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ENTROPY REGULARIZATION IN MEAN-FIELD GAMES OF OPTIMAL
STOPPING

JODI DIANETTI, ROXANA DUMITRESCU, GIORGIO FERRARI, AND RENYUAN XU

Abstract. We study mean-field games of optimal stopping (OS-MFGs) and introduce an entropy-
regularized framework to enable learning-based solution methods. By utilizing randomized stopping
times, we reformulate the OS-MFG as a mean-field game of singular stochastic controls (SC-MFG)
with entropy regularization. We establish the existence of equilibria and prove their stability as
the entropy parameter vanishes. Fictitious play algorithms tailored for the regularized setting are
introduced, and we show their convergence under both Lasry–Lions monotonicity and supermodular
assumptions on the reward functional. Our work lays the theoretical foundation for model-free
learning approaches to OS-MFGs.

Keywords: Mean-field game of optimal stopping, singular stochastic control, entropy regular-
ization, randomized stopping times, fictitious play algorithm.

AMS subject classification: 91A16, 60G40, 93E20, 68T01

1. Introduction

The study of mean-field games (MFGs) has become central to the analysis of large-population
stochastic control systems, where individual agents interact through the empirical distribution of
states and/or controls. For methodologies, techniques, and applications, we refer to the two-volume
book [12]. In this paper, we focus on a specific class of such problems: mean-field games of optimal
stopping (OS-MFGs). Optimal stopping has a wide range of applications in Economics, Finance,
Operations Research, and other applied fields. Relevant examples include pricing American deriva-
tives, entry-exit problems (real options models), and optimal timing for buying or selling an asset,
among others. On the other hand, OS-MFGs have received attention only very recently. Among the
fundamental contributions on this topic (without learning considered), we first mention [52], where
the authors consider a specific game in which the interaction occurs through the number of players
who have already stopped. In [13], the authors study an optimal stopping game with Brownian
common noise, inspired by a model of bank runs. They prove the strong existence of mean-field
equilibria in a setting with strategic complementarity, and weak existence in a setting with conti-
nuity. In [7], a purely analytical approach is adopted to solve the problem – namely, the study of
the system of coupled Hamilton-Jacobi-Bellman and Fokker-Planck equations – and the existence
of mixed solutions is proved. More recently, a compactification approach based on the linear pro-
gramming formulation is developed in a series of papers [8], [33] and [34], in which the existence
of relaxed solutions, interpreted via occupational measures, is established. These techniques have
been then applied to solve entry-exit optimal stopping games in electricity markets in [1] and [5],
and in the case with common noise in [35]. In [32], a rigorous connection between the occupation
measures arising in the linear programming approach and randomized stopping is established. In
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addition, [53] studies an optimal stopping game through the lens of the master equation. Another
recent contribution is [46], where the authors develop a new approach to solving various types of
MFGs (including optimal stopping) based on a mean-field version of the Bank-El Karoui repre-
sentation theorem for stochastic processes. In the context of optimal stopping MFGs with partial
information, [9, 10, 59] study the existence of the mean-field solution for a one-dimensional filtering
problem under different model set-ups. Finally, related works on McKean-Vlasov optimal stopping
are [61] and [21].

Despite their importance, OS-MFGs pose significant theoretical and computational challenges.
First, they require more subtle techniques to be solved than MFGs with standard control because
of the irregularity of the flow measure generated by the simultaneous exit of a significant number of
players. This class of games becomes particularly challenging when the goal is to develop model-free,
learning-based solution methods.

The primary motivation of our work is to establish the foundations of a suitable OS-MFG frame-
work that supports model-free solution methods. A central challenge in this direction is to rigorously
formalize and analyze randomized and explorative strategies in games, which play a crucial role in
the design of reinforcement learning (RL) algorithms. Establishing the existence and uniqueness of
(mean-field) equilibria that accommodate such strategies is therefore essential—not only for theo-
retical completeness but also for enabling practical learning algorithms with provable guarantees. In
the absence of such a foundation, rigorous analysis of multi-agent learning remains elusive. More-
over, the convergence of RL methods often depends on the properties of the underlying iterative
schemes (e.g., fictitious play), whose well-posedness similarly hinges on the existence and uniqueness
of equilibria in games that allow for randomized behavior (see, e.g., [40, 41]). This need becomes
even more pronounced in environments characterized by irregular or sparse decision-making, such
as optimal stopping problems, where agents make a single, irreversible decision based on limited
information. Unlike standard Markov Decision Processes (MDPs) [54, 60], where frequent actions
and rewards can reduce the reliance on explicit exploration, optimal stopping games require more
deliberate and carefully designed exploration mechanisms to facilitate information acquisition [26].
On the technical side, however, a major challenge arises in applying RL to OS-MFGs. Standard
equilibrium-finding algorithms in MFGs typically rely on the stability of optimal controls with re-
spect to variations in the distribution of agents. This stability, however, is particularly difficult to
ensure in the context of optimal stopping, where understanding how equilibrium stopping policies
respond to small perturbations in the measure flow is highly nontrivial. To illustrate this, consider
that in a Markovian setting, equilibrium stopping rules are often given by hitting times of the
underlying state process at a free boundary. Determining the stability properties (e.g., Lipschitz
continuity) of these free boundaries is already a technically intricate problem, even in single-agent
optimal stopping settings (see, e.g., [23] and the discussion therein).

Our contributions. To address these challenges, we develop a new theoretical framework that
enables the use of model-free algorithms for OS-MFGs. The core idea is to reformulate the game
as a MFG of singular stochastic controls (SC-MFG) by introducing randomized stopping times (see
[30, 62]). A randomized stopping time can be interpreted as the (conditional) probability of stopping
before a certain time t. This interpretation leads naturally to an adapted, nonnegative, nondecreasing
process with right-continuous sample paths, bounded by 1 – an object that, following terminology
from control theory, we refer to as a singular control (see Chapter VIII in [37] for an introduction
to singular stochastic controls). To promote exploration, we introduce an entropy regularization
term into the stopping functional, as previously established in the single-agent setting of [30]. This
regularization term is governed by a temperature parameter λ ≥ 0 and induces strict concavity
in the performance criterion. This change enables optimizers to deviate from pure 0-1 strategies
(of not stopping or stopping) and instead favor reflecting-type controls. In the context of MFG,
the equilibrium is characterized via a two-step procedure. First, given a fixed flow of measures
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and a joint distribution, we determine the singular control that maximizes the regularized reward
functional. Second, we impose the so-called consistency condition, which requires that the fixed
input measures coincide with the distribution of the state process before stopping and the joint
distribution of the (randomized) stopping time and the stopped state. Naturally, in this framework,
the consistency conditions must be reformulated in terms of randomized stopping times – namely, in
terms of the random Borel measure on the time axis induced by the singular control. The particular
structure of these consistency conditions prevents us from applying existing existence results for
mean-field equilibria in singular control games (see, e.g., [11, 25, 38, 39]). We therefore establish a
novel existence result for equilibria in our SC-MFG framework, which we believe is of independent
theoretical interest (see Theorem 3.6).

Having proved the existence of equilibria in randomized stopping times, we then move on to
establishing λ-stability as the temperature parameter λ ↓ 0. We show that any equilibrium of the
SC-MFG approximates, as λ ↓ 0 (up to a subsequence), an equilibrium of the original MFG of
optimal stopping without entropy regularization. Furthermore, under a Lasry-Lions monotonicity
condition, we can prove a stronger result: the entire sequence of mean-field equilibria of the singular
control game (parametrized by λ) converges to an equilibrium of the original optimal stopping game
(see Theorem 3.10). This result ensures that the solutions of the regularized problems converge to
equilibria of the original OS-MFG, providing a crucial theoretical justification for using entropy-
based approximations in RL methods.

We then design novel fictitious-play algorithms tailored to the entropy regularized SC-MFG frame-
work. We establish their convergence under both the Lasry–Lions monotonicity condition (see Theo-
rem 4.5) and in the case of supermodular reward structures (see Theorem 4.9). It is important to note
that the presence of the entropy regularization term introduces nonlinearity into the performance
criterion, placing our model outside the scope of recent approaches based on linear programming
for MFGs [8, 33, 34]. This nonlinearity necessitates the development of new analytical and numeri-
cal tools. The fictitious-play algorithm under the Lasry–Lions condition therefore extends previous
algorithms developed under this monotonicity assumption to cases where the payoff functional is
non-linear with respect to the control. Under the supermodularity condition, the fictitious-play al-
gorithm is new in the literature. The theoretical foundation presented here will be complemented
by a companion paper focused on the algorithmic design, related theoretical convergence analysis,
and numerical validation of the proposed framework, which is currently in progress [28].

Related literature. Reinforcement learning applied to optimal stopping problems is closely tied
to the broader challenge of learning in environments with sparse rewards [26, 45]. In these settings,
a reward is only granted at the stopping time, resulting in extreme sparsity and significant learning
challenges compared to more conventional control tasks, whether formulated in continuous time or
as classical MDPs.

When the model is fully known, recent studies such as [56] and [58] have introduced deep learning
techniques to approximate optimal stopping boundaries. In a related vein, [6] investigated random-
ized formulations of optimal stopping and provided convergence results for both forward and back-
ward Monte Carlo-based optimization schemes. Similarly, [3] showcased the effectiveness of deep
learning methods for solving high-dimensional singular control problems.

In the realm of continuous-time RL, a notable advancement comes from [24], who proposed
a general policy gradient framework applicable to a wide array of stochastic control problems,
including optimal stopping, impulse control, and switching. Their approach leverages connections
between stochastic control and its randomized counterparts. However, their framework currently
lacks theoretical guarantees for convergence. The work [31] studies a regularized version of the one-
dimensional American Put option under a Shannon entropy framework. By employing an intensity-
based control formulation, they introduce exploration and prove convergence of the policy iteration
algorithm (PIA) for fixed temperature parameters. Nevertheless, the convergence of the optimal
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policy as the temperature parameter λ ↓ 0 remains an open question. An alternative perspective was
recently offered by [22], who reformulated the optimal stopping problem as a regular control problem
with binary (0 or 1) actions and applied entropy regularization. This transformed the problem into
a classical entropy-regularized control setting, enabling the use of standard RL algorithms. The
very recent paper [51] proposes a continuous-time reinforcement learning framework for a class of
singular stochastic control problems without entropy regularization and generalizes the existing
policy evaluation theories with regular controls to learn optimal singular control law and develop a
policy improvement theorem.

Another important research direction leverages non-parametric statistical methods for stochastic
processes to design learning-based control algorithms [16, 17, 18, 19]. In particular, [17] and [18]
addressed one-dimensional singular and impulse control problems by learning critical thresholds
using a non-parametric diffusion framework. This approach was extended to multivariate reflection
problems in [19], while [16] contributed theoretical guarantees, including regret bounds and non-
asymptotic PAC estimates.

Entropy regularized MFGs and their reinforcement learning (RL) formulations have received
increasing attention over the past year. We do not attempt to provide an exhaustive literature
review here, but instead highlight a few key references: [15], which presents an RL approach to
model-free MFGs for MDPs; [2], which discusses Q-learning in regularized MFGs for MDPs; [14],
which provides a convergence analysis of machine learning algorithms for mean-field control and
games over a finite time horizon in continuous time and space; and [36, 42], which addresses entropy
regularized MFGs in diffusion settings.

As far as it concerns the more specific class of entropy-regularized MFGs of optimal stopping
– as those considered in this paper – the only paper brought to our attention is [65]. This paper
investigates a discrete-time major-minor MFG where the major player can choose to either control
or stop. The goal is to find a relaxed (randomized) stopping equilibrium, formulated as a fixed point
of a set-valued map, whose direct analysis is difficult due to the major player’s influence. To address
this, the authors introduce entropy regularization for the major player’s problem and reformulate
the minor players’ stopping problems using linear programming over occupation measures, in the
spirit of [8]. They prove the existence of regularized equilibria via a fixed-point theorem and show
that, as regularization vanishes, these equilibria converge to a solution of the original problem, thus
establishing the existence of a relaxed equilibrium. Although there are clear connections between
[65] and the present paper, the mathematical analysis is entirely different, as the problem in [65]
involves a Stackelberg game (which is not present in our case) on top of the mean-field interaction,
within a discrete-time and discrete-space setting – unlike our continuous-time and continuous-space
framework.

Organization of the paper. The rest of the paper is organized as follows. In Section 2 we
present the OS-MFG problem and introduce its entropy-regularized formulation through randomized
stopping times. In Section 3 we prove existence and stability of equilibria, while in Section 4 we
present the fictitious play algorithms and their convergence. Finally, Appendix A collects results on
a connection between the studied MFG of singular control and (another) auxiliary MFG of optimal
stopping.

1.1. General notation. Let p ≥ 1 and (E, d) a non-empty Polish space. Define the set Psub
p (E) of

subprobability measures ν on the Borel subsets of E such that
∫
E d(z, x0)

pν(dz) <∞, for some (and
thus all) x0 ∈ E. The space Pp(E) represents the set of elements of Psub

p (E) which are probability
measures, and it is endowed with the Wasserstein distance dp defined as

dp(ν̄, ν) := inf
π∈Π(ν̄,ν)

∫
E×E

d(z̄, z)pπ(dz̄, dz),(1.1)
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where Π(ν̄, ν) is the set of π ∈ Pp(E × E) which has ν̄ as first marginal and ν as second marginal.
Following [20, Section B], to define the Wasserstein distance d′p on Psub

p (E), we introduce a cemetery
point ∂ and obtain the enlarged space Ē := E ∪ ∂. By defining d(x, ∂) := d(x, x0) + 1, we extend
the definition of d on Ē, in such a way that (Ē, d) is still Polish. We define the classical Wasserstein
distance dp on Ē using the same expression (1.1). The Wasserstein type distance d′p on Psub

p (Ē) is
given by

d′p(µ, ν) := dp(µ̄, ν̄),

where
µ̄(·) := µ(· ∩ E) + (1− µ(E))δ∂ , ν̄(·) := ν(· ∩ E) + (1− ν(E))δ∂ .

Fix T > 0. We introduce the set Mp(E) of measurable functions m : [0, T ] → Psub
p (E) identified

dt-a.e. on [0.T ], endowed with the convergence in measure which is induced by the metric

dMp (m, ν) :=

∫ T

0
1 ∧ d′p(mt, νt)dt, m, ν ∈Mp(E).(1.2)

A sequence (mn)n converges to m (mn → m, in short) if for any ε > 0 we have∫ T

0
1{t : d′p(mn

t ,mt)>ε}dt→ 0.

Recall that, for any convergent sequence mn → m, there exists a subsequence (mnk)k such that

(1.3) d′p(m
n
t ,mt) → 0, dt-a.e.

We refer to Appendix B in [34] for further details.
Throughout the paper, C > 0 will denote a generic constant that may change from line to line.

2. MFGs of optimal stopping and entropy regularization

This section formally introduces the OS-MFG problem with randomization and entropy regu-
larization, leading to a singular control formulation. More specifically, Section 2.1 introduces pre-
liminaries and model assumptions; Section 2.2 describes the OS-MFG problem; and Section 2.3
develops the framework for randomized stopping times, entropy regularization, and the resulting
singular control problem.

2.1. Preliminaries and assumptions. Let T ∈ (0,∞) be given and fixed throughout the rest
of the paper. For d, d1 ∈ N \ {0}, consider the continuous functions b : [0, T ] × Rd → Rd, σ :
[0, T ]× Rd → Rd×d1 , f : [0, T ]× Rd × Psub(Rd) → R, g : Rd × P(Rd) → R.

Define
Mp :=Mp(Rd) and M :=Mp × Pp([0, T ]× Rd),

endowed with the product topology. Elements of M will typically be denoted by couples (m,µ).
Moreover, given a sequence (mn, µn)n ⊂ M and a limit point (m,µ) ⊂ M, we will write

(mn, µn)n → (m,µ)

to denote the convergence in the product topology.
On a complete probability space (Ω,F ,P), consider a d1-dimensional Brownian motion W :=

(Wt)t and a Rd-valued square integrable F0-measurable random variable x0 independent of W .
Denote by Fx0,W := (Fx0,W

t )t the right-continuous extension of the filtration generated by W and
x0. For a time-horizon T ∈ (0,∞), let T be the set of Fx0,W -stopping times τ such that τ ≤ T a.s..

Assumption 2.1. The data of the problem (x0, b, σ, f, g) verify:
(1) E[|x0|p] <∞.
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(2) There exists a constant L > 0 such that

|b(t, x)|+ |σ(t, x)| ≤ L(1 + |x|), ∀t ∈ [0, T ], x ∈ Rd,

|b(t, x̄)− b(t, x)|+ |σ(t, x̄)− σ(t, x)| ≤ L|x̄− x|, ∀t ∈ [0, T ], x, x̄ ∈ Rd.

(3) There exists a constant K > 0 such that

|f(t, x,m)| ≤ K
(
1 + |x|p +

∫
Rd

|z|pm(dz)
)
, ∀(t, x,m) ∈ [0, T ]× Rd × Psub

p (Rd),

|g(x, µ)| ≤ K
(
1 + |x|p +

∫
[0,T ]×Rd

|z|pµ(ds, dz)
)
, ∀(x, µ) ∈ Rd × Pp([0, T ]× Rd).

(4) The functions f and g are continuous, and g is continuous in µ, locally uniformly with
respect to x. That is, there exist a constant K > 0 and a function wg : Pp([0, T ] × Rd) ×
Pp([0, T ] × Rd) → [0,∞) with limdp(µ,µ̄)→0wg(µ̄, µ) = 0 such that |g(x, µ̄) − g(x, µ)| ≤
K(1 + |x|p)wg(µ̄, µ) for any x ∈ Rd, µ, µ̄ ∈ Pp([0, T ]× Rd).

2.2. The MFG of optimal stopping. Consider the mean-field game of optimal stopping (OS-
MFG, in short) in which, for a given behavior (m,µ) ∈ M of the population of players, the repre-
sentative player maximizes, over the choice of stopping times τ ∈ T , the profit functional

(2.1)
J(τ,m, µ) := E

[∫ τ

0
f (t,Xt,mt) dt+ g (Xτ , µ)

]
,

subject to dXt = b(t,Xt)dt+ σ(t,Xt)dWt, t ∈ [0, T ], X0 = x0.

Thanks to Assumption 2.1, there exists a unique strong solution to the stochastic differential equa-
tion (SDE) for X with continuous paths a.s., and such that

(2.2) E
[

sup
t∈[0,T ]

|Xt|p
]
<∞.

Moreover, the profit functional J(τ,m, µ) is well defined for any τ ∈ T , the maximization prob-
lem has finite value (i.e., supτ J(τ,m, µ) < ∞), and there exists an optimal stopping (i.e., τ∗ ∈
argmaxτ J(τ,m, µ)). We refer the interested reader to Appendix D in [49] for further details.

We consider the following notion of equilibrium.

Definition 2.2 (OS-MFG equilibrium with strict stopping). An optimal stopping MFG equilibrium
(with strict stopping) is a triple (τ̂, m̂, µ̂) ∈ T ×M such that

(2.3)


τ̂ ∈ argmaxτ∈T J(τ, m̂, µ̂),

m̂t(A) = P (Xt ∈ A, t ≤ τ̂) , ∀A ∈ B
(
Rd
)
, t ∈ [0, T ),

µ̂ (B × [0, t]) = P (Xτ̂ ∈ B, τ̂ ≤ t) , ∀B ∈ B
(
Rd
)
, t ∈ [0, T ].

The first condition is the optimality condition, while the second and the third condition correspond
to the so-called consistency conditions.

Under the equilibrium notion in Definition 2.2, Problem 2.1 introduces a MFG where agents
interact through the running reward function f with instantaneous mean-field measure mt and
through the terminal cost g with measure µ quantifying the stopping time and stopping position.

2.3. Singular control formulation and entropy regularization. In this subsection, we refor-
mulate the OS-MFG problem with the aim of providing a theoretical framework that enables agents
to learn equilibria using RL algorithms. To this end, we modify the original OS-MFG framework
by incorporating the exploration–exploitation trade-off, which is empirically known to enhance the
convergence of learning methods. Fictitious play algorithms will be discussed later in Section 4.
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2.3.1. Randomized stopping times and singular controls. We first introduce the concept of random-
ized stopping times. We borrow ideas from the literature in game theory (see, e.g., [62]) and from
[30], where the entropy regularized version of an optimal stopping problem is considered.

A randomized stopping time can be intrinsically connected to singular control when interpreted
as the conditional probability of stopping before a given time t. To build this connection formally,
define the set of stochastic processes

A :=
{
ξ : Ω× [0, T ] → [0, 1], Fx0,W -adapted, nondecreasing, càdlàg, with ξ0− = 0 and ξT = 1

}
.

In the rest of this paper, with reference to the terminology of stochastic control theory, we shall
refer to an element of A as to a singular control (see, e.g., Chapter VIII in [37]).

Consider a random variable U : Ω → [0, 1] which is uniformly distributed and independent from
W and x0. Unless to enlarge the original probability space, we can assume U to be defined on
(Ω,F ,P) as well, and to be F-measurable. Given ξ ∈ A, a randomized stopping time is defined as

τ ξ := inf {t ∈ [0, T ] | ξt > U} ,
with the convention inf ∅ = T .

Notice that τ ξ is a stopping time with respect to the enlarged filtration Fx0,W,U , generated by
x0,W and U . Hence τ ξ is not necessarily an Fx0,W -stopping time. However, if τ ∈ T , the pro-
cess ξτ ∈ A defined by ξτ := (1{t≥τ})t is such that τ = τ ξ

τ . This gives a natural inclusion of{
(ξτt )t, ξ

τ
t = 1{t≥τ}

}
into A. We finally observe that, thanks to the definition of τ ξ and the inde-

pendence of U with respect to W and x0, we have

(2.4) P
(
τ ξ ≤ t | Fx0,W

t

)
= P

(
U ≤ ξt | Fx0,W

t

)
=

∫ ξt

0
du = ξt,

so that ξt can be interpreted as the (conditional) probability of stopping before time t.
With slight abuse of notation, we will evaluate the payoff J as in (2.1) on randomized stopping

times as well. In particular, using (2.4), an application of the tower property and of the independence
of U with respect to (W,x0) allows to rewrite the payoff functional for any (m,µ) ∈ M as

(2.5) J(τ ξ,m, µ) = E

[∫ T

0
f (s,Xs,ms) (1− ξs) ds+

∫
[0,T ]

g (Xs,, µ) dξs

]
.

Here, ξ ∈ A is the singular control associated to the randomized stopping time τ ξ, and for a generic
continuous process Y := (Yt)t we have set

∫
[0,T ] Ysdξs := Y0ξ0 +

∫ T
0 Ysdξs.

2.3.2. Consistency conditions for randomized strategies. Equation (2.5) provides the expression of
the representative player’s payoff functional when she is allowed to play a randomized stopping rule.
We now derive a convenient form of the consistency conditions in (2.3) for randomized stopping
times τ ξ in terms of the related singular control ξ ∈ A.

For any ξ ∈ A, by using (2.4), we rewrite the first consistency condition in (2.3) as

(2.6)

P
(
Xt ∈ A, t < τ ξ

)
= P (Xt ∈ A, ξt ≤ U)

= E
[
E
[
1{Xt∈A,U⩾ξt} | F

x0,W
t

]]
= E

[∫ 1

0
1{Xt∈A,ξt≤u}du

]
= E

[∫ 1

ξt

1{Xt∈A}dq

]
= E

[
1{Xt∈A} (1− ξt)

]
, ∀A ∈ B(Rd), t ∈ [0, T ],
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where, again, independence of U ∼ Un(0, 1) with respect to (W,x0) has been employed.
Similarly, for the second consistency condition in (2.3), we find

P
(
Xτξ ∈ B, τ ξ ≤ t

)
= E

[
1{Xτξ

∈B,τξ≤t}
]

= E
[
1{Xτξ

∈B,ξt≥U}
]
, ∀B ∈ B(Rd), t ∈ [0, T ].

Furthermore, letting
τ ξ(u) := inf {t | ξt > u} , u ∈ [0, 1],

we have τ ξ = τ ξ(U). Hence

P
(
Xτξ ∈ B, τ ξ ≤ t

)
= E

[
1{Xτξ

∈B,ξt≥U}
]
=E

[
E
[
1{

X
τξ(U)

∈B,ξt≥U
} | Fx0,W

t

]]
=E

[∫ 1

0
1{

X
τξ(u)

∈B,ξt≥u
}du

]
=E

[∫ 1

0
1{

X
τξ(u)

∈B,τξ(u)≤t
}du

]
.

By using the change of variables formula (see Proposition 4.9 in Chapter 0 in [57], among others),
we finally obtain

(2.7) E
[
1{Xτξ

∈B,ξt≥U}
]
= E

[∫
[0,T ]

1{Xs∈B,s≤t}dξs

]
= E

[∫
[0,t]

1{Xs∈B}dξs

]
.

Thus, if for (ξ̂, m̂, µ̂) ∈ A×M the triple (τ ξ̂, m̂, µ̂) satisfy the consistency conditions in (2.3), then
by (2.6) and (2.7) it follows that

(2.8)

m̂t(A) = E
[
1{Xt∈A}(1− ξ̂t)

]
, ∀A ∈ B(Rd), t ∈ [0, T ],

µ̂(B × [0, t]) = E

[∫
[0,t]

1{Xs∈B}dξ̂s

]
, ∀B ∈ B(Rd), t ∈ [0, T ],

which is the desired reformulation in terms of ξ̂.

2.3.3. Entropy regularization and new equilibrium concept. It is clear from (2.5) that A ∋ ξ 7→
J(ξ,m, µ) ∈ R is linear, and it admits optimizers of the "bang-bang" form ξt = 1t≥τ , for some strict
optimal stopping τ ∈ T . Hence, there is no guarantee that equilibria are of randomized type – a
phenomenon already noted in [30] in a single-agent setting without mean-field interaction.

To encourage randomized equilibrium strategies, we introduce an entropy-regularized version of
the profit functional J . Specifically, we consider a general entropy function E that satisfies the
following conditions.

Assumption 2.3. The entropy function E : [0, 1] → [0,∞) is bounded, strictly concave, and has
maximum in (0, 1).

A natural choice for the entropy function E is the cumulative residual entropy (see [55]) which is
given by E(z) = −z log z, employed in [30]. We also refer to [44] for examples related to Choquet
integrals.

Given a temperature parameter λ ≥ 0 that controls the level of exploration, for any (m,µ) ∈ M
we define the entropy regularized profit functional

(2.9) Jλ(ξ,m, µ) := E

[∫ T

0
(f(t,Xt,mt) (1− ξt) + λE (ξt)) dt+

∫
[0,T ]

g(Xt, µ)dξt

]
, ξ ∈ A.
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A control ξ∗ ∈ A is optimal for (m,µ) if Jλ(ξ∗,m, µ) ≥ Jλ(ξ,m, µ) for any other ξ ∈ A. The
existence of an optimal control follows by classical arguments (see e.g. [50]), after noticing that the
function ξ 7→ Jλ(ξ,m, µ) is concave. In the case λ > 0, such a concavity is strict, and the optimizer
is unique.

The entropy E is nonnegative and achieves its highest values when the probability ξt is near the
maximum point of E . Since the maximum point of E is an internal point of [0, 1], this incentivizes
the use of randomized stopping times. Indeed, in the case λ > 0, it can be seen that the unique
optimal control is not of bang-bang type (see also [30]).

In light of the consistency conditions derived in (2.8), we introduce the following notion of equi-
librium to the entropy regularized MFG with singular controls (λ-SC-MFG, in short).

Definition 2.4 (Entropy regularized MFG equilibrium with singular controls). An equilibrium to
the λ-SC-MFG problem is a triple (ξ̂, m̂, µ̂) such that

(2.10)


ξ̂ ∈ argmaxξ∈A J

λ(ξ, m̂, µ̂),

m̂t(A) = E
[
1{Xt∈A}(1− ξ̂t)

]
, ∀A ∈ B

(
Rd
)
, t ∈ [0, T ],

µ̂(B × [0, t]) = E
[∫

[0,t] 1{Xs∈B}dξ̂s

]
, ∀B ∈ B

(
Rd
)
, t ∈ [0, T ].

Remark 2.5. From the mathematical point of view, we notice that:
(1) When λ = 0, we have J0(ξ,m, µ) = J(τ ξ,m, µ), so that the problem (2.10) is just the

definition of equilibrium for the OS-MFG with mixed stopping strategies. Such a game is
very closely related to those studied in [8, 33, 34], using a linear programming approach. A
rigorous relation between mixed stopping strategies and the occupation measures arising in
the linear-programming approach is provided in [32], where mixed strategies are expressed in
terms of probability kernels.

(2) When λ > 0, the problem (2.10) is a new type of MFG with singular controls which has
not been considered in the literature. In particular, such a model cannot be embedded into
the (general) results obtained in [11, 25, 38, 39] because of the structure of our consistency
condition (2.8) involving the integral with respect to the dξ-random measure.

Remark 2.6. For any fixed (m,µ) ∈ M, the optimal value and the corresponding optimal strategy
of the control problem remain stable as λ→ 0 (see [30] for details). However, due to the well-known
sensitivity of Nash equilibria to model perturbations, it is a nontrivial question whether the equilibria
themselves remain stable in the limit λ→ 0.

From an applied and learning perspective, this question is particularly important, as it provides the-
oretical guarantees on the closeness between the equilibria of the entropy-regularized problem (2.10) –
which we aim to learn – and those of the original problem (2.3). We address this issue and establish
a positive result in Theorem 3.10.

3. Analysis of entropy regularized OS-MFGs

The aim of this section is to study in detail the entropy regularized λ-SC-MFG (2.10) and its
relations, as the temperature parameter λ→ 0, with our original OS-MFG (2.3).

3.1. Preliminary results. We first endow the set of singular controls A with a topology. Notice
that A is a closed convex subset of the Hilbert space L2(Ω × [0, T ]), i.e. the set of F ⊗ B([0, T ])-
measurable functions ℓ such that E[

∫ T
0 ℓ2tdt] < ∞: indeed, if a sequence (ξn)n ⊂ A converges to

some ξ ∈ L2(Ω× [0, T ]), it is always possible (e.g., via Lemmas 4.5 and 4.6 in [48]) to find a càdlàg
monotone nondecreasing modification of ξ, so that ξ ∈ A. Thus, consider on A the topology of weak
convergence (in the Hilbert sense) of L2(Ω× [0, T ]), and denote the convergence with ξn → ξ. Since
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the set A is convex and closed for the strong topology, it is closed for the weak topology. Therefore,
since A is also bounded, it is compact when endowed with the weak topology.

We define the consistency map Γ : A → M as the map Γ(ξ) := (mξ, µξ) with

(3.1)

mξ
t (A) := E

[
1{Xt∈A} (1− ξt)

]
, ∀A ∈ B(Rd), t ∈ [0, T ],

µξ(B × [0, t]) := E

[∫
[0,t]

1{Xt∈B}dξt

]
, ∀B ∈ B(Rd), t ∈ [0, T ].

For our subsequent analysis, in the next three lemmas we discuss boundedness, closedness and
compactness of the set Γ(A).

Lemma 3.1. The consistency map Γ is bounded; that is, there exists a constant Cp > 0 such that∫
Rd

|z|pmξ
t (dz) ≤ Cp, ∀t ∈ [0, T ], and

∫
[0,T ]×Rd

(tp + |z|p)µξ(dt, dz) ≤ Cp,

for any ξ ∈ A.

Proof. By using the boundedness condition 0 ≤ ξt ≤ 1, we obtain∫
Rd

|z|pmξ
t (dz) = E[|Xt|p(1− ξt)] ≤ E

[
sup

t∈[0,T ]
|Xt|p

]
≤ Cp,

for a suitable constant Cp (see (2.2)). This shows the first estimate. For the second estimate, again
by boundedness of ξ, we have∫

[0,T ]×Rd

(tp + |z|p)µξ(dt, dz) = E

[∫
[0,T ]

(tp + |Xt|p)dξt

]
≤ T p + E

[
sup

t∈[0,T ]
|Xt|p

]
≤ Cp,

unless to take a larger Cp. □

Lemma 3.2. The consistency map Γ : A → M has closed graph.

Proof. We have to show that, if (mn, µn) ∈ Γ(A) converges to (m,µ), then (m,µ) ∈ Γ(A). Let
ξn ∈ A such that (mn, µn) = (mξn , µξ

n
). By compactness of the set A, there exists a subsequence

ξnk which converges weakly to ξ⋆. Since supt≥0 ξ
nk
t ≤ 1, we can employ Lemma 3.5 in [47] in order to

find a subsequence (not relabelled) (nk)k and a limit point ξ ∈ A such that, setting ζjt := 1
j

∑j
k=1 ξ

nk
t ,

we have ∫
[0,T ]

ϕtdζ
j
t →

∫
[0,T ]

ϕtdξt, P-a.s., as j → ∞, for any ϕ ∈ Cb([0, T ]).

One can easily check that ξ = ξ⋆. Therefore, it holds∫
Rd

φ(x)mt(dx) = lim
n

1

N

N∑
k=1

∫
Rd

φ(x)mnk
t (dx)

= lim
n

1

N

N∑
k=1

E [φ(Xt) (1− ξnk
t )]

= lim
n

E [φ(Xt) (1− ζnt )]

= E [φ(Xt) (1− ξt)] , ∀ t ∈ [0, T ], φ ∈ Cb(Rd),
10



and ∫
[0,T ]×Rd

φ(t, x)µ(dt, dx) = lim
n

1

N

N∑
k=1

E
[ ∫

[0,T ]
φ(t,Xt)dξ

nk
t

]
= lim

n
E
[ ∫

[0,T ]
φ(t,Xt)dζ

N
t

]
= E

[ ∫
[0,T ]

φ(t,Xt)dξt

]
, ∀ φ ∈ Cb([0, T ]× Rd),

from which we conclude that (m,µ) = Γ(ξ), thus completing the proof. □

Lemma 3.3. The set Γ(A) ⊂ M is compact.

Proof. Let us first introduce the set M∗ of pairs (µ,m) ∈ Pp([0, T ] × Rd) ×Mp, such that for all
u ∈ C1,2

b ([0, T ]× Rd),∫
[0,T ]×Rd

u(t, x)µ(dt, dx) =

∫
Rd

u(0, x)m0(dx) +

∫ T

0

∫
Rd

(∂tu+ Lu) (t, x)mt(dx)dt,

where Lu(t, x) := ∇xu(t, x)
⊤b(t, x) + 1

2Tr[σ
⊤(Hxu)σ], with ∇xu := (∂x1u, . . . , ∂xd

u), Hxu the
Hessian matrix of u with respect to x and Tr the trace operator. We also denote by m0 := L(x0). For
a given (ξt) ∈ A, by applying Ito’s formula, it can be shown that the associated pair (mξ, µξ) = Γ(ξ)
belongs to M∗. Therefore, Γ(A) ⊂ M∗. By Theorem 2.10 in [34], the set M⋆ is compact for the
topology of the convergence in measure.
Furthermore, thanks to Lemma 3.2, the set Γ(A) is a closed subset of M∗. It thus follows that it is
compact. □

Remark 3.4. Under some additional assumptions (e.g. uniform ellipticity) it can be actually shown
that Γ(A) = M∗ (see [32]).

Next, for (m,µ, λ) ∈ M× [0,∞), define the best response map Rλ(m,µ) ⊂ A as

(3.2) Rλ(m,µ) := argmax
ξ∈A

Jλ(ξ,m, µ).

For any (m,µ, λ) ∈ M × [0,∞), via classical concavity arguments (see e.g. [50]), we have that
Rλ(m,µ) is nonempty. Notice that, when λ > 0, the strict concavity of ξ 7→ Jλ(ξ,m, µ) implies
that Rλ(m,µ) is actually a singleton. In this case, with abuse of notation we will indicate with
Rλ(m,µ) = (Rλ(m,µ)t)t both the singleton and its only element.

The best response map has closed graph, and enjoys the following continuity properties.

Lemma 3.5. Under Assumptions 2.1, the following statements hold true:
(1) The best response map (m,µ, λ) 7→ Rλ(m,µ) is continuous in Γ(A)× (0,∞).
(2) For any sequence (mn, µn, λn)n ⊂ Γ(A) × [0,∞) converging to (m,µ, 0), and any ξn ∈

Rλn(mn, µn), there exists a subsequence (nk)k and ξ∗ ∈ R0(m,µ) such that ξnk → ξ∗.

Proof. Consider a sequence (mn, µn, λn)n converging to (m,µ, λ) and take ξn ∈ Rλn(mn, µn). By
compactness of A in the weak topology, for any subsequence of indexes (nk)k, we can find a further
subsequence (not relabeled) and a limit point ξ∗ such that ξnk → ξ∗ weakly in L2(Ω × [0, T ]) as
k → ∞. We need to show that ξ∗ is optimal for Jλ(·,m, µ). To this end, notice that, by optimality
of ξnk for Jλnk (·,mnk , µnk), we have

(3.3) Jλnk (ξnk ,mnk , µnk) ≥ Jλnk (ξ,mnk , µnk), ∀ξ ∈ A.
11



In order to discuss limits as nk → ∞ in the previous inequality, we first show that

(3.4) lim
k

sup
ξ∈A

|Jλnk (ξ,mnk , µnk)− Jλ(ξ,m, µ)| = 0.

Using the boundedness of E and of the controls ξ, we first find

sup
ξ∈A

|Jλnk (ξ,mnk , µnk)− Jλ(ξ,m, µ)|

≤ sup
ξ∈A

E

[∫ T

0
|f(t,Xt,m

nk
t )− f(t,Xt,mt)) (1− ξt)| dt+

∫
[0,T ]

|g(Xt, µ
nk)− g(Xt, µ)| dξt

]

+ |λnk − λ| sup
ξ∈A

E
[∫ T

0
E(ξt)dt

]
≤ E

[∫ T

0
|f(t,Xt,m

nk
t )− f(t,Xt,mt)| dt

]
+ E

[
sup

t∈[0,T ]
|g(Xt, µ

nk)− g(Xt, µ)|

]
+ C|λnk − λ|,

so that it remains to study the convergence of the two terms under expectation. For the term
involving f , we show that for any subsequence of (nk)k (not relabelled), there exists a further
subsequence (again, not relabelled) such that

(3.5) lim
k

E
[∫ T

0
|f(t,Xt,m

nk
t )− f(t,Xt,mt)| dt

]
= 0,

so that the whole sequence converges. Indeed, given a subsequence, we can find a further subsequence
such that d′p(m

nk
t ,mt) → 0 dt-a.e. (see (1.3)), and thanks to the continuity of f , we have that

f(t,Xt,m
nk
t ) → f(t,Xt,mt) P⊗ dt-a.e. Moreover, the growth conditions of f give

sup
k

|f(t,Xt,m
nk
t )− f(t,Xt,mt)| ≤ C

(
1 + sup

t∈[0,T ]
|Xt|p + sup

k

∫
Rd

|z|pmnk
t (dz) +

∫
Rd

|z|pmt(dz)
)

≤ C
(
1 + sup

t∈[0,T ]
|Xt|p + 2Cp

)
,

for a constant Cp as in Lemma 3.1 (notice indeed that the estimate
∫
Rd |z|pmt(dz) easily follows

by convergence). Since E
[
supt∈[0,T ] |Xt|p

]
is finite (see (2.2)), the limits in (3.5) follows by the

dominated convergence theorem. We next show the limit for the term involving g. Using the uniform
continuity of g, for wg as in Assumption 2.1 we have

lim
k

E

[
sup

t∈[0,T ]
|g(Xt, µ

nk)− g(Xt, µ)|

]
≤ lim

k
C
(
1 + E

[
sup

t∈[0,T ]
|Xt|p

])
wg(µ

nk , µ) = 0.

This limit, together with (3.5), allows us to obtain (3.4).
As a consequence of (3.4), we have

(3.6) lim
k
Jλnk (ξ,mnk , µnk) = Jλ(ξ,m, µ),

as well as

(3.7) lim
k

|Jλnk (ξnk ,mnk , µnk)− Jλ(ξnk ,m, µ)| = 0.

We next want to show that

(3.8) V ∗ := lim sup
k

Jλ(ξnk ,m, µ) ≤ Jλ(ξ∗,m, µ).
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Fix a subsequence (not relabelled) (nk)k such that V ∗ := limk J
λ(ξnk ,m, µ). Since supt≥0 ξ

nk
t ≤ 1,

we can again employ Lemma 3.5 in [47] in order to find a subsequence (not relabelled) (nk)k and a
limit point ξ̄ ∈ A such that, setting ζjt := 1

j

∑j
k=1 ξ

nk
t , we have∫

[0,T ]
ϕtdζ

j
t →

∫
[0,T ]

ϕtdξ̄t, P-a.s., as j → ∞, for any ϕ ∈ Cb([0, T ]).

The processes ξ̄ and ξ∗ coincide. Furthermore, by the convergence of ζj and the concavity of
Jλ(·,m, µ) we find

Jλ(ξ∗,m, µ) = lim
j
Jλ(ζj ,m, µ) ≥ lim

j

1

j

j∑
k=1

Jλ(ξnk ,m, µ) = V ∗,

which proves (3.8).
Finally, by using (3.6), (3.7) and (3.8) to take limits as k → ∞ in (3.3), we obtain

Jλ(ξ∗,m, µ) ≥ Jλ(ξ,m, µ), ∀ξ ∈ A,
showing that ξ∗ ∈ Rλ(m,µ). When λ = 0, this completes the proof of Claim (2).

To show Claim (1), we notice that, when λ > 0, by uniqueness of the optimal control we have that
ξ∗ = Rλ(m,µ). In this case, we have shown that for any subsequence (nk)k we can find a further
subsequence (not relabelled) such that (ξnk)k converges to Rλ(m,µ). Hence, the whole sequence
(ξn)n converges to Rλ(m,µ), thus completing the proof. □

3.2. Existence of equilibria of the SC-MFG. We are now ready to discuss the following exis-
tence result.

Theorem 3.6. Under Assumption 2.1, for any λ ≥ 0 there exists an equilibrium to the λ-SC-MFG
(2.10).

Proof. The proof consists in employing Kakutani–Glicksberg–Ky Fan fixed point theorem to the
map Rλ : A → A, given by the composition Rλ := Rλ ◦Γ. Noticing that A is a nonempty compact
convex subset of the locally convex Hausdorff topological vector space L2(Ω× [0, T ]), it only remains
to show that the map Rλ has closed graph.

To this end, for any sequence ξn → ξ, with Rλ(ξ
n) → ξλ ∈ A, we need to show that ξλ ∈ Rλ(ξ).

Set (mn, µn) := (mξn , µξ
n
) := Γ(ξn) and notice that, due to the compactness of Γ(A) (see Lemma

3.3), there exists a subsequence (not relabeled) and a limit point (m,µ) ∈ M such that (mn, µn) →
(m,µ). Moreover, by Lemma 3.2, we have

(3.9) (m,µ) = Γ(ξ).

Now, by assumption, Rλ(ξ
n) = Rλ(Γ(ξ

n)) converges to ξλ and, using (3.9), we have Γ(ξnk) → Γ(ξ)
on a subsequence nk. Thanks to Lemma 3.5, the map Rλ : M → A has closed graph, so that

ξλ ∈ Rλ(Γ(ξ)) = Rλ(ξ).

This shows that Rλ has closed graph, and hence completes the proof. □

3.3. λ-stability of equilibria. A crucial point when studying the limit, as λ→ 0, of the equilibria
to the entropy regularized λ-SC-MFG (2.10) is wether the equilibrium to the 0-SC-MFG (2.10) is
unique or not.

To this end, we introduce the following requirement, which is a version of the so called Lasry-Lions
monotonicity conditions.

Assumption 3.7 (Monotonicity). For any λ ≥ 0, the following hold true:
(1) For any (m,µ), Rλ(m,µ) is a singleton.
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(2) Jλ(ξ,mξ, µξ)− Jλ(ξ̄,mξ, µξ)− (Jλ(ξ,mξ̄, µξ̄)− Jλ(ξ̄,mξ̄, µξ̄)) ≤ 0.

Notice that Condition 1 in Assumption 3.7 is always satisfied when λ > 0.

Remark 3.8. We provide here an example in which Condition (2) in Assumption (3.7) is satisfied.
For example, one could consider f and g of the form

f(t, x,m) = k̄(x)f̄

(
t,

∫
Rd

k̄(x)mt(dx)

)
, g(x, µ) = ℓ̄(x)h̄

(∫
[0,T ]×Rd

ℓ̄(x)µ(dt, dx)

)
,

with f̄ non-increasing in the second argument and h̄ non-decreasing.

Theorem 3.9. Under Assumptions 2.1 and 3.7, for any λ ≥ 0 there exists a unique equilibrium to
λ-SC-MFG (2.10).

Proof. The proof of this result this theorem is standard and slightly adapted from [8], we include it
for completeness.

Arguing by contradiction, assume that there exists two distinct mean-field equilibria (ξ,m, µ),
(ξ̄, m̄, µ̄). By uniqueness of the optimal control and the definition of equilibrium, we have

Jλ(ξ,mξ, µξ)− Jλ(ξ̄,mξ, µξ) > 0 and Jλ(ξ̄,mξ̄, µξ̄)− Jλ(ξ,mξ̄, µξ̄) > 0.

Summing up these two inequalities, we obtain

Jλ(ξ,mξ, µξ)− Jλ(ξ̄,mξ, µξ)− (Jλ(ξ,mξ̄, µξ̄)− Jλ(ξ̄,mξ̄, µξ̄)) > 0,

which contradicts the second condition in Assumption 3.7. Therefore, the equilibrium is unique. □

Entropy regularization and the corresponding temperature parameter λ are introduced to encour-
age randomization in a learning environment. It is important to understand the closeness between
the equilibria of the entropy-regularized problem (2.10) – which we aim to learn – and those of the
original problem (2.3). We discuss this convergence in the following theorem.

Theorem 3.10. Under Assumption 2.1, for any λ > 0, let (ξ̂λ, m̂λ, µ̂λ) be an equilibrium to the
λ-SC-MFG. Then

(1) (ξ̂λ, m̂λ, µ̂λ) → (ξ̂0, m̂0, µ̂0) up to subsequence as λ→ 0, where (ξ̂0, m̂0, µ̂0) is an equilibrium
to the 0-SC-MFG;

(2) Under the additional Assumption 3.7, we have (ξ̂λ, m̂λ, µ̂λ) → (ξ̂0, m̂0, µ̂0) as λ→ 0.

Proof. To simplify the notation, we simply write (ξλ,mλ, µλ) instead of (ξ̂λ, m̂λ, µ̂λ), for any λ ≥ 0.
Fix any sequence (λn)n ⊂ (0,∞) with λn → 0 as n→ ∞ and set

(ξn,mn, µn) := (ξλn ,mλn , µλn).

Since (ξn,mn, µn) are assumed to be equilibria, we have (mn, µn) = Γ(Rλ(ξ
n)), so that (mn, µn)n ⊂

Γ(A). By compactness of A×Γ(A) (see Lemma 3.3), we can extract a subsequence (not relabeled) of
(ξn,mn, µn)n and a limit point (ξ0,m0, µ0) such that (ξn,mn, µn) → (ξ0,m0, µ0). Thanks to Lemma
2, we have that ξ0 ∈ R0(m

0, µ0). Moreover, by repeating the arguments in the proof of Theorem 3.6,
we have that Γ(ξ0) = (m0, µ0). This, in turn implies that ξ0 ∈ R0(m

0, µ0) = R0(Γ(ξ
0)) = R0(ξ

0),
so that (ξ0,m0, µ0) is an equilibrium of the 0-SC-MFG. This completes the proof of Claim (1).

When the additional Assumption 3.7 holds, by Theorem 3.9 we have the uniqueness of the equi-
librium of the 0-SC-MFG. Hence, by the previous argument, any sequence (ξλn ,mλn , µλn) converges
to (ξ0,m0, µ0), thus proving Claim (2). □
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4. Fictitious play algorithms

In this section, we introduce two novel fictitious play algorithms for computing the unique mean-
field equilibrium λ-SC-MFG in the case when λ > 0, and we establish their convergence under
different data assumptions.

Note that the convergence of iterative numerical schemes – such as fictitious play algorithms
under known model parameters – serves as a fundamental foundation for analyzing the convergence
of RL algorithms in environments with unknown parameters. In many popular RL methods, such
as Q-learning and actor-critic algorithms [60], the known quantities in these schemes (e.g., the value
function) are simply replaced by their corresponding estimates, computed from available observa-
tions.

Algorithm 1: Fictitious play algorithm
Data: A number of steps n for the equilibrium approximation; a control ξ̄0 ∈ A and

(µ̄0, m̄0) := Γ(ξ̄0) ∈ Rλ;
Result: Approximate MFG Nash equilibrium

1 for k = 0, 1, . . . , n− 1 do
2 Set ξk+1 := argmaxξ∈A J

λ(ξ, m̄k, µ̄k);
3 Set ξ̄k+1 := k

k+1 ξ̄
k + 1

k+1ξ
k+1 = 1

k+1

∑k+1
ℓ=1 ξ

ℓ;
4 Set (µ̄k+1, m̄k+1) := Γ(ξ̄k+1).
5 end

Observe that, due to the linear dependence of the measure (m,µ) with respect to ξ, we have that
(µ̄n, m̄n) = 1

n

∑n
k=1(µ

ξk ,mξk).
In the next two subsections, we establish the convergence of the fictitious play algorithm (m̄n, µ̄n)n

to the equilibria of the λ-SC-MFG, under suitable structural conditions on the data, and for suitable
choice of the initialization.

4.1. Fictitious play under the Lasry-Lions condition. We start with the fictitious play algo-
rithm under the Lasry-Lions monotonicity condition.

This fictitious-play algorithm is novel in the context of SC-MFGs and also brings new contri-
butions compared to the fictitious-play algorithm developed in [34] for OS-MFGs. In particular, it
extends to cases where the profit-functional is non-linear with respect to therandomized stopping, a
setting in which the linear programming approach developed in [34] fails.

To simplify the presentation, we set up some notation. First, notice that for a given (m,µ) ∈ Γ(A)
and ξ ∈ A, by using the identification between controls and associated measures given by (3.1), we
can rewrite Jλ as follows:

Jλ(ξ,m, µ) =

∫ T

0

∫
Rd

(
f(t, x,mt)m

ξ
t (dx)dt+ g(t, x, µ)µξ(dt, dx)

)
+ λE

∫ T

0
E(ξt)dt.

We now introduce the bilinear form notation

⟨f(m),m′⟩ :=
∫ T

0

∫
Rd

f(t, x,mt)m
′
t(dx)dt, ⟨g(µ), µ′⟩ :=

∫
[0,T ]×Rd

g(t, x, µ)µ′(dt, dx),

where (µ,m), (µ′,m′) ∈ Pp([0, T ]× R)×Mp. Therefore, Jλ writes as follows:

Jλ(ξ,m, µ) = ⟨f(m),mξ⟩+ ⟨g(µ), µξ⟩+ λE
∫ T

0
E(ξt)dt.

We assume the following conditions hold:
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Assumption 4.1. There exist constants cf > 0 and cg > 0 such that for all t ∈ [0, T ], x, x′ ∈ Rd,
m,m′ ∈ Psub

p (Rd), µ, µ′ ∈ Pp([0, T ]× Rd),∣∣f(t, x,m)− f(t, x,m′)
∣∣ ≤ cf (1 + |x|)

∫
Rd

(1 + |z|p)|m−m′|(dz),

|f(t, x,m)− f(t, x,m′)− f(t, x′,m) + f(t, x′,m′)| ≤ cf |x− x′|
∫
Rd

(1 + |z|p)|m−m′|(dz),

|g(t, x, µ)− g(t, x, µ′)| ≤ cg(1 + |x|)
∫
[0,T ]×Rd

(1 + |z|p)|µ− µ′|(ds, dz),

|g(t, x, µ)−g(t, x, µ′)−g(t′, x′, µ)+g(t′, x′, µ′)| ≤ cg(|t−t′|+|x−x′|)
∫
[0,T ]×Rd

(1+|z|p)|µ−µ′|(ds, dz),

where |m| denotes the total variation measure of m.
Before proving the main result on the convergence of the fictitious play algorithm, we first recall

from [34] some estimates (on the linear part of the payoff functional, as well as on the admissible
measures), which will be needed in the proof of Theorem 4.5 below.

Lemma 4.2. (Estimates on distances) For all n ≥ 1, we have the following estimates:
(i) There exists a constant C1 > 0 such that

|dM1 (m̄n+1, m̄n)| ≤ C1

n
, |d1(µ̄n+1, µ̄n)| ≤ C1

n
.

(ii) There exists a constant C2 > 0 (independent of n) such that for all t ∈ [0, T ]:∫
[0,T ]×R

(1 + |x|p)|µ̄n+1 − µ̄n|(dt, dx) ≤ C2

n
,

∫
[0,T ]×R

(1 + |x|p)|m̄n+1
t − m̄n

t |(dt, dx) ≤
C2

n
.(4.1)

Lemma 4.3 (Estimates on the rewards). There exist constants Cf > 0 and Cg > 0 such that for
all n ≥ 1

⟨f(m̄n+1)− f(m̄n),mn+2 −mn+1⟩ ≤
Cf

n
dM1 (mn+1,mn+2),

⟨g(µ̄n+1)− g(µ̄n), µn+2 − µn+1⟩ ≤ Cg

n
d1(µ

n+1, µn+2).

Lemma 4.4. (Proximity between two successive best responses) The following convergence results
hold:

lim
n→∞

d1(µ
n, µn+1) = 0, lim

n→∞
dM1 (mn,mn+1) = 0.(4.2)

Proof. We follow the same arguments as in [34] by using the continuous map Γ◦Rλ from (M, dM1 ⊗d1)
to (M, dM1 ⊗ d1). □

We now give the main convergence result of this section.

Theorem 4.5. Under Assumptions 2.1, 3.7 and 4.1, for any initialization (ξ̄0, m̄0, µ̄0), the sequence
(ξ̄n, m̄n, µ̄n)n defined in Algorithm 1 converges to the unique equilibrium distribution (ξ̂λ, m̂λ, µ̂λ).

Proof. The proof is organized in two steps.
Step 1. We first introduce the exploitability errors (εn)n≥1 which are defined as follows:

εn := Jλ(ξn+1, m̄n, µ̄n)− Jλ(ξ̄n, m̄n, µ̄n)

= ⟨f(m̄n),mn+1 − m̄n⟩+ ⟨g(µ̄n), µn+1 − µ̄n⟩+ λE
[∫ T

0
(E(ξn+1

t )− E(ξ̄nt ))dt
]
.(4.3)

By the optimality of ξn+1, it is easy to observe that εn ≥ 0, for all n ≥ 1.
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We write εn+1 − εn = ε
(1)
n + ε

(2)
n , where

ε(1)n := ⟨f(m̄n), m̄n⟩+ ⟨g(µ̄n), µ̄n⟩ − ⟨f(m̄n+1), m̄n+1⟩ − ⟨g(µ̄n+1), µ̄n+1⟩

+ λE
[∫ T

0
(E(ξ̄tn)− E(ξ̄t

n+1
))dt

]
,(4.4)

ε(2)n := ⟨f(m̄n+1),mn+2⟩+ ⟨g(µ̄n+1), µn+2⟩ − ⟨f(m̄n),mn+1⟩ − ⟨g(µ̄n), µn+1⟩

+ λE
[∫ T

0
(E(ξn+2

t )− E(ξn+1
t )))dt

]
.(4.5)

In the following C > 0 denotes a constant (independent of n) that may vary from line to line. We
first estimate ε(1)n . First, by the concavity of the entropy functional E(·), we get

E
[∫ T

0

(
E(ξ̄nt )− E(ξ̄n+1

t )
)
dt

]
= E

[∫ T

0

(
E(ξ̄nt )− E

(
n

n+ 1
ξ̄nt +

1

n+ 1
ξn+1
t )

))
dt

]
≤ 1

n+ 1
E
[∫ T

0

(
E(ξ̄nt )− E(ξn+1

t )
)
dt

]
.(4.6)

Then, by using the estimates from Lemma 4.3, we have

− 1

n+ 1
⟨f(m̄n+1)− f(m̄n),mn+1 − m̄n⟩ ≤ 1

n+ 1
⟨|f(m̄n+1)− f(m̄n)|,mn+1 + m̄n⟩

≤ C

n2
.

We deduce that

⟨f(m̄n), m̄n⟩ − ⟨f(m̄n+1), m̄n+1⟩ = ⟨f(m̄n), m̄n⟩

− ⟨f(m̄n+1), m̄n +
1

n+ 1
(mn+1 − m̄n)⟩

= ⟨f(m̄n)− f(m̄n+1), m̄n⟩ − 1

n+ 1
⟨f(m̄n+1),mn+1 − m̄n⟩

≤ ⟨f(m̄n)− f(m̄n+1), m̄n⟩ − 1

n+ 1
⟨f(m̄n),mn+1 − m̄n⟩+ C

n2
.

Similar to the above inequality, we also derive

⟨g(µ̄n), µ̄n⟩ − ⟨g(µ̄n+1), µ̄n+1⟩

≤ ⟨g(µ̄n)− g(µ̄n+1), µ̄n⟩ − 1

n+ 1
⟨g(µ̄n), µn+1 − µ̄n⟩+ C

n2
.

Therefore, by combining the last three inequalities, we derive

ε(1)n = ⟨f(m̄n), m̄n⟩+ ⟨g(µ̄n), µ̄n⟩ − ⟨f(m̄n+1), m̄n+1⟩ − ⟨g(µ̄n+1), µ̄n+1⟩

+ λE
[∫ T

0
(E(ξ̄tn)− E(ξ̄t

n+1
))

]
dt

≤ ⟨f(m̄n)− f(m̄n+1), m̄n⟩+ ⟨g(µ̄n)− g(µ̄n+1), µ̄n⟩ − εn
n+ 1

+
C

n2
.

We shall now proceed with the estimation of ε(2)n . First notice that, since

Jλ(ξn+1, m̄n, µ̄n) ≥ Jλ(ξ, m̄n, µ̄n), ∀ξ ∈ A,(4.7)
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it follows that

⟨f(m̄n),mn+1⟩+ ⟨g(µ̄n), µn+1⟩+ λE
∫ T

0
E(ξn+1

t )dt

≥ ⟨f(m̄n),mn+2⟩+ ⟨g(µ̄n), µn+2⟩+ λE
∫ T

0
E(ξn+2

t )dt.(4.8)

We therefore have

ε(2)n = ⟨f(m̄n+1),mn+2⟩+ ⟨g(µ̄n+1), µn+2⟩+ λE
[∫ T

0
(E(ξn+2

t )

]
− ⟨f(m̄n),mn+1⟩ − ⟨g(µ̄n), µn+1⟩ − λE

[∫ T

0
E(ξn+1

t ))dt

]
≤ ⟨f(m̄n+1),mn+2⟩+ ⟨g(µ̄n+1), µn+2⟩ − ⟨f(m̄n),mn+2⟩ − ⟨g(µ̄n), µn+2⟩
= ⟨f(m̄n+1)− f(m̄n),mn+2⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+2⟩
= ⟨f(m̄n+1)− f(m̄n),mn+1⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+1⟩
+ ⟨f(m̄n+1)− f(m̄n),mn+2 −mn+1⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+2 − µn+1⟩.

By using the estimates of Lemma 4.3, we obtain

⟨f(m̄n+1)− f(m̄n),mn+2 −mn+1⟩ ≤
Cf

n
dM1 (mn+1,mn+2),

⟨g(µ̄n+1)− g(µ̄n), µn+2 − µn+1⟩ ≤ Cg

n
d1(µ

n+1, µn+2).

Therefore

ε(2)n ≤ ⟨f(m̄n+1)− f(m̄n),mn+1⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+1⟩

+
C

n
(dM1 (mn+1,mn+2) + d1(µ

n+1, µn+2)).

We set

δn := C

[
dM1 (mn+1,mn+2) + d1(µ

n+1, µn+2) +
1

n

]
,

and we derive

εn+1 − εn = ε(1)n + ε(2)n ≤ ⟨f(m̄n)− f(m̄n+1), m̄n⟩+ ⟨g(µ̄n)− g(µ̄n+1), µ̄n⟩ − εn
n+ 1

+ ⟨f(m̄n+1)− f(m̄n),mn+1⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+1⟩+ δn
n

= ⟨f(m̄n+1)− f(m̄n),mn+1 − m̄n⟩+ ⟨g(µ̄n+1)− g(µ̄n), µn+1 − µ̄n⟩ − εn
n+ 1

+
δn
n

= (n+ 1)
[
⟨f(m̄n+1)− f(m̄n), m̄n+1 − m̄n⟩+ ⟨g(µ̄n+1)− g(µ̄n), µ̄n+1 − µ̄n⟩

]
− εn
n+ 1

+
δn
n

≤ − εn
n+ 1

+
δn
n
,

where the last inequality comes from the Lasry–Lions monotonicity condition. Observe that δn → 0
by Lemma 4.4. By Lemma 3.1 in [43], we conclude that εn → 0 as n→ ∞. The result follows.

Step 2. We show now that the sequence (ξ̄n, m̄n, µ̄n) converges to the unique λ-SC-MFG equi-
librium (ξ̂λ, m̂λ, µ̂λ). By compactness of the set A × Γ(A), from any subsequence (ξ̄kn , m̄kn , µ̄kn)
we can subtract a further subsequence (not relabeled) such that (ξ̄kn , m̄kn , µ̄kn) converges in the
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topology τw2 ⊗ dp ⊗Wp to some (ξ̄, m̄, µ̄), where τw2 represents the topology associated to the weak
convergence in L2(Ω × [0, T ]). First, by using similar arguments as for the proof of (3.9), we can
establish that

(m̄, µ̄) = Γ(ξ̄).(4.9)

Then, by optimality of ξkn+1
· , we get

Jλ(ξkn+1 , m̄kn , µ̄kn) ≥ Jλ(ξ, m̄kn , µ̄kn), for all ξ ∈ A.(4.10)

By definition of εkn , we derive

Jλ(ξ̄kn , m̄kn , µ̄kn) ≥ Jλ(ξ, m̄kn , µ̄kn)− εkn , for all ξ ∈ A.(4.11)

By using similar arguments as the ones used to establish (3.6), (3.7) and (3.8) and by using the
convergence of (εn) to 0 when n→ ∞, we get

Jλ(ξ̄, m̄, µ̄) ≥ Jλ(ξ, m̄, µ̄), for all ξ ∈ A.(4.12)

From the above inequality and relation (4.9), we conclude that (ξ̄, m̄, µ̄) is a λ-SC-MFG equilibrium.
By uniqueness of the equilibrium, it coincides with (ξ̂λ, m̂λ, µ̂λ). Since from any subsequence of
(ξ̄n, m̄n, µ̄n) we can subtract a further subsequence which converges to the unique λ-SC-equilibrium,
we conclude that the whole sequence converges to the unique MFG equilibrium. □

4.2. Fictitious play in the supermodular case. We now provide convergence of the fictitious
play algorithm when the so-called supermodularity condition holds true (see, e.g., [27, 29, 64]). Such
a property naturally appears in many financial and economic applications, as for example in models
for bank runs (see [13] and Example 4.7 below). The interested reader is referred to the textbook
[63] for further details on supermodular games.
We thus enforce the following structural condition:

Assumption 4.6 (Supermodularity). The following hold true:
(1) For any (m,µ) ∈ M, Rλ(m,µ) is a singleton.
(2) For each (t, x) ∈ [0, T ] × Rd, the function f(t, x, ·) is nondecreasing with respect to the

measure argument in the following sense: for any two measures m, m̄ ∈ Psub
p (Rd), if m(A) ≤

m̄(A) for all A ∈ B(Rd), then

f(t, x,m) ≤ f(t, x, m̄).

(3) We have g(x, µ) = g̃(x, ⟨ψ, µ⟩), for some functions g̃ ∈ C2(Rd×R) and ψ ∈ C1,2([0, T ]×Rd)
such that (∂t + L)ψ ≥ 0 and y 7→ Lg̃(x, y) is nondecreasing for any x ∈ Rd.

For the sake of illustration, we discuss some key examples.

Example 4.7. An example in which the supermodularity condition is satisfied is when the function
g does not depend on µ (in this case, Condition (3) above is not needed) and f(t, x,m) = f0(t, x, 1−
m(Rd)), with f0(t, x, ·) nonincreasing for any t, x. This setting represents supermodular MFGs with
equilibrium condition

τ̂ ∈ argmax
τ

E
[ ∫ τ

0
f0(t,Xt, m̂t)dt+ g(Xτ )

]
and m̂t = P[τ̂ ≤ t],

which are also referred to as MFGs of timing. The supermodularity condition is typical of models for
bank runs [13]. Natural examples are of additive type f0(t, x, y) = f1(x)− f2(y) or of multiplicative
type f0(t, x, y) = −f1(x)f2(y) (with f1 ≥ 0), for nondecreasing functions f1, f2.
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Example 4.8. The underlying process evolves as a one dimensional geometric Brownian motion

dZt = Zt(b0dt+ σ0dWt), Z0 = z0 > 0, P-a.s.,

with b0 ∈ R, σ0 > 0, and the payoffs are

f(t, z,m) =

∫
R
(z + y)m(dy) and g(t, z, µ) =

∫
R×[0,T ]

(t+ s)µ(ds, dy).

With respect to the previous notation, the state process becomes Xt := (t, Zt) so that time-dependence
in g is allowed.

Before discussing the main result of this subsection, we recall that the controls ξ are interpreted
as probability measures; in particular, ξt is the probability of stopping before time t. In this sense,
if ξt ≥ ξ̄t for any t ∈ [0, T ], P-a.s., then τ ξ ≤ τ ξ̄ P-a.s., and we say that ξ is earlier than ξ̄ (or that
ξ̄ is later than ξ) . Given two equilibria (ξ,m, µ) and (ξ̄, m̄, µ̄), we say that the first equilibrium is
earlier (resp. later) that the second one if ξ is earlier (resp. later) that ξ̄. Given λ ≥ 0, the earliest
equilibrium (ξλ,mλ, µλ) and the latest equilibrium (ξ

λ
,mλ, µλ) are such that ξλ

t
≥ ξt ≥ ξ

λ
t for any

t ∈ [0, T ], P-a.s., for any other equilibrium (ξ,m, µ).
The following theorem discusses the existence and approximation of the earliest and latest equi-

libria.

Theorem 4.9. Under Assumptions 2.1 and 4.6, the earliest equilibrium (ξλ,mλ, µλ) and the latest

equilibrium (ξ
λ
,mλ, µλ) exist. Moreover, the following statements hold true:

(1) With initialization ξ̄0t = 1 for any t ∈ [0, T ], the sequence ξ̄n is nonincreasing, ξ̄n+1 ≤ ξ̄n,
and (ξ̄n, m̄n, µ̄n) converges to the earliest equilibrium (ξλ,mλ, µλ).

(2) With initialization ξ̄0t = 0 for any t ∈ [0, T ], the sequence ξ̄n is nondecreasing, ξ̄n+1 ≥ ξ̄n,
and (ξ̄n, m̄n, µ̄n) converges to the latest equilibrium (ξ

λ
,mλ, µλ).

Proof. We limit ourself to show the claim on the existence and approximation of the earliest equi-
librium, as the proof for the latest equilibrium follows by the same argument. The proof is divided
into three steps.
Step 1. In this step we show the some monotonicity properties of the maps Γ and Rλ.

We first show anti-monotonicity property of the consistency map Γ. Observe that, if ξt ≤ ξ′t, ∀t ∈
[0, T ], P-a.s., from the definition of mξ,mξ′ have

mξ
t (A) = E[1A(Xt)(1− ξt)] ≥ E[1A(Xt)(1− ξ′t)] = mξ′

t (A), ∀A ∈ B(Rd), t ∈ [0, T ].

Moreover, for ψ as in Assumption 4.6, by using integration by parts and that ξT = 1, we have

⟨ψ, µξ⟩ := E
[ ∫

[0,T ]
ψ(t,Xt)dξt

]
= E

[
ψ(T,XT )−

∫ T

0
ξt(∂t + L)ψ(t,Xt)dt

]
,

and the analogous expression can be obtained for ξ′. Thus, since (∂t + L)ψ ≥ 0, we find

⟨ψ, µξ⟩ = E
[
ψ(T,XT )−

∫ T

0
ξt(∂t + L)ψ(t,Xt)dt

]
≥ E

[
ψ(T,XT )−

∫ T

0
ξ′t(∂t + L)ψ(t,Xt)dt

]
= ⟨ψ, µξ′⟩.

To summarize, we have found that

(4.13) if ξt ≤ ξ′t, ∀t, P-a.s., then mξ
t (A) ≥ mξ′

t (A), ∀A, t, and ⟨ψ, µξ⟩ ≥ ⟨ψ, µξ′⟩,
which is the desired anti-monotonicity of Γ.
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We next show the anti-monotonicity of the best reply map Rλ; that is, for any m,m′,

(4.14) if mt(A) ≥ m′
t(A), ∀A, t, and ⟨ψ, µ⟩ ≥ ⟨ψ, µ′⟩, then Rλ(m,µ)t ≤ Rλ(m

′, µ′)t, ∀t, P-a.s.

To see this, set ξ := Rλ(m,µ), ξ
′ := Rλ(m

′, µ′), and define the processes

ξ ∧ ξ′ :=
(
min{ξt, ξ′t}

)
t

and ξ ∨ ξ′ :=
(
max{ξt, ξ′t}

)
t
.

For a generic process ζ ∈ A, using integration by parts for the integral in dζ, we find

Jλ(ζ,m, µ) = E
[
−
∫ T

0

(
f(t,Xt,mt) + Lg(Xt, µ)

)
ζtdt+

∫ T

0

(
f(t,Xt,mt) + λE(ζt)

)
dt+ g(XT , µ)

]
,

and, defining f̂(t, x,m, µ) = f(t, x,m) + Lg(x, µ), we rewrite the latter expression as

Jλ(ζ,m, µ) = E
[
−
∫ T

0
f̂(t,Xt,mt, µ)ζtdt+

∫ T

0

(
f(t,Xt,mt) + λE(ζt)

)
dt+ g(XT , µ)

]
.

Now, noticing that ξ′t − ξt ∧ ξ′t = ξt ∨ ξ′t − ξt and that E(ξt ∨ ξ′t)−E(ξ′t) = E(ξt)−E(ξt ∧ ξ′t), we first
find

Jλ(ξ ∨ ξ′,m′, µ′)− Jλ(ξ′,m′, µ′)

= E
[∫ T

0

(
f̂(t,Xt,m

′
t, µ

′)
(
ξ′t − ξt ∨ ξ′t

)
+ λ(E(ξt ∨ ξ′t)− E(ξ′t))

)
dt

]
= E

[∫ T

0

(
f̂(t,Xt,m

′
t, µ

′)
(
ξt ∧ ξ′t − ξt

)
+ λ(E(ξt)− E(ξt ∧ ξ′t))

)
dt

]
.

Thus, if mt(A) ≥ m′
t(A), ∀A, t, and ⟨ψ, µ⟩ ≥ ⟨ψ, µ′⟩, from Conditions 2 and 3 in Assumption 4.6 we

have
Jλ(ξ ∨ ξ′,m′, µ′)− Jλ(ξ′,m′, µ′)

≥ E
[∫ T

0

(
f̂(t,Xt,mt, µt)

(
ξ′t ∧ ξt − ξt

)
+ λ((E(ξt)− E(ξt ∧ ξ′t))

)
dt

]
= Jλ(ξ,m, µ)− Jλ(ξ ∧ ξ′,m, µ).

Hence, from the optimality of ξ′ for (m′, µ′) and the fact that ξ ∨ ξ′ ∈ A, we deduce that

0 ≥ Jλ(ξ ∨ ξ′,m′, µ′)− Jλ(ξ′,m′, µ′) ≥ Jλ(ξ,m, µ)− Jλ(ξ ∧ ξ′,m, µ).

This in turn implies that ξ ∧ ξ′ = Rλ(m,µ), and, by uniqueness of the optimizer as in Condition 1
in Assumptoin 4.6, we conclude that ξ ∧ ξ′ = ξ, thus proving (4.14).
Step 2. In this step we show the monotonicity of ξ̄n by an induction argument. To simplify the
notation, we will write m ≥ m′ instead of mt(A) ≥ m′

t(A), ∀A, t. Moreover, (mk, µk) := Γ(ξk), so
that (due to the linear dependence of the measure (m,µ) with respect to ξ) we have the relation

(µ̄n, m̄n) =
1

n

n∑
k=1

(µξ
k
,mξk) =

1

n

n∑
k=1

(µk,mk),

that will be used several times in the sequel.
We proceed with an induction argument. Since ξ̄0 ≡ 1 and (m̄0, µ̄0) = (mξ0 , µξ

0
), we have

ξ1 = Rλ(m̄
0, µ̄0) ≤ ξ̄0,

(m1, µ1) = (mξ1 , µξ
1
),

m̄1 = m1 = mξ1 ≥ mξ̄0 = m̄0,

⟨ψ, µ̄1⟩ = ⟨ψ, µ1⟩ = ⟨ψ, µξ1⟩ ≥ ⟨ψ, µξ̄0⟩ = ⟨ψ, µ̄0⟩.
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Hence, by the monotonicity of Rλ in (4.14) and of Γ in (4.13), we have

ξ2 = Rλ(m̄
1, µ̄1) ≤ Rλ(m̄

0, µ̄0) = ξ1,

m2 = mξ2 ≥ mξ1 = m1,

⟨ψ, µ2⟩ = ⟨ψ, µξ2⟩ ≥ ⟨ψ, µξ1⟩ = ⟨ψ, µ1⟩,

m̄2 =
1

2
(m2 +m1) ≥ m1 = m̄1,

⟨ψ, µ̄2⟩ = ⟨ψ, 1
2
(µ2 + µ1)⟩ ≥ ⟨ψ, µ1⟩ ≥ ⟨ψ, µ̄0⟩.

Assume that for a generic n we have

ξn ≤ ξn−1 ≤ · · · ≤ ξ1,

mn = mξn ≥ mn−1 ≥ · · · ≥ m1,

⟨ψ, µn⟩ = ⟨ψ, µξn⟩ ≥ ⟨ψ, µn−1⟩ ≥ · · · ≥ ⟨ψ, µ1⟩,

m̄n =
1

n

n∑
k=1

mk ≥ m̄n−1 ≥ · · · ≥ m̄1,

⟨ψ, µ̄n⟩ = ⟨ψ, 1
n

n∑
k=1

µk⟩ ≥ ⟨ψ, µ̄n−1⟩ ≥ · · · ≥ ⟨ψ, µ̄1⟩.

Then, the monotonicity of Rλ in (4.14) and of Γ in (4.13), again gives

ξn+1 = Rλ(m̄
n, µ̄n) ≤ Rλ(m̄

n−1, µ̄n−1) = ξn,

mn+1 = mξn+1 ≥ mξn = mn ≥ · · · ≥ m1,

⟨ψ, µn+1⟩ = ⟨ψ, µξn+1⟩ ≥ ⟨ψ, µξn⟩ = ⟨ψ, µn⟩ ≥ · · · ≥ ⟨ψ, µ1⟩.

Moreover, from the last two inequalities we deduce that

mn+1 ≥ m̄n =
1

n

n∑
k=1

mk and ⟨ψ, µn+1⟩ ≥ ⟨ψ, µ̄n⟩ = ⟨ψ, 1
n

n∑
k=1

µk⟩,

which allows to conclude that

m̄n+1 =
1

n+ 1
(mn+1 + n m̄n) ≥ m̄n,

⟨ψ, µ̄n+1⟩ = ⟨ψ, 1

n+ 1
(µn+1 + n µ̄n)⟩ ≥ ⟨ψ, µ̄n⟩,

thus completing the induction argument.
Finally, the monotonicity of the sequence ξ̄n follows from the monotonicity of ξn.

Step 3. We next define (thanks to the monotonicity of ξn and ξ̄n) the limit points

ξ := inf
n
ξn = inf

n
ξ̄n, m := mξ, and µ := µξ,

and show that these coincide with the minimal equilibria (ξλ,mλ, µλ).
Notice that the sequence (ξ̄n)n converges strongly. Moreover, by monotonicity, it is easy to see

that the consistency map Γ is continuous along this sequence. Therefore, we have

(m,µ) = (mξ, µξ) = Γ(ξ) = lim
n

Γ(ξ̄n) = lim
n
(m̄n, µ̄n),
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so that the sequence (m̄n, µ̄n)n converges to (m,µ) as well. Hence, the continuity of Rλ in turn
implies that

ξ = lim
n
Rλ(m̄

n, µ̄n) = Rλ(m,µ),

which proves the optimality. This show that (ξ,m, µ) is a mean-field equilibrium.
Finally, we show the minimality of (ξ,m, µ). Let (ξ̂, m̂, µ̂) be another mean-field equilibrium. By

definition of ξ̄0, we have ξ̂ ≤ ξ̄0. Hence, by monotonicity of Γ in (4.13), we have mξ̂ = m̂ ≥ m1 =

mξ1 = m̄1 and ⟨ψ, µξ̂⟩ = ⟨ψ, µ̂⟩ ≥ ⟨ψ, µ1⟩ = ⟨ψ, µξ1⟩ = ⟨ψ, µ̄1⟩. Hence, using the monotonicity of
Rλ so that ξ̂ = Rλ(m̂, µ̂) ≤ Rλ(m̄

1, µ̄1) = ξ2 by monotonicity of Rλ. Proceeding by induction, we
conclude that

ξ̂ ≤ ξ̄n, ∀n,
so that ξ̂ ≤ ξ = infn ξ̄

n, thus giving the desired minimality. □

Appendix A. Connection between the λ-singular control MFG problem and a
λ-optimal stopping MFG problem

In this part, we present the connection between the singular mean-field problem λ-SC-MFG and a
new type of OS-MFG problems, that we introduce below and we call λ-OS-MFG (λ-optimal stopping
MFG). Let T̄ denote the set of Fx0,W,U -stopping times with values in [0, T ], where the filtration
Fx0,W,U has been introduced in Section 2.3. For ease of exposition, we restrict ourselves to the
relative entropy E(z) = −z log z; the analysis for a general entropy function satisfying Assumption
2.3 is analogous.

Definition A.1. A triple (m̂λ, µ̂λ, θ̂λ) is said to be an equilibrium to the λ-OS-MFG problem if:
θ̂λ ∈ argmaxθ∈T̄ E

[∫ θ
0

(
f(t,Xt, m̂

λ
t )− λ(1 + logU)

)
dt+ g(Xθ, µ̂

λ)
]

m̂λ
t (A) = P

[
Xt ∈ A, t ≤ θ̂λ

]
, A ∈ B(Rd)

µ̂λ(B × [0, t]) = P
[
Xθ̂ ∈ B, θ̂λ ≤ t

]
B ∈ B(Rd).

Observe that, for any stopping time θ ∈ T̄ , since θ is a Fx0,W,U -stopping time, then there exists
a measurable function, still denoted by θ, such that θ = θ(x0,W,U).

We now establish the first relation between the two game problems.

Theorem A.2. Let (m̂λ, µ̂λ, ξ̂λ) be an equilibrium to the λ-SC-MFG. Define

θ̂λ := θλ(·, 1− U),(A.1)

where

θλ(·, u) := inf{t ≥ 0|ξ̂λt ≥ u}.(A.2)

Then (m̂λ, µ̂λ, θ̂λ) is an equilibrium to the λ-OS-MFG .

Proof. Let (m̂λ, µ̂λ, ξ̂λ) be an λ-SC-MFG equilibrium and let θ̂λ be given by (A.1). Observe that

{t < θ̂λ} = {ξ̂λt < 1− U}.(A.3)

In view of this observation, we obtain:

E

[∫ θ̂λ

0
f(t,Xt, m̂

λ
t )dt

]
= E

[∫ T

0
f(t,Xt, m̂

λ
t )1{t<θ̂λ}dt

]
= E

[∫ T

0
f(t,Xt, m̂

λ
t )P(U < 1− ξ̂λt |F

x0,W
t )dt

]
= E

[∫ T

0
f(t,Xt, m̂

λ
t )(1− ξ̂λt )dt

]
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Compute now

E

[∫ θ̂λ

0
(1 + log(U))dt

]
= E

[∫ T

0
E
[
(1 + log(U))1{U<1−ξ̂λt }

|Fx0,W
t

]
dt

]

= E

[∫ T

0

(∫ 1−ξ̂λt

0
(1 + log(u))du

)
dt

]
= E

[∫ T

0
(1− ξ̂λt ) log(1− ξ̂λt )dt

]
.

We get

E

[∫ θ̂λ

0
f(t,Xt, m̂

λ
t )dt

]
− λE

[∫ θ̂λ

0
(1 + log(U))dt

]
=

E
[∫ T

0
f(t,Xt, m̂

λ
t )(1− ξ̂λt )dt

]
− λE

[∫ T

0
(1− ξ̂λt ) log(1− ξ̂λt )dt

]
.(A.4)

By applying the "change of variable" formula from Chapter 0, Proposition 4.9 in [57], we also have

E[g(Xθ̂λ , µ̂
λ)] = E

[
E[g(Xθ̂λ , µ̂

λ)|Fx0,W
T ]

]
= E

[∫ 1

0
g(Xθ̂λ(·,u), µ̂

λ)du

]
= E

[∫ T

0
g(Xt, µ̂

λ)dξ̂λ
]
.

(A.5)

Thus, in view of (A.4) and (A.5), we derive:

E

[∫ θ̂λ

0
f(t,Xt, m̂

λ
t )dt

]
− λE

[∫ θ̂λ

0
(1 + log(U))dt

]
+ E[g(Xθ̂λ , µ̂

λ)] =

E
[∫ T

0
f(t,Xt, m̂

λ
t )(1− ξ̂λt )dt

]
− λE

[∫ T

0
(1− ξ̂λt ) log(1− ξ̂λt )dt

]
+ E

[∫ T

0
g(Xt, µ̂

λ)dξ̂λ
]
.(A.6)

It remains to show that

E

[∫ θ̂λ

0
f(t,Xt, m̂

λ
t )dt

]
− λE

[∫ θ̂λ

0
(1 + log(U))dt

]
+ E[g(Xθ̂λ , µ̂

λ)] ≥

E
[∫ θ

0
f(t,Xt, m̂

λ
t )dt

]
− λE

[∫ θ

0
(1 + log(U))dt

]
+ E[g(Xθ, µ̂

λ)], for all θ ∈ T̄ .(A.7)

We assume that θ̂λ ∈ T̄ is not a maximiser and proceed by contradiction. Let θ̄ ∈ T̄ be the
smallest optimal stopping time. By assumption, we have

E

[∫ θ̄

0
f(t,Xt,mt)dt

]
− λE

[∫ θ̄

0
(1 + log(U))dt

]
+ E[g(Xθ̄, µ

λ)]

> E

[∫ θ̂λ

0
f(t,Xt,mt)dt

]
− λE

[∫ θ̂λ

0
(1 + log(U))dt

]
+ E[g(Xθ̂λ , µ̂

λ)].(A.8)

Since θ̄ = θ̄(x0,W,U) is the smallest optimal stopping time, it follows by similar arguments as in
Lemma 1 in [4] that the map u→ θ̄(x0,W, u) is a.s. decreasing, therefore we can define as in (A.1)
the right-continuous generalized inverse ξ̄t as follows:

ξ̄t := sup{u ∈ [0, 1] : θ̄(x0,W, 1− u) ≤ t}.
Observe that we have

E

[∫ θ̄

0

(
f(t,Xt, m̂

λ
t )− λ(1 + logU)

)
dt+ g(Xθ̄, µ̂

λ)

]
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= E
[∫ T

0

(
f(t,Xt, m̂

λ
t )− λ(1 + logU)

)
1{t<θ̄}dt+ g(Xθ̄, µ̂

λ)

]
By definition of (ξ̄t), it holds that

{θ̄(·, u) ≤ t} = {ξ̄t ≥ 1− u}.(A.9)

In view of the above, and then by conditioning with respect to Fx0,W , using the measurability of
f(t,Xt, m̂

λ
t ) with respect to Fx0,W and again the "change of variable" formula, we get

E
[∫ T

0

(
f(t,Xt, m̂

λ
t )− λ(1 + logU)

)
1{t<θ̄}dt+ g(Xθ̄, µ̂

λ)

]
= E

[∫ T

0

(
f(t,Xt, m̂

λ
t )(1− ξ̄t)dt

]
− E

[∫ T

0

(∫ 1

0
λ(1 + log u)

)
1{t<θ̄(x0,W,u)}

)
dudt+ g(Xθ̄, µ̂

λ)

]
= E

[∫ T

0

(
f(t,Xt, m̂

λ
t )(1− ξ̄t)dt

]
− E

[∫ T

0

(∫ 1

0
λ(1 + log u)

)
1{1−u>ξ̄t}

)
dudt+

∫ 1

0
g(Xθ̄(W,u), µ̂

λ)du

]

≤ E
[∫ T

0
(f(t,Xt, m̂

λ
t )(1− ξ̄t)dt

]
− E

[∫ T

0
λ(1− ξ̄t) log(1− ξ̄t)dt

]
+ E

[∫ T

0
g(Xt, µ̂

λ)dξ̄t

]
.

(A.10)

From (A.4)-(A.8)-(A.10), it follows that

E
[∫ T

0
(f(t,Xt, m̂

λ
t )(1− ξ̄t)dt

]
− E

[∫ T

0
λ(1− ξ̄t) log(1− ξ̄t)dt

]
+ E

[∫ T

0
g(Xt, µ̂

λ)dξ̄t

]

> E
[∫ T

0
f(t,Xt,mt)(1− ξ̂λt )dt

]
− λE

[∫ T

0
(1− ξ̂λt ) log(1− ξ̂λt )dt

]
+ E

[∫ T

0
g(Xt, µ̂

λ)dξ̂λt

]
,

(A.11)

which contradicts the optimality of ξ̂λ. Therefore (A.7) holds true.
By using the same arguments as in the derivation of the consistency conditions (2.6) and (2.7),

we also derive that
m̂λ

t (A) = P
[
Xt ∈ A, t ≤ θ̂λ

]
, A ∈ B(Rd)

and
µ̂λ(B × [0, t]) = P

[
Xθ̂λ ∈ B, θ̂λ ≤ t

]
, B ∈ B(Rd).

□

We now present the converse result.

Theorem A.3. Let (m̂λ, µ̂λ, θ̂λ) be an equilibrium to the λ-OS-MFG. Assume that u → θ̂λ(·, u) is
a.s. decreasing. Define

ξ̂λt := sup{u ∈ [0, 1] : θ̂λ(x0,W, 1− u) ≤ t}.(A.12)

Then (m̂λ, µ̂λ, ξ̂λ) is an equilibrium to λ-SC-MFG .

Proof. The proof follows the same arguments as for the previous result, therefore we omit it. □

Notice that the assumed requirement that u → θ̂λ(·, u) is a.s. decreasing can be easily shown to
be valid when θ̂λ(·, u) is the smallest optimal stopping time for the optimal stopping problem of
Definition A.1 (as it was already used in the proof of Theorem A.2).
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