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Abstract

We develop a semismooth Newton framework for the numerical solution of fixed-
point equations that are posed in Banach spaces. The framework is motivated by
applications in the field of obstacle-type quasi-variational inequalities and implicit
obstacle problems. It is discussed in a general functional analytic setting and allows
for inexact function evaluations and Newton steps. Moreover, if a certain contrac-
tion assumption holds, we show that it is possible to globalize the algorithm by
means of the Banach fixed-point theorem and to ensure g-superlinear convergence
to the problem solution for arbitrary starting values. By means of a localization
technique, our Newton method can also be used to determine solutions of fixed-
point equations that are only locally contractive and not uniquely solvable. We ap-
ply our algorithm to a quasi-variational inequality which arises in thermoforming
and which not only involves the obstacle problem as a source of nonsmoothness
but also a semilinear PDE containing a nondifferentiable Nemytskii operator. Our
analysis is accompanied by numerical experiments that illustrate the mesh-indepen-
dence and g-superlinear convergence of the developed solution algorithm.
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2 A. Alphonse et al.

1 Introduction

This paper is concerned with the design, analysis, and numerical realization of
semismooth Newton methods for fixed-point equations of the type

Find z € X such that £ = H(z) (F)

that are posed in a real Banach space X and involve a Newton differentiable operator
H : X — X. A main focus of our work is on the case where the map H can be writ-
ten as the composition

H=S0d (1)

of two Newton differentiable functions S and ®, with a special emphasis on the
situation where S is the solution map of an elliptic variational inequality (VI) with
pointwise constraints. Our main motivation for considering this kind of structure is
that it arises naturally when studying elliptic quasi-variational inequalities (QVIs) of
obstacle type, i.e., variational problems of the form

Find u € K(®(u)) such that (—Au— f,v —u)g-1(q) mi() =0 Vv € K(2(u)),

with K(®(u)) :={v € H}(Q) | v < ®(u) + Dy ae. in Q}, Q

where Q C R? for d € N denotes a nonempty open bounded set, the Sobolev space
HL(Q) is defined as in [1, §5.1], @ : H}(Q) — HE () is a given operator, f and @
are given functions, and the symbols A and (-, -) H-1(9),HL(Q) denote the distribu-
tional Laplacian and the dual pairing in H} (), respectively (see Sect. 3 for the pre-
cise setting). Indeed, if we define S to be the solution operator S : H (2) — H(Q),
¢ — u, of the classical obstacle problem

Find u € K(¢) such that <—A’U, — f, v — U>H*1(Q),Hé(ﬂ) 2 0VYv e K(d)), (2)

then (Q) can clearly be recast as u = H(u) with H := So ®: H} () — H}(Q),
and thus (Q) can immediately be seen as a fixed-point equation of the form (F).

Note that the salient feature of QVIs of the type (Q) is that the solution u enters
the problem not only via the Laplacian but also via the obstacle ®(u) + ®¢ defining
the pointwise constraint in K (®(u)). This creates a variational structure in which the
set of admissible test functions depends implicitly on the problem solution and which
distinguishes (Q) quite drastically from standard partial differential equations (PDEs)
and VIs. In applications, the dependence of the admissible set K (®(u)) of (Q) on u
allows to incorporate feedback effects into the problem formulation that reflect, for
instance, how the obstacle ®(u) + Pg interacts with « in zones of contact. Because
of the ability to capture such an interplay between the problem solution and the con-
straints, QVIs have proved to be important instruments for modeling processes in
various areas of physics and economics, e.g., thermoforming [2], sandpile growth
[3-5], impulse control [6-9], and superconductivity [10—12]. Compare also with the
classical works [8, 13—15] in this context.
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A globalized inexact semismooth Newton method for nonsmooth... 3

While the feedback effects in a QVI like (Q) are very desirable from the applica-
tion and modeling point of view, mathematically, they often pose serious challenges.
Establishing the Hadamard well-posedness of problems of the type (Q), for example,
is typically a hard task. In fact, in many situations, it is possible that a QVI possesses
multiple solutions—indeed a whole continuum of solutions—or no solutions at all.
Compare, e.g., with the results on the Lipschitz and differential stability of QVI-solu-
tions in [2, 16-21] in this context, and in particular with the examples in [17, §6.1]
and Sect. 4.3. The implicit relationship between the problem solution and the set of
test functions also causes the numerical solution of QVIs to be a very delicate topic.
As far as problems posed in infinite-dimensional spaces are concerned, the algorith-
mic approaches that are currently used for this purpose in the literature are primarily
based on fixed-point arguments or regularization/penalization techniques—and, as
a consequence, are either slow or inexact. See, for example, [22, Chapter 1V], [16,
§2.1], [2, §6.4], [23, §5], [24], and the references therein for particular instances of
such algorithms.

A main goal of the present paper is to show that recent advances in the field of
generalized differentiability properties of solution maps of obstacle-type VIs make
it possible to set up and analyze semismooth Newton methods for the numerical
solution of QVIs of the type (Q) and, thus, to solve obstacle-type quasi-variational
inequalities in function space with superlinear convergence speed. More generally,
we develop a semismooth Newton framework for fixed-point equations of the type
(F) that is tailored to applications in the field of obstacle-type QVIs. A main feature of
our semismooth Newton method for (F) is that it is provably locally g-superlinearly
convergent, robust with respect to inexactness, and mesh-independent. Moreover, if
a certain contractivity assumption holds, the algorithm can be made globally conver-
gent; see Theorems 2.4 and 3.7. Note that the inclusion of inexactness is of special
importance in the context of obstacle-type QVIs as evaluations of the outer map S
in (1) arising in the context of (Q) are typically subject to numerical errors due to a
discretization of (2) or the introduction of an easy-to-evaluate surrogate model S.;
see Remark 2.14.

To the best of our knowledge, this paper is the first to develop a semismooth
Newton method that is suitable for the solution of unregularized obstacle-type QVIs
in the infinite-dimensional setting and provably g-superlinearly convergent. For
related approaches in finite dimensions, we refer the reader to [25-28] and the refer-
ences therein. We remark that the example that we construct in Sect. 4.3 to obtain
an instance of a (generalized) thermoforming QVI with multiple solutions is also of
independent interest as it provides an important benchmark problem for numerical
solution algorithms.

As we conduct our convergence analysis in a general Banach space setting and
for the abstract fixed-point equation (F), the results that we prove in this paper are,
of course, not only applicable to QVIs but also to other problems with comparable
continuity and contractivity properties. We mention exemplarily VIs and PDEs with
semilinearities, implicit VIs, and operator equations that arise as optimality condi-
tions of optimal control problems with H}(©)-controls; see [29, §5].
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4 A. Alphonse et al.

1.1 Main results

The main results of this paper are concerned with the convergence of semismooth
Newton methods for the solution of fixed-point equations of the type (F) and the
applicability of the developed abstract theory to QVIs of the form (Q). For the high-
lights, we refer the reader to:

o Theorem 2.4, which establishes the global g-superlinear convergence/finite con-
vergence to a given tolerance of an inexact globalized semismooth Newton meth-
od (Algorithm 2) for the solution of (F). This result relies on the assumption that
H : X — X is Newton differentiable and globally contractive, i.e., y-Lipschitz
for some v € [0, 1); see Assumption 2.2.

o Theorem 2.8, which localizes Algorithm 2 by means of a projection onto a non-
empty closed convex set B C X. This result makes it possible to apply our con-
vergence analysis to Egs. (F) that satisfy a contraction assumption only locally
and have multiple solutions, a structure that is prevalent in many QVI-applica-
tions; cf. [2, 16, 18-21]. For the precise setting for this result, see Assumption 2.5.

o Theorems 3.7, 3.9 and 3.12, which demonstrate that obstacle-type QVIs of the
form (Q) are indeed covered by our general abstract semismooth Newton frame-
work provided the involved quantities are sufficiently well behaved (see Assump-
tions 3.1 and 3.8).

We remark that the numerical realization of semismooth Newton methods for obsta-
cle-type QVIs is also an interesting field on its own, in particular as the residual
function R(z) := x — H(x) arising in the context of problems like (Q) involves the
solution map S of the variational inequality (2) and since the Newton derivatives that
appear depend on the active, inactive, and strictly active set of the current Newton
iterate. For a detailed discussion of how we tackle these challenging problems in our
numerical implementation, we refer the reader to Sect. 4.

1.2 Notation and basic concepts

Throughout this paper, we denote by || - || x the norm of a (real) normed vector space
X. For the closed ball of radius 7 > 0 centered at a point ¢ € X, we write B;X (c).
A sequence {z,} C X is said to converge g-superlinearly to « € X if x,, — x and
|Znt1 — zl|lx < o(1)||zn — x| x hold for n — oo, where the Landau notation o(1)
represents a term that vanishes in the limit. Given two normed spaces X and Y, we
use the symbol £(X,Y") to denote the space of linear and continuous functions from
X to Y. We write X* := L(X,R) for the topological dual space of X. The evalu-
ation of an element z* € X* at z € X is denoted by the dual pairing (z*, ) x- x.
For the identity map, we use the symbol Id. If X is Hilbert, then (-, -) x denotes the
inner product of X, V' stands for the orthogonal complement of a closed subspace
V of X, and Pp(x) := argmin_ . g|lz — z||x is the metric projection onto a closed
convex nonempty set B C X.

Given mappings F': X — Y and G : Y — Z between normed spaces X, Y, and
Z, the composition of G and F' is denoted by G o F' : X — Z. In the case of linear
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A globalized inexact semismooth Newton method for nonsmooth... 5

operators, the symbol o is often dropped. The image of a set D C X under F is
denoted by F'(D). Recall that a function F' : D — Y defined on a nonempty subset
D of a normed space X with values in a normed space Y is called Newton differen-
tiable with (Newton) derivative Gg : D — L(X,Y) if

lim [F(z+h) = F(2) = Grlz +Mhlly _ o - p

0 < ||h|[x — 0, IRl x 3)
r+heD

We remark that Newton derivatives are often defined as set-valued mappings in the
literature; see, e.g., [29, Definition 2.11]—we make a slight abuse of notation and
assume G is the realization of one of the elements in the set.

Given a nonempty open set Q@ C R%, d € N, we denote by C(Q), C2°(Q2), and
C™(Q) for m € N the usual subspaces of the space C'(2) of real-valued continuous
functions on 2. For the boundary, Lebesgue measure, and diameter of €2, we use
the symbols 99, ||, and diam(€2), respectively. The real Lebesgue and Sobolev
spaces on 2 are denoted as usual by LP(2), W™P(Q), and H™(Q2) for m € N,
p € [1,00]. If © is bounded, then we define H}(Q) to be the closure of C2°(£2) in
(H' (), ||l z71.(y)) and endow it with the norm [[v|| g2 () := [[[V][| 22 (o) Here, V
denotes the weak gradient and | - | the Euclidean norm. We write H () for the
dual space of Hg(£2). The (distributional) Laplacian and the (weak) normal deriva-
tive are denoted by A and 0,, respectively. For d = 1, derivatives are denoted by a
prime. We use Cp(2) to denote the constant in the Poincaré—Friedrichs inequality
[0ll20) < Co(@) vl 73 for v e H(S).

Given a locally Lipschitz continuous function ¢g:R — R, we define
Lip(g, [a,b]) :=min{c > 0: |g(s1) — g(s2)| < ¢|s1 — s2| Vs1,82 € [a,b]} to be
the Lipschitz constant of g on [a, b], a < b. In this case, we further write 0.g(z) C R

for Clarke’s generalized differential of g at « in the sense of [30, §2.1]. If g is globally
Lipschitz, then Lip(g) denotes the Lipschitz constant of g on R.

2 Semismooth Newton methods for fixed-point problems

In this section, we develop an inexact semismooth Newton framework for the obsta-
cle-type QVI (Q) by addressing the more general fixed-point equation (F).

2.1 Vanillainexact semismooth Newton method
We begin with Algorithm 1 which constitutes a standard inexact semismooth Newton

method for solving (F) and its convergence properties are stated in Theorem 2.1.
Throughout this paper, we use the symbol R to denote the residual function

R:X— X, R(zx) :=x — H(x),

of the Eq. (F).

@ Springer



6 A. Alphonse et al.

1: Input: Initial guess 2o € X, tolerance tol > 0, and sequence {p;} C [0, 00).

2. Output: z* € X satisfying |R(z")||x < tol, where R(z) :=x — H(z).

3: fori=0,1,2,3,... do

4: if ||R(z;)||x < tol then

5: Set x* := z; and stop the iteration (convergence reached).

6: else

7: Compute z; € X that satisfies R(x;) + Gr(x;)z; ~ 0 in the following sense:
| R(z:) + Gr(z:)zillx < pil R(zi)|x-

8: Set x;11 1= x; + 2.

9: end if

10: end for

Algorithm 1 Vanilla inexact semismooth Newton method for the solution of (F)

Theorem 2.1 (Local convergence of Algorithm 1) Consider the fixed-point equa-
tion (F) involving a Banach space X and a map H : X — X. Let R: X — X,
R(z) := x — H(x), denote the residual function of (F). Suppose that the following
holds:

(i) B C X is an open set containing a solution T of (F), i.e., T = H(Z);

(ii) R : X — X is Newton differentiable on B with Newton derivatives G r(x) for
T € B;

(iii) R : X — X is L-Lipschitz on B for some L € [0,0), i.e.,

[R(z1) = R(z2)||x < Lllzy —zafx  Van, 22 € B (4)
(iv) Gg(x) is invertible for all © € B and there exists a number M € [0, 00) such
that
—1 .
|G r(2) Hz:(X,X) <M Ve B;

(V) {p:i} satisfies {p;} C [0, p*] for some p* € [0, 00) with M Lp* < 1.
Then there exists r > 0 such that the standard semismooth Newton method, i.e.,
Algorithm 1, satisfies the following for all zo € BX(%):

(1) Iftol > 0 holds, then Algorithm 1 terminates after finitely many steps.

(i1) If'tol = 0 holds, then Algorithm 1 produces iterates that converge finitely or
g-linearly to x.

(i) If tol = 0 holds and p; — 0 for i — oo, then Algorithm I produces a sequence
of iterates {x;} that converges finitely or q-superlinearly to T.

We omit the proof since it is relatively standard; see, e.g., [31, Theorem 3]. A few
remarks:

e Selection principle We assume that a selection principle has been applied for the
Newton derivative and hence Gg(x;) is not set-valued.

e Implementation of step 7 of Algorithm 1 The realization of step 7 (evaluat-
ing R(x;) and computing the action of Gr(z;) or Gg(z;)~!, respectively) is
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A globalized inexact semismooth Newton method for nonsmooth... 7

dependent on the precise form of R, Gr, and X. In Sect. 4.1, we detail how to
implement step 7 for a piecewise (bi)linear finite element discretization for a par-
ticular instance of the obstacle-type QVI (Q).

e Measure of inexactness Expressing the accuracy requirements on the update
steps in terms of the norm of the residual is common practice in the analysis of
inexact Newton methods; cf. [32] and [33, §3.2.4]. We remark that, in the context
of obstacle-type QVlIs, ensuring that the iterates are sufficiently accurate can be a
delicate matter. For details on this topic, we refer to Sect. 4.

e Choice of the forcing sequence {p;} Some choices for the forcing sequence

{pi} are
pi = llzi —zic1l x or  p;=min([|x; — 21|y, ),

where {«;} C (0,00) is a sequence satisfying «; — 0 used for safeguarding.
Note that the forcing sequence {p;} must be chosen carefully to avoid oversolv-
ing. If it decays too quickly, then the convergence rate does not justify the com-
putational cost whereas decaying too slowly will impair the g-superlinear conver-
gence.

e Globalization Algorithm 1 only guarantees convergence if the initial guess is
sufficiently close to the solution. Globalizing semismooth Newton methods is a
delicate topic and there is often a tradeoff between the assumptions a particular
globalization technique requires and its computational cost. A globalization will
likely require many more evaluations of H which might be prohibitively expen-
sive. For example, in the context of obstacle-type QVIs (Q), each evaluation of
H requires the solve of an obstacle problem. In the next subsection, we explore
a cheap globalization technique that requires a contraction assumption. We also
consider a globalization based on a merit function and an Armijo linesearch [34,
35] in Sect. 4.

2.2 Global g-superlinear convergence for contractive equations

In this subsection, we show that if (F) satisfies a contraction condition, then a small

modification of Algorithm 1 will guarantee global convergence. Consider the follow-

ing assumptions:

Assumption 2.2 (Global contraction assumptions)

(i) X is a Banach space;

(i) H: X — X is a Newton differentiable function with Newton derivative
Gp : X — L(X, X) and the residual function R : X — X is endowed with the
Newton derivative G :=Id — Gpy;

(iii) there exists v € [0,1) such that H : X — X is globally v-Lipschitz, i.e.,

[H (1) — H(z2)||x <7yllvr — 22l|x Vo, 2 € X, %)

and
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8 A. Alphonse et al.

< ~.
sup G () o < 7 ©

Note that the contraction conditions in point (iii) of Assumption 2.2 are restrictive
in general applications. However, in the field of QVIs, they are assumed anyway in
many situations to guarantee the Hadamard well-posedness of the problem; see [2,
16, 18-21]. Regarding (6), it should be noted that, in practice, the uniform y-bound
on Gy (x) is often a direct consequence of the Lipschitz estimate (5). In Sect. 2.3, we
discuss techniques for localizing the contractivity assumption (5).

We begin our analysis by noting that, in the situation of Assumption 2.2, the exis-
tence and uniqueness of solutions of (F) are immediate consequences of the Banach
fixed-point theorem.

Lemma 2.3 (Unique solvability of (F)) Suppose that Assumption 2.2 holds. Then the
problem (F) has a unique solution © € X.

The globalized semismooth inexact Newton method that we propose for the solu-
tion of (F), under the assumptions (5) and (6), is stated in Algorithm 2.

1: Input: Initial guess ¢ € X, arbitrary constant 7* € [0, oc], tolerance tol > 0, and sequences
{ri} € [0,00) N [0,7%],{pi} C [0, 0) satisfying 7, — 0, p; — 0.

2. Output: z* € X satisfying ||R(z¥)|x < tol.

3: fori=0,1,2,3,... do

if ||R(z;)||x < tol then

"

5: Set x* := z; and stop the iteration (convergence reached).
6: else
7 Compute x5 € X that satisfies 5 &~ H(z;) in the following sense:
lzs — H(z:)llx < millR(w)| x (7)
8: Compute zy € X that satisfies R(z;) + Gr(z;)(zny — x;) = 0 in the following sense:
IR@:) + Gre)(@x —2)lx < pll R x- (8)
if [|R(ex)|x < [R(@z)|x then
10: Set Ti41 = ITN-
11: else
12: Set Ti41 ‘= TB.
13: end if
14: end if

15: end for

Algorithm 2 Globally convergent inexact semismooth Newton method for the solution of (F)

Before we state the convergence properties of Algorithm 2, a few remarks:

e Vanilla semismooth Newton By choosing a very large constant 7%, a sequence
{7;} that goes to zero very slowly, and trial iterates xp with large residuals
|R(xp)||x, one can essentially switch off the safeguarding by means of the
fixed-point iterates in Algorithm 2. If run in such a configuration, Algorithm 2
effectively behaves like a vanilla semismooth Newton method in numerical ex-
periments, i.e., like Algorithm 1 in Sect. 2.1.

e Choice of the sequence {7;} The proof of Theorem 2.4 on the convergence of
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A globalized inexact semismooth Newton method for nonsmooth... 9

Algorithm 2 below hinges on the fact that, either for all or for all sufficiently large
i, one has 7; + v + y7; < 1, where 7 is the contraction factor. If, when solving
a particular problem, the value of v is known, then one can simply choose the
constant sequence 7; = (A — ) /(1 + ) for an arbitrary A € (-, 1) to ensure this
inequality and then the property 7; — 0 is not needed.

o Mesh-independence Note that the bound on the iteration index in (9) below is
independent of discretization quantities. This is a strong indicator for mesh-inde-
pendence.

Theorem 2.4 (Finite and global g-superlinear convergence of Algorithm 2) Sup-
pose that Assumption 2.2 holds. Let 19 € X and 7* € [0,00] be arbitrary. Let
{mi} C[0,00) N[0, 7*] and {p;} C [0, 00) satisfy 7; — 0 and p; — 0.

(1) Iftol > 0 holds and 7 satisfies 7% < (A — ) /(1 + ) for some X € (v, 1),
then the termination criterion in line 4 of Algorithm 2 is triggered for an itera-
tion index © € Ny satisfying

0 if ||R(CEO)HX § tOl,

0<1< n(tol)—In T .
<1< { (1 (tol) lln((l\;)%( 0)\|x)‘| if | R(zo)|x > tol, )

and the last produced iterate ©* = x; satisfies

tol

|R@)|x <tol  and fa" —allx < 7
—

Here, [-] : (0, 00) — N denotes the operation of rounding up to the nearest
larger integer.

(i1) Iftol = 0 holds, then Algorithm 2 either terminates after finitely many steps
with the solution x* = & of (F) or produces a sequence of iterates {x;} that
satisfies

x; = & g-superlinearly in X and R(x;) — 0 g-superlinearly in X.

The proof of Theorem 2.4 is a careful intertwining of the convergence proofs of a
fixed-point iteration and a semismooth Newton method. We defer it to Appendix B.

2.3 Localization of the contraction assumptions and multiple solutions

Next, we discuss possibilities to localize the contraction conditions in Assumption
2.2(iii) whilst still retaining global convergence. The assumptions of this subsection
are motivated by results on QVIs with multiple, locally stable solutions (see [2, 16,
18-21]) and they make it possible to apply our Newton framework also to fixed-point
equations (F) that are not uniquely solvable. We consider the following setting.

Assumption 2.5 (Local contraction assumptions)

(i) X is a Hilbert space;
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10 A. Alphonse et al.

(i) H: X — X is a Newton differentiable function with Newton derivative
Gy : X — L(X,X);

(iii) there exist a nonempty closed convex set B C X and a number 7 € [0, 1) such
that

|H (1) — H(z2)||x <vllzr — 22llx  Voi1,720 € B (10)

and

Zlelg 1Gu @)l 2xx) <75 (11)

(iv) the metric projection Pg : X — Bin (X, || - || x) onto B is Newton differentiable
with Newton derivative Gp,, : X — L(X, X)anditholds [[Gp, (2) £ (x x) < 1

forallz € X.

We will show in Lemma 2.9 below that Assumption 2.5(iv) holds in particular if B
is a closed ball in X.

Remark 2.6 1t is possible to drop the requirement that X is Hilbert in Assumption 2.5.
If this is done, however, one needs additional assumptions on X and B to ensure that
the projection Pg is well defined, single-valued, and Lipschitz continuous; see [36]
and the references therein. (Note that projections are typically not one-Lipschitz in
the Banach space setting; cf. [37, Example 6.1].) We focus on the Hilbert space case
in this subsection because it simplifies the presentation, covers almost all practical
applications, and yields easier-to-track estimates due to the non-expansiveness of
Pg.

The main idea of the following analysis is to resort to the global situation stud-
ied in Sect. 2.2 by composing the function A in (F) with the projection Pg. That is,
instead of (F), we consider the fixed-point equation

Find & € X such that & = Hp(%), (F-loc)

where Hp : X — X is defined by Hp := H o Pp. Note that this approach only
works because our algorithm is able to handle nonsmooth functions. As we will
see below, by applying Algorithm 2 to the modified equation (F-loc), we obtain a
numerical method that is able to determine precisely the intersection of the solution
set {x € X | x = H(x)} of the fixed-point equation (F) with the set B. In practical
applications, the set B in (F-loc) could, for example, be a closed ball in which the
estimates in (10) and (11) can be proven to hold; see Sect. 4.3. If one is interested in
an abstract local convergence result similar to the classical one discussed in Sect. 2.1,
then one can also assume that B is a closed ball BX (7) that is centered at an isolated
solution Z of (F). In the latter case, the conditions (10) and (11) take a form that is
also often encountered in the sensitivity analysis of obstacle-type QVIs; cf. [2, 18,
20]. That Assumption 2.2 holds for the composition Hg = H o Pg is proven in the
following lemma.
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Lemma 2.7 (Properties of Hg) Suppose that Assumption 2.5 holds. Then:

(i) Hp is Newton differentiable with derivative G, (x) := G (Pp(x))Gp, ().
(i) It holds

|Hp(z1) — Hp(z2)|lx < vllz1 —22(x Vom0 € X (12)

and

< .
sup 1GH: (@) gx,x) S (13)

Proof Assertion (i) follows from the conditions in Assumption 2.5, the chain rule for
Newton derivatives (see Lemma A.1), and the global one-Lipschitz continuity of Pg.
To prove (ii), we first note that (10), (again) the one-Lipschitz continuity of Pp, and
the definition of Hp imply

|Hp(z1) — Hp(z2)||x <[[P(z1) — Pp(2)l|x <7llz1 — 22| x  Vo1,20 € X.

This establishes (12). Similarly, we obtain from assertion (i) of this lemma, (11), and
the bound (|G p, ()| £(x,x) < 1 that

1Ga @)l exx) = 1G 1 (Po ()G (@)l cx.x)
<G a(Ps(@) cx.x) 10 @) cxx) <7

holds for all x € X. This implies (13) and completes the proof. O
Lemma 2.7 shows that (F-loc) is covered by the semismooth Newton framework
of Sect. 2.2. This allows us to deduce the following from Theorem 2.4.

Theorem 2.8 (Convergence in the localized setting) Suppose that Assumption 2.5
holds. Let my € X and 7* € [0,00] be arbitrary. Let {T;} C [0,00) N[0, 7*] and
{pi} C [0,00) satisfy 7; — 0 and p; — 0. Then Algorithm 2, applied to the fixed-
point problem (F-loc) with parameters 1y, tol = 0, 7, {7;}, and {p;}, converges
finitely or g-superlinearly to a point © € X and the following is true:

(1) Ifz € B holds, then (F) possesses precisely one solution T in B and it holds
T =z

(ii) If & ¢ B holds, then (F) does not possess a solution in B.

If, in addition, H satisfies H(B) C B, then only case (i) occurs.

Proof As the results of Sect. 2.2 are applicable to (F-loc) by Assumption 2.5 and
Lemma 2.7, we obtain from Lemma 2.3 and Theorem 2.4 that there is a unique
& € X satisfying £ = Hp(Z) and that Algorithm 2 with tol = 0 converges finitely
or g-superlinearly to & when applied to (F-loc). Suppose now that & € B holds. Then
we have & = Pg(%) and 2 is also a solution of (F). Moreover, (F) cannot possess
any further solutions Z # & in B as those would also solve (F-loc) which is uniquely
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12 A. Alphonse et al.

solvable by Lemma 2.3. This proves (i). The assertion in (ii) is obtained along the
same lines. That only case (i) occurs if H(B) C B holds follows from & = Hpg(Z).
(Il

Note that Theorem 2.8 expresses that, if a sufficiently nice set B C X (e.g., a ball)
satisfying (10) and (11) is given, then Algorithm 2—applied to (F-loc)—is able to
determine precisely whether (F) possesses a solution in B and, in the case of its exis-
tence, identify the unique solution of (F) in B with superlinear convergence speed.
In applications in which it is important to decide whether solutions are present in
certain sets or to determine distinguished solutions of (F) (e.g., maximal and minimal
solutions), this type of localization of the framework in Sect. 2.2 offers an attractive
alternative to classical localization approaches; see [38, Proof of Theorem 3.4] and
[33, Proof of Theorem 3.13], and compare also with Theorem 3.12 and the experi-
ments in Sect. 4.3.

We conclude this subsection by establishing that balls B;X (c), r > 0,c € X, in X
indeed satisfy the conditions in Assumption 2.5(iv). The proof of the following result
relies heavily on the chain and product rule for Newton derivatives. We recall these
calculus rules in Appendix A of this paper for the convenience of the reader.

Lemma 2.9 (Projections onto closed balls) Let ¢ € X and r > 0 be given. Define
B := BX(c). Then the projection Pg : X — X is Newton differentiable with New-
ton derivative

h if [lv—cllx <m,

GPB(ff)h::{ r - () ] i le—cly >

lz—ell x lz—cllx lz—ell x
X

and it holds

r

Gy (@) £ x) < min ( ) Vo e X. 14)

1. —
e —ellx

Proof Due to the chain rule in Lemma A.1, it suffices to prove the claim for ¢ = 0,
i.e., B = BX(0). For such a set B, we have

x if |z]|x
Po@) ={ T2 ity

llzll x

VA

r?

r, (1)
and, thus, Pg(z) = g(||ac||§()x with g : [0,00) — R, g(s) := r max(r, s'/2)~. Note
that g is piecewise C'! with a single kink at s = r2. This implies that g : [0, 00) — R
is Newton differentiable with Newton derivative

0 if 0 <s'/2<r,
if s1/2 > r;

Gy(s) == {
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A globalized inexact semismooth Newton method for nonsmooth... 13

see [39, Proposition 2.1]. (This Newton differentiability can also be checked directly
by a simple calculation.) As the function X > x — ||z||% € [0, 00) is smooth and
locally Lipschitz continuous, it follows from the chain rule of Lemma A.1 that
[ X =R,z g(|]|z]|%), is Newton differentiable with derivative

0 ifo<|zf|y <,
Gyz)h = { e @) el >
As f is continuous, the product rule of Lemma A.2 (withU = X, V=R, W = X,
Z =X,P=f,Q =1d, and a as the multiplication with a scalar in X') now yields
that the map Pg(x) = f(x)x is Newton differentiable with Newton derivative

h ifo< |zl <, 6
G = r(z,h) r r T T .
O (T N [

This proves the assertion on the Newton differentiability of Pp and the formula for
G p, . To obtain (14), it suffices to note that the expression in the square brackets on
the right-hand side of (16) is the projection of A onto the orthogonal complement of
the line Rz C X and, thus, bounded in the X-norm by ||A|x. This completes the
proof. O

Remark 2.10 1f X is merely Banach (and not necessarily Hilbert), then one can still
proceed along the lines of the proof of Lemma 2.9 to establish that the radial projec-
tion given by the formula (15) is Newton differentiable, provided the norm of X is C!
away from the origin. If this is done, however, then one cannot bound the £(X, X)
-norm of the Newton derivatives G p,, (x) by the right-hand side of (14) but only by a
worse constant; cf. the Lipschitz estimate proven in [37, §6.1]. In combination with
the lost non-expansiveness of Pp, this makes it necessary to impose more restrictive
assumptions on the number  in (12) and (13) if a Banach space setting is considered.

2.4 Composite fixed-point equations

With the general convergence theory of Sects. 2.1 to 2.3 at hand, we can turn our
attention to the special case that the function H in (F) is of the type S o , i.e., that
the considered fixed-point equation has the form

Find z € X such that £ = S(®(z)). (F-¢)

As discussed before, this problem formulation is motivated by the structure of the
QVI (Q) which can be recast as an equation of the type (F-c) by means of the solu-
tion operator S of the variational inequality (2) and the inner obstacle map ®; see
the concrete examples in Sects. 3 and 4 and the discussion in Sect. 1. The next three
corollaries make precise under which assumptions on the functions S and @ the prob-
lem (F-c) is covered by the convergence results in Theorems 2.1, 2.4, and 2.8. Their
proofs boil down to applications of the chain rule for Newton derivatives (Lemma
A.1) and elementary estimates and are thus omitted.
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14 A. Alphonse et al.

Corollary 2.11 (Local convergence of Algorithm 1 for (F-c)) Suppose that the following
assumptions are satisfied.

(1) X andY are real Banach spaces, and D C'Y is a nonempty set,
(i) @ : X — D is a Newton differentiable function with Newton derivative
Go : X = L(X,Y) and, for every x € X, there exist constants C, e > 0 satis-

Jying
|®(x + h) — ®(x)|ly < C|hllx Vhe BX0);

(iii) S : D — X is a Newton differentiable function with Newton derivative
Gs: D — L(Y, X) and, for every y € D, there exist constants C,e > 0 satis-

Jying

sup HGS<w)||z:(Y,X) <G
weDNBY (y)

(iv) there exist a nonempty open set B C X and & € B such that = S(®(x));
(V) there exists a number L € [0,00) such that R=1d — So®: X — X is L-
Lipschitz on B, i.e.,

[R(71) — R(72)|x < Ll|x1 — 22l x V1,22 € B;

(Vi) Gr(z) :=1d — Gs(®(z))Gae(z) € L(X, X) is invertible for all x € B and
there exists a number M € [0, 00) with

|Gr(x <M Vx € B;

)~ HL(X,X)
(vii){p; } satisfies {p;} C [0, p*] for some p* € [0, 00) with M Lp* < 1.
Then the convergence result in Theorem 2.1 applies to (F-c). In particular, the
sequence of iterates {x;} produced by Algorithm 1 converges finitely/q-super-
linearly to x if xq is sufficiently close to &, tol is chosen as zero, and the forcing
sequence {p;} satisfies p; — 0.

Corollary 2.12 (Global convergence of Algorithm 2 for (F-c) with global contrac-
tion) Suppose that the following assumptions are satisfied.:

(i) X,Y, D, S, and ® satisfy the conditions in points (i) to (iii) of Corollary 2.11;
(ii) there exists v € [0,1) such that S o ® : X — X is globally v-Lipschitz, i.e.,

[S(®(21)) — S(@(z2))llx <Allw1 — 22l[x  Var,22 € X, 17
and it holds
ig}g ||GS((I’($))G<I>($)||L(X,X) <. (18)

Then all of the results in Sect. 2.2 apply to (F-c) with H := S o ®. In particu-
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A globalized inexact semismooth Newton method for nonsmooth... 15

lar, Algorithm 2 applied to (F-c) satisfies the finite and global q-superlinear
convergence result of Theorem 2.4.

Corollary 2.13 (Global convergence of Algorithm 2 for (F-c) with local contrac-
tion) Suppose that the following assumptions are satisfied.:

(i) X, Y, D,S, and ® satisfy the conditions in points (i) to (iii) of Corollary 2.11;
(i) X is additionally a Hilbert space;
(iii) there exist a nonempty closed convex set B C X and a number ~ € [0, 1) satis-

Jying

[S(@(z1)) — S(®(22))[[x <Yllz1 — 22|l x V1,22 € B 19)
and
sup [Gs(®(2))Go (@)l £x,x) < Vs (20)

(iv) the metric projection Pg : X — Bin (X, || - || x) onto B is Newton dif-
ferentiable with Newton derivative Gp, : X — L(X, X)) and it holds
1G Py (@)l g (x,x) < Vforallz € X.

Then the results of Sect. 2.3 apply to (F-c). In particular, Algorithm 2, applied to
the fixed-point problem (F-loc) with H = S o &, satisfies the convergence result in
Theorem 2.8.

We conclude this section with a remark on inexact function evaluations in the
context of (F-c).

Remark 2.14 In practice, one typically cannot evaluate the composition
H(z;) = S(®(x;)) (and, as a consequence, the residual R(z;) = x; — S(®(x;)))
exactly, asrequired, e.g., in steps 4 and 7 of Algorithm 1. Instead, one only has access to
approximations H, = Sc o @, : X — X, e > 0,ofthefunction H = So® : X — X.
If, for example, S is the solution map of the obstacle problem (2) (as in the case of the
concrete application (Q)), then S, might be the solution map of a PDE-approximation
of (2) obtained via penalization; see [40—42]. In the presence of such an inexact
oracle H., one can still easily ensure the accuracy requirements in Algorithms 1 and
2, provided the error H — H. is controllable by means of an a-priori estimate. If
we assume, for example, that || H (x;) — He(z;)||x < Ce holds for z; with a known
constant C' > 0, then the triangle inequality implies that the following holds for the
condition in (7):

lzp — He(xi)||x < 7illvs — He(w)||x — (14 73)Ce
= |l — H(z;)||x — Ce < 1l|w; — H(x;)||x 4+ 7:Ce — (14 7;)Ce
= llzp — H(xi)||x < 7l R(wi)] x-
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16 A. Alphonse et al.

This shows that, by determining xp and € with |zp — He(z;)|x
< 7illzi — He(x;)||x — (1 + 75)Ce, one can calculate a trial iterate « g satisfying (7)
without having precise access to H and R.

3 Elliptic obstacle-type QVis

We are now in a position to prove the convergence of Algorithms 1 and 2 applied to
the obstacle-type QVIs (Q). Recall that elliptic QVIs of obstacle type correspond to
fixed-point equations of the form (F-c) that involve as the map S the solution opera-
tor S : HY(Q) — H}(Q), ¢ — u, of the unilateral obstacle problem

Find u € H} () such that

(S K(QZS), <—Au — fiv— “>H*1(Q),H(}(Q) >0V e K((b), 1)
where K (¢) := {v € H} () | v < ¢ + ®p a.e. in Q}. In Sect. 3.1 below, we show
that the solution operator S of (21) satisfies the Newton differentiability and Lip-
schitz continuity requirements of Corollaries 2.11 to 2.13. Here, we also specify the
properties that the obstacle function ® has to possess in the context of (Q) so that
Algorithms 1 and 2 can be applied; see Theorem 3.7. In Sect. 3.2, we then establish
that obstacle mappings ® arising from semilinear elliptic PDEs satisfy the require-
ments on the inner function ® in Corollaries 2.11 to 2.13. Finally, in Sect. 3.3, we
demonstrate that our results can also be employed in the context of nonlinear and
implicit obstacle-type VIs.

3.1 The solution operator of the obstacle problem
Throughout this subsection, we consider the following situation.

Assumption 3.1 (i) Q C R?, d € N, is a nonempty open bounded set;

(ii) p is a given exponent satisfying max(1, 2d/(d + 2)) < p < oo;

(iii) f € LP(Q) is a given function;

(iv) @g : Q© — (—00,00] is a quasi-lower semicontinuous, Borel-measurable func-
tion such that there exists w € H () satisfying w < ® a.e. in {2 and such that,
for every v € Hg (), it holds v < @ a.e. in  if and only if v < & quasi-
everywhere (q.e.) in ;

(v) Y, is the space defined by Y,, := {v € H}(Q) | Av € LP(2)} and equipped with
the norm

[olly, = lvllzg ) + [1Av] L (o) 22)
Note that (Y}, || - |ly,) is a Banach space in the above situation (as one may easily
check). For the precise definitions of the terms “quasi-lower semicontinuous” and

“quasi-everywhere” and details on the related notion of H{ (£2)-capacity, we refer to
[43, §6.4.3]. We remark that Assumption 3.1(iv) is automatically satisfied if €2 is a
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bounded Lipschitz domain and ®, an element of C(2) N H' () with a nonnegative
trace.

Lemma 3.2 (Well-definedness of S) Suppose that Assumption 3.1 holds. Then (21)
has a unique solution S(¢) := u for all ¢ € Hg(2). The associated solution map
S : Hy (2) — Hy (), ¢ — u, satisfies

1S(¢1) = S(@) ) < Nl — dollaz) Vo1, 02 € Hy(Q).  (23)

Proof We know that &g + ¢ > w + ¢ € H(2) holds for all ¢ € H(2), where
w € HE(Q) is the function from Assumption 3.1(iv). Thus, K(¢) # @ for all
¢ € H}(Q). The unique solvability of (21) for all ¢ € HZ(2) now follows imme-
diately from [44, Theorem 4:3.1]. Let us now assume that ¢, ¢ € Hi () are
given. Define u; := S(¢;), j = 1,2. Then it holds w1 — ¢1 + ¢2 < ¢2 + $g and
Ug — P2 + P31 < ¢p1 + Pg a.e. in  and we obtain from the VIs satisfied by u; and
(75 that

0 < (—Aur — [, (uz — 2 + ¢1) — w1) w-1(0),m11(0)
+(—Aug — f, (w1 — ¢1 + ¢2) — u2) g1 (), 12 ()

< —lur — U2H%I[%(Q) + [lur — U2HH§(Q)H¢1 - ¢2||H§(Q)-

This yields (23) and completes the proof. O

Note that, via a simple variable transformation, we can shift the function ¢ in
K (¢) into the source term of (21) and, thus, rewrite S in terms of the solution map
So: H1(Q2) — HY(Q), w — wu, of the variational inequality

Find u € H} () such that

ue K(0), (—Au—w,v—u)g-1q)mi@ =0 YveK(). 24
Indeed, we have:
Lemma 3.3 Suppose that Assumption 3.1 holds. Then
S(¢) =6+ So(f +A¢) Vo€ Hy(Q). (25)

Proof Let ¢ € H}(Q) be given. Define u:= S(¢). Then @:=u — ¢ satisfies
@ € K(0) and, by (21),

(—AQ— f—Ad,v — W) g-1(0), 11 ()
= <—A’U, —fiuv+o¢— u)Hfl(Q),Hé(Q) >0 Yove K(O)
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18 A. Alphonse et al.

As (24) is uniquely solvable by [44, Theorem 4:3.1], this yields So(f + A¢d) = @
= S(¢) — ¢ O

Due to (25), the function .S inherits various important properties from Sy. To for-
mulate these properties, we require some notation. First, we define the active set
associated with (21) via

A(p) = {x € Q| 5(¢)(z) = p(x) + Po(x)}. (26)

(This set is also known as the coincidence set.) Following the lines of [45, §1]
and [46, §2.2], we interpret the identity (26) in the sense of capacity theory, i.e.,
we define A(¢) up to polar sets and w.r.t. quasi-(lower semi)continuous represen-
tatives. Note that, due to the quasi-lower semicontinuity of ®y and the inequality
S(¢) < ¢+ Py, this implies that A(¢) is a quasi-closed set. Its complement, the
quasi-open set Q \ A(¢), is called the inactive set and denoted by I(¢) in the fol-
lowing. The quasi-openness of I(¢) makes it possible to sensibly define the space
HY(I(¢)) C HE(2) of all elements of Hg(£2) that vanish in A(¢); see again [46,
§2.1] or [45, §2]. If I(¢) is open in the classical sense, then H} (1(¢)) coincides with
the closure of C°(1(¢)) in H}(Q); see [47, Theorem 9.1.3]. By means of I(¢), we
can introduce:

Definition 3.4 We denote by Zg : H} (Q) — L(HY(Q), HE(Q)), ¢ — Zs(¢), the
map defined by

Zs(¢p)g =z ifand only if 2z € H(I(¢)),
<—AZ — g7v>H_1(Q),Hé(Q) =0Wo € H&(I(QZS))

for given g€ H™'(Q) and ¢ € H}(Q). We further define Gg: Hj(Q) —
L(H(), Hy(2)) via

Gs(¢)h:=h+ Zs(¢p)Ah  Vh,¢ € Hy (). (27

Informally speaking and modulo an extension by zero to the whole of 2, the operator
Zs(¢) defined above can be interpreted as the solution map of the Poisson prob-
lem with homogeneous Dirichlet boundary conditions on the inactive set I(¢), i.e.,
z = Zg(¢)g can be characterized as the solution of the boundary value problem

—Az =g in I(¢), z=0on 9(I(9)).

As the notation suggests, the function Gg provides a Newton derivative G g for S.
Indeed, we have:

Lemma 3.5 (Newton differentiability of S) Suppose that Assumption 3.1 holds.

Then the operator S is Newton differentiable as a function from Y, to Hg () when
endowed with the derivative Gs := Ggs, Gs : Y, — L(Hy (£2), H} (2)).
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Proof Let ¢ € Y}, be given. Then it holds

[S(¢+h) — S(¢) — Gs(d + h)h| 10

0 < limsup

<Ry, —0 17]ly,
: [1So(f + Ad + Ah) — So(f + A¢) — Zs(¢ + h)Ah| g1(q)

= limsup =

0<[lhlly, 0 171y, 28)
< Jim sup [So(f + A¢ + Ah) — So(f + A¢) — Zs(¢ + h)Ah g1 (a)
B 0<||AR| Lp(0)—0,heY), HA}LHLP(Q)

. [So(f +Ad+g) — Solf + Ad) — Hyl (o)

< limsup sup .

0<lgll o ()0 HED3 So(f+Ad+g) 9llze ()

Here, we have used Lemma 3.3, the definition of ||-||y,, and the fact that

Zs(é+ h) is an element of the so-called strong-strong Bouligand differential
05 So(f + A¢p+ Ah) of Sp at f+ A¢ + Ah € LP(Q) by [46, Theorem 4.3] (and
a trivial direct argument in the case d = 1). See [46, Definition 2.10] for the precise
definition of 9% Sy. From the Newton differentiability properties of Sy proven in [48,
Theorem 4.4] and the inclusions in [46, Proposition 2.11], we obtain that the right-
hand side of (28) is equal to zero. This completes the proof. O

For convenience, we drop the tilde in Gg everywhere in the following. From (27),
we obtain:

Lemma 3.6 (Boundedness of G's) Suppose that Assumption 3.1 holds. Then, for every
¢ € Hy (92), it holds 1Gs(O) e (). m2 () < 1.

Proof Let ¢ € Hi(£2) be given. Due to its definition, —Zs(¢)A : H (Q) — HE(Q)
is precisely the H{(2)-orthogonal projection onto Hg(I(¢)). This implies that
Gs(¢)h = h + Zs(p)Ah is the H(Q)-orthogonal projection onto H} (1(¢))*. The
assertion now follows immediately from the fact that projections in Hilbert spaces are
non-expansive. O

If we combine Lemmas 3.2, 3.5, and 3.6 and compare with the requirements of
the convergence results in Corollaries 2.11 to 2.13, then we arrive at the following
main theorem.

Theorem 3.7 (Convergence of Algorithms 1 and 2 for (Q)) Suppose that Assumption
3.1 holds and ¢ : H} (£2) — Y,, v € [0,1), and B C H (£2) are given such that the
following is true:

(i) ® is Newton differentiable from Hg () to Y, with derivative G : H}(Q) —
L(H(2),Yp);

(ii) @ is locally Lipschitz continuous from HE(Q) to Yy,

(i) B is a closed ball of radius v > 0 in H} () (not necessarily centered at zero)
or B = H}(Q),
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20 A. Alphonse et al.

(iv) ® satisfies | P(vy) — <I>(v2)||Hé(Q) <yl — Ug||Hé(Q)for all vy,v9 € B;
(V) Go satisfies |Go (V)| c(mi(),m1 () <7 forallv e B.
Then the QVI

Find u € H}(Q) such that
u € K@), (—Au— f,v— u>H_1(Q)7H3(Q) >0V e K(®(u)), Q)
with K (®(u)) := {v € Hi(Q)|v < ®(u) + Dp a.e. in Q},

is equivalent to the fixed-point equation v = S(P(u)) and the following is true:

(1) If B = H} () holds, then the assumptions of Corollaries 2.11 and 2.12 are
satisfied with X = H}(Q), Y = D =Y, and Gg as in (27). In particular; the
results of Sect. 2.2 apply to (Q), (Q) possesses a unique solution u € H}(Q),
and u can be identified by means of Algorithms 1 and 2, with the convergence
guarantees in Theorems 2.1 and 2.4, respectively.

(I1) If B has finite radius, then the assumptions of Corollary 2.13 are satisfied
(with the same X, Y, etc. as in (1)), and the results of Sect. 2.3 apply to (Q). In
particular, Algorithm 2, applied to the fixed-point problem u = S(®(Pg(u)))
satisfies the convergence result in Theorem 2.8.

Proof The assertions of the theorem follow immediately from Lemmas 2.9, 3.2, 3.5,
and 3.6; the assumptions on ®; and the fact that [|v] (o) < [|v]ly, holds for all

veY,. O

In the context of the QVI (Q), the Newton derivative G r appearing in steps 7 and
8 of Algorithms 1 and 2, respectively, is given by

Gr(wh = (Id — Go(w)h — Zs(®(w)AGe(w)h  Yu,h € HE(Q).

Details on how this and related objects can be realized numerically are given in Sect.
4.1.

Note that Theorem 3.7 leaves considerable freedom regarding the precise form of
® and also covers cases in which the pointwise-a.e. constraint in (Q) is only imposed
in certain parts of €2 as Assumption 3.1(iv) allows to consider functions ®g that take
the value +oo. In what follows, we focus primarily on the case that @ is the solution
map of a (potentially nonsmooth) PDE.

3.2 Solution operators of semilinear PDEs as obstacle maps
Next, we show that solution operators of certain semilinear PDEs give rise to obstacle
maps P that satisfy the assumptions of Theorem 3.7 and, thus, yield obstacle-type

QVIs that are covered by the general semismooth Newton framework of Sect. 2. The
operators ¢ that we focus on in this subsection are given by
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®(u) := T with T as the solution of

ET — AT = g(o+¢T —u)in Q, 0,7 =0 on S (29)

Assumption 3.8 (i) Q c R, d € N, is a bounded Lipschitz domain;

(ii) ¢ € C%(Q) is a given function satisfying ¢ = 0 on 9Q;

(iii) £ > 0 is a given constant;

(iv) ¥y is a given function satisfying ¥ € L?7¢(£2) for some ¢ > 0;

(v) ¥ € L*(9) is a given function satisfying ¢ > 0 a.e. in {;

(vi)g : R — R is locally Lipschitz continuous, nonincreasing, and Newton differ-
entiable with a derivative G4 : R — R that is Borel-measurable and satisfies
Gg4(s) € Oc9(s) forall s € R;

(vii)  Ys is defined by Y :={v € H}(Q) | Av € L?(Q2)} and equipped with the
norm || - ||y, from (22).

Note that, as the choice g(s) = —s satisfies Assumption 3.8(vi), (29) also covers lin-
ear elliptic PDEs with homogeneous Neumann boundary conditions. We remark that
the arguments that we use in the following can be extended easily to, e.g., more gen-
eral differential operators and Dirichlet boundary conditions; cf. the general assump-
tions in Theorem 3.7. We focus on (29) because this setting covers QVIs such as
thermoforming problems [2, §6]. We first consider (29) for arbitrary d € N in the next
result. (We later consider d = 1 as a special case.)

Theorem 3.9 (Properties of (29)) Assume, in addition to Assumption 3.8, that the
function g : R — R is globally Lipschitz continuous. Then the PDE in (29), i.e.,

kKT — AT = g(Uo + YT — u) in Q, 0,T =0 on 09, (30)

possesses a unique (weak) solution T € H () for all w € Hy (82). This solution
satisfies ¢ T € Ya. Furthermore, the operator ® : H} (2) — Ya, u — T, pos-
sesses the following properties:

(1) It holds

[@(2) = (u2)l13 ) < Cr() Lin(o) (|0l oo (o2

(€1Y
+ IV llze@h™ Yllur = wall ) Vur,uz € HY(Q).
(i1) There exists a constant C > 0 satisfying
[ (u1) = @(ug)|ly, < Cllur —uallgsq) Yui,us € Hy(9). (32)

(iii) Let Go : HE(Q) — L(HE(Q),Y3) be defined by G (u)h = @&, with &, as the
weak solution of

k&n — ALy — Gg(Wo + YT — u)pép, = =Gy (Yo + T — u)h in Q,

0,6 = 0 on 9%, 33)
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and T as the solution of (30). Then ® is Newton differentiable as a function
from H}(Q) to Ya with derivative Go and, for all u € Hg (), it holds

|G (Wl £ (o), m )

. _ _ (34)
< Cp(2) Lin(g) (el + 1Velle(@h ™)

Proof From Young’s inequality and our assumptions on g, ¥g, v, and (2, it follows
that

[ oo+ vv - wpPde <2 [ 9O + Lin?¥o + vv - uPde < oc
Q Q

Yo e HY(Q) Yu e Hi(Q).

(35)

Thus, g(¥o + v —u) € L2(Q) for all v € HY(Q) and u € H}(Q), and we obtain
that the operator

A, HY(Q) = HY(Q)*,
(Au V), w) g0y mr ) = / kvw + Vo - Vw — (Vo + ¢v — u)wdz,
Q

is well defined for all u € H{(€2). Due to the global Lipschitz continuity and mono-
tonicity of ¢ and the nonnegativity and essential boundedness of 1/, we further have

||Au(1]1) - Au(UQ)”Hl(Q)*
< max(k, 1)[jvr — vall g1 () + [[9(Wo + Yv1 — u) — g(Vo + Pv2 — u)|L2(q)
< (max(k, 1) + Lip(g9) ¥ || L)) [lv1 — vall (o)
Yo, ve € HY(Q) Yu € Hg(Q)
and
<AU(U1) - Au(UQ)a U1 — UQ)Hl(Q)’ng(Q)

> / E(o1 — 02)? + [V (01 — )
Q

- (g(\IIO + vy —u) — g(Vo + vy — u)) (v1 — v9)dx (36)
> kllor = val|72 gy + V(01 = v2)[[1 20
Yo, ve € HY(Q) Yu € HY(Q).

This shows that A, : H*(2) — H'(Q)* is globally Lipschitz continuous and coer-
cive and, by [44, Theorem 4:3.1], that the equation A,(7T") = 0 is uniquely solvable
for all u € H(2). Due to the definition of A,, the latter shows that (30) pos-
sesses a unique solution 7 € H'(Q) for all u € H}(Q). That this solution satisfies
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©T € H}(Q) and A(¢T) € L*(Q) forall u € H}(Q) follows immediately from the
properties of ¢, the definition of A, (30), and (35). Thus, T € Y5 as claimed.

It remains to prove points (i), (ii), and (iii). To this end, let us assume that
u1,uz € HY(Q) are given and that 71, T» € H* () are the associated solutions of
(30). Then (36) yields

k| Ty = Toll 720y + IIVT1 = VT3|||72(q)

< (Au (Th) = Au (T2), T1 = T2) g1 ()« 11 (00)

= (9(Wo + VT2 — ur) — g(Wo + T2 — u2), Ty — T2) 12
< Lip(g)[lur — uall2(0) |1 T1 — T2l r2(0)-

This implies
Ty — Tl 20y < Lip(g)k ™ Hlur — uzl 2 (o) (37)
and
[IVTy = Vsl 12 (o) < Lip(g)k ™2 (lur — uallL2(0)- (38)
In combination with the definition of ®, we now obtain

[@(u1) — @(u2)l| 20 < llollL=@llIVT1T = VI3[ £2(0)
+ Vel @ IT1 = Tal L2 (o)

< Lip(g) (lelli k™2 + [Vl l (k™ ) e = uzll 2oy

< Cr(@) Lin(9) (Il @k + V6l k™) s = uzllmy -

This proves (i). To prove (ii), we note that (37), the PDEs satisfied by 77 and 75, and
the global Lipschitz continuity of ¢ imply that

ATy — ATy || p2(q)
= ||[kTy — KTy + g(Vo + YT — uz) — g(¥o + ¢T1 — u1)| L2

< kT — Tl 2y + Lip(g) (101l e @) 1T — Talln2(0) + llur — uzll2(o))
< Cllur — uzllmy (o)

holds with some constant C' > 0. In combination with the assumptions on ¢, (37),
and (38), this yields (32) (with a potentially larger constant C' > 0). It remains
to prove (iii). To this end, let us denote the solution map of the PDE (30) by
P:HNQ) — HY(Q), u — T. We claim that
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IP(uth) = P(w) = Gplut Whlue) _

0<[1hll 13 0 1Al 22 ) (39)
Yu € H(Q)
and
. IAP(u+h) = AP(w) = AGp(u+Whlli2@) _
0<HhHHé(m"U ”hHHé(Q) (40)
Yu € Hy(Q)

hold, where Gp: H}(Q) — L(H}(Q), HY(Q)) is defined by Gp(u)h:=¢,
for all w,h € H(2) with &, being the solution of (33). To estab-
lish (39) and (40), let us assume that u € Hg(f2) is fixed. From the PDEs
solved by P(u+h), P(u), and Gp(u+ h)h, we obtain that the function
8p:= P(u+h) — P(u) — Gp(u+ h)h € H*(Q) satisfies

kép, — Adp — Gg(Yo + P P(u+h) —u— h)pép
=g(Yo+9YP(u+h) —u—h)—g(Wo+yP(u) —u) (41)
— Gg(Yo+yP(u+h) —u—h) (YP(u+h) —pP(u) — h) =: py
in  and 9,65, = 0 on 9N for all h € H}(Q). Due to (37) and (38) and our assump-
tions on 1, Vg, and 2, we further know that there exist constants C, e > 0 such that

U, € L**2(Q) holds, such that H' () embeds continuously into L>+<((2), and such
that, for all h € H} (), we have

[YP(u+ h) — pP(u) — hl|p2+ ()
S llpee @[ P(u+ h) = P(u)l|p2+ () + bl L2+ (@) < CllAllmy )

In combination with the properties of g and [33, Theorem 3.49], the above entails that

llonll
lim sup O]
0< 11l 13y —0 1Pl e ()

|g(@ + h) = g(it) — Gg(i+ B)EHLZ(Q) _

<(C lim sup 0

O<HFL”L2+E(Q)4)0 ||hHL2+5(Q)

holds, where 4 is defined by @ := ¥( + 1)P(u) — u and h has been used to replace
the perturbation ¥ P(u+ h) — 1¢)P(u) — h appearing in the definition of p,. By
choosing d, as the test function in the weak form of (41)—keeping in mind that
Gy(s) € 0.9(s) C [—Lip(g),0] holds for all s € R by Assumption 3.8(vi) and that ¢
is nonnegative—we now obtain that
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kl10n 1172y + 1IVORII1Z2 0 < llonll2 ) llonl L2

= B

e vh e H3(©)\ {0}
Hy ()

and, after applying Young’s inequality, that there exists a constant C' > 0 satisfying

||5}LHH1( ||ph||L2(Q)

lim sup 2 <C limsup

0< 11l 511 (>0 17l 2 ) 0< 11l 513 ()0 17l 2 ) (42)

By revisiting (41) and by exploiting that |G| is bounded by Lip(g), it now also fol-
lows that

li HAdhnL?(Q)
1m sup - 7
0< il g3 oy =0 1 Pllaz ()
(k + Lip(9) 1]l .o () 160l 222y + Nl 2 “3)
< limsup L=(@)) 19 1IL2(2) 2@ _
O<lIhll 11 () =0 17l a2 ()

Due to the definition of §j, the estimates (42) and (43) establish (39) and (40).
Since ®(u) = pP(u) holds with ¢ satisfying ¢ € C?(Q) and ¢ = 0 on 99, this
yields that ® is Newton differentiable as a function from H{ () to Yz with deriva-
tive Go(u)h := oGp(u)h as claimed. It remains to prove the bound in (34). To
this end, we note that, for all u,h € H}(Q), we can choose &, = Gp(u)h as the
test function in the weak form of (33) to obtain k[&l|7: o + [I[VER|[72q) <

Lip(g)||énllz2 ) |P]|L2(q)- Here, we have again exploited that Gy maps into
the interval [—Lip(g),0] and that ¢ is nonnegative. From the exact same argu-
ments as in (37) and (38), we now obtain ||& | 12(q) < Lip(g9)k~ |||/ 2(q) and

11V€nlll L2y < Lip(9)k~Y/2||h||12(o) for all u, h € H}(S2) and, as a consequence,

Ga (Wbl g1y < lellne@lIVElllL2@) + IIVelllLe@llénllz2()

< Lip(9) (Il @k ™2 + 1196l k™) I1bllz2(0)

< Cp@)Lip(g) (Il ek + 19l e @h ™) I1hlly(0-
This establishes (34) and completes the proof. O
Remark 3.10 If ) is contained in an open cube with sides of length [, then the Poin-
caré constant satisfies Cp(Q2) <I; see [49, Theorem 1.5]. For d = 1, one easily
checks that Cp(§2) = diam(Q2) /7.

By comparing Theorem 3.9 with Theorem 3.7, we arrive at:

Corollary 3.11 Suppose that g is globally Lipschitz continuous and that
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7= Cp(@)Lin(9) (el @k ™2 + Vel ek ™) € [0, 1).

Then the map @ : Hg (£2) — Ya in Theorem 3.9 satisfies the conditions (i) to (v) in
Theorem 3.7 with the derivative Gg : Hy (2) — L(Hg (£2), Y2) in Theorem 3.9(iii),
p =2, and B := Hj ().

In the special case d = 1, we can exploit that H! () embeds into L°°({2) to obtain
the following variant of Theorem 3.9 that only requires g to be locally Lipschitz
continuous.

Theorem 3.12 (Properties of (29) when d = 1) Assume, in addition to Assump-
tion 3.8, that d =1 and ¥y = 0. Then (30) possesses a unique (weak) solution
T € HY () for all uw e H (). This solution satisfies ¢T € Yo. If, further, we
define Ng := |2|'/?R/2 = diam(2)'/?>R/2 and

Mg == Ng + [|¢[ () <|Q|71/2I(1 + |Q|1/2k71/2>

44)
. 2N (
- (Lip(g, [=Nr, Nel) = +[9(0)] ) '/
forall R > 0, then the following statements are true for the operator
®:H ()= Yo, urs T
(i) Forall R > 0and all uy,us € BR(0), it holds
1@ (u1) — @(u2)|[ () < Lip(g, [~Mr, ME])
0 (45)

_ - |
: <||90||Loc(§z)k 12 4 0" (| o< (2) 1) 7””1 — 2|1 (-
(i) For all R > 0, there exists a constant Cr > 0 satisfying
1
1) = ®(uz)lly, < Crllwr —uzllmy@)  Vur,uz € B (0).
5 ()

(iii) Let Gg be defined as in Theorem 3.9(iii). Then ® is Newton differentiable as a
function from H}(Q) to Yo with derivative G and, for every R > 0, it holds

G (W)l cm ), m @) < t&IJ\Ile Lip(g, [-t,]) "
_ 1) 12 1
(el k™2 4 1 ek ™) ) wue B 0),
Proof Let R > 0 be arbitrary and suppose that u € Bg‘%(ﬂ) (0) is given. Define
g(—MR) if s S —MR,
g(s):=1< g(s) if s € (—Mg, Mg), Vs € R,
g(MR) if s > MR,

and consider the differential equation
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KT —T" = T —u)in Q, 8,7 =0 on d9. (47)

Then § is globally Lipschitz continuous with Lipschitz constant Lip(g)
= Lip(g, [-Mg, Mg]) and we obtain from Theorem 3.9 that (47) has a unique

(weak) solution T' € H 1(Q). Note that, by proceeding along the lines of (36), we
obtain

T30 + 1T 7200 < T =T = g(0T = u) + §(—), T) (), 10 ()
= (9(—u), T)12(0)-
Analogously to (37) and (38), this yields
||T||L2(Q) <k Mg(—w)|lr2) and ||T/||L2(Q) < kil/zHg(—U)”L?(Q)-

From the mean value theorem and the fact that elements of H'($2) possess a C(Q)

-representative for d = 1, we further obtain that there exist Z, z € €2 satisfying
R L A R
Ty = IT(Z)] and T(z)=-— [ Tda.
€2 Jo
Due to the inequality of Cauchy—Schwarz and the fundamental theorem of calculus,

this yields
e ‘ 1 1 a ‘ 1
T(m)—i—/ T'dx —/de—i—/ T'dx
5 €] Ja 5

<IQIY21 T p2 ) + U2 22 o) -

1Tl e 0y =

In combination with the (sharp) estimate ||[v|p () < \Q|1/2||UHH(}(Q)/2 for all
v € H} () (that is easily established by variational calculus), ||u|| mi@) < R, and
Remark 3.10, it now follows that

”T”L‘X’(Q) < |Q|71/2”T”L2(Q) + \Q|1/2||T/||L2(Q)
< (1921772671 + 19126 2) 3(—w) | 2y
< <|Q|_1/2k_1 n \Q|1/2kz_1/2)

- (Lin(@, [l Nl e @ Dllullza) + 1502 )
< <|Q|*1/2k*1 n ‘Q|1/2k71/2)

o a 2Ng
- (Lip(@, [~ Nr, Nal) = +[g(0)] ) |22,
and, due to the identity Lip(g, [—Ng, Ngr]) = Lip(g, [~ Ngr, Ng]), that
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WT — ul| = (o) §||?/1||Loo(9)||THLoo(Q) + ||l (o)
<[l Lo @) 1T oo (@) + Nr < M.

As § coincides with g on [—Mpg, MEg], the last estimate implies that T is also a
solution of (30). Since (30) can have at most one solution (as one may easily check
by means of a contradiction argument), this shows that (30) is uniquely solvable
for all u € HE (). Note that, if we denote by P : H} () — HY(Q), u v+ T, the
solution operator of (30), by Pgr: Hi () — HY(Q), u T, the solution opera-
tor of (47), and by ®, @ : HE(Q) — H}(Q) the functions ®(u) := @ P(u) and
D r(u) := pPr(u), respectively, then it follows from the above considerations that
P(u) = Pg(u) and ®(u) = ®r(u) hold for all u € H}(Q) with ||uHH3(Q) < R.As
Theorem 3.9 applies to @ for all R > 0 and since Lip(§) = Lip(g, [-Mgr, MRg]),
it now follows immediately that ¢ P(u) € Y> holds for all u € H}(2) and that ®
satisfies the assertions in (i), (ii), and (iii). (Note that, in (45) and (46), we have used
the identity Cp(Q) = diam(Q2) /7 = |Q| /7 obtained from Remark 3.10, and that the
limit in (46) is necessary since 0.§(s) = 0.g(s) is only true for s € (—Mpg, Mg).)

O

Remark 3.13 Theorem 3.12 can be extended straightforwardly to the case
Uy € L*()). We have assumed that Uy = 0 holds for the sake of simplicity and to
avoid additional technicalities.

Corollary 3.14 Suppose that d = 1 holds, that ¥y = 0, and that R > 0 is a number
such that

: i i -1/2 _1) 1€
TR ~=tgr]3RLlp(g,[—t,tJ)(II@IILw(g)k 2 1@ | Loy )76[0,1),

where Mp, is defined as in (44). Then the map ® : Hi () — Ya, urs ¢T, in
Theorem 3.12 satisfies the conditions (i) to (v) in Theorem 3.7 with the derivative

Ge : H} (2) — L(H}(92), Y2) in Theorem 3.12(iii), p = 2, and B := Bg‘}(m (0).

As we will see in Sect. 4.3, Theorem 3.12 and Corollary 3.14 cover examples of
obstacle-type QVIs (Q) that possess several solutions and, as a consequence, can only
be studied within the localized framework of Sect. 2.3.

3.3 An alternative application: semilinear Vls

We conclude this section by demonstrating that the semismooth Newton framework
developed in Sect. 2.4 can also be applied to variational problems that are not of QVI-
type. To this end, we consider the semilinear variational inequality

Find v € Hj(Q) such that

u€ K, (—Au—bi(u)bz(u) — f,v —u)g-1(0)m1(0) = 0 Vv € K, “8)
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with K := {v € H} () | v < &g a.e. in Q} and with by (u)ba(u) as the pointwise-
a.e. product of two Nemytskii operators induced by (potentially nonsmooth) func-
tions by, by : R — R.

Variational inequalities of the type (48) and their PDE-counterparts
—Au="by(u)ba(u) + f in Q, u =0 on I, are prototypical examples of nonlin-
ear variational problems that are widely studied in the literature. The existence of
solutions to such problems is typically established by proving that a linearization of
the solution mapping is contractive on a suitably chosen fixed ball. The localization
assumptions in Corollary 2.13 ask for precisely this kind of contraction property.
Hence, working with Corollary 2.13 (and, in particular, with the smallness condition
(iii) in this corollary) is very natural when studying these kinds of nonlinear varia-
tional problems.

Throughout this subsection, we work with the following setting:

Assumption 3.15 (i) Q c R deN,d < 5, is anonempty open bounded set;

(i) Py is as in Assumption 3.1(iv);

(iii) p is an exponent satisfying max(1,2d/(d 4+ 2)) < p < oo and, in the case d > 3,
p<d/(d—2);

(iv) f € LP(Q) is a given function;

(v) b1,b2 : R — R are globally Lipschitz continuous and Newton differentiable
with derivatives Gy, : R — R, ¢ = 1,2, that are Borel-measurable and satisfy
Gy, (s) € O.bi(s) forall s € R.

Note that the condition d < 5 arises naturally from the requirements on p in Assump-
tion 3.15(iii) and that the assumptions on b; and by allow to model nonsmooth
semilinearities in (48) with linear/quadratic growth (e.g., max(0,w)(u + cos(u))
with by (s) := max(0, s), ba(s) := s + cos(s)). Recall further that standard Sobolev
embeddings imply that H} () is continuously embedded into L4(£2) for all

<o ifd=1,
1<qg <o ifd=2,
< 2L ifd>3.

In combination with Assumption 3.15(iii), this yields that H{(£2) embeds continu-
ously into L?P((2), that LP({)) embeds continuously into H~1((2), and, since the
Holder conjugate p’ :=p/(p — 1) of p satisfies p’ < 2d/(d —2) for d > 3, that
H(Q) embeds continuously into L*' (2).

To see that (48) is equivalent to a fixed-point problem of the form (F-c¢) and, thus,
covered by the analysis of Sect. 2.4, we have to study the mapping H} (Q) 3 u — b1 (u)
ba(u) + f € LP(Q2) which we shall denote by @, i.e.,

: HY(Q) — LP(Q), ®(u) = by (u)ba(u) + f. (49)
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Lemma 3.16 Suppose that Assumption 3.15 holds. Then the function ® : H}(£2)
— Lp( ) in (49) is well defined and Newton differentiable with the derivative
Go : Hi(2) — L(H (), LP(2)) given by

Go(u)h = by (u)Gp, (u)h + ba(u)Gy, (w)h  Yu,h € HH(Q). (50)

Further, it holds

1Ga(u) . (HY(Q),LP(R)) = (Llp(bl) [[b2(u )HLZP(Q)

(51)
o+ Lip(b2) 161 () v ) ) ezl ey o), 220 o)

forall uw € HE () and

[@(u1) = D(u2)]l 1o () < (Llp(bl) [[b2(u2) | L2 (@) )
5
+ Lip(b2) [[b1(w1)l 120 (0 ) lle2pllcca ) zoe @ llur — uall o)

Sor all uy, uy € H} (), where 1o, € L(HJ (£2), L?P(12)) denotes the embedding of
H}(2) into L?P(02).

Proof From Holder’s inequality, the triangle inequality, our assumptions on p, the
Lipschitz continuity of b; and b2, and the Sobolev embeddings, we obtain that

11 (w)ba () + fll Lo ()
< ||f||Lp(Q) + ”bl(u)HL?p(Q) ||b2(u)HL2p(Q)

<Nl pe(o) + (Lip(b1) ||u||L2P(Q) + ”bl(O)HL?P(Q)
@

- (Lip(v2) ||u||m(m + 182(0) )

< fllee) + H (Llp Mezpll ez, p2e @) lull g2 ) + 10:(0 )”L?P(Q))

holds for all u € H{(f2). This shows that ® is well defined as a function from
HY(Q) to LP(2). Consider now an exponent g > 2p that satisfies ¢ < oo
in the case d <2 and ¢ < 2d/(d —2) in the case d > 3. (Such a ¢ exists by
Assumption 3.15(iii).) Then it follows from [33, Theorem 3.49] that the maps
F; : L9(Q) — L?*(Q), u > bi(u), i = 1,2, are Newton differentiable with New-
ton derivatives G, (u)h = Gy, (u)h. In combination with Lemma A.2 (applied to
U=LQ),V=W=L*?Q), Z=1LP(Q), and a: L??(Q) x L??(Q) — LP(Q)
as the pointwise-a.e. multiplication), this yields that the function
F:L1Q) — LP(Q), u > by(u)be(u), is Newton differentiable with Newton
derivative Gp(u)h = by (u)Gp, (u)h + b2(u)Gp, (u)h. That ® is Newton differen-
tiable as a function from Hg (£2) to LP(2) with the derivative in (50) now follows
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immediately from the Sobolev embeddings and the sum rule for Newton deriva-
tives. Note that (51) is an immediate consequence of the estimate

G (W)l 2(m2 ), Lr @)

= sup 11 () G, (w)h + b () Gy, (w)h]l Lo )
hEHé (0)7”]1”1{3 (Q)Sl

< s () ey Lip(b2) + [12(0) 2y Lip(b1) ) 1l e

hE B 1Al ;3 () <1

N

IN

(Lip(b1) 132 ) 2y + Lo (b2) 191 ()20 ) e g nmcy
Yu € Hy(Q).

Similarly, we also obtain

[@(u1) — 2(u2)|l 10 (q)
= (b1 (u1)b2(u1) — b1 (u1)ba(uz) + by (u1)be(uz) — bi(u2)ba(u2)|l s
< b1 (ua)ll p2n gy 102 (u1) = ba(u2)ll p2n @)
+ [[b2(u2) || L2n () 101 (1) = b1(u2)ll 20 ()

< (Lip(b2) ||b1(“1)||L2p(sz) + Lip(b1) ||b2(u2)||L2P(Q)) [[ur — U2HL2P(Q)
(b2

< (Lip(b2) 101 (1)l 2oy + Lin(b) [1b2(u2) | v e )

leapll (a3 @), n20 () lur — w2l gy (q)

for all uy,us € HE(Q). This establishes (52) and completes the proof. O
Recall that our assumptions on p imply that LP({2) embeds continuously into
H~1(Q). In combination with Lemma 3.16, this allows us to recast the semilinear
VI (48) in the form

Find u € H}(Q) such that u = So(®(u)), (53)

where ® : H}(Q) — LP(Q) is defined as in (49) and Sp: H~1(Q) — H(Q)
again denotes the solution map of (24), i.e., the function that maps a source term
w € H~1(Q) to the solution u of

Find u € H}(Q) such that u € K,

<—AU —w,v — U>H*1(Q),H5(Q) >0 YweK. (54)

From [29, 48], we (again) obtain that .Sy is Newton differentiable as a function from
LP(Q) to Hg (£2). For the convenience of the reader, we restate this Newton differen-
tiability property in a way that fits to the application context of (48).

Lemma 3.17 Suppose that Assumption 3.15 holds. Then the solution map
So: H71(02) — H(2), w— u, of the obstacle problem (54) is well defined. Fur-
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ther;, Sy is Newton differentiable as a function from LP(2) to Hy (£2) with the Newton
derivative Gs, : LP(£2) — L(LP(£2), H}(12)) defined by

Gs,(w)h =2z if andonlyif =z€ Hy(I(w)),
(=Az = hyv)g-1().mi@) = 0 Yo € Hy(I(w))

forall w,h € LP({2). Here, I(w) := \{z € 2| So(w)(z) = Po(z)} denotes the
inactive set associated with w, defined in the same sense as in (26). Moreover, it
holds

||Gso(w)||L(Lp(Q),Hg(Q)) < ||Lp/||1:(H3(Q),Lp’(Q)) Vw € LP(Q) (55

and

[So(w1) — So(w2)HH5(sz) SHLP’HL(H[%(Q),LP/(Q)) [[wr — w2HLp(Q)

56
le,wgeL”(Q), (56)

where p' := p/(p — 1) denotes the Hélder conjugate of p and v,y the embedding of
HX () into L*' ().

Proof That Sy is well defined again follows from our assumptions on @y and [44,
Theorem 4:3.1]. That Sy is Newton differentiable as a function Sy : LP(Q) — H(Q)
with derivative Gg, is a consequence of [46, Theorem 4.3], the inclusions in [46,
Proposition 2.11], and [48, Theorem 4.4]; cf. the proof of Lemma 3.5. The estimate
(55) follows trivially from

”Gso(w)h”?{é(ﬂ) = (h, Gs,(W)h) g-1(0),11(0) < [[hlle @) |Gso (WAl Lo (o)

< Mlepll a0 () 1Pl e @) |G so (W) Rl 3 ()

for all w, h € LP(Q2). The Lipschitz estimate (56) is obtained along the exact same
lines by choosing So(w1) as the test function in the VI for Sp(ws), by choosing
So(wsz) as the test function in the VI for Sy (w1 ), and by adding the resulting inequali-
ties. O

From Lemmas 3.16 and 3.17, it follows immediately that the VI (48)—or, more
precisely, its reformulation (53)—is covered by the analysis of Sect. 2.4.

Corollary 3.18 Suppose that Assumption 3.15 holds and define

VR = llapll ccmy )20 ) o | 2 (), 207 ()

sup (Lin(®1) 152000 20 )

WieHé (Q)vl‘vz IlHé<Q)SR7i:112

+ Lip(ba) b1 (02) | vy ) YR € (0, 0],
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where L2y, and v,y denote the embeddings introduced in Lemmas 3.16 and

3.17. Let R € (0, 00) be given such that g € [0,1) holds. Then the maps

@ : Hi(02) — LP(2) and Sy : LP(2) — HJ (R2) from Lemmas 3.16 and 3.17 sat-
isfy the assumptions of Corollary 2.13 with

X=H}(Q), Y=D=IL?Q), S=.5,

(57)
B= Bgé(ﬂ)(O)7 and v ="g.

Furthermore, if Yoo € [0,1) holds, then ® : H} (£2) — LP(§2) and Sy : L*(£2)
— Hg (02) satisfy the assumptions of Corollary 2.12 with v := Voo and X, Y, D,
and S as in (57).

Proof The assertions of the corollary follow straightforwardly from Lemmas 2.9,
3.16, and 3.17 by comparing with the assumptions of Corollaries 2.12 and 2.13. [J

From Corollary 3.18, we obtain that (53) is amenable to Algorithm 2 provided the
Lipschitz constants and the growth behavior of the functions b; and bs are suitable;
analogously to the obstacle-type QVIs in Corollaries 3.11 and 3.14.

4 Numerical experiments for obstacle-type QVis

If we combine the results of Sects. 3.1 and 3.2, then we obtain that the analysis of
Sect. 2.4 applies to obstacle-type QVIs of the form

Find u € Hy(Q) satisfying u < ®g + ®(u),
(—Au— fiv—u)g-19)m1 Q) = 0VvE H}(Q),v < By + D(u),
with ®(u) given by ®(u) := ¢T and T as the solution of
ET — AT = g(Yo+¢T —u) in Q, 9,7 =0 on 99,

(58)

provided the quantities €2, ®q, f, ¢, k, g, Uq, and ¥ in (58) satisfy the conditions in
Assumptions 3.1 and 3.8 for p = 2 and the data is such that Lemmas 3.2, 3.5 and 3.6
and Theorems 3.9 and 3.12 allow to establish the conditions (17) and (18) (or (19)
and (20), respectively) for X = H}(Q). Note that (58) covers the so-called thermo-
forming problem [2, §6] as a special case.

Remark 4.1 For d = 2, (58), with ¥y = ®( and ¥ = ¢, provides a simple model for
the problem of determining the displacement « of an elastic membrane, clamped at
the boundary 0f2, that has been heated and is pushed by means of an external force f
into a metallic mould with original shape ®¢ and deformation ®(u). The deformation
is due to the mould’s temperature field 7" which varies according to the membrane’s
temperature. The function g then models how the temperature T is affected by the
distance between the membrane and the mould. For more details on the thermoform-
ing problem, we refer to [2, §6] and the references therein.
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In the present section, we provide several examples of QVIs of the type (58) for
which all necessary assumptions are satisfied and present the results that are obtained
when Algorithms 1 and 2 are applied. Our goal is in particular to demonstrate the
g-superlinear convergence and mesh-independence of our semismooth Newton
method. We begin with a detailed description of how we realized and implemented
Algorithms 1 and 2 in the situation of (58).

4.1 Implementation details

Data availability and packages used We implement our experiments in the open-
source language Julia [50]. Our implementation makes use of the Gridap package
for the finite element discretization of the variational problems [51, 52] as well as
the NLsolve [53] and LineSearches [54] packages, for the solution of the (smooth)
nonlinear equations that arise when evaluating, e.g., the solution map of the obstacle
problem (21) by means of a regularization approach. For the sake of reproducibility,
the scripts used to generate the tables and plots depicted in the following subsections
can be found in the SemismoothQVIs package [55]. The version of SemismoothQVIs
run in our experiments is archived on Zenodo [56]. The run times were measured
on a desktop with 16GB of RAM and 8 CPUs Intel(R) Core(TM) i7-10700 CPU @
2.90 GHz. A Python implementation of Algorithms 1 and 2 is also available with
Firedrake [57] as the finite element backend; cf. [58].

Evaluation of S o ® The semismooth Newton methods in Algorithms 1 and 2
require the computation of the quantity S(®(u;)) in each iteration. (Here and in what
follows, we write u; etc. instead of x; etc. to conform with the notation in (58).) The
computation of S(®(u;)) can be split into two steps:

(E1) Given u;, compute ®(u;). (E2) Given ¢, compute S(¢).

For the QVI (58), (E1) is equivalent to the solution of a (potentially nonsmooth)
semilinear PDE and hence (E1) can be realized by means of a (semismooth) Newton
method.

The evaluation of S in (E2) is equivalent to solving the obstacle problem (21).
As this is a classical problem, a myriad of algorithms exist for its numerical solu-
tion. In this paper, we opt for a path-following smoothed Moreau—Yosida regulariza-
tion (PFMY) [59] followed by a feasibility restoration by means of iterations of the
primal-dual active set (PDAS) method [60]. By combining these algorithms, we find
that the number of iterations needed for the evaluation (E2) does not grow uncontrol-
lably as the mesh width goes to zero and the feasibility of S(®(u;)) is guaranteed.

Recall that the PFMY-algorithm for the solution of the obstacle problem relies on
the Huber-type function o, : R — R defined by

0 ifu <0,
op(u) =4 u?/(2p) 0 <u<p, for p > 0. (59)
u—p/2 ifu>p,

@ Springer



A globalized inexact semismooth Newton method for nonsmooth... 35

A PFMY-algorithm for approximating the solution u = S(¢) of (21) for given f, ¢,
and P chooses a sequence of Moreau—Yosida parameters pg > p1 > ... > py >0
and solves for each j the subproblem

Up; € Hy (%),

(up,,v )Hl(Q)+( Yo, (uy, — ¢ — ®o) — fov )LQ(Q =0 Yve Hi(Q). (60)

When u,,; is computed, it serves as the initial guess for the iterative solution of the
subsequent subproblem with parameter p; ;. In our implementation, all the sub-
problems that appear were solved by means of a classical Newton algorithm. The
last PEMY-iterate u,, is used as the initial guess for the PDAS-method in our solver
which restores the feasibility of the solution.

Action of Gr(u;) ™! Next, we detail how to compute the Newton iterate uy in
steps 7 and 8 of Algorithms 1 and 2, respectively. In view of Lemma B.1(ii), given
the previous iterate w; and ug := S(®(u;)), to determine wy, one has to (approxi-
mately) solve the linear system

(Id — Gs(®(ui))Ga(ui)) dun = up — u; (61)

for duy and set upy :=wu; +duy. In order to realize the composition
Gs(®(u;))Go(u;) in (61), we introduce the auxiliary variables 1 := G (u;)duy
and p = Gg(P(u;))n —n = Zs(P(u;))An, where Zg is defined as in Definition
3.4. As discussed in Theorem 3.9(iii), 1 then satisfies n = ¢ with &€ € H(Q) as
the solution of (33) with h := duy. From Definition 3.4, we further obtain that
p is the weak solution of —Ap — An =0 in I;, 4 = 0 in Q\I;, where I; and A;
denote the inactive and active set associated with the iterate u;, respectively, i.e.,
A = A(®(u;) = {z € Q| up(x) = Po(z) + ®(u;)(x)} and [; =OQ\A;. By
rewriting all of these PDEs in variational form and substituting, it follows that (61)
can be recast as:

Find (dun, &, p) € HE () x HY(Q) x H} (I;) such that
(dun — p— @&, v) 2 () — (uB — Ui, v)r2(0) =0 (62)

Vv € HY(Q),
(VE, V)20 + (k€ + Gg(Vo + 0T — ui) (Sun — 1€), () r2) = )
V¢ e H'Y(Q),
(Vi + V(€), V) 120y =0 Vg € Hy(L), (64)

where T; € H'(Q) denotes the solution of (30) with u = u;. Note that the system
(62)—(64) is linear in duy, &, and p and, therefore, reduces to a linear system solve
after discretization. The act of encoding the inactive set in (64) in the discretized lin-
ear system is discretization dependent. How this is achieved for a piecewise (bi)linear
finite element discretization is discussed at the end of this subsection.
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Comparison methods In our numerical experiments, we compare Algorithms 1
and 2 with three alternative approaches for the numerical solution of (58), namely:

(ChH a pure fixed-point method,;

(C2) a Newton method applied to a smoothed Moreau—Yosida regularization of
the QVI (58) with fixed p;

(C3)  Algorithm 1 but with a backtracking Armijo linesearch applied to each
Newton update. We use the backtracking Armijo linesearch as described in [34,
§3.5] and implemented in the LineSearches package [54] with the merit function

[ R(wi)| 1 ()

The iterates of the fixed-point method are defined by wu;+1 = S(®(u;)) for
i=1,2,..., where S(®(u;)) is computed as described above. If the map S o D is
contractive, then this type of algorithm can be expected to converge linearly to the
QVI-solution.

For a given p > 0, a smoothed Moreau—Yosida regularization of the QVI (58)
corresponds to replacing the solution operator S of the obstacle problem (21) by the
solution map S, of the mollified problem (60) wherever it appears. For the inner
solver, this means that ug = S(®(u;)) is approximately calculated by replacing
(21) with its Moreau—Yosida regularization (60) and by subsequently applying New-
ton’s method. In (61), we then approximate the update formula uy := wu; + duy via
UN,p = U; + dun,p, Where duy,, is obtained by solving the system

Find (Sup,, & w) € Hy(Q) x H'(Q) x Hg(Q) such that

65
(511,]\77/3711),1))[/2(9)7(7.1,3711,1',1))]42(9) =0 VUGH&(Q), ( )

(VE, V) r2q) + (K€ + Gg(Wo + YT; — ui) (Sun,p, — ¥€), 2y =0 V¢ e H'(Q), (66)

(Vw, VQ)LQ(Q) + P71 (GU,, (uz - q)() - @Tz)(w - @é)v q)LQ(Q) =0 VQ € H&(Q) (67)

Here, T; € H'(£2) again denotes the solution of (30) with u = u; and G5, : R — R
the derivative of the function o, in (59). The key difference between (65)—(67) and
(62)—(64) is that (65)—(67) does not contain an active set. In particular, (C2) does
not require the semismoothness results that we derived in this paper for the map
S o ®. However, we shall see that this regularization is unfavourable. In particular,
the approximated QVI-solution is dependent on the Moreau—Yosida parameter p and
is typically infeasible. Moreover, the convergence of the algorithm is slower than
when computing duy via (62)—(64) directly, and the convergence rate degrades in
the limit p — 0 due to ill-conditioning; see Fig. 3d in Sect. 4.4.

Finite element discretization To discretize the variational problems, we consider
uniform subdivisions of the domain 2 into intervals and quadrilateral cells, respec-
tively, depending on whether the dimension is one or two. In one dimension, we
discretize with a continuous piecewise linear finite element P; and in two dimensions
we choose the tensor-product of the one-dimensional basis P; x P; and define the
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mesh size h as the length of the edge of a cell. This discretization applies to u, T', and
the auxiliary functions &, n, u, and w.

Discretization of the active set The choice of a P;-, respectively, Py x P;-dis-
cretization means that the active sets in the PDAS-algorithm for the obstacle problem
as well as the sets A; and I; in (64) may be found by examining the coefficient vec-
tors of the involved finite element functions with respect to the nodal basis. In par-
ticular, enforcing (64) for all ¢ € H{ (I;) simplifies to deleting the rows and columns
in the corresponding finite element matrices and the rows in the right-hand side vec-
tor that are associated with nodal basis functions that belong to active nodes. More
explicitly, let up, &, p, duy, r, ® € RM denote the coefficient vectors of the finite
element functions ug p, &n, fth, OUN, K, Up — UB, K, and Pq p, + @5 Th, respectively,
that correspond to the quantities in the system (62)—(64). Let N, = {1,2,..., M}
be the index set of the set of the degrees of freedom and denote the discrete active
set by A, ={i €Ny, |up,; = ©,}. Denote further the discrete inactive set by
T, = M \2p, and suppose that the finite element linear system (before removing the
active set) induced by (62)—(64) is given by

Ky K2 K3\ [dun -r
K1 Ky O & |=(0]), (68)
0 Ki Ks3 I3 0

where K;; € RM*M for i, j € {1,2,3}. Then modifying (68) such that it corre-
sponds to a discretization of (62)—(64) with 1 € Hg (I;) and test functions ¢ € H{ (I;)
is equivalent to deleting the rows and columns in K33, the columns in K73, and the
rows in K39 and g whenever the row or column index is an element of 2. In other
words, (68) gets reduced to

Ky Ko [K13]mh»jh duy -T
Ko Ko O, .3, 3 =0, My, = 0.
ij‘ﬁh [K32]3h,‘ﬁh [K33]3h,3h Ky, th

Note that the realization of (64) for higher-order discretizations is a far more delicate
topic. We leave the study of such higher-order finite elements for future research.

4.2 Test 1: a one-dimensional QVI with a known solution
We are now in position to present our numerical experiments. We begin with a simple
one-dimensional instance of the QVI (58) which is covered by the global framework

of Sect. 2.4 and possesses a unique solution that is known in closed form. We choose
the quantities in the QVI (58) as follows:
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Q=(0,1), ®o(z)=max(0,|z —0.5] — 0.25),

1
f(z) = 72 sin(mz) + 100 max(0, —|z — 0.625| + 0.125), (z) = — sin(rx),
aq (69)

1 1-—
k=1, g(s):al—l—arctan(—min(Ts,l—s)), Uo=1, Y=
Q2

Here, oy, as > 0 are parameters that will be fixed later. Note that the conditions in
Assumptions 3.1 and 3.8 are trivially satisfied in the situation of (69) (with p = 2).
Using direct calculations and Remark 3.10, it is furthermore easy to establish the
following lemma.

Lemma 4.2 In the situation of (69), the QVI (58) possesses the solution
u(z) = sin(nz), T = ay. For the solution (u, T), the inactive set, the strictly
active set, and the biactive set are given by

{z e Q| u(z) < ®o(z) + ®(a)(z)} = (0,0.25) U (0.75,1),
{z e Q| u(z) = Po(z) + ®(a)(z), —u"(z) — f(z) # 0} = (0.5,0.75),

and
{z € Q| u(z) = Po(z) + ®(u)(x), —u" (x) — f(z) = 0} = [0.25,0.5] U {0.75},

respectively. Here, the function evaluations are defined w.r.t. the continuous repre-
sentatives of u, Py, P(u), and —u" — f. The function Wy + ) T — 4 takes values
only in the set of points of nondifferentiability of g. Further, the constant appearing
in (31) and (34) satisfies

1+7

Taqy

Cr@Lip(g) (¢l k™2 + ¢/l ek ") = (70)

Recall that the solution operator of the obstacle problem is Gateaux differentiable
if and only if strict complementarity holds; see [46, Lemma 2.6]. In combination
with the fact that the function W + ¢/T — 1 takes values only in the set of nondif-
ferentiable points of g, this means that the solution (i, T') corresponds to a worst-case
example. From (70), Corollary 3.11, and the global Lipschitz continuity of g, it fol-
lows further that the mapping ® : H}(Q) — Hg () appearing in (58) in the situa-
tion of (69) satisfies the conditions (i) to (v) in Theorem 3.7 whenever a1, s > 0
are chosen such that 1 + 71 < a;ay holds (with p = 2, the Newton derivative G
defined in Theorem 3.9(iii), and 7y := (1 + 7)(7raya2)~1). In particular, the QVI is
uniquely solvable for 1 + 71 < ajam, (@, T) is its unique solution, and the asser-
tions of Theorem 2.4 hold when we apply Algorithm 2.

The results that are obtained when our globalized semismooth Newton method is
applied to the QVI (58) in the situation of (69) (or, more precisely, to the operator
equation u = S(P(u)) that the QVI may be recast as) can be seen in Fig. 1.

Here, we considered two different parameter choices: (I) (aq,2) =
(1+771,101/100) and (II) (a1, a2) = (1072,1072). Note that, for choice (I),
we trivially have 1+ 7~ < ajae, so that Theorem 2.4 is applicable and global
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a, =1+ 71, a, = 101/100 a, =10 a, = 1072
B
100 | —e— Fixed Point u, — 0 10 F —@— Fixed Point u, ~ 0
—@— Algorithm 1 &2 u, 0 —@— Algorithm 2 w, = 0
—0 — Fixed Point w, ) . —@ — Fixed Point u, — (~A) "' f
_ 10t @~ Algorithm 1 & 2w, - (~4) ' f . 10t F £~ Algorithm 2 u, — (~A) "' f
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s B
= 10° = 1071
_ ~o-0-0-0 -7
10 10
0.689 | . . . . . . . . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Iterations i Iterations i
(a) Algorithms 1 and 2 and (C1) in test configuration (I) (b) Algorithm 2 and (C1) in test configuration (II)
=10 a,=107" 1.00 |
103 L —@— Algorithm 1 u, — 0
\ —y— Algorithm 1 + backtracking w, - 0
@ - Algorithm 1 u, = (-a) ' L
10t \ —¥ — Algorithm 1 + backtracking w, = (~4)"' f 0.75
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107 ——Mould &, + oT
0.00
0 2 4 6 8 10 12 14 16 18 0.00 0.25 0.50 0.75 1.00
Iterations i x
(¢) Vanilla & backtracking SSN iterations in test case (II) (d) The solution @ and its mould ®q + 7.

Fig. 1 (Test 1) Convergence behavior and results of the fixed-point method (C1) and Algorithms 1 and
2 for the parameter choices (I) and (II) as well as (C3) (Algorithm 1 with a backtracking linesearch), for
the parameter choice (IT) with the initial guesses uo = 0 and up = (—A) ™! f in the situation of (69).
The mesh size was chosen as h = 5 x 104, The numbers next to the graphs are the EOCs in (71).

g-superlinear convergence to the problem solution u is guaranteed. For (II), we have
14+ 71> ajay = 107*. We use this second configuration to investigate how our
algorithm behaves in situations that are beyond the scope of our analysis. In addition,
we also considered two different choices for the initial guess ug, namely, ug = 0 and
up = (—A)~Lf. Figure 1a shows the behavior of Algorithms 1 and 2 and the pure
fixed-point method (C1) for the two different starting values in configuration (I). It
can be seen that all three algorithms are able to identify the solution @ of the QVI up
to the discretization error for both choices of ug. The iterates for Algorithm 1 and 2
coincide as Algorithm 2 always chooses the iterate uy in step 9. Moreover, Algo-
rithms 1 and 2 require fewer iterations than (C1) and exhibit g-superlinear conver-
gence speed, as predicted by Theorem 2.4. This is also confirmed by the experimental
orders of convergence (EOCs) given by the formula

_ _ —1
l[ui = @l g3 () [uio1 = ull g1

EOC; :=log 1>2. (71)

3

[wio1 = ull g1 () iz — al| g1 @)

As fewer iterations do not always translate to faster convergence, we include the
run times for Algorithms 1 and 2 and (C1) in Table 1 for the setup from Fig. 1a. We
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Table 1 (Test 1) Run times (in seconds) for the semismooth Newton methods Algorithms 1 and 2 and the
fixed-point approach (C1) when applied to the problem and setup described in Fig. 1a.

Initial guess ug Algorithm 1 Algorithm 2 Fixed-Point (C1)
0 2.04 5.38 9.10
(_A)—lf 2.48 4.28 6.43

see that Algorithm 1 is the quickest, followed by Algorithm 2, and the fixed-point
approach (C1) requires the largest run time. When solving the thermoforming prob-
lem, each fixed-point iteration requires a VI solve which, as inferred from Table 1,
is the computational bottleneck. The acceleration of convergence from Algorithms 1
and 2 is achieved by a single linear system solve per iteration. Since the semismooth
Newton step is always accepted in Algorithm 2, the safeguarding procedure is redun-
dant and adds to the overall run time cost.

Figure 1b shows the convergence behavior of the two algorithms for the parameter
choice (II). It can be seen here that both Algorithm 2 and the fixed-point method stag-
nate/converge very slowly. For this configuration, Algorithm 2 always chooses = g
in step 9 for ¢ > 2, and the lack of contractivity of the composition S o ® results in a
very poor convergence performance. Figure 1¢ shows what happens in (II) with Algo-
rithm 1 with and without a backtracking linesearch (C3). As can be seen, both meth-
ods are able to identify u with superlinear convergence speed even in the absence of
contractivity. Notably, Algorithm 1 without a linesearch achieves convergence with
the fewest number of iterations and with a significantly smaller computational cost
since the backtracking linesearch requires many evaluations of S. This highlights that
it is worth to consider our semismooth Newton approach for the solution of QVIs
even in those situations where a rigorous convergence analysis is not possible.

4.3 Test 2: a one-dimensional QVI with two known solutions

Next, we consider the QVI (58) in a situation in which there are several solutions and
in which the localized setting of Sect. 2.3 has to be employed. We choose the data in
(58) as follows:

2 .
Q=(0,1), D=0, f(x)=airsin(ra), @<x>a2m’
(72)

_ 5m?sin(rx)
o 5 —cos(2mz)’

Here, a; > 0 and as > 1 are again parameters that can be chosen arbitrarily. Note
that the conditions in Assumptions 3.1 and 3.8 are all satisfied in the situation of (72)
(with p = 2) and that, in contrast to the example in Sect. 4.2, the function ¢ in (72)
is only locally Lipschitz continuous (but C'!). Similarly to Lemma 4.2, we obtain:

Lemma4.3 [n the situation of (72), the QVI (58) possesses (at least) the two solutions
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and

_ . = 5 — cos(2mx
tg(x) := ay sin(mx), To(x) := oq%

If My, is defined as in Theorem 3.12, then it holds

1 10(1
My =ty 100ET) b (73)
2 3may
and
. —-1/2 I -1 ‘Q|
Lip(g, [~ M, Mr]) (Il k™2 + ¢/l (@) =
L _ “1\ 19|
= i Lip(g. () (Iellemioh /2 + I leb ™) 2 74)
_ B0ag (L 20047 )
3aq 3man

Furthermore, the right-hand side of (74) is an element of the interval [0, 1) if and
only if

R <Ry 0, =

30, \/ (5az +8)72 + 81 o)

™
10(1 + 7) 80y 4

Proof To see that (i, 71 ) solves (58) in the situation of (72), it suffices to plug every-
thing in (72) and the formulas %; = 0, Ty = 0 into (58). That (g, T3 ) is another solu-
tion is proved analogously. Note that, to see that the differential equation in (58) is
satisfied for (iiz, T5), one has to employ the double-angle-formula for the cosine, i.e.,

— 2
KTy — TY = 2 <a1 5 Cos(27rx)> _ 4may cos(2mx)

1072 1072
)

=g (—% sin(wx)) = g(Vo + PTs — ).

(1 — cos(27x)) = ay sin(mz)?

To check that My is given by (73) in the situation of (72), it suffices to note that
|Q21/2 = 1 holds for Q = (0,1), to calculate that |[¢)|| oy = 572/6, to note that
the function g in (72) satisfies Lip(g, [—t,t]) = 8t/a; for all t > 0, and to plug into
(44). To obtain (74), one proceeds analogously, using that ||| e (o) = Saem?®/3 and
' lLo () = 5aem3 /2. The estimate (75) finally follows from an application of the
pq-formula. (]
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That the QVI (58) possesses two solutions in the situation of (72) shows that this
test case is beyond the scope of the analysis of Sect. 2.2 and that problems of the type
(58) may indeed possess several solutions if the conditions in (17) and (18) are vio-
lated. To see that we may apply the results of Sect. 2.3, we first note that the spaces
X = H}Q),Ya ={ve HYQ) | v € L*(Q)} = HY(Q) N H%(Q),theset D = Ya,
the solution operator S : H3(Q2) — H}(Q) of (21), and the map @ : H}(Q) — Yz in
(58) satisfy the conditions in points (i) and (ii) of Corollary 2.13 in the situation of
(58) by Lemmas 3.5 and 3.6 and Theorem 3.12. It remains to find a set B with the
properties in points (iii) and (iv) of Corollary 2.13. To this end, let us suppose that
B is a closed ball in H}(Q) (not necessarily centered at zero) that is contained in
{v e H Q) | HUHH(} (@) < Rayas} with Rq, o, defined by the formula on the right-

hand side of (75). From Lemma 2.9, it follows that the projection Pg : H}(Q)) — B
in H}(Q) onto B satisfies all of the conditions in point (iv) of Corollary 2.13. From
Theorem 3.12, the properties of R, «,, and Lemmas 3.2 and 3.6, we further obtain
that there exists yp € [0, 1) such that

15(@(ur)) = S(@(u2)) | 130y <NP(ur) — P(u2)llmy o)

76
<vBllur — u2llgi@) Vui,u2 € B (76)

and

sup 1Gs(®(w)Ga(u)ll om0y, a1 ) < sup 1Ga (Wl £er2 0,12 02)) < VB-

Putting everything together, it follows that the conditions in Corollary 2.13 are
all satisfied for B in the situation of (72). In particular, Theorem 2.8 is applicable
and we may employ Algorithm 2 to determine the intersection of the solution set
{ue HYQ) | u= S(®(u))} of (58) with B by solving the localized fixed-point
equation

Find # € X such that & = S(®p(%)), (77)

where ®p := ® o Pp. (This is just (F-loc) for H = S o ®.) Observe that since we
already know that u; = 0 solves the QVI (58), we obtain from Theorem 2.8 that our
algorithm should converge g-superlinearly to #; if 0 € B and to a point 4 ¢ B if
0 ¢ B when applied to (77).

To put these predictions to the test, we have implemented Algorithm 2 for the
solution of (77) in the situation of (72) for the case that B is a closed ball Bg(0)
of radius R > 0 in H}(Q) centered at the origin. As it turns out, for this config-
uration, there are two distinct regimes: (I) ae = 1 and (II) ag > 1. In regime (1),
the biactive set of the second solution (@, T3) is the whole domain, i.e., it holds
iy = (—A)7Lf = &y + T in Q. For this case, the solution (u2,Ts) is highly
unstable with respect to perturbations of the data. Furthermore, the QVIs obtained
from the discretization of (58) apparently do not possess any discrete solutions that
approximate (us, Tg). The outcome is that, after a discretization, the second closed-
form solution (o, T>) cannot be discovered by any method considered in this work,
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even if the interpolant I}, us of us is used as the initial guess and the mesh width 7 is
very small; see Fig. 2.

Note that this observation is also of independent interest as it shows that, for
a9 = 1 and the data in (72), the QVI (58) is ill posed; cf. [2, 16, 18-21]. In the second
regime (II), the solution (g, Tb) satisfies (—A) ™' f = iy < ®g + T in (0, 1) and
the active set of us is empty. Here, the numerical identification of us works without
problems; see below.

For our numerical experiments in regime (II), we considered the parameters
(a1, a2) = (10,3/2) and the initial guess ug(x) = 100(1 — x)z. With this choice of
o and az, we have Ra, o, ~ 0.3136 and ||tz 71 (0,1) = V507 ~ 22.21. In particu-

lar, the g-superlinear convergence of Algorithm 2 to u; is guaranteed by our analysis
for all R < 0.3136. Note that, due to (76), we also immediately obtain that the fixed-
point method (C1) converges to u; for all R < 0.3136 when applied to (77).

When running Algorithm 2 and the fixed-point method (C1) in this configura-
tion, one observes that both algorithms converge in one iteration to (io, T5) for all
R > /50m. This effect is caused by the inactivity of #s in regime (II). The behavior
for 1/100 < R < /50 is tabulated in Table 2.

As can be seen, the number of iterations that Algorithm 2 and the fixed-point
method (C1) need to approximate i in H}(€2) up to the tolerance 10~*2 grows as
the projection radius increases. Interestingly, both methods still converge to the zero
solution for R < 9 despite R being greater than the critical radius Ry, «,. For larger
R, both methods stagnate without convergence. This behavior is caused by the loss
of contractivity on Br(0) for large projection radii R; cf. the behavior in Sect. 4.2.

a; =10, ay =1, uy = I, 1,

107
=
S
_=
T~ —@— Fixed Point
] —W— Algorithm 2
—l— Algorithm 1
| <O— Algorithm 1 + backtracking
=
3

0 25 50 75
Iterations i
Fig. 2 (Test 2) Divergence behavior of the fixed-point method (C1), Algorithm 2, and Algorithm 1
with and without a backtracking linesearch (C3) in the situation of the QVI (58) with setup (72) and
(a1, a2) = (10, 1). No projection is used and the initial guess is (the Lagrange interpolant of) @a.
The mesh size is h = 5 x 10~ *. It can be checked that the pure fixed-point method actually converges
to w1 although it is initialized as close to w2 as possible. Algorithms 2 and 1 both with and without a
backtracking linesearch stagnate/enter a cycle and are unable to reduce the residual below 10~ in this

test case—a bound much larger than observed in the other experiments; cf. Fig. 3. This indicates that,
on the discrete level, there is no solution corresponding to 2.
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Table 2 (Test 2) The number of iterations, EOC-values, and run times (in seconds) needed by the pure
fixed-point method (C1), Algorithms 1 and 2, and (C3) (Algorithm 1 with a backtracking linesearch)
to converge to @1 for the QVI-problem (58) with setup (72) and (a1, a2) = (10, 3/2) with increasing
projection radius R.

R 001 2477 4944 7411 9879 12346 14.813 17.28
(C1) Iterations 4 7 9 12 - - - -
EOC 191 2.01 2.0 2.01 - - - -
Runtime (s) 133 240 3.09 423 - - - -
Algorithm 2 Iterations 2 6 8 11 - - - -
EOC 1.56  2.01 2.0 2.01 - - - -
Runtime (s) 2.13  4.88 6.24 8.68 - - - -
Algorithm 1 Iterations 2 3 3 3 3 3 3 -
EOC 1.56 691 9.16 11.29 1359 1642 20.26 -
Runtime (s) 1.60 2.08 2.00 2.24 2.10 2.03 2.16 -
(C3) Iterations 2 3 3 3 3 3 3 -
EOC 1.56 691 9.16 11.29 1359 1642 20.26 -

Runtime (s) 2.74 3.72 3.65 3.78 3.87 3.79 4.10 -
We chose a mesh size of & = 5 x 102 and terminated the algorithm when H“zHHé 0,1 < 10-18. A

dash implies that the algorithm stagnated without convergence. All of the considered algorithms failed
to converge for 17 < R < v/50m.

As can be seen in Table 2, Algorithm 1 with and without a backtracking linesearch
converges to u; for all R < 15. In fact, for values of R which lead to convergence,
the linesearch procedure always resulted in a step size of one. Hence the two algo-
rithms produce identical iterates. Similarly to Sect. 4.2, they both handle the lack of
contractivity for large R far better than Algorithm 2 and the fixed-point method (C1)
and both converge in a maximum of three iterations when R < 15. To allow for a
comparison of convergence speeds, Table 2 also shows the largest EOC-values that
were measured for the four algorithms during each run (defined as in (71)). As can
be seen, Algorithm 2 and Algorithm 1 with and without a backtracking linesearch
exhibit superlinear convergence speed. However, in contrast to the example in Sect.
4.2, this time we also observe g-superlinear convergence for the fixed-point method
(C1). The reason for this effect is that the Lipschitz constant Lip(g, [—t,t]) = 8t/
of the nonlinearity in (72) goes to zero for 0 < ¢ — 0. (Note that, for Algorithm 1 and
(C3), the number of iterations is so small that the EOC-values in Table 2 should be
taken with a grain of salt.)

4.4 Test 3: the thermoforming QVI in two dimensions
As a third test case, we consider the QVI (58) in the following situation:

Q=(0,1)% ®g(x1,22) =1 —2max(|z; — 0.5, |z2 — 0.5]), f =25,
p(x1, 22) = sin(rxy) sin(rzs), k=1, Tg=0,, o=,

1/5 if s <0, (78)
g(s)=< (1—s)/5 f0<s<1,
0 otherwise.
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Note that the above setting corresponds to an example of the thermoforming problem
described in Remark 4.1. From the application point of view, it models the situation
that a hot thin square plastic sheet is pushed by a constant pressure into a pyramidal
metal mould. For the data in (78), one can check that the conditions in Assumptions
3.1 and 3.8 are satisfied with p = 2. From a straightforward calculation and Remark
3.10, we further obtain that

1
Jg” ~ 0.8283 < 1.

Cr() Linl) (el @k + Vel @k ) <

In combination with Corollary 3.11 and Theorems 3.7 and 3.9, this shows that the
setting (78) is covered by the analysis of Sect. 2.4 and that our global convergence
result for Algorithm 2 applies. In particular, (58) possesses a unique solution (%, T)
in the case of (78) by Lemma 2.3.

The results that we have obtained in the situation (78) for the QVI (58) can be seen
in Fig. 3 and Table 3. Figure 3 shows surface plots of the membrane « and the mould
®( + T as well as a slice of the membrane, mould, temperature 7', and mould defor-

Membrane « 1.00 Mould @, + T

1.0 0.0

1.0 0.0

(a) The membrane @ (b) The mould ®q + T

—@— Fixed Point

Membrane

Temperatu
~—— — Mould Deformation

—V- - MY-Newton (p = 1.0e-6)
—V- - MY-Newton (p = 1.0e-8)

- ~ 107 -

X, Iterations

(c) Slice at x2 = 1/2 (d) Convergence behavior

Fig. 3 (Test 3) Surface plots of the membrane (a) and corresponding mould (b) together with a slice
plot at z2 = 1/2 (c¢) for the thermoforming setting (78). (d) Depicts the outer loop convergence of Al-
gorithm 2, the fixed-point method (C1), and the regularization method (C2) for A = 0.02 and various
p. The residual depicted for (C2) is that of the smoothed system. It can be seen that Algorithm 2 con-
verges the fastest and that the convergence speed of the Moreau—Yosida-based method (C2) degrades
for p — 0 due to ill-conditioning effects.
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Table 3 (Test 3) Number of iterations of the outer loop and cumulative number of iterations for the inner
loops when Algorithm 2 and Algorithm 1 (in brackets) are applied to (58) in the situation of (78) for vari-
ous mesh widths h.

h Outer loop Inner solver for ® Inner VI-solver for §  Run time (s)
Semismooth Newton  Semismooth Newton =~ PFMY PDAS
0.04 4(4) 13(9) 293 (159) 17(10)  6.56 (1.92)
0.02 4(4) 13 9) 340 (185)  31(17)  11.86(4.98)
0.01 3(3) 12 (8) 277 (150) 20 (11)  29.49 (15.25)
0.00667 3 (3) 12 (8) 283 (158) 17 (11)  63.02 (34.80)
0.005 3(3) 12 (8) 285(158) 29(17)  118.48 (65.70)
0.004 3(4) 11 (8) 289(199) 29(21) 179.37(127.81)
0.00333 34 10 (7) 262 (184)  29(21)  249.95(187.96)

The algorithm is terminated once || R(u;)|[g1(q) < 10712, In the final column, we report the total
run times (in seconds) of Algorithm 2 and Algorithm 1 (in brackets) for each mesh. We observe that
the number of outer loop iterations and the number of inner semismooth Newton steps needed for the
evaluation of ® are mesh-independent and that the number of PFMY- and PDAS-iterations does not
grow in an uncontrollable manner.

mation 7T at x5 = 1/2. It also depicts the convergence behavior of Algorithm 2,
the fixed-point method (C1), and the Moreau—Yosida-based regularization method
(C2) for various choices of p. We see that Algorithm 2 converges the fastest and that
the fixed-point method (C1) is the slowest, exhibiting linear convergence speed (as
expected). For the regularization method (C2), the convergence degrades for p — 0.
Recall that p must be driven to zero in (C2) in order to get an approximate solution
close to the true QVI-solution. This, however, causes ill-conditioning effects that
reduce the convergence speed.

Table 3 shows the number of outer semismooth Newton steps as well as the overall
number of inner semismooth Newton iterations, PFMY-iterations, and PDAS-feasi-
bility restoration steps that Algorithm 2 requires in the situation of (78) for various
mesh widths £ to drive the residual || R(w;)]|| 1 () below the tolerance 10~ 2. As can
be seen, the number of semismooth Newton steps that Algorithm 2 needs is four or
fewer for all considered mesh widths h. This shows that—on the level of the solver
for the fixed-point equation (F-c)—we observe mesh-independence for our semis-
mooth Newton method. This very desirable property is characteristic for solution
algorithms whose convergence can be established not only for the discrete problems
obtained from a discretization but also on the function space level; see Sect. 2.4.
Note that, for the inner semismooth-Newton solver used for the evaluation of ® (i.e.,
the solution of the nonsmooth semilinear PDE in (58)), we also observe a mesh-
independent convergence behavior. For the hybrid PFMY-PDAS-algorithm used for
the evaluation of the solution map S of the obstacle problem, a mild form of mesh-
dependence is present that, however, is manageable. Note that the mesh-dependence
of solution algorithms for the obstacle problem is a known problem. Nevertheless
other experimentally mesh-independent solution methods, for the evaluation of S,
exist than just the one considered in this paper [61, 62]. The fact that Algorithms 1
and 2 reduce the number of outer iterations and, thus, required evaluations of S to a
minimum is a main advantage of our semismooth Newton approach in comparison
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Table 4 (Test 4) Number of iterations of the outer loop and cumulative numbers of iterations for the inner
loops when Algorithm 2 and Algorithm 1 (in brackets) are applied to (48) for various mesh widths h.

h Outer loop Inner VI-solver to
evaluate §

Semismooth Newton PFMY PDAS
0.02 4(5) 205 (136) 10 (7)
0.01 4 (4) 248 (142) 17 9)
0.005 3(4) 210 (152) 7(5)
0.0025 44 264 (149) 9(5)
0.00125 4(4) 296 (166) 17 (9)
0.00062 44 314 (176) 9(5)
0.00031 3(4) 262 (188) 7(5)
0.00016 3(4) 269 (194) 7(5)

The data was chosen as = (0,1), f(z) = 50sin(27x), b1(s) = max(0, s), b2(s) = s+ cos s, and
@0 = 1. Theinitial guess was ug (z) = 0. Thealgorithm was terminated once || R(w; ) || g1 ) < 10710,
It can be seen that the algorithms converge and that the number of outer loop semismooth Newton steps
and inner PFMY-/PDAS-iterations does not grow in an uncontrollable manner; similarly to the results
in Table 3.

1.0} —— - — — — — —
0.5t
0.0 f

-0.5

101 l—u(a)

()

0.00 0.25 0.50 0.75 1.00
€T

Fig. 4 (Test 4) Solution of the semilinear VI (48) in the situation of Table 4. The mesh size is
h=1.56 x 1074,

with fixed-point-based methods that have to evaluate S far more often due to their
slow convergence speed; cf. Fig. 3d.

4.5 Test 4: anonlinear VI

Finally, we briefly consider the nonlinear VI-example (53) of Sect. 3.3. We omit
conducting detailed numerical experiments along the lines of Sects. 4.1 to 4.4 here
to avoid overloading the paper and simply present a short feasibility study for a par-
ticular instance of (53); see Table 4 and Fig. 4. It can be observed that Algorithm 2
behaves similar for the semilinear VI (53) as for the QVI-examples in Sects. 4.2 to
44.
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We remark that, analogously to the approach presented in Sect. 3.3, one can also
establish that the analysis of Sect. 2.4 covers nonsmooth semilinear and quasilinear
partial differential equations (for which, as mentioned, contraction assumptions of
the type used in Sect. 2.4 are standard tools in existence proofs). A further interesting
application area for the framework of Sect. 2.4 is the study of fixed-point problems
(F-c) in which both S and & arise from a variational inequality. We leave both these
topics for future research.

Appendix A Calculus rules for Newton derivatives

The following calculus rules are well known and can be found in various variants in
the literature; see, e.g., [33, §3.3.7] for a version of the chain rule in Lebesgue spaces.

Lemma A.1 (Chain rule for Newton derivatives) Let (U, ||||;), (V,|-|y) and
(W, Illyy) be real normed spaces and let E C V be nonempty. Suppose that
V:U—=E and T: E— W are Newton differentiable functions with Newton
derivatives Gy : U — L(U,V) and Gp: E — L(V, W), respectively. Suppose
that, for every u € U, there exist constants C, e > 0 such that

| (u+h) = C(u)|v < C|hllu Vhe BL(0), (A1)
and that, for every v € E, there exist constants C,c > 0 such that

sup Gr(w <C.

wEEﬂB;’(v)H T( )”E(KW) (A2)
Define K : U — W by K := T o W. Then the function K is Newton differentiable
with Newton derivative Gk : U — L(U, W), Gk(u) := Gr(¥(u)) Gy (u).

Lemma A.2 (Product rule for Newton derivatives) Ler (U, ||,). (V,[|v)
(W -l w), and (Z, ||| ;) be normed spaces and let a: V x W — Z be a bilin-
ear and continuous mapping, i.e., it holds ||a(v, w)||, < Collv||v||w||w for all
(v, w) € V x W with a constant Co > 0. Assumethat P : U — Vand Q: U - W
are Newton differentiable with Newton derivatives Gp: U — L(U, V) and
Gg: U — L(U, W), respectively. Suppose that P and () are continuous with one of
them being locally Lipschitz. Then the function K : U — Z, K(u) := a(P(u), Q(u)),
is Newton differentiable with derivative

Gk :U— ﬁ(U,Z),
Gr(u)h = a(P(u), Go(u)h) + a(Gp(u)h,Q(uw)) Vu,h e U.
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Appendix B Convergence of Algorithm 2

To prove Theorem 2.4 concerning the convergence of Algorithm 2, we first require
the following lemma on the properties of the residual function R of (F).

Lemma B.1 (Properties of R) Suppose that Assumption 2.2 holds. Then the function
R : X — X satisfies the following:

(i) R isbijective and its inverse R~ : X — X satisfies

1
IR~ (1) = R (@2)llx < [e1 =zl x  Var, 22 € X (B3)
1

and

21 — @2llx < (1 +VIR " (#1) — R M (x2)|lx  Var,22 € X. (B4)

(ii) Ris Newton differentiable on X with Newton derivative Gr(z) := Id — Gg(x).
(iii) For every = € X, the inverse G(x)' exists and it holds ||Gr(2) ™ || z(x,x)

<(1-v)7h

Proof To prove (i), suppose that y € X is given. Then y = R(x) is equiva-
lent to the fixed-point equation z =y + H(x), which possesses a unique
solution = := R~!(y) by the Banach fixed-point theorem. Thus, R is bijec-
tive and R~ : X — X exists. Consider now some xi,z> € X. Then it holds
z; = R(R™Y(z;)) = R (z;) — H(R™'(x;)), j = 1,2, by the definition of R.
Thus, by the triangle inequality and (5),

IR (1) = R} (@2)llx = llo1 — @2 + H(R™ (21)) — H(R™(22)) ]| x
< llzy — @2l x + AR (1) — R (22)llx-

This establishes (B3). The second estimate (B4) follows from
lz1 = @2llx = [R(R™(21)) = R(R™!(22))llx < (L+ )[R (1) = R™(22) ] x.

This proves (i). The assertion of (ii) follows from the sum rule for Newton differ-

entiable functions and the Newton differentiability of H. To finally establish (iii),

it suffices to note that the £(X, X)-norm of the operator G5 (x) appearing in the

definition of G r(z) is bounded by v € [0, 1) due to Assumption 2.2(iii) and to use

Neumann’s series. This completes the proof. O
Using the properties in Lemma B.1, we can now prove Theorem 2.4.
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Proof of Theorem 2.4 Let x; € X be given and let zg, 2y € X be chosen such that
(7) and (8) hold. Then the y-Lipschitz continuity of H in (5), (7), the triangle inequal-
ity, and the definition of R imply that

min ([|[R(zp)|x, [[R(zn)llx) < [[R(zB)llx
= llzp — H(x:) + H(z;) — H(zp)| x
< Tl R(wi)llx +vlles — H(x:) + H(x:) — zBllx
< (i + v +m) [|R(2) |l x
= Bil R(x:)| x

holds, where (; :=7; +v+ 7. Due to the acceptance criterion in Algo-
rithm 2, the above yields that, if Algorithm 2 does not terminate in the iterations
1=0,1,...,n—1,n € N, then z,, satisfies

[R(zn)llx < On-1llR(z0)]lx (BS)

with on—l = 6061 o ﬁn—l-
Let us now first consider the situation in (i), i.e., the case tol > 0 and
7 < (A=7)/(1 4+ ~) for some A € (v,1). Then we have

A— A—7
R L < e L —— =)A€ (y,1) VieN,
Bi=Ti+y+1m < T +y+7 ‘1+7+7+71+v (7,1) VieNg

and we obtain from (B5) that || R(x,,)|| x < A™||R(x)]||x holds when the termination
criterion ||R(x;)||x < tol in step 4 is not triggered for i =0,1,...,n —1, n € N,
That Algorithm 2 has to terminate after the number of iterations in (9) follows imme-
diately from this estimate. From (B3), we further obtain that the iterate =* that Algo-
rithm 2 returns in this situation satisfies

lz* = Zllx = |[RH(R(=")) = R~ (R(z))l|x

IR - R@lx

1
— \R(zx*
e L]
tol

1—7.

(B6)

IA

This completes the proof of (i).

Let us now assume that tol =0 holds and that Algorithm 2 does not ter-
minate after finitely many iterations. Then it follows from the inequality
IR(z:)|lx < 6;i—1||R(xo)||x for all i € N, the definitions 6; := By31 - -+ B; and
Bi == 7; + v + 7, the convergence 7; — 0, and v € [0,1), that ; converges to
7, that 6; goes to zero, and that ||R(x;)||x — 0 holds for 7 — co. In combination
with the estimate ||z; — Z||x < (1 — )7 !||R(x;)| x, that is obtained along the exact
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same lines as (B6), this yields that 0 < ||z; — Z||x — 0 for ¢ — oo. From (8), the
properties in Lemma B.1, the acceptance criterion in Algorithm 2, and the conver-
gence p; — 0, we further obtain that

IRl < IRl
= [ R(ex) — RG@)x
(1 + 7l ~7lx
< T2 1GR (@) o — Dl
I+y

<1 ||R( ) — R(z;) + Gr(z:)(zi — 7)||x

IN

+ 1+—PyHR(xz) + Grlz)(zny — )| x
- 1+~ ||R( ) — R(z;) + Gr(x;)(x; — )| x
T 1l-y |zi — 7l x
LR
L+v ||R(Z) — R(x;) + Gr(zi) (=i — 7)|Ix
T (1-9)2 |z — || x

L nl Rl

o(1)|[R(z;)[|x Vi€ Ny,

[z — 2] x

[ B(zi) — R(7)]|x

where the Landau notation o(1) refers to the limit ¢ — oo. This proves that || R(x;) || x
converges g-superlinearly to zero. To obtain that the convergence ||x; — Z||x — 0 s
g-superlinear too, it suffices to note that the same arguments as in (B6) and the esti-
mates (B3) and (B4) imply

_ 1
it — 2l x SSHR(xm)IIX < o(D)[|R(z:)l x

=o(1)||R(x;) — R(Z)||x < o(1)[|w; — Z||x
for i — oo. This establishes (ii) and completes the proof of Theorem 2.4. O
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