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Abstract
Total variation regularization has proven to be a valuable tool in the context of op-
timal control of differential equations. This is particularly attributed to the observa-
tion that TV-penalties often favor piecewise constant minimizers with well-behaved 
jumpsets. On the downside, their intricate properties significantly complicate ev-
ery aspect of their analysis, from the derivation of first-order optimality conditions 
to their discrete approximation and the choice of a suitable solution algorithm. 
In this paper, we investigate a general class of minimization problems with TV-
regularization, comprising both continuous and discretized control spaces, from a 
convex geometry perspective. This leads to a variety of novel theoretical insights 
on minimization problems with total variation regularization as well as tools for 
their practical realization. First, by studying the extremal points of the respective 
total variation unit balls, we enable their efficient solution by geometry exploiting 
algorithms, e.g. fully-corrective generalized conditional gradient methods. We give 
a detailed account on the practical realization of such a method for piecewise con-
stant finite element approximations of the control on triangulations of the spatial 
domain. Second, in the same setting and for suitable sequences of uniformly refined 
meshes, it is shown that minimizers to discretized PDE-constrained optimal control 
problems approximate solutions to a continuous limit problem involving an aniso-
tropic total variation reflecting the fine-scale geometry of the mesh.
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1  Introduction

In this paper, for Ω ⊂ Rd a bounded domain with strongly Lipschitz boundary, we 
consider minimization problems of the form 

 where V ⊂ Lq(Ω) is a weakly closed linear subspace of Lq(Ω), q = d/(d − 1), 
and the objective functional consists of two parts: First, the composition of a smooth 
functional  F with a linear continuous operator K : V → Y  mapping to a Hilbert 
space of observations Y. Second, the total variation TV(u, Ω) of a function u ∈ V . 
This general setting encompasses denoising problems [61], by setting K = Id. How-
ever, our particular focus lies on instances in which the forward mapping K is com-
pact and potentially costly to evaluate. As a guiding example, we point out optimal 
control problems of the form 

 where α > 0, ∥Du∥M(Ω) = TV(u, Ω) denotes the norm of the distributional gradi-
ent Du seen as a vector-valued Radon measure and the control and state variables u 
and y are coupled by the PDE-constraint

	 −div (a∇y) + cy = u in Ω, y = 0 on ∂Ω.� (1.1)

Imposing suitable regularity assumptions on the coefficient functions  a 
and  c, respectively, Problem  (D) fits into the general setting  (P) by choosing 
F (·) = (1/2α)∥ · −yo∥2

L2(Ω) and introducing the control-to-state operator y = Ku 
which maps the right hand side of a Poisson-type problem to its unique solution. 
Problems of this or similar form have received considerable interest since the total 
variation regularization favors minimizers which only attain a finite number of values 
on Ω. We refer e.g. to [7, 23, 24, 34, 40] without pretence of completeness. However, 
this desirable structure of optimal solutions comes at the cost of additional difficul-
ties such as the non-reflexivity of the space BV(Ω), the nonsmoothness of the total 
variation as well as the possible lack of strong convexity in Problem (P) due to the 
compactness of the observation operator K. These complicate both the theoretical 
analysis of the problem as well as its algorithmic solution.

A possible approach to alleviating some of these difficulties can be found by inter-
preting the TV-term as the Minkowski functional of the set

	
BV̊ :=

{
u ∈ V

∣∣∣∣ TV(u, Ω) ≤ 1,

∫

Ω
u(x) dx = 0

}

and studying the convex geometry of the latter, in particular its set of extremal 
points Ext(BV̊ ). From this abstract perspective it turns out that Problem (P) encour-
ages minimizers that are given, up to a constant shift, by conic combinations of 
few elements in Ext(BV̊ ). Moreover, existence of such sparse solutions is ensured 
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by convex representer theorems if the range of  K is finite dimensional, [8, 13]. 
For V = Lq(Ω), an explicit characterization of Ext(BV̊ ) is available which identi-
fies them as scaled characteristic functions of simple sets. This closes the circle to the 
aforementioned practical observation of piecewise constant solutions attaining few 
values. Moreover, this geometric interpretation also offers the opportunity for the 
application of efficient solution algorithms which can capitalize on these observations 
and produce fast-converging iterates comprising few extremal points. For example, 
the fully-corrective generalized conditional gradient method (FC-GCG) from [16] 
relies on alternating between the greedy update of finite sets Ak of extremal points by 
the solution of linear minimization problems over Ext(BV̊ ), and computing new iter-
ates in the conic hull of Ak by the solution of convex finite dimensional minimization 
problems with an ℓ1-type penalty term.

However, in many cases, e.g. for Problems of the form  (D), the action of the 
observation operator K on a function u ∈ BV cannot be computed analytically but 
requires the assistance of numerical methods and thus, ultimately, a discretization of 
the variable space. In the simplest case, this can be achieved by considering piece-
wise constant, V = P0(Th), or piecewise affine and continuous, V = P1(Th), finite 
element spaces subordinated to a triangulation Th with grid width  h of Ω for the 
discretization of u and by replacing K by a finite dimensional aproximation. While 
this yields a finite dimensional minimization problem, many of the original chal-
lenges, e.g. the nonsmoothness of the TV-term, still remain. Moreover, neglecting 
the infinite dimensional character of the continuous Problem (P) and applying black 
box methods for the arising nonsmooth minimization problems harbors the danger 
of mesh-dependence, i.e., the convergence behavior of the chosen algorithm may 
quickly deteriorate with decreasing grid width. Finally, discretizing the problem also 
raises the question of the limiting behavior of its solutions and their convergence 
towards minimizers of the continuous problem as the grid width tends to zero. While 
the answer to this is affirmative for V = P1(Th), e.g. based on [20, Theorem 4.1] or 
[5], it is well known that the same does not hold true for V = P0(Th). More in detail, 
given a generic function u ∈ BV(Ω) as well as a family of triangulations {Th}h>0 
of Ω, there may be no {uh}h>0 with uh ∈ P0(Th) such that

	
lim
h→0

[
∥u − uh∥L1 +

∣∣ TV(u, Ω) − TV(uh, Ω)
∣∣] = 0,

see e.g. [5] or the counterexample [25, Example 3.6]. As a consequence, accumula-
tion points of sequences of minimizers {ūh}h>0 to (P) for V = P0(Th) might not 
constitute minimizers of the corresponding continuous problem.

1.1  Contribution

The present paper aims at contributing towards the efficient solution of discretized 
minimization problems with total variation regularization. Moreover, we further 
investigate the behavior of solutions to Problem (P) for piecewise constant approxi-
mations, V = P0(Th), and vanishing grid width h > 0. In detail, the contributions of 
the present work are threefold:
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Convex geometry of total variation balls for P0(T ) and P1(T )
Motivated by the recent interest in the interplay between nonsmooth minimi-

zation and convex geometry, we investigate the extremal points of the set BV̊  for 
the particular choice of V = P0(T ) and  V = P1(T ), respectively. This yields 
two key observations: On the one hand, in the piecewise constant case, we show 
that  Ext(BP̊0

) = Ext(BL̊q ) ∩ P0(T ), i.e., piecewise constant discretizations 
are, loosely speaking, conforming with the convex geometry of the continuous 
ball  Ext(BL̊q ). In particular, this implies that  BP̊0

 is a convex polytope. On the 
other hand, we also show that piecewise affine and globally continuous discretiza-
tions, V = P1(T ), fail to capture the geometry of the limiting problem, since one 
clearly has Ext(BP̊1

) ∩ Ext(BL̊q ) = ∅, and, more surprisingly, the sublevel set BP̊1
 

is curved, thus admitting infinitely many extremal points.

A FC-GCG method for V = P0(T )
We propose a fully-corrective generalized conditional gradient method in the spirit 

of [16] for the solution of minimization problems with total variation regulariza-
tion and present worst-case convergence rates. For this purpose, an equivalent for-
mulation of Problem  (P) is considered which introduces the mean value of  u as 
a separable variable. For the case of piecewise constant discretizations, we give a 
detailed description of its practical realization. Using the derived characterization 
of Ext(BP̊0

), this requires the repeated solution of problems of the form

	
max

v∈P0(Th)

∫
Ω pv dx

TV(v, Ω)
where p ∈ P0(Th),

∫

Ω
p dx = 0� (1.2)

is a given dual variable. While finite, the size of its admissible set might grow expo-
nentially with h, thus requiring iterative methods for its solution. Inspired by classi-
cal approaches from fractional minimization, in particular the so-called Dinkelbach 
method, [63], we argue that (1.2) is equivalent to solving a finite number of minimal 
cut problems on the dual graph of the mesh. The practical efficiency of the resulting 
algorithm is demonstrated on two instances of the PDE-constrained minimization 
problem (D), each of them in two and three dimensions.

Discrete-to-continuum limits for  V = P0(Tk) We show that for a sequence of 
periodically refined triangulations {Tk}k∈N on the unit cube Ω = (0, 1)d, see Def-
inition  5.2, the restriction of the total variation onto  P0(Tk), denoted by  TVTk , 
approximates a limiting energy of the form

	

TVφT1
(u, Ω) := sup

{∫

Ω
u div ψ dx

∣∣∣∣ φ∗
T1

(ψ) ≤ 1 for all x ∈ Ω
}

=
∫

Ω
φT1

(
Du

|Du|

)
d|Du|.

in the sense of Γ-convergence w.r.t the topology on L1(Ω). Here, the functional φT1  
captures the anisotropy of the triangulation and is given implicitly by the optimal 
value function of a nonsmooth minimization problem. We emphasize, that in PDE-
constrained control applications such as the ones we focus on, the main goal is to 
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obtain solutions that attain few values. Consequently, we believe that the appearance 
of this anisotropy is not a serious concern. This stands in contrast to applications 
where isotropy is indeed desirable, such as in image processing and plasticity-related 
continuum mechanics problems (see for example [51]). For the particular case of 
the usual “double-diagonal” triangulation, see Fig. 4, we explicitly characterize φT1  
by proving that the level set φ−1

T1
(1) is given by a regular octagon. Finally, we point 

out that the convergence of the total variation immediately translates to minimizers 
of PDE-constrained problems of the form (D). More in detail, we show that finite 
element discretizations of Problem (D) with P0 elements for the control and P1 ele-
ments for the state variable asymptotically approximate

	
min
u,y

[
1
2

∥y − yo∥2
L2(Ω) + α TVφT1

(u, Ω)
]

s.t. (1.1).

1.2  Related work

Recent work (e.g. [8, 13, 16]) have connected the success of non-smooth regulariza-
tion to the geometry of sublevel sets, specifically extremal points. This has spurred 
interest in characterizing extremals and developing algorithms that exploit sparsity, 
such as [1, 14, 15, 17, 22, 52, 59, 67].

Among non-smooth regularization terms, the total variation has become par-
ticularly important in the context of mathematical imaging, leading to numerous 
numerical algorithms for the solution of (discretized) problems of the form (P) with 
quadratic  F. Without pretence of completeness, we mention dual and primal-dual 
approaches, e.g. semismooth Newton and primal-dual active set methods, [58], as 
well as split Bregman iteration, [43], and general splitting-type methods, e.g. [31]. 
In [6], the authors propose a conditional gradient method for the solution of the dual 
problem associated to (P). For more details and further reference, we point to the lit-
erature reviews [26, 33]. While many of these approaches easily generalize to larger 
classes of functionals F and forward operators K, others, like minimization of graph 
cut energies to obtain level sets separately, [28, 37], are inherently tied to the struc-
ture of image denoising problems. Importantly, existing methods often assume cheap 
evaluation of K, which is not the case when K represents the solution of a PDE. The 
extensive evaluation of K or its adjoint K∗, as e.g. required in splitting type methods, 
can potentially create a computational bottleneck, see also the discussion in [53]. In 
this setting, Split Bregman methods ( [39]) and Newton methods ( [35, 45]) have 
been applied to discretized PDE-constrained problems, the latter needing smoothing 
of the problem.

In contrast, the method presented in this manuscript is both simple and practically 
efficient, achieving satisfactory results in a moderate number of steps at the cost of 
two PDE solves per iteration. It is closest related to the modified Frank-Wolfe algo-
rithm in the recent work [38] for off-the-grid image reconstruction on unbounded 
domains as well as the fully corrective conditional gradient in [47] for finite dimen-
sional problems with TV-regularization. However, it differs from these earlier works 
in several key aspects, e.g. the specific form of the arising subproblems and/or their 
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numerical treatment. Finally, let us point out that FC-GCG methods for total varia-
tion regularization have already been considered in [64] for the one dimensional set-
ting, i.e. d = 1 and  Ω = (0, T ). These results, however, rely on the identification 
of BV(Ω) ≃ M(Ω;Rd) × R which does not hold for d > 1.

For the evaluation of K and its adjoint, we rely on finite element approximation 
of the solution of the corresponding PDEs. While there is a considerable amount of 
literature on finite element approximations of problems in imaging, see e.g. [5, 32, 
49, 50] as well as their asymptotic analysis, previous works in the context of PDE-
constrained optimal control with total variation regularization have mainly focused 
on the one-dimensional case, i.e. d = 1, [23, 41, 46, 48], or the finite element analysis 
of modified problems, e.g. by smoothing the total variation term, see e.g. [45] or the 
Master’s thesis [44].

In the present work, rather than relying on approximation theory, the derivation 
of the limiting energy TVφT1

 is inspired by results on discrete-to-continuum limits 
for variational problems on lattice systems, in particular the integral representation 
of [12, Thm. 2.4] as well as the cell formula of [30, Prop. 2.6]. Moreover, the explicit 
characterization of φT1  for the particular case of the double diagonal triangulation 
relies on a discrete analogue of slicing results used to fix boundary conditions in 
relaxation, lower semincontinuity and variational nonlinear homogenization results. 
For completeness, let us mention that the anisotropy induced by regular meshes in 
the continuous piecewise linear approximation of the Mumford-Shah functional has 
been characterized in [57].

1.3  Structure of the paper

We collect notation and basic definitions in Subsect. 1 below. In Sect. 2 we review 
the details of the existence of minimizers for (P) and the optimality conditions. In 
Sect. 3, in view of Galerkin formulations of (P), we focus on the convex geometry 
of the total variation balls of piecewise constant and piecewise affine functions on 
polygonal meshes. Having identified the extremal points in the piecewise constant 
case, in Sect. 4 we introduce the abstract generalized conditional gradient strategy 
we employ and its practical realization, in which the insertion step is treated through 
a Dinkelbach method with inner iterations solved with graph cuts. Section 5 is dedi-
cated to discrete to continuum convergence of the minimization problem for piece-
wise constant functions on periodic triangulations, and to the explicit computation 
of the resulting anisotropy for a simple 2D case. In Sect. 6, we numerically apply 
the proposed algorithm to a few model situations in 2D and 3D, and present some 
comparisons with other approaches to (P). Appendix A contains additional proofs 
skipped in Sect. 2, in particular basic convergence results applicable to the method. 
Finally, in Appendix B we provide detailed proofs relating to the minimal path inter-
pretation of the anisotropy used in Sect. 5.

1.4  Notation

We first recall basic facts (the proof of all of which can be found in [3, Ch. 3]) and 
fix notation for functions of bounded variation which feature repeatedly throughout 

1 3

214



Conditional gradients for total variation regularization with PDE…

later sections. For u ∈ L1(Ω) one defines its isotropic (c.f. the general case in (5.2)) 
total variation as

	
TV(u, Ω) = sup

{∫

Ω
u div ψ dx

∣∣∣∣ ψ ∈ C1
c (Ω;Rd), ∥ψ∥C(Ω;Rd) ≤ 1

}

where

	
∥ψ∥C(Ω;Rd) := sup

x∈Ω
|ψ(x)| for all ψ ∈ Cc(Ω;Rd),

with | · | denoting the Euclidean norm. We call u ∈ L1(Ω) a function of bounded 
variation if TV(u, Ω) < ∞. Note that u is of bounded variation if and only if there is 
a regular Borel measure Du = (∂x1u, . . . , ∂xd

u) ∈ M(Ω;Rd) with

	

∫

Ω
div ψ(x)u(x) dx = −

d∑
j=1

∫

Ω
ψj(x) d∂xj

u(x) for all ψ ∈ C1
c (Ω;Rd),

and whenever u ∈ W 1,1(Ω), then we have that the weak gradient ∇u equals Du. The 
linear space of functions of bounded variation

	
BV(Ω) :=

{
u ∈ L1(Ω)

∣∣∣∣ TV(u, Ω) < ∞
}

is a Banach space with respect to the norm

	 ∥u∥BV = ∥u∥L1(Ω) + TV(u, Ω).

The space BV(Ω) continuously embeds into Lp(Ω) for every p ∈ [1, d/(d − 1)], the 
embedding being compact for p < d/(d − 1). Every bounded sequence {uk}k ⊂ BV(Ω) 
admits a subsequence, denoted by the same subscript, which satisfies

	
lim

k→∞
∥uk − ū∥Lp(Ω) = 0 as well as Duk

∗
⇀Dū

for every p ∈ [1, d/(d − 1)) and some ū ∈ BV(Ω). By “ ∗
⇀” we refer to weak* con-

vergence on the space M(Ω;Rd). If we additionally have

	
lim

k→∞
[TV(uk, Ω) − TV(u, Ω)] = 0,

the subsequence is called strictly convergent.
Throughout this paper, we interpret BV(Ω) as a subspace of Lq(Ω), q = d/(d − 1), 

and canonically extend TV(u, Ω) to +∞ outside of BV(Ω). Note that TV(u, Ω) is 
convex and weakly lower semicontinuous on Lq(Ω). Weak convergence in Lp(Ω) is 
denoted by “⇀”.
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Furthermore, denoting the Lebesgue measure on Rd as Ld, we set

	
au = 1

Ld(Ω)

∫

Ω
u(x) dx as well as ů = u − au

for every u ∈ L1(Ω) as well as

	
V̊ :=

{
u ∈ V

∣∣∣∣ au = 0
}

=
{

ů

∣∣∣∣ u ∈ V

}

and its particular instances

	

L̊q(Ω) :=
{

u ∈ Lq(Ω)
∣∣∣∣ au = 0

}
=

{
ů

∣∣∣∣ u ∈ Lq(Ω)
}

,

P̊0(T ) :=
{

u ∈ P0(T )
∣∣∣∣ au = 0

}
=

{
ů

∣∣∣∣ u ∈ P0(T )
}

,

P̊1(T ) :=
{

u ∈ P1(T )
∣∣∣∣ au = 0

}
=

{
ů

∣∣∣∣ u ∈ P1(T )
}

.

Due to [3, Thm. 3.23] and the weak closedness of V, the unit ball

	
BV̊ =

{
u ∈ V

∣∣∣∣ TV(u, Ω) ≤ 1,

∫

Ω
u(x) dx = 0

}
� (1.3)

is compact in the weak Lq(Ω) topology.
Finally, a subset E ⊂ Ω is called a set of finite perimeter if the associated char-

acteristic function �E  is a function of bounded variation. In this case, we call 
Per(E, Ω) := TV(�E , Ω) its perimeter. For such sets one can define the reduced 
boundary ∂∗E as the set of points in x ∈ supp D�E  for which

	
νE(x) := lim

r→0+

D�E(B(x, r))
|D�E(B(x, r))|

exists and satisfies |νE(x)| = 1. Using this notion, the De Giorgi structure theorem 
[3, Thm. 3.59] provides the expression

where the symbol  denotes restriction of a measure, that is , 
and Hd−1 is the (d − 1)-dimensional Hausdorff measure [3, Sec. 2.8]. A set of finite 
perimeter E ⊆ Ω is decomposable if there exist two nonempty subsets E1, E2 ⊆ Ω 
such that E = E1 ∪ E2 and Per(E, Ω) = Per(E1, Ω) + Per(E2, Ω), and indecom-
posable otherwise. Moreover, we say that E ⊆ Ω is simple if both E and Ω \ E are 
indecomposable. These notions play the role of connectedness and simple connected-
ness in the setting of sets of finite perimeter, for which the topological notions are not 

1 3

216



Conditional gradients for total variation regularization with PDE…

meaningful. In particular, one can [2, Thm. 1] express such sets as a union of their 
maximal indecomposable subsets, also referred to as indecomposable components.

2  Existence, optimality, and conditional gradient approach

In this section, we prove the existence of at least one minimizer to (P) and state a 
particular set of necessary and sufficient optimality conditions which are tailored to 
the algorithmic approach considered in the remainder of the paper. For this purpose, 
similar to the one dimensional setting in [64], we rely on an equivalent reformulation 
of Problem (P). More in detail, define

	
F : Y → R where F(y) = min

c∈R
F (y + cK

�

) and K
�

:= K�Ω,� (2.1)

and consider the auxiliary problem 

 The following properties of the misfit functional F and of the forward operator K are 
assumed throughout the paper.

Assumption A  Let Y be a separable Hilbert space with inner product (·, ·)Y  and 
denote by ∥ · ∥Y  the induced norm. We assume that: 

A1	 The operator K : V → Y  is continuous from the weak topology of Lq(Ω) to 
the strong topology of Y.

A2	 F is thrice continuously Fréchet differentiable as well as strictly convex. 
Moreover, we have F (y) ≥ 0 for all y ∈ Y .

A3	 For every y ∈ Y  there is c̄(y) ∈ R with 

	 F(y) = F (y + c̄(y)K
�

),� (2.2)

 where F  and K
�

 are as in (2.1). Moreover, we have (K
�

, ∇2F (y)K
�

)Y > 0 for 
all y ∈ Y .
These requirements are, e.g., fulfilled for the PDE-constrained optimal control prob-
lem  (D), assuming d ≤ 4 (needed for adequate embeddings so that BV and H1 
functions can be tested against each other in the weak formulation inducing K, see 
Proposition 5.1) and setting

	
F (·) = 1

2α
∥ · −yo∥2

L2(Ω) and Y = L2(Ω).

Moreover, under suitable assumptions on the coefficient functions a and b as well 
as the domain Ω,  (1.1) admits a unique solution y = Ku for u ∈ L2(Ω) and the 
control-to-state operator K is weak-to-strong continuous (see for example [65], and 
the related considerations in Proposition 5.1 below).
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The following proposition collects some properties of (P). Its proof is relegated 
to Appendix A.

Proposition 2.1  There holds:

	● The restricted operator K : V̊ → Y  is weak-to-strong continuous.
	● For every y ∈ Y , the minimization problem in (2.2) admits a unique solution c̄(y) 

and the mapping 

	 c̄ : Y → R, y �→ c̄(y)

 is two times continuously differentiable.

	● The functional F  is convex and twice continuously Fréchet differentiable. Its 
gradient ∇F  is Lipschitz continuous on compact sets and there holds 

	 ∇F(y) = ∇F (y + c̄(y)K
�

) for all y ∈ Y.

Remark 2.2  Note that the minimization problem in (2.1) is convex. Calculating its 
first order necessary optimality conditions reveals

	
c̄(y) = arg min

c∈R
F (y + cK

�

) ⇔
∫

Ω
K∗∇F (y + c̄(y)K

�

) = 0.

2.1  Existence of minimizers

In order to show the existence of a solution of (P) we rely on the following equiva-
lence result as well as Proposition 2.1.

Proposition 2.3  The following equivalence holds: 

i)	 The function ū is a minimizer of (P).
ii)	 The function ̊ū is a minimizer of (P) and 

	
aū = arg min

c∈R
F (K˚̄u + cK

�

),� (2.3)

	  that is, aū = c̄(K˚̄u).

Proof  Let ū ∈ V  and v̄ ∈ V̊  be arbitrary but fixed. On the one hand, note that we 
have

	 J(ū) = F (K˚̄u + aūK
�

) + TV(̊ū) ≥ F(K˚̄u) + TV(̊ū) = J (̊ū)

as well as
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J (̊ū) ≥ inf

u∈V
J (̊u) = inf

v∈V̊
J (v).

On the other hand, there holds

	
inf

u∈V
J(u) ≤ inf

c∈R
J(v̄ + c�Ω) = J (v̄) and thus inf

u∈V
J(u) ≤ inf

v∈V̊
J (v).

Now, if ū is a minimizer of (P), these observations imply

	
min
u∈V

J(u) = J(ū) = J (̊ū) = min
v∈V̊

J (v),

i.e., ̊ū is a minimizer of (P). Finally, from J(ū) = J (̊ū) we conclude

	
F (Kū) = F (K˚̄u + aūK

�

) = min
c∈R

F (K˚̄u + cK
�

).

Thus, we conclude (2.3) from Assumption A1. The converse direction follows by the 
same argument, finishing the proof. � □

Theorem 2.4  Let Assumption A hold. Then, Problem (P) admits at least one mini-
mizer ū ∈ BV(Ω).

Proof  According to Proposition  2.3, it suffices to show that Problem  (P) admits 
a minimizer ˚̄u ∈ V̊ . For this purpose, first note that the functional  J  is weakly 
lower semicontinuous due to the weak-to-strong continuity of F ◦ K, see Proposi-
tion 2.1. Since the infimum of J  is finite and F(y) ≥ 0 for all y ∈ Y , there exists a 
sequence ̊uk ∈ V̊ , k ∈ N, such that

	
lim sup

k→∞
TV(̊uk, Ω) ≤ lim

k→∞
J (̊uk) = inf

v∈V̊
J (v)

Furthermore, due to the weak compactness of the unit ball BV̊ , see (1.3), there exists 
a subsequence, denoted by the same symbol, as well as ˚̄u ∈ V̊  such that ůk ⇀ ˚̄u as 
well as

	
J (̊ū) ≤ lim inf

k→∞
J (uk) = inf

v∈V̊
J (v).

Hence, ̊ū is a minimizer of (P).
� □
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2.2  First order optimality conditions

Next, we state a particular set of necessary and sufficient first order optimality condi-
tions for Problem (P) which will serve as a foundation for its algorithmic solution. In 
this context, an important role is played by the extremal points of BV̊ .

Definition 2.5  An element u ∈ BV̊  is called an extremal point of BV̊  (or extremal) if 
there are no s ∈ (0, 1) and u1, u2 ∈ BV̊ , u1 ̸= u2 with u = (1 − s)u1 + su2. The set 
of all extremal points of BV̊  is denoted by Ext(BV̊ ).

Since BV̊ ̸= ∅ is weakly compact, the set Ext(BV̊ ) is nonempty due to Krein-Mil-
man Theorem [62, Thm. 3.23]. Utilizing this concept as well as the one-homogeneity 
of TV(·, Ω), we arrive at the following sufficient first order optimality condition.

Theorem 2.6  Let ū ∈ V  be given and define

	 p̄ = −K∗∇F (Kū) ∈ V ′.

Then the following are equivalent: 
i)	 The function ū is a solution to (P).
ii)	 The functions ū ∈ V  and p̄ ∈ V ′ satisfy 

	

∫

Ω
p̄ dx = 0,

∫

Ω
p̄ū dx = TV(ū, Ω),

∫

Ω
p̄u dx ≤ 1.

	  for all u ∈ BV̊ .

Proof  According to Proposition 2.3, ū is a solution to (P) if and only if

	
˚̄u ∈ arg min(P), aū = arg min

c∈R
F (K˚̄u + cK

�

).

Thus, it gain suffices to derive first-order necessary and sufficient optimality condi-
tions for ̊ū ∈ V̊ . Set P̄ = −K∗∇F(K˚̄u). Recalling the characterization of ∇F , see 
Proposition 2.1, we conclude

	 ∇F(K˚̄u) = ∇F (K˚̄u + aūK
�

) = ∇F (Kū)

and thus p̄ = P̄  as well as

	
P̄ ∈ V̊ ′,

∫

Ω
p̄ dx = 0.

according to Remark 2.2. By standard arguments, ̊ū is a minimizer of (P) if and only 
if
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∫
P̄ (u − ˚̄u) dx + TV(̊ū, Ω) ≤ TV(u, Ω) for all u ∈ V̊

which is equivalent to

	

∫

Ω
P̄˚̄u dx = TV(̊ū, Ω), max

u∈BV̊

∫

Ω
P̄ u dx ≤ 1

since TV(·, Ω) is positively one-homogeneous, cf. also the proof of [16, Prop. 2.3]. 
Moreover, applying [16, Lem. A.1], with C = V̊ ′ and M = V̊ , yields

	
max
u∈BV̊

∫

Ω
P̄ u dx = max

u∈Ext(BV̊ )

∫

Ω
P̄ u dx.

The claimed statement now follows noting that

	
max

u∈Ext(BV̊ )

∫

Ω
P̄ u dx = max

u∈Ext(BV̊ )

∫

Ω
p̄u dx,

∫

Ω
P̄˚̄u dx =

∫

Ω
p̄ū dx

as well as TV(ū, Ω) = TV(̊ū, Ω). � □

3  Extremal points of total variation balls

As discussed in the introduction, the success of total variation regularization in pro-
moting solutions with sharp features (piecewise constant minimizers) is intimately 
connected to the geometry of the total variation unit ball, specifically its extremal 
points. Understanding their structure is crucial for both theoretical analysis and the 
design of efficient algorithms, such as the fully-corrective generalized conditional 
gradient (FC-GCG) method; see Sect. 4.

While the characterization of  Ext(BV̊ ) can be directly concluded from known 
results for V̊ = L̊q(Ω), see Sect. 3.1, to the best of our knowledge, there are no explic-
itly stated results concerning the finite element spaces V̊ = P̊0(T ) and V̊ = P̊1(T ), 
respectively. Since many interesting instances of Problem (P) inherently require a 
discretization of the variable space, we take a step at closing this gap in the following 
section. On the one hand, we give a precise characterization of Ext(BP̊0

) and show 
that piecewise constant discretizations are conforming with the convex geometry 
of BL̊q  in the sense that Ext(BP̊0

) is a finite set and Ext(BP̊0
) ⊂ Ext

(
BL̊q

)
. On the 

other hand, we provide a “negative” result on Ext(BP̊1
) showing that it contains infi-

nitely many functions, albeit we do not provide of a full characterization of this set.
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3.1  Continuous case with Neumann boundary

For V̊ = L̊q(Ω), the characterization of Ext(BV̊ ) follows from the results in [13] by 
exploiting the invariance of extremal points under embeddings.

Proposition 3.1  There holds

	
Ext

(
BL̊q

)
=

{
1

Per(E, Ω)
�̊E

∣∣∣∣ E simple
}

.

Proof  For u ∈ BV(Ω), define the equivalence class

	
[u] =

{
u + c�Ω

∣∣∣∣ c ∈ R
}

∈ BV(Ω)/C where C =
{

c�Ω

∣∣∣∣ c ∈ R
}

.

We equip the quotient space BV(Ω)/C with the canonical quotient norm

	
∥[u]∥BV(Ω)/C = inf

v∈C
∥u + v∥BV = inf

v∈C

[
∥u + v∥L1(Ω) + TV(u, Ω)

]
.

Mutatis mutandis, we define the extremal points Ext(B) of the set

	
B =

{
[u]

∣∣∣∣ TV(u, Ω) ≤ 1
}

⊂ BV(Ω)/C.

According to [13, Thm. 4.7], there holds

	
Ext(B) =

{ [
1

Per(E, Ω)
�E

] ∣∣∣∣ E simple
}

.

Consider the mapping L : BV(Ω)/C → L̊q(Ω) with L([u]) = ů. By definition, L is 
linear and there holds L(B) = L(BL̊q ). Moreover, L is continuous due to to

	 ∥ů∥Lq(Ω) = ∥L([u])∥Lq(Ω) ≤ C TV(u, Ω) ≤ C∥[u]∥BV(Ω)/C ,

see, e.g., [3, Thm. 3.44], as well as injective. Summarizing these observations, [13, 
Lem. 3.2] yields

	 Ext
(
BL̊q

)
= Ext(L(B)) = L(Ext(B))

and thus the desired statement. � □
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3.2  Discretization with piecewise constant functions

In the following section, let Ω ⊆ Rd be an open and bounded polyhedron and let T  
be a triangulation thereof, that is, a collection of open simplices

	
T = {T1, . . . , TnT } such that Ω =

nT∪
i=1

Ti.

Definition 3.2  We define the class of triangulated subsets of Ω with respect 
to the triangulation T , denoted as ST (Ω), to be the open sets obtained as 
the interior of a union of closures of simplices belonging to T . For such sets 
E1, E2 ∈ ST (Ω), we implicitly redefine unions and set differences so that 
E1 ∪ E2, E1 \ E2, E1△E2 := (E1 \ E2) ∪ (E2 \ E1) ∈ ST (Ω).

If not otherwise specified, any subset E ⊆ Ω considered in this section belongs to 
ST (Ω). Moreover, for a subset E ∈ ST (Ω) we have that Per(E, Ω) = Hd−1(∂E ∩ Ω). 
Let P0(T ) be the set of piecewise constant functions on Ω with respect to the triangu-
lation T , and P̊0(T ) its subspace of zero average. Inside P̊0(T ), define the unit ball 
with respect to the total variation:

	 BP̊0
:=

{
u ∈ P̊0(T ) : TV(u, Ω) ≤ 1

}
.

There is a convenient description of the total variation in this discrete setting.

Lemma 3.3  For any u ∈ P0 (T ), the total variation corresponds to

	
TV(u, Ω) = 1

2
∑
i,j

|u(Ti) − u(Tj)|Hd−1(∂Ti ∩ ∂Tj)

Proof  This result follows by standard facts about functions of bounded variation, see 
for example Section 4.2 and in particular Theorem 4.23 in [3]. It is also explicitly 
stated in [25, Thm. 3.1] and [5, Lem. 4.1]. � □

Proposition 3.4  There holds

	
Ext

(
BP̊0

)
=

{
1

Per(E, Ω)
�̊E

∣∣∣∣ E ∈ ST (Ω) simple
}

.

Proof  The proof of this lemma is structured in 3 cases. First, we prove that piecewise 
constant functions with at least three values in the image are not extremal. Then, in 
case 2, we do the same for characteristic functions on indecomposable but not simple 
domains. Finally, in case 3, we prove that, among the remaining functions, the extre-
mal points of BP̊0

 are characteristic functions on simple domains.
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The proof of each case follows a standard procedure using perturbations that can 
be found, for example, in [1, Proposition 23]. Namely, u ∈ ∂BP̊0

 is an extremal point 
if and only if h ∈ span(u) for all h ∈ P̊0 satisfying TV(u ± ϵh) ̸= 0 for some small 
ϵ > 0 and the following property: for every pair of adjacent simplices Ti, Tj , there 
exists λij ∈ R such that

	 h(Ti) − h(Tj) = λij(u(Ti) − u(Tj)).� (3.1)

This condition requires that if u has no variation between adjacent simplices, neither 
does h.

Case 1: Let u ∈ ∂BP̊0
 be a piecewise constant function, whose image contains at 

least three values {β1, β2, β3}. Without loss of generality, assume β1 ̸= 0, consider 
an indecomposable component C1 ∈ ST (Ω) of the preimage u−1(β1), and define

	 h := β1�̊C1 .

This perturbation satisfies Equation (3.1), and for ϵ > 0 small, we get

	
TV(u ± ϵh, Ω) = TV(u, Ω \ C1) +

∑
Ti⊆C1

∑
Tj ̸⊆C1

|(1 ± ϵ)β1 − u(Tj)|Hd−1(∂Ti ∩ ∂Tj).

Since the image of u has at least 3 values and C1 is in the preimage of one of them, 
then the first term in the sum is always non zero. Therefore, u is not extremal.

Case 2: Let u := β�̊E ∈ ∂BP̊0
 be a characteristic function over an indecompos-

able but not simple domain. Let {Ci}n
i=1 be indecomposable components of Ω \ E. 

By hypothesis, we know that n ≥ 2, so define

	 h := β�̊C1 .

It clearly satisfies Equation (3.1). Moreover, for ϵ > 0 small, we get

	
TV(u ± ϵh, Ω) = TV(u, Ω \ C1) +

∑
Ti⊆C1

∑
Tj ̸⊆C1

|(1 ± ϵ)β − u(Tj)|Hd−1(∂Ti ∩ ∂Tj)

where the first term cannot be zero because u has variation at ∂C2. Therefore u is not 
extremal.

Case 3: Let u := β�̊E ∈ ∂BP̊0
 be the characteristic function of a simple domain 

E, and assume by contradiction that u is not an extremal point of BP̊0
. Then, there 

exists a perturbation h ∈ P̊0(T ) for which TV(u ± ϵh) ̸= 0 for any ϵ > 0 suffi-
ciently small and satisfying Equation (3.1), which implies that h has variation only 
in ∂E. Since E is simple, then h ∈ span(u), which is a contradiction. Note also that

	
TV(β�̊E , Ω) = |β| Per(E, Ω) = 1 =⇒ β = ± 1

Per(E, Ω)
.
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Since we are working with zero average characteristic functions on simple domains, 
we have

	
1

Per(E, Ω)
1̊E = − 1

Per(Ω \ E, Ω)
1̊Ω\E ,

which concludes the proof. � □
We remark that Proposition 3.4 above directly mimics the continuous case of 

extremal points of the TV ball in the whole of BV(Ω), first proved in [42] (see [2] 
for a modern exposition) for Ω = Rd and extended in [13] to bounded Ω.

3.3  Discretization with continuous piecewise affine functions

Let T  be a triangulation in an open and bounded polyhedron Ω ⊂ Rd, and let P1(T ) 
be the set of continuous piecewise affine functions on Ω. Analogously to the previous 
section, we aim to study the extremal points of

	 BP̊1
=

{
f ∈ P̊1(T ) | TV(f, Ω) ≤ 1

}
.

We also have a convenient description of the total variation in this setting:

Lemma 3.5  For any u ∈ P1 (T ), the total variation corresponds to

	
TV(u, Ω) =

∑
T ∈T

Ld(T )
∣∣∇u |T

∣∣,

where since ∇u |T  is constant for all T we have identified these with fixed vectors, 
and | · | is the Euclidean norm in Rd .

Proof  A continuous piecewise affine function belongs in particular to W 1,p(Ω) for all 
1 ≤ p ≤ ∞. This implies [3, Sec. 3.1] that

	
TV(u, Ω) =

∫

Ω
|∇u| dx,

for the weak derivative ∇u ∈ L∞(Ω), for which we have ∇u ∈
[
P0(T )

]d. � □
An analytical study of the extremal points of BP̊1

 needs to take into account the 
continuity constraints of the piecewise affine functions. Any variation of a function 
u ∈ P1(T ) at a vertex of the triangulation changes the value of ∇u at all triangles 
that contains that vertex. For this reason, one can simplify the study to the subset of 
‘double tent functions’ as in Fig. 1, from which we draw conclusions on the finite-
ness of the set of extremal points of P̊1(T ). To see that this is the case, we need two 
preliminary Lemmas.
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Lemma 3.6  A function u ∈ P1 (T ) is completely described by its values at the nodes 
of the triangulation, i.e.

	 P1(T ) = span
{

gz | z is a vertex of T
}

,

where gz  is the continuous piecewise affine taking the value 1 function at the vertex 
z and vanishing at all other vertices, often called tent function.

Proof  See for example [18, Ch. 3]. � □

Lemma 3.7  Let Q be a polyhedron in Rn . Then Q ∩ W  is still a polyhedron for any 
k-dimensional plane W ⊂ Rn .

Proof  Q is defined as the intersection of a finite number of half-spaces in Rn. Each 
half-space is defined as the set of points x ∈ Rn that satisfy a linear inequality of the 
form

	 ν · x ≤ b,

where ν ∈ Rn is a vector, and b > 0 is a constant. A posteriori, ν is the outward nor-
mal vector of a (n − 1)-dimensional facet of Q, and b is the affine coordinate of the 
plane containing the facet. The set Q ∩ W  consists of the points x ∈ W  that satisfy

	 πW (ν) · x ≤ b,

where ν and b are as above, and πW  is the orthogonal projection onto W. This set 
corresponds to a polyhedron in Rk through any linear isomorphism between W and 
Rk. � □

Since we will provide a negative result stating that the number of extremal points 
may not be finite and a proof in the general case would be cumbersome to write, we 
restrict ourselves to the particular case in which all T ∈ T  are equilateral triangles in 
R2 of equal area λ > 0, as depicted in Fig. 1. Let T1 and T2 be two adjacent triangles 
in T , and z1, z2 be the two common vertices, so that we can classify the neighbor 
triangles based on which vertices they depend on. Let C2 be the set of the triangles 
that do not have z1 as a vertex (blue in Fig. 1), and C1 be the set of triangles without 

Fig. 1  Support and graph of a P1(T ) function with two contiguous nonzero vertex values, on a trian-
gulation of R2 with equilateral triangles of equal area
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z2 as a vertex (yellow in Fig. 1). Let’s denote by C1,2 the set of the remaining two 
triangles, i.e. C1,2 = {T1, T2}. Consider the set

	 W := span{gz1 , gz2},

which consists of the piecewise affine functions that have non-zero nodal values only 
at z1 or z2.

Lemma 3.8  The total variation in W is

	
TV(c1gz1 + c2gz2 , Ω) = 4

√
3λ|c|1 + λ|c|A, for |c|A =

√
c⊤Ac with A =

(
11 −7
−7 11

)

for every c = (c1 , c2 ) ∈ R2 .

Proof  Direct computation splitting the total variation into the components C1, C2 
and C1,2, i.e.

	
TV(u, Ω) = λ

∑
T ∈C1

∣∣∇u |T
∣∣ + λ

∑
T ∈C2

∣∣∇u |T
∣∣ + λ

∑
T ∈C1,2

∣∣∇u |T
∣∣.

� □

Based on Lemma 3.7, we conclude the following result.

Proposition 3.9  Let T  be a triangulation of Ω ⊂ R2  in which a complete neighbor-
hood of two adjacent vertices consists only of equilateral triangles. Then the ball 
BP̊1

(T ) has infinitely many extremal points.

Proof  First, note that for every c = (c1, c2) ∈ R2, using Lemma 3.8 we can write

	

h(c) := TV(c1gz1 + c2gz2 , Ω) = 4
√

3λ|c|1 + λ|c|A,

for |c|A =
√

c⊤Ac with A =
(

11 −7
−7 11

)

a positive definite matrix. Define B1,2 := BP̊1
∩ W  as well as

	 B1,2 :== { c ∈ R2 | h(c) ≤ 1 },

with the latter depicted in Fig.  2. Let us show that  Ext(B1,2) = ∂B1,2. For this 
purpose, it suffices to show that every boundary point is extremal, since the converse 
inclusion is trivial. Indeed, assume that there is cs, ca, cb ∈ R2 as well as s ∈ (0, 1) 
with
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	 h(ca) = h(ca) = h(cs) = 1, cs = (1 − s)ca + scb.

Then, there also holds

	 |cs|A = (1 − s)|ca|A + s|cb|A.

Since | · |A is a weighted Euclidean norm and s ∈ (0, 1), this implies that ca = tcb 
for some  t > 0. Due to h(ca) = h(cb) = 1 as well as the positive 1-homogeneity 
of h, we finally conclude ca = cb = cs, hence, cs is an extremal point of B1,2. As a 
consequence, neither B1,2 nor B1,2 are polytopes. In view of Lemma 3.7, this proves 
that BP̊1

 has infinitely many extremal points. � □

4  Fully-corrective generalized conditional gradient approach

Having characterized the extremal points of the total variation ball for piecewise 
constant discretizations in Sect. 3, we now turn to the algorithmic solution of Prob-
lem (P). We can again use the equivalence result in Proposition 2.3 and apply the 
fully-corrective generalized conditional gradient method (FC-GCG) from [16] to the 
surrogate Problem (P). This approach iteratively constructs a solution by incorporat-
ing extremal points, capitalizing on the sparsity-promoting nature of the TV regular-
izer. This section presents both the abstract algorithm, and the practical details in the 
case V = P0(T ).

4.1  Abstract algorithm

In this section, we briefly summarize the abstract algorithm for the problem at hand. 
For this purpose, and given a finite, ordered set A = {vj}N

j=1 ⊂ Ext(BV̊ ) of extre-
mal points, define the parametrization

Fig. 2  The set ∂B1,2 for 
λ = (4

√
3 +

√
11)−1 in black, and the ℓ1 

ball in R2 in green
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UA : RN → V̊ , UA(γ) =

N∑
j=1

γjvj

as well as the finite-dimensional minimization problems

	
γ̄ ∈ arg min

γ∈RN ,γ≥0


F(KUA(γ)) +

N∑
j=1

γj


 ,� (4.1)

where the inequality constraint is understood componentwise. By definition of F , the 
pair γ̄ satisfies (4.1) if and only if 

 where c̄ = c̄(KUA(γ̄)). The FC-GCG method according to [16] relies on the alter-
nating update of a finite active set Ak ⊂ Ext(BV̊ ) as well as of iterates ůk ∈ V̊  
and uk ∈ V , respectively, given by

	 ůk = UAk
(γk), uk = UAk

(γk) + ck

where (γk, ck) is obtained from

	 (γk, ck) ∈ arg min(P(Ak)).

More in detail, the algorithm proceeds as follows: Given the current active set Ak and 
iterates ůk and uk as defined above, we first calculate pk = −K∗∇F(Kůk) ∈ V ′. 
By Proposition 2.1 and since from the definitions of ck and uk we have ck = c̄(Kůk), 
we get

	 pk = −K∗∇F(Kůk) = −K∗∇F (Kůk + ckK
�

) = −K∗∇F (Kuk).

Moreover, from Remark 2.2, we also conclude that

	
−

∫

Ω
K∗∇F (Kůk + ckK

�

) dx =
∫

Ω
pk dx = 0.

Now, we compute a new candidate extremal point v̂k ∈ Ext(BV̊ ) satisfying

	

∫

Ω
pkv̂k dx = max

v∈Ext(BV̊ )

∫

Ω
pkv dx.

At this point we can check for convergence, since if we have
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∫

Ω
pkv̂k dx ≤ 1,

then, there also holds

	

∫

Ω
pkůk dx = TV(̊u, Ω)

see [16, Proposition 3.1], and the method stops, because in this case, by Theorem 2.6 
we have that ůk and uk are minimizers of respectively (P) and (P). Otherwise, we 
update the active set and iterates according to

	 A+
k = Ak ∪ {v̂k}, ůk+1 = UA+

k
(γk,+) + ck+1, uk+1 = ůk + ck+1,

where

	 (γk,+, ck+1) ∈ arg min(P(A+
k )).

Finally, the new active set Ak+1 is obtained from A+
k  by removing extremal points 

which are assigned a zero weight in (P(Ak)). Recalling Theorem 2.6, this procedure 
can be interpreted as a greedy method for the first order condition presented therein: 
In every iteration, it checks whether the current dual variable pk satisfies

	

∫

Ω
pku dx ≤ 1 for all u ∈ Ext(BV̊ ).

If this is not the case, an element  v̂k ∈ Ext(BV̊ ) which maximizes the violation 
of this constraint is added to Ak and the subproblem is solved anew. The abstract 
method is summarized in Algorithm 1. Since (P) is merely an auxiliary problem and 
our main interest lies in computing a solution to Problem (P), both the pseudocode 
as well as the following theoretical results are only describing the update as well as 
the convergence of the shifted sequence uk.
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Algorithm 1  Abstract FC-GCG for Problem (P)

We finish this section by summarizing some of its properties. Their proof is again 
relegated to Appendix A.

Proposition 4.1  Let uk , k ∈ N, be generated by Algorithm 1. Then the method either 
stops after k̄ steps with a minimizer uk̄  to Problem (P) or there holds

	
J(uk) − min

u∈Lq(Ω)
J(u) ≤ c

1 + k
.

for some c > 0  and all k ∈ N. Moreover, in this case, the sequence uk  admits at 
least one strictly convergent subsequence and every strict accumulation point is a 
minimizer of (P).

Lemma 4.2  Let uk = UAk (γk) + ck
�Ω , k ∈ N, be generated by Algorithm 1 and set

	
Mk :=


F

(
KUAk

(γk) + ckK
�

)
+

Nk∑
j=1

γk
j


 .

Then, there holds

	
J(uk) − min

u∈V
J(u) ≤ ζk :== Mk

(∫

Ω
pkv̂k dx − 1

)
.
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Remark 4.3  By inspecting the respective proofs in [16], the results of Proposition 4.1 
and Lemma 4.2 remain valid if v̂k is not an extremal point but satisfies v̂k ∈ BV̊  as 
well as

	

∫

Ω
pkv̂k dx = max

v∈Ext(BV̊ )

∫

Ω
pkv dx.

The incentive behind minimizing over  Ext(BV̊ ) instead of the whole ball  BV̊  is 
that, once the extremal points are characterized, additional structural properties of 
this “simpler” set can be utilized to facilitate the algorithmic solution of the linear 
subproblems.

4.2  Practical realization of Algorithm 1

The structure of the extremal points  Ext(BV̊ ) can be exploited in order to devise 
efficient solution methods for the linear subproblems in Algorithm 1. We again point 
out [38] where the same philosophy is applied for Ω = Rd and “simple” forward 
operators K induced by explicitly given convolution kernels. Since our main inter-
est lies in more complicated examples such as the PDE-constrained optimization 
problem  (D), which inherently require a discretization of the space variable, and 
motivated by Sect. 3.2, we will further elaborate on the practical realization of Algo-
rithm 1 for piecewise constant discretizations, i.e., V = P0(T ). In this case, relying 
on Proposition 3.4, the linear subproblem is solved by

	

v̂k = �Ek
/ Per(Ek, Ω) where Ek ∈ arg max

E ∈ ST (Ω)
E simple

∫
E

pk dx

Per(E, Ω)
.

While the admissible set of the latter is finite, the restriction to simple sets signifi-
cantly aggravates its efficient solution. For this reason, we drop this requirement and 
consider the relaxed problem

	
Ek ∈ arg max

E∈ST (Ω)

∫
E

pk dx

Per(E, Ω) � (4.2)

for the computation of v̂k. Due to

	 Ext(BP̊0
) ⊂

{
�̊E/ Per(E, Ω) | E ∈ ST (Ω)

}
⊂ BP̊0

and Remark 4.3, this relaxation does neither impact the convergence of the algo-
rithm, Proposition 4.1, nor the upper bound in Lemma 4.2. In the following sections, 
we show that this, still challenging, fractional minimization can be replaced by a 
finite number of easier-to-solve subproblems which can be exactly solved by efficient 
graph-based algorithms.
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4.2.1  Dinkelbach-Newton method for the insertion step

In the following, let  uk denote the k−th iterate generated by Algorithm  1. This 
implies that the associated dual variable pk = −K∗∇F (Kuk) satisfies

	
λ̄k :=

(
max
E⊂Ω

∫
E

pk dx

Per(E, Ω)

)−1

≥ 1.� (4.3)

Furthermore, for λ ≥ 0, consider the regularized problem 

 as well as its associated value function

	 G : [0, ∞) → R, λ �→ min(Pλ).

Note that (Pλ) is well-posed since the set ST (Ω) is finite. Denote by Eλ ∈ ST (Ω) an 
arbitrary solution. The following proposition formalizes the connection between (Pλ) 
and the fractional maximization problem (4.2).

Proposition 4.4  We have that:

	● There holds G(λ) ≤ 0 for all λ ≥ 0, with equality if and only if λ ≤ λ̄k.
	● For λ < λ̄k, the solutions of (Pλ) are given by Eλ = ∅ and Eλ = Ω.
	● A set Ē ∈ ST (Ω), Per(Ē) ̸= 0, is a solution of (Pλ) for λ = λ̄k if and only if it 

is a maximizer of (4.2).

Proof  Since ∅ ∈ ST (Ω), we immediately conclude G(λ) ≤ 0. Now, if λ ≤ λ̄k, for 
all E ∈ ST (Ω) with Per(E, Ω) ̸= 0 there holds

	
λ−1 ≥

∫
E

pk dx

Per(E, Ω)
and thus Per(E, Ω) − λ

∫

E

pk dx ≥ 0.

Noting that since 
∫

Ω pk dx = 0 we have  jλ(∅) = jλ(Ω) = 0, we get  G(λ) = 0 
if λ ≤ λ̄k. From this observation, we also conclude the second bullet point. Now 
assume that λ > λ̄k and let Ē ∈ ST (Ω), Per(Ē) ̸= 0, denote a maximizer of (4.2). 
Then, there holds

	 0 > jλ(Ē) ≥ G(λ)

which finishes the proof of the first bullet point. Now, fix  λ = λ̄k and let 
Ē ∈ ST (Ω),  Per(Ē) ̸= 0, denote a solution to  (4.2). Then, by construc-
tion, there holds  jλ(Ē) = 0. Thus,  Ē is a minimizer of  (4.2). Conversely, 
let Ē ∈ ST (Ω), Per(Ē) ̸= 0, denote a solution of (Pλ) for λ = λ̄k. Then, there holds
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jλ(Ē) = −λ

∫

Ē

pk dx + Per(Ē, Ω) = 0 as well as
∫

Ē

pk dx > 0.

Reordering yields

	
λ̄k = λ = Per(Ē, Ω)∫

Ē
pk dx

and thus Ē ∈ arg max
E∈ST (Ω)

∫
E

pk dx

Per(E, Ω)
.

� □

As a consequence, solving the fractional maximization problem (4.2) is equivalent 
to computing a minimizer of (Pλ) with non-vanishing perimeter for λ = λ̄k. Since 
the latter is unknown, this requires two subroutines: first, a method to compute the 
largest zero of the value function G on [0, ∞) and, second, an efficient algorithm for 
the solution of the discrete minimization problem (Pλ). We focus on the former in 
the following and derive a generalized Newton method which exhibits convergence 
in finitely many iterations. The efficient solution of (Pλ) is postponed to Sect. 4.2.2. 
First, we require the following additional properties of the value function.

Lemma 4.5  The value function G is concave and locally Lipschitz continuous. For 
every λ > 0  there holds

	
dG(λ, +) ≤ −

∫

Eλ

pk dx ≤ −dG(λ, −) for all Eλ ∈ arg min(Pλ),� (4.4)

where dG(λ, ±) denote the one-sided directional derivative of G at λ in the direc-
tion of ±1 , respectively.

Proof  Let λ1, λ2 ≥ 0 and θ ∈ [0, 1] be arbitrary but fixed. Set λθ = (1 − θ)λ1 + θλ2. 
By definition of the value function G and that G(λθ) is attained at Eλθ  we conclude

	

(1 − θ)G(λ1) + θG(λ2) = (1 − θ)jλ1(Eλ1) + θjλ2(Eλ2)
≤ (1 − θ)jλ1(Eλθ

) + θjλ2(Eλθ
)

= Per(Eλθ
, Ω) − λθ

∫

Eλθ

pk dx = jλθ
(Eλθ

) = G(λθ).

Hence G is concave and thus locally Lipschitz continuous. It remains to prove (4.4). 
On the one hand, for δ > 0 small enough, have

	

1
δ

(G(λ + δ) − G(λ)) =1
δ

(jλ+δ(Eλ+δ) − jλ(Eλ)) ≤ 1
δ

(jλ+δ(Eλ) − jλ(Eλ))

= −
∫

Eλ

pk dx.
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On the other hand, we can estimate

	

−
∫

Eλ

pk dx = 1
δ

(jλ+δ(Eλ) − jλ(Eλ)) = 1
δ

(jλ(Eλ) − jλ−δ(Eλ))

≤ −1
δ

(G(λ − δ) − G(λ)).

Taking the limit for δ → 0 in both inequalities finally yields the desired statement 
by definition of the directional derivatives, which always exist by virtue of G being 
concave. � □

We draw several conclusions from this auxiliary result. First, the value func-
tion G is not differentiable at λ = λ̄k. Indeed, denoting by Ek a maximizer of (4.2) 
with Per(Ek, Ω) ̸= 0, there holds

	
dG(λ̄k, +) ≤ −

∫

Eλ̄k

pk dx < 0 = −
∫

∅
pk dx ≤ −dG(λ̄k, −)

due to jλ̄k
(Ek) = 0 and Per(Ek, Ω) ̸= 0. However, secondly, we also deduce that G 

is semismooth at every λ > 0 and, due to (4.4), −
∫

Eλ
pk dx provides a Clarke sub-

gradient of G at λ. Hence, we can hope to compute λ̄k by using a generalized (or 
semismooth) Newton method, see [66, Ch. 2] for an introduction to such methods and 
the definitions of the concepts mentioned. More in detail, starting from λ0 = 1 ≥ λ̄k, 
we iteratively update

	
λℓ+1 = λℓ + G(λℓ)∫

Eλℓ

pk dx
=

λℓ

∫
Eλℓ

pk dx + G(λℓ)∫
Eλℓ

pk dx
= Per(Eλℓ

, Ω)∫
Eλℓ

pk dx

whenever 
∫

Eλℓ

pk dx ̸= 0. The resulting algorithm, also referred to as the Dinkel-
bach-Newton method [63], is given in Algorithm 2. Note that the method terminates 
in two scenarios. The first is if λ0 = 1 satisfies G(λ0) = 0, in which case we imme-
diately conclude

	
max

v∈Ext(BV̊ )

∫

Ω
pkv dx = max

E∈ST (Ω)

∫
E

pk dx

Per(E, Ω)
= 1,

i.e.,  uk is a minimizer of  (P). The second is if there holds  G(λL+1) = 0 for 
some L > 0, implying that we have

	 λL+1 = λ̄k, Per(EλL
, Ω) > 0 as well as jλL+1(EλL

) = 0

by construction. As a consequence,  EλL  is also a solution of Problem  (Pλ) 
for λ = λL+1 and thus, see Proposition 4.4, a maximizer of (4.2).
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Algorithm 2  Dinkelbach-Newton method for Problem (4.2)

The following proposition addresses the wellposedness of Algorithm 2 and sum-
marizes some of its key properties.

Proposition 4.6  Let λℓ denote the current iterate in step ℓ ∈ N of Algorithm 2. Then 
we either have λℓ = λ̄k  or there holds λℓ > λ̄k . In the second case, λℓ+1  is well-
defined and there holds λ̄k ≤ λℓ+1 < λℓ.

Proof  We only prove the statement for ℓ = 0, the general case follows mutatis mutan-
dis. If  λ0 = 1 ̸= λ̄k, Proposition  2.3 yields  G(λ0) < 0 and thus 

∫
Eλ0

pk dx > 0. 
Consequently, λ1 is well-defined and there holds

	
λ1 = λ0 + G(λ0)∫

Eλ0
pk dx

< λ0 as well as λ1 = Per(Eλ0 , Ω)∫
Eλ0

pk dx
≥ λ̄k

due to 
∫

Eλ0
pk dx > 0, G(λ0) < 0 as well as the definition of λ̄k. � □

Following, e.g., [63] we readily obtain that the iterates λℓ generated by Algorithm 
satisfy

	
1

λ̄k

− 1
λℓ+1

≤ cℓ

(
1

λ̄k

− 1
λℓ

)
for some sequence cℓ ≥ 0 with cℓ ↘ 0,

i.e., their reciprocals converge superlinearly towards the maximum value of Prob-
lem (4.2). Exploiting the finite cardinality of ST (Ω) as well as the strict monotonicity 
of λℓ, we further conclude the finite termination of Algorithm 2.

Proposition 4.7  Let  λℓ be generated by Algorithm  2. Then, there is  L ∈ N such 
that λL = λ̄k , i.e., Algorithm 2 stops after finitely many steps.

Proof  Assume that Algorithm 2 does not stop after finitely many iterations. Then, 
there holds
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∫

Eλℓ

pk dx > 0 for all ℓ ∈ N.

By definition, we further get

	

Per(Eλℓ+1 , Ω)∫
Eλℓ+1

pk dx
= λℓ+2 < λℓ+1 = Per(Eλℓ

, Ω)∫
Eλℓ

pk dx
for all ℓ ∈ N.

Consequently, we necessarily have  Eℓ1 ̸= Eℓ2  for all  ℓ1, ℓ2 ∈ N,  ℓ1 ̸= ℓ2. 
Since ST (Ω) is finite, we arrive at a contradiction. � □

4.2.2  Graph cuts for problem (Pλ)

Finally, it remains to discuss the efficient solution of the perimeter minimization 
problem (Pλ) which is required in Algorithm 2. For this purpose, we briefly recap 
its equivalence to a suitable minimal graph cut problem, see also [60], which can be 
solved exactly and efficiently using, for example, maximum flow algorithms such 
as [9]. In the following, let G = (V, E , W) be the dual graph associated to T , with 
a node for each Tj ∈ T  and where the weight of each graph edge (i, j) is given by 
the length of the common face of the simplices Ti, Tj , i.e. wi,j = Hd−1(∂Ti ∩ ∂Tj).

Thanks to this construction, the perimeter in Ω of any set E ∈ ST (Ω) can be com-
puted through a sum of weights of edges in E . Indeed, let E ∈ ST (Ω), and denote by 
I ⊂ V  the collection of vertices that correspond to triangles in E. Then,

	
Per(E, Ω) =

∑
Ti⊂E

∑
Tj ̸⊂E

Hd−1(∂Ti ∩ ∂Tj) =
∑
i∈I

∑
j∈V \I

wi,j .

Therefore, the dual graph encodes the perimeter information of the elements of 
ST (Ω). In order to incorporate information regarding the dual variable pk, an addi-
tional construction is required. For this purpose, let us introduce two new vertices, 
denoted as s (the source) and t (the sink), in the set of vertices V . Next, for each node 
i ∈ V , we create directed edges (s, i) from the source to the node i, and (i, t) from the 
node to the sink. Finally, noting that

	
λ

∫

E

pk dx =
∑

Ti⊂E

λpk(Ti)Ld(Ti),

we can encode the integral −λ
∫

E
pk dx into the weights of the new edges by defining

	

ws,i := max{0, −λpk(Ti)Ld(Ti)} as well as wi,t

:= max{0, λpk(Ti)Ld(Ti)} for all i ∈ V.
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The resulting graph is commonly referred to as an (s, t)-graph. Visually, this construc-
tion adds an extra "dimension" to the graph, which can be illustrated graphically as 
shown in Fig. 3.

Given the (s, t)-graph as well as I ⊂ V , we define the associated (s, t)-cut as the 
binary partition of the nodes of the graph into I ∪ {t} and Ic ∪ {s}. The respective 
cut value is given by the flow through the cut, i.e.

	
ΘI :=

∑
i ̸∈I

∑
j∈I

wi,j +
∑
i∈I

ws,i +
∑
i ̸∈I

wi,t.

Finally, a minimal cut is an (s,  t) cut that minimizes the cut value. The following 
lemma addresses the equivalence between finding a minimal cut and solving the 
perimeter minimization problem (Pλ).

Lemma 4.8  Let I ⊂ V  and E(I ) = int
(∪

i∈I Ti
)

∈ ST (Ω) be the corresponding 
union of triangles. If I ∪ {t}, I c ∪ {s} is a minimal cut, then

	
E(I) ∈ arg min

E∈ST (Ω)
Per(E, Ω) − λ

∫

E

pk dx.� (4.5)

Proof  By definition of the cut value, we have

Fig. 3  Our triangulated domain (Ω, T ) in black, and the associated (s, t)-graph in red. On the right, an 
example of (s, t)-cut (blue vs green) for the unweighted (s, t)-graph, with the edges passing through the 
cut (i.e. connecting different color nodes) in red
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ΘI = Per(E(I), Ω) +
∑
i∈I

ws,i +
∑
j ̸∈I

wj,t

= Per(E(I), Ω) +
∑
i∈I

max(0, −λpk(Ti)Ld(Ti)) +
∑

i∈V\I

max(0, λpk(Ti)Ld(Ti))

= Per(E(I), Ω) −
∑
i∈I

λpk(Ti)Ld(Ti) +
∑
i∈V

max(0, λpk(Ti)Ld(Ti))

= Per(E(I), Ω) − λ

∫

E(I)
pkdx +

∑
i∈V

max(0, λpk(Ti)Ld(Ti)).

Since the last term is independent of E(I), minimizing the cut value would minimize 
(4.5). � □

The full practical realization of FC-GCG for P0 elements is given in Algorithm 3. 
Note that the scalars ζk can be computed as a by-product of Algorithm 3 and provide 
an upper bound on the suboptimality J(uk) − minu∈P0(T ) J(u), by Lemma 4.2.

Algorithm 3  Dinkelbach-FC-GCG for V = P0(T ) discretization of Problem (P)

Finally, again exploiting the finite cardinality of ST (Ω), we conclude the con-
vergence of Algorithm 3 in finitely many steps, assuming that the finite dimensional 
minimization problem for (γk+1, ck+1) is solved exactly.

Proposition 4.9  Let  uk  be generated by Algorithm  3. Then there is  K ≥ 0  such 
that ū = uK  is a minimizer of Problem (P) for V = P0 (T ).
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Proof  Without loss of generality, assume that the iterate uk in the k-th step of Algo-
rithm 3, j ≥ 1, is not optimal. Then, utilizing arguments from [16], there holds

	
F (Kuk+1) +

N+
k∑

i=1
γk+1

i < F (Kuk) +
N+

k−1∑
i=1

γk
i .

In particular, this implies Ak+1 ̸= Aj  for all j ∈ N, j ≤ k. Since the power set of ST  
is also finite, we conclude the termination of Algorithm 3 in finitely many steps. � □

5  Discrete-to-continuum limits of TV problems on P0 functions

In this section, for sequences of triangulations Th with h > 0 an upper bound on the 
diameter of the triangles, we investigate the behavior of minimizers of problems of 
the form (D) formulated over functions P0(Th) as h → 0. Specifically, we consider 
minimization problems

	
min

uh∈P0(Th)
Jh(uh) := [F (Khuh) + TV(uh, Ω)] ,

where Kh is defined by yh = Khuh ∈ P1(Th) ∩ H1
0 (Ω) being the unique solution to 

a Galerkin weak formulation of a linear elliptic PDE such as

	
find y ∈ P1(Th) ∩ H1

0 (Ω) s.t.
∫

Ω
∇y · ∇θh + yθh dx =

∫

Ω
uθh dx� (5.1)

for all θh ∈ P1(Th) ∩ H1
0 (Ω), and the corresponding continuum K is the solution 

operator of the analogous weak formulation in H1
0 (Ω) without the P1(Th) constraint.

The challenge, as already indicated in the introduction (see the references therein), 
is that the total variation does not behave consistently with respect to approximation 
with piecewise constant functions. Therefore, we consider an approach based on Γ
-convergence (see [10, Ch. 1] for the definition and basic properties) in which limits 
with respect to h of solutions over each mesh Th are proved to be minimizers of a 
continuum variational problem, which in turn depends on which sequence of meshes 
Th was used. Such an approach is based on formulating both the approximating and 
the limiting energies in the same functional space. To this end, we define the func-
tional TVTh

: L1(Ω) → R+ ∪ {0, +∞} by

	
TVTh

(u) :=
{

TV(u, Ω) if u ∈ P0(Th),
+∞ otherwise,

and the corresponding perimeter
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PerTh

(E) :=
{

Per(E, Ω) if E ∈ STh
(Ω)

+∞ otherwise.

In this framework and under suitable assumptions on Th, we will see that in the limit-
ing energy the total variation term is replaced with an anisotropic version defined by

	

TVφ(u) : = sup
{∫

Ω
u div ψ dx

∣∣∣∣ ψ ∈ C1
c (Ω;Rd), φ∗(ψ(x)) ≤ 1 for all x ∈ Ω

}

=
∫

Ω
φ

(
Du

|Du|

)
d|Du|,

� (5.2)

for some convex positively one-homogeneous real valued function φ, and with 
Du/|Du| denoting the Radon-Nikodym derivative of Du ∈ M(Ω;Rd) with respect to 
the nonnegative measure|Du|.

A first step towards this goal is to notice that this type of convergence for the 
perimeters implies the same type of convergence for the PDE-constrained optimiza-
tion problem with TV regularization, and convergence of the corresponding mini-
mizers. To this end, we recall that a sequence of sets En ⊂ Rd is said to converge in 
L1 to a limit set E whenever

	
Ld(En△E) = Ld(En \ E) + Ld(E \ En) 0−−−−→

n→∞
.

It is straightforward to check that the quantity (E, F ) �→ Ld(E�F ) defines a metric 
on Lebesgue equivalence classes of subsets of Rd, which in particular allows us to 
speak of Γ-convergence with respect to this topology.

Proposition 5.1  Let 1 ≤ d ≤ 4 , 1 ≤ p < d/(d − 1 ), Ω be polyhedral, 
and Th  be quasi-uniform triangulations [18, Def.  4.4.13], that is, satisfying 
h ≥ max{ diam (T ) | T ∈ Th} and such that there is Cs > 0  with

	
1
h

sup
{

r > 0 | B(x, r) ⊂ T for some x ∈ T
}

≥ Cs for all h > 0 and T ∈ Th.

Assume that F is lower semicontinuous with respect to the strong topology of 
Lp(Ω), and that the discrete perimeter PerTh  Γ -converges with respect to the L1  
convergence of sets as h → 0  to the anisotropic perimeter functional given by

	
A �→

∫

∂∗A

φ(νA(x))dHd−1(x),

where νA = D�A/|D�A| and ∂∗A is the reduced boundary of A. Then we have

	 Jh := F ◦ Kh + TVTh

Γ−Lp

−−−−→ J := F ◦ K + TVφ,� (5.3)

and any sequence ūh  of minimizers of Jh  has a subsequence converging to a mini-
mizer ū of J strongly in Lp(Ω), for which TV(ūh) → TVφ(ū).
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Proof  By [29, Prop. 3.5] the Γ-convergence of PerTh  with respect to L1 convergence 
of sets is equivalent to the convergence of the corresponding total variations, so we 
have

	 TVTh

Γ−L1(Ω)−−−−−−→ TVφ .� (5.4)

Now assume uh ⇀ u weakly in Ld/(d−1)(Ω), and let us consider the discrete and 
continuous weak formulations (5.1) with unique solution yh ∈ P1(Th) ∩ H1

0 (Ω), and

	
find y ∈ H1

0 (Ω) s.t.
∫

Ω
∇y · ∇θ + yθ dx =

∫

Ω
uθ dx for all θ ∈ H1

0 (Ω),� (5.5)

with unique solution y ∈ H1(Ω). Choosing θ = yh in (5.1), using the Hölder inequal-
ity and then Poincaré-Sobolev inequality in H1

0 (Ω) for yh, we obtain the estimate

	

∥∇yh∥2
L2(Ω) =

∫

Ω
|∇yh|2 dx ≤

∫

Ω
|uhyh| dx ≤ ∥uh∥Ld/(d−1)(Ω)∥yh∥Ld(Ω)

≤ CΩ∥uh∥Ld/(d−1)(Ω)∥∇yh∥L2(Ω),
� (5.6)

so that ∥∇yh∥L2(Ω) ≤ CΩ∥uh∥Ld/(d−1)(Ω). Notice that this is possible because Ω is 
bounded and

	

(
d − 1

d

)′

= d ≤ 2d

d − 2
� (5.7)

is satisfied for d ≤ 4, with equality if d = 4. Again using the Poincaré inequality, 
estimate (5.6) means that the sequence yh is bounded in H1(Ω). Therefore, using 
the Banach-Alaoglu [4, Thm. 2.4.7] and Rellich-Kondrashov [4, Thm. 5.3.3] theo-
rems there is yℓ ∈ H1

0 (Ω) such that (up to a subsequence) we have ∇yh ⇀ ∇yℓ 
weakly in L2(Ω). For any θ ∈ C∞

c (Ω) and by the assumptions on Th, we can find 
(see for example [18, Thm.  4.4.20]) a sequence θh ∈ P1(Th) ∩ H1

0 (Ω) such that 
θh → θ strongly in H1(Ω) and use it in (5.1). Using the Poincaré-Sobolev inequality 
in H1

0 (Ω) for θh and taking into account (5.7) we see that

	

∇yh ⇀ ∇y in L2(Ω), ∇θh → ∇θ in L2(Ω),
uh ⇀ u in Ld/(d−1)(Ω), θh → θ in Ld(Ω),

so we can pass to the limit on both sides of (5.1) to obtain that yℓ satisfies

	

∫

Ω
∇yℓ∇θ dx =

∫

Ω
uθ dx for all θ ∈ C∞

c (Ω).
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Using the density of C∞
c (Ω) in the strong topology of H1

0 (Ω) we have that yℓ in fact 
satisfies (5.5), and uniqueness of solutions for this weak formulation implies that 
yℓ = y.

Let us now prove (5.3). If we consider uh → u strongly in Lp(Ω) for the Γ-lim inf  
inequality, then since Ω is bounded also uh → u strongly in L1(Ω). This allows us to 
use (5.4) to obtain TVφ(u) ≤ lim infh→0 TVTh

(uh). Moreover, if TVφ(u) < +∞ 
this limit inferior can be approximated with (not relabelled) subsequences for 
which TVTh

(uh) < +∞, so that uh ∈ P0(Th) and TVTh
(uh) = TV(uh) ≤ C. By 

weak compactness and the Poincaré-Sobolev inequality in BV(Ω) [3, Thm.  3.23, 
Thm. 3.44] and since Ω is bounded we have (after possibly taking a further subse-
quence) that uh ⇀ u in Ld/(d−1), which combined with the compactness and conti-
nuity of yh proved above yields

	
(F ◦ K)(u) + TVφ(u) ≤ lim inf

h→0
(F ◦ Kh)(uh) + TVTh

(uh) for all uh → u in Lp(Ω),

where we note that this inequality also holds if TVφ(u) = +∞, since in that case by 
the use of (5.4) also the right hand side must equal +∞. For the other half of the Γ
-convergence, if we are given u ∈ L2(Ω) we would like to find uh → u strongly in 
Lp(Ω) for which

	
(F ◦ K)(u) + TVφ(u) ≥ lim sup

h→0
(F ◦ Kh)(uh) + TVTh

(uh),� (5.8)

and may assume that TVφ(u) < +∞, since otherwise the inequality is trivial. Using 
the Γ-convergence of the discrete perimeters (5.4) we can find a recovery sequence 
of functions uh such that uh → u in L1(Ω), TVTh

(uh) < ∞ and uh ∈ P0(Th) for 
all h, and

	
lim sup

h→0
TVTh

(uh) = lim sup
h→0

TV(uh) ≤ TVφ(u).

Since TVφ(u) < +∞ we have that TV(uh) is bounded and we can proceed as above 
to see that, up to taking a not relabelled subsequence, also uh → u strongly in Lp(Ω) 
and yh → y strongly in Lr(Ω) for r < d, and from that conclude that for this particu-
lar sequence (5.8) holds.

To conclude the convergence of minimizers, we notice that TVTh
(u) ≥ TV(u) 

for every u ∈ Lp(Ω), which in combination with Assumption A3 and the Poincaré-
Sobolev inequality in BV(Ω) that the family Jh is equicoercive in the norm of this 
space. This allows us, for a sequence of minimizers ūh and by the same compact 
embedding arguments used before, to extract a subsequential limit ū in the strong 
Lp(Ω) and weak Ld/(d−1) topologies, and by the fundamental theorem of Γ-conver-
gence [36, Cor. 7.20, Thm. 7.8] this limit must be a minimizer of J, and

	
Jh(ūh) = lim

h→0
J(ū).� (5.9)
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Moreover, since ūh ⇀ ū in Ld/(d−1), we can run the same continuity argument for 
K(ūh) to infer from (5.9) that limh→0 TV(ūh) = TVφ(ū). � □

The above result is in particular applicable for periodic triangulations of the cube 
Ω = (0, 1)d:

Definition 5.2  Given an initial triangulation T1 = {T1, ..., Tnτ
} of Ω, we say that 

{Tk}k is a sequence of periodic triangulations on Ω = (0, 1)d if

	
Tk =

k−1∪
i1,...,id=0

1
k

(
T1 + (i1, . . . , id)

)
.

In the previous equation, the two operations are conceptualized as shifting and rescal-
ing of the elements of T1 to facilitate the division of Ω into kd identical cubes of size 
1/k with a rescaled copy of T1 inside each. A typical example of such triangulations is 
the ‘double diagonal’ depicted in Fig. 4, which will be our main focus later on.

Proposition 5.3  If {Tk}k  is a sequence of periodic triangulations on Ω = (0 , 1 )d , 
the discrete perimeter PerTk  Γ -converges as k → ∞ and with respect to the L1  con-
vergence of sets, to the anisotropic perimeter functional given by

	
A �→

∫

∂∗A

φT1

(
νA(x)

)
dHd−1(x),� (5.10)

where φT1  is Lipschitz continuous and given at rational directions ν by the single 
cell formula

Fig. 4  Representing the regular ‘double diagonal’ triangulation of the plane as interactions of periodic 
lattice systems, with the shaded central square being a complete period. The red segments represent the 
interactions corresponding to the thicker black edges of the triangulation. The assignment of Proposi-
tion 5.3 is depicted on the left, with the triangles themselves being the Voronoi cells from which the 
lattice nodes can be recovered as the centroid of the triangles. This property is not true for more general 
triangulations or different assignments like the alternative construction on the right, still using the 
regular lattice 1

2k
Z2, but for which each triangle is assigned counterclockwise to a red point, and the 

corresponding Voronoi cells are the squares depicted in blue
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φT1(ν) = 3d−1 inf

{
|Du|

(
[1/3, 2/3]d

) ∣∣∣∣ u ∈ P0(T3)s.t. x �→ u(x) − ν · x is 1/3−periodic

}
,�(5.11)

in which the piecewise constant functions involved are real-valued, satisfy

	 u(x + 1/3z) − ν · (x + 1/3z) = u(x) − ν · x for all z ∈ Zd,

and the cost includes jumps at ∂[1/3 , 2/3 ]d .

Proof  We aim to use results from the literature on discrete-to-continuum conver-
gence of variational problems on lattice systems, specifically the integral representa-
tion of [12, Thm. 2.4] and cell formula of [30, Prop. 2.6]. To this end, we define the 
lattice dual to Tk consisting of the centroids 

(
ce(Tk) := 1

|Tk|
∫

Tk
x dLd(x)

)
 of the 

simplices in Tk, that is

	
Lk =

k−1∪
i1,...,id=0

1
k

( {
ce(T 1

1 ), . . . , ce(T 1
nτ

)
}

+ (i1, . . . , id)
)
.

The obstacle to apply the mentioned results directly is that they are formulated for 
the embedding into continuum sets which are unions of Voronoi cells of the lattice, 
whereas the sets we consider are unions of triangles of Tk. However, for any subset 
A ∈ STk

(Ω) we can define

	
Lk ⊃ Ξk(A) = {ce(T1), . . . , ce(TNA

)} whenever A =
NA∪
i=1

Ti.

Noticing that the Ξk so defined is a bijection, we define the corresponding discrete 
perimeter on subsets of Lk given by

	 PerLk
(B) := PerTk

(
Ξ−1

k (B)
)

for each B ⊂ Lk.

Given this correspondence of the interaction energies, to conclude it is enough to 
check that for all sequences

	 {Ak} ⊂ STk
(Ω) with PerTk

(Ak) ≤ M < +∞

we have

	 Ak
L1

−−→ A ⊂ (0, 1)d if and only if (Vk ◦ Ξk)(Ak) L1

−−→ A,� (5.12)

where Vk assigns to subsets of Lk the union of closures of cells of the Voronoi tesel-
lation induced by Lk, which is the continuum embedding for lattice subsets used in 
[12] and [30]. To prove (5.12), we can denote the set of indices of simplices of Ak 
having one or more faces in ∂Ak as
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Ik =

{
(i1, . . . , id, ℓ)

∣∣∣∣
1
k

(
T 1

ℓ + (i1, . . . , id)
)

⊂ Ak and
1
k

(
∂T 1

ℓ + (i1, . . . , id)
)

∩ ∂Ak ̸= ∅
}

.

Noticing that only these simplices and corresponding Voronoi cells can con-
tribute to the symmetric difference between Ak and (Vk ◦ Ξk)(Ak), that their 
volume must be bounded by the size of a complete periodicity cube, and that 
PerTk

(Ak) = Hd−1(∂Ak ∩ Ω), we estimate

	

Ld
(

Ak△
[
(Vk ◦ Ξk)(Ak)

])
≤ k−d #

(
Ik

)

≤ k−d
(

min
ℓ,F

{
Hd−1(F )

∣∣ F a face of ∂T 1
ℓ

})−1
Mkd−1 0−−−−→

k→∞
.

Having proved (5.12), Γ-convergence of PerTk  is equivalent to that of the corre-
sponding lattice system, which gives rise to a functional a functional of the form 
(5.10) as proved in [12, Thm. 2.4 and Sec. 2.1.1], and allows us to express φ using 
the cell formula (5.11) as a specialization of [30, Prop. 2.6]. For this formula, since 
the infimum needs to take into account interactions with the neighboring cubes, we 
have chosen to formulate it on the middle cube of T3, but clearly other analogous 
expressions are possible. � □

5.1  Explicit anisotropy for planar double-diagonal triangulations

We begin with a ‘slicing’ result, inspired by the continuous analogue (see for example 
[11, Lem. 3.2]), to modify sequences of triangulated sets converging to a half plane 
so that the intersection of their boundaries and ∂(0, 1)2 match the corresponding one 
for a half plane with rational normal: for ν = (σ, τ) ∈ S1, we will denote by Eν  the 
subset of (0, 1)2 given by

	
Eν =

{
{x ∈ (0, 1)2 : x · ν > 0} if στ ≤ 0,
{x ∈ (0, 1)2 : |x · ν| > 1} if στ > 0.

� (5.13)

Definition 5.4  We say that a triangulation T  on Ω = (0, 1)2 is diagonally separable if 
there exist simple sets A1, A2 ∈ ST (Ω) such that

	 ∂Ai ∩ ∂Ω = ∂Eνi ∩ ∂Ω,

where ν1 = 1√
2 (1, 1) ∈ S1, and ν2 = 1√

2 (−1, 1) ∈ S1.

Note that if T1 of a sequence of periodic triangulations {Tk}k is diagonally separable, 
then so is any Tk of the sequence.

Lemma 5.5  Let {Tk}k  be a sequence of periodic triangulations of Ω = (0 , 1 )2 , such 
that T1  is diagonally separable, and Eν  as in (5.13). For any rational direction 
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ν ∈ S1 , and any sequence {Ek ∈ STk (Ω)}k  converging in L1  to Eν , there exists a 
(sub)sequence {Ẽkm ∈ STkm

(Ω)}m  satisfying ∂Ẽkm ∩ ∂Ω = ∂Eν ∩ ∂Ω, and

	
lim

m→∞
H1(Ω ∩ (∂Ẽkm

\ ∂Ekm
)) = 0.� (5.14)

Proof  Let ν = 1√
σ2+τ2 (σ, τ) ∈ S1 be a rational direction for some coprime integers 

σ, τ ∈ Z and let n = max{|σ|, |τ |}. We assume without loss of generality that neither 
σ nor τ  is equal to zero. If this is not the case, then we can construct the new sequence 
as Ẽk := Eν  which is admissible for every k and has zero perimeter inside Ω.

For δ > 0, consider the neighbourhood of ∂Ω given by

	 Ωδ = {x ∈ Ω : d(x, ∂Ω) < δ} ,

where d(x, ∂Ω) = infy∈∂Ω ∥x − y∥. It is clear that Ωδ ∈ STk
(Ω) only for specific 

choices of k and δ. More precisely, given δ = 1
m  for some fixed m ∈ N, the previous 

statement holds if k is a multiple of m. For this reason, we will only consider ele-
ments of the sequence of triangulations Tk satisfying k = ℓmn for some ℓ ∈ N. We 
set the index k to also be a multiple of n so that the boundary of Eν  intersects ∂Ω1/m 
precisely at vertices of periodic squares of Tk, as depicted in Fig. 5. It will also be the 
case for any other neighborhood of ∂Ω of the form Ω nj

k
 with j ∈ {1, ..., ℓ}, where in 

particular, nj
k = 1

m  if j = ℓ.

Let

	
C(T1) := max

T ∈T1

H1(∂T )
L2(T )

.

Fig. 5  A sketch of the constructions in the proof of Lemma 5.5. In this case ν = (2, −1)/
√

5
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be a bound on the shape of triangles in the initial triangulation. For every triangle 
T ∈ Tk and j ∈ {1, ..., ℓ}, since d = 2 and triangles in Tk are obtained by rescaling 
triangles of T1 by a factor 1/k, we have

	
H1

(
∂Ω nj

k
∩ (Ek△Eν) ∩ T

)
≤ C(T1)kL2(

Ek△Eν) ∩ T
)
.

The previous inequality holds true even if we sum the lefthand side over j ∈ {1, ..., ℓ}. 
Indeed, by the assumption on the initial triangulation, each triangle in Tk intersects 
with at most one slice ∂Ω nj

k
 (see Fig. 5). Thus,

	

ℓ∑
j=1

H1
(

∂Ω nj
k

∩ (Ek△Eν) ∩ T
)

≤ C(T1)kL2(
(Ek△Eν) ∩ T

)
.

Summing the righthand side of the inequality over T ∈ Tk gives C(T1)kL2(
Ek△Eν

)
 

because triangles are disjoint. On the other hand, for the lefthand side, we have

	

∑
T ∈Tk

H1
(

∂Ω nj
k

∩ (Ek△Eν) ∩ T
)

= 2H1
(

∂Ω nj
k

∩ (Ek△Eν)
)

.

To see this, take a look at Fig. 5, and note that, by periodicity, each piece of ∂Ω nj
k

 (in 
blue) appears in two triangles of Tk. All together,

	

ℓ∑
j=1

H1
(

∂Ω nj
k

∩ (Ek△Eν)
)

≤ 1
2

C(T1)kL2(
Ek△Eν

)
.� (5.15)

One of the terms of the sum in Equation (5.15) must be not larger than the average. 
Therefore, there exists j(ℓ, m) ∈ {1, ..., ℓ} for which

	
H1

(
∂Ω nj(ℓ,m)

k

∩ (Ek△Eν)
)

≤ 1
ℓ

ℓ∑
j=1

H1
(

∂Ω nj
k

∩ (Ek△Eν)
)

.� (5.16)

Together with Equation (5.15), we conclude that

	
H1

(
∂Ω nj(ℓ,m)

k

∩ (Ek△Eν)
)

≤ mn

2
C(T1)L2(

Ek△Eν

)
.

By the L1 convergence of Ek to Eν , we know that for every m ∈ N, there exists 
ℓ(m) ∈ N  such that for each ℓ ≥ ℓ(m),

	
L2(Ek△Eν) <

1
m2 .

Thus,
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H1

(
∂Ω nj(ℓ,m)

k

∩ (Ek△Eν)
)

<
n

2m
C(T1) −−−−→

m→∞
0.

In particular, if we consider the subsequence of triangulations Tkm  with 
km := ℓ(m)mn, we get

	
lim

m→∞
H1

(
∂Ω njm

km

∩ (Ekm
△Eν)

)
= 0,� (5.17)

where jm = j(ℓ(m), m) ∈ {1, ..., ℓ(m)} of Equation (5.16).
We construct a new sequence of triangulated sets Ẽkm

∈ STkm
(Ω) as

	
Ẽkm :=

{
Ekm on Ω \ Ω njm

km

Am on Ω njm
km

,

where Am ∈ STkm
(Ω) is a set satisfying the two attachment conditions:

	 ∂Am ∩ ∂Ω = ∂Eν ∩ ∂Ω, ∂Am ∩ ∂Ω njm
m

= ∂Eν ∩ ∂Ω njm
m

,

and such that

	∂Am ⊂
⋃ {

∂T
∣∣ T ∈ Tkm and T ⊂ Q =

[
(0, 1/km)2 + (i1, i2)

]
with Q ∩ ∂Eν ̸= ∅

}
.�(5.18)

The last condition enforces the boundary of Am to be contained in periodic squares 
of Tkm  that intersect the boundary of the target Eν . In this way, the maximum pos-
sible perimeter inside the squares containing ∂Eν ∩ Ω njm

m
 bounds the perimeter of 

Am in Ω njm
m

. The assumption that T1 is diagonally separable guarantees the exis-
tence of such an Am. An example of this construction is depicted in Fig. 5. Finally, 
to prove (5.14), we notice that

	
Ω ∩ (∂Ẽkm

\ ∂Ekm
) ⊆

(
Ω njm

km

∩ ∂Am

)
∪

(
∂Ω njm

km

∩ (Ekm
△Eν)

)
,

and by (5.18) we know that

	
lim

m→∞
H1

(
Ω njm

km

∩ ∂Am

)
= 0,

which combined with (5.17) proves (5.14). � □
We will now describe the anisotropy φT1  for a specific choice of periodic planar 

triangulations, the ‘double diagonal’. The result implies, in particular, that sets with 
fixed mass which are optimal for PerφT1

 (i.e. the Wulff shape) are precisely the octa-
gons which can be realized without error with piecewise constant functions on this 
type of mesh, as appearing for example in Fig. 8b. The strategy is to directly compute 
the limit energy of half-planes, for which we can modify the recovery sequence of 

1 3

249



G. Cristinelli et al.

Proposition 5.3 to match the boundary condition of the target set with the help of the 
previous lemma.

Proposition 5.6  (Octagon) Let {Tk}k  be a sequence of periodic triangulations of 
Ω = (0 , 1 )2 , such that T1  is the ‘double diagonal’ triangulation of a square. Then 
the unit ball φ−1

T1
(1 ) ⊂ R2  corresponds to the regular octagon with a vertex at (1, 0), 

and the Wulff shape is the rotation of φ−1
T1

(1 ) by π
8 .

Proof  Given a rational direction ν ∈ S1, our strategy is to consider a recovery 
sequence Ek

E−−−−→
k→∞ ν

 coming from the Γ-convergence of Proposition 5.3, with Eν  

defined as in Eq. 5.13. By construction, it holds

	
lim

k
PerTk

(Ek) = Perφ(Eν) = φT1(ν)H1(∂Eν ∩ Ω).

From Lemma 5.5 we can build a modified subsequence Ẽkm  that matches the bound-
ary of Eν  for which

	
lim

k
PerTk

(Ek) = lim
m

PerTkm
(Ẽkm

).

Then, given a sequence of perimeter minimizers with fixed boundary constraint

	

Gkm
∈ arg min

A ∈ STkm
(Ω),

∂A ∩ ∂Ω = ∂Eν ∩ ∂Ω

PerTkm
(A),

� (5.19)

we obtain

	 PerTkm
(Gkm

) ≤ PerTkm
(Ẽkm

).

If we have that Gkm

E−−−−→
m→∞ ν

 in L1, then the Γ-lim inf  inequality implies

	
Perφ(Eν) ≤ lim inf

m
PerTkm

(Gkm
),

and ultimately

	
φT1(ν)H1(∂Eν ∩ Ω) = lim inf

m
PerTkm

(Gkm).� (5.20)

Therefore, our goal now is to describe, for this particular triangulation, the minimal 
perimeter PerTkm

(Gkm
) and specific (since they are not unique) minimizers Gkm  

with
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	 L2(Gkm△Eν) → 0� (5.21)

Because the initial triangulation T1 is invariant under rotations by multiples of π
4 , 

we can assume ν = 1√
σ2+τ2 (σ, −τ) ∈ S1 for some coprime integers σ, τ ∈ N with 

0 ≤ σ ≤ τ , as in Fig. 6a. Note that Eν  is a triangle with vertices at (0, 0), (1, 0) and (
1, σ

τ

)
, which, by the construction of the subsequence in Lemma 5.5, are all nodes of 

periodic squares in Tkm  for all m.

Consider the minimization problem (5.19) defining Gkm . We claim that its mini-
mal value can be found by minimizing over paths made up of edges none of which 
is contained in ∂Ω. To see this, consider an arbitrary competitor A for (5.19). Then, 
since ∂A ∩ ∂Ω = ∂Eν ∩ ∂Ω we have that all of the triangles of Tkm  with an edge 
contained in either [0, 1] × {0} or {1} × [0, σ/τ ] must be included in A. Moreover, 
for each pair T1, T2 of those triangles such that T1 ∩ T2 = {v0} for some v0 ∈ ∂Ω, 
we can assume that the two other triangles having v0 as a vertex are also included in 
A, since adding them to it cannot increase the perimeter. Therefore, we have obtained 
that ∂A ∩ ∂Ω must be part of the boundary of an indecomposable component of 
A, say A0. Seeing A0 as a positively oriented simplicial chain, we can consider the 
induced orientation for ∂A0, in which each vertex of Tkm  must appear only in an 
even number of edges with by virtue of being a boundary, and in fact only twice 
since otherwise A0 would not be indecomposable. Alternatively, one can use general 
results for two-dimensional sets of finite perimeter expressing their essential bound-
aries as unions of Jordan curves, see [2, Thm. 7, Cor. 1] or [21, Rem. II].

With this in mind, we only need to consider injective continuous paths γ : [0, 1] → Ω 
connecting (0, 0) with 

(
1, σ

τ

)
 whose image is made up of (non-boundary) edges of 

triangles in Tkm . Furthermore, since we are only interested in H1(γ([0, 1])) and for 
injective curves this quantity equals (see [19, Thm. 2.6.2]) the length of γ defined 
as a supremum of sums of lengths of polygons with vertices in γ([0, 1]) induced by 

Fig. 6  Description of the anisotropy φT1  of the ‘double diagonal’ triangulation T1
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partitions of [0, 1], we can assume γ to be piecewise linear with switching only at the 
preimages of vertices of triangles in Tkm . Let

	 D0,1
γ := {t0, ..., tn+1} ⊂ [0, 1]

be the ordered set of points where γ is non-differentiable. Then, γ(D0,1
γ ) must be ver-

tices of the triangulation Tkm . It can be proven that if γ is length-minimizing among 
such curves, then γ(tj+1) − γ(tj) must be either (up to positive rescaling) the vector 
ν1 = (1, 0) or ν2 = (1, 1), for all tj ∈ D0,1

γ , which in particular implies that γ(D0,1
γ ) 

consists of nodes of periodic squares inside the polygon with vertices

	

{
(0, 0),

(σ

τ
,

σ

τ

)
,
(

1,
σ

τ

)
,
(

1 − σ

τ
, 0

)}
,

illustrated in yellow in Fig. 6a. Moreover, the length of such an optimal path can be 
computed from the amount of edges directed by ν1 and ν2 respectively, resulting in

	
PerTkm

(Gkm
) = 1

τ

(
σ

√
2 + (τ − σ)

)
= 1 + (

√
2 − 1)σ

τ
.� (5.22)

In the ‘double-diagonal’ geometry under consideration these facts are quite intuitive, 
so we relegate a detailed proof to Appendix B.

The only thing left to justify is that, as m → ∞, one can choose optimal paths of 
the type we have just described, in such a way that (5.21) is satisfied. One adequate 
choice is to follow a diagonal path from the origin with t �→ 1

km
tν2 until the first 

t∗ ∈ N satisfying t∗ν2 + 1
km

ν1 /∈ E̊ν , concatenating a horizontal segment t → 1
km

ν2 
for t ∈ [t∗, t∗ + 1], iterating this procedure until hitting the point (1, σ/τ), and res-
caling the parametrization so that its domain is [0, 1]. By construction, the image of 
a path γ constructed in this fashion satisfies d(γ(t), ∂Eν) ≤ 1/km for all t, implying 
in particular (5.21).

Finally, by combining Equation (5.20) and (5.22), we obtain that, for a rational 
direction ν = 1√

σ2+τ2 (σ, −τ) ∈ S1 with 0 ≤ σ ≤ τ ,

	 φT1(ν) = (
√

2 − 1, −1) · ν.

By symmetry, we can extend the previous discussion to other rational directions ν ∈ S1, 
finding a description of φT1  on a dense subset of S1. Then again, we can extend it to 
the whole S1 by continuity and to R2 \ {0} by homogeneity φT1(v) = |v|φT1

(
v

|v|

)
. 

The 1−levelset of the resulting map φT1  is depicted in Fig. 6b, and it is precisely the 
expected regular octagon. The claim about the corresponding Wulff shape follows by 
the Wulff theorem [54, Thm. 20.8] and convex duality. � □
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6  Numerical examples

Finally, we provide two numerical examples which illustrate the findings of the pres-
ent work, in particular the practical efficiency of Algorithm 3 as well as the asymp-
totic behavior of the total variation as explained in Proposition 5.6. For this purpose, 
let T  be a triangulation of Ω = (−1, 1)d, d = 2, 3, either given by the “double-diag-
onal” triangulation from Fig. 5.2 or pseudo-random ones obtained from a mesh gen-
erator, for which we empirically observe solutions resembling those corresponding 
to the isotropic case φ ≡ 1 (see Figs. 7 and 8). Associated to T , we then consider 
discretized optimal control problems of the form

Fig. 8  Top view of optimal control numerically computed through Algorithm 3 from different triangu-
lations of ≈ 5 · 105 faces, d = 2 and α = 10−4

 

Fig. 7  Output ū of Algorithm 3 for d = 2, 3 on pseudo-random triangulations
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min

uh∈P0(T )
JT (uh) :=

[
1
2

∥yh − yo∥2
L2(Ω) + α TV(uh, Ω)

]

where yh = Khuh ∈ P1(T ) ∩ H1
0 (Ω) is the unique solution of

	
find y ∈ P1(T ) ∩ H1

0 (Ω) s.t.
∫

Ω
∇y · ∇θh + cyθh dx =

∫

Ω
uhθh dx� (6.1)

for all θh ∈ P1(T ) ∩ H1
0 (Ω), and α > 0, c ≥ 0 and yo ∈ L2(Ω) are example specific 

parameters.

6.1  Implementation of Algorithm 3

We give a brief overview on the implementation details concerning Algo-
rithm  3. First, using standard adjoint calculus, we verify that the dual vari-
able  pk = (1/α)K∗

h(yo − Khuk) ∈ V ′ ≃ P0(T ) is given by  pk = (1/α)Π0(zk) 
where  Π0 : P1(T ) → P0(T ) denotes the orthogonal projection onto  P0(T ) 
and zk ∈ P1(T ) ∩ H1

0 (Ω) is the unique solution of the adjoint problem

	
find z ∈ P1(T ) ∩ H1

0 (Ω) s.t.
∫

Ω
∇z · ∇θh + czθh dx =

∫

Ω
θh dx

for all θh ∈ P1(T ) ∩ H1
0 (Ω). Second, alongside the current active set Ak = {uj

k}Nk
j=1 

and iterate  uk =
∑Nk

j=1 γk
j uj

k + ck
�Ω, we also update the associated set of 

states Sk :== {Khuj
k}Nk

j=1 ∪ {K�Ω}, accordingly. As a consequence, and due to the 
linearity of Kh, every iteration of Algorithm 3 requires two PDE-solves, one for the 
computation of the state associated to the new characteristic function as well as one 
solve of the adjoint equation to get pk. The solution of the ℓ1-regularized subprob-
lems does not require further PDE-solves since a matrix representation of KUAk  
is available from Sk. The algorithm is implemented in Python, using FEniCS 2019 
for the finite elements computations, the PyMaxflow library (https://github.com/
pmneila/PyMaxflow) wrapping the ​B​o​y​k​o​v​-​K​o​l​m​o​g​o​r​o​v implementation of max-
flow [9] for the minimal cuts in the Dinkelbach iteration, as well as a semismooth 
Newton method based on the normal map approach for the finite dimensional sub-
problems of the form (P(A)), see e.g. [55]. The latter is warmstarted using γk and ck 
to construct a good starting point. In all examples, the progress of the algorithm is 
monitored by the upper bounds ζk, see Lemma 4.2, obtained as a by-product of Algo-
rithm 2. We stop Algorithm 3 in iteration k̄ ∈ N if ζk̄ ≤ 10−10 while each application 
of the semismooth Newton method is terminated once the corresponding residual is 
below 10−14. The unstructured meshes we use are generated using CGAL through 
the mshr component of FEniCS. For abbreviation and with some abuse of notation, 
we set ū = uk̄ in the following. Note that these termination criteria imply

	
JT (ū) − min

uh∈P0(T )
JT (uh) ≤ 10−10
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in view of Lemma 4.2.
In order to assess the convergence behavior of Algorithm 3, we compute the sub-

optimality of uk in terms of its objective functional value residual, i.e.,

	
JT (uk) − JT (ū) ≈ JT (uk) − min

uh∈P0(T )
JT (uh).

All calculations were performed on a 2021 Macbook Pro with 10-core M1 Max CPU. 
Python code for our implementation and configurations to reproduce some of the fol-
lowing examples are available at https://doi.org/10.5281/zenodo.10048384.

6.2  Two spheres

As a first simple example, we choose c = 0.5 and yo ∈ P0(T ) as the unique solution 
of (6.1) for the piecewise constant L2 projection u = Π0(u0) of

	 u0 = �D1 + 2�D2 − �Ω

where D1 and D2 are balls centered at 1/3 1 and −1/3 1 with radius 
√

0.15 as well √
0.1, respectively. Here, 1 ∈ Rd denotes the all-ones vector.
The regularization parameter is set to α = 10−5 for both d = 2 and d = 3. The 

obtained results from Algorithm 3 for d = 2, 3 on pseudo-random triangulations are 
depicted in Fig. 7. Note that the computed approximations contain level sets which 
are not present in u0. Indeed, even for low values of α, a loss of contrast is expected, 
so the input u0 is never an exact minimizer of J; see [27] for a detailed analysis of 
this phenomenon in the planar denoising case with K = Id . The presence of the 
catenoids in the outcomes of the algorithm reduces the value of the total variation 
while keeping the fidelity term close to zero. In particular, for the present example, 
we have

	

JT (Π0(u0)) = α TV(Π0(u0), Ω) ≈
{

8.29 · 10−5 d = 2
7.02 · 10−5 d = 3 and

JT (uk̄) ≈
{

6.15 · 10−5 d = 2
4.87 · 10−5 d = 3,

supporting this observation.

6.3  The castle

As a second, more, challenging setting, set c = 0 and yo = �(−1/2,1/2)d , see also [35, 
45, 56] for the case of d = 2. In the absence of regularization, to perfectly match this 
observation one would need to have as a control the distributional Laplacian ∆yo, a 
distribution of order 2 which in particular does not belong to BV(Ω). For this reason, 
the solution ū of the regularized problem is expected to be more complex than the 
solution of the first example. The regularization parameter is set to α = 10−4
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For d = 2 and a pseudo-random triangulation T  of Ω, the output of Algorithm 3 
is depicted in Fig. 8a. This result is consistent with [45] where the authors computed 
the minimizer of problem (P) for V = P1(T ). When considering a regular ’double 
diagonal’ triangulation T  instead, the algorithm’s outcome, see Fig. 8b, still shares 
some similarities to Fig. 8a but clearly reflects the anisotropic behavior of the total 
variation in this setting, as we previously discussed in Proposition 5.6. Finally, Fig. 9 
depicts the solution for d = 3 and a pseudo-random triangulation.

6.3.1  Practical performance & discussion

In order to investigate the practical performance of Algorithm 3, we plot the upper 
bounds ζk as well as the residuals in terms of the objective functional value associ-
ated to uk for both examples and d = 2. We refer to Fig. 10a and b where the conver-
gence criterion was met after k̄ = 66 and k̄ = 95, respectively. Several observations 
can be made: First, as claimed by Lemma 4.2, ζk provides an upper bound on the 
residual. Furthermore, for the present examples, it solely deviates by a maximal fac-
tor of 102 from the latter. Thus, it represents an easily accessible and reliable conver-
gence criterion. Second, as we can see from both plots, Algorithm 3 admits a global 
linear rate of convergence rather than a sublinear one as predicted by Proposition 4.7. 
While such improved convergence results can also be deduced from the abstract 
results in [16], their application to our setting is nontrivial and beyond the scope 
of the current work. Finally, we point out that, in both examples, we observed that 
there holds TV(uk, Ω) =

∑Nk

j=1 γk
j  throughout every iteration. As a consequence, 

the residual exhibits a monotone convergence behavior.

We also want to point out that Algorithm  3 exhibits remarkable computational 
speed. We largely attribute this to the fast convergence of the Dinkelbach method, 
usually within 4/5 steps, as well as the efficiency of the employed minimal cut imple-
mentation [9]. Moreover, due to the mentioned warm starting strategy, the employed 

Fig. 9  The plot shows where the variation of uk  between cells happens. The color gradient, ranging 
from blue to red, is an indicator of the magnitude of the variation. The setting is a pseudo-random 
triangulation of ≈ 8.5 · 105 cells, d = 3, and α = 10−4
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semismooth Newton method also converges in few steps. Coupled with the observed 
improved convergence behavior of Algorithm 3, this results in noteworthy runtime 
performance. In order to illustrate this observation, we again consider the second 
example on pseudo-random triangulations and plot the energy JT (uk) against the 
computational time. For comparison, we also consider the path-following based 
method from [45]. An implementation of the latter using P1(T ) as discretized con-
trol space can be found at the source files of https://arxiv.org/abs/2010.11628. We 
particularly point out that Algorithm 3 provides near optimal iterates before the first 
subproblem in the path-following method is solved, see Fig. 10c and d.

Finally, it’s important to acknowledge that the path-following seemingly yields 
smaller function values if run long enough. We attribute this behavior to the selec-
tion of different minimization spaces in both implementations, V = P0(T ) for Algo-
rithm 3 and V = P1(T ) for [45], as well as the resulting anisotropic nature of the 
total variation, see Sect. 5, rather than inaccuracies in Algorithm 3.

Proofs related to Sect. 2

In this section, we provide the remaining technical proofs of Sect. 2 which were omit-
ted until now for the sake of brevity.

Fig. 10  Upper row: Convergence plots for 3D spheres and 2D castle. Lower row: Comparison in terms 
of computational time for the latter, at two different mesh resolutions
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Proof of Proposition 2.1  The weak-to-strong continuity of  K follows immediately 
from Assumption A, A1. From Assumption A, A3, we further infer that K

�

̸= 0. 
Together with the strict convexity of F, Assumption A, A2, the uniqueness of the 
minimizer c̄(y) follows. Now, in order to show that c̄ is at least two times continu-
ously differentiable, note that Assumption A, A3, implies K

�

̸= 0. Consider the non-
linear function

	
H(y, c) =

∫

Ω
K∗∇F (y + cK

�

) dx.

Since  F is thrice continuously differentiable,  H(·, ·) is of class  C2. According to 
Remark 2.2, there holds H(y, c̄(y)) = 0 for all y ∈ Y . Moreover, Assumption A, A3, 
yields

	 ∂cH(y, c) = (K
�

, ∇2F (y + c̄(y)K
�

)K
�

)Y > 0.

Hence, the differentiability of c̄ is a consequence of the implicit function theorem as 
well as of the smoothness of F. Noting that

	 F(y) = F (y + c̄K
�

)

we immediately conclude that F  is two times continuously Fréchet differentiable 
and its gradient is Lipschitz continuous on compact sets. Furthermore, the chain rule 
together with Remark 2.2 implies

	

(∇F(y), δy)Y = (∇F (y + c̄(y)K
�

), δy)Y + (∇c̄, δy)Y

∫

Ω
K∗∇F (y + c̄(y)K

�

) dx

= (∇F (y + c̄(y)K
�

), δy)Y

for all δy ∈ Y  which finally yields the characterization of ∇F(y). The convexity of 
F  follows by direct computation. � □

Proof of Proposition 4.1  If Algorithm  1 stops after k̄ iterations, we verify that the 
function ̊uk̄ is a minimizer of (P) following the steps in [16, Proposition 3.1]. Conse-
quently, according to Proposition 2.3, the function uk̄ = ůk̄ + ck̄ is a solution of (P). 
Now assume that Algorithm 1 does not stop after finitely many iterations. In this 
case, using the definition of F  and ck as well as the convexity of the former and the 
Lipschitz continuity of its gradient, we conclude

	
J(uk) − min

u∈Lq(Ω)
J(u) = J (̊uk) − min

v∈L̊q(Ω)
J (v) ≤ c

1 + k

in the same way as in [16, Theorem 3.3]. Moreover, the sequence ůk is bounded in 
L̊q(Ω) and we note that uk satisfies
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	 uk = ůk + ck = ůk + c̄(Kůk).

Since the mapping c̄ is continuous and {Kůk}k is strongly compact, we conclude 
that the sequence uk is bounded and thus admits at least one subsequence converging 
weakly in Lq(Ω), denoted by the same subscript, and with limit ū ∈ V , since V is 
weakly closed. Since J is weakly* lower semicontinuous on BV(Ω) and K is weak-
to-strong continuous, we conclude

	
0 ≤ J(ū) − min

u∈V
J(u) ≤ lim inf

k→∞
[J(uk) − min

u∈V
J(u)] = 0, F (Kuk) → F (Kū).

Hence, ū is a minimizer of  (P) and TV(uk, Ω) → TV(ū, Ω), i.e., uk converges 
strictly. Finally, since the selected subsequence was arbitrary, we conclude the mini-
mality of every strict accumulation point. � □

Proof of Lemma 4.2  Let ū denote a minimizer of (P). By one homogeneity and con-
vexity of TV(·, Ω) as well as TV(uk

j ) = 1, there holds

	
TV(uk, Ω) ≤

Nk∑
j=1

γk
j .

As a consequence, we conclude

	
TV(ū) ≤ J(ū) ≤ J(uk) ≤ F

(
KUAk

(γk) + ckK
�

)
+

Nk∑
j=1

γk
j ,

i.e., TV(ū) ≤ Mk. By convexity of F, there holds

	
J(uk) − min

u∈Lq(Ω)
J(u) ≤

∫

Ω
pk(ū − uk) dx +

Nk∑
j=1

γk
j − TV(ū, Ω) =

∫

Ω
pkū dx − TV(ū, Ω)

where the equality follows from the first-order optimality conditions of (P(Ak)). We 
further estimate

	

∫

Ω
pkū dx − TV(ū, Ω) ≤ TV(ū, Ω)

(
max
v∈B

∫

Ω
pkv dx − 1

)
≤ Mk

(∫

Ω
pkv̂k dx − 1

)
,

finishing the proof. � □

1 3

259



G. Cristinelli et al.

Discrete geodesics on regular triangulations

In this section, we give a formal proof for the claimed properties of length-minimiz-
ing piecewise linear and continuous curves connecting the points (0, 0) and (1, σ/τ) 
along interior edges of the triangulation Tkm . More in detail, with a slight abuse of 
notation, define E :==

∪
T ∈Tkm

∂T  and denote by N , the set of nodes of the mesh. 
Moreover, recalling the reasoning in the proof of Proposition 5.6, it is sufficient to 
consider piecewise linear, continuous and injective curves γ : [0, 1] → E . Let the set 
of those curves be denoted by C(E). Note that each of these curves is differentiable 
everywhere apart from a finite ordered set

	 D0,1
γ := {tγ

0 , · · · , tγ
Nγ +1} with 0 = tγ

0 < · · · < tγ
Nγ +1 = 1,

as well as γ(D0,1
γ ) ⊂ N . Its length, L(γ) :== H1(γ([0, 1])), is given by

	
L(γ) =

Nγ∑
j=0

|γ(tγ
j ) − γ(tγ

j+1)|.

With these prerequisites and for some coprime integers σ, τ ∈ Z with 0 < σ < τ , 
consider the length minimization problem

	
min

γ∈C(E)
L(γ) s.t. γ(0) = (0, 0), γ(1) = (1, σ/τ)� (B.1)

as well as

	 � (B.2)

Since its admissible set is finite, the problem admits at least one solution. Indeed, the 
following characterization of its minimizers holds true.

Theorem B.1  An admissible curve γ ∈ C(E) is a minimizer of  (B.1) if and only if 
there holds

	

γ(tγ
j+1) − γ(tγ

j )
|γ(tγ

j+1) − γ(tγ
j )|

= νj forall j = 0, . . . , Nγ � (B.3)

where νj ∈ {ν1 , ν2 } and ν1 = (1/
√

2 )(1 , 1 ), ν2 = (1 , 0 ).
Note that it suffices to show that a minimizer γ̄ of (B.1) necessarily satisfies (B.3) 

since all admissible curves γ ∈ C(E) obeying (B.3) have the same length

	
L(γ) = 1 +

(√
2 − 1

) σ

τ
.

The former is a direct consequence of the following proposition:
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Proposition B.2  Let γ̄ ∈ C(E) be an optimal path and denote by γ̄i , i = 1 , 2  its com-
ponent functions. For every j = 1 , . . . , Nγ̄  and all t ≥ tγ

j , we have

	 γ̄(t) ∈ {γ̄(tγ
j )} + cone{ν1, ν2}.

Proof  In the following, we make frequent use of the fact that we can concatenate 
piecewise linear and continuous paths at nodes of triangulation, provided that both 
parts satisfy the correct boundary conditions. We start by proving that there holds

	 γ̄2(t) ≤ σ/τ, γ̄1(t) ≤ 1 − σ/τ + γ2(t) for all t ∈ [0, 1].

Since  γ̄ is a piecewise linear and continuous path between nodes and satisfies the 
boundary condition γ̄(1) = (1, σ/τ), it suffices to show that these estimates are sat-
isfied whenever γ̄(t̄) ∈ N  for some t̄ ∈ [0, 1]. Indeed, assume that there is t̄ ∈ (0, 1) 
such that γ̄2(t̄) > σ/τ  and γ̄(t̄) ∈ N . Then, by continuity of γ̄ as well as due to the 
boundary conditions, there are ̄t1 < t̄ < t̄2 with ̄γ(t̄i) ∈ N  and ̄γ2(t̄i) = σ/τ , i = 1, 2. 
Define the horizontal augmented path

	
γ̃(t) =

{
γ̄(t) t ∈ [0, t̄1] ∪ [t̄2, 1]
t−t̄2
t̄1−t̄2

γ̄(t̄1) − t−t̄1
t̄1−t̄2

γ̄(t̄2) else .

Then γ̃ is admissible for (B.1) but there holds L(γ̃) < L(γ̄), contradicting the mini-
mality of γ̄. For the estimate on γ̄1, we proceed analogously. Now, due to the con-
straint (B.2) as well as the derived estimates, we conclude

	 (1, σ/τ) ∈ {γ̄(tγ
j )} + cone{ν1, ν2}

for all  j = 1, . . . , Nγ̄ , noting that for every  x ∈ Ω with  x2 ≤ σ/τ  
and x1 ≤ 1 − σ/τ + x2, the set

	 ({x} + cone{ν1, ν2}) ∩ Ω

is a triangle containing (1, σ/τ). In order to prove the statement claimed in the theo-
rem, and w.l.o.g, assume that there is tγ

j ∈ D0,1
γ̄  as well as t̄ > tγ

j  with γ̄(t̄) ∈ N  but

	 γ̄(t̄) ̸∈ {γ̄(tγ
j )} + cone{ν1, ν2}.

Then, due to continuity of γ̄ as well as

	 (1, σ/τ) ∈ {γ̄(tγ
j )} + cone{ν1, ν2},

we have that γ̄ necessarily intersects

	 {γ̄(tγ
j )} + cone{ν1} or {γ̄(tγ

j )} + cone{ν2}
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for some t > t̄2. Repeating the previous construction, i.e., augmenting  γ̄ along ν1 
or ν2, respectively, again yields a contradiction. This finishes the proof. � □

Proof of Theorem B.1  Assume that there is tγ
j ∈ D0,1

γ̄  such that (B.3) does not hold. 
Then we also have

	 γ̄(tγ
j+1) ̸∈ {γ̄(tγ

j )} + cone{ν1, ν2}

yielding a contradiction to Proposition B.2. � □
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