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Abstract

In this paper, we introduce a nonlinear dynamic pricing model in the presence of
multiunit demand, enabling firms to quote separate prices for each batch size. This
approach diverges from traditional models by accounting for two-dimensional cus-
tomer heterogeneity in product attraction and batch size preference, each modeled
by separate random variables in the calculation of customers’ willingness-to-pay.
The underlying customer choice model results in a complex formulation of purchase
probabilities, necessitating considerable effort for refinements to derive a manage-
able expression. We present optimality conditions for the state-wise optimization
problem and introduce a modified formulation with reduced complexity that serves
as an upper bound. We also prove that under specific conditions, the optimal solu-
tion to the modified model is optimal for the original problem. In our numerical
study, these conditions were consistently met, offering a practical alternative for
determining optimal prices. To address the computational challenges of solving
the problem to optimality, we develop three efficient heuristics with significantly
reduced runtimes. Benchmarking these heuristics against the optimal solution and
other mechanisms demonstrates their near-optimal performance. We also evaluate
the revenue potential of nonlinear, piecewise linear, and linear pricing schemes, pro-
viding firms with tools to weigh revenue maximization against pricing simplicity to
inform strategic decisions. Notably, our analysis highlights the strong performance
of piecewise linear pricing, offering a practical and easy-to-communicate alternative
to full nonlinear pricing while achieving remarkably high revenues.

Keywords Revenue management - Dynamic pricing - Nonlinear pricing - Multiunit
demand - Customer choice
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1 Introduction

Nonlinear pricing—such as volume discounts or special offers like "buy 3, pay
2"—were and still are a commonly applied pricing strategy in the ever-evolving
field of retail. This approach is used both for individual products (e.g., cans of
soda) and across product lines (e.g., shirts of different sizes, colors, or designs).
Enabled by advancements in digital technologies (e.g., e-commerce and digital
price tags), businesses can now adjust prices in real-time. This allows for swift
responses to varying market demands and inventory levels. However, most tradi-
tional dynamic pricing models have a critical limitation: they usually assume that
customers purchase only a single unit at a time. This assumption overlooks the
complexities and opportunities presented by multiunit demand, which are preva-
lent in sectors ranging from groceries to clothing.

Addressing this gap, our paper presents an approach that combines nonlinear
and dynamic pricing to optimally quote prices for every possible batch size of a
product (or variant within a product line). This framework is designed to maxi-
mize revenue in scenarios where the selling horizon is finite, the product inven-
tory is scarce, and customers exhibit multiunit demand. In our context, multiu-
nit demand does not necessarily imply that customers are predetermined on the
number of units they will purchase. Instead, it refers to settings where customers
consider various quantities based on pricing schemes, promotions, or the needs of
multiple end-users (e.g., family members, colleagues, or friends).

For instance, consider a supermarket dynamically adjusting batch prices for
perishable products, such as bakery items or fresh produce. Depending on real-
ized demand and remaining inventory, retailers dynamically raise batch prices to
capitalize on strong demand or lower them to encourage bulk purchases as prod-
ucts approach expiration. Although this strategy naturally reduces waste and miti-
gates early stockouts, its primary goal remains revenue maximization given lim-
ited stock and a finite selling horizon. Similar dynamic nonlinear pricing schemes
apply naturally in various other sectors, where the product loses its value at a spe-
cific point in time due to factors such as perishability (as in food or hotel stays)
or the necessity to clear valuable shelf space for new inventory (as in fashion,
seasonal goods, and consumer electronics).

Central to our approach is our customer choice model that recognizes the two-
dimensional heterogeneity among customers, both in their attraction to the prod-
uct and in their inclination to consume. We employ a utility maximization frame-
work, where customer utility is modeled as a function of batch size and the two
customer-specific attributes: product attraction and consumption. These attributes
are customers’ private information and therefore unknown to the firm. However,
we assume the firm has knowledge of the distribution of these attributes across
the customer population. This allows us to treat these attributes as random vari-
ables, forming the basis for our random utility framework.

With these assumptions, we align closely with a recent publication (see Schur
2024), where both studies aim to maximize expected revenues through dynamic
nonlinear pricing and employ the same formulation of customers’ utility based
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on two customer-specific attributes. Accordingly, both publications are rooted
in the same problem and use identical mathematical formulations for the choice
model and the general dynamic program. However, unlike this publication, we
do not make the additional assumption that the firm can identify customers’ pri-
vate information—specifically, their attraction to the product, their consumption
indicator, or both. This assumption in Schur (2024) simplifies the optimization
problem by utilizing customers’ known attributes. In contrast, our model does not
rely on observing private information, resulting in a more complex optimization
problem. This extends the framework to settings where customer identification is
not possible. In this way, our work generalizes the framework of Schur (2024).
While techniques similar to those used in Schur (2024), specifically action space
reduction and upper bound investigation, can be adapted to reduce complexity
in our setting, we must adopt a fundamentally different strategy that focuses on
developing effective heuristics.

By not relying on private information, our approach remains also applicable
in scenarios where firms must quote prices before any interaction with custom-
ers occurs, as is typically the case in stores using digital price tags. This flexibility
makes our model particularly valuable for scenarios where advance pricing deci-
sions are necessary, or where the firm lacks access to customers’ private information.

1.1 Results

Our research achieves three interconnected goals: deriving the optimal solution,
developing effective heuristics, and evaluating the trade-offs between nonlinear pric-
ing and simpler pricing schemes.

First, we establish optimality conditions that enable the computation of the opti-
mal solution. While the optimal solution provides an important benchmark for eval-
uating the effectiveness of our heuristics, its computation remains impractical for
real-world applications due to its substantial runtimes, requiring nearly five days in
our largest setting.

Second, to overcome these computational challenges, we propose three heuristics
that result in well-performing solutions while significantly reducing runtimes. For
example, one of these heuristics computes a policy in just 2.5 min with an optimal-
ity gap below 0.4% in our largest setting, making it nearly 3000 times faster than
computing the optimal solution. Similarly, the other heuristics also perform well,
offering near-optimal solutions with runtimes suitable for practical application.

Finally, using the optimal and heuristic solutions as benchmarks, we evaluate
the revenue potential of different pricing schemes—nonlinear, piecewise linear, and
linear pricing. Our numerical study demonstrates that nonlinear pricing consist-
ently achieves the highest revenue. However, simpler pricing schemes, particularly
piecewise linear pricing, can perform very strongly. This observation is supported
by an analysis of the strategies employed by our best-performing heuristics, which
reveal two key patterns. First, the pricing schemes exhibit an almost piecewise linear
structure. This structure explains the strong performance of piecewise linear pric-
ing in our study and suggests that firms could adopt this simpler pricing scheme to
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1184 R. Schur

reduce communication complexity. By quoting just two prices—one for the first unit
and another for additional units—firms can achieve high revenues while maintain-
ing ease of implementation. Second, in scenarios with high initial inventory (% >2)
prices for smaller batches decrease gradually over time. This gradual adjustment
implies that less frequent price changes can still deliver strong performance, mak-
ing such strategies viable for firms constrained by technical limitations, customer
preferences, or strategic considerations. Conversely, in low-stock scenarios (g > 2),
the revenue advantage of nonlinear pricing decreases, and standard dynamic pricing
approaches become more effective.

1.2 Contribution and outline

We contribute to the sparse literature on multiunit dynamic pricing by addressing
the challenging optimization problem of dynamically quoting batch prices while
considering two-dimensional customer heterogeneity, represented by two random
variables in the customer choice model. Our main contributions are as follows:

Cl. Optimality conditions: We derive optimality conditions by reducing the com-
plexity of the customer choice model. Notably, we prove that the optimality
condition holds whether the optimal solution is located in the interior or on the
boundary of the action space, allowing us to focus on this condition without
needing to separately investigate boundary cases.

C2. Problem modification and upper bound: We introduce a modified version of
the original problem that can be solved more efficiently and serves as an upper
bound. We further prove that under specific conditions, the solution of the modi-
fied problem is optimal for the original problem.

C3. Development of heuristics: We develop three efficient heuristics that produce
well-performing pricing policies across various problem sizes. These heuristics
achieve substantially shorter runtimes compared to finding the optimal solution,
enabling their use in practical applications.

C4. Numerical study: Our numerical study demonstrates the effectiveness and effi-
ciency of all three heuristics. The study also highlights the revenue potential
of linear, piecewise linear, and nonlinear pricing schemes, enabling firms to
balance revenue maximization with pricing simplicity.

C5. Insights into pricing schemes: Our study provides insights into the strategy of
well-performing pricing schemes. Notably, fewer price changes and simpler
pricing schemes, such as piecewise linear pricing, may still perform very well.

In Sect. 2, we review the relevant literature, positioning our research within the
context of existing studies and identifying gaps that our work addresses. Section 3
introduces the customer choice model, emphasizing the two-dimensional approach,
and presents the optimization model.

In Sect. 4, we reduce the complexity of the probability function, derive optimality
conditions, and introduce the modified problem that serves as an upper bound. This
section addresses the first two contributions, C1 and C2. It also achieves our first
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goal (outlined in Sect. 1.1) by enabling the computation of the optimal solution and
builds the foundation for evaluating different pricing schemes, contributing to our
third goal.

Section 5 discusses the heuristics we developed, addressing the third contribu-
tion, C3. By providing efficient and practical alternatives to computing the optimal
solution, this section achieves our second goal from Sect. 1.1.

Finally, Sect. 6 presents the numerical study and its findings. This section
addresses the last two contributions, C4 and C5, by demonstrating the practical
applicability of the proposed heuristics and gaining insights into their strategies. It
also fulfills our third goal by evaluating the revenue potential of nonlinear pricing
and simpler pricing schemes.

2 Literature review

In this study, we bridge the domains of dynamic pricing and nonlinear pricing, inte-
grating the strengths of both. In Sect. 2.1, we provide a review of works within
these two distinct yet interconnected domains. This foundational overview sets the
stage for a deeper exploration into the specialized segments of multiunit and multi-
product dynamic pricing, as well as bundle pricing, in Sect. 2.2. Multiunit dynamic
pricing, which also covers nonlinear pricing, represents a relatively new field of
research with sparse literature. Our research contributes to this niche, acknowledg-
ing the critical role of nonlinear pricing in catering to multiunit demands. Addition-
ally, we examine multiproduct dynamic pricing and bundle pricing, domains aligned
with our research due to their consideration of customer choice, where customers
select from multiple options. However, all these studies differ from our approach in
a key aspect: they do not account for two-dimensional customer heterogeneity. The
assumption of one-dimensional heterogeneity implies that all customers share the
same relative utility when comparing two options, which is an unrealistic assump-
tion in multiunit demand scenarios. To underline this gap, we incorporate several
studies that, regardless of their specific field of application, address similar choice
behaviors. We compare these approaches with our own in Sect. 2.3.

2.1 Foundations of nonlinear pricing and dynamic pricing

Nonlinear pricing is a widespread strategy across various sectors, including tel-
ecommunications, transportation, energy, supply chains, and retail. Consequently,
there is a rich and diverse literature on the subject. Wilson (1993) (Part I) provides
a comprehensive overview of the application fields, economic principles, and mar-
keting insights related to nonlinear pricing. While much of the existing literature
focuses on static pricing models, a small subset of researchers has turned their atten-
tion to dynamic environments, which align more closely with the thematic focus of
our study (e.g., Dhebar and Oren 1986, and Braden and Oren 1994).
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1186 R. Schur

The conceptual foundations of dynamic pricing trace back to seminal studies on
intertemporal price discrimination conducted 30—40 years ago, with notable contri-
butions by Stokey (1979), Landsberger and Meilijson (1985), and Wilson (1988).
A significant milestone was achieved by Gallego and van Ryzin (1994), who were
the first to explore optimal dynamic pricing for a single product under stochastic
demand over a finite selling horizon. This pioneering work led to a vast amount of
follow-up research, which was reviewed and summarized by many authors, includ-
ing Bitran and Caldentey (2003), Chiang et al. (2007), and, with a special focus,
Gonsch et al. (2013) and den Boer (2015), as well as in textbooks such as Talluri
and van Ryzin (2004) (Chapter 5).

2.2 Multiunit dynamic pricing, multiproduct dynamic pricing, and bundle pricing

While dynamic pricing has been extensively explored, the specific area of multi-
unit dynamic pricing is still emerging. Elmaghraby et al. (2008) introduce mark-
down pricing mechanisms within a multiunit demand framework, assuming com-
plete information about customers and their willingness-to-pay. Levin et al. (2014)
expanded the discussion to a dynamic pricing model characterized by stochastic cus-
tomer demand for batches. In their framework, customers request a specific batch
size and the seller’s subsequent pricing response influences whether the requested
batch size is purchased. However, unlike their approach, our research introduces a
more flexible decision-making process in which customers can review all available
prices prior to requesting the purchase quantity. This advancement not only gives
customers greater flexibility but also provides firms with a mechanism to strategi-
cally steer customers’ buying decisions and purchase volumes.

Gallego et al. (2020) investigate three dynamic pricing strategies: nonlinear,
linear, and block pricing. In their proposed choice model, customers seek to maxi-
mize their utility and are characterized by a single random variable, representing
one-dimensional customer heterogeneity. The authors develop optimality condi-
tions and show structural properties. However, our research diverges fundamentally
by modeling customer behavior with two independent variables, thereby offering a
more granular representation of customer decision-making processes and allowing
for two-dimensional heterogeneity. This two-dimensional approach represents a sig-
nificant departure from the conventional one-dimensional models (refer to Sect. 2.3
for a broader overview of choice models applied in similar demand settings). Schur
(2024) explores a scenario similar to ours but diverges in assuming firms’ access to
some or all private information about arriving customers. This assumption paves the
way for personalized pricing strategies and the evaluation of the strategic value of
customer information. Contrary to this, our research operates under the premise of
private information, enabling the universal applicability of our pricing model with-
out relying on the availability of detailed customer insights.

Multiunit dynamic pricing can be compared to the better-explored field of multi-
product dynamic pricing by defining batches of a single product as several different
“products”. Several articles (see, e.g., Zhang and Cooper 2009, Dong et al. 2009,
and Akgay et al. 2010, or, for a review, Chen and Chen 2015) have investigated
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dynamic pricing of substitutes. However, studies focusing on horizontally differenti-
ated products are less relevant to our setting, as they lack a common order in product
valuations, which violates a core assumption in multiunit demand setting: customers
do not pay more for fewer units. In this context, general studies like Maglaras and
Meissner (2006) and research on vertically differentiated products, such as Akcay
et al. (2010) and Liu and Zhang (2013), are more closely aligned with our setting.
While Maglaras and Meissner (2006) do not provide a specific willingness-to-pay
function, they demonstrate the asymptotic optimality of a solution of a deterministic
fluid approximation. Ak¢ay et al. (2010) and Liu and Zhang (2013) rely on one-
dimensional customer heterogeneity regarding quality, which, in a multiunit setting,
would imply that marginal willingness-to-pay for additional units decreases at a
fixed rate across all customers.

A special case of multiproduct pricing is found in the bundle pricing literature,
where multiple items are combined into a bundle. Bundle-size pricing involves the
firm quoting a price for each bundle-size, allowing customers to choose which items
to include in their bundle. In this context, items can be viewed as single units of
the same product, and bundles as batches. Bundle pricing aligns well with multiunit
demand, as customer utility typically increases with bundle-size, reflecting one of
the core assumptions of multiunit demand. However, related literature, such as Hon-
hon and Pan (2017) and Song and Xue (2021), often assumes one-dimensional cus-
tomer heterogeneity. Other studies, such as Abdallah et al. (2021), Ettl et al. (2020),
and Chen et al. (2024), do not ensure decreasing marginal utilities with increasing
bundle size, another key assumption in multiunit demand.

2.3 Literature with similar customer choice considerations

Literature generally agrees on the fundamental concept that customers evaluate all
available options by assigning a monetary value, often referred to as willingness-to-
pay, to each option and comparing these values to quoted prices. The option with the
highest utility, i.e. the difference between willingness-to-pay and price, is chosen.
Since willingness-to-pay is private information known only to the customer, various
models have been introduced, typically accounting for customer heterogeneity using
one of two prominent approaches.

The first approach models willingness-to-pay using various customer segment-
specific nominal parameters, where heterogeneity within a segment is captured
through independently and identically distributed error terms. Hanemann (1984)
formulates a willingness-to-pay function that is linear in quantity, leading to con-
stant marginal utilities. Subsequent studies, such as Allenby and Rossi (1991), Chi-
ang (1991), Bell et al. (1999), and Nair et al. (2005), propose non-constant mar-
ginal utilities to better reflect decreasing customer valuations for additional quantity.
Quadratic formulations for those non-constant marginal utilities can be found in
Lambrecht et al. (2007) and Iyengar et al. (2008). Iyengar and Jedidi (2012) intro-
duce a generalization that encompasses both quadratic and power utility functions
as special cases. These studies often employ multinomial logit models, assuming
Gumbel-distributed error terms. While this model has certain advantages, it presents
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1188 R. Schur

a significant limitation: it cannot enforce a common order of valuations, leading to
instances where customers may be willing to pay more for fewer units. Similarly, in
multiproduct pricing, this model is less suited for vertically differentiated products
(refer to Song and Xue 2021).

The second approach often relies on a single random variable to represent cus-
tomers’ preferences, as opposed to the multiple parameters combined with random
error terms used in the first approach. This one-dimensional heterogeneity is applied
by Mussa and Rosen (1978), where willingness-to-pay increases linearly in quan-
tity. Further applications of this approach, with non-constant marginal utilities, can
be seen in Braden and Oren (1994), Sundararajan (2004), Banciu et al. (2010), and
Biyalogorsky and Koenigsberg (2014). Rochet and Stole (2002) incorporate two-
dimensional heterogeneity, where willingness-to-pay is modeled as linear in quan-
tity, weighted by a random variable representing customer type, along with an addi-
tive random variable that accounts for brand preferences.

We follow the second approach to model customer choice, addressing two-
dimensional heterogeneity through two random variables, but not in the linear form
proposed by Rochet and Stole (2002). Instead, our willingness-to-pay function is
based on the generalized formulation of Iyengar and Jedidi (2012), incorporating
non-linearity in quantity and resulting in non-constant marginal utilities.

2.4 Summary

Our literature review highlights a general gap in research on nonlinear dynamic pric-
ing, with only a few exceptions, which differ from our work in their specific assump-
tions. Broadening the scope, it becomes apparent that even in related fields such as
vertically differentiated multiproduct pricing and bundle pricing, two-dimensional
customer heterogeneity—allowing for customer-specific, non-fixed rates of marginal
utility decrease—is not considered. In this regard, our approach could be of interest
to these fields as well.

3 Problem definition

We first present the random utility framework that defines our customer choice
model in Sect. 2.3. Then, we introduce the dynamic programming formulation that
describes our nonlinear dynamic pricing problem.

3.1 Customer choice model

In our setting, customers exhibit multiunit demand but are not predetermined in
the number of units they consider purchasing. Instead, they evaluate all available
options, i.e., possible batch sizes, ranging from a batch size of zero to the entire
remaining stock c. This evaluation results in a personal monetary valuation for each
option, which is known as willingness-to-pay and denoted by X; for j units. It is
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important to note that willingness-to-pay is private information of the customer and
is unknown to the firm.

We assume that willingness-to-pay can be modeled using a formulation inspired
by Iyengar and Jedidi (2012) and also applied by Schur (2024). In this formulation,
the marginal willingness-to-pay for the j-th unit is expressed as X; — X;_; = w - ML
where o (€ [0, 1]) and 4 (€ [0, 1]) are two independent continuous random variables
that capture customer heterogeneity in two key aspects: their attraction to the prod-
uct and their inclination to purchase larger quantities, respectively.

The variable w equals the willingness-to-pay for the first unit, as evident from
X, =w- A" =w (with X, =0), and linearly affects the marginal willingness-to-
pay @ - #~! for j > 2. Thus, @ can be interpreted as the product’s attractiveness to
the customer, or more formally, as the base willingness-to-pay. Conversely, A does
not impact the willingness-to-pay for the first unit but constitutes the rate at which
the marginal willingness-to-pay changes in j. This is illustrated by the relationship
Xy —X=w-¥=21-(w-¥"')=21-(X;—X;_,), indicating that a customer with
A close to 1 values each additional unit almost as much as the previous one, whereas
a customer with 4 closer to 0 experiences a sharp drop-off in value for additional
units. Consequently, A serves as a measure of the customer’s inclination to consume.

Building on this marginal valuation, the cumulative willingness-to-pay X; for a
batch of size j is obtained by summing the valuations for all units up to j:

j-1

X=w-) (W forj=1,..,c 1)
k=0

We further assume that the firm knows the distribution of w and A, represented
by the density functions f,, and f;, and cumulative distribution functions F, and
F,. Both density functions have their support on [0, 1], ensuring that the marginal
willingness-to-pay remains non-negative and decreases' with respect to the quan-
tity j. Unless otherwise stated, these distributions may vary over time, allowing for
time-inhomogeneous demand. For simplicity, we refrain from including a ¢-index to
indicate this (possible) time dependence.

This design aligns with a common assumption about customer preferences (see,
e.g., Goldman et al. 1984, Baucells and Sarin 2007, and Gallego et al. 2020), effec-
tively capturing the decreasing value of additional units and resulting in willingness-
to-pay that is concave in units. Thereby, this formulation clearly differs from linear
utility models, where additional units always offer a constant marginal willingness-
to-pay. The restriction of w to [0, 1] serves primarily as a scaling measure, normal-
izing the marginal willingness-to-pay.

Our approach to modeling customer choice is anchored in the widely accepted
random utility model. Within this framework, we define a customer’s util-
ity for purchasing j units at given prices as the difference between their random

! We use the terms "increase" and "decrease" in a weak sense, specifying "strictly increase” and "strictly
decrease" when needed.
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willingness-to-pay and the corresponding price. Specifically, for a batch price r;, the
utility of purchasing j units, denoted U, is calculated as:
Uj=Xj—rj forj=1,...,c. )

Under the assumption of rational behavior, customers aim to maximize their util-
ity. Therefore, a customer opts to purchase j units if, and only if, U; represents the
maximum utility achievable across all possible purchase quantities, including the
option not to purchase (U, = 0). This modeling assumption, in conjunction with the
density functions for @ and A, allows us to compute the probability of a customer
purchasing j units. This computation involves determining the probability that a spe-
cific realization of the random variables w and 4, which represent a unique customer
profile, results in the maximum utility for the purchase of batch size j.

To visualize this concept, one can imagine mapping out decision regions within
the [0, 1]2 space, identified by combinations of w and [ (realizations of @ and A,
respectively), where the utility of purchasing j units surpasses that of any other pur-
chase quantity within the set {0, 1, ..., c}. These regions are determined by where U,
attains its maximum value across all considered purchasing options
;= iirgaxc{Ui}). Since both random variables follow a continuous distribution,

customers with a non-unique maximum are almost surely excluded from arriving.
This eliminates the need to define tiebreaker rules, which would otherwise be neces-
sary to ensure that customers select only one option. Subsequently, the probability
associated with @ and A falling within a particular region reflects the likelihood of an
arriving customer, characterized by a specific (w,[) bundle, opting to purchase j
units. The following figure illustrates these regions, with each one labeled according
to the batch size j that maximizes utility for customers whose preferences are repre-
sented by the (w, [) bundles within that region. The figure is based on a given price
vector.

Consequently, the choice probability for a customer to purchase j units can be
calculated by

11

o o ~ T

where the indicator function 1 (w, 1) equals 1 if the utility of purchas-
{Uf=,-£3.%ﬁ.{Uf}

ing j units, U}, is the maximum among all considered batch sizes. Specifically, this

condition is satisfied if the utility of purchasing j units, w - 22_:10 k- rj, is greater

than or equal to the utility of purchasing any other quantity i, w - z;{;lo Ik — r,, for
i=1,...,c, and also nonnegative. If these conditions are not met, the indicator func-
tion is 0.

Alternatively, these selection criteria can be expressed through the relationship
between price differences and the cumulative discounting effect of purchasing addi-
tional units. A customer with attributes w, ! € [0,1] will purchase j units iff the fol-
lowing condition holds:
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rp—Tg . Iy —=1;

max | <w< mllfl ya
0<k<j—1 —1 i jH1<k<c -1y
2kl 2 !

This expression separates both attributes w and / and simplifies calculating the
choice probabilities. Furthermore, the fractions within this expression define the
decision regions as they define the boundaries of these regions (represented as lines
in Fig. 1).

To keep notation as short as possible, we further establish the following conven-

r

. = —T .
tions: r, =0, 222 =r for [=0 max L — %> =00 for 1, and
0 s Z?:o i 1 s 0<k<j-1 /,=i o J # s

. = _ .
By utilizing the alternative formulation, we can simplify the probability for sell-

ing j units to

1

o) /<F< A 5oy ()" 5= VN o torj =1
pir) = w| MU, k=1 7 o\ (22X, v—1 i 4 O =5oeen
A JHI<k< zi=j I <k<j Zi=k1

“
with ()" = max{-,0}. While this formulation features only one integral, it remains
analytically challenging. Without further knowledge, particularly about which frac-
tions yield the minimum and maximum for any given /, even calculating the pur-
chase probability for a given price vector r becomes a tedious task, rendering finding
the optimal solution effectively impossible without further improvements. Conse-
quently, we will put considerable effort in refining the formulation and in learning
inherent structural properties in Sects. 4.1 and 4.2.

3.2 Dynamic programming formulation

We adapt the standard setting of dynamic pricing to cope with multiunit purchases.
To do so, we consider the following framework: A firm sells a single product over
a finite selling horizon. The selling horizon is divided into T periods and indexed

Fig. 1 An example of the loca- 1
tion of decision regions for ¢ = 5

ot
o
S}

o
=N

I
~

base willingness-to-pay w

o
)

0 0.2 0.4 0.6 0.8 1
consumption indicator A
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backward in time, i.e., periods 7" and 0 mark the beginning and the end of the hori-
zon, respectively. The initial stock of C units of the product is nonreplenishable and
any capacity remaining after the selling horizon is worthless. Nonetheless, with a
straightforward modification, this research can be easily extended to include salvage
values. We assume that exactly one customer arrives in each period t € {T,...,1}.
However, our framework can be straightforwardly extended to a non-stationary
arrival process. At any period, the firm knows the remaining capacity c € {1, ...,C}

and sets a price vector r = (rl, Foyeurs rC)T with r marking the price the customer
has to pay for j units of the product, i.e. for a batch with batch size j < c¢. Depending
on the prices the firm quotes, this customer may purchase zero, one or more (up to c)
units of the product.

This optimization problem can be formulated as a dynamic program using the
Bellman equation (see, e.g., Gallego et al. 2020 for a similar setting, and Powell
2011, Sect. 3.10.1, for a general proof). Since the remaining capacity ¢ (and, thus,
the maximum number of purchasable units) varies over time, we define a state-
dependent action space R, = {r e R : rpz 0,j=1,... ,c} with Ry, = @. The
overall target is the maximization of the total expected revenue and can be achieved
through the following dynamic program:

V(o) = max{ZpJ(r) (r; + Vi (e =) + (1—ij(r)>.vt_l(c)}, )

with boundary conditions Vy(c) =0 for ¢ >0 and V,(0) =0 for +> 0. In this
dynamic program, V,(c) denotes the optimal expected revenue-to-go from period ¢
onwards (before the arrival of a customer in t).

With this formulation, we consider that customers might be willing to buy more
than just one unit. Moreover, we allow the firm to set batch prices to take full advan-
tage of a nonlinear pricing scheme. The expectation captures ¢ + 1 possible events:
With probability p;(r), the firm sells j units and immediately earns r;. Addition-
ally, it can expect future revenues amounting to V,_;(c —j) with a reduced stock of
¢ —j units from the next period onwards. With probability 1 — ijl pj(r), the firm
sells nothing and only faces expected revenue V,_,(c) from stock ¢ and period t — 1
onwards. We denote the optimal batch prices selected in a state (¢, ¢) by r,(c) € R..

An alternative formulation of (5) relies on opportunity costs A;V,(c) for selling j
units, i.e.

AVi(©)=V(c)=Vic—)) forj=1,....c, (6)

and can be written as

V,(c) = 2%"{ ;pj(r) . (rj - AjV,_l(c)) } +V,_ (o). 7

This formulation presents several benefits compared to Eq. (5). The most immedi-
ate benefit is the clear indication that optimal prices must exceed opportunity costs.
Not meeting this criterion could mean that sales do not contribute to an increase
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in expected revenue, or worse, could result in a decrease in overall expected rev-
enue. Furthermore, this formulation highlights the critical role of opportunity costs.
As the only component that varies with state, opportunity costs are fundamentally
responsible for the dynamic adjustments in optimal pricing strategies over time.

Summarizing, the optimization breaks down to maximizing the expected addi-
tional gain realized by selling something between 1 and c units in period ¢ instead of
retaining the capacity for later sales.

4 Structural properties and optimality conditions

In this section, we outline how we facilitate the process of finding the optimal solu-
tion. While we successfully derive optimality conditions, the computational effort
required to solve the corresponding equations is too high for practical applications,
particularly given the need for dynamic pricing decisions to be made online and in
real time. Nevertheless, knowing the optimal solution is crucial for evaluating the
heuristics that we will introduce in Sect. 5.

To complement this evaluation, we modify the optimization problem to create a
formulation that serves as an upper bound to the original problem and is computa-
tionally more efficient to solve. A notable strength of this specific modification is
our ability to establish easily verifiable conditions under which the solution to the
modified problem is also optimal for the original problem.

In Sects. 4.1 and 4.2, our objective is to simplify the formulation of the prob-
ability function in two steps. Initially, we introduce appropriate notation and show
inherent structural properties, thereby formulating a more concise function. Subse-
quently, we eliminate prices from the action space that do not contribute to solving
the optimization problem. This allows us to gain additional insights into the prob-
ability function, leading to further refinement.

This refinement enables us, in Sect. 4.3, to establish optimality conditions for
solving the state-wise optimization problem. Additionally, in Sect. 4.4, we propose
a modified formulation that is simpler to solve than our original problem and con-
stitutes an upper bound. Moreover, we prove that both the modified and the original
formulation result in the same optimal solution under specific conditions. Thereby,
we offer an alternative approach to finding the optimal solution.

4.1 Refining the probability function

Despite simplifying the model by eliminating one of the integrals at the end of
Sect. 3.1, the resulting probability function remains challenging to manage. Specifi-
cally, incorporating the minimum and maximum functions throughout the analysis
introduces significant complexity. To address this, we propose dividing the integra-
tion region into distinct segments. This approach allows us to streamline the calcula-

. [ . =T =1y .
tion process by substituting min —— ¢ and max —— ¢ With more man-
jrikze | X5 0 0<k<j—1 Ll

ageable expressions for each segment.
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We start with introducing the following sets, designed to sort / in such a way that
on each set the minimum or maximum operator can be substituted:

T Tk =7
A= 4 L€]0, 1]| max <1< min { ——— ,
0<k<j— zf i JjH+1<k<c Zk_lA m
m=j

. r
Ay =4 1€[0.1]] max § = < —=
<k<j— Zm:k Im Zm:j [m

r.
A (r) =< 1€ 0, 1]| Jmax, ’]T
Zm=k m
= e —

L < min min — ,1 i< J.

v SV m Im JH1<k<c k=1 7
2m 7] Zm=jl

These sets are either empty or an interval. This follows immediately from Lemma
1 and is illustrated in Fig. 2 for a given price vector. In this figure, we can identify
specific intervals for the sets under consideration for j=1: A’"‘”‘(r) =[0,1],

A (r) =10,0.4], A’2”1’”(r) [0.4,0.55], Ag’l’”(r) [0.55,0.826], AZ”l’"(r) [0.826, 1],
and A”””(r) @, with their boundaries marked by the vertical lines in the figure.
Many of these intervals (particularly, A”””(r) with i > 1) are defined by the intersec-
tion points of the curves %o (k> 1), where the curve that constitutes the mini-

YL
mum shifts. To calculate the probability of selling a single unit batch (j = 1) in this
scenario, it is necessary to determine the probability of realizations (w,[) falling
within the region above the horizontal line at w = 0.2 and below all curves. By

Fig.2 An example of intervals 1
A;(r) and A:;.””(r) with j = 1 and
c=>5 0.8 -

0.6 -

0.4 -

0.2
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identifying these specific intervals, we know precisely which curve defines the upper
bound for realizations w at any given realization /.

Lemma 1 For every i£k with i,k>jandr; — ;é 0#r, — rp there is at most one

I e (0, l)wherezl T = Zk 1[ Foreveryl;észthl k<]andr - #F0#Fn—r
=i m=j _— e,

there is at most one l € [0,1] whereE/m G E’m T

Proof: See Supplement S.1.

Lemma 1, in conjunction with the observation that the equation <= Z z = lis sat-

isfied by at most one / € [0,1], implies that each curve can only serve as the mini-
mum or maximum exclusively within a specific interval. At some point, it will inter-
sect with another curve and will consistently remain either above or below the
intersecting curve. Consequently, for the various sets of interest — namely A;(r) for

jrl<k<e | Xt

instances where 1 > min { l} A’”’”(r) for cases where i > j, and A’”‘”‘(r) for
cases where j>i—we define their corresponding intervals as [gj(r), lj(r)],

[l””"(r)l (r)] and [lm‘”‘(r) » (r)], respectively. It is important to note that some of

these intervals may be empty, and thus, boundary values have to be selected
accordingly.
Remark 1 By deﬁnition max{f.lm(r)} = max{lﬂ. (r)} We denote this largest

boundary as l (r) max{ (r)}. Moreover, it holds that:

Uy [0, 1" 0] = [100.7" )
Ui [T 0] = [100.7" 0]

)

Currently, our model requires extensive notation to accurately represent the
probability function. Nevertheless, the introduction of the subsequent lemma will
streamline the notation required, thereby enhancing the brevity and clarity of our
presentation.

Lemma2 For everyi > j it holds that [1””"(r) I (r)] [gg?”(r)jgm(r)].
Proof: See Supplement S.3.

This lemma not only simplifies our notation but also carries another implication:
. -min
for i > j, the interval [Z]’.”"(r), ll.j (r)] defines the region for realization [ where the

curve marks the upper bound for all realizations w that specify, in combina-

=1
Ei— T m
m=j
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tion with /, all customers who choose to purchase j units. From Lemma 2, we know
that [lmi"(r) Zm’"(r)] = [l’”“x(r) Z’"”(r)] which implies that AI(r) = A (r). By

definition of Am“"(r) the same curve (

Z ) also serves as the lower bound for all

realizations w that, in combination with l represent all customers who prefer pur-
chasing 7 units. Consequently, this curve marks the boundary between two decision
regions (refer to Fig. 1): one associated with customers opting to purchase j units
and the other with those preferring i units.

We can now shorten our notation to li/‘(r) = [g.””(r) = l;;’“x(r) and

Zl-j(r) = Z;in(r) = Z;mx(r). The probability function can be written as:

G 1;@)

P = / s Y / < >fa(l)dl
Plr Z _j m

i® )

J i .
. fithdl forj=1,...,c
l:Ol 100} <Z]m llm)

With this refinement of the probability function, we can better explore how prices
and their variations impact selling probability. This is crucial for determining opti-
mal prices in the state-wise optimization (7). However, some complexity remains
due to the implicit definition of the bounds of the integrals. To address this, it is
reasonable to gain deeper insights into these bounds. One way to achieve this is by
reducing the action space, which will result in a closed-form expression of some of
the bounds.

®)

M
=

4.2 Action space reduction

Upon closer examination of our choice model, it becomes evident that we only need
to consider a specific subset of prices to maximize expected revenue. Consequently,
we aim to refine the definition of the action space R, by excluding prices that do not
lead to a unique outcome in terms of selling probabilities and expected revenues.
By doing so, we simplify our optimization problem without the risk of excluding a
potentially unique optimal solution.

The argumentation for deeming certain prices as irrelevant is as follows: Main-
taining multiple different values for price r; that effectively nullify demand for j units
(.e., pir) = 0) is unnecessary. It suffices to have at least one value for T (depending
ON Fy, ..., Fj_1,Fjys - 1) to preserve the option of pricing out j umts Irrelevant
prices can be identiﬁed by any of the following four criteria.

1. Exclusion of higher prices for smaller batches: We exclude any price r; with
r; > rj; because customers almost surely have a higher willingness-to- pay for
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J+ 1 units than for j units. Therefore, setting r; = r;,, is sufficient to eliminate
demand for j units.

2. Exclusion of prices exceeding batch size threshold: Any price r; exceeding j is
irrelevant, as the maximal willingness-to-pay for j units is j.

3. Exclusion of prices with excessive margins: We exclude any price r; for which

7; _; > 1, since the maximal marginal utility for the j-th unit is one

i~
4, Excluswn of prices with excessive comparative margms We omit prices r; that

satisfy the condition (r; — rj_l)f P> (ry - ) This inequality implies that a
customer with a positive marginal utility for purchasmg the j-th unit has almost
surely also a positive marginal utility for purchasing the (j + 1)-th unit.

The following lemma confirms that reducing the action space based on these four
criteria only eliminates prices that do not result in unique outcomes in terms of sell-
ing probabilities and revenues.

Lemma 3 The search for the optimal price vector can be restricted to the set .

Rcz{rERC:O§r1§m<r <S¢, <jvVj,rp—r <1

1

for j > 2, and (rj—rj_l)-’%‘ < (rj+1_rj)-7 for2§j§c—1}.

Proof: See Supplement S.4.

In Sect. 3.1, we have seen that /, and Zk play a crucial role in calculating selling
probabilities. With the action space reduction, we are now able to shed more light on
the definition of these parameters.

Lemma4 It holds that I (r) = 0, [ (r) = (r, = 1)) ™' = [, (), 2 <k < ¢l (r) =1
forallr e R,.
Proof: See Supplement S.5.

With Lemma 4, we obtain a closed-form expression for /, (r) and Zk A <k<Lo),
which simplifies our probability function. Additionally, the proof of this lemma
shows that lk 1) = [, (r), extending the closed-form expression to these specific
bounds. While the 1rnp11c1t definitions of other bounds, such as /. (r) and l/g (r), gen-
erally cannot be replaced by explicit definitions, we can still explore how these
bounds change with small variations in prices, laying the groundwork for calculating
partial derivatives and finding optimal solutions.

These bounds correspond to the intervals Ak’"ji”(r) and Az;.“x(r) for k > j and are
defined as the intersection points of two curves, provided these intervals are non-
empty (for an illustrative reference, see Fig. 2). By identifying these bounds as
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intersection points, we establish that for every upper bound ij(r) (with a single

exception as noted in Remark 1), there exists a corresponding lower bound lij(r) such
- _ = _ =t
that lk_/ (r) l,_'/‘(r) and an;l/ <f,v-(r))m o (lk/(r))

We now want to discuss the impact of a small price variation, specifically chang-
ing r,, while keeping other batch prices constant. For m € {j, k, i}, this would obvi-
ously shift the location where both curves intersect. However, as long as the price
variation is sufficiently small, it would not affect which intervals are adjacent and

connected at the intersection point, i.e. the equation ij(r) = lij(r) would still hold,

albeit with a different value. For m & {j,k, i}, a sufficiently small price variation
would neither change the matching of ij(r) and Zii(r) nor affect the value of these two
bounds. A

However, there are rare instances of ambiguity that we have not explicitly
addressed. Specifically, when the price vector results in three curves intersecting at
a single point, any two of these three curves can be used to determine the intersec-
tion point. In this scenario, one of the corresponding intervals consists of exactly
one element, which is the intersection point. This ambiguity resolves with even arbi-
trarily small changes in one of the prices r,, associated with these curves, as the
three curves no longer intersect at the same spot, causing the one-element interval to
either become empty or expand to cover an infinite number of elements. In the first
case, we would use the other two curves to determine the intersection point. In the
second case, we would determine two intersection points using the combinations of
the curve belonging to the one-element interval with both other curves. While these
cases of ambiguity are not explicitly covered in the remainder of this section, please
note that they can be easily resolved.

The following remark summarizes the observations above and will come in handy
in the development of optimality conditions.

Remark 2 It holds that:

- nd -
e For every [r) ;eif (r) there is lij(r) such that [;(r) = gi].(r) and

=T ri=r;

=—""5% _  Moreover, ->I (r)= il“(r) for all m and
ZH(—] <lk/(r)> Z;i; (lkj(r)> ar"’ k] 0rm_l]

L1y) = 22 1,0) = O form & {j, ki)

7.

. ;+1(r) /+1/(r) with /+'( ))j = 1. Moreover, — > +1( )— u(r) for all m and
/+I r "
- ]H()——JHJ(r) 0form¢{j;‘+1}.

i

e LN=1, l(r) with = 1. Moreover, —l (r) = o /i, (@) for all m and

o) z

—l()— o l(r) Oform & {j—1,j}.
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4.3 Optimality conditions

With the previous section, we gathered enough information regarding the probabil-
ity function to advance to one of our main goal: finding the optimal solution to (7).
Before we engage in the partial differentiation of the objective function, we first
want to elaborate more on the partial differentiation of probability function (8). The
calculation of %pj(r) varies a little depending on the following three cases: i > j,

i<j,andi=j.

Lemma5 It holds:

l(r)zt llm
1
ool o (Dl
lji(r)z’"zlil <Z ]I ) !

3) F 0 r i=j ,

1;(r)
(1) Fori>j, P,(") / f( xl[m)fi(l)dl
T4
2) Fori<j 2p)= [ <—f
Ii(r) )
0 ki 1 "= i 1 ri =Ty
= b —— |, (hdl - . (Ddl
o0 = K Tl (z i )f‘ lfr>2i,llklmf(2in1klm>"
Proof: See Supplement S.6.

With additional knowledge about the probability function, we now can turn our
focus on the first-order condition. Therefore, we calculate the partial derivatives of
the objective function of (7):

(Zp]m -4, 1(c>))
= pir) + 2 < pj<r)> (r; = AVi1(0)

i-1 lij(r) 1
=p+ Y,

r
: o bl (r;— AV,
Ll oo

()

=1
k=il @ Y

>f1(l) dl-(r; = AV,_,(0))

r
zWl l
rp—

— km>fi(l) dl - (r;— AV, (0)
zm=k !
711(") 1 r;

+

Zm=i

i z,.kf(r) 1 ;

k=01, @ Z;:]k m
(Ohdl-(r;—AV,_(c)

]z+1]‘() Zmlmf< l>fi ( IC)
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While the first-order condition is a necessary condition for local maxima, the
global maximum over a closed and bounded space does not generally need to sat-
isfy this condition. However, the following propositions states that, regardless of
whether the optimal solution lies on the boundary of the action space R, or within
its interior, it always satisfies the first-order condition.

Proposition 1 The optimal solution of (7) meets for every batch size i the first-order
condition:

%(ij(r) (= Ath—l(c))> =0.
i j=1

Proof: See Supplement S.7.

Remark 3 For w ~ U[0,1] the first-order condition simplifies to
0 c
(Z/‘=1l’j(r) (= Asz—l(C))> =2p:r) = (F;(L,,®) = F,(L1))

or;
CWOAYV ()= AV () L OAV(0) = AV, (€)
_zzzi | / kY1 - iV -1 f,l(l)dl+ ;{—:0 / iVr—1 — k-1 f/l(l)dl,
e Tl Lo DI
Lo (™)

Moreover, it holds that Y. p,(r*) = % -/ RN
!k[)(r*) m=0

ALY, (0)

(Ddl. Thus, the overall

selling probability is less than or equal to 0.5 and decreasing with opportunity costs.

In the final period (¢ = 1), there are no opportunity costs, so Proposition 1 applies
with A;V,_(c) = 0 for all j in these states. To conclude this section, we focus on a
scenario without opportunity costs, where both random variables A and @ are uni-
formly distributed. Under these conditions, finding the optimal solution in the final
states further simplifies. Moreover, the optimal solution does not lie on the boundary
of our action space, implying that none of the corresponding selling probabilities are
reduced to zero.

Proposition 2 Let w, A ~ U[0, 1] If A, V,_,(c) = 0 for every k < c, the optimal solu-
tion for (7) is an interior point of R, and fulfills p,(r) = %(liﬂ(r) — [i(r))for every
i<c

Proof: See Supplement S.8.

Although we have formulated the optimality conditions, finding the solution that
fulfills these equations within each state is a difficult task. We are facing a system
with ¢ nonlinear equations that are additionally plagued by integrals and implicitly
defined variables. Many of these challenges arise from the analytical intractability
of the choice model. To address this, we explore a modified optimization problem in
the following section. This alternative formulation is simpler to solve and provides
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an upper bound for the original problem. Notably, under specific conditions, the
optimal solution of the modified formulation also constitutes the optimal solution to
our original problem.

4.4 Modified formulation

In this section, we propose a modification to our choice model, which leads to a
simplified problem that acts as an upper bound to our original problem. The main
aspect of this formulation, however, is the potential for its optimal solution to also
be the optimal solution to the original problem. Specifically, we develop easy-
to-verify conditions for this solution to ensure its optimality with respect to the
original problem.

The modification of the customer choice model involves reducing the competi-
tion between different options. In particular, instead of calculating the probability
that U, = [max {U;}. we now calculate the probability that U, = 1kk+1{ U;}.

Thereby, we reduce competition between available options and, thus only com-
pare four instead of ¢ + 1 options. We denote demand by this modified choice

model as p;"(r) and write p;”(r) = [P’<Uj = k=OEEZ}§J+1{Uk}> > p;(r). A state-wise
optimization with pj’."(r) therefore serves as an upper bound to (7).

Technically, through the modification, the choice model is no longer a choice
model. By summing up all probabilities, we get a value greater than or equal to 1,
ie. jC=o pj’.”(r) > Z]C=0 p;(r) = 1, which does not satisfy one of the main properties of
choice models.

Similar considerations as in Sect. 4.3 lead to the following remark.

Remark 4 When p,’.”(r) is used instead of p(r), Propositions I and 2 still hold.

This modification significantly reduces complexity in our choice model (see Sup-
plement S.9 for an exemplary calculation of pJ’.”(r) for a scenario where
w, A ~ UJ0, 1]), thus improving the determination of the optimal solution 7" for the
modified formulation compared to finding the optimal solution of the original prob-
lem. Utilizing the fact that the modified model constitutes an upper bound to the
original model, it suffices to verify that its optimal solution r” is feasible for the
original model and results in the same objective value. To facilitate this verification,
we propose an approach that avoids the exhaustive checking whether pf(r’”) = p,(r'")
for every j. Instead, we introduce a set of straightforward and verifiable conditions,
designed to simplify the process of proving r"’s optimality for the original model.

-end -end
Proposition 3 If r fulfills lj (r)§1j+1(r) for every j, with 1 <j<c, then
PIr) = py(r) for every |

Proof: See Supplement S.10.
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Remark 5 The conditions of Proposition 3 are satisfied by linear pricing schemes.
Additionally, piecewise linear pricing schemes, where a distinct price is set for the
first unit and a constant marginal price applies to any additional unit, also satisfy
the conditions of Proposition 3.

In our numerical study, we calculated the optimal solution for the modified model
for every combination of 7 < 40 and C < 120, with w, 4 ~ U[0, 1]. The conditions
of Proposition 3 were always satisfied, showing that, in these instances, the opti-
mal solution obtained from the modified model is also optimal for the original prob-
lem. However, our numerical study reveals that solving each state of the modified
model leads to long computation times for medium-sized problems (see Sect. 6.2).
Therefore, we aim to address these drawbacks by developing efficient and effective
heuristics.

5 Heuristic design

Dynamic pricing decisions often need to be made online and in real-time. Given the
long computation times required to find the optimal solution, we developed three
heuristics to tackle the dynamic optimization problem (5). These heuristics aim to
compute well-performing policies efficiently, with short runtimes, ensuring practical
applicability in dynamic nonlinear pricing scenarios.

In this section, we introduce three heuristics to address the dynamic optimization
problem (5). Two of these approaches, presented in Sect. 5.1, build on the results
of Schur (2024) and use the optimal solution in a setting where the firm has access
to customers’ private information, i.e., their base willingness-to-pay and their con-
sumption indicator, respectively. The third approach, presented in Sect. 5.2, can be
described as a decomposition in units. Thereby, we allow customers to buy the j-th
unit of the product without buying the units 1,2, ...,j — 1. Even though this does
not reflect reality, it constitutes an easy to solve optimization problem, enabling us
to devise batch pricing strategies for the original problem based on the solutions
obtained.

5.1 Approaches 1 and 2: expected optimal batch prices

We can efficiently compute realization-dependent optimal batch prices r;,(c|w) and
ri,(c|l) for realization w and /, respectively. Technically, these realization-dependent
batch prices are themselves random variables, raising the following idea: By calcu-
lating the expected value of these realization-dependent optimal batch prices, we
construct a policy for optimization problem (5).

Both approaches follow the same idea, differing only in the determination of the
realization-dependent optimal batch prices: r;(c|w) for Approach 1 and r;(c|l) for
Approach 2. Beyond this distinction, both approaches follow the same subsequent
steps. Consequently, we will explain the remaining steps without distinguishing
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between both approaches and write r;(c|x) instead of r;(c[w) and r;(c|l) to denote
the realization-dependent optimal batch prices.

This framework is applicable across a wide spectrum of distribution functions,
including, but not limited to, uniform, triangular, normal, exponential, Weibull,
Gumbel, and gamma distributions, along with their truncated versions, albeit with
some constraints on parameter selections. Notably, for scenarios where w ~ U[0, 1],
Approach 2 provides a closed-form expression for the realization-dependent optimal

batch prices: ri(cll) = %(ij_:lo F+AVE 1(c)>, with

.....

Building on these realizations-dependent optimal batch prices, we compute
expected optimal batch prices:

1
Jrielo - Lejan e f (0)dx
i) =

- forj=1,...,c 9)

{ Ljen e} f(¥)dx

More precisely, this formulation results in conditional expected optimal batch
prices, where we only take realizations of A and w into account that lead to pos-
sible economic sales, i.e. ry ,(c|) — r;(c|) = AthE_l(c + 1 —j). Other realizations
are economically irrelevant and can distort results, given the lack of a clear pricing
strategy in these cases. Thus, these events where we refrain from selling are not used
to compute our policy.

Except for the scenario where we have a closed-form expression of r;(c|l), we
resort to numerically calculating r;(c|x) for several realizations x to accurately
derive r;f(c) (in Sect. 6, we use a sample size of 100; for an analysis of the tradeoff
between accuracy and runtimes, refer to Supplement S.11). Finally, we calculate the
expected revenue-to-go derived by expected optimal batch prices rj’f (o)

W@=me@y@m+%@<®+C—ZmW@QWﬁ@
J=1 j=1

(10)
with the same boundary conditions as the original problem (5).

Remark 6 By using suboptimal batch prices, we get a lower bound to optimization
problem (5). Thus, it holds that V,(c) > VtE(c) for every (¢, c).

We sum up the first two heuristics that are based upon the idea of expected opti-
mal batch prices by the following pseudo code:
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Pseudo code Approaches 1 and 2: Expected optimal batch prices

Input: time horizon T, starting stock C

Output: batch prices for every batch size j and state (t, c): rj’;r(c)

1. Initialize V§ (c) = 0 for every ¢ = 0,1, ..., C and V£ (0) = 0 forevery t = 0,1,...,T > initialize
boundary conditions

2. Fort=1,2,..,T do > loop over time horizon
2.1. Forc=1,2,..,Cdo [> loop over capacity
2.1.1.  Calculate rj’i(c) foreveryj =1,2,..,c > calculate expected optimal batch prices
2.1.2.  Calculate V¥ (c) with (10) > calculate expected revenue-to-go

5.2 Approach 3: decomposition in units

Our next algorithm employs a decomposition strategy. The basic idea is that custom-
ers have the flexibility to buy the j-th unit of the product even though they might not
buy units 1 to j — 1. As every unit of the product is the same, there is no distinction
between the Ist, 2nd or j-th unit other than the number customers have already in
their basket. Thus, this decomposition is merely theoretical without having immedi-
ate practical applicability. However, it results in a greatly simplified optimization
problem. A hypothetical customer now faces ¢ distinct binary decisions instead
of one decision with ¢ + 1 options. This, in turn, enables us to solve ¢ distinct and
rather simple independent optimization problems instead of one complex problem.
With this simplification, we can derive batch prices that can form a policy to address
optimization problem (5).

To consider this decomposition, we must change the customer choice model.
Customers still strive to maximize their utility. But, instead of purchasing j units if
and only if U; = iigaxc{Uj} with U, = 0 denoting the no-purchase option, they

decide for every single unit whether they want to purchase it or not. This decision is
based upon whether the additional willingness-to-pay for the j-th unit is at least as
high as the additional price the customer has to pay, Ii.e.
Xi—-X_=w- w'> r; — r;_y. If the customers decide to purchase the j-th unit,
they must pay r; — r;_;. For example, for given batch prices, a customer might only
be willing to purchase the second and fourth unit due to the willingness-to-pay
curve. In this case, the customer pays (r2 - rl) + (r4 - r3) to get 2 units of the prod-
uct in total.

The decomposition approach reduces the complexity of the choice model. The
model itself becomes easier as the decision between several options is broken down
to several binary independent decisions. This method avoids the need to determine
a single price vector that encompasses all batch prices and to predict the customer’s
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response to this vector comprehensively. Instead, the firm’s pricing strategy is
divided into ¢ separate decisions, each focused on setting the price for the j-th unit,
while considering the probability of its purchase (which happens solely based
on its price). Therefore, the decision variable becomes the price of the j-th unit,
rPi = r; — rj_;. The optimization problem we are now focusing on is given by:

Z(g%{mvm)O“—Aﬁﬂw—v—mﬂ>+ﬁhd’ (11)

with pP7(rP/) denoting the probability that a customer is purchasing the j-th unit of
the product and VD _,(c) denoting the expected revenue-to-go.

Probablhty pDJ(rDJ) only depends on 7P/ and can be calculated by
pPI(rP7) = / / 13000y 0. D, 0 (D il = / 1—-F ( a l)f,l(l)a'l Optimi-

zation problem (11), which is the sum of ¢ smgleumt dynamlc pricing problems,
greatly simplifies the search for the optimal solution. With rf)"(c) denoting the opti-
mal solution to (11), we can use r]l? (c) = Z/l.zl r,D “(c) to design a policy for the origi-
nal optimization problem (5). Lastly, applying our original probability function
pj(r), we calculate the expected revenue-to-go derived by rJ’f (c):

VP© = X py(r2@) - (1@ + V2 e =) + | 1= X py(rP@) ) - V2 0.
J=1 j=1

(12)
The boundary conditions are again given by Vé) (¢) =0 for ¢ > 0 and V”(0) =
fort > 0.

Remark 7 By using suboptimal batch prices, we get a lower bound to optimization
problem (5). Thus, it holds that V,(c) > VtD (c) for every (t, ).

The heuristic can be summed up by the following pseudo code:

Pseudo code Approach 3: Decomposition of units

Input: time horizon T, starting stock C

Output: batch prices for every batch size j and state (¢, c): r‘f’ (c)

1. Initialize VP (c) = 0 forevery ¢ = 0,1, ...,C and V2 (0) = 0 forevery t = 0,1,...,T > initialize
boundary conditions

2. Fort=1,2,..,T do [> loop over time horizon
2.1. Forc=1,2,..,Cdo > loop over capacity
2.1.1.  Solve optimization problem (11) to get rtD'] (c) forevery j = 1,2,..,c  [> calculate optimal

price for the jth unit for every j

2.1.2.  Calculate 7y, Do) = E{ lrt (c) forevery j =1,2,. [> calculate proxy for
optimal batch prices
2.1.3.  Caleulate V2, (c) with (12) > calculate expected revenue-to-go
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6 Numerical studies

In this section, we evaluate the performance of the heuristics introduced in the
previous section by comparing them with the results of the optimal solution. This
analysis offers insights into the effectiveness of the proposed heuristics and their
ability to deliver well-performing policies across various scenarios. We assess
the revenue potential of different pricing schemes by comparing the following
mechanisms:

e Opt: This mechanism employs the optimal solution to (5) (facilitated by Sect. 4)

e E(JA) and E(w): These mechanisms are based on the concept of expected opti-
mal batch prices (Sect. 5.1).

e D: This mechanism is based on a decomposition in units (Sect. 5.2).

e FA: This mechanism employs a static policy based on the optimal solution of
a fluid approximation (refer to Supplement S.12)

e S: This mechanism solves a standard singleunit dynamic pricing problem and,
thereby, ignores the fact that customers might be willing to purchase more
than just one unit. As a singleunit dynamic pricing procedure results in a price
for only one unit of the product, we then extend it in a linear manner to get
batch prices.

e [: This mechanism solves (5) but with the additional constraint that batch
prices follow a linear pricing scheme, i.e. r; =j - ry for every j. This simplifies
the optimization problem by reducing it to a single decision variable.

e PL: This mechanism solves (5) but with the additional constraint that batch prices
follow a piecewise linear pricing scheme, with ryand r; = (i — 1) - (r, = ry) + 1
for j > 2.

Besides our heuristics, we selected FA as a benchmark because the static policy
derived by the solution of a fluid approximation is asymptotically optimal. Compar-
ing FA and Opt highlights the advantage of dynamically adjusting batch prices over
time. Notably, the analytical results from Sect. 4 facilitate finding the optimal solu-
tion to the fluid approximation. Additionally, we included S and L in our numeri-
cal studies, as they highlight the importance of considering multiunit demand (by
comparing the results of S and L) and nonlinear pricing (by comparing the results
of L and Opt). Both mechanisms result in a linear pricing scheme, which mirrors a
common pricing structure often observed in retail when no special volume discounts
are applied. These schemes also have the benefit of being easy-to-communicate.
Mechanism S is conducting standard dynamic pricing and, thus, ignoring multiunit
demand. In contrast, firms that recognize customers may purchase more than a sin-
gle unit are likely to adopt mechanism L, as this is the obvious choice without spe-
cialized optimization problems that merely exist in literature. The last mechanism,
denoted as PL, leads to a pricing scheme with a simple structure, making it easy
to implement in practice. In this scheme, the firm only needs to quote a price for
the first and a price for subsequent units. Thereby, PL offers a balanced approach,
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combining the applicability of pricing schemes like those from S and L with the
potential performance advantage of nonlinear pricing schemes.

Every mechanism provides a policy that contains batch prices. To evaluate
the mechanisms, we perform simulation studies. We choose the setting for our
study similar to Gallego et al. (2020), resulting in the choice of T =1, ...,40,
C =1,...,120, and the uniform distribution of w and A, i.e. w, A ~ UJ0, 1]. This set-
ting forms the basis for all subsequent analyses in this section. We generated 10,000
customer streams in advance and applied every policy we derived from the mecha-
nisms to these streams separately. One simulation run consists of a complete sales
process containing 7 specific customers and a batch price quoted in every period
(depending on the capacity left) according to the mechanism investigated. After
observing the decision of the current customer, a new batch price is set for the next
customer. Repeating this procedure until the end of the selling horizon leads to a
total revenue for this simulation run. By averaging the total revenues from 10,000
simulation runs, we obtain a mean revenue for each mechanism. Since all mecha-
nisms are evaluated using the same 10,000 customer streams, their simulated rev-
enues are directly comparable. To assess the reliability of the mean revenues as an
approximation for the expected revenues, we analyze the 95% confidence intervals in
Supplement S.13 and find them to be very tight. The experiments were implemented
using MATLAB version R2022a and conducted on a PC equipped with an Intel
Core 19-12,900 processor and 128 GB of RAM, running Microsoft Windows 11.

In Sect. 6.1, we present the simulated revenues of all mechanisms and compare
them to the revenues generated by the optimal solution. Thereby, we observe that
mechanisms D and E(w) yield the highest revenues, with E(4) performing slightly
less effectively. Notably, a piecewise linear pricing scheme also performs remark-
ably well. In Sect. 6.2, we analyze the runtimes of all mechanisms, highlighting the
varying levels of efficiency across them. Finally, Sect. 6.3 discusses selling strate-
gies and evolutions of batch prices of the two best performing mechanisms, D and
E(w).

6.1 Comparison in terms of revenue earned

In this section, we show the simulated revenues of the mechanisms for the investi-
gated scenarios. To shorten tables and give a more lucid overview of the study, we
provide only a subset of the studied settings in the following table.

Table 1 shows simulated revenues of all mechanisms with C € {1, 30, 60, 90, 120}.
For C = 1, every mechanism (except of the static policy derived from FA) performs
identical as there is not enough stock to sell more than one unit, and thus, the con-
sideration of multiunit purchases is not possible. As we can see, the developed heu-
ristics (mechanisms E(-) and D) are also able to calculate the optimal price for the
singleunit case. The more capacity, the higher the importance of attending custom-
ers’ demand for more than one unit. This can be seen by comparing mechanisms S
and L where the only difference between those mechanisms is that L is aware of cus-
tomers’ multiunit demand while S is ignoring it. Except C = 1, L is outperforming S
in every scenario. This holds all the same for the cases we did not incorporate in this
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paper. On the other hand, L is dominated by our heuristics. Even though E(-) and D
are only heuristics while L finds optimal linear batch prices, the advantage of set-
ting nonlinear batch prices (like E(-) and D do) is overcompensating the incapability
to solve optimization problem (5) to optimality. Mechanism PL falls between our
heuristics and mechanism L in terms of revenue earned. While the gap between D
and PL is notable, PL performs very well overall, suggesting that this easy-to-com-
municate pricing scheme could offer a reasonable trade-off between simplicity and
performance. Finally, when comparing our heuristics to each other, we can observe
that E(A) results in the lowest expected revenues while E(w) and D are performing
nearly identical.

Applying E(-) and D is clearly beneficial in comparison to L and even more so to
S. To get a feeling for the performance of all mechanisms, we present the simulated
revenues as a percentage of the optimal objective value of optimization problem (5).
Therefore, we divided the simulated revenues received from each mechanism by
the revenues from Opt, thereby showing the percentage every mechanism obtains.
These percentages are shown in the following figure. In Table 1, we have seen that
E(w) and D are performing nearly identical. Thus, we opted to only show the line of
D representing both mechanisms. We let the ordinate start at 0.8 to demonstrate dif-
ferences between the curves more clearly.

Figure 3 shows the same order in the mechanisms for every capacity like Table 1,
ie. D>E>PL>L>S. The only exception is FA, whose revenues surpass the
simulated revenues of two other mechanisms (S and L) as capacity increases. This
behavior indicates that the disadvantage of employing a static policy decreases with
higher capacity. The gap between Opt and any other mechanism is increasing in
capacity. However, all heuristics (especially D and E(w)) are very close to the opti-
mal objective value of optimization problem (5) and, thus, are very good approxima-
tions. In each scenario, mechanism D achieves more than 99.6% of the optimal mean
revenues, highlighting this mechanism’s excellent performance. Finally, we note that
our heuristics are performing remarkably better (with a small plus for D) than the
mechanisms that result in a linear pricing scheme, L and S, although a piecewise
linear pricing scheme is not far behind. Overall, D and E(w) are outperforming E(A)
particularly for higher capacities.

Moreover, Fig. 3 reveals an unusual behavior for mechanism S compared to the
others (particularly mechanism L, which is its most similar mechanism). Since
mechanism S ignores multiunit demand, it suffers from two opposing effects: it

Table 1 Revenues for C < 120, 7 = 40, and w, A ~ U[0, 1]

T =40 Opt E(}) E(o) D FA S L PL

c=1 0.91 0.91 0.91 0.91 0.80 0.91 0.91 0.91
Cc=30 16.29 16.18 16.23 16.27 14.89 15.12 15.74 15.94
C=60 24.17 23.81 24.06 24.12 22.82 22.16 22.86 23.53
C=9 29.17 28.56 29.02 29.08 27.80 2524 27.32 28.39

C =120 32.66 31.83 32.50 32.54 30.98 27.02 30.43 31.85

@ Springer



Heuristic solutions for nonlinear dynamic pricing in the... 1209

underestimates future demand (leading to prices that are too low at low capacities)
and simultaneously misses opportunities to actively influence purchase quantities
(resulting in prices that are too high at high capacities). At an initial capacity of
C = 40, the opposing effects in mechanism § partially cancel each other out, yield-
ing prices similar to those of mechanism L (which anticipates multiunit demand) as
the influence of both effects diminishes at moderate capacities.

6.2 Comparison in terms of runtimes

In the previous section, we demonstrated the effectiveness of mechanisms D and
E(w) in finding near-optimal policies, alongside strong performance by our third
heuristic and the piecewise linear pricing scheme. To assess their efficiency, we
compare the runtimes (in seconds) required to compute these policies.

Table 2 presents the runtimes of all mechanisms described in Sect. 6 for the set-
tings C € {30,60,90,120} and T = 40. While the optimal linear solution (L) can
be computed efficiently in seconds (< 107s), finding the optimal piecewise linear
(PL) and nonlinear solutions (Opt) takes significantly longer, ranging from hours
(£97916s =~ 27.2h) to several days (<416,419s ~ 4.82d), respectively. Given
that dynamic pricing often needs to be optimized in real-time, these mechanisms are
impractical for real-world applications due to their slow runtimes.

In contrast, our heuristics are substantially faster, with runtimes ranging from under
36 s (E(4)) to less than 26 min (E(w)). Mechanism D, despite its near-optimal rev-
enues, runs in about 2.5 min—10 times faster than E(w) and 636 times faster than PL.
This makes D the best trade-off between speed and performance. For scenarios with
stricter runtime constraints, £(A) is the most viable choice due to its exceptional speed.

Figure 4 illustrates runtime scaling with problem size, where (C,T) = (3 - i, i) for
i=1,...,40. Mechanism E(w) shows the steepest runtime increase, reflecting its high
sensitivity to problem size. Mechanisms D and E(A) scale more moderately, demon-
strating greater robustness. Unlike these mechanisms, FA computes a static policy
through a single optimization, yet it is more sensitive to problem size than D and
E(4), suggesting that the growing number of prices disproportionately impacts FA’s
performance.

Fig. 3 Performance of all
mechanisms relative to the
optimum for C < 120, T = 40,
and w, A ~ U[0, 1]
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|- = =E(\)
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Table 2 Runtimes [s]
for C <120, T =40, and

@, 4~ U[0,1] C=30 5360 4 71 11 15 <1 10 1829
C=60 49440 11 345 41 76 <1 28 13277
C=90 176392 21 848 90 211 <1 60 42,833
C=120 416419 36 1546 154 336 <1 107 97,916

T=40 Opt E(A) E(w) D FA S L PL

Fig.4 Runtimes of heuris- 1500 f— -E oy '
tics and fluid approximation Ew)
for (C,T) = (3i, i), where D
P ~ FA
i=1,...,40,and w, A ~ U[O, 1] 1000
£
|
=
= 500
O L. b —. ET R el — e Il il |
6\ A _AD O _ 99D 0\ 6\ W)
5°) o\ N P ¥ 2 o P«
OO o @70 @7 a0

states (C, T)

6.3 Selling strategies and pricing paths

Since both heuristics, D and E(w), result in near optimal revenues, we analyze their
strategies to gain insights into the behavior of well-performing policies. Therefore,
we have a closer look at the simulated mean revenue and mean purchases at every
point in time. We perform this (and any following) analysis on a smaller setting, to
enhance the visibility of effects, and start the observation in state (C, T) = (20, 10).
Figure 5 illustrates the revenues earned and units purchased in each period, averaged
across all customer streams. For each stream, we apply the policies derived by our
mechanisms, record the outcomes for each period as the system transitions between
states, and compute the overall averages.

Although D and E(w) perform similarly overall, their strategies clearly differ. Fig-
ure 5 shows that D is superior to E(w) in terms of mean revenue at the end of the
selling horizon, while the opposite is true at the beginning. Mean revenues of each
heuristic are decreasing over time. While D remains relatively stable throughout
the whole selling process, the curve representing E(w) is declining at a more pro-
nounced rate. Comparing both strategies to the optimal policy reveals that D closely
mimics the behavior of the optimal solution, with mean revenues in each period
closely aligned.

Mean purchases are around 1.5 for every mechanism. The curve for E(w) declines
over time, while the curves of the other two mechanisms remain relatively stable.
Throughout the entire selling horizon, E(w) sells more units than the other two
mechanisms. D and Opt are selling similar quantities, with D consistently slightly
below Opt in each period. This suggests that E(w) prices units lower than the opti-
mal policy, while D appears to price them slightly too high.
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To summarize, mechanism D closely aligns with the optimal mechanism, mir-
roring mean revenues and mean purchases over time. In contrast, mechanism E(w)
adopts a more aggressive pricing strategy, selling more units than D and the optimal
policy over the entire selling horizon, seemingly by offering lower prices.

This pattern is also evident in Fig. 6, where we have depicted the evolution of
batch prices for the scenario where no customer makes a purchase. Specifically, the
figure shows batch prices in the states (c,?) for ¢ =20 and ¢t = 10,9, ..., 1. In the
figure, the lowest curve corresponds to the price for a batch of size one, the sec-
ond-lowest line represents the price for a batch of size two, and so on. Over the
entire selling horizon, mechanism D quotes higher prices than mechanism E(w).
Additionally, prices from both mechanisms are decreasing over time. Despite the
distinct approaches used to calculate rf’ (¢) and rf(“’)(c), the resulting curves share a
similar structure, indicating an underlying structure well-performing policies have in
common.

Batch prices for small numbers of units are virtually linear in batch size (apart
from the first unit, the second, third, etc. units cost nearly the same). For large num-
bers of units, batch prices are convexly increasing in batch size. With a concavely
increasing willingness-to-pay curve, these pricing schemes automatically prevent
selling a large batch or even the whole stock (C = 20) to only one customer. Finally,
it is notable that prices for small batches merely change over time whereas prices for
big batches noticeably decrease.

In Fig. 5, we have seen that both heuristics result in selling processes where a
customer purchases approximately 1.5 units on average. Therefore, we also want
to examine the evolution of batch prices in a scenario where alternately two units
and one unit are sold, starting with a purchase of 2 units in # = 10. As a result, we
analyze the states (c, r) = (20,10), (18.,9), (17.8),..., (6,1). As the firm cannot offer
batches that are not covered by capacity any longer, most of the curves are termi-
nated during the selling horizon.

The pattern the curves draw looks nearly the same for both heuristics. Batch
prices obtained by E(w) are lower than those obtained by D. The gaps between batch
prices are nearly same-sized for smaller batches (again, starting with the two-unit

0.7
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| 2
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> 2
S 3 1
: =
2045 g
041 5 05t -
03sk e Ew)| | e E(w)
— Opt — Opt
0.3 0 —
0 9 8 7 6 5 4 3 2 1 0 9 & 7 6 5 4 3 2 1
period ¢ period ¢
Fig.5 Mean revenues (left) and mean purchases (right) at every point in time, ¢ = 10,9, ...,1 with

C =120,and w, A ~ U[0, 1]
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Fig. 6 Evolution of batch prices without a purchase for D (left) and E(w) (right) over t = 10,9, ..., 1 with
C =20,and w, 4 ~ U[0, 1]
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Fig.7 Evolution of batch prices with purchases at every period for D (left) and E(w) (right) over
t=109,...,1withC =20, and w, A ~ U[0, 1]

batch) and are increasing for bigger batches. After selling, batch prices for bigger
batches increase. This effect is more pronounced after selling two units in compari-
son to selling one unit. It is a well-observed pricing behavior in (standard) dynamic
pricing that prices increase after a sale took place. However, this only holds par-
tially in our multiunit setting as prices for small batches usually decrease slowly and
steady over the selling horizon.

In conclusion, we have observed two notable effects in Figs. 6 and 7. First, prices
for small batches (relative to the remaining stock) decrease over time, regardless of
whether a sale takes place or not. This holds for the discussed settings with a rea-
sonably large stock, i.e., % = 2. In scenarios with a small stock, i.e., g = 2, prices
for small batches do not always decrease from one period to the next; to maintain
brevity, we have excluded the corresponding figures. Second, prices for small and
medium batches increase approximately linearly with batch size, starting from the
two-unit batch. This linearity explains the strong performance of a piecewise linear
pricing scheme observed in our numerical study. Such a pricing scheme is easy to
communicate, as the firm can quote two prices—one for the first unit and one for
each additional unit—instead of a long list of prices for every possible batch size.
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7 Conclusion

In this study, we introduced a nonlinear dynamic pricing model, based on a cus-
tomer choice model that captures two-dimensional customer heterogeneity in terms
of product attraction and consumption inclination. Despite the complexity of the
resulting probability function, we were able to simplify it by leveraging structural
properties and removing irrelevant batch prices from the action space. We then pre-
sented optimality conditions for the state-wise optimization model. Additionally,
we introduced a modified model that, under certain conditions, yields an optimal
solution that is also optimal for the original problem. However, finding the optimal
solution for the state-wise optimization model remains computationally challenging.
To address these difficulties, we developed three novel heuristics: one that uses a
decomposition approach and two that calculate expected optimal prices.

In our numerical study, two heuristics performed exceptionally well, with an opti-
mality gap of less than 0.4% and 0.6%, while the third heuristic was only slightly
behind. Moreover, they significantly outperformed other mechanisms. The results
also highlight the revenue potential of nonlinear pricing, allowing firms to compare
straightforward pricing schemes, such as linear and piecewise linear pricing, with
nonlinear pricing. We further analyzed both best performing heuristics and found
several interesting characteristics of well-performing pricing policies: In cases with
reasonably large stocks (in our setting with, e.g., % > 2), batch prices for small
batches are slowly decreasing over time. This is particularly interesting as it is an
indicator that changing prices at a lower rate (not after every customer) might still
perform well in the presence of multiunit demand. This makes the obtained poli-
cies also applicable in settings where the firm cannot sustain frequent changes in
batch prices due to, e.g., technical reasons, customers’ reluctance, or strategic con-
siderations. On the other hand, in scenarios with a limited stock (in our setting with,
g > 2), the importance of nonlinear pricing is declining, whereas a typical (stand-
ard) dynamic pricing structure becomes more and more relevant.

Another finding is that batch prices are nearly linear for low- and medium-sized
batches starting with the two-unit batch. This explains the strong performance of
a piecewise linear pricing scheme in our numerical study, which has the benefit of
being easy-to-communicate. Instead of displaying a long list containing prices for
every possible batch size, the firm could quote two prices—one for the first unit
and one for additional units. Computing the optimal piecewise linear pricing scheme
efficiently remains a challenge at this stage.
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