2)1 𝑔(𝜔) on [0, 𝜏̂∞(𝜔)) and 𝑔̂(𝜔)(𝑡) = 𝑔̂(𝜔)(𝜏̂∞(𝜔)−) by definition

of 𝑔 for all 𝜔 ∈ 𝐷(ℝ+, ℝ
2), the continuity of 𝑔̂ at 𝜔0 follows from the

continuity of 𝜏̂∞(𝜔) = 𝜏0(ℎ1(𝜔)) at 𝜔0. □

The next lemmawill be needed to show continuity of the reinitializations.

Lemma A.4. Let 𝜔0 ∈ 𝐷(ℝ+, ℝ
4) satisfy ℎ(𝜔0) ∈ 𝐷

′
0(ℝ+, ℝ

2) and
𝜏̃𝑏(𝜔0) ≠ 𝜏̃𝑎(𝜔0). Then 𝐻𝑖(𝜔) ∶= 𝟙{𝜏̃(𝜔)=𝜏̃𝑖 (𝜔)} is continuous at 𝜔0 for
𝑖 = 𝑏, 𝑎.
Proof. As 𝜏̃𝑏(𝜔0) ≠ 𝜏̃𝑎(𝜔0) there is 𝑖 ∈ {𝑏, 𝑎} and 𝜀 > 0 such that |𝜏̃𝑖 (𝜔0) −
𝜏̃(𝜔0)| > 𝜀. Without loss of generality let 𝑖 = 𝑏. Since ℎ(𝜔0) ∈ 𝐷′0(ℝ+, ℝ

2)

and 𝜏̃𝑏(𝜔0) = 𝜏0(𝜋
(2)
1 ℎ(𝜔0)), Lemma A.1 implies that 𝜏̃𝑏 and 𝜏̃ = 𝜏̃𝑏 ∧ 𝜏̃𝑎

are continuous at 𝜔0. Hence, there is 𝛿 = 𝛿(𝜀) > 0 such that |𝜏̃(𝜔0) −
𝜏̃(𝜔′)| < 𝜀

4
and |𝜏̃𝑏(𝜔0) − 𝜏̃𝑏(𝜔′)| < 𝜀

4
for any 𝜔′ ∈ 𝐷(ℝ+, ℝ

4) satisfying
𝑑𝐽1 (𝜔0, 𝜔

′) < 𝛿. But then

||𝜏̃𝑏(𝜔′) − 𝜏̃(𝜔′)|| > |𝜏̃𝑏(𝜔0) − 𝜏̃(𝜔0)| − ||𝜏̃𝑏(𝜔′) − 𝜏̃𝑏(𝜔0)|| − ||𝜏̃(𝜔′) − 𝜏̃(𝜔0)|| > 𝜀

2
,

i.e. 𝜏̃𝑏(𝜔′) ≠ 𝜏̃(𝜔′). Therefore,𝐻𝑖 is continuous at 𝜔0 for 𝑖 = 1, 2. □

LemmaA.5 (Continuity of Ψ̃𝑄
𝑘
). Let (𝜔0, 𝑟+, 𝑟−) ∈ 𝐷(ℝ+, ℝ

4) × (ℝ4+)ℕ ×
(ℝ4+)

ℕ satisfy conditions ii) and iii) of Theorem 4.4. Then for any 𝑘 ∈ ℕ
the map Ψ̃𝑄

𝑘
∶ 𝐷(ℝ+, ℝ

4) × (ℝ4+)ℕ × (ℝ4+)ℕ → 𝐷(ℝ+, ℝ
4
+) is continuous at

(𝜔0, 𝑟+, 𝑟−).

Proof. We only prove the claim for 𝑘 = 1 as the rest will easily follow
by induction. Let 𝛿 > 0 and choose (𝜔′, 𝑟′+, 𝑟′−) ∈ 𝐷(ℝ+, ℝ

4) × (ℝ4+)ℕ ×
(ℝ4+)

ℕ with 𝑑((𝜔0, 𝑟+, 𝑟−), (𝜔′, 𝑟′+, 𝑟′−)) < 𝛿. Then conditions ii) and iii)
together with Lemma A.4 allow us to choose 𝛿 > 0 small enough such
that at times 𝜏̃(𝜔0) and 𝜏̃(𝜔′) both processes get either reinitialized by 𝑟+,1
and 𝑟′+,1 or by 𝑟−,1 and 𝑟

′
−,1. Next we choose 𝜆 ∈ 𝐶(ℝ+, ℝ+) increasing

such that 𝜆(0) = 0, 𝜏̃(𝜔′◦𝜆) = 𝜏̃(𝜔0), lim𝑇→∞ 𝜆(𝑇) = ∞, and ‖𝜆 − id‖∞ =|𝜏̃(𝜔0) − 𝜏̃(𝜔′)|. With this choice of 𝛿 and 𝜆 we obtain

Ψ̃
𝑄
1 (𝜔

′, 𝑟′+,1, 𝑟
′
−,1)◦𝜆 − Ψ̃

𝑄
1 (𝜔0, 𝑟+,1, 𝑟−,1) =[

𝐺(𝜔′◦𝜆) − 𝐺(𝜔0)
]
𝟙[0,𝜏̃(𝜔0))

+
[
𝐺
(
Ψ̃𝑄(𝜔′◦𝜆, 𝑟′+, 𝑟

′
−)(𝜏̃(𝜔0)) + 𝜔′◦𝜆 − (𝜔′◦𝜆)(𝜏̃(𝜔0))

)
−𝐺
(
Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−)(𝜏̃(𝜔0)) + 𝜔0 − 𝜔0(𝜏̃(𝜔0))

)]
𝟙[𝜏̃(𝜔0),∞).

(A.2)

With conditions ii) and iii) Lemma A.2 and Lemma A.4 imply that 𝐺 is
continuous at 𝜔0 and at

Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−)(𝜏̃(𝜔0)) + 𝜔0(⋅ + 𝜏̃(𝜔0)) − 𝜔0(𝜏̃(𝜔0)) =

𝟙{𝜏̃(𝜔0)=𝜏̃𝑎(𝜔0)}𝑟+,1 + 𝟙{𝜏̃(𝜔0)=𝜏̃𝑏 (𝜔0)}𝑟−,1 + 𝜔0(⋅ + 𝜏̃(𝜔0)) − 𝜔0(𝜏̃(𝜔0)).

Thus, as ‖𝜆 − id‖∞ = |𝜏̃(𝜔0) − 𝜏̃(𝜔′)| and 𝜏̃ is continuous at 𝜔0, the RHS
of (A.2) will get arbitrarily small, if we choose 𝛿 small enough. □

Next we study the continuity set of 𝑁 ∶ 𝐷(ℝ+, ℝ
4) × (ℝ4+)ℕ × (ℝ4+)ℕ ×

ℝ+ → ℕ0 ∪ {+∞} given by

𝑁(𝜔, 𝑟+, 𝑟−, 𝑇) ∶= inf
{
𝑘 ⩾ 0 ∶ 𝜏̃(Ψ̃

𝑄
𝑘
(𝜔, 𝑟+, 𝑟−)) > 𝑇

}
,

where we endow 𝐷(ℝ+, ℝ
4) × (ℝ4+)ℕ × (ℝ4+)ℕ ×ℝ+ → ℕ0 ∪ {+∞} again

with the product topology.

Lemma A.6. Let (𝜔0, 𝑟+, 𝑟−, 𝑇) ∈ 𝐷(ℝ+, ℝ
4) × (ℝ4+)ℕ × (ℝ4+)ℕ ×

(ℝ+∖{𝜏̃𝑘 ∶ 𝑘 ∈ ℕ0}). If the conditions of Theorem 4.4 are satisfied, then 𝑁
is continuous at (𝜔0, 𝑟+, 𝑟−, 𝑇).

Proof. Take 𝛿 > 0 and let (𝜔′, 𝑟′+, 𝑟′−, 𝑇′) ∈ 𝐷(ℝ+, ℝ
4) × (ℝ4+)ℕ × (ℝ4+)ℕ ×

ℝ+ satisfy

𝑑((𝜔0, 𝑟+, 𝑟−, 𝑇), (𝜔
′, 𝑟′+, 𝑟

′
−, 𝑇

′)) < 𝛿.

Denote 𝑁0 ∶= 𝑁(𝜔0, 𝑟+, 𝑟−, 𝑇), 𝑁′ ∶= 𝑁(𝜔′, 𝑟′+, 𝑟′−, 𝑇′) and
𝜏̃′0 ∶= 0, 𝜏̃

′
𝑘
∶= 𝜏̃(Ψ̃𝑄

𝑘−1(𝜔
′, 𝑟′+, 𝑟

′
−)) for 𝑘 ∈ ℕ. By assumption 𝑁0 < ∞

and 𝜏̃𝑁0 < 𝑇 < 𝜏̃𝑁0+1. Lemmata A.1 and A.5 imply that 𝜏̃
′
𝑘
= 𝜏̃◦Ψ̃𝑄

𝑘−1 is
continuous at (𝜔0, 𝑟+, 𝑟−) for all 𝑘 ∈ ℕ. Hence, if 𝛿 > 0 is small enough,
then also 𝜏̃′𝑁0 < 𝑇

′
< 𝜏̃′𝑁0+1

, i.e. 𝑁0 = 𝑁′. □

Similarly, the following continuity result can be deduced.

Lemma A.7. Let (𝜔0, 𝑟+, 𝑟−) ∈ 𝐷(ℝ+, ℝ
4) × (ℝ4+)ℕ × (ℝ4+)ℕ satisfy the

conditions of Theorem 4.4. Then the maps 𝑁𝑏 and 𝑁𝑎 introduced in
Definition 5 are continuous at (𝜔0, 𝑟+, 𝑟−).

Proof of Theorem 4.4. For all 𝑘 ⩾ 0 set

𝑌𝑘(𝜔0, 𝑟
+, 𝑟−) ∶=

(
ℎ◦Ψ̃

𝑄
𝑘

)
(𝜔0, 𝑟

+, 𝑟−)(⋅ + 𝜏̃𝑘)

= ℎ
(
Ψ̃
𝑄
𝑘
(𝜔0, 𝑟

+, 𝑟−)(𝜏̃𝑘) + 𝜔0(⋅ + 𝜏̃𝑘) − 𝜔0(𝜏̃𝑘)
)
.

Note that the jump times of Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−) are equal to the first hitting
times of the axes by 𝑌𝑘(𝜔0, 𝑟+, 𝑟−), 𝑘 ⩾ 0. By condition i), for every 𝑇 > 0

there is 𝑁𝑇 ∈ ℕ such that Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−) = Ψ̃
𝑄
𝑁𝑇
(𝜔0, 𝑟

+, 𝑟−) on [0, 𝑇]. By
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Lemma A.6 the function𝑁𝑇 is continuous in (𝜔0, 𝑟+, 𝑟−) for all 𝑇 ∉ {𝜏̃𝑘 ∶
𝑘 ∈ ℕ0}. Together with Lemma A.5 this yields the continuity of Ψ̃𝑄 at
(𝜔0, 𝑟

+, 𝑟−).

Moreover, condition ii) togetherwith CorollaryA.3 implies that for all 𝑘 ∈
ℕ0,𝐺 is continuous at Ψ̃𝑄(𝜔0, 𝑟+, 𝑟−)(𝜏̃𝑘) + 𝜔0(⋅ + 𝜏̃𝑘) − 𝜔0(𝜏̃𝑘). Hence, by
condition i) on every compact interval Ψ̃𝐶 is the sum of finitely many
functions that are continuous at (𝜔0, 𝑟+, 𝑟−) and therefore Ψ̃𝐶 is itself
continuous at (𝜔0, 𝑟+, 𝑟−).

By Lemma A.7 the maps𝑁𝑏,𝑁𝑎 are continuous at (𝜔0, 𝑟+, 𝑟−). Condition
iii) implies that

Disc
(
𝑁𝑎(𝜔0, 𝑟

+, 𝑟−)
)
∩ Disc

(
𝑁𝑏(𝜔0, 𝑟

+, 𝑟−)
)
= ∅

where Disc(𝑁𝑖(𝜔0, 𝑟
+, 𝑟−)) ∶= {𝑡 ⩾ 0 ∶ 𝑁𝑖(𝜔0, 𝑟+, 𝑟−)(𝑡−) ≠

𝑁𝑖(𝜔0, 𝑟
+, 𝑟−)(𝑡)} for 𝑖 = 𝑏, 𝑎. Hence, (Whitt 1980, Theorem 4.1)

allows us to conclude that Ψ̃𝐵 is continuous at (𝜔0, 𝑟+, 𝑟−). □

A.3 Auxiliary Results for the Limiting Dynamics

Proof of Proposition 4.6. By definition (𝑍, 𝑙) is a sum-conserving SRBM
with absorption associated with 𝑊 if and only if (𝑍, 𝑙) solves the
GPS (E)SP for 𝑊 up to time 𝜏 ∶= inf {𝑡 ⩾ 0 ∶ 𝑍(𝑡) = (0, 0)} and (𝑍, 𝑙)
is constant from time 𝜏 onwards. We have already seen above as a
consequence of Lemma 4.1 that 𝜏̂∞(𝑊) = inf {𝑡 ⩾ 0 ∶ 𝑔(𝑊)(𝑡) = (0, 0)}
and that (𝑔(𝑊), 𝑔(𝑊)) is a solution to the GPS (E)SP on [0, 𝜏̂∞(𝑊)).
Hence, 𝑔(𝑊) is a sum-conserving SRBM with absorption associated with
𝑊. Moreover, by Definition 4 there exists for any 𝑘 ∈ ℕ an 𝑖 ∈ {1, 2} such
that on [𝜏̂𝑘−1, 𝜏̂𝑘),

𝑑𝜋
(2)
𝑖
𝑔(𝑊)(𝑡) = 𝑑𝑊𝑖(𝑡) + 𝑑𝜋

(2)
𝑖
𝑔(𝑊)(𝑡),

𝜋
(2)
𝑖
𝑔(𝑊)(𝑡)𝑑𝜋

(2)
𝑖
𝑔(𝑊)(𝑡) = 0,

𝜋
(2)
𝑗
𝑔(𝑊)(𝑡)>0,

𝑑𝜋
(2)
𝑗
𝑔(𝑊)(𝑡) = 0 for 𝑗 ≠ 𝑖.

As𝜋(2)
𝑖
𝑔(𝑊) is non-decreasing, we can thus apply (Zambotti 2017, Lemma

2.12) to conclude that for 𝑡 ∈ [𝜏̂𝑘−1, 𝜏̂𝑘),

𝜋
(2)
𝑖
𝑔(𝑊)(𝑡) − 𝜋(2)

𝑖
𝑔(𝑊)(𝜏̂𝑘−1) =

1

2

(
𝐿𝑡(𝜋

(2)
𝑖
𝑔(𝑊)) − 𝐿𝜏̂𝑘−1 (𝜋

(2)
𝑖
𝑔(𝑊))

)
.

(A.3)
As neither 𝜋(2)

𝑗
𝑔(𝑊) nor 𝐿(𝜋(2)

𝑗
𝑔(𝑊)) increases on [𝜏̂𝑘−1, 𝜏̂𝑘), equa-

tion (A.3) is also valid for 𝑗 ≠ 𝑖 instead of 𝑖. □

Lemma A.8. For all 𝑡 ⩾ 0, on the event {𝑡 ≠ 𝜏∗
𝑘
∀ 𝑘 ∈ ℕ} at most one

component of 𝑄(𝑡) is zero ℙ-a.s. Moreover, ℙ[𝜏̃∗
𝑘
= 𝜎1 < ∞] = 0 for all 𝑘 ∈

ℕ and 𝜎1 ∶= inf {𝑡 ⩾ 0 ∶ 𝐶(𝑡) ∉ [−𝜅−, 𝜅+]}.
Proof. By the strong Markov property, it suffices to prove the claim on
the interval [0, 𝜏̃∗1 ]. Let us denote by (𝜏̌𝑘)𝑘⩾0 the hitting times of 𝑄 at
alternating axes, i.e. 𝜏̌0 ∶= 0 and for 𝑘 ∈ ℕ,

𝜏̌𝑘 ∶= inf
{
𝑡 > 𝜏̌𝑘−1 ∶ ∃ 𝑖 ∈ {1, . . . , 4} s.t. 𝜋𝑖𝑄(𝑡) = 0 ≠ 𝜋𝑖𝑄(𝜏̌𝑘−1)}

and 𝜏̌∞ ∶= lim
𝑘→∞

𝜏̌𝑘 .

First, we show that throughout the interval [0, 𝜏̌∞) two components
of 𝑄 are never simultaneously zero ℙ-almost surely: on the interval
[0, 𝜏̌1], the process 𝑄 is a four-dimensional linear Brownian motion
and hence does not hit any two-dimensional subspace ℙ-a.s. On the
interval [𝜏̌1, 𝜏̌2], the process 𝑄 behaves like a diffusion on a half-space.
By (Ramasubramanian 1988, Theorem 3.3), this process does not hit
any two-dimensional subspace of ℝ4+ ℙ-a.s. Hence, the claim follows
by induction.

Second, we show that ℙ[𝜏̌∞ = 𝜏̃∗1 ] = 1: on the event {𝜏̌∞ < 𝜏̃∗1 }, we may
assume without loss of generality that 𝑄𝑏,𝐼 and 𝑄𝑎,𝐽 do not hit zero

throughout the interval [0, 𝜏̌∞] for some 𝐼, 𝐽 ∈ {𝐹, 𝐺}. In this case, on
[0, 𝜏̌∞) the queue size dynamics of the other two queues are given by
(𝐻 ≠ 𝐼, 𝐾 ≠ 𝐽)

𝑑𝑄𝑏,𝐻(𝑡) = 𝑑𝑋𝑏,𝐻(𝑡) + 1

2
𝑑𝐿𝑡(𝑄

𝑏,𝐻),

𝑑𝑄𝑎,𝐾(𝑡) = 𝑑𝑋𝑎,𝐾(𝑡) + 1

2
𝑑𝐿𝑡(𝑄

𝑎,𝐾),

i.e. the other two queues behave like a SRBM in the positive orthant with
normal reflections at the axes. By (Varadhan andWilliams 1985, Theorem
2.2), this process does not hit the origin almost surely if 𝜇𝑏,𝐼 = 𝜇𝑎,𝐼 = 0. By
a Girsanov type argument, this is also true for (𝜇𝑏,𝐼 , 𝜇𝑎,𝐼) ≠ (0, 0). Hence,
ℙ[𝜏̌∞ < 𝜏̃∗1 ] = 0.

Third, we show that ℙ[𝜏̃∗1 = 𝜎1 < ∞] = 0: recall that 𝑌 ∶= 𝑄0 + 𝑋 is a
linear Brownian motion and that ℙ[𝜏̃𝑏,1 = 𝜏̃𝑎,1] = 0, where 𝜏̃𝑏,1, 𝜏̃𝑎,1 were
defined in (8). On the event {𝜏̃∗1 = 𝜏̃𝑏,1}, we may assume without loss of
generality that 𝑄𝑎,𝐹 does not hit zero throughout the interval [0, 𝜏̃𝑏,1]. In
this case, we have 1

2
𝐿(𝑄𝑎,𝐺) = Γ1(𝑌𝑎,𝐺) − 𝑌𝑎,𝐺 = sup𝑠⩽⋅[−𝑌

𝑎,𝐺
𝑠 ]+ and by

Theorem 4.7 𝐶 satisfies

𝐶 = 𝐶(0) + 1

2
𝐿⋅
(
𝑄𝑏,𝐺
)
− 1

2
𝐿⋅
(
𝑄𝑏,𝐹
)
− 1

2
𝐿⋅
(
𝑄𝑎,𝐺
)

on [0, 𝜏̃∗1 ].

By Assumption 2, there are 𝛼, 𝛽, 𝛾 ∈ ℝ such that

𝑌𝑎,𝐺(𝑡) = 𝑄𝑎,𝐺0 +
(
𝜇𝑎,𝐺 − 𝛼𝜇𝑏,𝐺 − 𝛽𝜇𝑏,𝐹

)
𝑡 + 𝛼𝑌𝑏,𝐺(𝑡)

+ 𝛽𝑌𝑏,𝐹(𝑡) + 𝛾𝑌⟂(𝑡), 𝑡 ⩾ 0,

for a standard Brownian motion 𝑌⟂ independent of 𝜋𝑏𝑌. Thus, for any
finite 𝜎(𝜋𝑏𝑄(𝑡) ∶ 𝑡 ⩾ 0)- measurable random time 𝜂 the conditional law

of sup𝑠⩽𝜂
[
−𝑌𝑎,𝐺𝑠

]+
given 𝜋𝑏𝑄 only has an atom at zero and hence for all

𝜎(𝜋𝑏𝑄(𝑡) ∶ 𝑡 ⩾ 0)-measurable 𝑥 ≠ 𝐶(0) + 1

2
𝐿𝜂
(
𝑄𝑏,𝐺
)
− 1

2
𝐿𝜂
(
𝑄𝑏,𝐹
)
,

ℙ
[
𝐶(𝜂) = 𝑥 |||𝜋𝑏𝑄 ] = ℙ

[
sup
𝑠⩽𝜂

[
−𝑌𝑎,𝐺𝑠

]+
= 𝐶(0) + 1

2
𝐿𝜂
(
𝑄𝑏,𝐺
)

− 1

2
𝐿𝜂
(
𝑄𝑏,𝐹
)
− 𝑥
||||𝜋𝑏𝑄

]
= 0.

On the event {𝜏̃𝑏,1 = 𝜏̃∗1 < ∞}wehave𝑄𝑏,𝐺(𝜏̃𝑏,1) = 𝑄𝑏,𝐹(𝜏̃𝑏,1) = 0 and thus

𝐿𝜏̃𝑏,1 (𝑄
𝑏,𝐺) − 𝐿𝜏̃𝑏,1 (𝑄

𝑏,𝐹) = 𝑌𝑏,𝐺(𝜏̃𝑏,1) − 𝑌𝑏,𝐹(𝜏̃𝑏,1) = 2𝑌𝑏,𝐺(𝜏̃𝑏,1),

which is independent of 𝐶(0) and has diffusive law as |𝜌(𝑏,𝐺),(𝑏,𝐹)| ≠ 1 by
Assumption 2. Therefore,

ℙ

[
𝐶(0) + 1

2
𝐿𝜏̃𝑏,1
(
𝑄𝑏,𝐺
)
− 1

2
𝐿𝜏̃𝑏,1
(
𝑄𝑏,𝐹
)
∈ {−𝜅−, 𝜅+}

]
= 0.

Since 𝜏̃𝑏,1 is 𝜋𝑏𝑄-measurable, we may conclude that

ℙ
[
𝜎1 = 𝜏̃𝑏,1 = 𝜏̃∗1 < ∞ |||𝜋𝑏𝑄] ⩽ ℙ [{𝐶(𝜏̃𝑏,1) ∈ {−𝜅−, 𝜅+}}
∩
{
𝜏̃∗1 = 𝜏̃𝑏,1 < ∞

} |||, 𝜋𝑏𝑄] = 0.
Thus,ℙ[𝜎1 = 𝜏̃𝑏,1 = 𝜏̃∗1 < ∞] = 0. Analogously it follows that alsoℙ[𝜎1 =
𝜏̃𝑎,1 = 𝜏̃∗1 < ∞] = 0. □

Theorem A.9. Let𝑊 = (𝑊1,𝑊2) be a planar Brownian motion starting
from 𝑥 = (𝑥1, 𝑥2) ∈ ℝ2+ with drift 𝜇 = (𝜇1, 𝜇2) ∈ ℝ2 and positive definite
covariance matrix

Σ =
(

𝜎21 𝜌𝜎1𝜎2
𝜌𝜎1𝜎2 𝜎22

)
∈ ℝ2×2.
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Denote by 𝜏 ∶= inf {𝑡 ⩾ 0 ∶ 𝑊1(𝑡)𝑊2(𝑡) = 0} the first hitting time of the
axes. Then,

ℙ[𝜏 > 𝑡] = 𝑘(𝑥, 𝜇, Σ; 𝑡), (A.4)

where

𝑘(𝑥, 𝜇, Σ; 𝑡) ∶= 2

𝛼𝑡
exp

(
𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑡 −

𝑈

2𝑡

) ∞∑
𝑗=1

sin

(
𝑗𝜋𝜃0
𝛼

)

∫
𝛼

0

sin

(
𝑗𝜋𝜃

𝛼

)
𝑘𝑗(𝜃)𝑑𝜃, (A.5)

and

𝑘𝑗(𝜃) ∶= ∫
∞

0

𝑟 exp

(
− 𝑟

2

2𝑡

)

exp (−𝑑1𝑟 sin(𝛼 − 𝜃) − 𝑑2𝑟 cos(𝛼 − 𝜃))𝐼𝑗𝜋∕𝛼

(
𝑟
√
𝑈

𝑡

)
𝑑𝑟,

𝛼 ∶=

⎧⎪⎪⎨⎪⎪⎩
𝜋 + arctan

(
−
√
1−𝜌2

𝜌

)
∶ 𝜌 > 0

𝜋

2
∶ 𝜌 = 0

arctan

(
−
√
1−𝜌2

𝜌

)
∶ 𝜌 < 0

,

𝜃0 ∶=

⎧⎪⎪⎨⎪⎪⎩
𝜋 + arctan

(
𝑥2𝜎1
√
1−𝜌2

𝑥1𝜎2−𝜌𝑥2𝜎1

)
∶ 𝑥1𝜎2 < 𝜌𝑥2𝜎1

𝜋

2
∶ 𝑥1𝜎2 = 𝜌𝑥2𝜎1

arctan

(
𝑥2𝜎1
√
1−𝜌2

𝑥1𝜎2−𝜌𝑥2𝜎1

)
∶ 𝑥1𝜎2 > 𝜌𝑥2𝜎1

with parameters

𝑎1 ∶=
𝜌𝜇2𝜎1 − 𝜇1𝜎2
(1 − 𝜌2)𝜎21𝜎2

, 𝑎2 ∶=
𝜌𝜇1𝜎2 − 𝜇2𝜎1
(1 − 𝜌2)𝜎22𝜎1

,

𝑑1 ∶= 𝑎1𝜎1 + 𝜌𝑎2𝜎2, 𝑑2 ∶= 𝑎2𝜎2
√
1 − 𝜌2,

𝑈 ∶= 1

1 − 𝜌2

(
𝑥21

𝜎21
+
𝑥22

𝜎22
−
2𝜌𝑥1𝑥2
𝜎1𝜎2

)
, 𝑎3 ∶=

𝑎21𝜎
2
1

2
+ 𝜌𝑎1𝑎2𝜎1𝜎2

+
𝑎22𝜎

2
2

2
+ 𝑎1𝜇1 + 𝑎2𝜇2

and 𝐼𝑗 denotes the 𝑗-th modified Bessel function of the first kind.

Moreover, 𝜏 < ∞ ℙ-almost surely if and only if 𝑎3 ⩽ 0 and in this case for
any 𝑧, 𝑡 > 0,

ℙ[𝑊1(𝜏) ∈ 𝑑𝑧, 𝜏 ∈ 𝑑𝑡] = exp

(
−𝑧

(
𝜇1

𝜎21
−
𝜌𝑑2
𝜎1

)
− 𝑎3𝑡

)
𝑝(𝑧, 𝑡)𝑑𝑡𝑑𝑧,

where 𝑝(𝑧, 𝑡) is the joint density of𝑊1(𝜏) and 𝜏 on (0,∞)2 in the driftless
case, cf. (A.7). Especially, if 𝜇1 = 𝜇2 = 0, then

ℙ[𝑊1(𝜏) ∈ 𝑑𝑧] =
1

2𝑧𝛼
⋅

sin
(
𝜋𝜃0

𝛼

)
𝑑𝑧

cosh

(
𝜋

𝛼
ln(

√
𝑈

𝑧
)

)
− cos

(
𝜋𝜃0

𝛼

)
and ℙ[𝑊1(𝜏) > 0] =

𝛼 − 𝜃0
𝛼

.

Proof. Formula (A.4) was derived in (Rebholz 1994, Theorem 3.5.2(ii)).
Integrating the Green function against a more general initial condition,

one can even show that for any bounded Borel function 𝑓 ∶ ℝ2+ → ℝ and
for all 𝑡 ⩾ 0,

𝔼
[
𝑓(𝑊𝑡)𝟙{𝜏>𝑡}

]
= 2

𝛼𝑡
exp

(
𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑡 −

𝑈

2𝑡

)
∞∑
𝑗=1

sin

(
𝑗𝜋𝜃0
𝛼

)
∫

𝛼

0

sin

(
𝑗𝜋𝜃

𝛼

)
𝑓𝑗(𝜃)𝑑𝜃, (A.6)

where

𝑓𝑗(𝜃) ∶= ∫
∞

0

𝑟 exp

(
− 𝑟

2

2𝑡

)
exp (−𝑑1𝑟 sin(𝛼 − 𝜃) − 𝑑2𝑟 cos(𝛼 − 𝜃))

⋅ 𝑓
(
𝜎1𝑟 sin(𝛼 − 𝜃), 𝜎2𝑟(𝜌 sin(𝛼 − 𝜃) +

√
1 − 𝜌2 cos(𝛼 − 𝜃))

)
𝐼𝑗𝜋∕𝛼

(
𝑟
√
𝑈

𝑡

)
𝑑𝑟.

Letting 𝑡 → ∞ in (A.4), it follows that 𝜏 is finite ℙ-almost surely if and
only if 𝑎3 ⩽ 0.

To derive the joint distribution of 𝑊1(𝜏) and 𝜏, first suppose that 𝜇 =
(0, 0). In this case, for any fixed 𝑧 > 0 the function𝑢(𝑥1, 𝑥2) ∶= ℙ[𝑊1(𝜏) >

𝑧] satisfies the differential equation

𝜎21
2
𝑢𝑥1𝑥1 + 𝜌𝜎1𝜎2𝑢𝑥1𝑥2 +

𝜎22
2
𝑢𝑥2𝑥2 = 0

with boundary conditions 𝑢(𝑥1, 0) = 𝟙(𝑧,∞)(𝑥) and 𝑢(0, 𝑥1) = 0 for all
𝑥1, 𝑥2 ⩾ 0. By a change of variables to polar coordinates for a standard
wedge as in Rebholz (1994), this equation can be transformed into a
standard Laplace equation for 𝑓(𝜃, 𝑟) ∶= 𝑢(𝑥1, 𝑥2), i.e.

1

2
𝑓𝑟𝑟 +

1

2𝑟
𝑓𝑟 +

1

2𝑟2
𝑓𝜃𝜃 = 0

with boundary conditions 𝑓(𝛼, 𝑟) = 0, 𝑓(0, 𝑟) = 𝟙(𝑧,∞)(𝑟), and 𝑓(𝜃, 0) = 0.
The wedge {(𝜃, 𝑟) ∶ 0 < 𝜃 < 𝛼, 𝑟 > 0} can be transformed into the doubly
infinite strip {(𝜉, 𝜂) ∶ 0 < 𝜉 < 𝜋, 𝜂 ∈ ℝ} by setting 𝜉 = 𝜋

𝛼
𝜃, 𝜂 = 𝜋

𝛼
ln(𝑟),

in which case the solution of the heat equation for steady temperature
with 𝜉 = 0maintained at temperature 𝟙( 𝜋

𝛼
ln(𝑧),∞)(𝜂) and 𝜉 = 𝜋 at zero is

known (cf. (Carslaw and Jaeger 1959, p. 166)) to be

𝑣(𝜉, 𝜂) =
sin(𝜉)

2𝜋 ∫
ℝ

𝟙( 𝜋
𝛼
ln(𝑧),∞)(𝑦)𝑑𝑦

cos(𝜋 − 𝜉) + cosh(𝜂 − 𝑦)
.

After re-substitution this gives

ℙ[𝑊1(𝜏) ∈ 𝑑𝑧] =
1

2𝑧𝛼
⋅

sin
(
𝜋𝜃0

𝛼

)
𝑑𝑧

cosh

(
𝜋

𝛼
ln(

√
𝑈

𝑧
)

)
− cos( 𝜋𝜃0

𝛼
)

and ℙ[𝑊1(𝜏) > 0] =
𝛼 − 𝜃0
𝛼

.

As𝑊 is a homogeneous Markov process, one obtains for all 𝑡, 𝑧 > 0,

ℙ[𝑊1(𝜏) ∈ 𝑑𝑧, 𝜏 > 𝑡] = 𝔼
[
𝟙{𝜏>𝑡}ℙ[𝑊1(𝜏) ∈ 𝑑𝑧|𝑊𝑡]

]

= 𝑑𝑧

2𝑧𝛼
⋅ 𝔼

⎡⎢⎢⎢⎢⎣
𝟙{𝜏>𝑡} sin

(
𝜋𝜃0(𝑊𝑡)

𝛼

)
cosh

(
𝜋

𝛼
ln(

√
𝑈(𝑊𝑡)

𝑧
)

)
− cos( 𝜋𝜃0(𝑊𝑡)

𝛼
)

⎤⎥⎥⎥⎥⎦
=∶ ∫

∞

𝑡

𝑝(𝑧, 𝑢)𝑑𝑢𝑑𝑧,

(A.7)
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which can be explicitly computed using (A.6). The case 𝜇 ≠ (0, 0) follows
by Girsanov transformation. □
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