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Incorporating non-unitary income elasticities, choke prices and
choke incomes into applied general-equilibrium models

James R. Markusen
Department of Economics
University of Colorado, Boulder
https://www.colorado.edu/faculty/markusen

Abstract

Traditional applied general-equilibrium (AGE) models have always faced trade-offs between
analytical and computational tractability and counter-empirical restrictions. One is the
assumption of homothetic preferences implying unitary income elasticities of demand,
significantly inconsistent with data. Similarly, there is no “choke” income level, below which a
certain good is not purchased and there is no choke price above which a good is not purchased,
implying no changes in the extensive margin of trade. Here I exploit what I will label a Stone-
Geary Modified (SGM) formulation. This produces a model in which there are non-unitary
income elasticities, choke income levels for some/all goods, and choke prices. The second
approach modifies CRIE (constant relative income elasticity) preferences which are preferred for
modeling income elasticities, but don’t by themselves permit choke income and prices. While
other authors have explored these properties in alternative ways, both my approaches have
considerable advantages for high-dimension simulation models in that they retain CES structures
and functional forms so that they can slot right into existing modeling formats. They require
only small modifications to off-the-shelf cost and expenditure functions, and therefore goods
and factor demand functions via Shepard’s lemma. Unobserved parameters can be calibrated
from observed data and econometric estimates.
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1. Introduction

High-dimension applied general-equilibrium modeling (AGE) is now 50+ years old, with
theoretical and algorithmic roots going back further. A good history of where we were at that
point is provided in Shoven and Whalley (1984). It is fair to say that these early efforts had to
impose strict limits as to the types of microeconomic features that they could incorporate. An
important broadening of model sophistication was Harris’ (1985) addition of scale economies
and imperfect competition into the more traditional Walrasian, Arrow-Debreu paradigm. A
second major development at about the same time was the formulation of an alternative approach
based on complementarity developed by Mathiesen (1985), who extended the mathematical
programming (optimization) theorems of Karush (1939) and Kuhn and Tucker (1951) to
economic equilibrium problems. This alternative was then computationally operationalized by
Rutherford (1985, 1995) in his software mps/ge (mathematical programming system for general
equilibrium).

Many limitations remain of course, some due to data restrictions with others due to a lack
of insights as to how to convert empirically-relevant features into algebra and code. The purpose
of this paper is to try to make progress on two constraining restrictions that are clearly counter-
empirical. The first of these, in no particular order, is the continuing reliance on homothetic
preferences and related assumptions on the production side. This assumption implies that
consumer budget shares depend only on prices and not on income: all income elasticities of
demand are unity. Simple functional forms, CES in particular, allow for solutions to unit cost
and expenditure functions depending only on prices, with the further feature that the application
of Shepard’s lemma to these costs functions give unit demands for goods and factors. These
features immensely simplify the construction of high-dimension general-equilibrium models by
neutralizing a critical endogeneity between trade, prices and per-capita income.

Data do not support this convenient assumption. Empirical estimates of income
elasticities showing significant deviations from unity are presented in Caron, Fally and
Markusen (2014, 2020), with further estimation and counter-factual simulations showing
important quantitative effects on trade volume and factor prices from incorporating non-
homotheticity. Table 1 is from Caron, Fally and Markusen (2014) which lists estimated income
elasticities for the GTAP data base, sorted in order from smallest to largest. The sample
statistics (mean and standard deviations) on the right show a rather substantial departures from
unity. Sectors, with an acknowledged bit of arbitrariness, are classified into primary,
manufacturing and services. A simple OLS regression of income elasticities on 0-1 dummies for
the three aggregate sectors given at the lower right seem to coincide with intuition: primary
sectors have the lowest income elasticities, manufacturing in the middle, and services having the
highest.

In addition to the issue of significant changes in budget shares as incomes rise, the
homotheticity assumption does not allow for “choke” income levels below which certain goods
or services are not purchased. This is clear counter-empirical since the world trade matrix is full
of zeros (export from country i to country j in good k). The general tradition in AGE modeling



Table 1: GTAP Sectors and Income Elasticities:
Caron, Fally, Markusen QJE 2014

GTAP sectors Income elasticities
primary manufac services
Cereal grains nec 0.110 X
Paddy rice 0.254 X Unweighted mean and
Processed rice 0.352 X standard deviation
Sugar cane, sugar beet 0.433 X
Animal products nec 0.444 X Mean 0.916
Bovine cattle, sheep and goats, horses 0.458 X
Vegetable oils and fats 0.545 X Standard
Sugar 0.588 X deviation 0.342
Forestry 0.623 X
Vegetables, fruit, nuts 0.640 X Mean plus
Petroleum, coal products 0.664 X X one SD 1.258
Beverages and tobacco products 0.667 X
Textiles 0.707 X Mean minus
Food products nec 0.777 X one SD 0.573
Dairy products 0.826 X
Electricity 0.848 X
Mineral products nec 0.874 X
Chemical, rubber, plastic products 0.880 X
Construction 0.880 X
Wheat 0.883 X Regression of income
Fishing 0.886 X elasticity on sector 0-1 dummies
Oil seeds 0.889 X
Crops nec 0.893 X coefficient standard error
Air transport 0.929 X Primary 0.646 0.066
Water transport 0.932 X Manufac 0.903 0.061
Machinery and equipment 0.938 X Services 1.115 0.078
Wood products 0.970 X
Transport equipment nec 0.981 X Adjusted R2 0.899
Leather products 0.981 X
Transport nec 0.990 X
Metal products 0.992 X
Bovine meat products 1.023
Public Administration and services 1.033 X
Motor vehicles and parts 1.034 X
Water 1.039 X
Paper products, publishing 1.044
Meat products nec 1.052
Wearing apparel 1.057
Recreational and other services 1.075 X
Electronic equipment 1.094
Manufactures nec 1.095
Trade 1.106 X
Raw milk 1.118 X
Communication 1.152
Business services nec 1.324
Financial services nec 1.331
Plant-based fibers 1.339 X
Insurance 1.392 X
Wool, silk-worm cocoons 1.420 X

Gas manufacture, distribution 2.221 X X
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is to simply hold initially-zero cells fixed at zero when doing counter-factuals. Thus there can be
no changes in trade at the extensive margin in simulations. Without in any way demeaning their
important contributions, this was embodied in the Armington (1969) assumption and in the
popular Eaton-Kortum (2002) approach. These formulations also imply that any good that has a
positive entry in the trade matrix can never go to zero. In the terminology of this paper, there is
no “choke” income level for produced and traded goods.

The second assumption that defies reality and one closely related to the absence of choke
income levels is the absence, by assumption, of choke prices above which a good is not
purchased. I’'m sure that this is well understood, but a feature of CES preferences, not
withstanding their great advantages, is that the demand price for a good goes to infinity as the
quantity goes to zero even with elasticities of substitution (much) greater than one. So any good
produced anywhere in the world will always be imported be every single country no matter how
high the tariff or transport cost. Again, the exceptions are trade cells initially zero and
constrained to remain zero in running scenarios.

Panel A of Figure 1 tries to provide a motivating example of why non-unitary income
elasticities are important for general-equilibrium counter-factuals. Suppose that points A and B
are observations on the per-capita income of two households/countries at the same set of prices
for goods X, and X,. There are two very different ways of calibrating these data to preferences.
One, which I believe is the normal way in general-equilibrium modeling, is to assume that the
countries have different, but homothetic preferences. If the countries’ per-capita incomes grow
in the same proportion, the Engel’s curve for the sum of their purchases moves out along the
steeper line shown. On the other hand, if we assume that the countries have identical but non-
homothetic preferences, then equal growth in their incomes moves aggregate consumption out
along the flatter (not necessarily linear) income curve. Beginning with the same data, the two
options will generate very different counter-factual results.

My first alternative proposes and analyzes a simple framework that allows for (a) non-
unitary income elasticities of demand, (b) choke income levels below which a good is not
purchased, and (c) choke prices above which a good is not purchased. These then allow for rich
possibilities in counter-factuals including changes in the extensive marginal of trade (trade from
ito j in good k switching on or off), reversals in the direction of trade, and an important role for
per capita income in explaining trade flows.

My formulation is a straightforward modification of traditional Stone-Geary preferences
(a great review and extensions to the AIDS formulation is in Deaton and Muellbauer (1980)).
Where as the Stone-Geary version has traditionally used negative parameters subtracted from
consumption purchases and interpreted as minimum consumption requirements (e.g., Markusen,
1986), my version uses positive endowment parameters which could be thought of as
(unobserved) fixed endowment goods which are perfect substitutes for the produced and traded
goods." This very simple idea implies that goods with large endowment parameters relative to

'No one has to watch 3.5 hour NFL or NCAA American football games. “Free” (endowment)
substitutes include going for a walk, hike, or cycle, birdwatching, playing with your kids, etc.



Figure 1: Stone-Geary Modified

Example: endowments X1E >0, X2E =0
X1 has income elasticity of demand > 1, X2 income elasticity < 1

Panel A: Calibrate (per capita) observations A and B
Homothetic but non-identical tastes
Non-homothetic but identical tastes

Engels curve:
X2 A, B calibrated to
homothetic but non-
identical tastes

Engels curve:

A, B calibrated to non-
homothetic but
identical tastes

X1

Panel B: Engels curves at prices P1*, P2*

X2 X2

SGM Engels curve at CRIE Engels curve at
prices P1*, P2%, prices P1*, P2*
endowment X1E >0

X2 = M*/P2*

X1 =0 U (X2*, X1E)

X1 X1
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their utility shares have income elasticities great than one, and have maximum choke prices and
minimum choke income. Any good with a positive endowment substitute has a choke price.
This preference specification has been previously used by Markusen (2013), Simonovska (2015)
and Jung, Simonovska and Weinberger (2019). The latter two papers are more focused on price
elasticities whereas this current paper is more interested in income elasticities.

My second alternative is to use CRIE (constant relative income elasticities) preferences,
an idea that has a long but small history: Hanock, (1975), Chao, Kim and Manne (1982). But
they have only been exploited to my knowledge in Fieler (2011) and Caron, Fally and Markusen
(2014, 2020) in trade models. These preferences are preferred for analyzing income elasticities
in data where there are large differences in per-capita income across households or countries, but
they do not allow for choke income and prices. There is some commonality to my SGM version,
in that the CRIE version uses endowed sector-specific fixed factors which, combined with
purchased goods, map into consumption goods. The two approach can be combined, but I will
avoid that here except for making the computer code available for such a case.

I hope that these formulations are of considerable value to researchers working with AGE
models, either structural or calibrated. The reason is that both my offerings retain CES
preferences with all their advantages in large simulation models. As noted above, these include
simple solutions to cost and expenditure functions and then the easy derivation of closed-form
goods and factors demand equations via Shepard’s lemma. Another advantage of my alternative
for empirical/simulation analysis is that all functions are globally regular, making it an attractive
choice for simulating large changes in trade costs, technologies, natural disasters etc.

There have been many contributions focusing on non-homothetic preferences over the
decades, and a few focusing on choke prices or incomes. But I am not aware of any that treat
these simultaneously in the same model framework (references welcome!). Linder (1961) is an
important early work that focuses on the role of per capita income in explaining trade in non-
primary products, although there is no formal model in his work. Some of the earlier work that
did formalize the role of per capita income were Markusen (1986), Bergstrand (1990) and Hunter
(1991). After an apparent gap, interest reappeared in the new millennium with contributions by
Matsuyama (2000), Fieler (2011), Markusen (2013) and Caron, Fally and Markusen (2014,
2020). For large-dimension simulation models, CRIE’s usefulness has been limited by the fact
that there are no close-form solutions for cost or demand functions, but I have found a work-
around that retains all the features of CES.

Some other valuable contributions in this same time period include Simonovska (2015),
Fajgelbaum and Khandelwal (2016), and Bertoletti, Federico and Simonovska (2018), Jung,
Simonovska and Weinberger (2019) and Matsuyama (2019). These papers generally focus on
different issues not closely related to this current paper (e.g., industrial-organization and income-
distribution questions) and/or also use alternative preferences (e.g., indirect additivity) which do
not lend themselves to multi-sector general-equilibrium models.

The three papers by Simonovska and co-authors just mentioned do feature choke prices.
Wales and Woodland (1985) is a significant early contribution which is unfortunately unknown
to trade economists. Wales and Woodland uses quadratic preferences which are also not easy to
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accommodate in large AGE models. Much more recently, Eaton, Kortum and Sotelo (2013),
Gandri, Lu and Shi (2023) and Anderson and Zhang (2025) focus on the econometrics of
endognizing zeros. Like Wales and Woodland, these combine theory and estimation, but are
perhaps not particularly easy to slot into large simulations models. Fajgelbaum and Khandelwal
and Anderson and Zhang use an AIDS formulation derived from Stone-Geary. While this is
useful for estimating parameters to calibrate AGE models initiallly, it is not appropriate for
general-equilibrium simulations because (a) some goods will have predicted expenditure shares
greater than one and others negative predicted shares and (b) adding up is violated in counter-
factuals. I explain this in a short appendix.

2. Stone-Geary-modified preferences, demand, income and price
elasticities

First, let’s consider the basics in just a partial-equilibrium framework: prices and money
income held constant. For each purchased good, there is an unobserved perfect-substitute
endowment good (some of which may be zero). This is the notation for the simple case used to
derive demand functions, and price and income elasticities of demand.

Non-negative variables

X,  amount of good i purchased from the market (p for purchased)
X,  amount consumed: purchase plus endowment (c for consumed)

D;. implicit consumer price of good i - equal to p, if X;,> 0, less if no i purchased

e price index for ces substitute goods
MT  total “income” including the value of the endowments
w welfare (utility)

Parameters
X,  perfect substitute endowment good X;, > 0, can’t be traded (e for endowment)
D; market price of purchased good i - parameter in partial equilibrium model
B substitution parameter
a, share parameters on the goods
c elasticity of substitution among goods

M money income that can be spent in the market - parameter in the PE model

The modified Stone-Geary (SGM) welfare (utility) function is a simple case, but the
quantities of each good are the sum of the purchased amounts plus the perfect substitute
endowment good.

=X ‘szp-l-)(ie)ﬁ B

i

0<o<l, -w<Bp<1, Yo=1, X, 20 (1)

Definitional equations for X; consumed (sum of purchases and endowments), elasticity of
substitution o, income including the value of endowment.



‘Xviczj(ip-l—)(ie (;:1_1[3 MT=M+Epic‘X;e (2)

CES price index giving the cost of one unit of welfare.

e =

1
> a?p,S“’)]l“’ 3)

Demand function for X,

Xe = Xp+X, = (a/p;)° e’ ' MT Xp> 0 <= (@/p,) e 'MI > X, (4)

Figure 1 Panel B shows this basic two-good case where X, > 0 and X,, = 0. Prices are
(28729} X, 1s constrained to be non-negative, so the Engel’s curve for observed purchases
runs up the X, axis to the choke point, and then is linear as show holding prices constant. At

income and prices M*, p,’, p, the solution is X, =0 %, M*/p, and X, =X,

s/

The SGM formulation automatically ensures that no endowment is sold. Multiple
through byp, and sum over i.

Y pXe = Y (5p, “)e°'MT = e' e 'MT = MT (5)

Z @, Xp + PiXe) = M+ ZpicXie (6)

Thus market purchases equal money income so adding up is always (globally) satisfied.

Zpichp = Zpinp = M (7)

Note that it will be the case thatp,, = p, if X, > 0 (perfect substitutes X,and X, will
have the same price if there are market purchases X, > 0). The implicit price p, will be less

than the market price p, if no market is purchased: X, = 0.

Equation (4) can be used to solve for the “choke” income level, the value of M below
which there is no X purchased at given prices, and also for the choke price above which no X is
purchased for the income level and other goods’ prices. For good X, these values are implicitly
given by



(@/p e ' (M+X pX,) < X, => X,=0 (8)

The Cobb-Douglas case with ¢ = 1 makes this easier to interpret

X, =0 <= “1(M+ZpiXie) < P, )

with the choke income level M* give by

pl‘)(le
Z pi)(ie

M* is strictly positive for good X, iff its value share of the endowment is great than its utility
weight, otherwise there is no choke income level. For a good with X,, = 0, there is no choke
income level.

M; = Max l(Plee" o) pX,), 0 M >0 <=> > o (10)
o, i

From (9) (Cobb-Douglas), the choke price for X, given M and the prices of the other
goods is given by

al(M + E pj‘X;'e)

j=i

(1 B al))(le

pl* = Min , T pl* < +o0 <=> )(1e > (0 (11)

A particular simple case for capturing the intuition occurs when good 1 is the only one with a
positive endowment.

. o, M

P = —— special case with Cobb-Douglas, only X, > 0. (12)
(1 B al))(le

As noted above, bottom left of Figure 1 shows this basic case where X,, > 0 and X,, =0
(nothing in the picture relies on Cobb-Douglas). The Engel’s curve runs up the X, axis to the
choke point, and then is linear as show holding prices constant.

Now turn to income elasticities of demand. The expenditure on all X; consumption
(purchased plus endowment) as a share of all income (M7 = money income plus endowment
income) is given by

6 _1l-o
pic‘X;c _ aipic _ _ _
MT - E c 1-06 - si pic‘Xvic - pl(:(‘XvIp + ‘X:e) - Si(M + Zl: pic‘Xvie) (13)

ai pic

There is one qualifying limitation here: the share defined in this way is the share of total
consumption including the endowment quantity X;. = X;, + X, in total income including the



7

endowment income. That is not the quantity of X and the money income M observed in the data.

The amount of purchased, X, is given by

s;.M SiZi DX
i + - )(l.e (14)

pic pic

LetX,, = s;M/p, denote the purchase of X; under homothetic demand with no
endowments. Note also from (14) thatX;, is the asymptotic amount of lepurchased when M

grows arbitrarily large. Alternatively, s; is the marginal share of added income spent on X;,.
Equation (14) then implies that the purchase of a good is less than what it would be under
standard homothetic preferences (X;) when the following holds:

s.M X
_SMoy o s Piethie o o (15)

X e
& p ic ” Ei p ic)(ie l

The amount purchased X, is less than the amount under homothetic preferences (all X, = 0) if
the share of X,, in endowment value is greater than the marginal share spent on X, .

The income elasticity of demand for purchases of X;, with respect to (money) income M
is found from (14).

M X, s;M (16)
X, dM s M + S,-E,- Pi X ~ P X,

dX, X
MZ 51 < Pele o (17)
X, dM > Pk

Note that the right-hand inequalities in (15) and (17) are the same. The income elasticity of
demand for X, is great than one if the share of X,, in endowment value is greater than the
marginal share spent on X, . For example, with two goods and a positive endowment for only X,
the income elasticity will be greater than one for X, and less than one for X,. But (16) also
implies that all the income elasticities converge to one as (money) income becomes large. This
property is specific to the Stone-Geary formulation, but for all non-homothetic preferences the
income elasticities of demand for high elasticity goods must fall toward one as income grows
large. This is required by the budget constraint, and the algebra will be presented later.

The derivation of the own price elasticity of demand for the purchases of good X;,
(money income held constant) is more complex since p,. appears a number of times in both the
numerator and denominators of (14). The price elasticity of total consumption including the
endowment and holding MT constant (or assume zero endowments, same thing) is given by a
fairly well-known formula (MT = M + E P X.,)

1



%P P, dX,
X, = ——MT -—=—2 = [0 -s,(06-1)] (MTheld constant) (18)

- > P ° Xyp APic
i
The step-by-step derivation for the zero-endowment homothetic case is found in my pedagogic
article Markusen (2023). But for data purposes, we want the price elasticity of purchases, X;,
and allow for MT to change with the price of the good. A short appendix to the paper shows that
price elasticity of purchased X;, allowing MT to change with p,_ is given by

= _r [ (c-1)] + (1 )o—~= [ (c-1)]
-g = - = [6 - s.(0- +(1-5))0 > [6 - s,(0- = -g,
v X, dp,. ' X, ' th

p

(19)

where ¢, , the term in square brackets, is the formula for the own price elasticity under zero

endowments as noted in (18) (4 for homothetic).

Perhaps to make it a little more intuitive: the Cobb-Douglas case ¢ = 1, where from (14)
s; reduces to s; = a;, (19) is given by

D dXip

X
- = = 1+(1-a)—=2>1=-¢g, Cobb-Douglas: 6 =1, s, =0, (20)
Xy AD;, X,

i i
ip

As the price of X; rises, X;, falls, and so the price elasticity of demand becomes larger (more
negative) in both the general and Cobb-Douglas cases . The price elasticity approaches -1 as the
price falls toward zero (X, heads toward infinity) and equals -1 with zero endowment as is well
known for Cobb-Douglas. In the general case (19), the formula approacheseg,, as the price falls

to zero if (but not only if) o > 1, both because X;, heads toward infinity and because s; heads to
one.

3. Small open-economy general-equilibrium model

I begin with a very simple, straight-forward case to illustrate the determination of choke
prices and income. There are two goods, X, and X, with prices p,, and p,,, and two factors of
production L and K in inelastic supply, with (endogenous), prices p, and p,. One consumer with
fixed non-traded endowments X,, and/or X,, with X|, and X, being perfect substitutes for the
produced and trade goods respectively.

The country faces fixed world relative prices for traded goods X, and X, (no Armington
product differentiation). If a good is not purchased (not produced or imported), then its consumer
price p,;. will be determined by its endowment substitute only and will be less than the world
price: the cost inequalities for domestic production or imported X; are strict.

Several other added variables and notation are as follows. Over bars indicate fixed
values.



c,(ppy)  c,(pppy) C,(D.5 Py, UNit cost functions for X, X,, and W

partials give unit demands for X,, X,, and W by Shepard’s lemma
T, T, activities which export X, for X,, X, for X, respectively

the ratio of inputs to output is the world price ratio
tot parameter which give world price ratio p,,/p,, in the T activities
CONS consumer income including value of endowments

The model given below consists of 19 weak inequalities with 19 matched non-negative
variables. These are divided into three blocks. The first are pricing inequalities derived from
optimization conditions, the direction being marginal cost greater-than-or-equal to price, with the
complementary variable being the output of that activity. Note that welfare is just treated as a
produced good with price p,,, the consumer price index (cost of buying one unit of utility).

Price inequalities (e.g., marginal cost > price) quantities as complementary variables
ca(PPy) 2 Py L X (21)
co(PppY) > Py - X, (22)
Dy 2 Pye L X (23)
P2 2 P L X, (24)
Pxie 2 Puic + Xie (25)
Pize 2 Prx - Xoe (26)
pfot > p, 1 T, (27)
P, 2 Dylot 1 T, (28)
CyPyicrPr2d) 2 Py, < w (29)

The second block are market-clearing inequalities, with their direction being supply
greater-than-or-equal to demand. The complementary variables are always prices. It is
important for the modeler to emphasize that these good and factor demands on the right-hand
side must be consistent with and derived from the cost functions above via Shepard’s lemma.

Market clearing (e.g., supply > demand) prices as complementary variables
X, 2 X, - Ty, + Tyltot i ) (30)
X, 2 X,, + T, - Ty,tot i Dy, (31)
‘}(117 + lee 2 acw/apxlcnl + Priec (32)

X, + Xy, 2 dc,/op,,, W i Doe (33)
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e 2 X, ; Pue (34)
b, 2 X, L P (33)
L > dc,,/op, X, + dc,,/dp,X, 1 D, (36)
K > dc,,/dp, X, + 9dc,,/dp X, 1 Dy (37)
W= CONS/p, 1 )2 (38)

The final block is income-balance inequalities. Here there is just a single one for the
representative consumer. This is effectively just a definitional equation, since it could be
substituted into the market-clearing equation for welfare just above.

Income balance - consumer income is the complementary variable

CONS > pL + p,K + p_ X, + p,X, L CONS (39)

4. A calibrated example with simulations

The following matrix represents a micro-consistent set of initial values for this model.
Columns are inputs and output for the sectors of the model including the “production” of welfare
and consumer income. Rows are markets with outputs (supplies) positive and inputs (demands)
negative. Micro-consistency means that all row and column sums should be zero. There are two
features to note. The first is that [ have calibrated the model to zero trade initially (no
Armington differentiation, so this is possible). Second, X, has a large amount of its perfect
substitute endowment good, p,,. = 150, while p,,. = 1. This spread is much greater than the
difference in consumption shares, so good X, will have an income elasticity of demand greater
than one and vice versa for good X;.

| Production Sectors Trade Welfare Consumer
|
| X1 X2 X1P XI1E X2p X2E TX21 TX12 W CONS
Markets |
PX1 | 100 -100 -0 0
PX2 | 100 -100 0 -0
PL | -25 =75 100
PK | =75 =25 100
PW | 351 -351
PX1C | 100 150 -250
PX1E | -150 150
PX2C | 100 1 -101
PX2E | -1 1

These values then allow for the numerical calibration of the cost functions for the two
goods and welfare. For simplicity and clarity, I’1l just impose Cobb-Douglas functional forms
on the goods and welfare. The matrix of values then gives us the numerical versions for
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producing X;, X, and welfare IV .

0.25 0.75 0.75 0.25
cx](p[’pk) =D P cxz(plapk) = Dy Dy (40)

These give unit factor demand equations in (36) and (37) by Shepard’s lemma as follows.

oc , . de , _
xzépz Py _ 0-25P10'25 1, ’?.75 x1;pz Py _ 0-75p10'25p ;).75 1 (41)
P, Py
oc , _ de , _
<2 (P> Py = 0.75p7 "1 p0% 2 (P15 PY) = 0.25p 7 p0% ! (42)
op, op;

The cost (expenditure) function for producing one unit of utility is given by
o —
C,(Pe1o>Pize) = Prto 'Pre o, =250351 O, = 101/351 (43)

Shepard’s lemma give the unit commodity demand functions for producing a unit of W in (43) as

acw(pxlc’px c) 0,-1 « acw(pxlc’px c) 0 0y-1
I = 0Py Pae e = OGPyl (44)
apx]c aprc

Figure 2 presents results for this model. Panel A and B loop over the size of the
economy, increasing the endowments of labor and capital in the same proportion while holding
the levels of the endowment substitutes constant. Panel A focuses on purchased level of good
X, with the high income-elasticity of demand (high endowment substitute), expressing results in
shares of income (observed M, labor and capital income). The share of X; production is
constant due to the small economy assumption. The vertical dashed line is the choke income
level for X, consumption, so in additional to consumption being zero, all production of X; is
exported. As per-capita income rises, consumption of X, gradually increases once choke
income is passed and trade gradually shifts from exporting all X,. The curves pass through an
autarky point and then the direction of trade switches to importing X;.

Panel B of Figure 2 graphs the income elasticities of demand for X, and X,,. When
income is below the choke level for X, the income elasticity for X,,is equal to one. When the
choke level is first passed, the income elasticity of demand for X is (locally) infinity (at choke
income the denominator of (16) is zero) This elasticity falls steeply, and the two income
elasticities gradually converge toward one as discussed and shown above.

Panel C of Figure 2 graphs an increase in the relative (world) price of X, relative to X,
At the low price at the left edge, the economy is specialized in the production of X,. All
consumption of X, is from imports (which of course equal consumption). As the relative price
of X, continues to increase that good is produced and eventually the direction of trade reverses.
Those results are completely “normal”. What is different is that we eventually reach a choke
price level in which the consumption of X, goes to zero. All production of X is exported.
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5. CRIE preferences, demand, income and price elasticities

Now we turn to a similar model in many respects, but now preferences are changed to
what we have labeled CRIE, constant relative income elasticity. In simple terms, a CRIE

function is like a CES with different exponents on different goods: W = Z X,.yi 0<y,<1.

I present a very simple version of the model in order to develop the intuition and clearly
show its principal properties. The model is a two-final-good, two (conventional, observed)
primary factors. It is a small, open economy facing fixed world prices, which can be adjusted as
counter-factuals. Each produced and traded good is a perfect substitute in trade for same good
from the (not-modeled) rest of world.

As noted in the introduction, these preferences have been around for a very long time.
CRIE has the advantage that income elasticities do not all converge to one even with large
differences in per-capita income. But it has been the view that they are awkward to use in
general-equilibrium models since there are no closed form solutions for cost/expenditure and
demand functions. In addition, the formulations used in Fieler (2011) and Caron-Fally-
Markusen (2014, 2020) do not allow for elasticities of substitution across sectors to be less than
one, which seems to be another counter-empirical restriction. That will not be the case here.

I have come up with a trick to model CRIE preferences in a way that retains constant-
returns, homothetic CES functions so that these preferences slot right into AGE models. There
are parameters which we will refer to as sector-specific factors that create the non-homotheticity.
They are not observed in the data. The observed goods are combined with the specific factors in
fixed supply to produce “utility goods”, analogous to the aggregate utility goods produced from
different varieties in Armington models or monopolistic competition. CRIE preferences do not
allow for choke income and prices. However, the latter can be done by adding the SGM
endowments to this formulation. More on that later. I have tried to make this formulation as
close as possible to the SGM version, with the specific factors conceptually functioning similar
to the endowment goods of SGM.

Notation for quantity variables:

X, production of good 1 - observed in data
X, production of good 2 - observed in data
Xip domestic purchases of good 1 - observed in data

X5 domestic purchases of good 2 - observed in data

TX,, trade activity exports X, in exchange for X,
TX,, trade activity exports X, in exchange for X

K, labor and capital used to produce X;
L, K, labor and capital used to produce X,
L K total fixed labor and capital - scaled up/down to change the size of the economy
R, specific factor used by the Y, sector - fixed supply - not observed in data
R, specific factor used by the Y, sector - fixed supply - not observed in data
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Y, utility good produced X, and R, - Cobb-Douglas - not observed in data
Y, utility good produced X, and R, - Cobb-Douglas - not observed in data
w welfare produced from Y, and Y, - CES

The following are the key properties of the production, consumption, and trade with the
rest of world for the two-sector model.

X, = LK™ X, = LYK L-L+L, K=K +K, (45
X, = X, -IX,, + IX,, X, = X, -IXy +TX), (40)
U‘x a" U‘x u’f
Y, = XpR" Y, = X0R” a4, (47)
p pN1/ 1 c-1
wo= (¥ + )" e<psl o=—— p= (48)
- P
All production activities have constant returns to scale (CRS), which greatly facilitates
computation in large models, especially using Rutherford’s mps/ge.
The relationship between o, ; and o, determines which good has the higher income
elasticity. Letting R, = R, = 1 for simplicity, /¥ can be written as
Y Y
w = (*lel + ng)l/p Y1 = POy, Y, = PO, (49)

If p > 0 or equivalently o > 1, then the good with the higher a will have the higher
income elasticity of demand. However, if p < 0 or equivalently ¢ < 1, then the good with the
lower o will have the higher income elasticity; e.g., X, has the higher elasticity with a lower a

because its exponent is less negative: po,, < pa,; < 0.

Notation for price and income (%ot = p,_,/p,,):

DPxi price of production good X,

Po price of production good X,

Dxip price of the observed consumption good X,
Dxp price of the observed consumption good X,
Pa price of the endowment good R,

P price of the endowment good R,

Dy price of consumption good Y,

Dy price of consumption good Y,

Pw consumer price index (unit expenditure function)
12 price of labor

D price of capital

CONS representative consumer income
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CRIE, as its name suggests, has the nice feature that the ratio of income elasticities
between two goods is constant, which could aid greatly in calibration. Let p,,, and p,,, denote
goods price, held constant here. Maximize utility subject to a budget constraint with income M
and Lagrangean multiplier A.

max W = (X, + )Y st M = p X, + p,X. (50)

2p
Sy, X - Apy, = 0 Sy, X2 —dp, =0 8= (1/p)XD + X!

An increase in M is proxied here by a change (fall) in A. Hold prices constant. Forming the
ratio, A and d cancel out, giving

Yy~ 2 Y2 -1
d‘)(lp/dk _ pxlp ’Y2(1 _’YZ)XZ; d‘)(lp/)(lp _ px]p 'YZ(1 _'YZ)‘X;;

- - (52)
dpldh Py (1-ypxp " Koy Py 1oy
¥y -1
X
@L”l = 1 from the first-order conditions (51)
v -
prp Y, )(1pl
Xmp/le ) 1-vy, (53)
dsz/sz 1-7v
X, /X
— 5 ify,>0 and vy, >y, or v,<0 andy <v,
dsz/sz
or alternatively
dX, /X
i AN | fp>0 and a,;>a, or p<0 and a,<a, (54)
dsz/sz

This relationship is verified in the simulations, both forc>1 (0 <p<1l)ando <1 (p <0).

Next, consider the effect on demands of an increase in income M holding the prices of
the two goods constant.

_ _ d‘lep dXZp
M = pxlpAflp + prpX2p 1 = pxlpd—M + px2p dM (55)
1 p xlp)(lp Xmp/ le + p x2p1Y2p dXZp/ X2p ( 5 6)
M dM/M M dM/M
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Let s, denote the expenditure share on good i and let ni denote the income elasticity of demand
for good i. Equation (56) reduces to

Y sm =1 i=1,2 (57)

Note that, although the ratio of income elasticities is constant as noted above, there levels cannot
be constant as M increases (unless all income elasticities are one - homothetic preferences). As
the expenditure share of the good with the high 1 increases with income, the n’s cannot remain
constant or (57) is violated. Both income elasticities must fall, maintaining their ratio, as income
grows. Note that this coming exclusively from the budget constraint: it has nothing to do with
the particular specification of preferences. Equation (57) is verified in the simulations.

Now consider the effect of increasing the price of good 1 holding income and the price of
good 2 constant. While the algebra that follows here is not specific to any type of preferences, it
is useful to help interpret simulation results to follow.

M = p X, * PupXop dc;lii = X, + px]p% + szp% =0 (58)
1+ Dy Xmp . DrapXop | Pxip dsz _ 1 dM _ 0 (59)
X, dpx]p Py Xi, | Xy dpx]p X, dpxlp
g, %821 = -1 g - elasticity of demand for X, wrt p,, (60)
x1
Z s, = —8; <0 M constant or economy specialized in producing X,  (61)

In general, we expect the own-price elasticity to be negative. However, the cross-price elasticity
could be negative as well: with a low elasticity of substitution between goods, the effect of the
price increase holding income constant could lead to a fall in demand for both goods and indeed
this must be the case with a zero elasticity of substitution.

Suppose that the economy is specialized in X, so that M = Py where the over bar is

the end of the production frontier. The (60) and (61) remain valid in that a change in the price of
X, has no effect on M.

Suppose instead that the economy is specialized in X, so that M = p_ IP)?I. Now the

right-hand side of (xx) is no longer zero.

_ v dM v 1 dm _ ‘)?1 px]p)?l 1
R O 5 A
pxlp 1p px]p 1p px]p 1p xI
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s, 1

& * S—2821 = -1+ . (63)
xl xl

Z s, = —8s;+1 20 economy specialized in producing X, (64)

As seems intuitive, the response of demands to an increase in the price of good 1 are
larger - less negative or even turning positive - if the economy is specialized in good 1 that if it is
specialized in good 2. The effect of the increase in the price of good 1on income when the
economy is specialized in good 1 is positive while it is negative if specialized in good 2. Note
that in this case, the price elasticities of both goods can be positive. This will be confirmed in
the simulations.

The bottom right-hand diagram in Figure 1 gives a (hand drawn) picture of the Engels
curve for the CRIE case. As noted, these preferences by themselves do not allow for choke
income and prices, but they have significant advantages in that the income elasticities do not
converge to one, particularly relevant for goods with low income elasticities. It is hard to
swallow these goods having unity income elasticities at high levels of income.

The next section gives the inequalities and complementary variables for the small-
economy general-equilibrium model in the same format as the SGM model in (21)-(39). I have
tried to construct the model in a manner that stay close to the SGM formulation and indeed, as
I’1l comment later, the two can be combined with both endowment goods and specific fixed
factors.

5. CRIE small open-economy general-equilibrium model

Price inequalities quantities as complementary variables
¢ (PpPy) 2 Py L X (65)
c,(pppy) 2 Py 1 X, (66)
Dxp 2 Pup L X, (67)
Py2 2 Pyyp L X, (68)
pyptot 2 p, + Ty (69)
D, 2 Dylot i T, (70)
C1Puips D)) 2 Py - Y, (71)
C(PegpsPrd) 2 Py L Y, (72)
Cy y]’pyZ) z p, L w, (73)
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prices as complementary variables

X, 2 X, - T, + Tpy/tot

X

p
-P

X
X,
L

K
R,
R,
Y,
Y,
w

>

\%

\%

\'

v

v

v

v

v

X,

dc,,/0p,;, Y
acyz/apxzplf2

+ T,, - T),tot

dc,,/op, X, + dc,/dp,X,

dc,,/op X, + dc,/0p. X,

dc,,/9p,, Y,

3c,,/9p,, Y,

dc,/op, W
acw/apyzW

> CONS/p,,

Income balance

+ Py
+ Py
€ Py
L Py
1 D;
L Dy
+ Py
+ Pz
1 Py
L Py
L D,

(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)

consumer income as complementary variable

CONS > pL + pK + p, R +Pp,R,

L CONS

(85)

The initial calibration of the model is as follows, with a micro-consistent set of numbers
requiring row and column sums equal to zero. As in the SGM case, I calibrated it to zero trade
initially. The share of the specific factor in Y, is lower than in Y, so that, with an elasticity of
substitution greater than one, Y, is the sector with the higher income elasticity of demand.

Production Sectors

Consumer

Markets
PX1
PX1P
PX2
PX2P
PR1
PR2
PY1l
PY2
PW
PL
PK

X1 X1p

100 -100
100

-25

=75

X2 X2p Y1 Y2
-100
100 -100
100 -100
-25
-75
125
175
-75
-25

Trade Welfare
TX21 TX12 10)
-0 0
0 -0
-125
-175
300

Figure (3) presents a simulation of a case with the elasticity of substitution ¢ between Y,
and Y, in (48) equal to 2.5. Panels A and B correspond to the results shown in panels A and B of
Figure 2, looping over the endowment size of the economy. Endowments of the specific factors
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are held fixe as L and K increase, similar to holding the endowment goods constant in SGM.

Panel A of Figure (3) shows how the income shares of X, consumption and production
change with per-capita size. The production share of X, is constant by virtue of the small-
country assumption. The dashed line is the autarky size and also the calibration point as just
noted. At a small size, X, is exported while at large size it is imported. The vertical distance
between the production and consumption lines is the share of imports or exports. Panel B of
Figure (3) give the income elasticities of demand for the same per-capita income experiment. As
noted a couple of times, a feature of CRIE is that these income elasticity differences persist over
a much larger range of income and the good with the low income elasticity of demand never
rises (and of course doesn’t approach one) contrary to SGM.

It is certainly not a surprise that a high-income country specializes in consuming the
income elastic good. I should note that the result here that this maps directly into the direction
and balance is trade is not general however. Fieler (2011) and especially Caron-Fally-Markusen
(2014, 2020) show that in models with much richer production structures, high income countries
are relatively specialized in the production of (skilled-labor-intensive) goods that are also the
high income-elasticity goods, so those countries may export the high income elasticity goods.

Figure (4) shows the effect of increasing the terms-of-trade, the relative price of good X.
I don’t want to spend much time on this because the results are very similar to what we would
get from a case with homothetic preferences. Panel A shows that the income share of production
has bounds where there is no X, produced on the left (specializing in X)) to specializing in X, and
the right: this of course depends on domestic and foreign goods being perfect substitutes. The
income share of X; consumption declines with its rising relative price due to the elasticity of
substitute being greater than one. Again, these results would be the case in any Heckscher-Ohlin
type of model.

Panel B shows the price elasticities of demand for X, and X,. The cross-price elasticity of
demand for good X, is always positive, indicating that the goods are gross substitutes. The non-
monotonic curve for px1 reflects the discussion about price elasticities presented above;
specifically the dependence of the own-price elasticity on the income effect which in turn
depends on the direction of trade. When the economy specializes in X, on the right-hand side of
the figure, the strong positive income effect of a further increase in p,,, leads to a significantly
smaller reduction in demand than one the left-hand side.

My CRIE formulation allows for elasticities of substitution between sectors to be less
than one, which I believe is supported by empirical evidence (literature references in Heblich,
Redding and Zylberberg (2025)). This does require a re-calibration if X is to remain the good
with the high income elasticity as discussed above, specifically now a larger Cobb-Douglas share
of the specific factor R, in X;. The results don’t differ much from those I just presented for ¢ =
2.5, so I won’t show them here. The code and figures for a case with ¢ = 0.5 are included with
my supplementary materials. The only qualitative different with the low elasticity of substitution
occurs in the experiment of increasing the price of X;. Now the share spent on X, increases with
the price, but this would also be true with homothetic preferences, so I don’t think that further
comment is warranted.
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Figure 4. Small open economy - fixed world prices
CRIE preferences - loop over relative price of X1
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6. A Note on Calibration Challenges

Potential difficulties for calibrating either SGM or CRIE preferences to large multi-sector
models seem formidable. A thorough analysis of these challenges is beyond the scope of this
paper. However, this section will present a brief outline of how this might be done for CRIE
preferences using available data and literature estimates for some parameters. Calibrating the
endowment parameters in the SGM is a straightforward task of solving the system of equations
in (17) where the left-hand side income elasticities are known from literature estimates and the
endowment parameters are the unknowns. The shares s, can be calibrated from expenditure data.
However, for the SGM case, the important task is determining the degree of unprofitability of
initially-zero trade links, something left for future work.

The CRIE example I will use here assumes that there are five sectors. After discovering
a number of “roadblocks”, I found I need to break out one sector and treat it as a “numeraire”
sector in order to remove degeneracy of the solution. In math programming terms, degeneracy is
multiple equilibria and are all the same in real terms but causes computational difficulties and
indeterminacy. We are all familiar with this insofar as we know that fixing one price in general-
equilibrium models is needed to avoid indeterminacy of the price level. Let j denote a set
indexing the five sectors. Set i(j) is a sub-set, consisting of sectors 2-5 with sector one
considered the numeraire.

Sets  j sectors {1...5}, i(j) equal subset of sectors {2...5}, sector 1 “numeraire”

The following are the parameters of the calibration model. While made up here, these are
knows from data or literature estimates: a vector of income elasticities, the expenditure share
across sectors, the elasticity of substitution among the five final goods, plus one parameter that is
simply picked by the modeler in order to avoid an indeterminacy. This parameter is the total
share of the fixed factors R in benchmark income.

Parameters
N literature estimate of income elasticity for sector i, divided by the
literature estimate for sector 1
8;5 8 expenditure share of sector i
c elasticity of substitution across sectors, p = (6 -1)/0
s, share of fixed factor R in total income (picked by modeler)

Variables to be solved for are as follows, using the same notation as in the CRIE section of the
paper.

Variables to be solved for

N My income elasticities consistent with Engels aggregation
Yis Y1 givenby y; = pa,;
o, 0, share of good X; in producing Y,

The first difficulty is that the literaure estimates of income elasticites as in Caron, Fally
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and Markusen (2014) will not satisfy the Engels aggregation condition (from the budget
constraint) in (57) for most/all countries given their different expenditure shares. So the task is
to modify the literature income elasticities for a country to (a) retain the relative values of those
elasticities from the estimated ones, and (b) set the levels of those elasticities to satisfy Engels
aggregation given each country’s vector of expenditure shares. This is done by solving five
equations in the five modified income elasticities using the Engels condition to solve for the
income elasticity of the sector 1.

n/m; = My L n; (86)

dosm +smy = 1 L m (87)

i

Note that these five equations can be solved first and separately from the other unknowns. From
the ratio of now-known income elasticities, the values of y for industries 2-5 can now be solved
from (53) above.

n,/m; = (1-v)/(1-y) L Y; (88)

But an indeterminacy remains, and needs to be pinned down by specifying some
relationship between the v, and p in the utility function (50) (with CES, all the vy, =p). I have
chosen to pin down the levels of the v, by setting the expenditure-weighted sum of the shares of
the specific factor in each industries (equal to @, = (1 - a;)) equal to the aggregate shares of

the specific factors in total income denoted s,. In the Table that follows, I arbitrarily uses, = 1/3

which is its value in the simulations in the previous section.

Z (1-a,)s;, +(1-0,)s = s, L Y, (89)

Note that the value of s, does not affect the modified income elasticities of demand. The final

step need for the calibration is to set thea, ; equal to the formula in (49).

o, = Y, (6-1)/o 1 a, (90)

X J

Equations (88), (89) and (90) are solved as a simultaneous system (in the code, I solve all
equations (86)-(90) together as a single solve).

Table 2 gives some simulation results to show how this procedure works. In all sets of
numbers, the three right-hand columns are made-up parameter values, but all could come from
data and literature estimates in real data. The top two sets of results use a value 6 = 2.5. The
first solutions and the second for 6 = 2.5 use different expenditure shares across sectors. The
first use equal expenditure shares across the five sectors while the second has expenditures
concentrated on he lower income-elasticity goods. We could imagine that the first set represents
a high-income country and the second represents a low-income country.



Table 2: Example of calculating/calibrating ALPHA input shares
from known data for CRIE preferences

Known from data and/or literature

estimates

ETA GAMMA ALPHAX RELETA EXPSH SIGMA

Sector 1 0.833 0.290 0.484 1.00 0.20 2.50
Sector 2 0.917 0.355 0.591 1.10 0.20 2.50
Sector 3 1.000 0.409 0.681 1.20 0.20 2.50
Sector 4 1.083 0.454 0.757 1.30 0.20 2.50
Sector 5 1.167 0.493 0.822 1.40 0.20 2.50

alternative expenditure shares
ETA GAMMA ALPHAX RELETA EXPSH SIGMA

Sector 1 0.866 0.315 0.525 1.00 0.20 2.50
Sector 2 0.952 0.377 0.629 1.10 0.40 2.50
Sector 3 1.039 0.429 0.715 1.20 0.15 2.50
Sector 4 1.126 0.473 0.788 1.30 0.15 2.50
Sector 5 1.212 0.511 0.851 1.40 0.10 2.50
EXPSH Observed data on expenditure shares across sectors
RELETA Relative income elasticities (sector 1 numerarie) from literature estimates
SIGMA Elasticity of substitution across sectors from literature estimates
ETA Income elasticities calculated from EXPSH and RELATA satisfying Engles aggregation
GAMMA Parameters calculated from ETAs, EXPSH, and simultaneous with ALPHAs
ALPHA Shares of X in producing Y, calculated from SIGMAs and simulteneously from GAMMAs
SIGMA = 0.5

ETA GAMMA ALPHAX RELETA EXPSH SIGMA
Sector 1 0.833 -0.972 0.972 1.00 0.20 0.50
Sector 2 0.917 -0.793 0.793 1.10 0.20 0.50
Sector 3 1.000 -0.644 0.644 1.20 0.20 0.50
Sector 4 1.083 -0.517 0.517 1.30 0.20 0.50
Sector 5 1.167 -0.409 0.409 1.40 0.20 0.50

alternative expenditure shares
ETA GAMMA ALPHAX RELETA EXPSH SIGMA

Sector 1 0.866 -0.904 0.904 1.00 0.20 0.50
Sector 2 0.952 -0.731 0.731 1.10 0.40 0.50
Sector 3 1.039 -0.587 0.587 1.20 0.15 0.50
Sector 4 1.126 -0.465 0.465 1.30 0.15 0.50
Sector 5 1.212 -0.360 0.360 1.40 0.10 0.50

c:\\im\research\SGM and CRIE\SG CRIE gms xIsx\CRIE calibration 2.gms
c:\\jim\research\SGM and CRIE\SG CRIE gms xIsxX\CRIE CALIB2.xlsx
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The results in Table 2 for 6 = 2.5 > 1 are consistent with the theory developed above.
The n values that are consistent with the expenditures shares to satisfy Engels aggregation
preserve their relative values 1,, (RELETA in the Table). The n values are somewhat higher for
the “poorer” country consistent with our theory results. The values of y and a are increasing in
their sector’s income elasticity . The o are the key values for calibration. The inputs into Y
production are composed of the observed X values and the (unobserved) R values, the latter
given values according to the calculated a values and then added to the country’s endowment.

The lower two sets of numbers in Table 2 give results for ¢ = 0.5, which is a generally-
accepted value for the elasticity of substitution across broad sectors, although that doesn’t mean
it is a good guess at this intermediate level of disaggregation (literature references presented in
Heblich, Redding and Zylberberg (2025)). Now the y values are negative as noted in (53) and
(54) above. With 6 =0.5, p= (0 - 1)/c =-1, implying a = - y for this particular value of 6. The y
values are increasing with the income elasticity (becoming less negative) and the o are
decreasing with increases in 1 as discussed in (53) and (54).

Concluding this section, the point is that adding non-homothetic CRIE preferences to
general-equilibrium is possible, and it will certain improve the accuracy of counter-factual
experiments in which incomes are growing. SGM preferences add in the important features of
choke prices and incomes. However, the important and challenging question of how to calibrate
the unprofitability of initially inactive trade links leads me to leave that to a future project.
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7. Strengths, Weaknesses and Challenges

As noted early on, a number of other authors have considered adding non-homothetic
preferences to general-equilibrium trade theory and empirics. Many or most of these are
significantly more technically complex than this present paper and proposal. Many have
analytical solutions for their theory. This is a great strength, but the restrictive assumptions
needed for analytical solutions have a cost for modelers seeking to formulate empirically-
relevant models calibrated to large, multi-sector, multi-country, multi-factor and multi-
household-type data sets. I could include myself in this catagory in that the CRIE preferences
used in Caron, Fally and Markusen (2014, 2020) do not yield analytical solutions.

I am arguing that the simplicity of my formulation is a strength and an attractive feature
for AGE modelers. In particular, it retains all the valuable features of CES preferences which
generate solutions for cost and expenditure functions depending only on prices. This in turn
generates straightforward and simple derivations of factor and goods-demand equations via
Shepard’s lemma. These features then allow a model to be specified in a complementarity
format where pricing (optimization) inequalities have quantities as complementary variables and
market clearing inequalities have prices as complementary variables. The final step is that these
characteristic allow computation of solutions with choke income and prices levels.

However, I am the first to acknowledge that there are two significant problems to
implementation on general-equilibrium data sets. The first of these is calibration as discussed in
the previous section: we have to solve for the level of the unobserved endowment goods in the
SGM version in order to get the income elasticities. Imagine that we have a set of estimates of
income elasticities of demand such as those from Caron, Fallly and Markusen (2014, 2020)
shown earlier. We could make the assumption that these apply to every country regardless of
their per-capita income (the theory says these elasticities converge to one as income becomes
large). But prices differ substantially in the benchmark data. Perhaps running a simulation
which eliminates all trade costs could form a basis for setting the endowment parameters by
country by good? But the implied income elasticities may then not be consistent with price
elasticities if there are estimates of those. Again, we did make progress on this in the two Caron,
Fally and Markusen papers. Nevertheless, I accept that this is a significant barrier to
implementation.

The second difficulty lies in assessing the choke prices and incomes for goods not traded
or not produced initially as just discussed above. How unprofitable are these trade links for
latent goods at the benchmark? This is another difficult problem but one which I think AGE
modelers can crack. I should point out that we have always had this problem. The standard
procedure is to simply hold latent (zero) trade links in the benchmark constant at zero. In effect,
there is an unbounded unobserved and implicit trade barrier on these links. This comes at a huge
cost in that there cannot be an expansion of trade at the extensive margin following a
liberalization. Conversely, an initially-active link cannot go to zero given standard CES
preferences. The other approach is the Eaton-Kortum formulation in which (as I understand it)
there are no zeros initially, just extremely small but positive trade flows on all links. So again,
there is no change in trade at the extensive margin. When trade costs fall just a little, there will
be immediate positive or negative (but still non-zero) responses on all links.
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The CRIE formulation with its “fictitious factors” not only has theoretical advantages
(the non-convergence of income elasticities to one), but is probably a better candidate for
calibration to existing data sets. Given a set of income elasticities as in Caron, Fally and
Markusen shown earlier, these allow for relatively easy parameterization of expenditure and
demand functions. Further, the CRIE preferences permit the independent calibration of price and
income elasticities: in the notation of the paper, the p parameter can be combined with the
differences in the o, across sectors to acheive some independence in the two elasticities. The
drawback of CRIE, given the goals of the paper, is that the basic formulation does not allow for
choke income and prices. SGM and CRIE can be combined (just add the endowment goods to
CRIE), but this then revisits the calibration issues.

Available from the author directly

(1) notes and code for a SGM model with Armington product differentiation

(2) notes and code for a SGM Armington model in which the endowment goods are produced
domestically, but inefficiently, so choke prices occur when the foreign substitute become
to pricey.

(3) notes and code for a model combining CRIE with fixed endowment factors with a SGM
model with substitute endowment goods.

(4) .gms and excel files for all models, a couple which have both mcp and mps/ge formats.
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Appendix 1: Algebra for the (partial equilibrium) own price elasticity of demand for X,

o p. °
ic ~ L:_MT MT = M + E pic‘X;e (Al)
Z U’?pic ° i
. dX, oCp.lC
& ic — _ [6 _ Sl(c _ 1)] + lplC aMT‘i aMT — ‘Xie (A2)
)(ic dpic E U?p-l e apic ‘X;c apic

i

where the terms in square brackets is derived in detail in Markusen (2023). (A2) simplified to

p ic d)(zc

X
k- 6 -s(c-1)] + 5,2 A3
X dp, [c - s;,(c-1)] Siy (A3)

We want the elasticity of purchased (observed) X;, however, not the elasticity of total
consumption including the endowment. Multiple both sides through bel.c/le and replace dX,,

= dX,, since these are identical (dX;, = 0).

. dX, X, X X, X +X X
Pic i _ ~[o - s,(c -D] = +5,— — =22 = 1+= (A4)
X, ap;; Xy ip Xy X X
. dX X, X
Pic G4 _ ‘[G‘S,-(C‘l)][l +_'e]+si—’e (A5)
X, dp; ip X
_dX, X,
Pe %% - 16 -s(c-1)] - (1-5,)0-= (A6)
X Ap;e Xy
. dX, X
e = D% _ o (1-5)et (A7)
i X, dp;; X

which is more negative than g, (larger in absolute value).

The Cobb-Douglas special case is given by

. dX. X,
= ——= = —{1+(1—ai)?'e < -1 Cobb-Douglas: ¢ =1, s, = a, (A8)

ip

I checked my derivation by deriving the Cobb-Douglas case with an alternative
procedure using (15).
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s;.M . SiZi PicXee

X, = = X, (A%
ax, oM o}, pX,  poX, (A10)
dp, 2 2 .

Pic Di. Di. Pic

dX, oM ), Pk

%, oM e}, pX (A1)
plc dp p p Lot

ui M ai Ei p ic)(ie
+

- X,| - (1-a)X, = =X, - (1-0)X, (A1)

pic pic

pic d)(z )(ie
-—=—2 = 1+(1-0)— 21 (Cobb-Douglas) (A13)

X, dp,, X,

Appendix 2: Income constraint implies restrictions on income elasticities of demand, AIDS

ax, . .
M = Z P X; dM = Z D; d]\;dM (holding prices constant) (A14)

p. X,
M

M 4%,
X, dM

5>

i

=Y s;m; (A15)

i

where s; is the expenditure share on X; and n, is the income elasticity of demand for X;. Consider
a two-good case with X, the income elastic good n, > 1, 1, < 1. As income increases, s,
increases and s, decreases: ds, = -ds, > 0. For the summation in (A15) to hold, n, must decrease
(eventually at least) as income grows large, although n, may increases or decrease depending on
the functional form. Intuitively, as the share s, spent on X| heads to one with a very large
income, then the income elasticity of X; must approach 1: (almost) all additional income is spent
on X,.

s, = 1 implies m, =1 (A16)

In the modified Stone-Geary formulation, all income elasticities will converge to one at should
be clear from (16). The denominator converges to s;M as income grows large and so all income
elasticities converge to 1.
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Now consider a basic AIDS (almost ideal demand system) based on the analysis and
exposition in Deaton and Muellbauer (1980, p.75 equation (4.6)). The AIDS is derived from or
at least motived by the Stone-Geary utility function, and has been used by a number of authors
for estimating parameters such as price and income elasticities. I think that is entirely fine, but I
am arguing that it should not be used for counter-factuals because it is only locally regular
(specifically doesn’t satisfy adding up in counter-factuals.

Let X; be a good and M be income. Ignore all prices, set them all = 1. The w, are budget
(expenditure) shares and the basic AIDS equation is written as

X,
w, = — = q, + B.InM Al7
=0, B, (A1)

Deaton and Muellbauer state that adding up is satisfies if Y o, =1 and y B, = 0 but this is

only true locally, with two fatal problems. The first, if the 3, are constant, as always assumed, is
obvious. As M grows to a large value, goods with positive s (income elasticities greater than
one) will have expenditures shares greater than one and goods with negative s will have shares
less than zero. The second flaw is that even if calibration satisfied the adding-up condition
initially, it is immediately violated when income changes. Differentiate (A17).

dw, aX.

co S dM g 1y (A18)
w, X, M M
dX,  dm dX. am

L= -1 = B, /22 = 1 +B8.=1n. income elasticit A19

i i
B> 0 is a good with an income elasticity greater than one and goods with f <0 have income
elasticities less than one. Budget constraint adding up condition

Z wn, = 1 requires Z [al. + BilnXi](l +B) =1 (A20)
Even if this is calibrated to be satisfied initially, it cannot hold once income changes. Consider
this for the two-good case. Assume thatn, > 1 (B, >0)andn, <1 (B, <0). The Bs and therefore
the ns are treated as constants. As income increases, the share spent on X, increases, call that
dw, > 0 and the share spent on good X, decreases by the same amount, dw, = - dw,. Then the
change in the left-hand side of the adding-up requirement is

n,dw, - n,dw, = (ny - n,)dw,; >0 (A21)

As income increases, adding up is immediately violated. The only way AIDS satisfies
“regularity” is if all beta = 0 (or the betas somehow vary endogenously) so we are back to
homothetic preferences with shares depending only on prices. Thus my assertion that this
approach is not useful for performing valid counter-factuals, but may be useful for empirical
estimation of the initial values of the o and B,.
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Appendix 3: Computer code in GAMS:

I have attached the programs for the first SGM model (no Armington differentiation).
Two versions that produce identical results follow. The first is in MPC format (mixed
complementarity problem), in which all weak inequalities are written out, and the model
statement gives the complementary variable associated with each inequality. The MCP format is
awkward to use in big models (and coding-error prone), so the second version is in Rutherford’s
MPS/GE format (mathematical programming system for general equilibrium). This will be
much more user friendly for experiences GAMS and GTAP data users, and might convince
others to give it a try. Translated into set or indexed versions, MPS/GE can compactly code very
large-dimension models with many countries, sectors, and factors.

Then the code for the basic CRIE models follow in mcp and mps/ge formats. Again, no
Armington differentiation to keep things simple. As noted at the end of the concluding section,
more version are available from myself.



STITLE: SG-model 1 text version

* small open economy
* homogeneous goods, no Armington differentation

Sontext

Small open economX2 model with positive endowment of a good which is a
perfect substitute for good X1, denoted XI1E,

The benchmark accounting matrix:

Markets|

PX1 I
PX2 |

small endowment of X2E

351
-250

-101

Stone-Geary Modified model MCP format

100
100

-351

150

Production Sectors Trade
X1 X2 X1p XI1E X2p X2E TX21 TX12
100 -100 -0 0
100 -00 0 -0
-25 -75
-75 =25
100 150
-150
100 1
-1

Sofftext

PARAMETERS
SCALEX1
SCALEX2
ENDOW
TOT

NONNEGATIVE

X1
X2
X1p
X1E
X2p
X2E

TX21
TX12

PX1
PX2
PL
PK
PX1C
PX2C
PW
PX1E
PX2E

CONS
EQUATIONS

COSTX1
COSTX2
COSTX1P
COSTX1E
COSTX2P
COSTX2E
COSTW

scales up or down the endowment X1E /1/
scales up or down the endowment X2E /1/
scales up or down the endowment of L and K/1/
world price PX1l over PX2 /1/;

VARIABLE

Output
Output
Output
Output
Output
Output

Price
Price
Price
Price
Price
Price
Price
Price
Price

Consumer;

S

of sector X1

of sector X2

of X1P (produces PX1C from PX1)

of X1E (produces PX1C from endowment PX1E
of X2P (produces PX2C from PX2)

of X2E (produces PX2C from endowment PX2E
Produces welfare from PWl and PX2

Export X2 in eXlchange for X1

Export X1 in eXlchange for X2

of
of
of
of
of
of
of
of
of

commoditX2 X1

commoditX2 X2 (used as numeraire here)
primarX2 factor L

primarX2 factor K

the X1 and X1E perfect substitutes X1C
the X2 and X2E perfect substitutes X2C
welfare

the endowment good - perfect substitute
the endowment good - perfect substitute

Marginal cost - price X1
Marginal cost - price X2

Cost
Cost
Cost
Cost
Cost

of
of
of
of
of

producing X1 consumption from X1 produc

)
)

= X1 +
= X2 +

for X1
for X2

tion

producing X1 consumption from X1E endowment

producing X2 consumption from X2 produc

tion

producing X2 consumption from X2E endowment

producing a unit of welfare

X1E
X2E

cannot be traded
cannot be traded



COSTTX2
COSTTX1

MKTPX1
MKTPX2
MKTPL
MKTPK
MKTPX1C
MKTPX2C
MKTPW
MKTPX1E
MKTPX2E

INC
COSTX1..
COSTX2. .
COSTX1P. .
COSTX1E. .
COSTX2P. .
COSTX2E. .
COSTW. .

COSTTX21..
COSTTX12..

MKTPX1. .
MKTPX2..

MKTPL. .
MKTPK. .
MKTPX1C. .
MKTPX2C. .
MKTPW. .

MKTPX1E. .
MKTPX2E. .

MODEL SG1 /

1 Cost of exporting
2 Cost of exporting

X2 in exchange for X1
X1 in exchange for X2

X1
X2

for
for
for labor

for capital
consumption
consumption
for welfare
for endowment good 1
for endowment good 2

Supply-demand
Supply-demand
Supply-demand
Supply-demand
Market for X1
Market for X2
Supply demand
Supply-demand
Supply demand

of good 1
of good 2

Consumer income balance;

PL**0.25*PK** (0.
PL**0.75%PK** (0.
PX1 =G= PX1C;
PX1E =G= PX1C;
PX2 =G= PX2C;
PX2E =G= PX2C;

75)
25)

=G= PX1;
=G= PX2;

PX1C** (250/351) *PX2C** (101/351) =G= PW;

PX2*TOT =G= PX1;
PX1*1.001 =G= PX2*TOT;

TX12 - TX21/TOT;
TX21 - TX12*TOT/1.001;

X1 =G= X1P +
X2 =G= X2P +

100*ENDOW*PL =G= 0.25* (PL**0.25*PK** (0.75))*100*X1 +
0.75* (PL**0.75*PK** (0.25) ) *100*X2;
100*ENDOW*PK =G= 0.75* (PL**0.25*PK** (0.75))*100*X1 +

0.25* (PL**0.75*PK** (0.25)) *100*X2;

(250/351) * (PX1C** (250/351) *PX2C** (101/351) ) *W*351;
(101/351) * (PX1C** (250/351) *PX2C** (101/351) ) *W*351;

100* (X1P + X1E)*PX1C =G=
100* (X2P + X2E) *PX2C =G=
W*351* (PX1C** (250/351) *PX2C** (101/351)) =G= CONS*351;

1.5*SCALEX1 =G= X1E;
(1/100) *SCALEX2 =G= X2E;

COSTX1.X1, COSTX2.X2, COSTX1P.X1P, COSTX1E.X1E, COSTX2P.X2P, COSTX2E.X2E,
COSTW.W, COSTTX21.TX21, COSTTX12.TX12,

MKTPX1.PX1, MKTPX2.PX2, MKTPL.PL, MKTPK.PK, MKTPX1C.PX1C, MKTPX2C.PX2C,
MKTPW.PW, MKTPX1E.PX1E, MKTPX2E.PX2E, INC.CONS/;

INC.. CONS*351 =G= PL*100*ENDOW + PK*100*ENDOW + PX1E*150*SCALEX1 + PX2E*1*SCALEX2;
PL.L = 1; PK.L = 1; PX1C.L = 1; PX2C.L = 1; PX1.L = 1; PX2.L = 1; PX1E.L = 1; PX2E.L = 1;
PW.L = 1; X1.L = 1; X1P.L = 1; X1E.L = 1.5; X2.L = 1; X2P.L = 1; X2E.L = 1/100; W.L = 1;
PX2.FX = 1; CONS.L = 1;
OPTION ITERLIM = 0;
SOLVE SG1 USING MCP;
OPTION ITERLIM = 1000;
SOLVE SG1 USING MCP;
SETS I /I1*I25/;
PARAMETERS RESULTS1 (I, *) economX2 size, RESULTS2(I, *) terms of trade,

X10, X20, M, MO, PX10;
X10 = 0; X20 = 0; MO = PL.L*ENDOW +PK.L*ENDOW;
SCALEX1 = 1; SCALEX2 = 1; = 1/1.25;



SOLVE SG1 USING MCP;

LOOP (I,

ENDOW = 0.03*ORD(I) + 0.045;
SOLVE SG1 USING MCP;

M = PL.L*ENDOW +PK.L*ENDOW;

RESULTS1 (I, "ENDOW") = ENDOW;

RESULTS1 (I, "X1") = MAX(EPS, PX1.L*X1.L/M);
RESULTS1 (I, "TX21") = PX1.L*TX21.L/TOT/M;
RESULTS1 (I, "TX12") = PX1.L*TX12.L*1.001/M;
RESULTS1 (I, "SHX1") = PX1.L*X1P.L/M;
RESULTS1 (I, "INCELASX1")$(X10 GT 0) = ((X1P
RESULTS1 (I, "INCELASX2")S$(X20 GT 0) = ((X2P

.L-X10) /X10
.L-X20) /X20

X10 = X1P.L; X20 = X2P.L; MO = PL.L*ENDOW +PK.L*ENDOW;

)
DISPLAY RESULTSI1;

)/ (
)/ (

(M-
(M-

MO
MO



$TITLE: SG-model 1 text version Stone-Geary Modified model MPS/GE format
* small open economy

* homogeneous goods, no Armington differentation

* MPS/GE format for GTAP users

Sontext
Small open economX2 model with positive endowment of a good which is a

perfect substitute for good X1, denoted X1E. Small endowment of X2E

The benchmark accounting matrix:

Production Sectors Trade Welfare Consumers
Markets| X1 X2 X1lp XI1E X2pP X2E TX21 TX12 W CONS1
PX1 | 100 -100 -0 0
pPX2 | 100 -00 0 -0
PL | -25 =75 100
PK | -75 -25 100
PW | 351 -351
pPXic | 100 150 -250
PX1E | -150 150
pPx2c | 100 1 -101
PX2E | -1 1
Sofftext
PARAMETERS

SCALEX1 scales up or down the endowment X1E /1/
SCALEX2 scales up or down the endowment X1E /1/
ENDOW scales up or down the endowment of L and K/1/
TOT world price PX1 over PX2 /1/;

$ontext

SMODEL : SOESG

SSECTORS :
X1 Output of sector X1
X2 Output of sector X2
X1p Output of X1P (produces PX1C from PX1)
X1E Output of X1E (produces PX1C from endowment PXI1E)

!
!
!
1
X2p ! Output of X2P (produces PX2C from PX2)
!
!
!
!

X2E Output of X2E (produces PX2C from endowment PXZ2E)

74 Produces welfare from PW1 and PX2

TX21 EXlport X2 in eXlchange for X1

TX12 EXlport X1 in eXlchange for X2
SCOMMODITIES :

PX1 ! Price of commoditX2 X1

pPX2 ! Price of commoditX2 X2 (used as numeraire here)

PL ! Price of primarX2 factor L

PK ! Price of primarX2 factor K

pXic ! Price of the X1 and X1E perfect substitutes XIC = X1 + XI1E

pX2c ! Price of the X2 and X2E perfect substitutes X2C = X2 + X2E

PW ! Price of welfare

PX1E ! Price of the endowment good - perfect substitute for X1 cannot be traded

PX2E ! Price of the endowment good - perfect substitute for X2 cannot be traded
SCONSUMERS :

CONS ! Consumer

SPROD:X1 s:1
0:PX1 Q:100
I:PL Q: 25
I:PK Q: 75



$PROD:X2 s:1

0:PX2 Q:100

I:PL Q: 75

I:PK Q: 25
SPROD: TX21

0:PX1 Q:100

I:PX2 Q: (100*TOT)
SPROD:TX12

0:PX2 Q: (100*TOT)

I:pPX1 Q:100.1
SPROD:X1P

0:PX1C Q:100
I:PX1 Q:100

SPROD:X1E
0:PX1C Q:150
I:PX1E Q:150
SPROD: X2P
0:PX2C Q:100
I:PX2 Q:100
SPROD: X2E

0:PX2C Q: 1
I:PX2E Q: 1

SPROD:W s:1.0
O:PW Q:351
I:pPX1C Q:250
I:pX2C Q:101

SDEMAND : CONS

D:PW Q:351

E:PL Q: (100*ENDOW)

E:PK Q: (100*ENDOW)

E:PX1E  Q: (150*SCALEX1)

E:PX2E  Q: (1*SCALEX2)
$OFFTEXT

$SYSINCLUDE mpsgeset SOESG
PX2.FX = 1;

* Benchmark replication
TX21.L = 0; TX12.L = 0;
OPTION ITERLIM = 0;

$INCLUDE SOESG.GEN

SOLVE SOESG USING MCP;

OPTION ITERLIM = 1000;
$SINCLUDE SOESG.GEN
SOLVE SOESG USING MCP;

SETS I /I1*I25/;

PARAMETERS RESULTS1 (I, *) economX2 size, RESULTS2(I, *) terms of trade,
X10, X20, M, MO, PX10;

X10 = 0; X20 = 0; MO = PL.L*ENDOW*100 +PK.L*ENDOW*100;
SCALEX1 = 1; SCALEX2 = 1; TOT = 1.25;

SINCLUDE SOESG.GEN

SOLVE SOESG USING MCP;



LOOP (I,

ENDOW = 0.03*ORD (I) + 0.045;
=1

SCALEX2

’

$INCLUDE SOESG.GEN
SOLVE SOESG USING MCP;

M = PL.L*ENDOW*100 +PK.L*ENDOW*100;

RESULTS1 (I, "ENDOW") = ENDOW;
RESULTS1 (I, "X1") = MAX(EPS,
RESULTS1 (I, "TX21")

RESULTS1 (I, "TX12")

RESULTS1 (I

RESULTS1 (I, "INCELASX1")$(X10 GT 0)
RESULTS1 (I, "INCELASX2")$(X20 GT 0)

X10 = X1P.L; X20 = X2P.L; MO

)i
DISPLAY RESULTSI;

*Sexit
ENDOW = 0.325; PX10 = 2;
LOOP (I,

TOT = 0.1*ORD(I) + 0.1;
SCALEX2 = 1;

$INCLUDE SOESG.GEN
SOLVE SOESG USING MCP;

M = PL.L*ENDOW*100 +PK.L*ENDOW*100;

RESULTS2 (I, "TOT") = TOT;
RESULTS2 (I, "X1") = MAX (EPS,
RESULTS2 (I, "TX21")

RESULTS2 (I, "TX12")

RESULTS2 (I, "SHX1") =
RESULTS2 (I, "PELASX1")$(X10 GT 0)

X10 = X1P.L; X20 = X2P.L; MO

)

DISPLAY RESULTS1, RESULTS2;

PX1.L*X1.L*100/M) ;

= PX1.L*TX21.L*125/M;

= PX1.L*TX12.L*125%1.%1.001/M;

, "SHX1") = PX1.L*X1P.L*100/M;
((X1P.L-X10) /X10) / ( (M-MO) /MO) ;
((X2P.L-X20) /X20) / ( (M-MO) /MO) ;

PX1.L*X1.L*100/M) ;

= PX1.L*TX21.L*100*TOT/M;

= PX1.L*TX12.L*100*TOT*1.001/M;
PX1.L*X1P.L*100/M;
((X1P.L-X10) /X10) / ( (PX1

PL.L*ENDOW +PK.L*ENDOW;

PL.L*ENDOW*100 +PK.L*ENDOW*100;

.L-PX10) /PX10) ;

= PX1.L;



S$STITLE:
*

*

SonText

CRIE IN MPS/GE USING FIXED FACTOR TRICK SIGMA = 2.5
C:\jim\RESEARCH\SGM and CRIE\SG CRIE gms xlsx\CRIE-open-m-25 mcp.gms
THIS VERSON CALCULATES INCOME ELASTICITIES OF DEMAND

How to do CRIE+SG in mcp

CRIE

borrows
factor t

Two produced goods, X1 and X2,

converted from standard CES by fixed factors R1 and R2

a Markusen/Rutherford trick from the early 1990s - we used a fixed
o create concavity in the foreign offer curve LOE model back when
observed in the data

then think of two CRS utility goods Y1 and Y2 produced respectively

with X1

and a fixed factor R1, X2 and a fixed factor R2 so Y1 and Y2 have CRS

Y1l and Y2 are Cobb-Douglas in this model which is equivalent to the usual

CRIE fun

utility

ction where the exponents on X1 and X2 are different but constants

is then a CRS CES function of Y1 and Y2

the different shares of X1/R1 and X2/R2 determine which good is more income elastic

W =

Y1
Y2

Income e

(Y1**rho + Y2**rho)**(1/rho) rho = (sigma - 1)/sigma

((X1) **alphalx) * (R1**alphalr)
= ((X2) **alpha2x) * (R2**alphalr)
X1 = (Ll**betall) * (Kl**betalk)
X2 = (L2**beta2l) * (K2**betalk)
LBAR = L1 + L2 (LBAR = 100*SIZE)
KBAR = K1 + K2 (KBAR = 100*SIZE)
R1 and R2 specific factors in fixed supply

alphalx + alphalr =
alpha2?x + alphalr
betall + betalk =
beta2l + betalk =

1
1

o)

lasticities are calculated as the response of produced (and observed) goods

X1 and X2 to increases in the labor supply (observed income)

Th

Markets
PX1
PXIC
PX2
pPxac
PR1
PR2
PY1
PY2
PwW
PL
PK

SoffText

Paramete
SIGMA
SIZE
TOT

e benchmark accounting matrix:
Production Sectors Consumers
X1 X1ip X2 Xxap Y1 Y2 74 CONS alphalx = 100/125
100 -100 alphalr = 25/125
100 -100 alpha2x = 100/175
100 -100 alphal?r = 75/175
100 -100 betall = 25/100
-25 25 betalk = 75/100
-75 75 beta2l = 75/100
125 -125 betal2k = 25/100
175 -175
300 -300
-25 -75 100
-75 -25 100
rs
elasticity of substitution between Y1 and Y2 /2.5/,

multiplier on endowment of L and K primary factors /1/,
world relative price pl over p2 /1/;

NONNEGATIVE VARIABLES

X1
X2
X1p
X2p
Y1l
Y2
TX21
TX12

PX1

produces X1 from L K
produces X2 from L K

Output of X1P (produces PX1C
Output of X2P (produces PX2C
produces consumption good
produces consumption good
Export X2 in exchange for
Export X1 in exchange for
Produces welfare from PW1

price of X1

Y1l
Y2

from PX1)
from PX2)
from X1 and R1
from X2 and R2



PX2 price of X2

PX1P Pr

PX2P Price of the X2 and X2E perfect substitutes X2C

PR1 pr
PR2 pr

ice of the X1 and X1E perfect substitutes X1C = X1 + X1E
X2 + X2E

ice of endowment of R1
ice of endowment of R2

PY1 price of consumption good Y1

PY2 pr

ice of consumption good Y2

PW consumer price index
PL price of labor

PK pr

ice of capital

CONS !'representative consumer's income

EQUATIONS

COSTX1
COSTX2
COSTX1P
COSTX2P
COSTY1
COSTY2
COSTTX21
COSTTX12
COSTW

MKTPX1
MKTPX2
MKTPX1P
MKTPX2P
MKTPR1
MKTPR2
MKTY1
MKTY2
MKTPW
MKTPL
MKTPK

INC
COSTX1..
COSTX2. .
COSTX1P. .
COSTX2P. .

COSTYL..
COSTY2..

COSTTX21..
COSTTX12..

COSTW. .

MKTPX1..
MKTPX2. .

MKTPX1P. .
MKTPX2P. .

MKTPR1..
MKTPR2. .

MKTY1..

MKTY2. .

MKTPW. .

Marginal cost - price X1

Marginal cost - price X2

Cost of producing X1 consumption from X1 production
Cost of producing X2 consumption from X2 production
Cost of producing X1 consumption from X1E endowment
Cost of producing X2 consumption from X2E endowment
Cost of exporting X2 in exchange for X1

Cost of exporting X1 in exchange for X2

Cost of producing a unit of welfare

Supply-demand for X1
Supply-demand for X2
Supply-demand for X1
Supply-demand for X2

Supply demand for welfare
Supply-demand for labor
Supply-demand for capital

Consumer income balance;
PL**0.25*PK**0.75 =G= PX1;
PL**(0.75*PK**0.25 =G= PX2;
PX1 =G= PX1P;

PX2 =G= PX2P;

PR1**(25/125) *PX1P** (100/125) =G= PY1;
PR2** (75/175) *PX2P** (100/175) =G= PY2;

PX2*TOT =G= PX1l;
PX1*1.001 =G= PX2*TOT;

((5/12)*PY1** (1-SIGMA) + (7/12)*PY2** (1-SIGMA))**(1/(1-SIGMA)) =G= PW;

X1 =G= X1P + TX12 - TX21/TOT;
X2 =G= X2P + TX21 - TX12*TOT/1.001;

PX1P*25*X1P =G= (25/125)*PR1**(25/125)*PX1P** (100/125)*125*Y1;
PX2P*75*X2P =G= (75/175)*PR2** (75/175) *PX2P** (100/175) *175*Y2;

PR1*25 =G= (25/125) *PR1** (25/125) *PX1P** (100/125) *125%Y1;

PR2*75 =G= (75/175)*PR2** (75/175) *PX2P** (100/175) *175*Y2;

125%Y1 =G= (5/12)*PY1** (~SIGMA) * ( (5/12) *PY1** (1-SIGMA) + (7/12)*PY2** (1-SIGMA))
*% (SIGMA/ (1-SIGMA) ) *300*W;

175%Y2 =G= (7/12)*PY2%* (=SIGMA) * ( (5/12) *PY1** (1-SIGMA) + (7/12)*PY2** (1-SIGMA))
** (SIGMA/ (1-SIGMA) ) *300*W;

300*W* ((5/12) *PY1** (1-SIGMA) + (7/12)*PY2** (1-SIGMA))**(1/(1-SIGMA)) =G= CONS;



MKTPL. . 100*SIZE*PL =G= 0.25* (PL**0.25*PK** (0.75))*100*X1 +
0.75* (PL**0.75*PK** (0.25)) *100*X2;

MKTPK. . 100*SIZE*PK =G= 0.75* (PL**0.25*PK** (0.75)) *100*X1 +
0.25*% (PL**0.75*PK** (0.25)) *100*X2;

INC.. CONS =G= PL*100*SIZE + PK*100*SIZE + PR1*25 + PR2*75;

MODEL CRIEMCP /COSTX1.X1l, COSTX2.X2, COSTX1P.X1P, COSTX2P.X2P, COSTYl.Yl, COSTY2.Y2,
COSTTX21.TX21, COSTTX12.TX12, COSTW.W,
MKTPX1.PX1, MKTPX2.PX2, MKTPX1P.PX1P, MKTPX2P.PX2P, MKTPR1.PR1, MKTPR2.PR2,
MKTY1.PY1l, MKTY2.PY2, MKTPW.PW, MKTPL.PL, MKTPK.PK,INC.CONS/;

PL.L = 1; PK.L = 1; PR1.L = 1; PR2.L = 1; PX1P.L = 1; PX2P.L = 1; PX1.L = 1; PX2.L = 1;
PW.L = 1; X1.L = 1; PY1.L = 1; PY2.L = 1;

X1.L = 1; X1P.L = 1; X2.L = 1; X2P.L = 1; Y1.L = 1; Y2.L = 1; W.L = 1;

PX2.FX = 1; CONS.L = 300;

OPTION ITERLIM = 0;
SOLVE CRIEMCP USING MCP;

OPTION ITERLIM = 1000;
SOLVE CRIEMCP USING MCP;

SIZE = 1.3;
TOT = 1.2;
SOLVE CRIEMCP USING MCP;

*SEXIT

SETS I /I1*I50/;

PARAMETERS

RESULTS1 (I, *) L = SIZE SIGMA = 2.5
RESULTS2 (I, *) INC and SHARES

SIZEO, X10, X20, INCOME, INCO
INCELAS1, INCELAS2, CONSO, Y10, Y20;

SIZEO = 0.15; X10 = .1; X20 = .1; INCO = 1;
INCELAS1 = 1; INCELAS2 = 1; CONSO = .1;

TOT = 1.;

LOOP (I,

SIZE = + 0.05*ORD(I);

0.2
SIGMA = 2.5;
SOLVE CRIEMCP USING MCP;

INCOME = PL.L*100*SIZE + PK.L*100*SIZE;

INCELAS1 = (((X1P.L - X10)/X10)/ ((INCOME-INCO)/INCO))S$ (X10 GT 0);
INCELAS2 = (((X2P.L - X20)/X20)/((INCOME-INCO)/INCO))$(X20 GT 0);
RESULTS1 (I, "L") = SIZE*100;

RESULTS1 (I, "X1") = X1.L;

RESULTS1 (I, "X2") = X2.L;

RESULTS1 (I, "T12") = TX12.L;

RESULTS1 (I, "T21") = TX21.L;

RESULTS1 (I, "C1") = X1P.L;

RESULTS1 (I, "C2") = X2P.L;

RESULTS1 (I, "C1/C2") = (X1P.L/X2P.L)$(X2.L GT 0);

RESULTS1 (I, "X1/X2") = X1.L/X2.L;

RESULTS1 (I, "INELAS1") = INCELAS1$(ORD(I) GT 1);

RESULTS1 (I, "INELAS2") = INCELAS2$ (ORD(I) GT 1);

RESULTS1 (I, "RATIOINELAS") = (INCELAS1/INCELAS2)S$ (ORD(I) GT 1);

RESULTS2 (I, "INCOME") = INCOME;



RESULTS2 (I, "X1") = MAX(EPS, PX1.L*X1.L*100/INCOME) ;
RESULTS2 (I, "TX21") = PX1.L*TX21.L*100*TOT/INCOME;
RESULTS2 (I, "TX12") = PX1.L*TX12.L*100*TOT*1.*1.001/INCOME;
RESULTS2 (I, "SHX1") = PX1.L*X1P.L*100/INCOME;

SIZE0 = SIZE; X10 = X1P.L; X20 = X2P.L;

Y10 = Y1.L; Y20 = Y2.L; CONSO CONS.L;

*INCO = PL.L*100*SIZE + PK.L*100*SIZE + PR1.L*25 + PR2.L*75;
INCO = PL.L*100*SIZE + PK.L*100*SIZE;

)i

DISPLAY RESULTS1, RESULTS2;

Sexit

Execute_Unload 'CRIE-open.gdx' RESULTS1
execute 'gdxxrw.exe CRIE-open.gdx par=RESULTS1 rng=SHEETI1!A3:M55'

Execute_Unload 'CRIE-open.gdx' RESULTS2
execute 'gdxxrw.exe CRIE-open.gdx par=RESULTS2 rng=SHEET1!A56:F109'



$TITLE: CRIE IN MPS/GE USING FIXED FACTOR TRICK SIGMA = 2.5
* C:\jim\RESEARCH\SGM and CRIE\SG CRIE gms xlsx\CRIE-open-m-25 mps.gms
* THIS VERSON CALCULATES INCOME ELASTICITIES OF DEMAND

SonText
How to do CRIE+SG in mps/ge
CRIE converted from standard CES by fixed factors R1 and R2

borrows a Markusen/Rutherford trick from the early 1990s - we used a fixed
factor to create concavity in the foreign offer curve LOE model back when

Two produced goods, X1 and X2, observed in the data

then think of two CRS utility goods Y1 and Y2 produced respectively

with X1 and a fixed factor R1, X2 and a fixed factor R2 so Y1 and Y2 have CRS

Y1l and Y2 are Cobb-Douglas in this model which is equivalent to the usual
CRIE function where the exponents on X1 and X2 are different but constants

utility is then a CRS CES function of Y1 and Y2
the different shares of X1/R1 and X2/R2 determine which good is more income elastic

W = (Yl**rho + Y2**rho)**(1/rho) rho = (sigma - 1)/sigma
Yl = ((X1)**alphalx)* (Rl1**alphalr) alphalx + alphalr = 1
Y2 = ((X2)**alpha2x)* (R2**alphalr) alpha2?x + alpha2r = 1
X1l = (Ll**betall)* (K1**betalk) betall + betalk =1
X2 = (L2**betall) * (K2**betalk) beta2l + betalk =1
LBAR = L1 + L2 (LBAR = 100*SIZE)
KBAR = K1 + K2 (KBAR = 100*SIZE)

Rl and R2 specific factors in fixed supply

Income elasticities are calculated as the response of produced
X1 and X2 to increases in the labor supply (observed income)

(and observed) goods

The benchmark accounting matrix:

Production Sectors Consumers

Markets
PX1
PXIC
PX2
pxac
PR1
PR2
pPY1
pY2
PwW

X1
100

X1ip
-100
100

X2

100

X2p Y1
-100

-100
100

125

Y2 w

-100

25
-75 75
-125
-175
300

175
-300

CONS

alphalx = 100/125

alphalr
alpha2x
alphaZr
betall
betalk
beta2l
betalk

25/125

100/175
75/175
25/100
75/100
75/100

= 25/100

PL
PK
SoffText

-75 100

-75 100

Parameters

SIGMA elasticity of substitution between Y1 and Y2,

SIZE multiplier on endowment of L and K primary factors,
TOT relative price pl over p2 /1/;

$ONTEXT
$MODEL: CRIEMPS

SSECTORS :
X1 ! produces X1 from L, K

X2 ! produces X2 from L, K

X1pP ! Output of XI1P (produces PX1C from PX1)

X2P ! Output of X2P (produces PX2C from PX2)

Y1 ! produces consumption good Y1 from X1 and RI1
Y2 ! produces consumption good Y2 from X2 and R2
TX21 ! Export X2 in exchange for X1

TX12 ! Export X1 in exchange for X2

w ! Produces welfare from PW1l and PX2



SCOMMODITIES:

PX1 ! price of
bPX2 | price of
PX1C ! Price of
PX2C ! Price of
PR1 ! price of
PR2 ! price of
PYl ! price of
PY2 ! price of
PW ! consumer
PL ! price of
PK !
SCONSUMERS :

X1

X2

the X1 and X1E perfect substitutes XI1IC = X1 + XI1E
the X2 and X2E perfect substitutes X2C = X2 + X2E
endowment of RI1

endowment of R2

consumption good Y1

consumption good Y2

price index

labor

price of capital

CONS !representative consumer's income

SPROD: X1 s:1
0:PX1 Q:100

I:PL Q:25

I:PK Q:75
SPROD:X1P

O0:PX1C Q:100
I:PX1 Q:100
SPROD: X2 s:1

0:PX2 Q:100

I:PL Q:75

I:PK Q:25

S$PROD: X2P

0:PX2C Q:100
I:pPX2 Q:100
SPROD:TX21

0:PX1 Q:100
I:PX2 Q: (100*TOT)
S$PROD: TX12

0:PX2 Q: (100*TOT)
I:PX1 0:100.1
SPROD:Y1 S:1.0
O: PYl Q:125

I: PXI1C Q:100

I: PRI Q:1 pP:25
SPROD:Y2 S:1.0
O: PY2 Q:175

I: PX2C Q:100

I: PR2 Q:1 P:75
SPROD:W S:SIGMA
0: PW Q:300

I: PYl Q:125

I: PY2 Q:175
SDEMAND: CONS

D:PW Q:300

E:PL Q: (100*SIZE)
E:PK Q:(100*SIZE)
E:PRI  Q:1

E:PR2 Q:1
SOFFTEXT

$SYSINCLUDE mpsgeset CRIEMPS



PX2.FX = 1;

SIGMA = 2.5; SIZE = 1;

TOT = 1; TX21.L = 0; TX12.L = 0; .L = 1; X1P.L = 1;
* Benchmark replication
OPTION ITERLIM = 0;

$INCLUDE CRIEMPS.GEN

SOLVE CRIEMPS USING MCP;
OPTION ITERLIM = 1000;

$INCLUDE CRIEMPS.GEN

SOLVE CRIEMPS USING MCP;

*SEXIT

SETS I /I1*I50/;

PARAMETERS

RESULTS1(I, *) L = SIZE SIGMA = 2.5

RESULTS2 (I, *) INC and SHARES

SIZEO, X10, X20, INC, INCO

INCELAS1, INCELAS2, CONSO, Y10, Y20;

SIZEO = 0.15; X10 = .1; X20 = INCO = 1;

INCELAS1 = 1; INCELAS2 = 1; CONSO L1

TOT = 1;

LOOP (I,

SIZE = 0.2 + 0.05*ORD(I) ;

SIGMA = 2.5;

$INCLUDE CRIEMPS.GEN

SOLVE CRIEMPS USING MCP;

INC = PL.L*SIZE*100 + PK.L*SIZE*100;

INCELAS]1 = (((X1P.L - X10)/X10)/ ((INC-INCO)/INCO))S$(X10 GT 0);
INCELAS2 = (((X2P.L - X20)/X20)/ ((INC-INCO)/INCO))$S (X20 GT 0);
RESULTS1 (I, "L") = SIZE*100;
RESULTS1 (I, "X1") = X1.L;
RESULTS1 (I, "X2") = X2.L;
RESULTS1 (I, "T12") = TX12.L;
RESULTS1 (I, "T21") = TX21.L;
RESULTS1 (I, "Cl1") = X1P.L;
RESULTS1 (I, "C2") = X2P.L;
RESULTS1 (I, "C1/C2") = (X1P.L/X2P.L)$(X2.L GT O0);
RESULTS1 (I, "X1/X2") = X1.L/X2.L;
RESULTS1 (I, "INELAS1") = INCELASIS$(ORD(I) GT 1);
RESULTS1 (I, "INELAS2") = INCELAS2S$(ORD(I) GT 1);
RESULTS1 (I, "RATIOINELAS") = (INCELAS1/INCELAS2)S$(ORD(I) GT 1);
RESULTS2 (I, "INCOME") = INC;
RESULTS2 (I, "X1") = MAX(EPS, PX1.L*X1.L*100/INC);
RESULTS2 (I, "TX21") = PX1.L*TX21.L*100*TOT/INC;
RESULTS2 (I, "TX12") = - PX1.L*TX12.L*100*TOT*1.*1.001/INC;
RESULTS2 (I, "SHX1") = PX1.L*X1P.L*100/INC;

SIZEQ = SIZE; X10 = X1P.L; X20 X2P.L;

Y10 = Y1.L; Y20 = Y2.L; CONSO = CONS.L;

*INCO = PL.L*SIZE*100 + PK.L*SIZE*100+ PR1.L + PR2.L;
INCO = PL.L*SIZE*100 + PK.L*SIZE*100;

)



DISPLAY RESULTS1, RESULTS2;

Sexit

Execute_Unload 'CRIE-open.gdx' RESULTS1
execute 'gdxxrw.exe CRIE-open.gdx par=RESULTS1 rng=SHEETI1!A3:M55'

Execute_Unload 'CRIE-open.gdx' RESULTS2
execute 'gdxxrw.exe CRIE-open.gdx par=RESULTS2 rng=SHEET1!A56:F109"'



