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Abstract
This paper investigates the Split Delivery Capacitated Profitable Tour Problem 
with Incomplete Service (SDCPTP-IS), an extension of the Capacitated Profitable 
Tour Problem (CPTP) that introduces two key relaxations: split delivery (SD), al-
lowing a request to be fulfilled by multiple vehicles, and incomplete service (IS), 
permitting partial fulfillment of request demands. The objective of the CPTP is to 
select a subset of requests and determine feasible tours for a fleet of homogeneous 
vehicles, maximizing the net collected prize (revenue minus delivery cost). We 
formulate the SDCPTP-IS as a Mixed-Integer Linear Program (MILP). A numeri-
cal study using benchmark instances from the literature to investigate the effect of 
split delivery or/and incomplete service in the CPTP with a state-of-the-art solver 
and a Matheuristic is conducted. This matheuristic exploits the problem structure 
of the Capacitated Vehicle Routing Problem (CVRP) to solve the SDCPTP-IS as a 
MILP. More precisely, we use a Guided Local Search (GLS) heuristic to obtain a 
CVRP solution that is embedded in the matheuristic to solve the SDCPTP-IS. For 
managerial insights, we conduct a sensitivity analysis on the CPTP, CPTP with split 
delivery (SDCPTP), CPTP with incomplete service (CPTP-IS), and the SDCPTP-
IS, which investigates a varying number of requests, vehicles, and vehicle capacity.

Keywords  Mixed-integer linear programming · Capacitated profitable tour 
problem · Split delivery · Incomplete service · Matheuristic · Guided local search
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1  Introduction

Due to the increasing diversity of commodities, shorter life cycles, rising energy 
prices, and competitive environments, request acceptance decisions and transpor-
tation planning, can be important decision-making processes for companies (see 
Noroozi et al. (2018)). For example, in a make-to-order system with next-day deliv-
ery, accepting every incoming request may not be profitable. Instead, particularly 
if non-substitutable resources are scarce (e. g., personnel or materials), a decision 
maker must trade off the rewards of accepting individual requests against the avail-
able resource capacities and the compound effects on the costs (e. g., delivery costs), 
incurred by fulfilling all requests jointly. From an Operations Research perspective, 
this trade-off is treated in the Traveling Salesman Problem with Profits (TSPPs) (see, 
e. g., Balas (1989); Dell’Amico et al. (1995); Tsiligirides (1984)) or, in the case of 
multiple vehicles, Vehicle Routing Problem with Profits (VRPPs) (refer to Toth and 
Vigo (2014)). The common feature of such problems is the possibility of accepting 
or rejecting requests; however, their application domains can differ. VRPPs occur in 
many practical scenarios, e. g., tourist trips, home fuel delivery, mobile crowdsourc-
ing, and freight transport (see, e. g., Feillet et al. (2005); Gunawan et al. (2016)). 
Especially in transportation areas such as liner shipping (e.g., Karsten et al. (2015)), 
railway (e.g., Azadi Moghaddam Arani et al. (2019)), or internet and satellite net-
works (e.g., Wang et al. (2019); Zhang et al. (2018)), the task is to bundle accepted 
requests (also called orders) in a way that maximizes profit. In VRPPs, a standard 
assumption is that each demand must be completely satisfied. In the literature, the 
assumption that demand is only partly satisfied is known as incomplete service (IS) 
while satisfying demand by more than one vehicle is referred to split delivery (SD). 
However, as addressed in Archetti et al. (2014b) (and as we will see in more detail 
in Sect. 2.2), there is a research gap in the investigation of split delivery and incom-
plete service in the context of VRPPs. These extensions introduce additional com-
putational effort, raising the question of under what conditions the trade-off between 
computational effort and operational improvements justifies their implementation.

To address this research gap, we investigate the Split Delivery Capacitated Profit-
able Tour Problem with Incomplete Service (SDCPTP-IS), a variant of VRPPs (see 
Toth and Vigo (2014)). In the SDCPTP-IS, a fleet of homogeneous vehicles with 
limited capacity is available to fulfill a set of potential request demands from dif-
ferent locations. Each request can only be delivered once and is associated with a 
prize (i. e., reward) that results proportionally from the amount of satisfied demand. 
The objective is to select a subset of requests and determine a feasible tour for each 
vehicle (that visits some of the selected requests exactly once and then returns to the 
depot) so that the prize collected by partially or completely fulfilling these requests 
serviced by one or more vehicles net of the delivery costs is maximized. A key fea-
ture of the SDCPTP-IS is the allowance for split deliveries, meaning an accepted 
request can be fulfilled by multiple vehicles through different vehicles. Addition-
ally, due to incomplete service, accepted requests may not be completely served but 
only satisfied proportionally to the extent it is profitable. Practical applications of the 
SDCPTP-IS are observed in last-mile delivery (see Boysen et al. (2021)), particularly 
in scenarios, where fulfilling an entire request demand in a single tour is infeasible 
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due to vehicle constraints. This occurs when items are excessively bulky or heavy, 
necessitating split tours with incomplete service. Another relevant application is in 
waste collection operations, where different waste types generated at a single location 
(e.g., recyclables and organics) require separate transportation on split tours due to 
sorting requirements or capacity limitations.

In this paper, we propose the SDCPTP-IS where the demand of requests can 
be partially or fully satisfied. Following a literature review, we make the follow-
ing additional contributions. We propose a Mixed-Integer Linear Program (MILP) 
formulation for the SDCPTP-IS, SDCPTP, and the CPTP-IS. We also present a 
matheuristic that exploits the problem structure of the Capacitated Vehicle Routing 
Problem (CVRP) to solve these three problems as a MILP. More precisely we use a 
Guided Local Search (GLS) heuristic to obtain a CVRP solution that is embedded 
in the matheuristic to solve the SDCPTP-IS, SDCPTP, and CPTP-IS afterward. In 
particular, we provide a detailed numerical study demonstrating the effectiveness of 
such a matheuristic compared to a state-of-the-art solver in tackling such models. 
Moreover, we perform computational experiments on these different problems with 
several instances from the literature for managerial insights.

The remainder of this paper is structured as follows. In Sect. 2, we begin with a 
brief overview of the related literature concerning the PTP. In particular, we examine 
different PTP model extensions and show different solution methods for them. More-
over, we discuss the split delivery and incomplete service concept in the context of 
routing problems. Afterward, in Sect. 3, we describe the SDCPTP-IS, SDCPTP, and 
CPTP-IS in detail and present a MILP model formulation. Within Sect. 4 first the 
underlying GLS heuristic for solving the CVRP is explained and then the matheuris-
tic for the specific problems is discussed. Section 5 is dedicated to the computational 
experiments and their numerical results. Finally, in Sect. 6, we conclude and discuss 
implications for future research.

2  Related literature

In this section, we briefly discuss profitable tour problems from the literature and 
their solution methods. With Sect. 2.2, we sketch relevant contributions to routing 
problems with split delivery or incomplete service.

2.1  Profitable tour problems

The TSPPs is a family of problems related to the TSP (and the VRPPs) in which each 
request is associated with a reward that is commonly referred to as a prize (or, con-
versely, a penalty if left unvisited) whereas the arcs, that connect accepted requests in 
a feasible tour, are associated with a cost (refer to Feillet et al. (2005)). The essential 
characteristic of TSPPs is that there is a trade-off between the cumulative prize and 
the cost by traversing arcs. In general, there are three main variants of TSPPs:

	● In the Prize-Collecting TSP (see Balas (1989)) there is a lower bound concerning 
the cumulative prize that must be collected. Under this constraint, the objective 
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becomes to minimize the total travel costs (and penalties for uncollected prizes).
	● In contrast, in the Orienteering Problem (OP) (refer to Tsiligirides (1984)), we 

have an upper bound for the tour costs (e. g., the length of the tour), and the objec-
tive becomes to maximize the cumulative prize.

	● In the Profitable Tour Problem (PTP), there are no bounds concerning the cumu-
lative prize or the tour cost. Here the objective is to maximize the profit, i.e., the 
cumulative prize net of the costs (see Dell’Amico et al. (1995)).

Based on these three main categories, several variants and extensions of TSPPs and 
VRPPs exist (see also Toth and Vigo (2014)). Especially, the PTP finds numerous 
extensions in the literature as the following listing shows. The authors in Feillet et al. 
(2005) treat a profitable arc tour problem, where profits are assigned to arcs instead of 
vertices. The authors in Dasari et al. (2021) treat specifically the single vehicle case 
of the PTP. In recent years, stochastic variants of the PTP have also become common. 
For example, in Bruni et al. (2019), the authors analyze a PTP with stochastic costs. 
Similarly, Zhang et al. (2017) treats a stochastic PTP, where each request asks for 
service only with a given probability.

In the context of this paper, the Capacitated Profitable Tour Problem (CPTP) (refer 
to Archetti et al. (2009)) is of particular interest. The CPTP is a variant of the PTP 
in which each request is associated with a demand quantity, and the vehicle’s capac-
ity is limited. The authors in Chbichib et al. (2012) consider a CPTP with multiple 
trips, where each vehicle is allowed to perform several routes under a strict workday 
duration limit. Paper (Lahyani et al. 2017) introduces a rich CPTP that includes sev-
eral temporal and physical constraints, where requests need not be fully satisfied. 
Specifically, the vehicle is assumed to have multiple compartments with different 
capacities, and incompatible products must be kept separate during transportation. 
The authors in Bulhões et al. (2018) extend the CPTP by incorporating service level 
constraints. In Chentli et al. (2018), the CPTP with simultaneous pickup and delivery 
services is introduced. Study (Sun et al. 2018) introduces a variant of the CPTP that 
includes time windows and precedence constraints. Paper (Cortés-Murcia et al. 2019) 
considers a variant of the CPTP where restaurants are visited during lunchtime by 
a driver to charge electric vehicles. The work in Lera-Romero and Miranda-Bront 
(2021) extends the time-dependent CPTP from Sun et al. (2018) by several resource 
constraints. Paper (Cortés-Murcia et al. 2023) extends the model from Cortés-Murcia 
et al. (2019), by considering multi-periods and making agreements for recharge ser-
vices. The authors in Caspar et al. (2023) provide three different MILP model formu-
lations for the CPTP with split delivery and conclude through intensive experiments 
that Bienstock subtour elimination constraints (see Bienstock et al. (1993)) lead to 
the best performance within the CPTP.

2.2  Split delivery and incomplete service in routing problems

Split delivery leads to more freedom in fulfilling demands and becomes necessary 
when the demand of a request exceeds the vehicle capacity (Toth and Vigo 2014). 
The Split Delivery Vehicle Routing Problem (SDVRP) was first introduced by Dror 
and Trudeau (1989) and has been extensively analyzed over the last three decades. 
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Particularly, several worst-case analyses and empirical studies have demonstrated 
that when split delivery is permitted, significant savings can accrue (Toth and Vigo 
2014). As well, several exact and heuristic algorithms have been presented to effi-
ciently solve the SDVRP and its variants (refer to Toth and Vigo (2014) and refer-
ences therein). Examples of such variants include the inclusion of time windows 
(Frizzell and Giffin 1995), minimum delivery amounts (Gulczynski et al. 2010), or 
three-dimensional loading constraints (Bortfeldt and Yi 2020).

Incomplete service can find practical application in situations where the ser-
vice can be shared between different carriers and also becomes necessary when the 
demand of a request exceeds the vehicle capacity (Toth and Vigo 2014). The pos-
sibility to partially serve a request to increase the collected profits thanks to a better 
exploration of the vehicle capacity (Archetti et al. 2013a) makes incomplete service 
an important concept.

To the best of our knowledge, Archetti et al. (2013a, 2014a, 2014b); Wang et al. 
(2014) are the only contributions that consider split delivery or incomplete service 
in routing problems with profits. Within (Archetti et al. 2014a) apart from theoreti-
cal contributions that analyze the maximum possible profit, the authors also pro-
pose a branch-and-price approach as well as a variable neighborhood search and tabu 
search heuristic and verify their effectiveness on benchmark instances for the Split 
Delivery Capacitated Team Orienteering Problem (SDCTOP) and its extension with 
incomplete service, called SDCTOP-IS. A detailed study in Archetti et al. (2013a) 
and Archetti et al. (2014a) revealed that the combination of IS and SD does not sig-
nificantly increase profits in the Capacitated Team Orienteering Problem (CTOP) 
compared to only allowing either IS or SD. Furthermore, the experiments show that 
the largest increase in profits in the SDCTOP and the SDCTOP-IS is observed when 
the average demand exceeds half the vehicle capacity. In Archetti et al. (2014b), a 
branch-and-price algorithm and a hybrid heuristic based on tabu search are used to 
solve four different sets of instances for the CTOP and SDCTOP. It was shown that, 
depending on the instances, the hybrid heuristic could be significantly more effective 
than branch-and-price in terms of computation time. In Wang et al. (2014), the SDC-
TOP with Minimum Delivery Amounts (SDCTOP-MDA) is discussed, and in a worst-
case analysis correlations between the CTOP and the SDCTOP-MDA are analyzed.

These works demonstrate that split delivery and incomplete service can increase 
profits in routing problems with profits. However, to the best of our knowledge and 
as stated in Archetti et al. (2014b), no literature on the CPTP investigates SD (besides 
(Caspar et al. 2023)) or IS. This provides further motivation for the SDCPTP-IS pre-
sented in the following section.

2.3  Solution methods for routing problems with profits

The authors in Toth and Vigo (2014) provide a comprehensive overview of solu-
tion methods including exact, heuristic, and approximation algorithms for the CPTP 
and the closely related OP published up to the year 2013. For the standard CPTP, 
exact algorithms based on branch-and-price (see Archetti et al. (2009), Archetti et al. 
(2013b)) and branch-and-cut (see Jepsen et al. (2014)) have emerged as suitable solu-
tion methods. However, CPTP extensions often introduce significant additional com-
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plexity, and such exact algorithms are only capable of solving small instances of such 
problems. Consequently, metaheuristic approaches have gained prominence when it 
comes to addressing large instances of such problems effectively. Genetic algorithms 
(see Zhang et al. (2017) and Bruni et al. (2019)) and tabu search (see Archetti et al. 
(2009) and Bruni et al. (2019)) have shown promising results for various CPTP vari-
ants. Additionally, variable neighborhood search algorithms have proven effective 
for solving the CPTP (see Archetti et  al. (2009) and Dasari et  al. (2021)) and the 
closely related OP (see Sevkli and Sevilgen (2006), Labadie et al. (2012), Pěnička 
et al. (2019)). Furthermore, local search heuristics have been successfully applied to 
OPs and similar problems (see Vansteenwegen et al. (2009), Labadie et al. (2011) and 
Gunawan et al. (2018)).

However, such metaheuristics do not guarantee finding the optimal solution and 
may sometimes suffer from poor performance. In contrast, matheuristics leverage 
the global exploration capabilities of metaheuristics while integrating the precision 
of mathematical programming to outperform metaheuristics (Fischetti and Fisch-
etti 2018). Several studies have successfully applied matheuristics to various CPTP 
and OP variants, demonstrating their superiority over other solution methods (see 
Archetti et al. (2015), Lahyani et al. (2017), and Yu et al. (2019)). In this paper, we 
design a matheuristic that incorporates a guided local search heuristic to generate a 
CVRP solution, which is then integrated into a matheuristic framework to solve the 
SDCPTP-IS.

3  Problem definition and mathematical programming formulations

In this section, we begin with a concise problem definition of the SDCPTP-IS in 
Sect.  3.1 and derive some interesting properties for the problem. Afterward, in 
Sect. 3.3, we present a mathematical programming formulation for the problem.

3.1  Problem definition

Let G(V, A) be a complete graph, where V = {0, 1, . . . , |N |} is the set of vertices 
and A = {(i, j) | i, j ∈ V (i ̸= j)} is the set of arcs. The vertex 0 ∈ V  represents the 
depot and N = {1, . . . , |N |} = V \ {0} represents a set of requests. Each request 
i ∈ N  is associated with a prize pi ∈ R>0 (i. e., a reward) that is only obtained if 
the corresponding demand di ∈ N is completely satisfied. A positive travel cost ci,j  
is associated with each arc (i, j) ∈ A and we assume that the triangle inequality is 
valid for these values. We say that the problem is symmetric only if ci,j = cj,i for all 
(i, j) ∈ A. In the SDCPTP-IS, we are given a fleet K of homogeneous vehicles, each 
with a maximum capacity C. The tour of each vehicle k ∈ K starts and ends at the 
depot and, unlike in the CPTP, each request i ∈ N  may be served by more than one 
vehicle (split delivery) and the demand di of an accepted request i ∈ N  may not be 
completely served (incomplete service). The objective is to find feasible tours for the 
fleet so that the total profit Z (i. e., the cumulative prize, net of the cost of delivery) is 
maximized. Fig. 1 illustrates the problem.
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Figure 1 shows how the objective function value can be increased from the optimal 
CPTP solution Z = 176 (a) with split delivery to Z = 181 (b) and with incomplete 
service to Z = 201 (c). The combination of SD and IS (d) leads to the best objective 
function value with Z = 209.

3.2  Properties for the SDCPTP-IS

The authors of Archetti et al. (2014a) and Archetti et al. (2014b) explored different 
properties of the SDCTOP and SDCTOP-IS. These properties concern the number of 
requests that obtain SD and IS in an optimal solution and the amount of additional 
profit that can be collected if SD or/and IS are possible. This section demonstrates 
that a subset of these properties is also valid for the SDCPTP-IS. To establish such 
properties, we make two definitions.

Fig. 1  An illustration of optimal CPTP (a), SDCPTP (b), CPTP-IS (c) and SDCPTP-IS (d) solutions in 
a problem with |N | = 6 requests and a fleet of two vehicles, each with a capacity of C = 8. The depot 
is labeled with 0 and the remaining vertices are labeled with a tuple (pi, di). The tours are indicated 
by the solid and dashed arcs, respectively, and the costs ci,j  are shown next to each arc. The delivered 
quantity qi,k  to request i by vehicle k is specified in round brackets under the node
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Definition 1  Given |K| requests i1, i2, ..., i|K| and |K| tours. Tour 1 visits requests 
i1 and i2, tour 2 visits requests i2 and i3, ..., and tour |K| − 1 visits requests i|K|−1 
and i|K|, and tour |K| visits requests i|K| and i|K|+1 = i1. The subset of requests 
i1, i2, ..., i|K| is called a k-split cycle.

Definition 2  Given a complete graph G(V, A), the non-negative cost matrix describes 
the travel cost between any two vertices (i, j) ∈ A and satisfies the triangle inequal-
ity if for any three vertices i, j and l in G:

	 ci,j + cj,l ≥ ci,l� (1)

The authors in Dror and Trudeau (1989) proved that there is an optimal solution to 
the SDVRP without such k-split cycles. Now we show that this property is also valid 
for the SDCPTP-IS.

Theorem 1  Given an SDCPTP-IS instance that satisfies the triangle inequality, there 
exists an optimal solution for the SDCPTP-IS without any k-split cycle (for any k).

Proof  Suppose there exists an optimal SDCPTP-IS solution that contains k-split 
cycles. Consider such a k-split cycle and let qmin be the minimum quantity delivered 
to any of the requests of the k-split cycle by any tour. Denote by imin the request 
that receives quantity qmin in this tour rmin. Now remove this request imin from 
tour rmin and reconnect the preceding and subsequent request of imin from this tour 
rmin to obtain the new tour rnew. Due to the cost triangle inequality, rnew has lower 
transportation costs and additional residual capacity qmin. This residual capacity can 
serve at least qmin units of the demand of request ipre previously served by tour 
rpre of the k-split cycle. Hence, qmin units of request imin are transformed from 
tour rpre to tour rnew. As a result, tour rpre has an additional residual capacity of 
qmin units that can be used to deliver request imin. This transformation leads to a 
new solution with lower transportation costs while maintaining the same collected 
prize, contradicting the assumption that the original solution with a k-split cycle was 
optimal. Thus, no optimal solution can contain a k-split cycle, completing the proof 
by contradiction. � □

The following Fig. 2 illustrates an example of this Theorem 1 with 
qa, qb, qc ≥ qmin > 0.

An immediate consequence of Theorem 1 follows.

Corollary 1  Given an SDCPTP-IS instance that satisfies the triangle inequality, there 
exists an optimal solution for the SDCPTP-IS where no two tours have more than one 
request with a split delivery in common.

Theorem 2  Given an SDCPTP-IS instance that satisfies the triangle inequality, 
there exists an optimal solution for the SDCPTP-IS where each tour has at most one 
request with incomplete service.
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Proof  Assume there is an optimal SDCPTP-IS solution, with a tour where more 
than one request receives incomplete service. Without loss of generality two of these 
requests i and j fulfill pi

di
≥ pj

dj
. Now we move as much as possible demand from the 

least profitable request j to the more profitable request i. If the served demand of 
request j was greater than or equal to the non-served demand of request i, the demand 
of i will be fully satisfied, and thus we reduce the requests that obtain incomplete 
service by one. This new solution is better since the collected prize stays the same and 
transportation costs are reduced. Otherwise, if the demand served of request j was 
smaller than the not served demand of i, the demand of request i remains partially 
served, but again, we reduce the number of requests with incomplete service by one 
and obtain an improved solution. The contradiction is made. � □

Theorem 3  Given an SDCPTP-IS instance that satisfies the triangle inequality, there 
exists an optimal solution for the SDCPTP-IS where the total number of splits is less 
than the number of tours.

Proof  Analog to the proof of Theorem 2 in Archetti et al. (2014b) for the SDCTOP. 
� □

Theorem 4  Given an SDCPTP-IS instance that satisfies the triangle inequality, there 
exists an optimal solution for the SDCPTP-IS where the total number of splits and 
incomplete services is not greater than the number of tours.

Proof  Analog to the proof of Theorem 4 in Archetti et al. (2014a) for the SDCTOP-
IS. � □

In the following, we want to analyze how much additional profit is possible when 
we allow or disallow split delivery or/and incomplete service in the CPTP. We can 
prove the following theorems.

Theorem 5  If the demand of each request i ∈ N  satisfies di ≤ C  and the cost matrix 
satisfies the triangle inequality, any solution:

Fig. 2  An illustration of Theorem 1. The tour rnew  in (b) substitutes tour rmin in (a) to obtain a better 
SDCPTP-IS solution without a k-split cycle

 

1 3

219



M. Caspar

	
Z(SDCPTP )

Z(SDCPTP − IS)
≥ 1

2 � (2)

Proof  Given an optimal SDCPTP-IS solution, where according to Theorem 2, in each 
tour at most one request obtains IS. We take a tour (called the origin tour) of this 
solution and split it into the first tour, which only includes all requests with complete 
service and a second tour, including only the partially served requests. Both tours 
have lower or equal transportation costs than the origin tour due to the cost triangle 
inequality and both tours can completely satisfy their requests. If the cumulative 
prizes of this first tour are greater than the cumulative prizes of the second tour we 
substitute the origin tour with the first tour and else, the second tour. This substitution 
leads to an objective value of greater or equal to half of the objective value as before, 
since the sum of the cumulative prizes of the first and second tours equals the cumula-
tive prizes of the origin tour. We repeat this procedure for all tours and gain a feasible 
SDCPTP solution that fulfills inequality (2).

Given a vehicle with capacity C and two requests i and j that both demand quan-
tity C

2 + 1 and have profit C
2 + 1, while their travel costs satisfy c0,i = c0,j < ϵ (and 

thus ci,j < 2ϵ) for sufficiently small ϵ > 0. In the SDCPTP, we can only satisfy one 
request and in the SDCPTP-IS, we can deliver both requests with quantity C

2 . When 
capacity C tends to infinity the transport costs become negligible for the objective 
function value and the ratio Z(SDCPTP)

Z(SDCPTP-IS)  tends to 1
2 , making this bound tight (there 

exists no better bound). � □

The following Fig. 3 illustrates an example of this procedure, where both SDCPTP 
solutions in (b) completely satisfy their accepted requests (no incomplete service) 
and one of them fulfills inequality (2).

Theorem 6  If each request i ∈ N  demand satisfies di ≤ C  and the cost matrix satis-
fies the triangle inequality, any solution:

Fig. 3  An illustration of Theorem 5. Given the SDCPTP-IS solution in (a) where a vehicle completely 
serves requests i1 and i2 and incompletely serves i3. Without allowing incomplete services, we obtain 
two possible mutually exclusive solutions for the SDCPTP in (b). However, at least one of them satis-
fies the inequality (2)
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Z(CPTP − IS)

Z(SDCPTP − IS)
≥ 1

2 � (3)

and this objective bound is tight.

Proof  Given an optimal SDCPTP-IS solution, Corollary 1, states that no two tours 
share more than one request with a split delivery. For any given tour (called the origin 
tour) of this solution, we can split it into two separate tours: 

1.	 A first tour containing only requests that were delivered via split delivery.
2.	 A second tour containing only requests that were fully served by a single vehicle 

(i.e., no split delivery).

Both resulting tours are free of split delivery and have lower or equal transportation 
costs than the origin tour due to the cost triangle inequality (1). If the cumulative 
prizes of this first tour are greater than the cumulative prizes of the second tour, we 
substitute the origin tour for the first tour; otherwise, we substitute the second tour. 
This substitution leads to an objective value of greater or equal to half of the objective 
value as before, since the sum of the cumulative prizes of the first and second tours 
equals the cumulative prizes of the origin tour. Repeating this process for all tours 
results in a feasible CPTP-IS solution that satisfies the inequality (3).

Now, consider a vehicle with capacity C and a request i that demands a quantity of 
2C and offers profit 2C, while c0,i < ϵ for sufficiently small ϵ > 0. In the CPTP-IS, 
the maximum deliverable quantity per request is C units, whereas in the SDCPTP-IS, 
due to split delivery, the entire 2C units can be delivered. As capacity C approaches 
infinity, transportation costs become negligible in the objective function, causing the 
ratio Z(CPTP-IS)

Z(SDCPTP-IS)  to converge to 1
2 . This demonstrates that the bound is tight, mean-

ing no stronger bound exists. � □

Theorem 7  If each request i ∈ N  demand satisfies di ≤ C  and the cost matrix satis-
fies the triangle inequality, any solution:

	
Z(CPTP )

Z(SDCPTP − IS)
≥ 1

2 � (4)

and this bound is tight.

Proof  Given an optimal SDCPTP-IS solution, where the total number of splits and 
incomplete services does not exceed the number of tours (as established in Theorem 
4). For each request that obtains split delivery or incomplete service, (Fig. 4) we 
remove this request from the solution and create a separate out-and-back tour to serve 
this request. By Theorem 4, the number of such out-and-back tours is at most |K|. 
This new solution, which includes all these additional tours, may be infeasible since 
it could result in up to 2|K| tours. To address this, we order all these tours by non-
increasing objective value (the collected prize in this tour minus their transportation 
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costs) and only take the first |K| tours. Even in the special case where all tours have 
the same objective value, the objective value of the selected |K| tours is at least half 
of the optimal solution Z(SDCPTP-IS). The tightness of this bound 1

2  follows from 
Theorem 5. � □

The following Fig. 4 illustrates an example procedure for Theorem 7, where 
p1 − 2c0,1 ≥ p3 − 2c0,3 ≤ p2 − 2c0,2 and thus the derived CPTP solution in (b) sat-
isfies inequality (4) by a given SDCPTP-IS solution in (a).

.

3.3  Mathematical programming formulations

In this section, we propose a MILP formulation for the SDCPTP-IS. This model is 
an undirected three-index vehicle flow and formulation based on inspiration from 
Jepsen et al. (2014) and Caspar et al. (2023). As an undirected MILP, it enables com-
putational advantages, particularly for symmetric problems commonly studied in the 
literature. Building on the findings of Caspar et al. (2023) that have shown that the 
Bienstock subtour elimination constraints seem to perform best for the CPTP, we 
incorporate these subtour elimination constraints in the following SDCPTP-IS for-
mulation. At the end of this section, we will also demonstrate how this SDCPTP-IS 
formulation can be adjusted to obtain a corresponding formulation where incomplete 
service or/and split delivery is not allowed. The notation for the model is summarized 
in Table 1.

Let us define δ(S ⊆ N) := {(i, j) | i ∈ S, j ∈ V \ S}. The MILP model for the 
SDCPTP-IS (5)–(19) is:

	

max
∑
i∈N

∑
k∈K

pi · qi,k

di
−

∑
k∈K

∑
i∈V

∑

j ∈ V
i < j

ci,j · xi,j,k −
∑
k∈K

∑
j∈N

2 · c0,j · yj,k

� (5)

	 xi,j,k = xj,i,k ∀i, j ∈ V (i < j), k ∈ K � (6)

Fig. 4  An illustration of Theorem 7. Given the SDCPTP-IS solution in (a) that completely serves 
requests i1 and i2, while request i2 gets split delivery. Request i3 is incompletely served. Without 
allowing incomplete services and split delivery, we still obtain a possible CPTP solution in (b) that 
satisfies the inequality (4) by completely serving requests i1 and i2
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∑
i∈V

2 · yi,k +
∑
j∈N

x0,j,k = 2 ∀k ∈ K � (7)

	

2 · yi,k +
∑

j ∈ V
i ̸= j

xi,j,k = 2 · hi,k ∀i ∈ N, k ∈ K
� (8)

	

∑
i∈V

∑

j ∈ V
i ̸= j

xi,j,k ≤ 2 · (|N | + 1) · (1 −
∑
i∈V

yi,k) ∀k ∈ K
� (9)

	

∑
k∈K

hi,k ≤ zi · |K| ∀i ∈ N � (10)

	

∑
k∈K

qi,k ≤ di · zi ∀i ∈ N � (11)

	

∑
i∈N

qi,k ≤ C ∀k ∈ K � (12)

	 hi,k ≤ qi,k ≤ hi,k · C ∀i ∈ N, k ∈ K � (13)

	

∑

(i, j) ∈ δ(S)
xi,j,k ≥ 2 · hi,k ∀S ⊆ N, i ∈ S, k ∈ K

� (14)

N Set of requests N = {1, ..., |N |}
V Set of all vertices V = {0, ..., |N |}
A Set of arcs in the complete graph 

A = {(i, j) | i, j ∈ V (i ̸= j)}
K Set of vehicles K = {1, ..., |K|}
C Maximum vehicle capacity (identical for all vehicles 

k ∈ K)
pi Prize associated with request i ∈ N

di Demand associated with request i ∈ N

ci,j Travel cost between two vertices (i, j) ∈ A

xi,j,k Binary variable, equals 1 iff arc (i, j) ∈ A is part of 
the tour of vehicle k ∈ K

zi Binary variable, equals 1 iff request i ∈ N  is accepted
yi,k Binary variable, equals 1 iff request i ∈ N  is the only 

request that is served by vehicle k ∈ K. Iff y0,k = 1 
then vehicle k remains idle at the depot

hi,k Binary variable, equals 1 iff request i ∈ N  is visited 
by vehicle k ∈ K

qi,k Variable, that indicates the quantity delivered to i ∈ N  
by k ∈ K

Table 1  Common notation for 
the MILP models in Sect. 3.3
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	 zi ∈ {0, 1} ∀i ∈ N � (15)

	 yi,k ∈ {0, 1} ∀i ∈ V, k ∈ K � (16)

	 hi,k ∈ {0, 1} ∀i ∈ N, k ∈ K � (17)

	 xi,j,k ∈ {0, 1} ∀i, j ∈ V (i ̸= j), k ∈ K � (18)

	 qi,k ∈ N0 ∀i ∈ N, k ∈ K � (19)

The objective function (5) maximizes the difference between the gained prize, 
depending on the delivered and demanded quantity ratio over all requests and the 
transportation costs. The second term states the costs of all vehicle tours with two or 
more vertices besides the depot, while the third term accounts for the costs of vehi-
cle tours that visit exactly one vertex before returning to the depot. Constraints (6) 
enforce the symmetry of the decision variables xi,j,k. The equations in (7) guarantee 
that every vehicle k leaves the depot exactly once to start a tour that serves two or 
more requests (exactly two x0,j,k have value 1), serves a single request (exactly one 
yi,k, i ̸= 0 has value 1), or remains idle at the depot (y0,k = 1). For each request i 
that is visited by vehicle k, constraints (8) force hi,k to take value 1. Constraints (9) 
are valid inequalities that express that at most 2 · (|N | + 1) arcs (due to the symme-
try of the decision variables xi,j,k) can be selected to form a feasible tour for each 
vehicle k if and only if vehicle k does neither serve a single request nor remain idle 
at the depot (i. e., all yi,k have value 0). In principle, these valid inequalities are not 
required to formulate the problem; however, preliminary experiments have shown 
that they are quite effective in strengthening the linear relaxation of the formulation. 
Constraints (10) force zi to take the value 1 if at least one vehicle visits request i and 
constraints  (11) assure that the delivered quantities do not exceed the demand for 
each accepted request. The capacity constraints (12) limit the total delivered quantity 
of each vehicle k to be at most C. Consistency between the variables qi,k and hi,k is 
ensured by constraints (13). The subtour elimination constraints (14) guarantee that, 
for each request i in every subset of requests (S ⊆ N ), iff i is served (i. e., hi,k = 1) 
there must be at least two edges that connect vertices in S to the remaining vertices in 
V \ S, such that connectivity to the depot is enforced and no subtours occur. Finally, 
the domains of the variables are defined by (15)–(19). As the authors in Archetti et al. 
(2014b) note, the integrality requirement in (19) may be relaxed if all demands di 
and the vehicle capacity C are integer-valued, as optimal solutions would still exhibit 
integral values for qi,k in such cases.

To obtain a CPTP-IS formulation, disallowing split delivery in the SDCPTP-IS 
formulation (5)–(19) is straightforward by replacing constraints (10) with inequali-
ties (20).

	

∑
k∈K

hi,k ≤ zi ∀i ∈ N � (20)
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To gain an SDCPTP formulation, we need to disallow incomplete service in the 
SDCPTP-IS formulation (5)–(19) by changing constraints (11) to equations (21):

	

∑
k∈K

qi,k = di · zi ∀i ∈ N � (21)

A corresponding CPTP formulation can be obtained, given the previous SDCPTP 
formulation and substituting inequalities (10) through inequalities (20).

4  A matheuristic for the SDCPTP-IS

Matheuristics are solution methods that embed mathematical programming inside a 
heuristic framework (Schermer et al. 2019) and have been applied to many different 
routing problems (see Archetti and Speranza (2014) and references therein). In this 
section, we first present a GLS heuristic to solve the CVRP. Afterward, we show a 
matheuristic that exploits this CVRP solution to solve the SDCPTP-IS (5)–(19) as a 
MILP. The notations for the algorithms are summarized in Table 2.

4.1  Guided local search for the CVRP

Local search LS(S, g) acts on a search space S under an objective function g : S → R 
to iteratively investigate neighboring solutions in N (s) ⊂ S (solutions that can be 

S Search space for the guided local search
g(·) Objective function to investigate solutions during the 

search process
LS(S, g) Local search, acting on search space S with objective 

function g
N (·) Neighboring solutions that a local search operator can 

reach
(lx, ly)i Cartesian coordinates of request locations or depot 

i ∈ V

(x) CVRP solution, containing all binary variables xi,j,k

fi,j Features characterize a solution to guide the search 
process

φi,j Penalties associated with features fi,j

Ii,j(·) Indicator function that checks if a specific solution has 
feature fi,j

λ Parameter that weighs the relative importance of 
penalties

ui,j(·) Utility function that controls penalties during the 
search process

Hqκ, Hzκ Embedding strategy for variables q or z depending on 
the number κ(κ ≤ |K|)

dist(·) Distance function measures straight-line distances in 
Euclidean space

avi Average request value regarding prize, demand, and 
distance

Table 2  Common notation for 
the algorithms in Sect. 4
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reached from current solution s ∈ S by an LS operator with small modifications) (see 
Aarts and Lenstra (2003)). Such LS operators define, how a new improved solution 
is generated in the neighborhood of the current solution N (s), typically by perform-
ing operations such as swapping two elements, adding or removing an element, or 
changing a property.

An advanced version of this LS is the Guided Local Search (GLS) (see Voudouris 
and Tsang (1999)) where features provide additional information to guide the LS 
during specific choices of solutions in the neighborhood. GLS penalizes, based on a 
utility function, unwanted solution features during each LS iteration and may escape 
from local optima to allow the search to continue. GLS has already shown very good 
results for various VRPs such as the VRP with time windows (Kilby et al. 1999), 
VRP with backhauls (Zhong and Cole 2005), or the OP (Vansteenwegen et al. 2009). 
However, to the best of our knowledge, GLS has not been used before to solve profit-
able tour problems.

Let lx and ly be the Cartesian coordinates of the request locations and the depot. 
In the context of the CVRP (for a MILP formulation see Toth and Vigo (2014)) as 
well as in the SDCPTP-IS, the distances between these request locations are suitable 
features (see Voudouris and Tsang (1999)), given as directed arc fi,j = (i, j) ∈ F  
that are traversed in the solution or not with fi,j ∈ {0, 1}. In the following, the CVRP 
solution is stated by (x), representing binary variables xi,j,k, that equals 1 iff arc (i, j) 
is part of the tour of vehicle k ∈ K. Such a feature fi,j  is represented by an indicator 
function:

	
Ii,j((x)) =

{
1 if solution (x) has feature fi,j ,
0 otherwise, ∀(x) ∈ S

Moreover, these features fi,j  have a penalty φi,j  and a travel cost ci,j . An augmented 
cost function g extends the CVRP objective function∑

k∈K

∑
i∈V

∑
j ∈ V
j < i

ci,j · xi,j,k to:

	

g((x)) =
∑
k∈K

∑
i∈V

∑

j ∈ V
j < i

ci,j · xi,j,k + λ
∑

(i,j)∈F

Ii,j((x)) · φi,j · ci,j

where λ is a parameter that represents the relative importance of penalties and is 1 by 
default. Penalties φi,j  start with value 0.

LS(S, g) returns the optimized routes and the total cost associated with these 
routes. The GLS iteratively uses LS(S, g) to modify these penalties each time a local 
minimum is found. The penalties φi,j  are incremented by one that maximizes the 
utility expression:

	
ui,j((x)) = Ii,j((x)) ci,j

1 + φi,j
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If a feature fi,j  is penalized many times over several iterations, the term ci,j

1+φi,j
 

decreases and enables other features to be penalized. Thus, a local minimum can be 
escaped and better solutions can be found until a termination criterion, e.g., a time 
limit is met (see Voudouris and Tsang (1999)).

Algorithm 1  Pseudo algorithm for the guided local search for solving a CVRP

Given an SDCPTP-IS instance with (K, V, C, N), Algorithm 1 describes how to solve 
the corresponding CVRP instance (K, V, C, N ′) with a valid subset N ′ ⊆ N  to obtain 
integer variables qGLS  and binary variables zGLS . A valid subset N ′ ⊆ N  must satisfy 
condition 

∑
i∈N ′

di ≤ C · |K| and there must be a partition of these demand quantities 

di ∈ N ′ between the vehicles |K|. The following example clarifies a valid subset for 
using Algorithm 1 to obtain a CVRP solution. Given two vehicles each with capacity 
C = 5 and a request set N = {(8, 4, (1, 0))1, (6, 3, (0, 1))2, (5, 3, (−1, 0))3} (in the 
form of (p, d, (lx, ly))i). Then N ′

a = {(8, 4, (1, 0))1, (6, 3, (0, 1))2, (5, 3, (−1, 0))3} 
is not a valid subset, since there is no possible partition of the demands between 
the two vehicles. However, a valid subset that satisfies both requirements is 
N ′

b = {(8, 4, (1, 0))1, (6, 3, (0, 1))2}.
Algorithm 1 generates a start solution for the CVRP with local search. All feature 

penalties φi,j  are initialized by zero and the augmented cost function g is defined 
according to the CVRP. While the time limit T is not reached (see line 6 of Algo-
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rithm  1) every iteration it tries to improve the current CVRP solution. The local 
search updates the current solution (x)it and updates the penalties φi,j  of the fea-
tures fi,j  to maximize the utility ui,j . After the last iteration, the best CVRP solu-
tion (x)it (set N) is taken to determine integer variables qGLS  and binary variables 
zGLS  (set N ′) . These variables can be embedded into a matheuristic that solves an 
SDCPTP-IS instance.

4.2  The matheuristic

The matheuristic that exploits the CVRP solution from Algorithm  1 to solve the 
SDCPTP-IS (5)–(19) as a MILP is given with Algorithm 2.

Algorithm 2  Pseudo algorithm for the matheuristic solving the SDCPTP-IS MILP formulation

Algorithm 2 starts by determining the subset N ′ ⊆ N  based on the number of 
available vehicles |K| and their capacity C that can be solved in a CVRP instance 
(K, V, C, N ′) with Algorithm  1. First, for each request i ∈ N  we calculate the 
distance of its location to the depot. This value influences avi, which weights the 
request’s prize with its associated demand di and depot distance (determined with 
the straight-line function dist(·) in Euclidean space). Sorting these values avi in 
descending order, we sort requests into this new request set N ′ as long as the cor-
responding CVRP is solvable. Solving such a CVRP instance (K, V, C, N ′) with 

Algorithm 1, we get the variables qGLS
i,k  and zGLS

i,k  of each vehicle k ∈ K and request 
location i ∈ N ′ (see line 3). Now we embed these variables (either qGLS  or/and 
zGLS) into the SDCPTP-IS MILP formulation (5)–(19) (with set N) to obtain a fea-
sible solution for the SDCPTP-IS. Depending on the objective and the available com-
putation time, we must decide which and how many of these variables are embedded 

(called embedding strategy). If we only embed variables qGLS
i,k  or zGLS

i,k  with k ≤ κ 
(κ ≤ |K|) into the MILP formulation of the SDCPTP-IS, we call it Hqκ or Hzκ 
embedding strategy. Only embedding zGLS  variables does not fix any delivery quan-
tities in the SDCPTP-IS MILP formulation; thus there is potential to optimize this 
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solution. Following an embedding strategy where the sum of qGLS  variables is lower 
than C · |K| leads to a residual capacity that can further improve this solution in the 
SDCPTP-IS MILP formulation (5)–(19).

With κ = |K| all qGLS  or zGLS  variables are embedded and with κ = 0, no vari-
ables are embedded and the embedding strategy becomes equal to solving the original 
SDCPTP-IS formulation (5)–(19). While decreasing κ (κ ≤ |K|) a larger objective 
function value is expected at the expense of longer computation times. In total, there 
are up to |K| + 1 possible embedding strategies for either qGLS  or zGLS  variables 
(see line 4 in Algorithm 2).

Analogously to the SDCPTP-IS formulation, the CPTP, SDCPTP, and CPTP-IS 
formulation can be solved with this matheuristic by adapting line 4 in Algorithm 2.

5  Computational experiments and numerical results

This section outlines our computational experiments and discusses their numerical 
results. All experiments were examined on a shared compute cluster equipped with 
Intel Xeon Gold 6126 processors. For our experiments, we used 8 cores and 64 GB 
of RAM. We implemented the MILP models for the CPTP, SDCPTP, CPTP-IS, and 
SDCPTP-IS with Python 3.10 and used the branch-and-cut solver Gurobi Optimizer 
10.0 Gurobi Optimization (2023) with a time limit of 3600 s using 24 threads. Within 
our experiments, we also used highly optimized Google OR-tools v9.7 Perron and 
Furnon (2013) with different local search techniques.

In all MILP formulations, the subtour elimination constraints (see Equation (14)) 
are dynamically generated, by adding them only as necessary and not before needed. 
More precisely, at each node of the branch-and-cut tree that yields an integer-feasible 
solution, we use Gurobi’s callback procedure to check for the presence of subtours. 
If subtours are detected, we identify the smallest subset of vertices S that forms a 
subtour and apply the corresponding constraint (14) as a lazy constraint during the 
callback. If no subtour is detected, we can be sure that the solution is valid.

The remainder of this section is structured as follows. We start in Sect. 5.1 with a 
description of the problem instances. Afterward, in Sect. 5.2, we discuss the compu-
tational results.

5.1  Instance selection

There exist well-established benchmark instances for vehicle routing problems in the 
literature, and we base our experiments on two different sets of instances. The first set 
of instances is based on CVRP instances from the CVRP-library (available at ​h​t​t​p​:​​​/​​/​
v​r​​p​.​a​t​​d​-​l​​a​b​.​​i​​n​f​.​​​p​u​c​-​​r​​i​​o​.​b​r​​/​i​​n​d​​e​​x​.​p​h​p​/​e​n​/). In particular, a total of 25 CVRP instances 
are chosen from different classes and analog to Archetti et al. (2009) the integer prof-
its pi of request i ∈ N  are defined as (0.5 + b)di with b a random number uniformly 
generated over the interval [0, 1]. The CPTP formulation of Sect. 3 was used to obtain 
optimal CPTP solutions as benchmarks.

The second set was originally proposed for the CPTP by Archetti et  al. (2009) 
(and also used in the split delivery CPTP by Caspar et al. (2023)), where the authors 
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adapted 10 instances from the well-known benchmark set for the vehicle routing 
problem from Christofides (1979). We choose 15 of these instances with between 
50 to 199 requests (each associated with a demand and a prize) with a fleet size of 
|K| ∈ {2, 3, 4}, and a vehicle capacity of C = 100. These instances were optimally 
solved for the CPTP in Archetti et al. (2009).

We analyze to what extent the solution of the CPTP can be increased by split 
delivery and incomplete service as well as a combination of both within this context. 
Furthermore, we compare how each of the three MILP formulations SDCPTP-IS, 
SDCPTP, and CPTP-IS performs compared to the corresponding matheuristic (see 
Algorithm 2). All instances are available at https://doi.org/10.5281/zenodo.8394665.

5.2  Computational results

We begin by presenting the numerical results for the MILP formulation of the 
SDCPTP and a corresponding matheuristic (see Algorithm 2), where only split deliv-
ery is allowed, and incomplete service is not permitted.

The first column lists the instance according to the number of requests N and vehi-
cles K, while the corresponding optimal CPTP solution Z∗ (taken from Archetti et al. 
(2009)) is shown in the second column. In the third and fourth columns, we see the 
performance of the MILP formulation for the SDCPTP (5)–(19), specifically the best 
feasible solution Z and the computation time in seconds. If the solution was proven to 
be optimal, i.e., the remaining Mixed-Integer Programming (MIP) gap is zero (within 
the default tolerance), the exact time is displayed. Otherwise, the remaining MIP gap 
after 3600 s is reported as a percentage. The same applies to the next double column, 
where the performance of the matheuristic MHq with embedding qGLS  variables 
into the MILP formulation (see Algorithm  2) is shown using the best embedding 
strategy. Subsequently, the double column MHz  shows the maximum objective 
function value Z under all possible embedding strategies in Algorithm 2 within 900 s 
of computation time after the GLS variables have been determined in 60 s with Algo-
rithm 1. If no value is shown in the columns MHq and MHz , the optimal solution 
was already found within 900 s under the MILP formulation and the value follows 
from the column SDCPTP. Column υSD indicates the number of accepted requests 
delivered through split delivery. The final column (Imp.) quantifies the improvement 
of the SDCPTP w. r. t. Z∗, i.e., the potential benefit of enabling split delivery. These 
percentages are calculated as Z′−Z∗

Z∗ , where Z ′ is the best feasible solution found by 
the SDCPTP MILP formulation and the matheuristic within Algorithm 2.

In Table 3, we see that the MILP formulation for the SDCPTP could not find 
optimal solutions in 12 out of 40 cases within 3600 s of computation time. In 6 of 
these 12 cases, the matheuristic with the best embedding strategy found a qualita-
tive better solution (higher objective value or same value in less computation time) 
in even a quarter of the MILP computation time. The matheuristic with embedding 
qGLS  variables (see column MHq) already finds solutions that are approximately 0.9 
% better (compared to the objective function value) than the optimal CPTP solution 
after only 347 s on average. By embedding zGLS  variables (see column MHz), the 
matheuristic finds roughly 0.7 % better solutions after 455 s compared to the optimal 
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Table 3  Numerical results of the SDCPTP MILP formulation and matheuristic for the SDCPTP on in-
stances based on the CVRP-library and Archetti et al. (2009)
Instance CPTP SDCPTP MHq MHz υSD Imp.
(|N |, |K|) Z∗ Z t or g Z t or g Z t or g (%)
Ar3-n101-k2 158.21 162.20 53.9 s 1/10 2.5
Ar3-n101-k3 218.63 222.62 1461 s 222.62 H0 2.3 % 222.62 H0 2.3 % 1/16 1.8
Ar3-n101-k4 255.33 246.61 21.4 % 267.42 H1 301 s 267.15 H2 7.8 % 1/23 4.7
Ar6-n51-k2 100.27 100.27 3.2 s 0/12 0
Ar6-n51-k3 134.72 134.72 23.2 s 0/16 0
Ar6-n51-k4 153.30 154.59 691 s 2/21 0.8
Ar7-n76-k2 132.70 133.20 22.0 s 1/11 0.4
Ar7-n76-k3 185.25 187.37 183 s 2/15 1.1
Ar7-n76-k4 233.40 234.86 4.3 % 234.86 H1 174 s 234.86 H1 6.0 % 1/18 0.6
Ar9-n151-k2 161.23 161.23 415 s 0/11 0
Ar9-n151-k3 230.49 229.80 5.9 % 226.13 H1 867 s 224.03 H0 13.0 % 1/19 −0.3
Ar9-n151-k4 290.54 271.85 21.5 % 265.68 H2 12.3 % 259.32 H2 23.6 % 1/23 −6.4
Ar10-n200-k2 171.24 171.24 1537 s 168.98 H0 5.4 % 168.98 H0 5.4 % 0/10 0
Ar10-n200-k3 250.18 244.78 11.5 % 242.84 H1 720 s 239.20 H2 846 s 1/15 −2.2
Ar10-n200-k4 324.02 315.57 17.1 % 293.74 H2 487 s 298.03 H3 4.2 % 2/22 −2.6
A-n32-k5 18.52 18.52 2.2 s 0/6 0
A-n33-k6 52.11 52.46 40 s 1/8 0
A-n34-k5 18.88 18.88 17.6 s 0/5 0
A-n37-k5 22.74 22.74 7.6 s 0/5 0
A-n37-k6 18.84 18.84 22.5 s 0/11 0
A-n38-k5 71.04 71.04 1316 s 71.04 H0 8.8 % 71.04 H0 8.8 % 0/20 0
A-n44-k6 50.88 50.88 10.0 s 0/11 0
A-n45-k6 18.61 18.61 57.9 s 0/11 0
A-n46-k7 26.48 26.48 38.4 % 26.48 H0 81.3 % 26.48 H0 81.3 % 0/7 0
A-n54-k7 31.86 31.86 64.3 % 31.86 H0 106 % 31.86 H0 106 % 0/8 0
E-n22-k4 4464.7 5062.4 0.4 s 2/4 13.4
E-n23-k3 2853.4 2956.7 0.6 s 2/10 3.6
E-n30-k3 2490.8 2602.0 1.2 s 2/5 4.5
E-n51-k5 206.20 219.00 1475 s 219.00 H0 2.4 % 219.00 H0 2.4 % 3/26 6.2
E-n76-k7 614.62 544.44 29.6 % 607.47 H2 3.8 % 473.93 H0 50 % 1/69 −1.2
F-n45-k4 3998.6 4505.0 1.3 % 4503.6 H0 2.4 % 4503.6 H0 2.4 % 2/14 12.7
F-n72-k4 98134 98138 97.1 s 1/71 0
P-n16-k8 248.05 253.63 35.2 s 1/10 2.2
P-n19-k2 77.75 77.75 0.3 s 0/7 0
P-n22-k8 18409 18433 3532 s 18433 H2 8 s 18433 H0 1.1 % 2/21 0.1
P-n40-k5 241.85 243.57 129 s 1/28 0.7
P-n45-k5 225.44 225.56 233 s 1/33 0.1
P-n76-k4 782.69 782.69 1.3 % 778.43 H1 66 s 770.33 H0 4.8 % 0/71 0
P-n76-k5 847.34 846.88 2.7 % 847.34 H1 209 s 842.38 H2 3.8 % 0/71 0
P-n101-k4 886.35 886.35 1781 s 875.97 H0 3.1 % 875.97 H0 3.1 % 0/84 0
Avg. 3448.4 3477.0 5.5 % 3477.8 347 s 3473.9 455 s 0.8/21 1.1
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CPTP solution by mean. Regarding the matheuristic, in 20 out of 36 cases embedding 
no variables leads to the best results under all possible embedding strategies. With 
the best-known solution from the MILP formulation and the matheuristic, the optimal 
CPTP solution can be increased by allowing split delivery by approximately 1.1 %. 
It should be noted that these best-known SDCPTP solutions still have an MIP gap of 
around 2.8 % on average. However, only 0.8 of circa 21 accepted requests by means 
are provided with split delivery in these solutions.

Next, we illustrate the numerical results for the CPTP-IS in Table 4. Analog to 
Table 3, we describe in column υIS  how many of the accepted requests are delivered 
with incomplete service.

In Table 4, we see that the MILP formulation for the CPTP-IS could not find opti-
mal solutions in 9 out of 40 cases within our computational burden of 3600 s. In 4 of 
these 9 cases, the matheuristic with the best embedding strategy found a qualitative 
better solution in even a quarter of the MILP computation time. The matheuristic 
with embedding qGLS  variables (see column MHq) already finds approximately 0.9 
% better solutions than the optimal CPTP solution after only 234 s on average. By 
embedding zGLS  variables (see column MHz), the matheuristic finds roughly 0.8 
% better solutions after 346  s compared to the optimal CPTP solution by means. 
Regarding the matheuristic, the best embedding strategies vary between embedding 
zero and the first two vehicle variables in this context. With the best-known solution 
from the MILP formulation and the matheuristic, the optimal CPTP solution can be 
increased by allowing incomplete service by approximately 4.4 %. It should be noted 
that these best-known CPTP-IS solutions still have an MIP gap of around 1.5 % on 
average. However, 1.8 of circa 22 accepted requests by means are provided with 
enabling incomplete service in these solutions.

Finally, we allow both split delivery and incomplete service and obtain the follow-
ing numerical results for the SDCPTP-IS in Table 5. As illustrated in the Tables 3 and 
4, we describe in column υSD−IS  how many of the accepted requests are delivered 
with split delivery, respectively, incomplete service.

In Table 5, we see that the MILP formulation for the SDCPTP-IS could not find 
optimal solutions in 11 out of 40 cases within 3600 s of computation time. In 10 of 
these 12 cases, the matheuristic with the best embedding strategy found a qualita-
tive better solution (higher objective value or same value in less computation time) 
in even a quarter of the MILP computation time. The matheuristic with embedding 
qGLS  variables (see column MHq) already finds approximately 1.1 % better solu-
tions than the optimal CPTP solution after only 252  s on average. By embedding 
zGLS  variables (see column MHz), the matheuristic finds roughly 0.8 % better solu-
tions after 407 s compared to the optimal CPTP solution by means. Regarding the 
matheuristic, in 19 out of 23 cases the H1 embedding strategy, where only variables 
of the first vehicle are embedded leads to the best results under all possible embed-
ding strategies. With the best-known solution from the MILP formulation and the 
matheuristic, the optimal CPTP solution can be increased by allowing split delivery 
and incomplete service by approximately 4.5 %. In this context, it should be noted 
that these best-known SDCPTP-IS solutions still have an MIP gap of around 1.1 % 
on average. However, only 0.4 of circa 21 accepted requests by means are provided 

1 3

232



A matheuristic for the split delivery capacitated profitable tour…

Table 4  Numerical results of the CPTP-IS MILP formulation and matheuristic for the CPTP-IS on in-
stances based on the CVRP-library and Archetti et al. (2009)
Instance CPTP CPTP-IS MHq MHz υIS Imp.
(|N |, |K|) Z∗ Z t or g Z t or g Z t or g (%)
Ar3-n101-k2 158.21 163.46 285 s 2/10 3.3
Ar3-n101-k3 218.63 226.83 803 s 3/16 3.8
Ar3-n101-k4 255.33 273.03 9.2 % 270.97 H1 103 s 260.80 H0 15.4 % 4/26 6.9
Ar6-n51-k2 100.27 105.75 1.6 s 2/11 5.5
Ar6-n51-k3 134.72 136.34 13.3 s 1/17 1.2
Ar6-n51-k4 153.30 156.90 83.3 s 2/23 2.3
Ar7-n76-k2 132.70 137.32 7.1 s 2/11 3.5
Ar7-n76-k3 185.25 191.30 55.9 s 3/17 3.3
Ar7-n76-k4 233.40 240.68 410 s 4/20 3.1
Ar9-n151-k2 161.23 164.81 861 s 1/10 2.2
Ar9-n151-k3 230.49 230.80 7.4 % 224.59 H2 2.6 % 230.29 H0 9.1 % 2/17 0.1
Ar9-n151-k4 290.54 218.15 53.7 % 276.59 H2 9.6 % 222.50 H2 53.5 % 4/28 −4.8
Ar10-n200-k2 171.24 175.69 3308 s 175.69 H0 2.5 % 175.69 H0 2.5 % 1/10 2.6
Ar10-n200-k3 250.18 250.31 8.5 % 237.55 H2 244 s 244.08 H0 12.7 % 3/17 0.1
Ar10-n200-k4 324.02 296.70 23.7 % 288.00 H2 7.3 % 196.04 H0 89.8 % 3/21 −8.4
A-n32-k5 18.52 21.88 2.3 s 1/5 18.1
A-n33-k6 52.11 59.37 13.3 s 2/10 13.9
A-n34-k5 18.88 22.68 11.4 s 1/6 20.1
A-n37-k5 22.74 23.72 4.9 s 1/6 4.3
A-n37-k6 18.84 21.31 12.2 s 1/11 13.1
A-n38-k5 71.04 72.64 7.5 s 2/21 2.3
A-n44-k6 50.88 54.22 28.7 s 1/12 6.6
A-n45-k6 18.61 19.39 78.8 s 1/7 4.2
A-n46-k7 26.48 30.18 263 s 1/8 14.0
A-n54-k7 31.86 34.87 239 s 1/8 9.4
E-n22-k4 4464.7 5130.5 0.2 s 4/7 14.9
E-n23-k3 2853.4 2964.8 8.3 s 3/13 3.9
E-n30-k3 2490.8 2600.5 3.4 s 3/5 4.4
E-n51-k5 206.20 218.81 96 s 4/29 6.1
E-n76-k7 614.62 601.66 9.2 % 609.74 H2 8.5 % 587.52 H0 23.7 % 1/69 −0.8
F-n45-k4 3998.6 4453.7 161 s 4/23 11.4
F-n72-k4 98134 98134 242 s 0/71 0
P-n16-k8 248.05 258.52 8.3 s 2/11 4.2
P-n19-k2 77.75 79.08 0.2 s 1/8 1.7
P-n22-k8 18409 18409 0.1 % 18409 H4 0.6 s 18409 H0 0.2 % 0/21 0
P-n40-k5 241.85 245.28 78 s 1/28 1.4
P-n45-k5 225.44 229.97 96 s 2/34 2.0
P-n76-k4 782.69 782.69 0.6 % 778.43 H1 56 s 776.92 H0 3.4 % 0/71 0
P-n76-k5 847.34 841.03 4.6 % 847.34 H1 150 s 847.34 H2 3.0 % 0/72 0
P-n101-k4 886.35 886.35 1716 s 865.34 H1 352 s 881.91 H1 2.5 % 0/84 0
Avg. 3448.4 3479.1 11.9 % 3480.6 234 s 3476.8 346 s 1.8/22 4.4
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Table 5  Numerical results of the SDCPTP-IS MILP formulation and matheuristic for the SDCPTP-IS on 
instances based on the CVRP-library and Archetti et al. (2009)
Instance CPTP SDCPTP-IS MHq MHz υSD−IS Imp.
(|N |, |K|) Z∗ Z t or g Z t or g Z t or g (%)
Ar3-n101-k2 158.21 163.46 162 s (0,2)/10 3.3
Ar3-n101-k3 218.63 226.83 0.1 % 211.12 H1 47 s 226.83 H1 3.2 % (0,3)/16 3.8
Ar3-n101-k4 255.33 262.20 14.6 % 271.26 H1 147 s 246.66 H2 24.1 % (1,2)/24 6.2
Ar6-n51-k2 100.27 105.75 2.2 s (0,2)/11 5.5
Ar6-n51-k3 134.72 136.34 11.3 s (0,1)/17 1.2
Ar6-n51-k4 153.30 156.90 136 s (0,2)/23 2.3
Ar7-n76-k2 132.70 137.32 9.7 s (0,2)/11 3.5
Ar7-n76-k3 185.25 191.30 66.2 s (0,3)/17 3.3
Ar7-n76-k4 233.40 240.68 892 s (0,4)/20 3.1
Ar9-n151-k2 161.23 164.81 867 s (0,1)/10 2.2
Ar9-n151-k3 230.49 223.88 13.1 % 226.63 H1 6.2 % 224.76 H1 14.1 % (0,2)/21 −1.7
Ar9-n151-k4 290.54 124.09 176 % 271.54 H1 16.3 % 49.84 H1 594 % (0,4)/26 −6.5
Ar10-n200-k2 171.24 168.99 11.1 % 169.03 H1 855 s 173.90 H1 9.0 % (0,3)/13 1.6
Ar10-n200-k3 250.18 233.59 19.0 % 237.55 H2 232 s 212.91 H3 31.8 % (0,2)/18 −5.0
Ar10-n200-k4 324.02 26.29 1314 % 306.11 H1 13.0 % 297.73 H3 26.7 % (0,3)/20 −5.5
A-n32-k5 18.52 21.88 1.4 s (0,1)/5 18.1
A-n33-k6 52.11 59.37 10.9 s (0,2)/10 13.9
A-n34-k5 18.88 22.68 7.5 s (0,1)/6 20.1
A-n37-k5 22.74 23.72 5.2 s (0,1)/6 4.3
A-n37-k6 18.84 21.30 13.9 s (0,1)/11 13.1
A-n38-k5 71.04 73.41 508 s (1,1)/20 3.3
A-n44-k6 50.88 54.22 17.5 s (0,1)/12 6.6
A-n45-k6 18.61 19.39 35.4 s (0,1)/7 4.2
A-n46-k7 26.48 30.18 326 s (0,1)/8 14.0
A-n54-k7 31.86 34.87 882 s (0,1)/8 9.4
E-n22-k4 4464.7 5251.4 1.3 s (2,3)/6 17.6
E-n23-k3 2853.4 2968.4 1.0 s (2,1)/12 4.0
E-n30-k3 2490.8 2638.7 18.4 s (1,2)/5 5.9
E-n51-k5 206.20 221.85 331 s (2,2)/27 7.6
E-n76-k7 614.62 588.33 14.3 % 610.14 H2 3.3 % 544.80 H1 35.1 % (0,1)/69 −0.7
F-n45-k4 3998.6 4319.9 7.3 % 4391.2 H1 40 s 4478.1 H3 4.2 % (2,1)/19 12.0
F-n72-k4 98134 98138 90.2 s (1,0)/71 0.0
P-n16-k8 248.05 258.52 25.6 s (0,2)/11 4.2
P-n19-k2 77.75 79.08 0.2 s (0,1)/8 1.7
P-n22-k8 18409 18434 0.1 % 18433 H4 3.2 s 18434 H0 0.2 % (2,0)/21 0.1
P-n40-k5 241.85 245.28 99.8 s (0,1)/28 1.4
P-n45-k5 225.44 229.97 101 s (0,2)/34 2.0
P-n76-k4 782.69 779.18 2.5 % 778.43 H1 59 s 775.63 H1 4.2 % (1,0)/71 −0.4
P-n76-k5 847.34 818.82 8.1 % 847.34 H1 71 s 841.94 H1 5.0 % (0,0)/72 0.0
P-n101-k4 886.35 886.35 2774 s 865.34 H1 424 s 886.35 H1 841 s (0,0)/84 0.0
Avg. 3448.4 3472.4 158 % 3482.7 252 s 3477.0 407 s (0.4,1.5)/22 4.5
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with split delivery in these solutions, while around 1.5 of them obtain incomplete 
service.

Summarizing the experimental results, it appears that allowing only incomplete 
service in the CPTP yields significantly better objective function values compared to 
allowing only split delivery. As Table 5 has shown, a combination of SD and IS in the 
CPTP only minorly improves objective function values on average compared to the 
CPTP-IS. Moreover, we can see that the matheuristic (see Algorithm 2) consistently 
provides better solutions within just 900 s of computation time, outperforming the 
corresponding MILP formulations after 3600 s, as well as the optimal CPTP solu-
tion. Especially for larger instances, the MILP formulations exhibit relatively poor 
performance after one hour of computation, highlighting the need for a matheuristic. 
For all three problems, respectively SDCPTP-IS, SDCPTP, and CPTP-IS, the qGLS  
embedding strategy in the matheuristic has shown better performance on average 
than the zGLS  embedding strategy and the respective standard MILP formulation. In 
conclusion, embedding only the delivered quantity variables qGLS  of the first vehicle 
(H1 embedding strategy) into the matheuristic tends to provide the best performance 
across all experiments.

As managerial insights, it can be concluded to prioritize enabling IS over SD 
for transportation planning in problems such as the CPTP. On the one hand, our 
computational results show that enabling IS improves the CPTP solution by 4.4 %, 
compared to only 1.1 % with SD on average; on the other hand, in cases where incor-
porating SD leads to significant improvements, IS achieves a similar improvement, 
though not vice versa. Thus, split delivery in the context of the CPTP should rather 
be considered under specific conditions, such as low vehicle capacity or high-demand 
requests, and not for the sole purpose of improving the CPTP’s objective value. The 
sensitivity analysis also suggests that relying only on MILP formulations for solving 
the SDCPTP-IS, SDCPTP, and CPTP-IS may not be advisable, as our matheuristic 
provides comparatively better solutions on average. Since the matheuristic performs 
better than the MILP formulations while requiring only a quarter of the computation 
time, we recommend using matheuristics to solve the SDCPTP-IS, SDCPTP, and 
CPTP-IS, especially for time-sensitive transportation planning. However, incorporat-
ing SD and IS increases the computational effort for solving the CPTP, necessitating 
careful evaluation to determine whether their integration is worthwhile.

6  Conclusions and future research directions

This paper introduces the Split Delivery Capacitated Profitable Tour Problem with 
Incomplete Service (SDCPTP-IS). The SDCPTP-IS extends the profitable tour prob-
lem by a fleet of vehicles and the possibility of split delivery and incomplete ser-
vice. A concise overview of the contributions from the literature on the profitable 
tour problem is provided, highlighting a scientific gap in exploring split delivery 
and incomplete service in this context. To address this gap, this paper introduces a 
MILP formulation for the SDCPTP-IS and identifies key properties regarding objec-
tive bounds and optimal solutions with their maximum number of split deliveries and 
incomplete services. A Guided Local Search (GLS) heuristic solves a related capaci-
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tated vehicle routing problem and embeds this solution into a matheuristic frame-
work for solving the SDCPTP-IS, SDCPTP, and CPTP-IS.

Computational experiments have shown that this matheuristic can provide bet-
ter solutions for the SDCPTP-IS, SDCPTP, and CPTP-IS in significantly shorter 
computation times compared to the corresponding MILP models. Among the tested 
embedding strategies in the matheuristic, embedding only the quantity delivery 
variables of the first vehicle has yielded the best results across all experiments. In 
summary, the experiments indicate that incomplete service contributes significantly 
more to improving a CPTP solution than split delivery in terms of objective function 
value. Solutions of the SDCPTP-IS with SD and IS do not appear to offer substan-
tial improvements over CPTP-IS solutions where only IS is possible. However, our 
computational experiments suggest that while SD and IS can enhance solution qual-
ity, their implementation should be carefully evaluated to ensure that the additional 
computational effort is justified.

Despite these promising results, this work has some limitations. One key limi-
tation is the fact that there are instances where the best matheuristic solution still 
exhibits computational gaps, indicating that even better solutions may be achievable 
with more computational resources. A more refined embedding strategy that embeds 
variables based on requests rather than just vehicles could offer an opportunity to fur-
ther improve SDCPTP, CPTP-IS, and SDCPTP-IS solutions. Another limitation lies 
in the MILP formulations, which may lack computational efficiency or be sensitive 
to specific problem instances.

Based on this paper, there are also several future research directions. The matheuris-
tic that embeds the GLS heuristic has shown promising results for SDCPTP-IS, 
SDCPTP, and CPTP-IS, warranting further testing with a broader range of instances 
to verify if the incorporation of SD and IS in such problems is worthwhile. More-
over, in the context of practical applications, where information about requests might 
not be deterministic, it would be worthwhile to consider stochastic variants of the 
SDCPTP-IS and the search for solution methods for such problems.
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