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Financial capital measure with item response theory:
A didactic approximation

Henry Sebastidan Rangel Quifionez, Alvaro Mauricio Montenegro Diaz,
Luisa Fernanda Arenas Estevez

ABSTRACT
Objective: The objective of the article is to present in a didactic and concise way the fundamental concepts of
item response theory (IRT) and its possible application in the economic sciences and show the bias problem
that occurred when estimating a latent variable such as financial capital in microentrepreneurs through IRT,
assuming normal distribution in an unfounded a priori way.
Research Design & Methods: We introduce a Bayesian hierarchical IRT model for graded responses where
the latent traits have a skew normal distribution. Financial capital was measured by a survey applied to
384 microentrepreneurs from the metropolitan area of Bucaramanga (Colombia). The preliminary statis-
tical analysis of data hints that the latent trait is not symmetric. Models that include a normal and a skew
normal distribution were tested.
Findings: We detected that assuming the distribution of the normal trait may overestimate the calculation of
financial capital in microentrepreneurs, which would cause loans to be assigned without support.
Implications & Recommendations: When applying IRT to economic matters such as in the measurement of fi-
nancial capital, it is recommended to review the assumptions that this technique handles, especially the normal-
ity of the latent trait, since if assumed without verification or theoretical support can cause bias in parameters.
Contribution & Value Added: An improvement is presented to the graded response model with normal dis-
tribution in IRT for the measurement of financial capital, paying special interest in providing a pedagogical
explanation for a public related to economics.
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INTRODUCTION

The item response theory (IRT) has been widely used in education and psychology but little has spread
to economics. There are two common types of latent variables in economics. First encompasses those
that do not have a unit of measure such as quality of life, food security, financial capital, human capital,
among others. Second —those that despite having a unit of measure, do not have sufficient information
for its calculation, such as hectares of illicit crops and daily gross domestic product (GDP); both types
are considered latent variables. In these cases, economics resorts to alternatives such as the measure-
ment of proxy variables, e.g. years of education, professional experience, skills proxies of human cap-
ital, or the construction of coincident indexes. The novelty of this research is the didactic presentation
of the IRT focused on the economic sciences and the proposal to adapt the classic IRT model with
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normal distribution to an IRT model with asymmetric distribution, appropriate for economic variables
with theoretical indications of asymmetry.

Financial capital among family entrepreneurs is an example of a variable considered conceptually
asymmetric since it is intimately related to the distribution of wealth, which usually presents a positive
bias, as is the case of Colombia. Financial capital comes mainly from external sources in the form of
debt (Parker, 2009) and constitutes one of the variables that directly affect the performance of small
businesses (Oppedal Berge, Bjorvatn, & Tungodden, 2015; Atmadja, Su, & Sharma, 2016). This is con-
stituted by the monetary and physical assets owned by the business such as money, credits, or assets,
which can be easily converted into cash or resources for the company (Mzid, Khacklouf, & Soparnot,
2019; Kaztman, 2000). This variable is constantly measured by banks, which in their financial interme-
diation activity capture monetary surpluses and redistribute them among the economic agents that
require them — but not before ensuring that their investment is returned. They usually base their credit
studies on a weighted sum of a set of questions ranging from accounting to the socioeconomic char-
acteristics of the borrower. However, they do not have a single or comparable scale between banking
entities; although many of them have similar constructs, it is common to find cases in which an appli-
cant is subject to credit in one financial entity and not in another, possibly due to the lack of unification
of the construct and the different weightings given to each measured item. These facts show the im-
portance of allocating a single and comparable measure of financial capital for micro entrepreneurs.
The success of the banking system and the guarantees for a good functioning of the circular flow of
the economy depend on the correct granting of loans.

Statistical software for IRT commonly program theirs algorithms of the estimation of parameters
from the frequentist approaches, assuming normality of the latent trait, but what would happen if the
normal distribution of the latent trait is erroneously assumed, as could happen with financial capital,
which is conceptually asymmetric? Incorrect adoption of trait distribution may cause biases in the es-
timated parameters of the items (Xu & Jia, 2011). Moreover, we may see that the hypothesis of nor-
mality is usually taken in the calculation for convenience and not for conceptual support, contrary to
what is proposed in this article. Hence the relevance of developing and validating IRT models that as-
sume the distribution of the traits to be different from normal, such as the model proposed here ap-
plied in the measurement of financial capital in a sample of microentrepreneurs in the metropolitan
area of Bucaramanga (MAB). Therefore, our research presents in a didactic and concise way the fun-
damental concepts of IRT and its possible application in the economic sciences. Therefore, it is relevant
to relax the normality assumption of latent trace; commonly accepted in psychology and education
applications. Contradictory to the usual asymmetry found in economic variables.

For this reason, this article must be accessible to a public that is not necessarily expert in IRT —
especially in economics — as it was designed to be applied and understood by academics in other fields.
In this sense, the paper is divided into five parts, together with discussion and attachment. The first
part will briefly present state of the art of measuring latent variables. The second part will succinctly
compile parameter estimation strategies under the frequentist and Bayesian approaches from IRT
models. The third part will show the specification of a hierarchical Bayesian model with a distribution
of the skew latent trait with the explanation of data processing. The last part will offer the estimation
results of the model and their comparison with the normal model so as to finish with discussion. The
attachments contain an explanations for the skew normal distribution function of Azzalini (1985), a
verification of the unidimensionality of the financial capital construct, and the adjustment to the em-
pirical distribution of the scores of the financial capital construct.

LITERATURE REVIEW

The measurement of latent or unobservable variables has occupied much attention since the begin-
ning of modern science. Within the elevation of the scientific method and the Copernican turn, math-
ematics has become the epistemological posture with the highest esteem to attain knowledge. Its
prestige began to take root with the end of medieval philosophy and the birth of Descartes’s rational-
ism in the middle of the seventeenth century. Subsequently, Immanuel Kant and his work The Critique
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of Pure Reason consolidated the bases of mathematics as a method. These works, still far from math-
ematical formalization, are seminal for the positivism of Auguste Comte, who proposed the scientific
method, and with it the entry of mathematics to spheres other than the natural sciences, such as so-
ciology or economics, i.e. the social sciences

Some of the first attempts to measure social variables were found in the economic current of nine-
teenth-century marginalism. The mathematical models of Cournot, Bertrand, Hotelling, and the foun-
dations of microeconomic theory, such as marginal utility, are a clear sign of interest in modelling the
behaviour of economic agents in the same way that natural sciences do. Variables such as human cap-
ital, utility, job satisfaction, entrepreneurship, or empathy do not have a unit or instrument of direct
measurement, such as the height or weight of an object does.

That is the reason why economists use instrumental or proxy variables. It is assumed that they are
directly associated with the latent variable we intent to measure. For instance, years of education or
years of experience are commonly used as proxy variables to measure the human capital variable
(Schutlz, 1961); networks and voluntary organizations have been used to measure the social capital
construct (Paldam, 2000). The human development construct is usually measured through a set of
observable variables, such as life expectancy, adult literacy rate, or GDP per capita in purchasing power
parity (Alkire, 2002). Thus, with the construction of coincident indexes, proxy variables are used as
indirect measures of latent variables. Some examples can be consulted in Forni, Hallin, Lippi and
Reichllin (2000) and in Issler and Notini (2016). Nevertheless, some of these attempts, somewhat in-
cipient, have not achieved the desired objectives and it is common to find diverse studies about meas-
uring latent variables from different perspectives with divergent opinions and results.

In contrast to the limited methods used in economics, scientists in social sciences have devel-
oped statistical methods for measuring latent variables. Particularly in psychometry, the classical
test theory (CTT) attributed to Spearman (1904) was the first serious approach to measure mental
constructs such as intelligence and skills in mathematics. The CTT was a hegemonic paradigm of
psychometry for more than 60 years.

Currently, IRT models constitute the preferred statistical tools of statisticians for measuring latent
variables. They are a set of techniques that lose simplicity in calculations by making assumptions more
flexible and broadening the scope of CTT. There exist two problems in CTT that do not occur in IRT.
First, CTT measurements are not invariant, which means that you cannot compare the scores of differ-
ent tests of an individual, as they are not measured on the same scale, and second, the absence of
invariance of the test means that the difficulty and reliability of the test depends on the sample.

There exist several types of IRT models. From a very general perspective a model can be dichoto-
mous or polytomous, depending on the scale used in a test. In a dichotomous test, the coded responses
are only 1 and 0O, corresponding to correct or incorrect responses. However, polytomous models are
useful when there is an ordinal (or graded) order with three or more categories. Polytomous models
are useful to measure latent traits from surveys designed with this objective. This is the case in this
research. Furthermore, IRT models can be unidimensional, if the measurement instrument is designed
to measure a unique latent trait. Alternatively, the model must be multidimensional. In this research,
financial capital is considered a unidimensional latent trait, so unidimensional polytomous models may
be useful in our approach. Even though the unidimensionality of the latent trait is theoretically as-
sumed, the expert must always verify that the measurement instrument measures one construct. Ac-
cording to Reckase (2009), the basic assumptions of IRT models are:

1. the location of an examinee, on the scale of measurement of the latent trait, does not change
during the test;

2. the characteristics of the items remain constant in any situation in which the test is presented: the
items are independent form the examinees that parameters such as the difficulty of the item do
not change, even under the study of different representative samples;

3. the response of a person to an item is independent of his/her response to another item, which
implies that the solution to one item does not provide information to respond to other items;

4. theresponse of a person to an item is not related to the responses of other people to that same item;
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5. the relationship between the probability of answering in a particular category of an item and the
location of individuals on the trait scale can be represented with a continuous mathematical function;

6. the probability of responding in high categories of an item increases according to latent trait in-
creases; thus, for any item, the probability of a response in high categories is an increasing function
of the latent trait.

In this work, we use unidimensional polytomous IRT models. In these models, the items have more
than one category ordered or not, as the Likert or nominal scales. Some of them are the graded model,
the partial credit model, and the nominal model. Such models provide more trait information than dichot-
omous ones. Furthermore, tests built with polytomous items are less costly and time-consuming to apply,
which can have a positive effect on examinees (Ostini & Nering, 2006, pp. 7-8). This section will focus on
ordinal-type response models, as they are the most relevant to the type of data treated here.

As mentioned above, the applications of the IRT models are few in economics. However, some
research has shown their applicability in measuring human development (Moran & Alvarez, 2001),
inequality, poverty, and welfare (Deutsch, J., Silber, J., Xu, Y., & Wan, G. 2020), multidimensional pov-
erty (Fusco & Dickes, 2008), financial risk (Caviezel, V., Bertoli Basrsott, L., & Lozza, S. 0., 2011), organ-
izational innovation (Wongtada, & Rice, 2008), and managerial ability (Schellhorn, C., 2013).

Classical approach parameters estimation

The first methods for estimating parameters in IRT assume a known ability or latent trait. This process
is called quantal response bioassay (QRB; Lawley, 1943; Finney, 1944). The fundamental idea is to
assume the existence of groups of examinees with known latent skill scores located across the entire
scale of the trait and allowing correct and incorrect response proportions to be formed within each
group. Another approach similar to QRB is to assume that the parameters of the items are known and
the latent traits unknown. This estimation process is frequently used in adaptive computerized tests
as some language proficiency texts, which have calibrated items parameters and focus on trait calcu-
lation (Baker & Kim, 2004; Reckase, 2009). Commonly, estimates of item parameters and predictions
of latent traits are required at the same time. For this reason, the joint maximum likelihood estima-
tion method was introduced. The technique consists of estimating at the same time the parameters
of items and predicting the latent traits of individuals. In 1968, Birnbaum proposed the basic concepts
of this paradigm (Baker & Kim, 2004, p. 18). The model has two fundamental assumptions: 1) the
response of the items is independent of each other, and 2) the response vectors of individuals are
independent from each other. Baker and Kim (2004, p. 108) identify some problems in the application
of this paradigm: the estimation of the parameters of the items can be complex in some IRT models
because likelihood equations may not converge if initial values are set too far from optimal values.
Moreover, others verified that the estimates of this method are not consistent with the increase in
sample size (Baker & Kim, 2004, p. 157; Neyman & Scott, 1948).

To overcome these issues, Bock and Lieberman (1970) proposed the algorithm called item param-
eter estimation via marginal maximum likelihood, which provides consistent estimators when faced
with an increase the sample size. However, the method only worked with very small sets of items.
Afterwards, Bock and Aitkin (1981) implemented the Expectation-Maximizationalgorithm (EM) as re-
formulation to Bock and Lieberman (1970) making it more efficient computationally. In addition, the
EM algorithm could be applied to real test sizes. The latter method assumes that the distribution of
the latent trait is a standard Gaussian distribution, which requires a technique of numerical methods
to calculate integrals, such as the Hermite-Gauss quadrature, with the limitation that it only works
when the distribution is normal. For this reason, Bayesian hierarchical methods may be a good alter-
native for estimating parameters when the latent trait cannot be assumed to be normal.

The Bayesian approach relies on the Bayes theorem, which combines the probability obtained from
the likelihood function based on observed data, with prior information on the distribution of parame-
ters (Baker & Kim, 2004, p. 179). This approach considers all parameters to be random variables, con-
trary to the classical approach which assumes that parameters are fixed but unknown. From this per-
spective, there are two types of parameters: interest and nuisance. The former are the ones with which



Financial capital measure with item response theory: A didactic approximation | 69

the researcher wishes to make an inference, while the latter are — as their name indicates — noise or
nuisance parameters that will not be subject to analysis.

H: The latent variable “financial capital” has a skew normal distribution that can cause its esti-
mation to be biased if it is done by a traditional method that a priori assumes it is normality.

RESEARCH METHODOLOGY

The hierarchical Bayesian gradual response model with asymmetric normal trait distribution (HBGRM
ASN) has a categorical response function (CRF) defined as:

Plui; = g|6;§] = logit™'(ng-1)—logit~*(n,) (1)
in which P[uij = g|9j, E] is the probability that respondent j answers category g at the item i, given
the ability 6; and the parameter vector of item &. logit‘l(ng_l) =1+ e‘“g—l)‘l,ng_l = (a; x0; —
a; * fig—1) and logit‘l(ng) =1+ e‘“g)_l,ng = (a; * 0; — a; * B; ¢). These expressions form cu-
mulative category response functions (CCRF) of logistic distribution. Figure 1 shows the change of the
CCRF for an item with five categories in whicha = 1 and values of B = (—2,-1,0.7,2).

1.00-

0.75
E Curve
o -- curve.l
8050 — curve.2
o — curve.3
o . . curve.4

0.25

0.00

-4 -2 0 2 4
§)

Figure 1. Cumulated categorical response function
Source: own elaboration of Reckase (2009).

We can interpret @; as the discrimination parameter of item i and f; ; which represents the upper
cut point for the category g of item i, also known as difficulty parameters; B; ; = B 1, Bik-1 € Rk-1,
ordered f; y < fBj g+1,- One must assume the extreme cases of ;o = —co and f; 41 = 0, which im-
plies that logit™1(no) = 1 and logit *(n41) = 0. K € N, with k > 2 representing the number of
categories of the item i, in the following way g€ {1,...,k}. So that P[uij = g|9j, E] can assume different
expressions, such as

1-— (1 + e—nl)—l si g=1,
[wij = g]6;,8] { (1 +eMo1) ™" — (1 + &™) 'sil < g <k, y,(4-4) (2)
(1+e™Mg-1)71 si g=k,

The above equation represents the CRF of the logistic model graded for the homogeneous case.
The CRFs corresponding to the CCRFs in Figure 1 are shown in Figure 2.
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Figure 2. Categorical response function for items with five options
Source: own elaboration of Reckase (2009).

Figure 2 shows how the probability of responding to option 1 (represented by curve 1) is in-
versely proportional to the trait, opposite to the probability of responding to category 5 (repre-
sented by curve 5), which is directly related to the value of the trait. Note that the highest point of
the probability of response for each item occurs at different points on the trait scale. For example,
category 3 has a higher probability of response for traits close to zero, different from category 2
which has the highest probability for traits close to -2, this characteristic is linked to the information
provided by each category. The Bayesian hierarchical model assumes prior distributions for param-
eters and hyperparameters. Consequently, the prior densities assigned here are:

9]- ~ SN(0,1,p),
p ~ NOD,
a; ~ N(05),
Big ~ N (:ubetaig,o'betaig) ’

Upeta ~ N(O,l),
Opeta ~ Cauchy(0,2).

(3)

For the prior distribution of the latent traitf; a skew normal distribution of Azzalini (1985) is as-
sumed, the scale and location parameters are fixed in order to guarantee the model’s identifiability.
The parameter p is the hyperparameter of asymmetry normal distribution and standard normal distri-
bution is assumed. The skew normal distribution is assumed since it is the one that best fits in a first
inspection of the empirical laten trait (see Attachment A). This parameter is the centre of attention in
this model because its significance depends on the success of this proposal on the classical model with
normal distribution. Restrictions are imposed by truncation of the discrimination parameter ; at 0 for
the monotonicity of the CRF and the hyperparameter 0y, because it is a deviation.
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Data

The data in this article were taken from the joint project of the Industrial University of Santander
and a Santander financial institution, whose main interest in that research was to measure the levels
of psychological, financial, physical, social, and human capital among microentrepreneurs of the
MAB. In that research, the calculation of the level of capital was based on the principal component
analysis (PCA) technique, which has advantages due to broad existing documentation and the ease
of its computational application. However, PCA is based on a decomposition of the covariance matrix
of the items assuming that these are of a continuous nature, characteristics that are not met by most
surveys measured using Likert-type categorical scales. These limitations were overcome with the IRT
models, such as the one proposed here.

The analysed microenterprises have little productive capacity (neighbourhood stores, small cloth-
ing, and footwear factories, etc.), they lack organizational structure, accounting books, or bank credit
history. Most workers belong to the same family, which is why they are known in Colombia as famiem-
presas (family businesses). This level of informality makes it difficult to access bank loans, forcing them
to take out informal loans with individuals. Therefore, formal credit agencies in Colombia have chosen
to evaluate the risk of non-payment together with the owner’s family, since it is assumed that their
strengths and weaknesses will be transmitted to their companies. Therefore, several survey type in-
struments have been developed to measure the financial capital that commonly —in larger companies
— would be measured using the financial statements. The application of the proposed model will be
done with data from the financial capital module of 384 microentrepreneurs. The underlying latent
trait was assumed to be asymmetric, due to its strong relationship with the income distribution, which
in developing countries usually presents large asymmetries.

The construct of financial capital was made up of eight polytomous ordinal items that measured
the financial response capacity of the family to obtain liquidity and face business and family activi-
ties. The original survey consisted of 77 dichotomous questions recoded into polytomous items. To
achieve this objective, different methods were applied, including principal component analysis
(PCA), cluster analysis, and expert judgment. Details of the process are available in the article by
Rangel Quinonez and Yafies Canal (2018).The final instrument version can be consulted at the end
of this document in attachment B.

Parameters estimation of the proposed model was implemented in the STAN language version
2.2.0, together with the Rstan package of the programming language R (coding details available in
Rangel, 2019). Stan is a new Bayesian statistics programming language written in C++, which pro-
vides statistical inference of parameters through Markov Monte Carlo strings such as the No-U-Turn
samplers. The Stan language can be used in other languages such as Python, R, Matlab, Mathematics,
Julia, and Stata, and it runs under Windows, Mac OS, and Linux operating systems by using interfaces
built into each of them (Luo & Jiao, 2018).

RESULTS AND DISCUSSION

The results obtained from the implementation of the model show that the highest discrimination
parameters a; were those corresponding to items 1, 5 and 7, as opposed to the lowest alphas of

items 3, 4 and 8. The Rhat in all cases was 1, which evidences good convergence of the parameters,
Ne

A{f > 0.001 — in which N is the number of interactions — for this case equal

to 4000, it evidences a good Markov chain. None of the 95% credibility intervals contains 0. This is
an indicator of good model specification.

The calculation of the difficulty parameter requires the division of the j; ;calculation by Stan by
the discrimination parameter a;. Table 2 presents the true values of the f; ;. The lowest average of
the estimated parameters for betas was 3 ; = —6.49 and the highest was f3 5 = 12.89. The close-

ness of the cut points parameters in a single item, suggests that category unification is possible. These
Neff
N

and similarly the ratio

parameters had good Rhat =~ 1 values and > 0.001, also no credibility intervals contain 0.
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Table 1. Descriptive statistics of discrimination parameters

a; u 5% 25% 50% 75% 95%
oy 4.01 2.46 3.17 3.81 4.66 6.17
a, 0.71 0.40 0.58 0.70 0.83 1.04
as 0.45 0.17 0.33 0.45 0.56 0.74
a, 0.70 0.38 0.57 0.69 0.82 1.03
as 1.91 1.34 1.65 1.88 2.14 2.59
ag 0.72 0.39 0.59 0.72 0.86 1.08
oy 3.43 1.20 2.29 3.23 4.35 6.33
ag 0.52 0.15 0.35 0.50 0.66 0.93

Source: own study.

Table 2. Difficulty parameters Bi,g
ITEM Bia Bi: Bi3z Bia Bis
1 2.29 2.95 X X X
2 1.39 5.36 X X X
3 -3.94 0.47 0.51 X X
4 -1.07 3.46 4.14 X X
5 -0.27 -0.18 0.34 X X
6 -1.71 0.83 2.56 X X
7 -1.54 1.34 4.03 6.96 X
8 -6.49 -0.09 5.38 8.69 12.89

Source: own study.

Figure 3 presents a scatter plot between the classical test scores (sum scores of financial capital)
and the averages of the individual parameters, showing the existing linear relationship, corroborated
by a Pearson’s correlation coefficient equal to 0.85. Estimated density and classical score functions are
also shown, both cases show positive asymmetry.
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Figure 3. Comparison between the latent trait distribution of the IRT model

and the distribution of the classical score
Source: own elaboration.
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Descriptive statistics of the latent trait shows that the average of 6; for financial capital assume
the skew normal trait is 0.599, the minimum is -1.961, and the maximum is 0.796. On the other hand,
the minimum 0.999 and the maximum 1.009 in the Rhat for thef;parameters reaffirms the good con-
vergence since the average and the median are close to 1. The estimated values of the hyperparame-
ters are shown below.

Table 3. Descriptive statistics of the estimation of the hyperparameters

Hyperparameter u 5% 25% 50% 75% 95% n _eff Rhat
7] -1.90 -2.88 -2.27 -1.87 -1.50 -1.04 338 1.01
us 1.20 0.38 0.87 1.20 1.52 1.99 3073 1.00
o8 2.55 1.94 2.25 2.51 2.80 3.32 4130 1.00

Source: own study.

Special attention deserves parameter p = —1.9 since it is the estimated asymmetry of the density
function of the latent trait. This indicates that the asymmetry parameter is significant as the credibility
interval does not contain zero. To corroborate this result, we require a Bayesian hypothesis test of the
simulations of hyperparameter p.

Parameters comparison estimated by the asymmetric model with the normal model

With the idea of verifying changes in the magnitudes of the parameters estimated under the assump-
tions of asymmetry and normality, we prepared point plots to verify overestimates or underestimates
of these parameters. Figure 4 shows the difference between the parameters estimated with skew nor-
mal distribution and the parameters estimated with standard normal distribution. The horizontal line
at zero of the ordered axes is taken as a reference to observe the changes in the estimate. The discrim-
ination parameters (a;) do not present large changes in six items, but items 3 and 5 are underestimated
when estimated with the assumption of normality. The difficulty parameters (f3;)present a moderate
overestimation at the cut points of the first six items and a relevant overestimation at the cut-off points
of items 7 and 8.Moreover, the individuals” parameters show a marked overestimation at the moment
of estimation by means of the normal models instead of the asymmetric model.

Now, to contrast the suitability of the model, the information criterion efficient approximate leave-
one out cross validation-loo of the software package loo R was used (Vehtari, Gelman, Gabry, & Yao, 2019).

Table 4. Information criterion Loo

Skew Model Normal Model
Loo 5408.400 5420.400

Source: own study.

Table 4 shows that the best model is skew normal because it has less information criteria. To
support the above result the difference of the likelihood and the standard error was calculated with
the loo_compare function of the R-stan package. The comparison results are elpd dif f = —6.0
with SE = 1.7, which indicate that the first model fits better the data. This case corresponds to
the skew model (Vehtari et al., 2019, p. 6).
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CONCLUSIONS

This research emerged from the frequent need of economists to measure latent or unobservable var-
iables, so itis introduced to the item response theory as an alternative to the limited tools usually used
in economics. In this article, we outline the main models of IRT by highlighting their different uses and
theoretical assumptions. Perhaps the most restrictive assumption is that of the normality of the latent
trait since a large part of economics variables are asymmetric. For this reason, we proposed an alter-
native for estimating a graded IRT model that relaxes this assumption. The application here exposed is
made to obtain formal measures of Financial Capital. In common practice, the results of surveys to
measure Financial Capital are treated trivially and without any mathematical rigor by financial institu-
tions when they conduct credit studies of their clients. For example, ratings are taken as real numbers
—which in fact is a categorical measure — without a comparable metric since the score depends on the
construct between entities. The approximation used in Attachment B suggested that the measured
trait was not symmetric, so the hypothesis of normality did not seem adequate and should therefore
be treated with an asymmetric distribution by selecting the skew normal distribution (Azzalini,1985)
as suitable for this problem. The technical part reported that at the time, there was no software avail-
able that implemented — from the classical approach — the polytomous TRI models with asymmetric
normal distribution as an alternative to the problem, which is the solution the Bayesian approach. With
the help of STAN, a probabilistic programming language, considered the gold standard in the industry
today, a hierarchical Bayesian model of gradual response with distribution of the skew normal trait
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was built. We concluded that the skew model presents an improvement in the Bayesian Loo infor-
mation criterion compared to the normal model. This reaffirms what Xu and Jia (2011, p. 15) found
when assuring that the asymmetric normal distribution presents advantages with respect to the nor-
mal model of a 2pl model, when the distribution is extremely asymmetric or presents multimodality,
which is something that cannot be rejected by the data in this article. Thus, the statement of Xu and
Jia (2011) can be extended to the polytomous case with the findings of this paper: the mean value of
the skew parameter p estimated by MRIJBRG ASN is -1.9, which is significant since its credibility interval
does not contain zero, corroborated by the Bayesian hypothesis test.

Let us note that if zero were contained, the asymmetric normal distribution would be equal to the
normal distribution, leaving the preference of the proposed model over the normal model unsup-
ported. All the parameters of discrimination are significant, the largest average value is a3 correspond-
ing to question 1 (financial savings or investment service or product), and the one with the least dis-
crimination is ag (ability to pay through the financial sector). This indicates that small changes in the
latent trait produce large changes in the probability of answering a category in question 3 —as opposed
to question 8 — while items with a; close to 1 are preferable and indicate a smooth discrimination not
as abrupt as items 3 and 4. In the same manner, all the difficulty parameters are significant as it can
be verified that items 1, 3, 4, and 8 have some S;, close together: item 1 could group categories b and
c; items 3 and 4 could group categories c and d; and for item 8 it is suggested to join categories d and
e. The estimation of these parameters can be used for the validation of the construction, thus replacing
the more used confirmatory and exploratory factorial analysis. When comparing the Loo statistic of
the asymmetric and normal model, it is concluded that the asymmetric model is better than the normal
model. Which begs the question: What is the change of the parameters under normal estimation? We
observed that in the «a;, there appeared an underestimation by the normal model, especially in items
3 and 5, opposed to the overestimation of the ;,, particularly in the items with more categories (7
and 8), finally in the person parameters 6; that were overestimated in the normal model.

This leads us to the conclusion that the normal model —when applied to the data of financial capital
—overestimates this variable that is linked to the payment capacity of family businesses, causing banks
to take an incorrect signal from the entrepreneurs. Thus, the normal model would classify entrepre-
neurs with high risk of non-payment as companies subject to credit. This can be seen in the median of
the latent trait in the asymmetric model (-0.59), which is negative and lower compared to the median
of the trait in the standard model (0.02), indicating that the standard model gives half of the family
businesses a positive trait compared to the asymmetric standard model, which gives half of the family
businesses a score greater than or equal to -0.59. Let us note that we observed the sensitivity of the
significance of the asymmetry parameter p to changes in the priori distribution of the parameter «;
within the tests conducted for the construction of this model, since when an informative priori such as
a; ~ N(0,1) was included, it meant that p was not significant. Contrary to what happened with the
non-informative priori of a; ~ N(0,5). Thus, future research should focus on: 1) verifying the impact
of the a priori distributions of the parameters, especially the discrimination parameter in the Bayesian
approach and 2) performing simulation to verify consistency in the results of the Bayesian model.
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Appendix A:

The skew normal distribution function Azzalini (1985) can be described as proportional to the product
of the density function times the cumulative function of the normal distribution:

_ 1 —(Z_—”)Z 1 xX—U
SN(x)—Zﬁe V2 EErfc(—p m/i)'
then,

2
_
SN(x) = 5= v2/ Erfc (—p aﬁ)'
in which p is the asymmetry parameter, | is the location parameter, ¢ the scale parameter and x
is the value of the random variable. It is understandable that if p = 0 then Erfc = 1 colluding to

normal distribution.

Adjusting the distribution to the latent trait

To verify the unidimensional nature of the construction is applied a Principal Component Analysis (PCA)

on the eight items.
Variables factor map (PCA)
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Figure A-1. PCA for Financial Capital
Source: own elaboration.

Table A-1. Own values of the 8 items of the construct

Variable Eigenvalues Percentage of variance Percentage of accumulated variance
comp 1 1.75 21.91 21.91
comp 2 1.18 14.78 36.70
comp 3 1.09 13.59 50.29

Source: own study.
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In the previous Figure A-1 it is evident that the eight items have only one direction that would
support the unidimensionality of the construct, Table A-1 debates this conclusion by presenting the
values of the eight components, which affirms that at least three dimensions exist. This is not surprising
since the original questionnaire had 77 questions, so one of the previous works to this investigation
was the selection and conformation of the financial capital construct. However, these data serve as an
example of the use of the algorithm proposed here for economic issues. With the above exceptions,
the financial capital score is calculated by means of the sum of the items’ responses and, on the other
hand, by means of the respondents’ projections in the first component of the PCA.

100

Frequency
50
)
Frequency
50

—— o
T T f
8 10 12 14 16 18 20 2 24 2 0 2 4 6 8 10
Score by sum of responses Score by ACP

(a) Score by sum of responses (b) Score by ACP
Figure A-2. Histograms of construct scores

Source: own elaboration.

As shown in Figure A-2, the scores by the two methods show positive asymmetry. Therefore, we
proceed to look for the best distribution that fits them.

Normal Gamma Lognormal

Figure A-3. Adjusting various density functions to the histogram of construct scores
Source: own elaboration.

Figure A-3 shows the score by the classic method and different settings by means of the Gamlss
package of the R software. The red curve on the histogram represents the empirical distribution and
the blue curve the distribution adjusted according to the distributions: normal, gamma, lognormal, and
asymmetric 1, 2, and 3. As you can see the asymmetric distribution 1 fits very well to the classical score.
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Appendix B:
To facilitate the programming, the questions of the construct have been organized in an ascending way.

1) Capability of earning income from the sale of company assets:
a) had not obtained income in the last month from sales of machinery or equipment;
b) had obtained income one time;
c¢) had obtained income two times.
2) Family’s ability to receive income from real estate as urban, agricultural, or recreational property:
a) had not obtained income in the last month from real estate;
b) had obtained income two times;
c¢) had obtained income three times.
3) The degree of financial savings or investment service or product:
a) lack of financial savings;
b) having savings accounts, current accounts, and programmed savings;
¢) having current savings, programmed savings and communal savings accounts;
d) having shares, term deposit certificates, and savings accounts.
4) The degree of insurance of the family and the business:
a) do not have insurance;
b) basic insurance such as funeral, life, or debtor’s insurance in the case of having a credit;
c) inaddition to having basic insurance have some of the intermediate insurance such as insurance against
theft, earthquake insurance, home insurance, car insurance and unemployment;
d) have basic life and death insurance for the debtor along with housing, fire and earthquake insurance,
insuring the most asset of family members, the home.
5) The kind of indebtedness of the family:
a) do not have loans;
b) informal loans such as “drop-by-drop” loans, loans with pawnbrokers, and trust companies;
c) having loans with friends, suppliers, educational loans, car loans, and loans with NGOs or foundations;
d) loans with banks.
6) Measures the level of family benefits:
a) lessthan or equal to 600 000 COP;
b) more than 600 000 COP but less than or equal to 1 200 000 COP;
c¢) more than 1 200 000 COP but less than or equal to 2 400 000 COP;
d) more than or equal to 2 400 001 COP.
7) The ability of family businesses to earn extra income different from the profits of the main business:
a) have no extra income;
b) one extra;
c) two extra;
d) three extra;
e) four extra.

The sources of income that were investigated were: income from the work activity of family mem-
bers, income from alimony, income from money contributed by family members who are resident or
not in the country, income from old age or disability pensions, income from businesses other than the
one surveyed, income from deposits, income from stock gains, income from the sale of business ma-
chinery, income from the sale of household goods, income from donations other than to the govern-
ment or from family members, income from family subsidies, and income from state subsidies.

8) The capacity of family businesses to make payments by means of the financial sector:

a) do not use means of payment from the financial sector;

b) one means;

c) two means;

d) three means;

e) four means;

f) five means.

The means of payment considered for this classification were: credit card, debit card, automatic
account payment, transfer of funds via the Internet and telephone, prepaid card, factoring, and other.
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