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Heterogeneous Patience, Population Growth,

and Wealth Accumulation

Stéphane Bouché ** Mikhail Pakhnin 1

& Department of Applied Economics, University of the Balearic Islands, Palma, Spain

Abstract

We study a neoclassical growth model with population growth and agents
who are heterogeneous in their discount factors. Population growth is
interpreted as the entry of new infinitely-lived agents with zero initial
endowments who are not included in the economic calculus of existing
agents. We prove that when capital and labor are substitutes in
production and utility is isoelastic, there exists a unique stationary
equilibrium in per capita terms. A stationary equilibrium can take one of
two forms: a Ramsey conjecture equilibrium, in which only the most
patient agents own the entire capital stock, or a mnon-degenerate
equilibrium, in which agents other than the most patient ones also hold
positive amounts of capital. We show that introducing public debt, a labor
income tax or a capital subsidy shifts the economy from a Ramsey
conjecture stationary equilibrium to a non-degenerate one, and analyze the

resulting relationship between income and inequality.
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1 Introduction

This paper studies a competitive equilibrium in an infinite-horizon model with
population growth where agents are heterogeneous in their discount factors. It is
well known that differences in patience generate income and wealth inequality. A
defining property of equilibrium in dynamic models with heterogeneous
discounting is the degenerate long-run distribution of wealth, known as the
Ramsey conjecture.lf] In the long run, a heterogeneous society divides into two
unequal classes: the most patient agents are rich and own the entire capital
stock, while all other agents are poor, do not save, and consume hand—to—mouthE]
This paper shows that when population growth is interpreted not as an increase
in the size of existing dynasties (the Ramsey demographic structure) but as the
entry of new agents without initial capital — the overlapping generations (OLG)
demographic structure — it can prevent the most patient agents from holding the
entire capital stock and lead to a non-degenerate long-run wealth distribution.

To unpack this mechanism, compare the Ramsey and OLG interpretations of
population growth. Under the Ramsey demographic structure, all newly entering
agents with the same discount factor belong to a single infinitely-lived dynasty.
The increased population in each period equally shares the endowments from the
current population, so the behavior of all agents entered in different periods can
be represented by that of a single growing dynasty. The aggregate dynamics of
representative dynasties that differ in their discount factors verify the Ramsey
conjecture: only agents from the most patient dynasty eventually own capital.

By contrast, under the OLG demographic structure, new agents enter the
economy with zero endowments and establish their own infinitely-lived dynasties.
The current population does not include newly entering agents in its economic
calculus and makes no transfers between dynasties. As a result, in each period
the current population saves less than it would under the Ramsey demographic
structure, which raises the interest rate and incentivizes less patient agents to
accumulate capital as well. We show that the OLG demographic structure
invalidates the Ramsey conjecture and alters the effects of standard policies in
infinite-horizon models with heterogeneous agents.

The difference between the two interpretations is illustrated in Fig. In
both cases, the current population sharing the same discount factor and living

in period 7 is represented by a vertical column which consists of infinitely-lived

1 Originally formulated by [Ramsey| (1928), it was formalized by Becker| (1980) and [Bewley
(1982). See also Becker| (2006) and Mitra and Sorger| (2013)).

2 In a recent contribution, |Aguiar et al| (2025) show that heterogeneity in discount factors is
important to match the observed share of poor hand-to-mouth consumers in U.S. data.



generations that entered between periods 0 and 7. Population grows over time at
a constant rate n. Under the Ramsey demographic structure, population growth
corresponds to an increase in the number of members within each generation. As
a result, all generations are linked into a single infinitely-lived dynasty through
intergenerational and intragenerational transfers (panel (a) on the left). Each
generation transfers capital to itself and to its new members, as shown by solid
arrows (generation entered in period 0), dashed arrows (generation entered in
period 1) and dash-dotted arrows (generation entered in period 2).

At the same time, under the OLG demographic structure, population growth
corresponds to the entry of new agents. Existing generations do not internalize
the welfare of new generations, so each generation forms a separate dynasty (panel
(b) on the right). In this case, capital is transferred only within each generation,
leading to lower aggregate savings than under the Ramsey demographic structure,
as indicated by fewer arrows. Since the economy accumulates less capital, the
interest rate remains high, allowing the less patient agents to save when this

mechanism is sufficiently strong.

(a) Ramsey demography (b) OLG demography

Figure 1: Intergenerational transfers under the Ramsey demographic structure (a)
and their absence under the OLG demographic structure (b).

Specifically, we consider a Ramsey model with agents who are heterogeneous in
their discount factors and cannot borrow against future wages, as in |Becker| (1980).
In each period, several infinitely-lived agents enter the economy with zero initial
endowments, in line with the OLG demographic structure, as in Weil| (1989). We
define a stationary equilibrium in terms of the per capita capital stock, and prove
that, when capital and labor are substitutes in production and utility is isoelastic,
there exists a unique stationary equilibrium.

We show that the stationary equilibrium is one of two types: a Ramsey



congjecture stationary equilibrium, where only the most patient agents own the
entire capital stock, and a non-degenerate stationary equilibrium, where agents
other than the most patient ones own positive amounts of capital. In particular,
the economy admits a non-degenerate stationary equilibrium when heterogeneity
in patience is small (discount factors of agents are close to each other),
population growth is rapid (a large number of new heterogeneous agents with
zero capital enter each period), the elasticity of intertemporal substitution is low
(agents are reluctant to shift consumption across periods), or the capital income
share is high (capital plays a sufficiently strong role in production).

We study the effects of fiscal policies on capital accumulation and inequality
in the stationary equilibrium. We show that introducing public debt financed
by a lump-sum tax or levying a labor income tax to fund public spending shifts
the economy from a Ramsey-conjecture-type equilibrium to a non-degenerate-
type equilibrium. Intuitively, since the current population does not include newly
entering agents in its economic calculus, it disregards the tax burden imposed on
future generations and saves less than it would under the Ramsey demographic
structure. As a result, government deficits are not offset by agents’ savings. Public
spending crowds out private capital, reducing the stationary capital stock. This,
in turn, raises the stationary interest rate and allows less patient agents to save,
changing the type of stationary equilibrium.

In contrast, a capital tax, whether revenues finance government spending or are
redistributed back to agents, preserves the Ramsey-conjecture-type equilibrium.
Intuitively, by reducing incentives to save, a capital tax raises the threshold return
on capital required for less patient agents to begin saving. A shift to a non-
degenerate equilibrium occurs only under a sufficiently large capital subsidy, which
reverses this logic and lowers the minimum required return on capital.

We analyze the impact of changing the type of stationary equilibrium on
wealth inequality. Since agents differ both in age (the period in which they enter
the economy) and in patience (discount factor), inequality is two-dimensional.
We show that a shift to a non-degenerate equilibrium reduces intragenerational
inequality among agents with different discount factors, as measured by the Gini
index of capital distribution. Intuitively, when less patient agents also save, the
capital holdings between different groups of agents are distributed more equally.

At the same time, a shift to a non-degenerate equilibrium increases
intergenerational inequality among agents with the same discount factor who
entered the economy in different periods, as measured by the 90/10 percentile
ratio of wealth. Intuitively, a higher return on capital accelerates the growth of

individual savings. The faster agents accumulate capital, the wider the gap



becomes between earlier and later generations. Both public debt and a labor
income tax reduce the stationary capital stock, thereby raising the stationary
interest rate. Although a capital subsidy increases the capital stock (unless the
elasticity of intertemporal substitution is too low), the after-subsidy gross
interest rate rises, leading to the same effect on intergenerational inequality.

Our work relates to several strands of the literature. First, it contributes to
the analysis of competitive equilibrium in economies with heterogeneous agents.
Ramsey (1928)) considered a model of capital accumulation with many agents who
differ in their discount factors and conjectured that, in a stationary equilibrium,
the entire capital stock belongs to the most patient agent who enjoys the highest
consumption level. All other, less patient agents, do not save and consume hand-
to-mouth. Becker| (1980) and Bewley| (1982) formalized the Ramsey conjecture
under different assumptions about the completeness of capital markets.

Becker| (1980) studied a model with borrowing constraints where agents’
savings must be non-negative. He showed that there exists a unique stationary
equilibrium which verifies the Ramsey conjecture: all capital is owned by the
most patient agent enjoying the highest consumption level, while all less patient
agents make zero savings and consume their wages. Many properties of equilibria
in the Ramsey—Becker model were further studied (see Becker, [2006; Borissov
and Pakhnin, 2023, for surveys). Bewley (1982) established the existence of a
general equilibrium assuming that agents can borrow against future wages and
proved that any equilibrium allocation is Pareto-optimal. In the long run, in any
equilibrium in the Ramsey-Bewley model, only the most patient agent has
positive consumption and owns the entire capital stock along with the debt of all
other, less patient agents, who consume nothing.

A natural question is when the Ramsey conjecture does not hold. Several
conditions are known in the literature. [Lucas and Stokey (1984) show that under a
more general recursive utility specification instead of the common additively time-
separable utility, the Ramsey model with heterogeneous agents admits a unique
stationary equilibrium in which all agents have positive wealth and consumption
levels (see also Epstein and Hynes, |1983). Recursive utility exhibits non-constant
time preference and allows the implied discount factor to depend on consumption.
When the discount factor is not constant, an agent facing a fixed rate of return
on capital that is below her time-preference rate will not necessarily dissave.

Sarte| (1997) shows that when agents with different discount factors face a
progressive tax, there exists a unique stationary equilibrium in which all agents
own positive amounts of capital (see also |Li and Sarte, 2004} |Bosi and Seegmuller,

2010)). Under progressive taxation, the marginal tax rate is higher for rich agents



than for poor agents, and hence less patient agents face higher rates of return on
capital, which allows them to save as well [

Our contribution is to develop a Ramsey model with heterogeneous agents
that incorporates an OLG demographic structure, providing a unified and flexible
framework for studying long-run growth and inequality. We show that in both
the Ramsey—Becker and Ramsey—Bewley settings, regardless of the completeness
of capital markets, the entry of new agents without initial endowments affects the
long-run capital stock and can yield a non-degenerate wealth distribution. Thus,
population growth, understood as the arrival of new agents who are not included
in the economic calculus of existing ones, offers an alternative mechanism that can
invalidate the Ramsey conjecture.

Second, this paper contributes to the literature on OLG models without
intergenerational transfers. Blanchard| (1985) and Weil (1989)) study economies
in which new agents with infinite planning horizons enter every period without
initial endowments (see also Buiter, 1988; [Weil, |2008). While Blanchard| (1985)
assumes that agents face a constant probability of death and sets the entry rate
of new agents so that net population growth is zero, Weil (1989) assumes
positive and exogenous population growth. Both models analyze the dynamics of
per capita capital accumulation and, in particular, show that Ricardian
equivalence does not hold. Intuitively, in both cases, there are no altruistic links
between different generations of identical agents, which prevents current
generations from offsetting a tax cut today by saving more on behalf of future
generations and blocks a standard channel of Ricardian equivalence.

Our contribution is to introduce heterogeneity in discount factors into an OLG
model with infinitely-lived agents. We show that the mechanism responsible for the
failure of Ricardian equivalence in OLG models (Blanchard, [1985; Weil, [1989) can
circumvent the Ramsey conjecture when agents also differ in their discount factors.
The key observation is that the entry of new agents with zero endowments makes
the growth rate of average consumption negatively dependent on the capital stock.
Therefore, the stationary capital stock is no longer pinned down by the discount
factor of the most patient agents (as in the Ramsey-type models of Becker|, [1980;
Bewley, [1982). As a result, the stationary interest rate exceeds the discount rate
of the most patient agents, and, for some parameter configurations, less patient

agents also hold positive amounts of capital in the stationary equilibrium.

3 Long-run distributions of consumption and wealth under heterogeneous discounting can also be
non-degenerate under uncertainty (Becker and Zilchay, 1997} |Espinol [2005)), when capital holders
strategically account for their market power (Sorger} [2002} 2008} Pichler and Sorger, 2009), or
when agents’ preferences incorporate temptation motives (Drugeon and Wigniolle, [2017)).



The paper is organized as follows. Section [2] describes the model. Section
defines an equilibrium, proves the existence and uniqueness of a stationary
equilibrium, and provides its characterization. Section {4] discusses the effect of
fiscal policies, while Section analyzes a trade-off between income and
inequality. Section [f] studies several modifications of the baseline model. Section

concludes. All proofs and derivations are relegated to the Appendix.

2 The model

In this section, we describe the main building blocks of the model. For clarity, we
present a version with two types of agents differing in their discount factors. A
general setting is discussed in Section [6]

Time is discrete and runs from 7 = 0 to infinity. The economy consists of
many infinitely-lived agents of two types: most patient (H) and least patient (L).
In each period 7, given the current population N, n/N, new infinitely-lived agents
enter the economy, so that the population in period 7+11is N.41 = (1+n)N,. Let
m; be the initial share of type ¢ = H, L agents in the population, with 0 < m; < 1,
and 7y + 7, = 1. We assume that new agents of each type enter in the same
proportion, so that the share of each type remains constant over time.

The economy produces a single good that is either consumed or invested. The
production side is characterized by a neoclassical production function F(K, N),
homogeneous of degree one. The production function in intensive form, f(k) =
F(K/N,1), where k = K/N is the per capita capital stock, is monotonically
increasing and strictly concave. Capital depreciates completely within one period.
In each period 7, producers maximize profits, so that the gross interest rate 1+,
and the wage rate w, are equal to the corresponding marginal products.

On the consumption side, each agent of type ¢ = H, L is characterized by the
constant discount factor ;. We assume that 1 > By > [ > 0, that is, type H
agents are more patient than type L agents. Preferences of a type i agent are
represented by an instantaneous utility function u;(c) that satisfies the standard
assumptions: u}(c) > 0, uf(c) < 0, lim._,o u}(c) = +o0.

Each type i agent entered in period 7 is endowed with initial savings s:’fl. We
assume that for ¢« = H, L, s(fil > 0 are given, and 3:’11 =0 for 7 > 1. As in [Weil
(1989), only agents from period 0 may have positive endowments, while all new
agents enter without initial savings. We discuss the role of this assumption below.

Each agent of type i = H, L entered in period 7 > 0, given initial savings s’ ;,



solves the following problem:

max Z(ﬁi)t_Tui(ct) : s. t. c+se = (L+r)s1+w, t>7,
{ensifiz, (1)
Sro1 = SO, s, > 0, t>T,

where the sequences of interest rates {r;}3°_ and wage rates {w,;}{°_ are taken as
given by the agent. As in Becker| (1980), capital markets are incomplete: agents
are prohibited from borrowing, and their savings must be non-negative in each
period. We denote the solution to problem () by {cj”, s7"} .

Since the described model combines the features of the Becker| (1980) and the
Weil (1989) models, we refer to it as the Becker—Weil model.

We are interested in the behavior of the average consumption and capital
stock belonging to the agents of the same type. The average consumption of type
i = H, L agents in period 7 > 0, C?, is given by the total consumption of all type

1 agents entered up to period 7 divided by the total number of such agents:

7T1'N0C?_’i + 7TZ'(N1 — No)C.}.’i + ...+ 7TZ'(N7— — NTfl)C:’i

cl =
T 7TiN7-

A el (1l n)T @)
B (14+n)" '

Similarly, we define the average savings of type i agents as S, = s(i’il, Sy = 38”’,
and further for each 7 > 1,
94 nski+n(l+n)s2 +...+n(l4+n)" LTt

2 (1+n)" ' 3)

Then the per capita consumption in the economy in period 7 > 0 is given by
c; = WHCf + WLCTL.

The per capita capital stock in period 7 = 0 is kg = 75 ST, + 7S, and in period
T > 1 it is given by
(L+n)k, = 7S, + 787y, (4)

where we have taken into account that s7™* = 0.

The demographic structure of the Becker-Weil model deserves several
comments. Unlike typical OLG models, each agent in the Becker—Weil model is
infinitely lived and makes decisions over an infinite horizon. Consequently, the

number of overlapping generations grows without bound over time. A defining



property of newly entering agents is that they are not linked to existing agents
through operative intergenerational transfers.  Following Weil (1989), this
property can be interpreted in two ways.

First, as a primogeniture economy: parents leave bequests only to the eldest
child, while younger children initiate their own families. When parents and
children share the same type, starting from two different types of parents, in
each period several new infinitely-lived families of both types enter, linked
through bequests to their first-born children but not to other newly entering
families of their type.

Second, this property can be interpreted as an immigrant economy: newly
entering infinitely-lived agents can be thought of as constantly arriving immigrants
with zero wealth. One can think of an immigration policy which allows relocation
from two different countries, patient and impatient, such that heterogeneous agents
enter in the same proportion in each period.

It is instructive to compare the Becker-Weil model with a Ramsey model
with heterogeneous agents, borrowing constraints, and population growth under
the Ramsey demographic structure. In this latter model, referred to as the
Ramsey—Becker model with population growth, the current population treats
newly entering generations as members of a single dynasty (see panel (a) in Fig.
[). Hence, each type i agent entered in period 7 solves problem given initial
savings s7', = Si_, /(1 +n). The dynamics of average values in this model are
equivalent to those of the Ramsey—Becker model with representative dynasties
that differ in their discount factors. By the classical result of Becker (1980),
stationary equilibrium verifies the Ramsey conjecture: only agents from the most
patient dynasty own capital.

By contrast, in the Becker—-Weil model, new agents enter each period with zero
endowments and form new dynasties (see panel (b) in Fig. [I). As shown below,
introducing the OLG demographic structure allows the Ramsey-type model to

admit a stationary equilibrium with a non-degenerate wealth distribution.

3 Equilibrium characterization

In this section, we define an equilibrium in the Becker—Weil model. We prove the
existence and uniqueness of a stationary equilibrium under isoelastic utility and
CES production function, and characterize its properties.

A general equilibrium with production is defined in a standard way. In

equilibrium, agents maximize their utilities, producers maximize their profits,



and different types of agents within each period are linked through the interest
rate in the capital market, which depends on the per capita capital stock.

Formally, an equilibrium in the Becker—Weil model is defined as follows.

43 1% Tk * * *\ 00 ; 1k :
Definition 1. A sequence {(CY, S7");_p 1 k71,75, wi 332, is an equilibrium in

the Becker—-Weil model starting from (S%7, St*) with ki = mgSHy + . SL1, if in
each period T > 0:

1. FEach agent of type i = H,L entered in period T determines individual
consumption and savings {c;™, s7™ Y2 by solving problem at gien

{re}ee and {w;}ee., starting from s>\ = S and s7*, =0 for T > 1;

2. The average consumption of type i agents, C**

T 7

1S given by , and the
average savings of type i agents, S, are given by ;

3. Prices are equal to marginal products:

o= k) =1, and  wi = f(k))— f (k)R

4. Aggregate savings are equal to the capital stock, that is, the per capita capital
stock is given by {@): (1 +n)ki,, = muSHT* + w1 SE*

Note that in an equilibrium, a form of Walras’ Law implies that in each period
the total consumption demand and supply of capital for the next period equals

current output. In per capita terms, for each 7 > 0, we have
i+ (L+n)ki,, = g (CFF + S +mp (CL + SE) = (I+rd)ki+w: = f(kD).

It is instructive to discuss the dynamics of the average consumption in the
Becker—Weil model under log-utility (n = 1). In Appendix [A| we show that if type
i agents have positive savings in equilibrium, S* > 0 for all 7, then their average

consumption evolves according to

o= BTN - (=B k) oS, T20.0 (5)

Recall that in the Ramsey-Becker model with population growth, newly
entered agents are members of a growing dynasty, and the average consumption
of type i agents with positive savings grows at the rate 3;(1 477, ,). However, in
the Becker—Weil model, newly entered agents start with zero endowments.
Therefore, the average consumption is lower by the amount that newly entered

agents would have consumed out of the transfers from the current population.
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The value of these missing transfers (shown in Fig. [l by arrows present in panel
(a) but absent in panel (b)) is exactly nS™*/(1 + n), and the marginal propensity
to consume under log-utility is 1 — ;.

A stationary equilibrium in the Becker—Weil model is defined as follows.

Definition 2. A tuple {(C*™,5%),_p ,,k*,r*,w*} is a Becker-Weil stationary
equilibrium if the sequence {(CF, S¥)_y 1, ki, 75, wie,, where for each i =

H, L and for each T > 0, Ct* = C™, S = S™ r¥ =r* wi =w*, and k¥, = k*, is
an equilibrium in the Becker—Weil model starting from (SH*/(1+n), St*/(1+n)).

Stationarity in Definition [2| refers only to average values. In a stationary
equilibrium, in each period, after the entry of new agents, the average consumption
and capital stock remain the same for each type. Individual consumption and

T,%  T,i%

savings levels, {c¢;"", s/ }22_, which solve problem at given {r*,r* ...} and

t=7>
{w*,w*, ...} starting from s = 5% /(1 +n) and s*, = 0 for 7 > 1, need not be
constant in a stationary equilibrium.

In order to characterize a Becker—-Weil stationary equilibrium, we consider
utility functions with constant elasticity of intertemporal substitution together
with a production function with constant elasticity of substitution greater than 1.

Specifically, we make the following assumptions about preferences and technologyﬁ

Assumption 1. All agents have the same isoelastic instantaneous utility function:

where n > 0 is the constant elasticity of intertemporal substitution.

Assumption 2. The production function in intensive form f(k) is CES:
k) = A(ak'= +1-a)""
where 0 < a <1 and A > 0. Moreover, capital and labor are substitutes: o > 1.

In what follows, we impose Assumptions [I] and 2] Denote the capital income
share by a(k) = kf'(k)/f(k). Also, for i = H, L, let ks, be the capital stock
corresponding to the modified golden rule for the discount factor (;, that is,

f'(kg,) = 1/B:.

4 We relax these assumptions in Section El, where we prove the existence of a Becker—Weil
stationary equilibrium for any neoclassical production function and for isoelastic utility functions
with different elasticities of intertemporal substitution for different agent types.

11



We show that there exists a unique stationary equilibrium. A stationary
equilibrium is one of two types: a Ramsey conjecture stationary equilibrium in
which only the most patient agents own the entire capital stock, or a
non-degenerate stationary equilibrium in which both types of agents own positive
amounts of capital. The following theorem provides the exact threshold between

the two types of equilibrium in terms of the parameters of the model.

Theorem 1. There exists a unique Becker—Weil stationary equilibrium. The
stationary per capita capital stock k* increases with By, non-decreases with By,

and decreases with n.

1. Suppose 1 +n > (By/BL)", and the parameters of the model are such that

(5H)?7 - (511)17 1/a(k5L) -1 < i (6)
(L+n)(Br)"— (Bu)"  1-5 T

where a(ks,) = kg, f'(ks,)/f(ks,) = a’(ABL)"'. In the stationary

equilibrium  both types of agents own positive amounts of capital:

SH* > St > 0, and k* < kg, .

2. Suppose 1+n < (Br/BL)", or L+n > (Bu/Br)" and condition (6) does not
hold. In the stationary equilibrium the most patient agents own the entire
capital stock and the least patient agents do not save: ST* = (1 +n)k*/rg,
St* =0, and kg, < k* < kg, .

Proof. See Appendix [A] [ |

Theorem || implies that under condition @, a unique Becker—Weil stationary
equilibrium is non-degenerate, and both the most patient agents and the least
patient agents own positive amounts of capital. Therefore, in the Ramsey model
with heterogeneous agents and the OLG demographic structure, the Ramsey
conjecture may not hold. The entry of new agents without endowments prevents
the most patient agents from holding the entire capital stock. Intuitively, since
newly entering agents are not linked to the existing ones, the current population
saves less (compared to the Ramsey demographic structure), keeping the interest
rate high and allowing the least patient agents to accumulate capital.

Theorem [1| deserves several comments. First, the role of condition @ is
illustrated in Fig. 2] The stationary capital stock k* is a solution to

R = T T T E

12



where S™(k) are average savings of type i agents as a function of capital stock
(via interest rate and wage rate). Note that S7*(kg,) = 0, and S¥(k) = 0 for
all k& > kg,. We show that when o > 1, the saving-capital ratio ®(k) strictly
decreases with k, implying there is a unique k* such that ®(k*) = 1. Condition
(6) requires that ®(kg,) < 1, in which case k* < kg, , so both types of agents own
capital in the stationary equilibrium (panel (a) on the left). If condition (6] does
not hold, then ®(ks,) > 1, in which case k* > kg, , implying that only the most

patient agents own capital in the stationary equilibrium (panel (b) on the right).

d(k) O(k)

(a) Non-degenerate equilibrium (b) Ramsey conjecture equilibrium

Figure 2: Non-degenerate (a) and Ramsey conjecture (b) stationary equilibria.

Whether condition @ holds depends on the parameters of the model as well as
on the properties of the utility and production functions. In particular, condition
@ is satisfied in the following cases. First, similar discount factors: Sy is close to
Br. When heterogeneity in patience is low, the model with heterogeneous agents is
close to the model with a single discount factor analyzed by Weil (1989)). Second,
high population growth rate: n is sufficiently large. The entry of more agents
with zero endowments each period erodes per capita capital, raises the interest
rate, and strengthens the incentives for the least patient agents to save. Third,
low elasticity of intertemporal substitution: 7 is small enough. The less willing
agents are to substitute consumption intertemporally, the smaller the effect of the
discount factor on saving decisions. Finally, high capital income share (evaluated
at kg, ): a(ks,) = a’(ABL)7 ! is close to 1. The higher the capital income share,
the greater the marginal benefit of saving for the least patient agents.

Second, there are multiple sources of Pareto inefficiency of equilibria in the
Becker-Weil model. Since capital markets are incomplete under borrowing
constraints, any equilibrium in the Ramsey-Becker setting is not Pareto-optimal.
This feature is shared by both the Becker—Weil model and the Ramsey-Becker
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model with population growthE] Furthermore, equilibrium in the Becker—Weil
model can be dynamically inefficient and characterized by overaccumulation of
capital. This feature is shared with typical OLG models but stands in stark
contrast to the Ramsey-Becker model with population growth.ﬁ

Recall that equilibrium is dynamically inefficient if the stationary capital stock
k* exceeds the golden rule capital stock kgr, which satisfies f'(kggr) = 1 + n, or,
equivalently, if the stationary interest rate satisfies r* < n. In the Becker—Weil
model, even though r* increases with n, for a sufficiently high population growth
rate, an equilibrium is inefficient. Intuitively, as in any OLG setting, dynamic
inefficiency arises from a pecuniary externality caused by the actions of previous
generations on the current generation: the more previous generations save, the
lower the interest rate becomes, which incentivizes the current generation to save
even more, eventually leading to overaccumulation of capital. Since there are
infinitely many goods and generations, pecuniary externalities are not negligible.

We can provide simple sufficient conditions for dynamic efficiency. A non-
degenerate equilibrium (where k* < kg, ) is efficient when (1+n)S, < 1. Similarly,
a Ramsey conjecture equilibrium (where k* < kg,,) is efficient when (1+n)8y < 1.
In particular, efficiency always holds when n = 0, which corresponds to the case
where the Becker—Weil model coincides with the Ramsey—-Becker model. However,
these conditions need not hold in general. For instance, in the innocuous case
where (1 +n)B > 1, a Ramsey conjecture equilibrium is dynamically inefficient,
and the most patient agents overaccumulate capital.

Finally, in any stationary equilibrium, the stationary capital stock k*
increases with the discount factor of the agent types who save in that
equilibrium. Specifically, £* increases with [y, reflecting the usual intuition that
more patient societies accumulate more capital. Also, in both types of stationary
equilibrium, £* decreases with the population growth rate n. A higher number of
new agents entering the economy without endowments implies more “missing”

intergenerational transfers and a lower capital stock.

°In Section@ we study a model with complete capital markets (without borrowing constraints)
in the Bewley| (1982) setting, which eliminates this source of inefficiency.

6 The absence of capital overaccumulation is typical of Ramsey-type models with infinitely-lived
agents. In the Ramsey—Becker setting, Becker and Mitra, (2012)) show that equilibrium paths of
aggregate capital and consumption are dynamically efficient, despite being non-optimal.
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4 Fiscal policies and capital accumulation

Theorem [1| suggests that a given economy, characterized by certain discount
factors and population growth rate, admits either a Ramsey conjecture
stationary equilibrium or a non-degenerate stationary equilibrium, depending on
condition @ In this section, we show how standard fiscal policies can shift the
economy from a Ramsey-conjecture-type equilibrium to a non-degenerate

equilibrium, and study the implications for the stationary capital stock.

4.1 Public debt

Consider the Becker—Weil model with public debt. The main assumptions remain
the same as in the baseline Becker—Weil model, but now we introduce a public
sector represented by the per capita level of public debt b. Debt is issued in
the form of government bonds and financed through a per capita lump-sum tax
6 imposed on all agents in all periods. Assuming no government spending, the

government’s budget constraint in each period 7 is
(I +n)bryr +0- = (1+77)b;. (7)

We assume that the government controls the debt-to-output ratio, x = b/f(k).
For any given x > 0, the government chooses the corresponding tax rate from ([7)).

Each agent of type i = H, L entered in period 7 solves the following problem:

3 = i . t — ]_ _ - 0
e ;(6) wile), s ctse = (L+r)siy+w — 6y, .
se >0, t>7, Sr1 = S0,

where the sequences of interest rates {r;}° _, wage rates {w;}°_ and lump-sum
taxes {0;}7°  are taken as given.

The definition of a general equilibrium in the Becker—Weil model with public
debt is a modification of Definition [I] taking into account that capital stock and

public debt are perfect substitutes for agents as wealth owners.

Definition 3. A sequence {(C7", S7");_pr 1+ K741, 0741, 77, w1 52, s an equilibrium

in the Becker—Weil model with public debt starting from (S, SL%) with ki + b5 =

w7 SH + mp ST if in each period T > 0:

1. FEach agent of type i = H,L entered in period T determines individual

T,%  T,i%

consumption and savings {c;"", s 12 by solving problem at gien

15



{re}ee and {w;}2, starting from initial savings s = S™ and s’ = 0
for T > 1, given the sequence of taxes {0;}:°. determined by .'

07 = x[(L+r(ED)f(k7) — (L+n)f(ki)] ;

2-3. Conditions 2-3 from Definition 1| hold;

4. Aggregate savings are equal to the sum of per capita capital stock and debt:

(1+n) (k:ﬂ + biﬂ) = TuS; TS

5. The per capita debt is given by bE = xf(kI).

A Becker-Weil stationary equilibrium with public debt is naturally defined
following Definition [2] from the baseline model. Note that when the equilibrium
is dynamically inefficient (r* < n), it follows from that the government can
finance debt without imposing taxes. Therefore, we focus only on dynamically
efficient equilibrium, in particular, assuming that (1 +n)8y < 1.

The following theorem shows that a sufficiently high debt-to-output ratio in

the Becker—Weil model leads to a non-degenerate stationary equilibrium.

Theorem 2. There is a mazimum debt-to-output ratio X, such that for any x <X,
there exists a stationary equilibrium. The stationary capital stock k* for given x
is lower than the stationary capital stock without debt (y = 0).

Suppose 1/By > 1+n > (By/B)" and condition (6) does not hold. There
is a threshold debt-to-output ratio x*, such that for any given x € (x*,X), any

stationary equilibrium is non-degenerate.
Proof. See Appendix [B] [ |

Theorem [2| yields several key insights. First, in any stationary equilibrium,
public debt crowds out private capital and reduces the stationary capital stock,
implying that Ricardian equivalence fails in the Becker—Weil model.ﬂ Intuitively,
since newly entering agents are not linked to existing agents, the current
population does not account for taxes that will be imposed on future generations
and fails to save enough to completely offset the effects of public debt.

This result is consistent with the [Weil| (1989) model, in which all agents share

the same discount factor, but stands in stark contrast to existing models with

7 The uniqueness of a stationary equilibrium with public debt is not guaranteed. In particular,
the possibility for both a non-degenerate stationary equilibrium and a Ramsey conjecture
stationary equilibrium to coexist for a given debt-to-output ratio cannot be ruled out.
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heterogeneous agents, where both Ricardian equivalence and the Ramsey
conjecture hold in the long run (e.g., Mankiw, [2000; [Michel and Pestieau, 2005).
In particular, in the Ramsey—Becker model with population growth, the
introduction of public debt lowers stationary consumption but leaves the
stationary capital stock unchanged, precisely because the most patient dynasty
internalizes the welfare of all its descendants. Thus, our results highlight the
relationship between Ricardian equivalence (debt neutrality), the Ramsey
conjecture (degenerate wealth distribution), and the OLG demographic structure
(entry of new generations not included in the economic calculus of existing ones).

Second, when the baseline Becker-Weil model admits a unique Ramsey
conjecture stationary equilibrium, any stationary equilibrium with a sufficiently
high debt-to-output ratio is non-degenerate. In terms of comparative statics,
introducing public debt financed by a lump-sum tax enables the economy to shift
from a Ramsey conjecture stationary equilibrium to a non-degenerate one.
Intuitively, the presence of public debt as a perfect substitute to capital stock
decreases agents’ holdings of capital, while a lump-sum tax reduces their lifetime
incomes. In terms of Fig. [2 the saving-capital ratio ®(k) shifts downward for all
values of k. As a result, the most patient agents save less, raising the stationary

interest rate and allowing the least patient agents to save as well.

4.2 Income taxation and public spending

A lump-sum tax plays a key role in the shifting result in the model with public
debt. To highlight this effect, we consider the Becker-Weil model with different
taxes on capital and labor income. We show that labor income tax enables the
economy to shift from a Ramsey conjecture stationary equilibrium to a
non-degenerate stationary equilibrium, while capital tax or wealth tax preserve a
Ramsey-conjecture-type equilibrium.

Consider the Becker-Weil model with income taxation. Each agent of type

1 = H, L entered in period 7 solves the following problem:

e e}

max Z(ﬁi)t’Tui(ct) st oats = (L=0g)1+71)s1+ (1 —O0n)w,,

feese}iz, —

s 2 0, t=>T, Sr-1 = ;.

T—1>

where Ak > 0 is the capital tax rate and 6y > 0 is the labor income tax rate
applied to all agents in all periods.

Capital and labor income taxes are used to finance an endogenous level of per

17



capita public spending g. Given 0 and fy, government spending in each period

7 is determined by a balanced budget rule:
gr = 9[{(1 + TT)kT + erT .

We assume that the level of public spending ¢, affects neither agents’ utilities nor
production function (cf. Bosi and Seegmuller, 2010).

The remaining assumptions are the same as in the baseline model. The
following theorem shows that, in the Becker—Weil model with income taxation, a
shift from a Ramsey conjecture stationary equilibrium to a non-degenerate

stationary equilibrium is possible only under a sufficiently high labor income tax.

Theorem 3. For any given pair (0x,0n) € [0,1) x [0,1) there exists a unique
stationary equilibrium. The stationary capital stock k* decreases with Oy, and for
n > 1 decreases with O .

Suppose 1 +n > (By/BL)" and condition (6) does not hold. For any given
Ok, there is a threshold 0% (0k) such that a unique stationary equilibrium is non-
degenerate if and only if O > 05 (0 ). Moreover, 0% (0r) is concave, with 6%,(0) >
0 and 03 (1) = 1.

Proof. See Appendix [C] [ |

Theorem [3|states that if the baseline Becker—Weil model without taxes admits a
unique Ramsey conjecture stationary equilibrium, there exists a region in the two-
dimensional tax space (0k, 0y) where any combination of capital and labor income
taxes ensures a unique non-degenerate stationary equilibrium. This admissible
region of tax rates is shown in Fig. [3] It follows that for shifting from a Ramsey-
conjecture-type to a non-degenerate stationary equilibrium, the labor income tax
rate should always exceed the capital tax rate.

To illustrate Theorem [3] suppose the baseline Becker—Weil model without taxes
admits a unique Ramsey conjecture stationary equilibrium, and consider three
important special cases. First, consider only a labor income tax Oy (with O =
0, corresponding to the vertical axis in Fig. . In this case, for a sufficiently
high Oy > 6%(0) > 0, the Becker—Weil model with a labor income tax admits a
unique non-degenerate equilibrium. Thus, introducing a labor income tax enables
the economy to shift from a Ramsey conjecture stationary equilibrium to a non-
degenerate stationary equilibrium.

Since labor supply is inelastic, the labor income tax is equivalent to a lump-
sum tax, following the same intuition as in the model with public debt. The

current population ignores taxes levied on future generations and does not fully
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Figure 3: Effect of capital tax and labor income tax on the stationary equilibrium.

internalize the cost of financing unproductive public spending. The labor income
tax reduces agents’ lifetime incomes (for any given interest rate), causing the most
patient agents to save less. This lowers the stationary capital stock and raises the
equilibrium interest rate, allowing the least patient agents to save as well.

Second, consider only a capital tax Oy (with 6y = 0, corresponding to the
horizontal axis in Fig. . As usual, the response to capital taxation is determined
by the elasticity of intertemporal substitution (see, e.g., Caballé, 1998; Saez, 2013]).
When 1 > 1, the substitution effect dominates the income effect, so a lower rate of
return reduces individual savings and the stationary capital stock falls. The same
holds for log-utility (7 = 1), while when 7 < 1 the opposite outcome is possible.

At the same time, for any 7, a capital tax does not change the type of stationary
equilibrium. This is because it reduces the incentives to save for both types of
agents and raises the threshold interest rate at which the least patient agents
begin to accumulate capital. If the economy is in a Ramsey conjecture stationary
equilibrium, the introduction of a capital tax keeps the stationary interest rate
below this new threshold, so that only the most patient agents can save.

Third, consider a wealth tax, 0 = 6y (corresponding to the 45-degree line
in Fig. [3). The effect of a wealth tax is similar to that of a capital tax: it does
not change the type of stationary equilibrium. Intuitively, a labor income tax
reduces lifetime incomes, and a capital tax reduces incentives to save by shifting
the thresholds, so that the stationary interest rate is never high enough for the

least patient agents to save.
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4.3 Redistributive taxation

In the Becker-Weil model with income taxation and unproductive public
spending, tax revenues are effectively removed from the economy. We show that
our results about capital taxation remain valid also when tax revenues are
transferred back to the agents. We consider the Becker-Weil model with
redistributive capital taxation and show that the economy shifts to a
non-degenerate stationary equilibrium only if capital is subsidized.

Consider the Becker—Weil model with redistributive taxation. Each agent of

type ¢ = H, L entered in period 7 solves the problem

o0

max Z(ﬁi)t_Tui(ct) Coosot s = (1=0)(1+7)si—1 + wp + 07",

{ct,se}2, —

T,

s >0, t>T1, Sr—1 = S._;.

In each period, the government imposes a capital tax v on each agent and
redistributes the revenue back to the agent as a lump-sum subsidy 19?, which in
equilibrium is equal to 19Z’i =91+ Tt)SZ’_il. If ¥ is negative, it is interpreted as a
capital subsidy, financed through an individual lump-sum tax of the same form.
Thus, individual income does not change after redistribution.

The remaining assumptions are identical to those in the baseline Becker—Weil
model. The following theorem shows that, in the Becker-Weil model with
redistributive taxation, a shift from a Ramsey-conjecture-type stationary
equilibrium to a non-degenerate stationary equilibrium occurs only under a

sufficiently large capital subsidy.

Theorem 4. There is a mazimum capital tax 9 > 0 and a mazimum capital
subsidy ¥ < 0, such that for any ¥ € (9,0) there exists a unique stationary
equilibrium. For n > 1, the stationary capital stock k* decreases with 1.

Suppose 1+n > (Bu/B)" and condition (6)) does not hold. There is a threshold

capital subsidy V* < 0 such that a unique stationary equilibrium is non-degenerate
if and only if ¥ € (U, 09*).

Proof. See Appendix [D] [ |

Theorem [4] implies that if the baseline Becker-Weil model without taxes
admits a unique Ramsey conjecture stationary equilibrium, then a shift to a
non-degenerate stationary equilibrium is possible only in the presence of a
capital subsidy (financed by a corresponding lump-sum tax). As in Theorem |3 a

capital tax cannot change the type of stationary equilibrium.
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Intuitively, under redistributive capital taxation two effects are at play. First,
the threshold-shifting effect: a higher capital tax reduces the incentives to save
for both types of agents, raising the threshold interest rate at which the least
patient agents are willing to save and moving the saving-capital ratio ®(k) in Fig.
downward. Second, the general equilibrium average savings effect: although
redistribution leaves individual income unchanged, the redistributed tax revenue
alters average savings, moving ®(k) upward. The net effect on the stationary
capital stock k* depends on the elasticity of intertemporal substitution n, but the
threshold shift preserves the Ramsey-conjecture-type equilibrium. By the same
argument, our results remain qualitatively similar under uniform redistribution if
each agent receives an equal per capita transfer ¥(1 + ry)k;.

By contrast, under a capital subsidy, both effects reverse. A higher subsidy
lowers the threshold return on capital required for the least patient agents to start
saving, while the lump-sum tax used to finance the subsidy reduces the saving-
capital ratio. Although the effect on £* depends on 7, the threshold shift implies
that a sufficiently large subsidy can move the economy from a Ramsey conjecture

stationary equilibrium to a non-degenerate stationary equilibrium.

5 Intra- and intergenerational inequality

Theorems show that public debt, a labor income tax, or a capital subsidy
(for n > 1) change the type of stationary equilibrium, allowing less patient
agents to save. In this section, we study the effect of fiscal policies on the wealth
distribution and analyze the trade-off between income and inequality in a
stationary equilibrium.

In the Becker-Weil model, agents are heterogeneous in two dimensions. They
differ both in age (in each period 7, agents who entered in periods 0 through 7
coexist in the economy) and in type (within each generation, agents have
different discount factors). As a result, there is between-type (intragenerational)
inequality among different agent types from the same generation, and within-type
(intergenerational) inequality among different generations of agents of the same

type. For clarity, we study these two dimensions of inequality separately.

5.1 Between-type inequality

A natural measure of intragenerational inequality is the Gini index of the average
savings S of different agent types. Since all agents receive the same wage, wealth

inequality is primarily driven by capital inequality. Furthermore, the average
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consumption of type i agents is given by C™* = (r* — n)S* /(1 + n) + w*. When
the equilibrium is dynamically efficient (r* > n), S#* > SL* implies CH* > C**,
resulting in a similar pattern of consumption inequality.

For two groups of agents with population shares my and 7, characterized
by average savings S7* and ST* (with SH* > SI*)  the Gini index of capital

distribution in a stationary equilibrium is constant over time and given by

Ty (SH* o SL*)

WHSH* + 7TLSL*

G* = (9)
The following proposition characterizes the dependence of the stationary (between-

type) Gini index on the stationary capital stock and the population growth rate.

Proposition 1. The Gini index in a stationary equilibrium increases with k* for
k* < kg, , and is constant for kg, < k* < kg,. Moreover, there is a threshold
value of population growth W, such that the Gini index is constant for n <n, and

decreases with n forn > n.
Proof. See Appendix [E] [ |

Proposition [I] implies that in a Ramsey conjecture stationary equilibrium, the
Gini index is independent of the stationary capital stock. Since only type H
agents own capital, we have S¥* = 0 and G* = 1 — my. For sufficiently high
values of the stationary capital stock (ks, < k* < kg, ), further increases in k*
make saving even less attractive for the least patient agents and does not alter the
degenerate distribution of wealth. In a non-degenerate stationary equilibrium, we
have S#* > S > 0, and the Gini index increases with k*. Thus, for relatively
low values of the stationary capital stock (k* < kg, ), there is a trade-off between
income and inequality: an increase in k* raises inequality. Intuitively, since the
most patient agents have a higher propensity to save, a higher k* corresponds to
a larger ratio ST* /ST*  thereby increasing inequality.

Furthermore, we study the dependence of between-type inequality on the
population growth rate n. Clearly, the Gini index in a Ramsey conjecture
stationary equilibrium is independent of n. At the same time, the Gini index in a
non-degenerate stationary equilibrium decreases with n. Indeed, G* increases
with k*, and, by Theorem [I k* decreases with n. Loosely speaking, the
Becker—Weil model establishes a negative correlation between the rate of
demographic expansion and between-type inequality: a higher n leads to a more
equal distribution of capital between the most patient and least patient agents in

a non-degenerate stationary equilibrium.
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Proposition allows us to analyze the impact of fiscal policies on
between-type inequality. Suppose the economy is in a Ramsey conjecture
stationary equilibrium. According to Theorem [2| when the debt-to-output ratio
is sufficiently high, the economy shifts to a non-degenerate stationary
equilibrium. As in clear from Proposition [I], this shift reduces the Gini index.
Thus, introducing public debt creates a trade-off between intragenerational
inequality and income: a higher debt-to-output ratio lowers both between-type
inequality and the stationary capital stock.

It follows from Theorem [3| that a labor income tax implies a similar trade-off.
By allowing the economy to shift to a non-degenerate stationary equilibrium, a
labor income tax lowers the Gini index and reduces inequality, but this comes at
the cost of a lower stationary capital stock. By contrast, neither a capital tax nor
a wealth tax affects between-type inequality, since these policies do not enable the
economy to leave the Ramsey-conjecture-type equilibrium.

Finally, Theorem H4| suggests that a particularly effective policy tool for
addressing between-type inequality in the Becker—Weil model is a capital subsidy
financed by a lump-sum tax. Its introduction both lowers the Gini index (by
shifting the economy to a non-degenerate stationary equilibrium) and raises the
stationary capital stock (at least when 1 > 1 so that agents are sufficiently

willing to substitute consumption intertemporally).

5.2 Within-type inequality

Consider now intergenerational inequality. In a Ramsey conjecture stationary
equilibrium, the interest rate prevents the least patient agents from saving: 1/8y <
1+7r* < 1/BL. At the individual level, all type L agents from different generations
are perfectly equal: they do not save and in each period consume their wages,
er™ = w* and s7"* =0 for all t > 7 and all 7 > 0.

At the same time, individual savings of type H agents grow at a positive rate
without bound in a stationary equilibrium. For a type ¢ = H agents entered in

period 7, the dynamics of savings are given by
T, 0% *\ [ T,0% w* *
si o= (L+A)s + F)‘i ; t>T, (10)

where 1+ X7 = [3;(1 + r*)]" is the growth rate of individual consumption. Hence, in
each period 7, there is inequality among type H agents from different generations:
sOH* > gLHx ~ > sTH* Ag earlier generations began accumulating capital

earlier, they have higher wealth in each period, compared to later generations.
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In a non-degenerate stationary equilibrium, the interest rate is sufficiently high
for the least patient agents to save: 1+ 7* > 1/0.. At the individual level, each
agent of type ¢ = H, L, in each period makes positive savings, and the dynamics of
savings for both types of agents follow . Earlier generations of both types of
agents are relatively richer, and there is within-type intergenerational inequality
for both types. For each i = H, L, we have s%* > sb™* > ... > 7% for all 7 > 1.

It is useful to measure intergenerational inequality by comparing the wealth
of agents of the same type from different generations at specific percentiles. A
common measure of dispersion is the P90/ P10 ratio, defined as the ratio of wealth
at the 90th percentile to that at the 10th percentile. Note that the P90/P10 ratio
in a stationary equilibrium is not constant but increases over time. The following
proposition characterizes the dependence of the P90/P10 ratio on the stationary

gross interest rate for any given period.

Proposition 2. For any given 7 > 1, for the most patient agents, the P90/P10
ratio in a stationary equilibrium increases with 1+1r*. For the least patient agents,
the P90/ P10 ratio in a stationary equilibrium is constant for 1/fy < 1+r* < 1/8L
and increases with 1+ r* for 1 +r* > 1/p7.

Proof. See Appendix [F] [ |

Proposition[2|relies on the fact that if type ¢ agents own capital in the stationary
equilibrium, then in any period 7, the P90/P10 ratio for type ¢ increases with A,
which in turn rises with 1 4 7*. Intuitively, the faster agents accumulate capital,
the larger the gap between richer generations who began accumulating earlier and
poorer generations who enter without endowments.

As an illustration, suppose that in some period 7, the wealth at P90
corresponds to generation 1, while the wealth at P10 corresponds to generation

7. Since both generations 1 and 7 start with zero initial savings, it is easily seen

from that
st (T4 A)" -1

Tk \* ’
St )

which clearly increases with the growth rate )\;‘ﬂ

We apply Proposition [2] to analyze the impact of fiscal policies on within-type
inequality. Suppose the economy is in a Ramsey conjecture stationary equilibrium.
It follows from Theorems [2| and |3 that a sufficiently high debt-to-output ratio

8 The actual 90th and 10th percentiles depend on the population growth rate n and period 7.
We show that for any two generations of the same type 4, the savings ratio between earlier and
later generations increases with AY. Hence, our results hold for any intergenerational inequality
measure expressed as a percentile ratio (e.g., the P90/P10 ratio, the P80/P20 ratio, etc.).
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or labor income tax rate not only reduces the stationary capital stock £* but
also increases within-type inequality for both types of agents. Both policies shift
the economy to a non-degenerate stationary equilibrium with a higher stationary
interest rate *, which raises Af and thereby the P90/P10 ratio. Intuitively, with
a higher interest rate, both types of agents accumulate capital faster in a non-
degenerate stationary equilibrium. Hence, in any given period, generations that
began accumulating capital earlier are relatively richer than newly entered ones,
compared to the Ramsey conjecture equilibrium.

By contrast, Theorems [3] and [] imply that a capital tax (at least for n > 1),
regardless of whether revenues are used to finance unproductive government
spending or redistributed back to agents, reduces within-type inequality for the
most patient agents. The reason is that when n > 1, the after-tax gross interest
rate, (1 — 9)(1 + r*), decreases with the tax rate ). Since the growth rate of
individual consumption, A}, depends on this after-tax return, A} falls even
though the marginal product 1 + r* increases. At the same time, within-type
inequality for the least patient agents is unaffected, because the capital tax
preserves a Ramsey conjecture stationary equilibrium. Thus, capital taxation
creates a trade-off between intergenerational inequality and income: it reduces
within-type inequality at the cost of a lower stationary capital stock.

By the same argument, a capital subsidy financed by a lump-sum tax implies
the opposite trade-off: it increases both the stationary capital stock and within-
type inequality for both types of agents. The subsidy strengthens incentives to
save, leading to a higher stationary capital stock in a non-degenerate equilibrium
(for n > 1). However, the after-subsidy gross interest rate, (1 + 9)(1 + %), is
higher than without the subsidy, which accelerates capital accumulation for both
types of agents and raises within-type inequality.

Table 1| summarizes the impact of fiscal policies on the stationary capital stock
k*, the Gini index G* and the P90/P10 ratio discussed in Sections [4] and [

Variable . o P90/ P10
Policy
Public debt $ T
Labor income tax $ T
Capital subsidy (n > 1) 0
Capital tax (n > 1) 1 =

Table 1: Fiscal policies in a stationary equilibrium.
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6 Extensions and modifications

In this section, we consider two modifications of the Becker—Weil model: a general
setting with any neoclassical production function and many types of heterogeneous
agents who differ in their elasticities of intertemporal substitution; and a model
with complete capital markets (without borrowing constraints). We show that
our key findings remain valid: both extensions admit several types of stationary

equilibrium, a Ramsey-conjecture-type and a non-degenerate-type.

6.1 Many types of agents

Consider a model with I types of heterogeneous agents and a general neoclassical
production function. Each agent of type ¢ = 1,..., [ is characterized by a constant
discount factor 3;, and agents are ordered in terms of their patience: 1 > 1 >
... > By > 0. Agents have isoelastic instantaneous utility functions with different

elasticities n; > 0:

New agents of each type enter in the same proportion, so the share of each type
of agents, m;, is constant over time. Technology is described by a neoclassical
production function in intensive form, f(k), satisfying the standard assumptions.
The remaining assumptions are the same as in the baseline Becker—Weil model.

Definitions can be naturally reformulated to include many types of agents.
In this case, the equilibrium condition which determines the per capita capital
stock takes the form (1+n)k;, , = Zfil 7;S™*. We show that, for certain parameter
values, there exists a stationary equilibrium in which any number of types of agents
own positive amounts of capital. The type of stationary equilibrium is determined
by agents’ heterogeneity in patience and not by their heterogeneity in elasticities.
If agent 7 owns a positive amount of capital in the stationary equilibrium, then
all agents ¢ < 7 with higher discount factors also own capital, regardless of their
elasticities of intertemporal substitution.

The following proposition provides a condition under which there exists a non-
degenerate stationary equilibrium in which all agents save, and another condition
under which there exists a Ramsey conjecture stationary equilibrium in which only

the most patient agents own the entire capital stock.

Proposition 3. Let {(C’”,S”)fil JE* e w*} be a stationary equilibrium in the
Becker—Weil model with I types of agents, isoelastic utilities and a general

neoclassical production function.
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1. Suppose 1 +n > max;{(5;/P1)"}, and the following condition holds:

I—

1/a kﬁ[ (51)
1—pr Zl 1+n 51"’—(@‘)7“ < b (1)

There exists a stationary equilibrium in which all types of agents own positive
amounts of capital: S™* > ... > S >0, and k* < kg, .

2. Suppose 1 +n < (B1/P2)™, or 1+n > (1/F2)™ and the following condition

holds:
Va(ks)—1  (B)™ — (Bo)™ 1
1=5  (L4+n)(B)m —(B1)™ - ™ -

There exists a stationary equilibrium in which the most patient agents own

the entire capital stock and all other agents do not save: S™ = (1+n)k*/my,
S* =0 for all i > 2, and kg, < k* < kg, .

Proof. See Appendix [A] [ |

In particular, Proposition 3| implies that the lower the discount factor and the
higher the elasticity of intertemporal substitution of the less patient agents, the
less likely condition is to hold, and the more likely it is that these agents do
not save in the stationary equilibrium. This observation is in line with the findings
of |Aguiar et al.| (2025), who argue that poor hand-to-mouth consumers in the U.S.
have low discount factors and high elasticities of intertemporal substitution.

Note also that for a general production function, a stationary equilibrium in
the Becker—Weil model is not necessarily unique. Exploring coexistence and local

stability of multiple equilibria presents a promising direction for future research.

6.2 Complete capital markets

All the previous discussions focused on the consumer problem in the |Becker| (1980)
setting with incomplete capital markets where agents are not allowed to borrow. In
this section, we describe a different version of the consumer problem with complete
capital markets (without borrowing constraints) in the Bewley| (1982) setting. We
refer to the model with complete capital markets as the Bewley—Weil model.

In the Bewley—Weil model, an agent of type ¢ = H, L entered in period 7, given
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initial savings s~ ,, solves the following problem:

max Z(ﬁi)t_Tui(ct), s.t.oag+s = (L+m)se +w, t>T,
{Chst}?ir t—1 (13)

. St
T—1 = 5 1
TN s ) ()

where the sequences of interest rates {r;}:° and wage rates {w;}°_ are taken as
given. Agents are allowed to borrow (their savings could be negative), but the
No-Ponzi Game condition requires that in the limit the debt should be repaid.

The remaining assumptions are the same as in the baseline Becker—Weil model.
A general equilibrium and a stationary equilibrium in the Bewley—Weil model can
be defined similarly to Definitions [1| and The only difference is that instead
of problem with borrowing constraints, each agent determines their individual
consumption and savings by solving problem ({13]).

The following proposition characterizes a Bewley—Weil stationary equilibrium
under Assumptions [I] and [2|

Proposition 4. There exists a unique Bewley—Weil stationary equilibrium. The

stationary capital stock k* increases with By and [, and decreases with n.

1. Suppose 1 +n > (By/B)" and condition (6) holds. The Bewley—Weil
stationary  equilibrium  coincides with the Becker—Weil stationary

equilibrium.  Both types of agents own positive amounts of capital:
SH* > Sl* > 0, and k* < kg, .

2. Suppose 1+n < (Br/BL)", or L+n > (Bu/Br)" and condition (6) does not
hold. In the Bewley—Weil stationary equilibrium, the most patient agents own
the entire capital stock and the least patient agents are indebted: S™* > 0,
St* <0, and kg, < k* < kg,

Proof. See Appendix [A] [ |

Proposition 4| implies that a non-degenerate stationary equilibrium is identical
in the Bewley—Weil and the Becker—Weil models. When both types of agents
accumulate capital, the completeness of capital markets becomes irrelevant.

By contrast, in a Ramsey conjecture stationary equilibrium in the
Bewley—Weil model, the least patient agents are in the maximum borrowing
state, so their individual, and thus average, savings are negative. The most
patient agents hold both the entire capital stock and the debt of the least patient

agents. Consequently, the Ramsey conjecture stationary equilibrium in the
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Bewley-Weil model is characterized by a lower stationary capital stock and

higher between-type inequality than in the Becker—Weil model[]

7 Concluding remarks

In this paper, we study a neoclassical growth model with population growth and
heterogeneous agents. This model can be interpreted as a Ramsey model with
heterogeneous discounting and the entry of new agents with zero initial
endowments, or as an OLG model with infinitely-lived agents who differ in their
discount factors. We show that there exists a unique stationary equilibrium,
which can be one of two types: a Ramsey-conjecture-type, where only the most
patient agents own the entire capital stock, or a non-degenerate-type, where less
patient agents also hold positive amounts of capital.

The mechanism that invalidates the Ramsey conjecture operates through the
OLG demographic structure, where population growth is interpreted as the arrival
of new agents who are not included in the economic calculus of existing ones. The
entry of new agents without initial endowments raises the interest rate (compared
to the Ramsey demographic structure, where existing agents treat new ones as
part of their dynasty), thereby incentivizing less patient agents to save. Loosely
speaking, population growth mitigates the redistribution of wealth via capital
markets from less patient to more patient agents.

We study the impact of fiscal policies on income and inequality in a stationary
equilibrium. We show that introducing public debt, a labor income tax, or a capital
subsidy shifts the economy from a Ramsey-conjecture-type to a non-degenerate-
type equilibrium. These policies reduce intragenerational inequality among agents
with different discount factors but increase intergenerational inequality among
agents entered in different periods.

Our research can be extended in a number of ways. It is worthwhile to study
other assumptions about the relationship between discounting and demography.
For instance, different types of agents can have different population growth rates.
Moreover, each agent can have an endogenous discount factor depending on their
relative income. Overall, this paper provides a tractable framework for analyzing

long-run growth and inequality in models with heterogeneous discounting.

9 This result resembles Becker et al|(2015), who study stationary equilibria under progressively
liberalized borrowing. They show that consumption and wealth inequality are lowest in the
Ramsey—Becker model (with borrowing constraints) and increase with the number of periods for
which borrowing is allowed, reaching a maximum in the Ramsey-Bewley model (with complete
capital markets). However, in their case, the stationary capital stock is determined by the
discount factor of the most patient agent and is independent of the borrowing regime.
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Appendix

A Proof of Theorem [1| and Propositions

Step 1. Dynamics of the Bewley—Weil model: log-utility. First, we
characterize the solution to the Bewley—Weil consumer problem . Let

Wr41 Wry2

We = w, + +
1+ Tr+1 (1 + TT—I—I)(l + TT+2)

be the present (period-7) value of the lifetime labor income of an agent entered in
period 7. We have
Wi = (L+7041) (Wr —w,) . (A.1)

In view of the No-Ponzi Game condition, the sequence of budget constraints in

problem can be rewritten as a single intertemporal budget constraint:

Cr+1 Cr+2 i
cr + + +... < (I+r)s, + W, A2
1+TT+1 (1+TT+1)(1+TT+2) ( ) ! ( )

Suppose u(c) = Inc. Then the solutlon to problem ), {c", 57" 12 satisfies

the usual first-order conditions ¢;}; = f;(1 + ry41)¢,”" for t 2 7, and is given by

ctT’i = (1-5) ((1 + rt)stml + Wt) , t>7, (A.3)
s = (L4m)s)y +wp— ', t>T. (A4)

Aggregating (A.3) and - A.4) using the fact that s:’il =0 for 7 > 1, we have
for all 7 > 1,

14,
cio= (1 _@)( +rSZIJFW). (A.5)
e i
S; = TSt 0L (A.6)

Combining (A.1)), (A.5) and (A.6), we obtain ({5)):

Cha = =+ re) (125 - )

L+r, . nSe
= =B ) (TS W - - )
nS:
/67,<]-+TT+1) (1_51)(]—4_7’7’—%1)1_’_%

30



Moreover, if in the Becker—Weil model type ¢ agents make positive savings, then

the average consumption level of type i agents also evolves according to .

Step 2. Consumer problem under a constant interest rate: isoelastic
utility. If {(C™,5%),_y k" r*,w*} is a stationary equilibrium in the
Becker—Weil model, then each agent entered in period 7 solve problem (with
non-negativity constraints on savings) given constant sequences of interest rates
{r*,r*,...} and wage rates {w*, w*,...}. We begin by characterizing the solution
to corresponding problem (13) in the Bewley-Weil model (without

non-negativity constraints on savings). Let

* * *

w w w
W* = w* o= (14—
v +1+7"*+(1+7“*)2+ (+r)7“*

For isoelastic utility function, the first-order conditions take the form
ctTﬁ (Bi(1+ 7)™, t>7. (A.7)

Substituting W* and czﬁ into the intertemporal budget constraint (A.2)) which

holds as equality, we obtain

Bl 1 + T ) CT’i* T,i%

TZ* 1 — T — 1 * W*
( +Z (1+7%) 1— (B;)"(1 + r*)n—1 (L+7")s70 +
Because of (A.4]) and (A.1)), the above equation holds for all periods 7, and hence

™ = 1= (B)" A+ [(L+r)sp + W t>T. (A.8)

Using (A.8)) with (A.4]), we get the savings dynamics for a type i agent entered in

period T:

*

st o= [BL )] Z”{Jr ([Bi(1 477" =1) . (A.9)

When S;(1+7*) > 1, SZ’ > 0 even if s7" = 0. Hence savings of type i agents
in the solution to problem ((13|) without borrowing constraints are positive for all
7 > t, and the solution to problem with borrowing constraints is the same.

When B;(1 +r*) < 1, for all 7 > 1, we have s7* < 0. In the Bewley—Weil

TZ*

model, this type i agents borrow against their future wages, and ¢I"* is such

that they repay this debt in the limit. In the Becker—Weil model, for this type ¢

agents in problem . 1)) with borrowing constraints we have s7* = (0 and ¢7* = w*.

These agents prefer to consume even more, but cannot save less, since borrowing
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is prohibited. By the principle of optimality, for this type ¢ agents the solution to
problem (T)) is s = 0 and ¢ = w* for all t > 7.

Step 3. Stationary equilibrium characterization. There are three cases.
When 1+ r* < 1/8g, there is no stationary equilibrium in any of the models.
When 1/8y < 14 r* < 1/8, the average consumption dynamics for type H
agents are the same in both models, as they make positive savings. For type L
agents, in the Becker—Weil model we must have S¥ = 0. When 1 +r* > 1/,
for both types of agents the non-negativity constraints on savings are not binding,
and both types in the both models make positive savings.

Suppose that type i agents make positive savings. Aggregating over

T, 0%

different generations, and using the fact that s} =0 for all 7 > 1, we get

, 1+r
cC* = 11—(6;,)"(1 N —— ST W) A.10
1= Gy (T ) (A10)
In a stationary equilibrium, (A.6) becomes
. r*—n .
o = S . A1l

Combining (A.10) and (A.11]), we obtain the stationary version of :

C* = (14717 ((@)’7(1 +r) e = 1= (8" (L + 7)Y {lin) |

Therefore, for this type ¢ we have

(T+r*)[1—(B)"(1+r*)"1] nS*

c™ = : A2
[Bi(L+7r*)]n —1 1+n ( )
Using (A.12)) and (A.11)), we finally obtain
, * , -
S* = (1+n) = CLCh) i (A.13)

r* 14+n—[6(1+r9n

Note that S given by (A.13) is positive when 1/8; < 1 +7* < (14 n)Y/"/p;.
Otherwise, in a Becker-Weil stationary equilibrium S* = 0. Thus, there exists a

stationary equilibrium in which both types of agents own capital only if

1 1 1/n
— < 1—|—7’* < ﬂ

3 B (A.14)
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In particular, we should have (14-n)"/" > 35 /B.. Note also that since the function
g(Af) = Af/(n— A}) increases with Af, and A} = [5;(1+7*)]" — 1 increases with 5
for all n and 7*, we have SH* > Si*,

Introduce the price functions:

r(k) = f'(k)—1, and  w(k) = f(k)—kf (k).

In equilibrium, r* = r (k*), w* = w (k*), and (1 + n)k* = 7y SHT* + 7, 51*.

H(k) = —=, and Ji(k) = m (A.15)
with the convention that in the Becker—Weil model J;(k) = 0 when \; < 0, that
is, for k > kg,. Then, by (A.13), the stationary capital stock k* in both the
Becker—Weil and the Bewley—Weil models is a solution to the following equation
in k:

(k) = H(k) (Julk)+ Jo(k) = 1. (A.16)

Let £ > 0 be such that f/(k) = (1 + n)/"/By. It follows from that
k* is bounded from below by k: we have k < k* < kg,. Clearly, Jy(k) = oo,
and Jy(ks,) + Jr(ks,) < 0 in both models. Then ®(k) = oo and ®(kg,, ) < 0.
Therefore, there exists a solution to , which defines a stationary equilibrium.

The stationary equilibrium is non-degenerate if S¥ > 0 or Jy(k*) > 0, that
is, k* € (k, kg,). Since Jy(kg,) = 0, a necessary and sufficient condition for that
is H(kg,)Ju(ks,) < 1, which can be written as

w(ks,) (Br)" — (BL)" 1

kg r(ksy) (L+n) (B — (Ba)? 7

Rote that wk)  FRk—F) | 1alk)—1

kr(k) — fe)—=1 1-1/f(k)’
where a(k) = kf'(k)/f(k) is the capital income share. Hence there is a solution
to Eq. within (k, kg, ) if (6] holds. The generalization to I agents with
different elasticities 7); is straightforward and yields condition . Since all types

(A.17)

of agents save, the stationary equilibria in the Bewley—Weil and the Becker—Weil
models are the same.

In the Becker—Weil model, the stationary equilibrium is a Ramsey conjecture
one if SI* = 0, that is, k* € (kg,, ks, ). A necessary and sufficient condition for
that is H(kg, )Ju(ks,) > 1, which is the opposite of (). When there are I agents
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with different elasticities 7;, we have to consider the most patient and the second
patient agent, which yields condition ([12]).

In the Bewley-Weil model, both S#* and S™ satisfy , but now S¥* < 0.
The stationary capital stock k* is a solution to Eq. , but in this interval
Jr(k) < 0. As above, since Ji(kg,) = 0, there exists at least one solution to
Eq. within the interval (kg,, kg, ) when H(kg,)Ju(ks,) > 1, which is the
opposite of (). Also, ®(k) crosses 1 earlier when J; (k) < 0 than when J;(k) = 0,
and hence the stationary capital stock in the Becker-Weil model is higher than
that in the Bewley—Weil model.

Step 4. Proof of Theorem [1 A stationary equilibrium is unique if the
function H(k)J;(k) monotonically decreases with &k for all ¢. Then there is a
unique intersection of ®(k) with 1 within (&, kg, ).

Fix type . Consider the function J;(r) = m i(r)/ [n — \i(r)] /r. We have

Ji(r) nAL(r) 1 nnBi[l + A ()]0 1
Ji(r) a [n—N(r)| Ni(r) 7 [n— Xi(r)] Ai(r) - (A.18)
Furthermore,

H(#) w1 ER) 1

HE) — wk) k  wk) Kk

Denote p = (0 —1) /o, where 0 < p < 1, which corresponds to o > 1. Then the
CES production function is f(k) = A (ak? + 1 — a)"/*. Let ¢ = (k) = ak’+1—a.
Then

r(k) = Aak~tU=Pr 1, and w(k) = Al —a)p=P/r,

Moreover,

r'(k) = Aa(p — k20700 4 Aak™ (1= p)/p) " Papkt™" =

Aa(p _ 1)kp—2¢(1—2p)/p (QD _ akp) _ (1 — P)(l _ki)(l + T(k)) '
Therefore,
Jitk) _ Jilr)r'(k) (1 —p)(1—a) < ml+XA(r(k)] 1 +T(’f)>
Ji(k) Ji(r) ke [n = XNi(r(R)] Ai(r(k))  r(k ’
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and

H (k)  k1=p)A—a)A+rk)e? —A(l—a)  (1-plak’—¢
H(k) A(l = a)k ko ’

so that finally

H'(k) —pak? — (1 —a)
= 0. A.20
H(F) TR 20
The function H(k)J;(k) is monotonically decreasing for all k if H'(k)/H (k) +

JI(k)/Ji(k) < 0. By (A.19)-(A.20)), this condition takes the form

m - )= NCE)] (k)
ARy TP e (==
_G-pi-a

r(k)

For p > 0, we have —pp < 0, and it is sufficient to show that for all k£ such

that \;(r(k)) >0,
n 14+ X\(r(k))] 1

[ = Ai(r(R)] Au(r(R)) — (k)
Since r(k) = [1 4+ \i(r(k))]'/"/B; — 1, this condition can be rewritten as

(A.21)

(14 X)W —gnBi(1+N) > Binki — BN} —
Q) = (14 )"+ BiA7 = Bin(1+n)X; — Bing > 0.

Note that Q(0) = nn(1— ;) > 0. Moreover, Q'();) increases with \;, and Q'(0) =
(1+n)n(1 — ;) > 0. Thus, Q(X;) > 0 for all \; > 0. It follows that H(k)J;(k) is
monotonically decreasing, and hence there exists a unique solution to Eq. (A.16)).
For the CES production function, the capital income share is determined as
kf'(k) _ Aak?[p(k)]00 ke

W)= T T A ey

At the same time, the value kg, satisfies

ko )P
so that (ks )" = (AafB)"') .

. o _ L
ACL(k’gL)p [Sa(k/BL)] - BL’ Sp(k/J’L)

Therefore, the value of the capital income share in condition @ is given by
1/(1-
a(ks,) = [a (45.))"7.
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B Proof of Theorem 2

Repeating the argument from Appendix |A| and aggregating solutions to given
constant sequences of interest rates, wage rates and taxes, it is easily seen that the

stationary capital stock in the Becker—Weil model with public debt is a solution

(1109 = X2 ) = 0 ) (i + i) - X =1
where H(k) and J;(k) are defined in (A.15). Note that for x = 0, Eq.

coincides with Eq. .

Since Jy (k) = oo, and Jy(ks, ) + Jr(ks,) = 0, there is a solution to Eq.
within (k, kg, ) whenever H (k) > x f(k)(r(k) —n)/k. In other words, there exists
an equilibrium in the Becker—Weil model with public debt for all x < ¥, where

to

the maximum debt-to-output ratio is given by

5 = w(k) _ 1—a(k) _ 1—a° (ABH/(l + n)l/”)afl
fE)(r(k) —n)  r(k)—n (L+n)t/7/By — (1 +n)

The uniqueness of a solution to (B.1]) requires monotonicity of the left-hand
side, which is not easily analytically tractable. However, since the left-hand side
of decreases with x, any solution to is lower than the (unique) solution
to the corresponding equation for y = 0.

By the same argument as in Appendix [A] there exists at least one
non-degenerate equilibrium in the Becker—Weil model with public debt when the
value of the left-hand side of at kg, is lower than one. When condition ()
holds, this is true for any x. When condition @ does not hold, this requirement
holds for all x > x*, where the threshold debt-to-output ratio x* satisfies

(1/04(1%) -1 x* 1-p +n)) mul(Bu)" = (B)"] X
1Bz Bra(ks,) 1-pL (L +n)(Br)" — (Ba)"  Bralks,)

C Proof of Theorem [3

Repeating the argument from Appendix [A] and taking into account that the after-
tax stationary interest rate is (1 — 0 )(1+7*), it is easily seen that there are three
cases. When 1+ r* < 1/[(1 — 0)Bg], there is no stationary equilibrium. When
1/[(1 = 0x)Bu] < 1+7* < 1/[(1 — 0x)BL], type H agents save, while S&* = 0.
When 1+ 7* > 1/[(1 — 0k)SL], both types of agents make positive savings.
Focus on the non-degenerate case, as the Ramsey conjecture case can be
considered  similarly. Let 7(k) = (1 — Og)r(k) — 60k, that is,
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1+7(k) = (1 —0k)(1+r(k)). Aggregating solutions to individual problems with
taxes, given constant sequences of interest rates and wage rates, it is
straightforward to verify that the stationary capital stock in the Becker—Weil

model with income taxation is a solution to

w(k‘)( Au(F(F) 1 A(i(k) 1L ) ~ 1, (1)

(1_8N) L + 7y

A a7 (k) 7R) = AL () 7 (k)
or (1— Ox)H(k) <jH(k) v jL(k)> = 1, where \;(7(k)) = [8;(1 + #(k))]" — 1, and,

—— MG 1
\r

=N GER)) Rk
Repeating the derivation of (A.19) from Appendix , we obtain

Jik) = Ji(i (k) =

k) (=p=a)( m+NEFE) 1457’(16)) '

Ji(k) ke ([n = X(F(R)] X7 (k) 7(k)

It is easily seen that also holds for 7(k) instead of r(k). Therefore, for
0 < p < 1, the function (1 — Ox)H (k).J;(k) is monotonically decreasing for all k.
For any given pair (0, 0y) € [0,1) x [0,1), Eq. has a unique solution, and
there is a unique stationary equilibrium with income taxation.

Clearly, the left-hand side of decreases with 6y for any k. Hence the
stationary capital stock k* decreases with 6y. Furthermore, the left-hand side of
decreases with 6 if each J;(7) = m\i(7)/ [n — Mi(F)] /7 increases with 7. It
follows from that J/(7) > 0 if and only if

([Bi(L+ )] =1 +n (1+n8/(1+7)"F — [B(1+7)]") > 0.

The sufficient condition for the above inequality is 1418 (1+7)""'7 > [5;(1+7)]",
which holds for all n > 1, because the function (1 4 7)” is convex. Thus, the
stationary capital stock k* decreases with 0y for n > 1.

Moreover, by the implicit function theorem, it follows from that

dk* - _ (A7) >0 Ji(r)) 32 JilF)

i H'[H + (1= 0x)r' 32 Ji(F)/ 22 Ji(7)

and it is easily seen that when J/(7) > 0, we have [dk*/dOk](1 — Ox)r’ < 1+ 7.
Therefore, dr/dfy = [dk*/dOk](1 — O )r" — (1 + 1) < 0 for n > 1.

Let k be such that f/(k) = (1 +n)"/"/[(1 — 6x)Bu]. A unique stationary
equilibrium is non-degenerate if a solution to Eq. lies within (E, ka—0:0)8:)-
Since jL(kr(l,gK)gL) =0, we need (1 — GN)H(k‘(l,gK)gL)jH(k(l,gK)/gL) < 1.
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Since for a given 0, the left-hand side decreases with 6y, there exists a
unique non-degenerate stationary equilibrium for any pair (0g,0y) with
On > 03 (0k), where the function 0% (0k) is implicitly defined by the equation
(1= On)H (k1-a,0)8, ) T1 (K -0,0)8,) = 1, or

(1— ) [L/alks I[L/(1 = 0k) P —1/(1 = 0k)  (Bw)"—(Bu)” 1
1—p (I +n)(BL)" — (Bu)" T
where we have used the fact that for the CES production function,
k- K)BL "(ka- K)BL —
alkapop,) = —— )iﬁ Mu-som) aks,) (1= 0P . (C2)
f(ka-0x)8.)

Clearly, limg, 1 03 (0x) = 1. Furthermore,

S S (A e L L
ma o (Bu)"—(Bo)" 1 alks,) =1
and 6% (0) > 0 whenever condition (6)) does not hold, that is, whenever the model
without taxes admits a Ramsey conjecture equilibrium.
Finally, let us show that 6% (0) is concave. Recall that 0 = 1/(1—p). Clearly,
for 0 =1, 03(0k) is linear. Let 1/(1 —60y) =y and 1/(1 — 0x) = x. Also, let for
brevity a(ks, ) = a. Then the definition of 8% (0x) takes the form

(1-050)(1-—a)y = 27 —azx.

Ignoring the constant multipliers, by the implicit function theorem, we have

2 o—1 __

db 1 ot —ax ox «

3 -

ddx  y 2% —ax (e — )

For any o > 1, the right-hand side decreases with z. Indeed, the sign of its
derivative coincides with the sign of 2 — o — o2~ /a, which is negative, since

o’ l/a+0>2 asa<1and z > 1. Thus, 04(0x) is strictly concave for o > 1.

D Proof of Theorem {4

Focus on the non-degenerate case, as the Ramsey conjecture case can be considered
similarly. Let 14 7(k) = (1 — 9)(1 + r(k)) and \(7(k)) = [B:i(1 + 7(k))]" — 1.
Repeating the argument from Appendix [A] the stationary capital stock under
redistributive taxation is a solution to the equation H (k) (jH(k) + jL(k)) =1,
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where

Ai(7(F))
[n = Ai(# (k)] r(k) — nd (1 + r(k))

Let k be such that 7 = f’(E) — 1 is a solution to the following equation in 7:

(D.1)

147
p

(14+n—[Bg(l=9)(1+7r)]") = nv

Note that this solution exists for any capital subsidy ¥ < 0, and for sufficiently

small capital tax 0 < ¢ < 9. Since jH(E) = 00, and jH(k(l_ﬂ)IBH> +jL(k(1_19)5H) =

0, there exists k* within (E, ka—9)g,) if ¥ is such that k< ka—9)p,, that is,

Bu(l —9)(1 +17) > 1. Hence there exists an equilibrium under redistributive

taxation for all ¥ € (¥, 1), where the maximum capital subsidy is ¥ = —7/ (1 + 7).
Differentiating with respect to k, we obtain

i (PRD) = n(1 = 9) (7 (k)] + nn [+ N(F (k)] [r(k) /(1 + (k) —

V]

_ i(7
Ji(k) ([n = Xa(P (k)] (k) — nd (1 4 r(k))) Ai(7(K))

There exists a unique stationary equilibrium under redistributive taxation if

H'(k)/H (k) + J!(k)/J;(k) < 0. For 0 < p < 1, this condition holds if

which follows from (A.21)) for #(k). Thus, H(k)J;(k) is monotonically decreasing,
and for any given 9 € (¥, 1)), there exists a unique k*.
A unique stationary equilibrium is non-degenerate if k* < kn_y),. Since

JL(k; 1-9)8,) = 0, a necessary and sufficient condltlon is H(k(l,ﬁ)BL)jH(k(l,ﬁ)gL) <
1, which, taking into account (| and , can be written as

(1/a<km/<1—19>p/“-p>—1) By = (B .
(w7 = Gyl = B = —md By~ 7w O

It is easily checked that the left-hand side is increasing in /. Therefore, there
exists a non-degenerate stationary equilibrium for all ¥ < 9*, where the threshold
value ¥ satisfies with equality. If the model without taxes admits a Ramsey
conjecture equilibrium, then condition @ does not hold, and hence the left-hand
side of at ¥ = 0 is higher than 1/7y, implying that 9* < 0.

The stationary capital stock decreases with ¢ if each J; decreases with 9.
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Differentiating (D.1]) with respect to 8, we get (ignoring the positive denominator)

dJ;
do)

= a1+ 7) (LBl 77 = (514 )

which is negative when 1 > 1, because the function (1 + 7)7 is convex.
Moreover, differentiating (D.1)) with respect to r, we obtain (again, ignoring
the same denominator)
dJ;
dr

= 1+ B+ +n(l =9) (L+n8](L+7)""F = [B:;(1+7)]") .

Repeating the argument from Appendix [C] it is easily checked that the after-tax
interest rate decreases with 9, that is, dr/dd = [dk*/dY](1 — )" — (1 +r) <0, if
d.J;
dv

A

dJ;
(1-9) < o (1+7),

which is true for any 9 whenever n > 1.

E Proof of Proposition

In a Ramsey conjecture stationary equilibrium, S¥* = 0, and hence the Gini index

for kg, < k* < kg, is G* =1 — my. In a non-degenerate stationary equilibrium,
S is given by (A.13), and hence, by (9)), the Gini index for k < k* < kg, is

’/TLJH(]C*) — 7THJL<]€*>

S NSRS

We prove that G* increases with £* for £ < k* < kg, . Note that G* increases
with the ratio Jy (k*)/Jr(k*). Using (A.19)), for o > 1 (0 < p < 1), we have

(JH(k))' Juk) _ Ju(k) _ Ji(k)

Jo(k)) Ju(k)y — Ju(k)  Ju(k)
_m(l—p)(1—a) (L+n) [Au(r(k)) — AL(r(k))] >0
ke [n = AL(r(k)] AL(r(k)) [n — Mg (r(k))] Au(r(k)) 7

since for each k, Ay (r(k)) > Ap(r(k)).
Let m be such that @ holds as equality:

(Bu)" = (BL)"  Valkg) -1 1

(1+n)(Be)r— (Bu)"  1-0L o
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Then for all n > 7, the unique stationary equilibrium is non-degenerate. We prove
that G* decreases with n for n > n. Indeed, it is easily seen that for each given k*,
the ratio Jy(k*)/J(k*) decreases with n. Thus, the direct effect of an increase in
n is negative. By Theorem [I| £* decreases with n, and since G* increases with k*,

the indirect effect is negative as well.

F Proof of Proposition

Suppose that S* > 0, that is, type 7 agents make positive savings. In a stationary
equilibrium, for a type ¢ agent entered in period 7, the dynamics of savings is
given by (A.9). Therefore, for agents entered in period 7 > 1 with zero initial

endowments, the wealth level in period t is given by

*

s = A;‘%[1+(1+>\;‘)+...+(1+)\;‘)t] .

1 A t+1—-7 1
— [+ ]
where 1+ A = [8;(1 +r*)]". Similarly, for agents from the very first generation

initially present in period 0, the wealth level in period ¢ is given by

1%
w_ t—HS_

14+n’

*
s LA 1]+ (X))
Hence s%* > sbi* > > sT for each 7 > 1.

We prove that for any agent type ¢, for any two generations N and M with
0 < N < M <7, the ratio s /s increases with \; for all 7. If N > 0, then

this ratio has the form

S;f_\f,i* (1 + /\;k)TJrlfN -1

85_\4,1'* - (1 + A;‘)’T—‘rl—M -1 ’

Since N < M, it is easily checked that the right-hand side increases with A;.
If N =0, then, using (A.13)), the ratio s%¥* /s takes the form

LA™ /A+n)][r/w]+1) -1 A+ N)n/(n—A)] -1
(14 Ap)7H1-M — 1 (L4 Ap)7+H1-M — ] '

Since n/(n—Af) > 1 and n/(n— A}) increases with Af, the numerator grows faster

than (1 4+ A#)™* — 1, and hence the ratio s%*/sM:* also increases with A},
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