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Abstract: Poor coverage of top incomes in surveys, also referred to as the “missing
rich” problem, leads to severe underestimation of income inequality. At the
regional level this shortcoming is even more eminent due to small regional sample
sizes. Tax records contain more accurate income information at the top and cover
all regions equally well. Top-income correction approaches tackle the missing rich
problem by imputing top incomes from tax to survey data. While existing methods
focus on adjustments at the national level, our paper provides corrections of the
regional income distributions in survey data by exploiting the tax data’s regional
variability. We impute top incomes in the survey data from the German Micro-
census based on region-specific Pareto and generalized Pareto distributions esti-
mated from tax records. The combined survey and tax data provide new estimates
of regional income inequality in Germany. Our findings indicate that inequality
between and within the regions is much larger than previously understood with
the magnitude of the adjustment depending on the federal states’ level of inequality
in the tail.

Keywords: Gini coefficient, Generalized Pareto distribution, spatial income
inequality, tax record data

JEL Classification: D31, C46, C83

1 Introduction

Economic inequality has been at the forefront of public debate for decades and is
still one of the most controversial issues of our society today (Piketty 2015). It is
widely recognized that inequality has negative consequences, such as bad health
and crime, for society as a whole (Frank 2013). While inequality measures have for a
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long time focused on national trends (Cowell 2000), recent research increasingly
evolves into small-scale analyses (Florida and Mellander 2016; Lee et al. 2016; Moser
and Schnetzer 2017). In Germany, equality of living conditions has constitutional
status. Reliable statistical estimates of regional inequality are an important
precondition for an informed debate and well-targeted policy. However, regional
inequality estimates face major data limitations. Survey-based regional inequality
estimates are constrained by small regional samples and usually biased by survey
undercoverage of top incomes. This conceals the extent of regional income
inequality. We address this problem by correcting survey top income distributions
at the level of federal states based on regional top shares derived from tax data. We
then explore the consequences of the conducted top-corrections on regional in-
come inequality.

The literature on income inequality is bipartite: On the one hand, most official
statistics and academic analyses of inequality utilise household survey samples and
calculate measures of dispersion, such as the Gini coefficient, based on the full
distribution of household disposable incomes. On the other hand, the literature on
‘top incomes’ is mainly based on tax return data and reports top income shares. One
of the key challenges is that these two main sources of information for inequality
measurement — income tax records and household survey data — yield substan-
tially different inequality estimates. While tax data based top income shares
indicate rising inequality, Gini coefficients from survey household net incomes
have mostly stagnated between 2005 and 2016 (compare BMAS 2017 and Table 9 in
the Appendix).

These gaps exist at the national level, but are even more pronounced at the
regional level. Official policy reports find that the development of inequality in
Germany in the 2000s is a data set-specific artefact (Bundestag 2017). Large parts of
the contrasts stem from conceptual mismatches, including fundamentally different
data frames, definitions of income and income-sharing units employed by tax and
survey data. Underreportage and undercoverage of top incomes are further rea-
sons for the deviations. Therefore, a growing number of studies reconciles tax and
survey data and corrects top incomes in survey data to analyse income inequality.
Burkhauser et al. (2018) find ambiguous developments of survey and tax based
inequality measures in the UK and the US. Bartels and Schréoder (2016) and Bach
et al. (2009) provide evidence of systematic differences in the top 1% income series
based on harmonised income data from the SOEP and the TPP for 2001 to 2011 with
the top income concentration based on the tax data being much more pronounced.

Bartels and Metzing (2019) develop an integrated approach for top income
corrections and apply their technique to different European countries. This approach
is limited to the Pareto distribution and relies on ad-hoc assumptions for some
parameters. Blanchet et al. (2018) propose a novel method using generalized Pareto
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interpolation combined with reweighting. Moreover, Disslbacher et al. (2020)
recommend a unified regression approach to estimate all parameters of a Pareto or
generalized Pareto distribution jointly. However, all of these methods are limited to
the national level.

This paper extends these estimation approaches to achieve regional top income
corrections and examine their effects on inequality. We estimate parameters of
regional Pareto (Bartels and Metzing 2019) and more flexible three-parameter
generalized Pareto (Blanchet 2020) distributions. To overcome volatility issues of
single top-income imputations, the use of multiple imputation methods enhances
both top-correction approaches. Moreover, we suggest using the frames of the
combined data sets as an additional criterion for comparison. Analysing the frames
offers important information on how inequality differs between the entire popu-
lation and the subgroup of taxpayers.

Creating a data base that covers sound income data is essential for sophisti-
cated income analyses. The augmented data is valuable for different purposes since
it enhances household data with all its socioeconomic information with reliable top
income records from official tax data. It thereby allows to reevaluate various
income-related research questions and to examine the impact of top income cor-
rections on a range of inequality measures and income indicators to provide
realistic information for economic and social policy. One field of application is
building a sophisticated income data base for microsimulation purposes (Miinnich
et al. 2021).

The remainder of this paper proceeds as follows. Section 2 provides information
on the tax and survey data in use and explains how we reconcile and combine the
two aforementioned sources of information. Section 3 presents the empirical strat-
egy applied to correct top incomes at the national and regional level based on
multiple imputation techniques. Section 4 summarises the resulting spatial income
inequality patterns from the imputed survey data and Section 5 concludes.

2 Income from Tax and Survey Data

When using survey data for income analyses, major challenges are undercoverage,
sparseness and underreporting of top incomes. These phenomena cause an
incomplete picture of inequality which has been studied extensively at the national
level (cf. Lustig (2019) for a survey of causes of the “missing rich” issue in household
surveys). These problems are much more eminent at the regional level due to the
fact that the total sample is divided between the regions. Addressing these draw-
backs of survey data, we introduce the Taxpayer Panel as a complementary data
source in Section 2.1. The combination of the survey and tax data requires
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harmonisation of the underlying conceptual definitions presented in Section 2.2.
Finally, Section 2.3 compares the trends from the harmonised data at the national
and regional level.

2.1 The Microcensus (MC) and the Taxpayer Panel (TPP)

In Germany, the household survey samples commonly used for income analyses,
i.e. SILC, the SOEP and the household budget survey, are too small in size for
regional evaluations. The German Microcensus (MC) allows for regional analyses
thanks to its large sample size and the underlying regional sampling design.
Furthermore, the Microcensus is the central official data base for reporting on
structures of households, families and ways of life in Germany. The income
concept recorded in the MC is net income, i.e. the sum of all income components
post-tax post-transfer. Reporting units are the individual, the family and the
household (for conceptual definitions, cf. Lengerer et al. 2005). The income data in
the Microcensus faces several drawbacks: Income is self-reported, classified, and
refers to the last month rather than an annual average. A common criticism is that
the respondents do not indicate irregular income components and transfers very
well (Hochgtirtel 2019). This may lead to undercoverage of top incomes examined
hereafter in Table 1. As 0f 2005, the MC is an intra-year survey. This implies that the
household net incomes of all months of a year enter with approximately the same
weight into the annual results. In principle, information on disposable income
from the MC is available from as early as 1996. It is unclear how these

Table 1: Descriptive statistics for national inequality measures, 2014.

Data Income Reporting Frame Mean Median Gini Top 10- Top 5- Top
Concept unit 5% 1% 1%

TPP  Total income  Tax unit Taxpayers 3757.0 27240 46.0 10.6 131 1.2

TPP  Uneq. net Tax unit Taxpayers 3448.0 2732.0 404 10.1 11.2 8.4
income

MC  Uneq. net Tax unit Taxpayers 1862.0 1535.0 34.3 9.4 10.5 7.4
income

MC  Unegq. net Household  Taxpayers 2637.0 2138.0 35.0 9.8 10.5 6.2
income

MC  Eg. net Household  Taxpayers 1823.0 1582.0 284 8.7 9.4 5.4
income

MC  Eq. net Household  Full 1730.0 1482.0 30.2 9.0 9.7 5.7
income population

The table shows different inequality measures for the year 2014 from the tax and survey data. The mean and median are
reported in Euro and refer to monthly data. Data source: Microcensus 2014 and Taxpayer Panel 2014.
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methodological changes of 2005 affect the MC annual income results (Hochgiirtel
2019). For this reason, we restrict our analysis to years from 2005 onwards.

Moreover, income in the MC is classified and provided in 24 disjunct classes.
However, the calculation of inequality measures requires continuous income
values. Thus, we interpolate individual income reported for each household
member using the generalized Pareto interpolation method developed by Blanchet
et al. (2017). The parameters are estimated based on frequencies of observed in-
comes from the 24 MC income classes using the R package gpinter (Blanchet 2020).
Compared to linear interpolation, the generalized Pareto interpolation yields a
more realistic income distribution with a smooth, non-interrupted shape. The
method provides the most appropriate picture of high incomes obtainable using
only MC data. Nonetheless, within the observed income classes, there is uncer-
tainty in the percentiles of the income distribution due to the interpolation process.
We express all income measures in 2014 Purchasing Power Parities (PPP), i.e. being
inflation adjusted based on the consumer price index (Statistisches Bundesamt
2020). 2014 builds the base year of our analysis thanks to data access to the full
register of taxpayers (including observations beyond the panel population) for that
specific year. As a final step, we apply the modified OECD equivalence scale to
disposable income of the household to adjust for differences in household size and
composition.

Tax data do not suffer from self-response bias or sampling errors. Further-
more, their large scale and their full regional coverage allows for detailed sub-
group and small-scale analysis. Although underreportage of certain incomes may
occur in the presence of tax avoidance and tax evasion, they provide the best
picture of the distribution of top incomes that is available. They have widely been
used for the correction of top incomes in surveys, for the analysis of top income
shares (Alvaredo 2011; Atkinson 2005; Bartels and Metzing 2019) as well as for the
analysis of small-scale income differences in an international context (Florida and
Mellander 2016; Lee et al. 2016; Moser and Schnetzer 2017).

The administrative TPP provides reliable income information of high quality
for all regions in Germany. The income concepts are pre-determined by the defi-
nition of the German Income Tax Act and change with it over time. Hence, con-
ceptual adjustments are essential. The data captures, inter alia, yearly amounts of
total income, income, taxable income, and the sum of income components. These
four income concepts contained in the tax data are related as shown in Table 4 in
the Appendix. However, due to tax reliefs, allowances, and advertising costs none
of these income concepts is directly comparable to net incomes from the MC. There
are two further drawbacks of the TPP. On the one hand, we lack lower parts of the
income distribution. The “missing bottom” of the distribution consists of non-
taxpayers as well as taxpayers who do not pay taxes in more than one year over the
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panel time period. On the other hand, the reporting units are tax units rather than
households. As the household context is unknown, it is impossible to calculate
equivalent household income to take into account different household sizes.
However, inequality trends of tax income over tax units do not coincide with the
development of inequality of living standards of the entire population (Bartels and
Metzing 2019). Only the use of equivalised disposable household income gives an
impression of the development of comparable standards of living.

2.2 Harmonising the Two Sources

As neither survey nor tax data alone offer a comprehensive picture of income
inequality, moving beyond the sole investigation of a single data source is impor-
tant. Tax return data provide better top income and regional coverage, while
survey data contain household structures and cover lower incomes. The combi-
nation facilitates understanding to what extent the different inequality results are
due to conceptual differences e.g. in the definition and measurement of income or
survey designs. In recent years, the international research agenda has thus focused
on harmonising and combining the two sources of information, see e.g. Burkhauser
et al. (2018), Piketty et al. (2018) and Garbinti et al. (2018) for the UK, the US and
France, respectively. Other studies compare the income distributions from survey
data to administrative income records to distinguish between different types of
income measurement errors (cf. Angel et al. 2019 and Britton et al. 2019). To
overcome the problem of flawed top income data in survey samples, one typical
way of correcting the income distribution is to impute top incomes from tax data
(see Lustig 2019 for an overview of correction approaches).

In Germany, a few studies have enriched data from the SOEP with top incomes
from the Taxpayer Panel (Bach et al. 2009; Bartels and Metzing 2019). However,
these correction approaches are limited to the national level and do not allow for
regional analyses of (top) income disparities. Furthermore, these methods rely on
single imputation which yields volatile point estimates and urges the use of highly
sophisticated variance estimation methods that cover the imputation variability to
provide reliable confidence intervals (Miinnich et al. 2015).

To harmonise the tax return and survey data, we need to reconcile the three
main differences, i.e. the frames, the income-sharing units and the income concept.
In order to ensure that the frames of both data sources cover the same population
for tax unit based evaluations of inequality, we define taxpayers in the MC as all
individuals who report one of the following main income sources: (1) income from
work, (2) assets, savings, dividends, renting or leasing, (3) pensions and (4) wage-
replacement benefits. Two main groups of people are identified as non-taxpayers,
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namely people with main income sources from either income from parents,
spouses or other relatives and recipients of unemployment benefits (see Table 8 for
group sizes). These individuals are excluded from the analysis of tax units, but
included for the analysis of the entire population. There are also groups of people
who are missing in the analysis of the entire population since they are neither
reached by surveys nor tax data. These are predominantly individuals in a
particularly precarious situation, such as prisoners or homeless people.

We construct the reporting units from the tax data in the MC based on legal
status. As household affiliations are unknown in the tax data, the opposite direction
is not feasible, i.e. it is impossible to construct MC household compositions in the
TPP. In the reconciled MC data, all married couples are assumed to be one tax unit
with joint taxation and all other individuals are defined as a single tax unit. This
implies that a household with an unmarried couple corresponds to two tax units."
As aresult, a tax unit’s net income is equal to the individual interpolated income for
single taxpayers and to the sum of wife’s and husbhand’s individual incomes for
married couples. This approach neglects separate tax filing for married couples.
However, descriptive statistics of the tax data reveal that there is only a total of
roughly 800,000 cases of separate tax filing which corresponds to 3—4% of all tax
reports. Bartels and Metzing (2019) choose a similar strategy to construct tax units
in the SOEP.

To harmonise the income definitions in the survey and tax data, we construct
net incomes from total income in the TPP as shown in Table 5 in the Appendix.
Following Bach et al. (2009), we calculate economic gross income and subtract
taxes, paid alimony, transfers and social security contributions, which are micro-
simulated based on the Social Insurance Code. Finally, each tax unit in the TPP
obtains economic net income. For comparability reasons, this analysis excludes
negative and zero incomes, as they are not recorded in the survey. Calculating total
income in the MC is not feasible due to the lack of information on individual income
components, taxes and transfers.

2.3 Comparing Trends before and after Harmonisation

To demonstrate the effects of the previously described adjustments, Table 1 provides
of arange of commonly used inequality indices at the national level derived from tax

1 In Germany, married couples can choose between individual or joint tax assessments. Under joint
tax filing in Germany, the income of the spouses is summed up and submitted to the tax office as a
joint income tax return. If a married couple decides to file taxes together, they count as one tax unit
and receive a joint tax assessment. Unmarried couples are not eligible to joint taxation and therefore
represent two separate tax units.
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and survey data before and after reconciliation. The first and the last lines show the
originally reported income entities, whereas lines two to five reflect the adjusted,
harmonised income measures from the TPP and the MC, respectively. The first two
lines of Table 1 provide evidence that the different underlying income concepts
account for the largest part of the gap between the data sources. In line with
previous research (Bartels and Metzing 2019), the Table 1 indicates that the dis-
tribution of net income is far less unequal than the allocation of total income. The
choice of the reporting unit has a much smaller impact on the observed inequality
trends as indicated by the lines three and four. The last two lines reflect the
adjustment of the frame, i.e. the addition of the non-taxpaying population, with the
inequality in the full population being the ultimate figure of interest (presented in
the very last line of Table 1). The Gini coefficient of equivalised household net
income is higher for the full population in Germany (with a value of 30.2) than
among taxpayers only (28.4). To sum up, the table disentangles the threefold
counteracting effects of the different concepts from tax and survey data: (a) an
inequality-reducing effect of income concept adjustment from total income to net
income (lines 1 and 2), (b) an ambiguous impact of moving from tax units to
households (lines 3 and 4), and (c) an inequality-increasing effect of extending the
frame from the subgroup of taxpayers to the entire population. Note that the
measures on tax unit level are not equivalised so that different demographic
structures in the tax and survey data do not affect the reconciled results differently.

The differences between the second and the third line from Table 1 are not due
to conceptual mismatches between the two data sources, but stem from discrep-
ancies in the distribution of incomes. The TPP indicates higher values throughout
all the regarded distributional measures in comparison to the MC. Potential rea-
sons include opposing phenomena in the data-coverage of both sources: Whereas
the tax data covers the top very well, it lacks lower parts of the distribution. In
relation to the Microcensus, all individuals have the same probability of being
included in the sample regardless of their income levels. The income distribution,
however, is heavy tailed and right-skewed. As a result, the survey sample over-
represents the center of the distribution, while high incomes are not well covered.
To correctly capture the upper tail, oversampling of top incomes would be
required. Furthermore, the classification of incomes and, in particular, the open
upper income class is problematic. Interpolating incomes without adding external
data leads to an underestimation of high incomes.

In addition, underreportage of the personal income amounts may occur in both
data sources. This phenomenon is potentially more pronounced at the top of the MC
distribution (e.g. due to complex diversified portfolios or to reluctance) than in the
TPP (where it mainly occurs because of tax avoidance). The last three columns of
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Table 1 indicate that the top income shares differ drastically between the two data
sources in the year 2014 with most severe issues occurring at the top 1%.

Table 2 compares the TPP and MC regional income indicators at the level of
federal states. The compared sizes are the mean, the median, the Gini coefficient, the
Top 10-5%, the Top 5-1% and the Top 1% share. The table shows the minimum, the
mean, the median, the maximum, the standard deviation (SD) and the coefficient
of variation (VC) of the 16 state-level income measures.

The results indicate that all regional inequality indicators from the TPP are
larger than the MC counterparts, irrespective of the chosen concept. Using the
uncorrected MC survey data, hence, leads to an underestimation of both within-
and between-region inequality. The deviations between the two data sets are more
pronounced at the top of the distribution. In particular, the top 1% shows very large
discrepancies that we aim to correct. Since the regional Ginis also reflect sub-
stantial differences between the two data sets, we opt at re-evaluating top-cor-
rected regional Ginis from the MC.

Figure 1illustrates the different regional inequality patterns from the two data
sources. The maps present the top 1% share from the MC (left) and the tax data
(right) based on reconciled net incomes. The geographical patterns of top income
shares differ between the data sources. On the one hand, the top 1% shares are
generally larger measured from the tax data as opposed to the MC counterparts. On
the other hand, the south-north and east—west divides are evident from both maps,
being slightly more pronounced in the tax data. To obtain reliable statements on
regional inequality of top incomes, combining the two data sources is necessary.

3 Methodological Framework

The top of the MC income distribution is underrepresented and thus requires
correction from tax data estimates. We replace the top 1% of incomes from the MC
with values following a Pareto distribution as explained in Section 3.1. In part 3.2,
the more flexible three-parameter generalized Pareto distribution extends this
approach. For sound predictions, both methods require performant multiple
imputation techniques introduced in Section 3.3.

3.1 Pareto Top-Income Correction Approach

Income distributions are typically zero-inflated, right-skewed heavy tailed distri-
butions with many outliers. The Pareto distribution is commonly used to estimate the
degree of concentration of top incomes (Alvaredo 2011; Atkinson 2017). For the Pareto
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Figure 1: The top 1% incomes from survey and tax data in the federal states of Germany, 2014. The map
contrasts the top 1% net income share from Microcensus survey (left side) and tax data (right side) in the
year 2014 for the federal states of Germany. Data source: Microcensus and Taxpayer Panel 2014.

imputation, we follow the integrated top-correction approach developed by Bartels
and Metzing (2019) to estimate the two central parameters: the Pareto coefficient a
and the income threshold k above which incomes approximately follow a Pareto
distribution.

We apply the Bartels and Metzing (2019) framework because it offers three
major benefits: First, extending their method to the regional level is straightfor-
ward (as we will show later in this Subsection). Second, the method relies on
aggregated tax-based top income shares and does not require access to the indi-
vidual tax microdata. While we base our methodological development on the
microdata of tax records, we intend to find a regional extension that is applicable
for all researchers as soon as we publish the regional top shares. Finally, the
framework yields top-corrected distributional results for any distributional mea-
sure, any income definition and any frame. Alternative correction approaches,
such as combinations of inequality estimates from survey and tax data (Atkinson
2007), do not allow for comparison of different frames. These are however essential
for obtaining estimates of inequality in terms of equivalised disposable household
income for the entire population, i.e. the most common measure of a region’s
standard of living. See Jenkins (2017) or Lustig (2019) for detailed overviews of other
correction approaches.

The two central assumptions of the Bartels and Metzing (2019) approach are
(a) that the TPP provides an accurate picture of the upper tail of the income distri-
bution and (b) that top incomes follow a Pareto Type I distribution. Based on these
assumptions, Bartels and Metzing (2019) conduct two main steps: First, they rank tax
units by their survey gross income and then replace the top 1% of the distribution
with Pareto-imputed gross incomes. After the imputation, they combine tax units
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into households, sum up household gross income and transform it into equivalent
net household incomes based on an approximation of the tax-benefit system (by
means of regression of gross on net income).

We adapt the original procedure in two ways: while Bartels and Metzing (2019)
propose to impute gross earnings into the survey data; we rather construct eco-
nomic net income in the tax data first. This way we can readily impute the
harmonised net income values whose definition requires no further reconciliation
after imputation. Due to the MC income concept, following the originally suggested
order is not feasible in our case. Our careful construction of net incomes in the TPP,
presented in Section 2, is at least as accurate as Bartels and Metzing’s approximate
transformation. Moreover, we enhance the original method by using multiple
imputation techniques as described in the following Subsection.

The Pareto distribution function is given by:

Fo(X)=1- <§> if X > k, and 0 otherwise, @

where a is the Pareto coefficient, k is the income threshold above which incomes are
Pareto distributed and X is a random variable with values x. Following Atkinson
(2007), a is defined as:

a=, @

<1 _ log(sf/si)> )
tog (P, / ;)

where P; is the population and S; is the income share of group i calculated from the
tax data. The indices i and j refer to different fractiles of the population with i <j.
Based on the results from Section 2, we choose to correct the top 1% which shows the
largest deviations on the national level. Bartels and Metzing (2019) as well as Bur-
khauser et al. (2018) also adjust the top 1%. Jenkins (2017) finds that the under-
coverage cut-off varies starting above 5, 1 and 0.5% over the years in the UK.

Rearranging Equation (1), the second parameter of the Pareto distribution is
estimated as follows:

k = (1-F(x)/%x, (€)

where x is the 99th percentile of the MC tax unit net income distribution and F ( x) is
0.99.

For our analysis, the tax-data based top shares of economic net income are
essential. We cannot use the top income shares provided in the WID by Bartels and
Jenderny (2015) for Germany due to the differences in the chosen income concept.
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However, our estimated top shares for total income indicate very similar trends to
those recorded in the WID as shown in Table 10 in the Appendix.

3.2 Generalized Pareto Approach

We extend our analysis with a more flexible three-parameter generalized Pareto
estimation (also referred to as the Pareto Type II distribution). The simplicity of the
two-parameter Pareto distribution fits the tails of the distribution surprisingly well
in many cases, however, itimplies a certain rigidity that may not be appropriate for
all regions. Atkinson (2017) describes Pareto’s vision of an upper tail distribution
with a richer functional form moving beyond the constant shape parameter a. A
recent approach suggested by Blanchet et al. (2017) implements generalized Pareto
curves with varying a values using a non-parametric definition of power laws. The
method interpolates tabulations of exhaustive tax data with significantly higher
precision compared to non-exhaustive survey data.

The cumulative distribution function of the generalized Pareto distribution is
given by:

X - ‘ul/f
(e

Fy,U,E(X) =1+¢ @
for 0 <¢ <1 where y, o and ¢ are called the location, scale and shape parameters,
respectively. The shape parameter ¢ relates to Pareto’s a such that £ =1 (Jenkins
2017). The location parameter u is the threshold above which households’ income
approximately follows a generalized Pareto distribution, equivalent to Pareto’s k.
Rewriting Equation (4) with u =k and ¢ = 1/a yields the following harmonised
expression:

X -
Fi 6,0 (X) :1+—k" 6]
ao

The scale parameter o determines the drift towards the end of the tail and defines a
higher or lower income concentration compared to the two-parameter Pareto dis-

tribution. Note that the Pareto distribution is a special case of the generalized Pareto
distribution with no drift by definition (k = ao).

3.2.1 Reweighting

The 99th income quantiles of the Microcensus and the Pareto distribution are aligned
to the same value by definition. Since the generalized Pareto distribution is estimated
purely on basis of the tax data, this is not the case. In order to avoid large gaps
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between the 99th percentile of the MC and GP distributions, reweighting methods
are applied. The Figures 9-12 compare the number of individuals in the 24 income
classes (boundaries defined as in the Microcensus) between the tax data and the
Microcensus in the status quo in the 16 federal states of Germany. The observed
frequencies from the Taxpayer Panel (shown in the purple bars) provide the
benchmarks for the reweighting procedure, i.e. the number of individuals in the 24
income classes calculated from the Taxpayer Panel in the year 2014. The yellow
bars in Figures 9-12 illustrate the extrapolated population that is represented by
the number of observations in the 24 income classes from the 1% MC sample. If the
bars overlap completely, the Microcensus reflects perfect coverage of the observed
tax data distribution. Note that the extrapolated population from the MC values can
exceed the number of observations observed in the tax data as a result of the
extrapolation. For instance, the yellow bars exceed the purple ones in the mid
income range, which implies that the number of tax units observed in the MC
represent more units than recorded in the tax data. The figures show that under-
coverage arises in the upper tail of the MC distributions in all federal states.

To overcome these discrepancies, this analysis employs weight calibration
techniques of Deville and Sarndal (1992). The aim is to adjust the MC weights to
represent the German taxpayer population in the best possible way. The procedure
relies on a “minimum-distance” criterion which minimises the sum of differences
between original and corrected weights. Truncated distance functions are used
which are restricted to the range of 0-15. This well-studied calibration technique
yields weights that are positive for all income recipients in the MC. The calibrated
weights range from 0.0014 to 1.1672 and do thus not require any further adjustment.
Brzezinski et al. (2019) follow a similar empirical strategy for the Polish taxpayer
population and Blanchet et al. (2018) also suggest reweighting.

3.3 Multiple Imputation of Regional Top Incomes

We estimate Equations (1) and (5) separately for each regional entity and obtain
region-specific (generalized) Pareto income distributions. For each region, we
replace the top 1% of the regional MC income distributions with incomes following
the regional Pareto and generalized Pareto distributions. For some regions, the top
1% of income earners consists of very few people. In the regional approach, we thus
impute 50 income values in each run for every top-earning individual to receive a
stable income distribution at the top and adjust the unit weights accordingly.

To map the upper tail of the (estimated) income distribution as well as possible
in light of the fat-tailed distribution, we need to conduct multiple imputations to
obtain stable estimates. We enhance the top correction approach by using multiple
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imputation techniques with 100 draws from the estimated regional Pareto and
generalized Pareto distribution, whereas other papers impute only one single
income value per person (Bartels and Metzing 2019; Brzezinski et al. 2019). We have
noticed that the single imputations are very volatile and do not provide a sense of
the sampling variability of the estimates. To overcome these issues, we propose a
multiple imputation (MI) approach to estimate inequality using top-corrected data.
Jenkins (2017) is the first study that suggests multiple imputation procedures for
top-coded data. Following his suggestion, we use Reiter’s formulae for estimation
and inference. We show how the MI approach provides consistent estimates of not
only regional inequality measures but also their sampling variances, accounting
for both the uncertainty introduced by the stochastic nature of the imputation
process and the sampling variability.

Precisely speaking, we replace the top 1% of the MC incomes by values from the
truncated (generalized) Pareto distribution with incomes above the 99th percentile
by sampling quantiles z from a uniform distribution with 0.99 as the lower and 1 as
the upper bound for the Pareto imputation process (because the 99th percentiles of
the MC and the Pareto distribution are equal by definition). However, the 99th
percentiles of the tax-data based generalized Pareto distribution and the MC differ
remarkably. For this reason, the lower bound of the sampling quantiles z is defined
as the quantile of generalized Pareto distribution corresponding to the 99th
percentile of the MC income distribution, which ranges from 0.88 to 0.94. We rank
the quantiles z and assign them to the sorted MC tax units. Finally, the quantiles are
inserted into the inverse of the (generalized) Pareto distribution to obtain the
imputed income value given by y;,, = k x (1-2)"V for the quantiles 0.99 <z <1.
Our procedure is equivalent to the one described by Jenkins et al. (2011) based on
CDFs for topcoded distributions. We repeat this procedure 100 times for our
regional multiple imputation approach. The variable of interest Q is the top share of
the income distribution for the first part and the Gini coefficient for the second part
of the analysis. We calculate the point estimators g; of Q from the je1,...,100
partially synthetic data sets j, i.e. the top share of each imputed income distribution
(Jenkins et al. 2011).

Based on Reiter’s combining rules, the final multiple imputation estimate of
the top share Q is the simple average of the 100 point estimates g;: g, = Z{Zlqj/m.
The variance of this estimate is the average of the sampling variances plus a term
reflecting the finite number of imputations, m = 100. Reiter (2003) approach differs
from Rubin (1987) rule for the combination of estimates in the fully synthetic data
case. It is appropriate to follow Reiter given that we only impute the top income
class, thus we deal with a partially and not a fully synthetic data case (Jenkins et al.
2011). In the fully synthetic case, the sampling variance following Rubin (1987) is
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given by: Ty = by, + by/m + Vi, where the additional term by, is added to account
for the stochastic response mechanism.
Following Reiter (2003), the variance of the point estimator’s mean is given bhy:

Ty = (bp/M) + Uy, Q)
where
m 2
bm=z<qi—am> [m-1 )
i=1
and
VU = l_zzlvj/m 8)

m is the number of imputations and v; is the variance of the j’s imputed data set.

4 Results

This section compares our results of the multiple imputation of top incomes
following Pareto Type I and II distributions at the level of federal states in Section
4.1. This first part assesses corrected top shares based on tax unit net income for the
taxpaying population. Afterwards, Section 4.2 evaluates the impact of the top-
correction on the Gini coefficients in terms of household net income per adult
equivalent for the whole population.

4.1 Regional Top Income Distributions

For the regional imputation, the regional 1% of top-earners is assigned with new
incomes following (generalized) Pareto distributions determined by region-specific
parameters presented in Table 6 and Figure 5 in the Appendix. To ensure sufficient
sample sizes, 50 income values are drawn per person in each run.

Figure 2 shows four versions of estimated top 1% shares of tax unit net income
for the 16 federal states of Germany in the year 2014. We compare the top 1% MC
income shares before imputation (yellow) to the Pareto (green) and the generalized
Pareto after reweighting (blue) adjusted results from 100 multiple imputation runs.
Moreover, the top 1% share from the tax data (purple) serves as a reference value.
The error bars provide the confidence intervals of the shares based on bootstrapping
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Figure 2: Regional Pareto-corrected top 1% shares in Germany, 2014. The figure shows the top-1%-
share of tax unit net income from the tax data (purple), the uncorrected survey data (yellow), Pareto
(green) and generalized Pareto after reweighting (blue) imputed top 1% regional shares with confidence
intervals. Data source: Microcensus and Taxpayer Panel 2014.

for the MC’s direct estimates and on Reiter’s combining rules for the multiple
imputation results.

The correction has a regionally diverging effect for the 16 federal states with
three regional clusters standing out: In some states, e.g. North Rhine-Westphalia
(NW) and Rhineland-Palatine (RP), the imputed shares closely resemble the tax
values. In other regions, correction effects appear negligible at first sight. This
group predominantly consists of states in the East of Germany, including Saxony
(SN) and Thuringia (TH), inter alia. For the last group, the correction leads to large
adjustments that exceed the observed tax income shares. Particularly in the states
of Bremen (HB) and Hamburg (HH), these changes come along with wider confi-
dence intervals due to the small regional sample sizes. Note that it is possible that
the “real” top 1% shares are larger than observed from the tax data. This is due to
the fact that the tax data does not cover the bottom of the income distribution very
well. As a result, the sum of incomes of the bottom 99% is overestimated in the tax
data which leads in turn to an underestimation of the share of income accruing to
the top 1%. If the bottom 99% is smaller than observed in the tax data, while the sum
of top 1% incomes is constant, the top 1% share increases by definition.

To shed light on potential reasons for the differences in the adjustments
achieved, Figure 3 plots the observed tax data top 1% shares against the adjusted
MC top 1% shares resulting from Pareto and generalized Pareto imputation on
the left and right side, respectively. The values on the bisector indicate perfect
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Figure 3: Correction success and Pareto indices for German regions, 2014. The scatter plot evaluates
top income imputation’s success by comparing the imputed MC top income shares from the Pareto (left
panel) and generalized Pareto approaches (right panel) to the observed tax income shares. The lower
the (Generalized) Pareto tail index a, the darker the scatter points. Data source: Microcensus 2014.

accordance of MC and TPP top shares. The color of the scatter points is darker if the
(generalized) Pareto tail indices a from Equations (1) and (5) are lower.

Larger values of a go along with lower inequality within the tail (Disslbacher
et al. 2020). In regions with a (generalized) Pareto tail index a substantially larger
than two, the Pareto-corrected MC shares are lower than the tax shares. This is due
to the fact that the proportion of very rich people, and hence the imputation effect,
decreases as a increases. The regions with relatively low inequality at the top, i.e.
thelargest values of a from both distributions, are the five territorial Eastern states
and the Saarland.

Vice versa, the lower the (generalized) Pareto index, the heavier the tail and the
more unequal the distribution. Figure 3 illustrates this relation very vividly for the
Pareto case. While larger Pareto a’s yield smaller adjustments, smaller a’s go along
with more substantial corrections that exceed the observed tax shares. The most
extensive corrections take place in Bremen (HB) as a result of the low (generalized)
Pareto’s a. The parameters agp at the top of the distribution (i.e. 1/¢ as explained
above) closely resemble the ap as illustrated in Figure 5 in the Appendix. The
generalized Pareto adjustments before reweighting are generally smaller than the
Pareto corrections (compare Figures 2 and 6 in the Appendix). All over-estimations
observed in the GP case are consequences of the reweighting. In particular, this is
true for the large GP effects observed in Saxony-Anhalt (ST) and Berlin (B).

We also examine whether the regionally varying sample sizes, especially when
restricted to the upper tail of the income distribution, play a role. We define regions
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with few top earners if the region’s top 1% share of income concentrates on less
than 100 people in the MC sample. Table 6 in the Appendix provides sample sizes for
all regions and subgroups. The 50 values per person and the 100 multiple impu-
tation repetitions ensure sufficient variability in the data but we see that Pareto
between sample variances are extremely large in regions where the Pareto tail
index and the sample size are small. We correct the 5% of top earners which are
based on sufficiently large samples for all regions and present the results before
and after reweighting in Figures 7 and 8 in the Appendix, respectively. The top 5%
correction reveals similar patterns as the top 1% imputation with the confidence
intervals and the excessive adjustments being generally smaller. Overall, the top
5% correction demonstrates that our findings, in particular the three identified
regional clusters, are robust.

4.2 Regional Inequality Revisited

To analyse inequality in the whole society, we calculate measures of dispersion
from the raw and augmented survey data based on household disposable income
per adult equivalent for the entire population including the non-taxpayers.
Figure 4 contrasts the Gini coefficients before and after imputation, while Table 7in
the Appendix provides an overview of several inequality metrics for the 16 federal
states.

A4

" il

BB- —
0.20 0.25 0.30 0.35 0.40
Gini coefficient

MC Observed Gini @ MC Pareto Imp. Gini (] MC Gen. Pareto Imp. Gini

Figure 4: Top-corrected Gini coefficients for German regions, 2014. The figure compares the Gini
coefficients based on household net income per adult equivalent from the uncorrected survey data
(yellow), Pareto (green) and generalized Pareto (blue) imputed top 1% incomes with confidence
intervals. Data source: Microcensus 2014.
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Our findings indicate that the top corrected Gini coefficients are larger in all
regions with the extent depending on the federal states’ level of inequality in the
tail. Overall, the top-corrected Gini coefficients resulting from the Pareto and the
generalized Pareto approaches are very similar in magnitude. This indicates that
the correction of within-region inequality is robust to distributional differences.
The adjustments of the Gini coefficient range from 1 to 6 percentage points. The
upward adjustment of the Gini is 8% on average. The smallest corrections (roughly
5%) occur in the Saarland (SL), while the largest increase is observed in Bremen
(HB) of approximately 20% and 9% for the Pareto and generalized Pareto cases,
respectively. This analysis covers the whole population including non-taxpayers,
whereas the correction only affects the top 1% of the population. Hence, the con-
fidence intervals are very narrow with the exceptions of Bremen (HB) and
Hamburg (HH).

Table 3 presents the estimation results on between-region inequality derived
from the Microcensus after Pareto (left side) and generalized Pareto (right side)
imputation of top incomes. The table reports summary statistics for the top-
corrected mean, median, Gini coefficient, and the three selected top income
shares at the level of federal states based on household net income per adult
equivalent. While the rise in the regional mean values is slightly more pro-
nounced in the Pareto case, the regional medians are barely affected by the top-
income imputation. Furthermore, there is more variation in the Gini coefficients
and the top income shares observed after Pareto-than after generalized Pareto-
correction, as indicated by the larger SD and VC values. Hence, the Pareto
approach affects between-region inequality more vigorously than the generalized
Pareto imputation.

Our results imply that both within- and between-states inequality is larger than
survey data suggests. A potential solution to increase the accuracy of survey income
data is oversampling affluent households (Disslbacher et al. 2020). The oversampling
rate should ideally increase with the degree of inequality in the tail of the income
distribution.

In conclusion, survey-based income inequality estimates are downward
biased due to coverage problems at the top of the distribution. Ex-post imputation
of high incomes from tax data is a suitable technique to derive top-corrected
dispersion measures. Our results show a significant increase in inequality within
and between the federal states of Germany, regardless of the specific methodo-
logical approach. The effect is more pronounced if the tail of the distribution is
heavier. While top income information is limited in surveys, tax-data based
correction approaches provide direly needed insights into income inequality for
evidence based policies.
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5 Conclusion

While the upper tail of the income distribution is particularly important for
understanding economic inequality, household surveys tend to cover top incomes
insufficiently. This paper adjusts data from the German Microcensus for under-
reporting of top percentiles by means of tax data estimates. Based on the Bartels
and Metzing (2019) and the Blanchet (2020) approach, we derive region-specific
Pareto and generalized Pareto distributions, respectively.

We harmonise the German Microcensus and Taxpayer Panel to examine the
extent of discrepancies arising from conceptual mismatches and coverage of top
incomes.

Our results indicate that the overall gap of Gini coefficients amounts to a total
of 16 percentage points when comparing TPP tax unit total income of taxpayers
to MC household equivalised disposable income of the entire population. Closing
the conceptual gap between the two data sources reduces the difference in Gini
coefficients to 6 percentage points or roughly 15%. This mismatch in inequality
metrics is largely driven by the survey underreporting of top percentiles. To tackle
these shortcomings, the top 1% of survey incomes is replaced by values following
estimated Pareto and generalized Pareto distributions for each federal state in 100
runs. Introducing multiple imputations offer the advantages of smoothing the
estimated top shares by avoiding high degrees of fluctuations in the presence of
heavy tailed distributions and few observations.

Top income corrections substantially change the top shares suggesting that
income inequality is vastly underestimated by raw survey data. The correction of
top incomes has an average effect of 8% on the regional Gini coefficients with the
most substantial increase being observed in Bremen (up to 20%). The imputation
has a regionally diverging effect for the 16 federal states with three regional
clusters being identified based on the magnitude of the achieved adjustment. At the
same time, the inequality metrics change much less in federal states like Saxony or
Brandenburg, where the tail of the distribution is less heavy. Our results imply that
both within- and between-states inequality is larger than survey data suggests. To
increase the accuracy of survey income data, oversampling wealthy households is
recommended. While income from surveys face data constraints at the top, imputation
approaches from tax data contribute essential knowledge on inequality estimates.

The paper enhances the current understanding of regional income inequality in
Germany. We provide a regional top-income correction approach from reconciled
tax and survey data based on Pareto and generalized Pareto distributions. Moreover,
we extend the methodological framework by the use of multiple imputation methods
to overcome volatility issues and the lack of consideration of sampling uncertainty of
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single top-income imputations. We derive new estimates of regional income
inequality in Germany from harmonised and combined data of the largest survey
sample and tax records. Our results show that inequality within the federal states
and the divergence between them are much higher than previously understood. This
has important implications for policy design with respect to equal living conditions
including regional planning and economic promotion of certain areas.
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Appendix

Table 4: Overview of income concepts in tax data.

Income component Tax reduction

+Income from agriculture and forestry —Allowance for agriculture and forestry
+Income from business activity —Allowance for business activity
+Income from self-employment —Allowance for self-employment activity
+Wage income —(Advertising costs + pension allowance)
+Capital gains —(Advertising costs + savings allowance)
+Income from renting and leasing

+0ther incomes —Advertising costs lump sum

=Sum of income components

—Old-age lump-sum allowances
—Exemptions for single parents
—Income type-specific income-related expenses

=Total income

—Special personal deductions
—Exceptional costs
—Tax incentives

=Income

— Child allowances

=Taxable income

The tax data contains (inter alia) the four income concepts written in bold letters. This table illustrates how these
concepts are related.
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Table 5: Construction of economic net income.

DE GRUYTER OLDENBOURG

Income component

+Income from agriculture and forestry

+Income from business activity
+Income from self-employment

+Wage income
+Capital gains

+Income from renting and leasing

+0ther incomes

+Tax-exempted foreign incomes
+Tax-exempted social transfers and child benefits

+Received alimony

=Economic gross income

—(Income tax + church tax* + solidarity surcharge)
—Social security contributions*

—Paid alimony

=Economic net income

This table shows the calculation scheme of economic net income in the tax data. The entries marked with * are partially

micro-simulated.

Table 6: Estimated Pareto and generalized Pareto distributions, federal states of Germany, 2014.

Federal 99th Income Tail MC sample sizes
state percentile threshold coefficients

X (in EUR) k (in EUR) ap Qgp Top 1% Top 5% Full
B 6043.90 501.00 1.85 1.86 169 841 16,320
BB 5143.80 815.90 250 214 122 625 12,453
BW 7845.80 363.70 1.50 1.69 487 2443 48238
BY 8005.80 521.50 1.69 1.67 604 3028 61,707
HB 7032.90 311.20 1.48 1.64 28 142 2961
HE 8061.40 569.70 1.74 1.87 276 1402 27,968
HH 8143.80 420.30 1.55 1.60 79 388 8059
MV 4182.90 630.70 243 241 69 357 7227
ND 6599.60 524.00 1.82 1.77 348 1749 34,976
NW 7110.40 466.50 1.69 1.68 708 3548 73,795
RP 6919.20 699.50 2.01 1.94 172 850 18,113
SH 6736.70 493.00 1.76 1.74 123 601 12,986
SL 5525.40 881.40 2.51 2.25 46 234 4605
SN 4624.70 697.70 243 2.04 203 1008 20,557
ST 4187.50 739.20 266 271 109 536 11,332
TH 4436.10 599.70 230 207 110 557 11,073

The table shows the estimated Pareto distribution coefficients and corresponding sample sizes for the federal states in
Germany. The income values are reported in Euro and refer to monthly data. Data source: Microcensus and Taxpayer

Panel 2014.
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Figure 5: Estimated a coefficients for German regions, 2014. The plot shows the Pareto coefficients ap
and generalized Pareto agp from Equations (1) and (5), respectively, for the federal states of Germany.
The different shapes indicate the two methods: Pareto (dots) and generalized Pareto (diamonds). The
colors indicate the magnitude of the observed MC top 1% share of net equivalised income before the
corrections. Data source: Microcensus 2014.
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Figure 6: Corrected top 1% shares in German federal states without reweighting, 2014. The figure
shows the top-1%-share of tax unit net income from the tax data (purple), the uncorrected survey data
(yellow), Pareto (green) and generalized Pareto before reweighting (blue) imputed top 1% regional
shares with confidence intervals. Data source: Microcensus and Taxpayer Panel 2014.
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Imputation of the top 5%
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Figure 7: Corrected top 5% shares in German federal states without reweighting, 2014. The figure
contrasts the regional top 5% shares based on tax unit net income observed from the tax (purple) and
the survey data (yellow) with the multiply imputed Pareto (green) and generalized Pareto before
reweighting (blue) results. The error bars provide confidence intervals. Data source: Microcensus and
Taxpayer Panel 2014.
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Figure 8: Corrected top 5% shares in German federal states with reweighting, 2014. The figure
contrasts the regional top 5% shares based on tax unit net income observed from the tax (purple) and
the survey data (yellow) with the multiply imputed Pareto (green) and generalized Pareto after
reweighting (blue) results. The error bars provide confidence intervals. Data source: Microcensus and
Taxpayer Panel 2014.
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Table 7: Results for federal state inequality estimates, 2014.
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Federal state MC observed Pareto Generalized Pareto
Mean Median Gini Top 1% Mean Gini Top 1% Mean Gini Top 1%
B 1628 1376  27.9 55 1638 29.8 6.0 1629 294 5.5
BB 1522 1348 25.2 48 1524 275 49 1523 274 4.8
BW 1901 1641 28.8 6.2 1957 328 8.8 1904 30.9 6.4
BY 1877 1613 28.9 57 1920 32.0 7.7 1888 30.9 6.2
HB 1589 1348 293 5.7 1680 35.0 10.8 1601 31.8 6.4
HE 1869 1577 29.9 6.2 1892 323 72 1870 315 6.2
HH 1886 1590 30.7 6.5 1904 33.0 74 1889 325 6.7
MV 1372 1230 235 42 1379 258 46 1376 25.6 4.4
ND 1705 1482 27.9 58 1731 305 72 1712 29.8 6.2
NwW 1712 1470 28.4 56 1730 31.0 6.5 1714 303 5.7
RP 1755 1530 28.5 52 1761 30.6 54 1757 304 53
SH 1779 1545 28.0 58 1790 30.1 63 1782 29.8 6.0
SL 1650 1439 28.0 5.1 1654 29.3 53 1653 293 53
SN 1438 1286 24.3 46 1441 263 47 1439 26.2 4.6
ST 1414 1274 243 4.1 1417 26.6 43 1415 26.5 4.2
TH 1434 1295 233 3.7 1444 255 43 1438 25.2 3.9

This table shows our results of estimated inequality measures of equivalised household net income from the MC before
and after adjustment at the level of federal states for the year 2014. The income values are reported in Euro and refer to
monthly data. Data source: Microcensus and Taxpayer Panel 2014.

Table 8: Taxpayers MC and Tax Data 2014.

Definition Microcensus Tax data

Total (extrapolated in mio.) % Total (in mio.) %
Population 81 100 - -
Non-taxpayers 24 30 - -
Taxpayers 56 70 56 100
Households 40 100 - -
Tax units 44 100 40 100
Single tax units 27 61 24 61
Joint tax filing (married) 17 39 16 38

This table compares the population values (in million) from the Microcensus and the Tax Data for the year 2014. Data

source: Microcensus and Tax Data 2014.
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Detailed Comparison of the MC and TPP Income Distributions
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Comparison of the MC and TPP income distributions (1/4). The histograms compare the

Figure 9

income distribution from the Microcensus survey data (yellow) and the Taxpayer Panel (purple) for the
federal states of Germany in the year 2014. Dashed lines are 90th, 95th and 99th percentiles of the MC

survey data. Data source: Microcensus and Taxpayer Panel 2014.
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Figure 10: Comparison of the MC and TPP income distributions (2/4). The histograms compare the
income distribution from the Microcensus survey data (yellow) and the Taxpayer Panel (purple) for the

federal states of Germany in the year 2014. Dashed lines are 90th, 95th and 99th percentiles of the MC

survey data. Data source: Microcensus and Taxpayer Panel 2014.
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Figure 11: Comparison of the MC and TPP income distributions (3/4). The histograms compare the
income distribution from the Microcensus survey data (yellow) and the Taxpayer Panel (purple) for the

federal states of Germany in the year 2014. Dashed lines are 90th, 95th and 99th percentiles of the MC

survey data. Data source: Microcensus and Taxpayer Panel 2014.
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Figure 12

income distribution from the Microcensus survey data (yellow) and the Taxpayer Panel (purple) for the
federal states of Germany in the year 2014. Dashed lines are 90th, 95th and 99th percentiles of the MC

survey data. Data source: Microcensus and Taxpayer Panel 2014.
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