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Abstract

We consider a package assignment problem with money, in which a set M of objects
is allocated to agents. Each agent has preferences that are not necessarily quasi-linear.
The admissible set of object allocations is chosen by the planner to pursue specific objec-
tives in conjunction with the rule. A rule satisfies constrained efficiency if no allocation
—whose object allocation is admissible under the rule—Pareto dominates the outcome
allocation. We study the compatibility between constraints on admissible object al-
locations and desirable properties of rules, and establish: A rule satisfies constrained
efficiency and strategy-proofness, together with other mild properties, if and only if its
admissible set is bundling unit-demand for some partition of M, satisfies no wastage

and anonymity, and the rule is a bundling unit-demand minimum price Walrasian rule.

JEL Classification Numbers. D44, D47, D71, D82
Keywords. Constrained efficiency, Strategy-proofness, Non-quasi-linear preferences,

Minimum price Walrasian rule, Package auctions

*An extended abstract appears in the Proceedings of the 26th ACM Conference on Economics and Com-
putation (EC’25). Preliminary versions were presented at several conferences and workshops, and we thank
the participants for their valuable comments. We especially thank the three anonymous referees of EC’25,
who provided many helpful comments and suggestions. We thank Masaki Aoyagi, Paulo Barelli, Yeon-Koo
Che, Shurojit Chatterji, Takashi Hayashi, Jun Honda, Ryota Iijima, Tomoya Kazumura, Asen Kochov, No-
riaki Matsushima, Debasis Mishra, Herve Moulin, Nozomu Muto, Szilvia Papai, Ryosuke Sakai, Ryuji Sano,
James Schummer, Seiji Takanashi, Yuki Tamura, Alex Teytelboym, William Thomson, Yuya Wakabayashi,
Yosuke Yasuda, and Yu Zhou for their detailed comments and discussions. We gratefully acknowledge finan-
cial support from the Joint Usage/Research Center at ISER, International Joint Research Promotion (Osaka
University), and the Japan Society for the Promotion of Science (Shinozaki, 23K18777, 24K16329; Serizawa,
20H05631, 20KK0027, 22H00062).

tHitotsubashi Institute for Advanced Study, Hitotsubashi University. Email: shinozakiecon@gmail.com

tFaculty of Economics, Osaka University of Economics. Email: serizawa.8558@gmail.com



1 Introduction

1.1 Constraints in auctions

Since the 1990s, governments in many countries have used auctions to allocate frequency
licenses to cellphone carriers. These auctions not only generate substantial revenue but also
have significant economic implications. In such auctions, it is common to impose constraints
on license allocations. For example, to prevent monopolistic power or to ensure broader
participation among carriers, a single carrier is often limited in the number of licenses it
can acquire.’ In some cases, certain licenses are set aside for new entrants to promote their
participation in the cellphone market.? Because electromagnetic frequencies are physically
continuous, the allocation of frequency licenses is inherently flexible. However, licenses are
bundled into specific frequency bands before the auction, and each carrier is allowed to
obtain only one or a few such bundled bands. This bundling introduces a constraint on the
allocation. Similar constraints frequently arise in other public auctions—for example, those

involving land, housing, or other public assets distributed to citizens.

1.2 Compatibility between constraints and desirable properties

Although constraints are introduced to promote desirable allocations, their effects are not
necessarily compatible with fundamental properties of rules—such as efficiency and incentive
compatibility. For example, by limiting the flexibility of allocations, constraints may com-
promise efficiency. Therefore, it is essential to examine how such constraints interact with
these properties. This paper investigates the compatibility between constraints on object

allocations and desirable rule properties, and characterizes the rules that satisfy both.

1.3 Main results
1.3.1 Model description

We consider a model with a set N of agents and a set M of objects. Each agent receives
a package of objects and makes a payment. Agents have preferences over package—payment

pairs. Preferences are not necessarily quasi-linear and may therefore capture income effects

1For example, frequency license auctions in the USA (2020), UK (2018, 2021), France (2020), Italy (2018),
Australia (2021), Korea (2018), and Spain (2018, 2022), among others.

2For example, frequency license auctions in Canada (2019, 2021), Korea (2024), and Belgium (2022),
among others.



and financial constraints—features that are particularly relevant in large-scale auctions, such
as frequency license auctions and other public resource allocations.

A (feasible) object allocation specifies how objects are assigned to agents. An allocation
includes both an object allocation and the agents’ payments. An allocation rule, or a rule
for short, is a function from a set of preference profiles to the set of admissible allocations.

We distinguish between feasibility and admissibility of object allocations. The feasible set
is determined by technological constraints outside the planner’s control, whereas the admis-
sible set is a subset of the feasible set, chosen by the planner to achieve specific objectives in
conjunction with the rule. Importantly, the admissible set is not exogenous but is defined as
part of the rule itself: an admissible object allocation is one that can arise for some preference
profile under the rule. In other words, the admissible set corresponds to the range of object

allocations under the rule.

1.3.2 Desirable properties of rules

The planner is concerned only with her total revenue from an allocation. An allocation Pareto
dominates another if each agent and the planner weakly prefer the former to the latter, and
at least one agent or the planner strictly prefers it. Pareto efficiency requires that a rule
select an allocation that is not dominated by any other allocation. Constrained efficiency
requires that a rule select an allocation that is not dominated by any other allocation whose
object allocation is admissible under the rule. Thus, constrained efficiency corresponds to
Pareto efficiency over the range of object allocations, without imposing any restrictions on
payments. Since the admissible set is a subset of the feasible set, constrained efficiency
is generally weaker than Pareto efficiency, unless the two sets coincide. The smaller the
admissible set, the weaker the requirement of constrained efficiency. Thus, there is a trade-oft:
the stronger the requirement of constrained efficiency, the more diverse the set of admissible
object allocations—though satisfying the stronger requirement becomes more demanding. A
rule satisfies no wastage if all objects are allocated to agents. No wastage is also an efficiency
requirement, though weaker than Pareto efficiency.

Strategy-proofness is a dominant strategy incentive compatibility condition, requiring that
no agent ever benefit from misrepresenting his preferences. Individual rationality is a vol-
untary participation condition, requiring that each agent find his assigned package—payment
pair at least as desirable as receiving no object and paying nothing. No subsidy is a condition

that prevents disinterested agents from participating in the rule solely to obtain subsidies,



requiring that each agent’s payment always be non-negative. FEqual treatment of equals is
a fundamental fairness condition, requiring that whenever two agents have identical prefer-

ences, they receive the same level of welfare.

1.3.3 Constraints compatible with desirable properties

We first investigate which admissible sets of object allocations are compatible with the de-
sirable properties of constrained efficiency, no wastage, equal treatment of equals, strategy-
proofness, individual rationality, and no subsidy.

A constraint is a subset of the set of feasible object allocations. Note that the admissible
set of object allocations under a rule is itself a constraint. A constraint satisfies anonymity if
for each object allocation in the constraint, any permutation of agents also yields an object
allocation that belongs to the constraint. A constraint satisfies no wastage if, in every object
allocation that belongs to the constraint, all objects are assigned to agents.

Given a partition B of M, a constraint is called B-bundling unit-demand if, in each object
allocation in the constraint, each agent is allowed to receive one package from B or nothing.
If each package in B is interpreted as a single “object,” then the B-bundling unit-demand
constraint becomes essentially equivalent to the unit-demand model, in which each agent is
allowed to receive at most one object.

We establish that: if a rule satisfies constrained efficiency, no wastage, equal treatment of
equals, strategy-proofness, individual rationality, and no subsidy, then the set of admissible
object allocations must be B-bundling unit-demand for some partition B of M with at most
|N| elements, and must satisfy no wastage and anonymity (Proposition). Proposition thus
shows that compatibility with these desirable properties imposes strong restrictions on the
admissible set: it must be much smaller than the feasible set of object allocations, thereby

necessarily sacrificing Pareto efficiency.

1.4 Rules satisfying desirable properties

Next, we investigate rules that satisfy the desirable properties. As noted earlier, when the
admissible set of object allocations is B-bundling unit-demand and satisfies both no wastage
and anonymity—as in the conclusion of Proposition—the mathematical structure of our
model becomes equivalent to the unit-demand model a la Demange and Gale (1985), in which
each agent may receive at most one object. In that setting, the minimum price Walrasian

(MPW) rules not only exist but are also the only rules that satisfy Pareto efficiency, strategy-
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proofness, individual rationality, and no subsidy (Demange and Gale, 1985; Morimoto and
Serizawa, 2015; Wakabayashi et al., 2025). For any B-bundling unit-demand constraint
satisfying no wastage and anonymity, we define the counterpart of an MPW rule in our
model, referred to as a bundling minimum price Walrasian (MPW) rule.

By applying the above characterization results in the unit-demand model together with
Proposition, we establish the following characterization: A rule satisfies constrained effi-
ciency, no wastage, equal treatment of equals, strategy-proofness, individual rationality, and
no subsidy if and only if the set of admissible object allocations is B-bundling unit-demand
for some partition B of M with at most |[N| elements, satisfies no wastage and anonymity,

and the rule is a B-bundling unit-demand MPW rule (Theorem).

1.5 Implications of results

Our results (Proposition and Theorem) suggest that, unless the set of admissible object
allocations is carefully selected, it is impossible to design a rule that satisfies the desirable
properties. Moreover, they have a practical implication: if the planner aims to satisfy the
desirable properties, then she must adopt a bundling unit-demand constraint satisfying no
wastage anonymity, and must employ the associated bundling unit-demand MPW rule.

The constraints used in public auctions in many countries can be classified as bundling
unit-demand constraints that satisfy both no wastage and anonymity.> While a primary
motivation for adopting such constraints has been to reduce the risk of collusion among
bidders (Binmore and Klemperer, 2002), our results provide a novel rationale for this auction
design: bundling unit-demand constraints are the only ones that permit the existence of a

rule satisfying (constrained) efficiency and strategy-proofness.

1.6 Related literature
1.6.1 Quasi-linear preferences

The literature on object allocation problems with money is extensive. A common assumption
in this literature is that agents have quasi-linear preferences. This assumption is particularly

useful because it renders the problem of efficient object allocation equivalent to simply max-

3For example, the European 3G frequency license auctions in the U.K., the Netherlands, Italy, and Den-
mark, as well as recent auctions in Korea (2024), Hong Kong (2019), Finland (2018, 2020), and Poland
(2023). Additionally, auctions allocating public housing to citizens inherently follow bundling unit-demand
constraints.



imizing the sum of valuations.

One of the most celebrated results in the literature is that if a class of preferences consists
solely of quasi-linear preferences and is sufficiently rich, then the Vickrey rules (Vickrey, 1961)
are the only rules that satisfy Pareto efficiency, strategy-proofness, individual rationality,
and no subsidy (see, e.g., Holmstrom, 1979; Chew and Serizawa, 2007). Notably, Holmstrom
(1979)’s characterization continues to hold when Pareto efficiency is replaced by constrained
efficiency and the Vickrey rules are replaced by the constrained Vickrey rules—that is, the
constrained Vickrey rules are the only rules that satisfy constrained efficiency, strategy-
proofness, individual rationality, and no subsidy.* This paper contributes to the literature
by extending Holmstrom (1979)’s result to settings with non-quasi-linear preferences, while
also incorporating two additional but relatively weak requirements: a fairness condition—

equal treatment of equals—and an efficiency condition—no wastage.

1.6.2 Non-quasi-linear preferences

Although the assumption of quasi-linear preferences is analytically convenient, it limits the
applicability of results to situations where payments are small relative to agents’ incomes or
budgets, such that income effects and budget constraints can be ignored. However, in many
important applications of object allocation problems with money—such as frequency license
auctions—payments are typically large, making income effects and budget constraints non-
negligible. Motivated by this limitation, a growing literature has begun to examine object
allocation problems with money under non-quasi-linear preferences.

Some studies in this literature assume that agents have unit-demand preferences. As
discussed in Section 1.4, when agents have unit-demand and non-quasi-linear preferences, the
MPW rules are the only rules that satisfy Pareto efficiency, strategy-proofness, individual
rationality, and no subsidy (see, e.g., Demange and Gale, 1985; Morimoto and Serizawa,
2015; Wakabayashi et al., 2025).

In contrast, other studies assume that agents have multi-demand preferences, as in this
paper. A series of results has shown that when agents have multi-demand and non-quasi-
linear preferences, no rule can simultaneously satisfy Pareto efficiency and strategy-proofness,
along with other mild properties (see, e.g., Kazumura and Serizawa, 2016; Baisa, 2020; Malik
and Mishra, 2021; Shinozaki et al., 2025). These impossibility results imply that at least one

4A constrained Vickrey rule modifies the standard Vickrey rule by restricting attention to admissible
object allocations when determining the object allocation and the payments. See Definition 3 in Section 3.4.2
for the formal definition.



of these properties— Pareto efficiency and strategy-proofness—must be relaxed or abandoned
in this setting. This paper contributes to the literature by relaxing Pareto efficiency to
constrained efficiency and characterizing rules that satisfy the remaining desirable properties.
Moreover, to the best of our knowledge, this is the first paper to explicitly study constrained
efficiency and strategy-proofness in package assignment problems with money under quasi-
linear or non-quasi-linear preferences.

The aforementioned studies assume that the set of admissible object allocations is exoge-
nously given, whereas our framework allows the planner to endogenously determine this set
as part of the rule design. In this respect, the models considered in those studies can be seen
as special cases of our more general framework.5%

Although this paper focuses on constraints on object allocations, Andersson and Svensson
(2014) study restrictions on payments in the unit-demand model with non-quasi-linear pref-
erences. As Andersson and Svensson (2014) do not consider constraints on object allocations,

this paper complements theirs.

1.6.3 Walrasian equilibrium allocation under constraints

Recently, several papers have investigated the existence and structure of (standard, non-
bundling) Walrasian equilibrium allocations in package assignment problems with money
under quasi-linear or non-quasi-linear preferences (see, e.g., Fleiner et al., 2019; Kojima et
al., 2020; Schlegel, 2022; Baldwin et al., 2023; Nguyen and Vohra, 2024; Bando et al., 2025).
While Walrasian rules—that is, rules that select a Walrasian equilibrium allocation for each
preference profile—satisfy Pareto efficiency (or constrained efficiency in constrained settings),
they generally fail to satisfy strategy-proofness. This paper complements these studies by

focusing on rules that satisfy strategy-proofness.

1.7 Structure of the paper

The rest of the paper is organized as follows. Section 2 introduces the model. Section 3
presents the main results. Section 4 concludes. All proofs are provided in the Appendix and

the supplementary material.

>Two notable exceptions are Baisa (2020) and Shinozaki et al., (2025), which examine models with identical
objects. Since the package assignment model studied in this paper accommodates heterogeneous objects, their
models do not constitute special cases of the present framework.

5To be precise, our results do not imply theirs (and vice versa), as the previous studies do not explicitly
assume fairness properties such as equal treatment of equals.
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2 Model

There are n > 2 agents and m > 1 objects. The set of agents is denoted by N = {1,...,n}.
Our generic notations for agents are 4, j, k, etc. The set of objects is denoted by M with
|M| = m. Our generic notations for objects are a,b,c, etc. Let M =2M.7 A subset of M,
i.e., an element of M, is referred to as a package. Each agent i € N receives a package
A; € M and pays t; € R. A (consumption) pair of agent i consisting of a package and a
payment is denoted by z; = (A;,t;) € M x R. Let 0 = (,0) € M x R denote the pair

where an agent receives no object and makes no payment.

2.1 Preferences

Each agent ¢ € N has a complete and transitive preference R; over M x R. The strict and
indifference relations associated with R; are denoted by P; and I;, respectively. We assume

that each preference R; satisfies the following properties.

Money monotonicity. For each A; € M and each t;,t; € Rwitht; < t;, we have (A;,t;) P; (A;, ).
Object monotonicity. For each A;, A, € M with A, C A; and each ¢; € R, we have
(Aisti) Pi (A}, )

Possibility of compensation. For each z; € M x R and each A; € M, there exist two
payments ¢;,t; € R such that (A;,¢;) R; z; and z; R; (A, t)).

Continuity. For each z; € M x R, the upper contour set at z;, {2z € M x R: 2zl R; z;},

and the lower contour set at z;, {2z} € M x R: z; R; z}, are both closed.

Our generic notation for a class of preferences satisfying the above four properties is R,
which we refer to as a domain.® Let R denote the class of all preferences satisfying the
above four properties.

Given R; € R, A; € M, and z; € M x R, possibility of compensation and continuity im-
ply the existence of a payment V' (A;, z;; R;) € R such that (Ai, V(A;, zi; RZ)) I; z;. By money
monotonicity, such a payment V' (A;, z;; R;) is unique. We call the payment V(A;, z;; R;) the
valuation for A; at z; under R;.

Given R; € R, A; € M, and t; € R, let w(A;, t;; R;) = V(AZ-, (@,ti);Ri) —t;. We call

"Given a set G, 2¢ denotes the power set of G, i.e., 2¢ = {G': G’ C G}.
8Note that, due to object monotonicity, any domain we consider in this paper does not include any unit-

demand preference, where a preference R; is said to exhibit unit demand if for each A; € M\{(0} and each
t; € R, there exists a € A; such that ({a},t;) R; (4, t;).

8



w(A;, t;; R;) the willingness to pay for A; at ¢; under R;. It represents the maximal
amount of money that an agent is willing to pay for the package A; when he currently owns
no object and has made a payment of ¢;. By object monotonicity, for each A;, A, € M with
Al C A; and each t; € R, it holds that w(A;,t;; R) > w(A], t;; R;).

) V ,b ) L';Ri
{a, b} ; ’.1 : ({a } Z ) ::

i w({a, b}, ;; R;) -V {a, b}, z; R;) | w({a, b}, 7;; R;)
Ri —t] L V)R R;

{b}—# ;
bz = ({bht) ! w({b}, ;; Ry

@ \ —V{a},z; Ry) Lo

aj— € i
| 7/ ! ., = .
wi{a), 7 R) o | A=
:/ -1, =-V(®,2};R) V(®, zi; Ry
« =&

Q)(@,r{) 0 @7 Payment

Figure 1: An illustration of a preference.

Figure 1 provides an illustration of a preference R;. Fach horizontal line represents a
package, and each point on a line indicates a payment level. Thus, each point corresponds to
a package—payment pair. The vertical line represents the set of pairs with zero payment. The
solid lines represent the indifference curves associated with the preference R;. The valuations
and willingness to pay for R; are also depicted in Figure 1.

We introduce two special classes of preferences that are of particular importance.

Definition 1. A preference R; € R is quasi-linear if for each (A4;,t;), (4},t;) € M x Rand
each § € R, (A;,t;) I; (A}, t) implies (A;,t; +0) I; (Al t, +9).

Let R? denote the class of all quasi-linear preferences.

Figure 2 illustrates a quasi-linear preference. As shown in the figure, for a quasi-linear
preference, the willingness to pay for each package is independent of the payment. Thus,
for each A; € M and each t;,t; € R, w(A;, t;; R;) = w(A;, t; R;) = w(A;; R;). Moreover, if a
preference R; is quasi-linear, it can be represented by a utility function u; : M x R — R such
that for each z; = (A;,t;) € M x R, u;(z) = w(A;; R;) —t;. Thus, our concept of willingness

to pay aligns with the quasi-linear valuation under quasi-linear preferences.

Definition 2. A preference R; is additive if for each A;, A: € M with A; N A} = ) and

each t; € R, we have

9



Parallel
{a’ b} /. "I ./ ya

w({a, b}, tl; Ry w({a, b}, ti; 7
{b} : :

R; w(bLtiR)\ Ry w({b‘}, t; Ry)

w({a}, t;; Ry)

{a}

w({a}, t}; R)

@, t) Payment

Figure 2: An illustration of a quasi-linear preference.

Let R49 denote the class of all additive preferences. Note that R4% includes preferences

that are additive but not necessarily quasi-linear, i.e., R4% ¢ R<.

w({a, b}, t{; R;) w({a, b}, t;; R;)
(ab] =w({a} t; k) + w({b},t;; Ry) P w(la} ti; R) + wb}.ts R)
R;
) g
w({b},t ! w({b}, t;; R;) w({a}, t;; R)
{a} . :
w({b},t;;R) w({a}t; w({b}, t;; R;) E
® i i

(@,t) Payment

Figure 3: An illustration of an additive preference.

Figure 3 is an illustration of an additive preference R;. As shown in the figure, the will-
ingness to pay for a package at each payment is equivalent to the sum of the willingness to
pay for the individual objects contained in the package at that payment. Note that when a
preference is additive but not quasi-linear, as depicted in Figure 3, the shapes of the indif-
ference curves can vary depending on the payment, but each indifference curve consistently
reflects the additive willingness to pay.

A domain R is said to be rich if it includes all additive preferences, i.e., R O RA%,
Many non-quasi-linear domains studied in the literature are rich. Examples include the net
substitutes domain (Kelso and Crawford, 1982; Baldwin et al., 2023), the net complements
domain (Rostek and Yoder, 2020; Baldwin et al., 2023), the net substitutes and complements

domain (Sun and Yang, 2006; Baldwin et al., 2023), the single improvement domain (Gul
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and Stacchetti, 1999; Nguyen and Vohra, 2020), and the no complementarities domain (Gul
and Stacchetti, 1999), among others. The conditions defining these domains are based on the
Hicksian demand, which represents the demand for a package along the locus of its valuation.
The additivity of preferences ensures that this locus satisfies the conditions characterizing

these domains.?

2.2 Allocations

An object allocation is an n-tuple A = (4;);eny € M" such that for each distinct i,j € N,
A;NA; = 0. Let A denote the set of all object allocations. Given A € A and N' C N,
let A_n' = (Ri)ien\n- In particular, for given A € A and two distinct agents i,7 € N, let
A = (Ap)ken\y and A—ij = (Ag)ren(ig)-

An allocation is an n-tuple z = (A;,t;)ieny € (M x R)" such that (A;)ieny € A. Let Z
denote the set of allocations. Given z = (A;,t;)ien € Z, its associated object allocation and
payment profile are denoted by A = (A;);en and t = (¢;);en respectively. When convenient,

we write z = (A, t) € Z.

2.3 Rules

A preference profile is an n-tuple R = (R;);eny € R". Given R € R™ and N’ C N, let
Ry = (Ri)ien' and R_n» = (R;)ien\n- In particular, for given R € R" and two distinct
agents 7,7 € N, let R; ; = Ry; 53, Ry = R_yy, and R_;j = R_g; 5.

An (allocation) rule on R" is a mapping f : R" — Z. With a slight abuse of notation,
we may write f = (A,t), where A : R" — A and t : R" — R" are the object allocation
and the payment rules associated with f, respectively. The package that agent i receives
and his payment under a rule f at a preference profile R are denoted by A;(R) and t;(R),
respectively, so that f;(R) = (A;i(R),t;(R)).

2.4 Admissible object allocations and constraints

We refer to a subset of A as a constraint. Our generic notation for a constraint is C C A.
Given a rule f on R", let A’ = {A € A: 3R € R" such that A(R) = A} denote the

range of object allocations under a rule f = (4,t). Note that A/ C A itself is a constraint.

9For the formal definitions of the domains listed above, see the supplementary material.
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We distinguish between feasibility and admissibility of object allocations. The feasible set
is determined by technology, which is beyond the control of the (social) planner. We assume
that all object allocations in A are feasible.! Thus, A represents the set of feasible object
allocations.

In contrast, an admissible set is a subset C C A of the feasible set (i.e., a constraint),
selected by the planner for policy purposes, together with a rule f—as illustrated in Example 1
below. Unlike the feasible set, an admissible set is part of the planner’s policy choice.

We emphasize that the planner selects an admissible set C simultaneously with a rule f;
that is, C is not exogenously fixed but is jointly determined with the rule. Therefore, the
planner must choose a rule f such that every outcome object allocation A € A/ is admissible
under the chosen constraint (i.e., AS C C). Conversely, the admissible set C must also be
consistent with the rule f (i.e., C C Af). Thus, given a rule f, we identify A/ with the
admissible set C (i.e., A/ = C), and refer to it as the set of admissible object allocations
(under f), or simply the admissible set (under f).

The following example illustrates the above point: an admissible set is chosen by the

planner simultaneously with a rule.

Example 1 (Admissible object allocations). (i) Suppose that, in order to control the
market power of agents after the allocation of objects, the planner restricts each agent from
receiving more than three objects. Then, the planner selects a rule f such that A/ = {A e A:
Vi € N, |4] < 3}.

(ii) Suppose that agents 1 and 2 are newcomers, and to ensure their continued participation
in the market, the planner sets aside some objects—say, a and b—specifically for them. Then,

the planner selects a rule f such that A" = {4 € A: {a,b} C A; U Ay }.

The planner aims to design rules that satisfy certain desirable properties. However, such
rules may fail to exist under some A/. Therefore, the choice of A/ must ensure compatibility
with these properties. In Section 3, we examine the compatibility between A/ and the

desirable properties. In the next subsection, we introduce these desirable properties.

10 A1l our results remain valid even if the feasible set is an arbitrary non-empty subset of A.
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2.5 Properties of rules
2.5.1 Efficiency properties

Given R € R", an allocation z = (A,t) € Z is said to (Pareto) dominate another allocation
2= (At') € Z for R if the following conditions hold: (i) for each i € N, z; R; z}; (ii)
Yienti = D ey ti; and (iii) for some j € N, z; P; 25, or Y.yt > 3.y ti. This notion of

domination takes into account not only the preferences of the agents but also the preference

of the planner, who is assumed to be concerned only with her total revenue.!!

Pareto efficiency. For each R € R", there exists no z = (A,t) € Z that dominates f(R)
for R.

The next property requires that a rule select an allocation that is efficient over the set of
admissible object allocations A/. Note that we impose constraints only on object allocations,

with no restrictions on payments.

Constrained efficiency. For each R € R", there exists no z = (A,t) € Z with A € A/
that dominates f(R) for R.

If A/ = A, then constrained efficiency coincides with standard Pareto efficiency. If
A’ C A, then constrained efficiency is strictly weaker than Pareto efficiency, and the smaller
A’ is, the weaker the condition becomes. Thus, if A/ includes a sufficiently rich variety
of admissible object allocations, the planner can implement a wider range of outcomes, al-
though it becomes more difficult to ensure constrained efficiency. Conversely, if A/ includes
only a narrow set of admissible object allocations, constrained efficiency becomes easier to
satisfy, but the planner can implement only a limited range of outcomes. This illustrates a
fundamental trade-off between the ease of achieving constrained efficiency and the variety of
admissible object allocations.

The next property requires that all objects be allocated to agents.

No wastage. For each R € R", J,.y Ai(R) = M.

1Without incorporating the planner’s preference, any allocation z = (A,t) € Z would be dominated by
another allocation 2z’ = (A’,t) € Z such that A’ = A and ¢, < t; for each i € N.
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Note that Pareto efficiency implies no wastage. Thus, one justification for no wastage
is that it represents a mild form of efficiency. Another justification is based on practical
observations: in real-life auctions, even if some objects are not sold in a one-shot auction,
they are typically sold in subsequent auctions. As a result, all objects are eventually sold,
and no wastage is effectively satisfied in the long run (Kazumura et al., 2020b).

2.5.2 Incentive properties

The following property is a dominant strategy incentive compatibility, which requires that

no agent can ever benefit from misrepresenting his preferences.

Strategy-proofness. For each R € R", eachi € N, and each R, € R, f;(R) R; fi(R}, R_;).

The next property requires that each agent finds his outcome package—payment pair under

the rule at least as desirable as receiving no object and paying nothing.

Individual rationality. For each R € R" and each i € N, f;(R) R; 0.

The next property requires that each agent’s payment always be non-negative.

No subsidy. For each R € R" and each i € N, t;(R) > 0.

If agents receive subsidies, those with no interest in the objects may participate in the rule
solely to obtain them. No subsidy eliminates this incentive for disinterested agents. Moreover,
when the objects are initially public assets, providing subsidies alongside the allocation may

invite public criticism. No subsidy helps to avoid such criticism.

2.5.3 Fairness properties

Next, we introduce three fairness properties. The first requires that any two agents with

identical preferences receive the same welfare level under the rule.

Equal treatment of equals. For each R € R" and each ¢,5 € N, if R, = R;, then
fi(R) I; fi(R).

14



Given a preference profile R € R™ and a permutation 7 : N — N on N,'? let R € R"
denote the permuted preference profile according to 7, such that for each ¢« € N, Rf = Ry).
The second fairness property requires that if agents’ preferences are permuted, then their

welfare levels be permuted accordingly.

Anonymity. For each R € R", each permutation 7 on N, and each i € N, we have

fi(R) I; fr(R7).1

The third fairness property requires that no agent prefer any other agent’s outcome pack-

age-payment pair to his own under the rule.

No envy. For each R € R" and each ¢,j € N, fi(R) R; f;(R).

Note that (i) anonymity implies equal treatment of equals, (ii) no envy implies equal
treatment of equals, and (iii) in general, anonymity and no envy are independent—that is,
neither property implies the other. Thus, among these properties, equal treatment of equals

is the weakest.

3 Main results

In this section, we study rules satisfying the desirable properties—namely, constrained effi-
ciency, no wastage, equal treatment of equals, strategy-proofness, individual rationality, and

no subsidy.

3.1 Bundling unit-demand constraints

First, we examine the conditions that the desirable properties impose on the set of admissible
object allocations A/ .

A constraint C C A satisfies no wastage if all objects are allocated to agents—that is, if
UienAi = M. A constraint C satisfies anonymity if it is a symmetric set—that is, for each

A € C and each permutation m on N, we have A™ € C.

12A permutation on a set G is a bijection from G to itself.

13This definition is equivalent to the following condition: for each R € R™, each 4,5 € N, and each
R;,R; € R with R; = Rj and R; = Ri, we have fl(R) Ii fj(R;j,R_i,j) and fJ(R) Ij fi(Rg,j;R—i,j)- Note
that anonymity is often referred to as anonymity in welfare in the literature.
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We introduce bundling unit-demand constraints, under which objects are bundled into
several packages, and each agent receives at most one package instead of individual objects.
Given a partition B of M, a constraint C is said to be B-bundling unit-demand if each agent
receives at most one package in B—that is, for each A € C and each i € N, A; € B U {@}
A constraint C is referred to as bundling unit-demand if it is a B-bundling unit-demand
constraint for some partition B. A B-bundling unit-demand constraint can satisfy no wastage

only if |B| < n, as each agent can receive at most one element of B.

Example 2 (Bundling unit-demand constraints). Let n = 3 and m = 5. Let M =
{a,b,c,d,e}. Let B be a partition of M such that B = {B;, By}, where B; = {a,b,c} and
By = {d,e}. Let

Cl = {(®7®7Bl)7(317®’32)}7 C2 = {(®7BI7BQ)a(BlyB2a®)a<B%®,Bl)}a
C3 = {((2)7(2)7@)7 (®7®731>7 ((2)7317@)7 (B17®7®)7 (®7®7B2)7 (@7B27®)7 (B27®7®)}7
C4 = {((D’BDB?)a ((DaBZ:Bl)a (Bh@:B?)a (317327®)’ <B2>®781)7 <327Bb®)}'

Note that C*,C?, C3, and C* are all B-bundling unit-demand. C! satisfies neither no wastage
nor anonymity. C? satisfies no wastage but not anonymity. C* satisfies anonymity but not

no wastage. C* satisfies both no wastage and anonymity.

Given a partition B of M with |B| < n, the B-bundling unit-demand constraint C that
satisfies no wastage and anonymity is unique and can be identified with B. Let C*(B) denote

the B-bundling unit-demand constraint satisfying no wastage and anonymity:

C*(B) = {AGA:WGN, A; € BU {0} and UAi:M}.
ieN
No wastage of Af is essential for the associated rule f to satisfy no wastage, while
anonymity of A/ is essential for f to satisfy fairness properties such as equal treatment
of equals. In addition, the properties of constrained efficiency, strategy-proofness, individual
rationality, and no subsidy impose further restrictions on A/. The following proposition
shows that, in order for a rule f to satisfy all these properties, A/ must also be bundling

unit-demand.

Proposition. Let R be a rich domain. Let f be a rule on R™ satisfying constrained efficiency,

no wastage, equal treatment of equals, strategy-proofness, individual rationality, and no
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subsidy. Then, A' is B-bundling unit-demand for some partition B of M with |B| < n, and

satisfies no wastage and anonymity—that is, A = C*(B).

Although A/ is selected by the planner, it cannot be chosen arbitrarily. The planner must
ensure that A/ is compatible with the desirable properties of rules. If a rule fails to satisfy
some of the desirable properties under A/, then the planner must forgo either A/ or some
of the desirable properties. Proposition shows that if the planner aims to design a rule f
satisfying the desirable properties, then she must choose A/ = C*(B) for some partition B of
M with |B| < n.

Recall that the strength of constrained efficiency depends on A’: the larger A/ is, the
more demanding the requirement becomes. Therefore, when designing a rule that satisfies
the above properties—including constrained efficiency—the planner may need to ensure that
A’ is sufficiently small. For example, in Example 2, C*(B) = C* contains only 6 object
allocations. In general, the maximum number of object allocations that C*(B) can contain
is n!,'* which is much smaller than the number of feasible object allocations. For instance,
when n = 3 and m = 5, as in Example 2, the total number of feasible object allocations is:
1+ 15490 + 270 + 405 + 243 = 1024." Thus, in Proposition, the set of admissible object
allocations A/ under a rule f satisfying the desirable properties is significantly smaller than

the set of feasible ones A. This reduction represents the cost of satisfying those properties.

3.2 Bundling unit-demand MPW rules

For a given partition B of M, the mathematical structure of C*(B) is identical to that of the
unit-demand model—a setting with heterogeneous objects in which each agent can receive
at most one object. Accordingly, the results and definitions developed for the unit-demand
model can be extended to the constraint C*(B). This subsection formalizes this observation.

Given a partition B of M, let By = B U {0} C M. Given a preference R; € R, let
R;|p, denote the restriction of R; to By x R—that is, for each (B;,t;), (B}, t;) € By x R,

17 71

(Bi, t;) Rilg, (B.,t;) if and only if (B;,t;) R; (B, t.). Given a domain R, let R|g, = {Rilz, :
R; € R}. For a given preference profile R € R", let R|z, = (Ri|s,)ien-
Given a partition B of M, a B-bundling price vector is a vector p = (pg)pes, € R'fo‘

such that pp = 0. Note that a B-bundling price vector assigns a price to each package

14This maximum is attained when |B| =n — 1 or |B| = n. Note that in Example 2, [B| =2 =n — 1.

15To see this, note that the number of feasible object allocations in which & = 0,1,2,3,4,5 objects are
allocated to three agents is given by 3% x 5C}. The total number is obtained by summing these values over
k=0 to 5.

17



B; € B, not to each individual object. Given a preference R; € R and a B-bundling price

vector p € R'f“‘, the B-bundling unit-demand set for R; at p is defined as
D(R;,p,B) = {Bi € By :VB; € By, (Bi,ps,) Rilz, (Bz{,pB;)}-

We introduce a bundling unit-demand Walrasian equilibrium, which serves as the coun-
terpart to a Walrasian equilibrium in the unit-demand model, adapted to our setting with a

bundling unit-demand constraint.

Definition 3. Given a partition B of M and R € R", a pair (z,p) = ((A, t),p) € Z X R'fo‘
of an allocation z = (A, t) with A € C*(B) and a B-bundling price vector p, is a B-bundling
unit-demand Walrasian equilibrium for R if the following two conditions hold:

(i) For each i € N, A; € D(R;,p,B) and t; = pp,.

(ii) For each B € B, if there exists no i € N such that A; = B, then pg = 0.

Given a partition B of M and a preference profile R € R", if (z,p) is a B-bundling
unit-demand Walrasian equilibrium for R, then z is called a B-bundling unit-demand
Walrasian equilibrium allocation for R, and p is called a B-bundling unit-demand
Walrasian equilibrium price vector for R. Let P(R,B) denote the set of such price
vectors.

In the unit-demand model, the set of Walrasian equilibrium price vectors forms a non-
empty complete lattice; hence there exists a unique minimum Walrasian equilibrium price
vector with respect to the vector inequality (Demange and Gale, 1985; Alkan and Gale,
1990). An analogous result holds in our setting under the bundling unit-demand constraint
C*(B). Specifically, given a partition B of M and a preference profile R € R", there exists a
unique minimum element of P(R, B) with respect to the vector inequality on By, denoted by
P (R, B).

A bundling unit-demand minimum price Walrasian (MPW) rule is the natural analogue
of the MPW rule in the unit-demand model. It selects a B-bundling unit-demand Wal-
rasian equilibrium allocation supported by the minimum B-bundling unit-demand Walrasian

equilibrium price vector.

Definition 4. Given a partition B of M, a rule f on R" with A/ = C*(B) is a B-bundling
unit-demand minimum price Walrasian (MPW) rule if for each R € R", (f(R),p™"(R, B))

is a B-bundling unit-demand Walrasian equilibrium for R. A rule f on R" is a bundling
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unit-demand MPW rule if it is a B-bundling unit-demand MPW rule for some partition
B of M.

For a given partition B of M, the B-bundling unit-demand MPW rules are essentially
unique.'® However, since there are many possible partitions of M, each partition gives rise
to a distinct bundling unit-demand MPW rule. Therefore, there exists a large class of such
rules, each corresponding to a different partition of M.

In the unit-demand model, the MPW rules not only satisfy Pareto efficiency, strategy-
proofness, individual rationality, no subsidy, and certain fairness properties, but are also the
only rules on a sufficiently rich domain—known as the classical domain—that satisfy these
properties (Demange and Gale, 1985; Morimoto and Serizawa, 2015; Wakabayashi et al.,
2025). The B-bundling unit-demand MPW rules inherit these desirable properties, where
Pareto efficiency corresponds to constrained efficiency under A/ = C*(B). Moreover, since
the classical domain corresponds to R|g, in our setting, the characterization of MPW rules
in the unit-demand model extends to the B-bundling unit-demand constraint on any domain

R satisfying Rz, = R|s,-

Fact 1 (Demange and Gale. 1985; Morimoto and Serizawa, 2015; Wakabayashi
et al., 2025). Let B be a partition of M such that |B| < n. Let R satisfy R|s, = R|s,-

(i) A B-bundling unit-demand MPW rule satisfies A7 = C*(B), and satisfies the following
properties: constrained efficiency, no wastage, equal treatment of equals, anonymity, no
envy, strategy-proofness, individual rationality, and no subsidy.

(ii) A rule on R"™ with A’ = C*(B) satisfies constrained efficiency, strategy-proofness, in-
dividual rationality, and no subsidy if and only if it is a B-bundling unit-demand MPW

rule.

Note that Fact 1 focuses on rules f for which A/ = C*(B) for some partition B of M. In

the next subsection, we study rules without imposing such a restriction on A/ a priori.

3.3 Main theorem

The following is the main result, which establishes that, on any rich domain, the bundling
unit-demand MPW rules are the only rules that satisfy constrained efficiency, no wastage,

equal treatment of equals, strategy-proofness, individual rationality, and no subsidy.

166 be precise, for each R € R", if two allocations z, 2’ € Z are outcomes of (possibly different) B-bundling
unit-demand MPW rules for R, then for each i € N, we have z; I; z..
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Theorem. Let R be a rich domain. A rule f on R" satisfies constrained efficiency, no
wastage, equal treatment of equals, strategy-proofness, individual rationality, and no subsidy
if and only if there exists a partition B of M such that: (i) |B| < n, (i) A/ = C*(B), and
(111) f is a B-bundling unit-demand MPW rule.

Recall that A/ is not a fixed set but a variable chosen jointly with a rule f. Thus,
the strength of the requirement for constrained efficiency depends on the choice of A/. As
shown in Proposition, in order to satisfy the desirable properties, A/ must be selected from
among the bundling unit-demand constraints. Note that Proposition does not specify how
the rule should select an outcome allocation from a given bundling unit-demand constraint
for each preference profile. Theorem addresses this point: it states that, to satisfy the above
properties, the rule must select an allocation according to a bundling unit-demand MPW
rule.

We emphasize that Theorem holds for any rich domain. In particular, it applies to cases
where the objects are substitutes, complements, or both—namely, the net substitutes domain,
the net complements domain, and the net substitutes and complements domain.

We have employed equal treatment of equals as a fairness property. Although it is one
of the central fairness concepts in the literature, other important notions include anonymity
and no envy. We discuss how our results (Proposition and Theorem) would change if we
replace equal treatment of equals with anonymity or no envy. First, recall that any bundling
unit-demand MPW rule satisfies both anonymity and no envy (Fact 1 (i)). Thus, the “if”
part of Theorem still holds even when equal treatment of equals is replaced with either
anonymity or no envy. Second, recall that both anonymity and no envy are stronger than
equal treatment of equals. Thus, the “only if” part of Theorem as well as Proposition remains
valid. Therefore, the conclusions of Proposition and Theorem are unaffected even if equal

treatment of equals is replaced with either anonymity or no envy.

3.4 Outline of the proof

Given Proposition and Fact 1, the remaining step in proving Theorem is to verify that any
rich domain R satisfies the domain condition stated in Fact 1—that is, R|s, = R|g, for a

given partition B of M. This step is straightforward.!” Hence, to prove Theorem, it suffices

1"The proof is as follows. Let R be a rich domain, and let BB be a partition of M. Since R C R, R|z, C R|s,-
We now show the reverse inclusion, i.e., R|g, C R|s,- Let R;|s, € R|s,, where R; € R. Let R, € R49 be
such that for each B; € B and each t; € R, w(B;, t;; R)) = w(B;, t;; R;). Such R, € R4 can be defined be-
cause B is a partition of M. By richness of R, it follows that R} € R. Hence, R}|5, € R|5,. By the definition
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to show Proposition.

We further observe: (i) no wastage of A/ follows directly from no wastage of a rule f,
and (ii) once we show that A’ is a B-bundling unit-demand for some partition B of M, no
wastage of A/ implies |B| < n. Therefore, the main challenge in proving Proposition is to
establish that A/ is B-bundling unit-demand for some partition B of M, and that A/ satisfies

anonymity. In this subsection, we outline the proofs of these two key properties.

3.4.1 Strategy-proofness

In the proof of Proposition, the properties of strategy-proof rules play a crucial role. We
therefore begin by reviewing these properties.
We introduce some notations. Given a rule f = (A,¢) on R™ and an agent i € N, let M,

denote the set of packages that may be assigned to agent ¢ under f:
M; = {A; € M : 3R € R" such that A;(R) = A;}.

Furthermore, given R_; € R" !, let M;(R_;) denote the set of packages that agent i can

possibly receive given R_; under f:
M;(R_;) = {A; € M :3R; € R such that A;(R;, R_;) = A;}.

Note that M;(R_;) € M; C M.

It is well known that under a strategy-proof rule, each agent’s payment depends only
on the package he receives and the preferences of the other agents; therefore, once an
agent’s package is fixed, his own preference does not affect his payment. Formally, if a
rule f on R" satisfies strategy-proofness, then for each i € N, each R_; € R™ !, and each
A; € M;(R_;), there exists a unique payment ¢;(R_;; A;) € R such that for each R; € R,
whenever A;(R;, R_;) = A;, t;(R;, R_;) = t;(R_;; A;)—that is, fi(R;, R_;) = (Ai, ti(R_; Ai)).18
Given A; € M;(R_;), let z;(R_;; A;) = (Ai,t,-(R_i; AZ))

Another well-known property of strategy-proof rules is that, for each R € R" and each

1 € N, agent i receives the most preferred outcome package—payment pair from the set

of R., for each B;, B, € By and each t;,t; € R, we have (B;,t;) R, (Bl,t;) if and only if (B;,t;) R; (B, t}).
This implies that R}|g, = R|p,. Thus, since R}|g, € R|s,, we conclude that R;|g, € R|z,-

8To see this, suppose for contradiction that there exist distinct t;,t; € R and R;, R € R such that
fi(Ri,R—;) = (A t;) and fi(R,,R_;) = (A;t;). Without loss of generality, suppose t; < t;. Then,
fi(RL, R_;) = (A, t5) P; (A;,t:) = fi(R;, R—;), which contradicts strategy-proofness.
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{zi(R_i; A A e Mz(R_Z)} The following remark formalizes this observation.

Remark 1 (Strategy-proofness). Let R be a domain. Let f be a rule on R" satisfying
strategy-proofness. Let R € R™ and i € N. For each A; € M;(R_;), f;(R) R; z;(R_;; A;).

Given a non-empty set M’ C M of packages, a payment vector 7 € R™M'l on M’, and
a package A; € M’ we say that a preference R; € R demands (only) A; at 7 (on M) if
for each A} € M\{A:}, (Ai,;74,) P (Aj,7a). Under a strategy-proof rule f on R", given
R e R"andi € N, if R; demands A; € M;(R_;) at 7 = (ti(R,i; AD)A;GMZ'(RLZ') on M;(R_;),
then strategy-proofness implies A;(R) = A; (see Remark 1).

Finally, arule f = (A, t) on R" satisfies monotonicity if for each i € N, each R;, R, € R,

and each R_; € R" !, the following inequality holds:

V(Ai(R)a fi(R)§ Ri) - V(Ai(R;-, Rfi), fi(R); Ri)
> V(Ai(R), fi(R); R}) — V(Ai(R}, R-,), fi(R); R}).

If R;, R, € R?, then this condition is equivalent to:

It is well established that monotonicity is a necessary condition for strategy-proofness

(see, e.g., Bikhchandani et al., 2006; Kazumura et al., 2020a).

Fact 2 (Monotonicity). Let R be a domain. Let f be a rule on R" satisfying strategy-

proofness. Then, [ satisfies monotonicity.

3.4.2 Characterization of the constrained Vickrey rules

The characterization of the (constrained) Vickrey rules (Vickrey, 1961) by Holmstrom (1979)

also plays an important role in the proof.

Definition 5 (Vickrey, 1961). Given R C R?, atule f = (A,t) on R" is a constrained
Vickrey rule if for each R € R", the following two conditions hold:

(i) We have A(R) € arg max .y w(A; R;).
AeAf

(ii) For each i € N, t;(R) = max ¢ 4s ZjeN\{i} w(Aj; R;) — ZjeN\{i} w(A;(R); R;).

Under a constrained Vickrey rule, each agent pays the impact on the other agents.
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Holmstrom (1979)” result can be applied to a general model that includes the pack-
age assignment problems with money, and characterizes the class of rules satisfying both
(constrained) efficiency and strategy-proofness on sufficiently rich quasi-linear domains. His
characterization result implies that the constrained Vickrey rules are the only rules satis-

fying constrained efficiency, strategy-proofness, individual rationality, and no subsidy on

(RAdd N RQ)n

Fact 3 (Holmstrom, 1979). A rule f on (R4 N RP)" satisfies constrained efficiency,
strategy-proofness, individual rationality, and no subsidy if and only if it is a constrained

Vickrey rule.

3.4.3 Proof of bundling unit-demand constraint: An outline

We now outline the proof that if a rule f on a rich domain R" satisfies constrained efficiency,
no wastage, equal treatment of equals, strategy-proofness, individual rationality, and no
subsidy, then A/ must be a B-bundling unit-demand constraint for some partition B of M.
Let R be a rich domain, and let f = (A,t) be a rule on R" satisfying the above properties.
The proof proceeds in three steps:

(i) In the first step (Step 1), we show that for each i € N and each distinct A;, A} € M;\{0},
A; N AL = (). Thus, the set of packages available to agent ¢ under the rule f, M;, consists of
mutually disjoint packages, and agent ¢ can receive at most one package from M;.

(ii) In the second step (Step 2), we establish that for each i, j € N, M; = M; = M. In the
proof of this result, the fairness property of equal treatment of equals plays a key role.

(iii) In the third step (Step 3), we complete the proof by showing that A/ is a B-bundling
unit-demand for B = M \ {0}. Given the results from Steps 1 and 2, no wastage of Af
ensures that B is indeed a partition of M.

Given Step 1, Steps 2 and 3 follow relatively easily. Thus, Step 1 is the crucial part of the
proof, and we illustrate it for the simplest case where n = m =2 and R = R. Let M = {a, b}.
We establish that for each i € N and each distinct A;, A, € M;\{0}, we have A; N A, = ().
Suppose for contradiction that there exist i« € N and distinct A;, A, € M;\{0} such that
A; N AL #£ (. Without loss of generality, suppose ¢ = 1. Since Ay, A} # (), A; N A} # 0, and
M = {a,b}, we may assume without loss of generality that A; = {a} and A = {a, b}.

The proof consists of four claims. First, note that when agent 2 has an additive and quasi-
linear preference R, € RA% N RC, constrained efficiency implies that agent 1 can obtain

any package A” € M, by declaring a suitable preference R; € R4 N R under which the
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willingness to pay for the objects in A7 is sufficiently large and that of the objects not in AY

is sufficiently small.

Claim 1. For each A7 € My and each Ry € RAM N RR | there exists R € RA%M N R such
that A1(Ry, Ry) = AY, and so A} € My(R»).

Note that Claim 1 implies that for each Ry € R4 N RY, M, (Ry) = M. In particular,
since Ay, Ay € My, it follows that for each Ry € RA% N R, we have A;, A} € M, (Ry).

Recall that, as discussed in Section 3.4.1, under a strategy-proof rule, an agent’s payment
depends solely on the package he receives and the preferences of the other agents. Also recall
from Section 3.4.2 that the constrained Vickrey rules are the only rules satisfying constrained
efficiency, strategy-proofness, individual rationality, and no subsidy on the domain RA“NR?
(see Fact 3). Combining these two facts, we conclude that when agent 2 has an additive and
quasi-linear preference, agent 1’s payment must coincide with that under the constrained

Vickrey rule.

Claim 2. For each Ry € R4 N RY and each A} € M;(Ry), we have
t1(Ro; A7) = w(M; Ry) — w(M\AY; Ry) = w(A{; Ry).

Let Ry € R4 N R? be such that w({a}; Rz) = 1, w({b}; Rz) = 1, and w({a,b}; Ry) =
w({a}; Rs) + w({b}; Rs) = 2. Let 7 € RMI be a payment vector on M such that for each
A} € My(Ry), Tar = t1(Rg; AY). Recall that Ay, A} € M (Ry) (see Claim 1). According to

Claim 2, we compute 74, and 74, as follows:
1

Ta, = ti(Ro; Ar) = w(Ay; Ry) = w({a}; RQ) =1,
Tar = t1(Ry; A}) = w(A}; Ry) = w({a,b}; RQ) =2

Similarly, let R € R4 N RY be such that w({a}; R)) = 2, w({b}; Ry) = 2, and
w({a,b}; Ry) = w({a}; Ry) + w({b}; R}) = 4. Let 7/ € RM! be a payment vector on M
such that for each A7 € M1(R}), 7, = t1(Ry; AY). Since Ay, Ay € My(Rj) (see Claim 1),

we apply Claim 2 to compute 7/, and 7';1,1 as follows:

7, = ti(Ry; Ay) = w(Ay; Ry) = w({a}; Ry) = 2,

Th = ti(Ry; A}) = w(Aj; Ry) = w({a,b}; Ry) = 4.
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Note that

Th, =2>1=1y,. (1)
This discrepancy in payments allows us to construct a (non-quasi-linear and not necessarily
additive) preference R, € R that demands A; = {a} at 7 and A} = {a, b} at 7/ (see Figure 4).

Claim 3 (Figure 4). There exists Ry € R that demands A, at T and only A} at 7'.

4
Ay = {a, b} = s 2 —

({allb}l T{a,b}) ({a' b}' T{,arb})

(b)) |

1 ({a}, t(ay)

A ={a} » é
| __?‘/ i({a}, 71y
5 | |
0=(0,79) = (8,75) Payment

Figure 4: An illustration of Claim 3.

Given Claim 3, strategy-proofness implies that A;(R) = A; = {a} and A;(R}, R_5) =
Al = {a,b} (see Remark 1). Since there are only two agents, no wastage of f implies that

agent 2 receives the remaining objects. Therefore, we obtain the following:
Claim 4. We have Ay(R) = M\ A (R) = {b} and Ay(R1, R)) = M\ A;(Ry, Ry) = 0.

Claim 4 crucially relies on the fact that there are only two agents. Indeed, if there are three
or more agents, no wastage does not necessarily imply that agent 2 receives the remaining
objects.

Now, we are in a position to derive a contradiction. Observe that

w(Az(R); By) — w(As(Ry, Ry)i By) = w({b}; Ry)
=2>1= w({b};Rg) = w(Az(R);Rg) — w(AQ(RhR/z);RQ), (2)

where the first and last equalities follow from Claim 4. However, this contradicts monotonicity
of f (see Fact 2).
3.4.4 Challenges arising from many agents and domain restrictions

The outline of the proof presented in Section 3.4.3 assumes two agents (i.e., n = 2) and the

unrestricted domain (i.e., R = R), which simplifies the analysis and makes it more tractable.
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The full proof is substantially more complex, as it must account for both the allocation of
objects among more than two agents and the restriction on the domain. In what follows, we

describe how these features complicate the argument and explain how we address them.

Many agents.  First, we explain how the existence of three or more agents complicates
the proof. The outline in Section 3.4.3 crucially relies on two types of tractability regarding
admissible object allocations: intrapersonal tractability and interpersonal tractability. Intrap-
ersonal tractability refers to the tractability of the packages available to a single agent (see
Claim 1), while interpersonal tractability refers to the tractability of the packages available
to two agents (see Claim 4). In the outlined proof, both types of tractability are guaranteed
by the two-agent assumption.

In the full proof, where there may be three or more agents, both types of tractability may
fail under constrained efficiency. Indeed, recall that when there are only two agents, an agent
can receive any package available under the rule by reporting certain preferences, regardless
of the other agent’s preferences (thus ensuring intrapersonal tractability; see Claim 1). How-
ever, when there are three or more agents, the packages available to a given agent may
depend on the preferences of the others—that is, intrapersonal tractability fails.! To ad-
dress this form of intractability, we proceed as follows: given a package A; € M; that is
available to agent ¢ under the rule, we identify a sufficient condition on a preference profile
of the other agents R_; € (R4 N RP)"~! that guarantees A; € M;(R_;) (see Lemma 1
in Appendix A.1.1). Note that this form of tractability is weaker than that established in
Claim 1, where M;(R_;) = M, for each R_; € (R4 N R?)"~L. Nevertheless, this partial
tractability still provides a useful foundation for our analysis.

Furthermore, recall that when there are only two agents, no wastage implies that the other
agent receives the remaining object once a package is assigned to one agent (thus ensuring
interpersonal tractability; see Claim 4). In contrast, when there are three or more agents,
determining how the remaining packages are allocated to the other agents becomes a non-
trivial problem—that is, interpersonal tractability fails. To recover interpersonal tractability,
we exploit the implications of equal treatment of equals, along with the other desirable
properties, to identify which packages may be available to two agents (see Lemma 4, Lemma 5,
and Lemma 6 in Appendix A.1.2). By contrast, in the outline of the proof for the two-agent

case, equal treatment of equals plays no role, as full interpersonal tractability is already

19For details, see Example 3 in the supplementary material.
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guaranteed by the two-agent assumption and the no wastage property.

Non-quasi-linear preferences do not play an essential role in the above discussion on
the tractability of admissible object allocations. Nevertheless, this perspective is novel, as
prior studies have not explicitly examined tractability under constrained efficiency and equal

treatment of equals.

Restricted domains. In addition to the challenges posed by allocation constraints, we must
also address those arising from domain restrictions. Since our richness condition only requires
the domain to include the class of (possibly non-quasi-linear but) additive preferences, we
cannot select non-additive preferences in the proof. Claim 3 in the outline asserts that there
exists a preference R; € R that demands A; = {a} at 7 and A} = {a,b} at 7. To generalize
the proof outline, we need to identify preferences within the restricted domains that satisfy
a property analogous to Claim 3. This would be relatively straightforward (see Figure 4) if
we were allowed to choose non-additive preferences, as in Claim 3. However, finding such
preferences within the restricted domains presents a challenge. Although it is not possible
for certain packages A, A} and payment vectors 7,7’ under some constraints,?’ we identify
conditions on packages, payment vectors, and constraints that guarantee the existence of

such a preference (see Lemma 7 and Lemma 8 in Appendix A.1.3).

3.4.5 Proof of anonymity: An outline

Next, we prove that A/ satisfies anonymity, assuming—as shown in Section 3.4.3—that it is
a B-bundling unit-demand constraint for some partition B of M. As we shall see, the fairness
condition of equal treatment of equals, together with the characterization of constrained
Vickrey rules (Fact 3), plays a crucial role.

Let R be a rich domain, and let f = (A,t) be a rule on R" that satisfies constrained
efficiency, no wastage, equal treatment of equals, strategy-proofness, individual rationality,
and no subsidy. Assume Af is a B-bundling unit-demand constraint for some partition B of
M. Suppose for contradiction that Af fails to satisfy anonymity. To illustrate the essence of
the argument, we focus on the simplest case where n = m = 2, and let M = {a,b}. Since
m = 2, there are only two possible partitions of M: {M} and {{a}, {b}}. We here consider
the partition B = {M}; the argument for the other partition a, b is analogous.

Given that A/ is a B-bundling unit-demand constraint, satisfies no wastage (which fol-

20See Example 4 in the supplementary material for details.
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lows from no wastage of f), but violates anonymity, we must have either A/ = {(M , @)}
or A7 = {(p,M)}. Without loss of generality, let A/ = {(M,0)}. For each i € N, let
R; € R4 N R be such that w(M;R;) = 6. Note that Ry = R,. Note also that by
richness of R, R € R". Since f satisfies constrained efficiency, strategy-proofness, individ-
ual rationality, and no subsidy, its restriction to (R4% N R®?)" satisfies the four properties
as well. Thus, it follows from Fact 3 that f coincides with a constrained Vickrey rule on
(RAY N RP)™. Thus, since R € (R4 N RP)", f(R) is an outcome of a constrained Vick-
rey rule for R. Thus, since A = {(M,0)}, A(R) = (M, D), t:(R) = w(0; Rs) —w(0; R2) =0,
and to(R) = w(M; Ry) — w(M; Ry) = 0. Thus,

w(A1(R); 1) — ti(R) = w(M; Ry) = 6 # 0 = w(D; Ry) = w(As(R); Ry) — ta(R).

However, since Ry = Rs, this contradicts equal treatment of equals.

3.5 Independence of the properties

All the properties in Theorem are indispensable. In the supplementary material, we provide
examples that demonstrate that if any one of these properties is dropped, then there exists
a rule that (i) differs from any bundling unit-demand MPW rule and (ii) satisfies all the

remaining properties.

3.6 Extensions

We can extend Proposition and Theorem to the case where the maximal size of income effects
is arbitrarily small, so that the domain contains only “almost” non-quasi-linear preferences,
and extend Proposition and the “if” part of Theorem to the case where only one agent may

have non-quasi-linear preferences; see the supplementary material for details.

4 Conclusion

Bundling unit-demand constraints are widely used in practical auction designs, including
the European 3G frequency license auctions and recent 5G license auctions in several coun-
tries. In practice, certain technological characteristics often imply that some objects are
complements and others are substitutes for most agents. Policymakers therefore tend to

bundle complements into the same packages and separate substitutes into different ones to
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achieve more efficient allocations—an approach consistent with our bundling unit-demand
constraints. Our domain richness condition is weak enough to cover such environments,

providing a novel theoretical justification for this widely used design principle.

Appendix

A Proof of Proposition

In the Appendix, we provide the proof of Proposition.

A.1 Preliminaries

In this subsection, we present the lemmas that will be used in the proof of Proposition.

A.1.1 Intrapersonal tractability of object allocations

We begin with the following remark, which provides a useful characterization of constrained

efficiency.

Remark 2 (Constrained efficiency). A rule f = (A,t) on R" satisfies constrained effi-
ciency if and only if for each R € R", A(R) € arg max) ,_y w(Ai, ti; Ri), where t; = V(@, fi(R); R,»)
AeAf

foreachi € N. If R € (R?)", then this condition is equivalent to A(R) € arg max .y w(A; R;).
AecAf

Regarding intrapersonal tractability of admissible object allocations, the following lemma
provides a sufficient condition on preference profiles of the other agents that ensures agent
1 can obtain a package A; by declaring some preferences under a rule satisfying constrained
efficiency and no wastage. This condition consists of two components:

(i) All other agents have the same willingness to pay for each object, except for those in A;
and one object a not in A;.

(ii) There exists an agent j # i who, conditional on agent i receiving A;, is assigned object
a and has a strictly higher willingness to pay for object a than the other agents.

Note that if there are only two agents, this condition always holds, and the following lemma

reduces to Claim 1 in Section 3.4.3.

Lemma 1 (Intrapersonal tractability). Let R be a rich domain, and let f be a rule

on R"™ satisfying constrained efficiency and no wastage. Let i € N and A; € M,;. Let
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j € N\{i} and a € M\A; be such that for some A_; € M"', (A;,A;) € AV and a € A;.
Let R_; € (RA% N RY)"=1 be such that the following two conditions hold:

(i) For each k € M\{i} and each b € M\ (A; U {a}), w({b}; Ry) = w({b}; R;).

(it) For each k € N\{i}, w({a}; Ry) < w({a}; R;).

Then, there exists R; € R4 N R? such that A;(R;, R_;) = A;, and so A; € M;(R_;).

Proof. We only provide a sketch of the proof; for the formal argument, refer to the supple-
mentary material. Let R; € R4% N RY be a preference with a sufficiently large willingness
to pay for the objects in A; and a sufficiently small willingness to pay for those not in A;. We
show A;(R) = A;. Suppose for contradiction that A;(R) # A;. By assumption, there exists
A_; € M" ! such that A = (A;,A;) € A and a € A;.

First, suppose A;(R) 2 A;. Since agent i has a sufficiently small willingness to pay for
the objects in A;, all agents in N\{i} have the same willingness to pay for the objects not in
A; U {a}, and agent j has the highest willingness to pay for object a € A; among agents in
N\{i}, reallocating the objects in A;(R)\A; from agent i to agents in N\{i} and assigning
object a to agent 7 would strictly increase the total willingness to pay. In particular, the
object allocation A yields a strictly higher total willingness to pay than A(R). However,
since A € A/, this contradicts constrained efficiency (see Remark 2).

Next, suppose A;(R) 2 A;. Since agent ¢ has a sufficiently large willingness to pay for the
objects in A;, reallocating the objects in A;\ A;(R) from agents in N\{i} to agent ¢ would
strictly increase the total willingness to pay. In particular, the object allocation A yields a
strictly higher total willingness to pay than A(R), contradicting constrained efficiency (see
Remark 2). O

A.1.2 Interpersonal tractability of object allocations

We examine interpersonal tractability of admissible object allocations, corresponding to
Claim 4 in the proof outline (Section 3.4.3). Throughout this subsection, let R be a rich
domain, and let f = (A,t) be a rule on R™ satisfying constrained efficiency, no wastage,
equal treatment of equals, strategy-proofness, individual rationality, and no subsidy.

The following two lemmas provide the foundation for our analysis of interpersonal tractabil-

ity. Note that by richness, R4% N RQ C RAM C R.
Lemma 2. Let g = (A9,19) be the restriction of f to (R4 N RP)". Then, A/ = A9.
Proof. Since g is the restriction of f to (R4 N RP)", A9 C A/, To show A/ C A9, let
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A€ Af. For each i € N, let R; € R4% N R? be such that for each a € A;, w({a}; Ri) =
m + 1, and for each a € M\ A;, w({a}; Ri) = 1. By richness, R € R". By the definition of
R, {A} = arg max ey WAL R;). Since A € A, {A} = arg max >,y w(Aj; R;). Thus,
by constrain;dE:fﬁciency of f, A(R) = A. Since g is the restf;/ii?ifon of f to (R4 N RA)"

and R € (R4 N RO)" AI(R) = A(R) = A. Thus, A € A9. O

Lemma 3. Let R € (R N R and leti,j € N satisfy R; = R;. Then,

max A Ry) = (Ag; R
Aedr w(Ag; Ry) = géix Z ks By).-
keN\{i} keN\{j}

Proof. Let g = (A9,t9) be the restriction of f to (R4% N R¥)". Since f satisfies constrained
efficiency, strategy-proofness, individual rationality, and no subsidy, so does g. Thus, by

Fact 3, ¢ is a constrained Vickrey rule on (R4 N R?)". Thus, for each k € N,

w(A(R); R) — t}(R)

= w(A{(R); Rx) — | max Z w(Ay;; Ry) — Z w(A(R); R,)

A€ A9
IeN\{k} leN\{k}
— Zw(Af(R Rl —max Z (A;; Ry). (3)
leN leN\{k}

Since R, = Rj, equal treatment of equals of g implies g¢;(R) I; g;(R), so w(A?(R);R,-) —
t!(R) = w(AJ(R); R;) — tJ(R). Thus, by (3) and A’ = A9 (see Lemma 2),

keEN kEN\{i} kEN A e
Canceling >, .y w(AL(R); Ry,) from both sides yields the desired equality. O

The following three lemmas establish basic forms of interpersonal tractability. We provide
only sketches of the proofs for Lemma 4 and Lemma 6. For full details, see the supplementary

material.

Lemma 4 (Interpersonal tractability (i)). Let A € A/, and leti,j € N be two distinct
agents. Then, there exists A’ € A/ such that AL D A

Proof. Suppose for contradiction that for each A’ € Af, A5 2 A;. Note that A; # 0. Let

R € (R4 N RP)" be a preference profile in which agents i and j share the same pref-
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erence, with a sufficiently large willingness to pay for the objects in A;. Since A’ 2 A;
for each A’ € Af, agent j cannot receive all the objects in A; under any admissible ob-
ject allocation. Thus, maxaear D ey WAL Bk) > maxaear D open gy WAL Bi), which

contradicts Lemma 3. O]

Given a non-empty set M’ C M of packages, a package A; € M’ is said to be maximal
(in M) if there does not exist any A, € M’ such that A; C AL

Lemma 5 (Interpersonal tractability (ii)). Let i,7 € N be two distinct agents, and let
A; € M; be a package that is mazimal in M;. Then, A; € M, and A; is mazimal in M;.

Proof. By Lemma 4, there exists A; € M; such that A; O A;. To prove Lemma 5, it is
sufficient to show that for each A; € M, with A; O A;, we have A; = A;. Suppose for
contradiction that there exists A; € M; such that A; D A;,. Then, again by Lemma 4,
there exists A € M, such that A, O A;. Since A; D A;, we have A] D A;, contradicting the

assumption that A; is maximal in M;. O

Lemma 6 (Interpersonal tractability (iii)). Let i,j € N be two distinct agents, and
let A; € M\{0} be a package that is maximal in M;. Let a € M\A;. Then, there exists
A" e Al such that A} = A; and a € Al

Proof. By A; € M, there exists A_; € M" ! such that A = (A;, A_;) € A/. Since A’ sat-
isfies no wastage (which follows from no wastage of f) and a € M\ A;, there exists k € N\{i}
such that a € Ay,. If k = j, then A € A7 satisfies the desired properties: agent i receives A;
and a € A;. Suppose instead that k # j.

We now establish that there exists A’ € A/ such that A, = A; and A% D Ag. Note that
for such A’ € A/, since a € A}, C A%, A satisfies the desired properties.

We proceed by contradiction. Suppose that for each A’ € Af with A} = A;, it holds
that A} 2 A,. Note that Ay # 0. Let R e (R N R)" be a preference profile such
that (i) agent i’s willingness to pay for the objects in A; is sufficiently large, and (ii)
agents j and k have identical preferences, with a large willingness to pay for the objects
in Aj;, though still relatively small compared to agent i’s willingness to pay for the ob-
jects in A;, and (iii) the willingness to pay of each agent [ € N\{i,j, k} is small enough.
Let A" € aqug// Erjefxx Y e N\{k) w(Aj; Ry). Since agent i has a sufficiently large willingness to
pay for the objects in A; and A = (A;, A_;) € A/, we must have A, D A;. Then, since A;

is maximal in M;, it follows that A} = A;. By our assumption, we have A} 2 Ay; that
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is, agent j cannot fully receive the objects in A, under A’. In contrast, since A € A7,
agent k receives all the objects in Ay under A. Thus, maxancar D jen y WA R) =
D engry WAL Ri) < 30wy WAL Ri) < maxanear D e n gy WA Ri). However, this con-
tradicts Lemma 3. [

A.1.3 Existence of preferences in a rich domain

We examine the existence of an additive preference that demands a package A; at a payment
vector 7 and another package A} at another payment vector 7/. The lemmas presented here
correspond to Claim 3 in the proof outline provided in Section 3.4.3.

The following remark describes how to construct an additive and non-quasi-linear prefer-

ence by two given additive and quasi-linear preferences.

Remark 3 (Figure 6). Let A;, A, € M, and let TAi,TA; € R. Let R;, R, € R4 N RY
be two additive and quasi-linear preferences such that the indifference curve of R; through
(A;, 7a,) lies entirely to the left of that of R] through (A;,TA;). Then, we can construct an
additive preference R! € RA% with the following properties:

(i) Each indifference curve to the left of (A;,74,) is parallel to that of R;.

(ii) Each indifference curve to the right of (A}, 7':4;_) is parallel to that of R;.

(iii) Each indifference curve in between is formed by interpolating between the two, that is,

by taking a convex combination of the corresponding willingness to pay for R; and R;.

Convex
Parallel combination Parallel —
{a,b,c} - < —~ # #
R'” R =R R! R =R, R/

4
< Z t L Vi

{c,a} <
{Z,C:} \/\ ///
4; = {a,b}

Al = {c) / ////
<<y
{a} //>\

Payment

Figure 5: An illustration of Remark 3.

Figure 5 is an illustration of Remark 3. Note that if two quasi-linear preferences R; and

R; are additive, then both (i) taking an indifference curve parallel to that of either R; or R},
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and (ii) interpolating between R; and R}, preserve the additivity of willingness to pay at each
payment. Therefore, the constructed preference R in Remark 3 is also additive.

Given a non-empty set M’ C M of packages, a payment vector 7 € RM'| is said to be
object monotonic (on M’) if for each A;, A} € M’ with A} C A;, it holds that 74, > 74/.
Two distinct packages A;, A, € M’ are said to be adjacent (in M) if one of the following
holds:

(i) A; € A;, and there is no A7 € M’ such that A; C A7 C AJ; or
(ii) A} € A;, and there is no A7 € M’ such that A, C A7 C A,.

The following lemma provides a sufficient condition for the existence of an additive and
non-quasi-linear preference that demands package A; at a given payment vector 7 on M/,
and demands another package A;—which is adjacent to A;—at another payment vector 7/
on M’. Figure 6 illustrates the lemma. In the figure, a solid horizontal line indicates that

the corresponding package is included in M’, while a dotted horizontal line indicates that it

is not. Accordingly, in Figure 6, M’ = {0, {a}, {b}, {c}, {b,c}}.

(4 74)

/({a};‘[{a}) ({a}, T{’a})

{a}
(; / (Q)'TE)/ ((Déré))

Payment

Figure 6: An illustration of Lemma 7.

Lemma 7 (Figure 6). Let M’ C M be a non-empty set of packages. Let A;, A, € M’ be
two adjacent packages in M', satisfying the following conditions: (i) A; # 0, (ii) A; C AL,
and (iii) for each AY € M’ with AY 0 A, # 0, A? C AL, Let 7,7 € RM be two payment
vectors on M' such that: (iv) Ta, < 7)., and (v) 7,7" are object monotonic on M'. Then,

there exists an additive preference that demands A; at 7 on M', and only A, at 7" on M'.

Proof. We provide a sketch of the proof; the formal argument can be found in the supple-
mentary material. Let R; € R4 N R? be a preference with a sufficiently large willingness

to pay for the objects in A; and a sufficiently small willingness to pay for those not in A;. By
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assumptions (ii) and (iv), we can choose R} € R4 N RY such that the willingness to pay
for the objects in A; is sufficiently large, that of the objects not in A} is sufficiently small,
and that of the objects in A\ A; is set so that the indifference curve of R. through (A, 71’4; )
lies entirely to the right of that of R; through (A;, 74,) (see Figure 6). Then, by Remark 3,
there exists an additive preference R/ € R4% whose indifference curve at (4;,74,) coincides
with that of R; and at (A;,TA; ) with that of R;. By using assumptions (i) and (v), we can
show that R; demands A; at 7. Similarly, by using assumption (iii), we can show that R/

demands A! at 7. O

The next lemma provides a sufficient condition for the existence of an additive and non-
quasi-linear preference that demands a package A; at a given payment vector 7 on M’, and
a maximal package A/ satisfying A, N A; = () at another given payment vector 7/ on M. Tts

proof is similar to that of Lemma 7 and is deferred to the supplementary material.

Lemma 8. Let M’ C M be a non-empty set of packages. Let A;, A; € M’ be two packages
satisfying the following conditions: (i) A, # 0, (ii) A; N A, =0, and (iii) A} is mazimal in
M. Let 7,7 € RMT be two payment vectors on M’ such that: (iv) Ta, < 7, and (v) 7,7’
are object monotonic on M’'. Then, there exists an additive preference that demands A; at T

on M" and Al at 7" on M'.

A.2 Proof of Proposition

We now proceed to the proof of Proposition. Let f = (A,t) be a rule on R™ that satisfies
constrained efficiency, no wastage, equal treatment of equals, strategy-proofness, individual
rationality, and no subsidy. By no wastage of f, A’ satisfies no wastage. In the subsequent

proof, we repeatedly use the fact that A/ satisfies no wastage.

A.2.1 Bundling unit-demand constraint

In this subsection, we show that there exists a partition B of M such that A/ is a B-bundling

unit-demand constraint and |B| < n. The proof proceeds in three steps.

STEP 1. We first show that for each ¢ € N and each distinct A;, A; € M;\{0}, we have
A; N AL = (). Suppose for contradiction that there exist ¢« € N and distinct A;, A, € M;\{0}
such that A; N A, # (. The proof basically follows the outline provided in Section 3.4.3.
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If A} is not maximal in M;, then there exists A7 € M; such that AY 2> Al. Since
AN AL £ D, Ay A £ (. Therefore, without loss of generality, we may assume that A’
is maximal in M;.

Since R is rich, we have RA% N R C R4 C R. Let g be the restriction of f on
R" to (R4 N RP)". Since f satisfies constrained efficiency, strategy-proofness, individual
rationality, and no subsidy, its restriction g also satisfies these properties. Thus, by Fact 3, g
is a constrained Vickrey rule. Thus, for each R € (R4 N R9)", f(R) = g(R) is an outcome

of a constrained Vickrey rule, and hence

G(R) = L(Rs AR) = max D0 wlAlR) = 3 wl4i(R);Ry)
JEN(i} JEN{i}
= max > w(AfR) - ) w(Ai(R)R), (4)
JEN\{i} JEN\{i}

where the last equality uses A/ = A9 (see Lemma 2). Note that (4) corresponds to Claim 2
in the outline of the proof presented in Section 3.4.3.

Let Ry € R4 N R be such that for each a € M, w({a}; Ry) = 1. There are two cases.
CASE 1. For each A7 € M; with A7 N Al # (), it holds that A7 C A..
Since A; N AL # (), A; C AL, Given that A; # A, we have A; C A,. Without loss of

generality, assume that A; and A} are adjacent in M;. Since A; # ), we can choose a € A;.

Since A; € A}, we have A\ A; # (), so we can choose some b € A\ A; (see Figure 9).

A

L

b 4

oQ

Figure 7: An illustration of the packages in Case 1.

By A; € M;, there exists A_; € M" ! such that A = (A;, A_;) € A/. By no wastage
of A/ (which follows from no wastage of f) and b & A;, there exists j € N\{i} such that
be A; Let R; € R4 N RY be such that w({b}; R;) = m + 1, and for each ¢ € M\{b},
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w({c}; R;) = 1. Let R} € R4 N RY be such that w({a}; R}) = 3m, w({b}; R}) = m + 2,
and for each ¢ € M\{a,b}, w({c}; R;) = 1. For each k € N\{i,j}, let R, = Ry.

Let 7,7 € RMil be two object monotonic payment vectors on M, such that for each
Al € Mi(R_y), Tar = ti(R_;; AY), and for each A} € M,(R, R_;;), Thr = ti( R, Ry j; AY).
It follows from strategy-proofness and object monotonicity of preferences that 7,7’ are object
monotonic on M;(R_;) and M;(R}, R_;;), respectively. Thus, we can choose such 7,7’
satisfying object monotonicity on M;.%

Recall that A € A/ and b € A;. Thus, since w({b}; R;) > w({b}; Ry) and w({c}; R;) =
w({c}; Ry,) for each k € N\{i,j} and each ¢ € M\ (A; U {b}), Lemma 1 implies that there
exists R; € R4 N RY such that A;(R;, R_;) = A;, and thus A; € M;(R_;). This corre-
sponds to Claim 1 in the outline of the proof presented in Section 3.4.3. Similarly, we can
invoke Lemma 1 to claim that there exists R € R4% N R< such that A;(R};, R_;;) = A;.?
Thus, A; € M;(R}, R_;;). Since A} is maximal in M;, A} € M; (see Lemma 5). By
a€ A= AR} ;, R ;) a & Aj(R;;, Ryj).

Since w({a}; R;) > w({a}; Rj), the impact that agent ¢ imposes on the other agents by
receiving the package A; 3 a under (R}, R_;;) is greater than under R_;. Recall that under
a constrained Vickrey rule, each agent pays the impact on the other agents. Thus, since
T4, corresponds to the payment of agent ¢ under the constrained Vickrey rule for R_; when

receiving A;, and 7)) corresponds to the payment under (R}, R_;;) (see (4)), we have™
Th, > Ta,. (5)

This inequality corresponds to inequality (1) in the outline of the proof presented in Sec-
tion 3.4.3. Recall that 7 and 7" are both object monotonic on M;. Note that § # A; C Al
that A; and A} are adjacent in M;, and that, by the assumption of Case 1, for each A} € M;
with A, N A7 # 0, it holds that A7 C Al. Thus, the assumptions of Lemma 7 are satisfied,

2'We construct (TA;/> ., by the following algorithm:

Ae MM (R_;)
STEP 1. Choose a package A € M;\M;(R_;) with the minimum number of objects such that 74, has not
been defined.

STEP 2. For the A} chosen in Step 1, choose T4/ € (LA// UAH) where Ly = maxamen;.ar ¢ ay Tar (if
no such Al exists, LAH = —00), and Uay = minay e, (R_,):Ar C Ay Tarw (1f no such A”’ exists, UAN = 00).
If 74, has not been defined for some Al e M; \./\/l (R_;), return to Step 1. Otherwise, stop.

For each A/ € M\M;(R_;), we have L Ay < Ugay. Thus, the above algorithm is well-defined. Using this
inequality together with object monotomclty of 7 on M,;(R ,Z-), we can show that 7 is object monotonic on
M;. A formal proof can be found in the supplementary material. Similarly, we can construct an object
monotonic 7’.

22This also corresponds to Claim 1 in the outline of the proof presented in Section 3.4.3.

ZThe formal proof of (5) can be found in the supplementary material.
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and so the lemma implies that there exists R/ € R4 that demands A; at 7 and Al at 7/ on
M,;. Note that this corresponds to Claim 3 in the proof outline provided in Section 3.4.3.

Since A; € M;(R_;) € M; and R} demands A; at 7 on M, for each A7 € M,;(R_;)\{4:},
zi(R_is Ai) = (Aiy7a;) P (A7, 7ar) = 2:(R_; AY). Thus, by strategy-proofness, we have
A(R},R_;) = A; (see Remark 1). Sincea € A; = A;(R], R_;), it follows that a & A;(R!, R_;).
On the other hand, since A € A/ and b € A;, constrained efficiency implies b € A;(R!, R_;),
as assigning object b to agent j, conditional on A;(R}, R_;) = A; # b, maximizes the total
willingness to pay (see Remark 2).

Since w({c}; R}) = w({c}; Ro) = w({c}; Ry,) for each k € N\{i,j} and each ¢ € M\ A/,
Lemma 1 implies A} € M;(R}, R_;;). Thus, since M;(R}, R_; ;) € M; and R} demands A}
at 7" on M;, for each A} € M;(R}, R_; ;)\{ A}, zi(R}, R_ij; A}) = (A;,TA;) P! (A;/,TA;/) =
zi(R;, R j; AY). Thus, by strategy-proofness, A;(R}, R;, R_; ;) = A; (see Remark 1). Since
a,b € A = Ai(R], R}, R ;), a,b & A;(R}, R}, R_; ;).

To sum up, we have
a g Aj(R;/, R,,L'), b e Aj(R;/,R,i), a, b ¢ Aj(R,/L-/, R;-,R,Lj). (6)
This corresponds to Claim 4 in the outline of the proof presented in Section 3.4.3. Then,

w(A;(R], R-); R;) — w(A;(R], R}, Ry j); R})
= (|4;(R}, R-)\{b}| + (m +2)) — [A;(R, R}, Ry ;)]
> (JA;(RY, Ro)\{b}| + (m + 1)) — |A;(R}, R}, R_; ;)]
= w(A; (R}, R_); R;) —w(A;(R}, R}, R ;); R;),

where the first and the second equalities follow from (6) and additivity of Rj;, Rj. This
inequality corresponds to inequality (2) in the outline of the proof presented in Section 3.4.3.

However, it contradicts monotonicity of f (see Fact 2).
CASE 2. There exists A7 € M, such that A, N A7 # 0 and A7 < A..
The proof for Case 2 follows a similar structure to that for Case 1, but differs in several

respects. In particular, we use Lemma 8 instead of Lemma 7 to establish the existence of an

additive preference. The formal argument is deferred to the supplementary material.
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STEP 2. We show that for each ¢,7 € N, M; = M, = M. We provide an outline of the
proof; we defer the formal argument to the supplementary material. Let 7,5 € N be two dis-
tinct agents. We show M; C M;; the reverse inclusion follows symmetrically. Let A; € M;.
If A; # 0, then by Step 1, 4; is maximal in M,. Hence, A; € M, (see Lemma 5). Suppose
A; = 0. To show A; € M, suppose 4; ¢ M;. Let R € (R4 N RY) be a preference profile
in which all agents have the same willingness to pay for each object. Note that R, = R;.
Since A; = () and A’ satisfies no wastage, all objects are allocated to agents other than agent i
in some A = (4;,A_;) € A/. On the other hand, since 4; = ) ¢ M, it is not possible for
all objects to be allocated to agents other than agent j in any admissible object allocation.
Thus, it follows that maxarear D open iy WAL Br) > maxaear D penn gy W(Ag: i), contra-

dicting Lemma 3.

STEP 3. We now complete the proof. Let B = M\{0}. By Step 2 and no wastage of A7,
UB = M. By Step 2, for each i € N, B= M;\{0}. By Step 1, for each distinct A;, A, € B,
A; N AL = (). Thus, B is a partition of M. Furthermore, for each A € A/ and each i € N,
since A; € M; and B = M;\{0}, we have A; € B U {0}. Hence, A’ is B-bundling unit-
demand. Finally, by no wastage of A/, |B| < n, since otherwise more than n non-empty

packages would need to be assigned to n distinct agents, contradicting feasibility.

A.2.2 Anonymity

In this subsection, we prove that A/ satisfies anonymity. The argument in this subsection
corresponds to the outline given in Section 3.4.5.

A permutation 7 on N is a transposition on N if there exist ¢, j € N such that (i) = j,
7(7) = 4, and for each k € N\{i,j}, m(k) = k. Since any permutation on N can be written
as a product of transpositions, to prove A/ satisfies anonymity, it suffices to show that for

cach A € A/ and each transposition 7 on N, A™ € A’. The proof proceeds in two steps.

STEP 1. We show that for each A € A/ and each transposition 7 on N such that for some
i,j € N, n(i) = j, n(j) = i, and A; = ), we have A™ € A/. We provide an outline of the
proof; a more formal argument can be found in the supplementary material. Let A € A7.
Let 7 be a transposition on N such that for some distinct i,j € N, n(i) = j, 7(j) = ¢, and

Aj=0. If A; = 0, then A" = A € A/. Suppose that A; # 0. To show A™ € A/, suppose
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A" g A7

Let R € (R4 N R¥)™ be a preference profile such that (i) agents i and j have the
same preference with a sufficiently large willingness to pay for the objects in A;, (ii) each
agent k € N\{i,7j} has a preference with a sufficiently large willingness to pay for the ob-
jects in Ay, and (iii) any willingness to pay not specified in (i) or (ii) is sufficiently small.
Since 4; =0, A™ ¢ A/, and A/ is a bundling unit-demand constraint (see Appendix A.2.1),
in any admissible object allocation, either agent j cannot fully receive the objects in A;,
or some agent k € N\{i,j} cannot fully receive the objects in A,. Thus, by A € A/,
mMax gre Af ZkeN\{j} w(Ay; Ry) > ZkeN\{j} w(Ap; Ry) > maxyears ZkeN\{i} w(Aj; Ry), which

contradicts Lemma 3.

STEP 2. Next, we show that for each A € A’ and each transposition 7 on N such that for
some i,j € N, 7(i) = j, m(j) = i, and A;, A; # (), we have A" € A/. Let A € A/, Let 7 be
a transposition on N such that for some distinct 4,5 € N, 7(i) = j, 7(j) =i, and A;, A; # 0.
We show that A™ € A/. There are two cases.

CASE 1. There exists k € N\{4,j} such that A, = 0.

agents
i j k N\{ijk}
A= (A, Aj, Ak A—ijiy)
A" = (A, Aj Au A_gj i)
AT = (A, A, Ay A i)

3721

AT = A" = (4, A1 Ak A—gij i)
Figure 8: An illustration of the packages A, A”l, A”QWI, and AT ™7 in Case 1 of Step 2

Given two transpositions 7! and 72 on N, we define A™™ = (A™ )™, Let ' be a trans-
position on N such that 7'(i) = k and 7' (k) = i. By Aj, = 0, Step 1 implies A™ € A/, Let
7% be a transposition on N such that 72(i) = j and 7%(j) = i, and 7 a transposition on N
such that 73(j) = k and 73(k) = j. By successively applying Step 1 and using Ay = 0, we
obtain A™™7" ¢ A/ Thus, since A™ = AT ™™ (see Figure 8), it follows that A™ € A/

CASE 2. For cach k € N\{i,j}, Ax # 0.

To show A™ € A/, suppose A™ & A/. Since A;, # () for each k € N, A™ ¢ A/, and A/ is

40



a bundling unit-demand constraint (see Appendix A.2.1), in any admissible object allocation,

either agent j cannot fully receive the objects in A;, or some agent k € N\{i,j} cannot fully

receive the objects in Ay. The remaining part of the proof, including the construction of a

preference profile, follows the same argument as in Step 1. Thus, we omit the details.

References

1]

[10]

[11]

Alkan, A. and D. Gale (1990), “The core of the matching game.” Games and Economic
Behavior, 2(3): 203-212.

Andersson, T. and L.-G. Svensson (2014), “Non-Manipulable House Allocation with
Rent Control.” Econometrica, 82(2): 507-539.

Baisa, B. (2020), “Efficient multi-unit auctions for normal goods.” Theoretical Eco-

nomics, 15(1): 361-413.

Baldwin, E., O. Edhan, R. Jagadeesan, P. Klemperer, and A. Teytelboym (2023), “The
equilibrium existence duality.” Journal of Political Economy, 131(6): 1440-1476.

Bando, K., K. Imamura, and T. Kazumura (2025), “Strategy-proofness and competitive

equilibrium with transferable utility: Gross substitutes revisited.” Working paper.

Bikchandani, S., S. Chatterji, R. Lavi, A. Mu’alem, N. Nisan, and A. Sen (2006), “Weak
monotonicity characterizes deterministic dominant-strategy implementation.” FEcono-

metrica, 74(4): 1109-1132.

Binmore, K. and P. Klemperer (2002), “The biggest auction ever: The sale of the British
3G telecom licences.” The Economic Journal, 112(478): C74-C96.

Chew, S. H. and S. Serizawa (2007), “Characterizing the Vickrey combinatorial auction
by induction.” Economic Theory, 33(2): 393-406.

Demang, G. and D. Gale (1985), “The strategy structure of two-sided matching mar-
kets.” Econometrica, 53(4): 873-888.

Fleiner, T., R. Jagadeesan, Z. Jankd, and A. Teytelboym (2019), “Trading networks
with frictions.” Econometrica, 87(5): 1633-1661.

Groves, T. (1973), “Incentives in teams.” Econometrica, 41(4): 617-631.

41



[12]

[13]

[14]

[15]

[16]

Gul, F. and E. Stacchetti (1999), “Walrasian equilibrium with gross substitutes.” Journal
of Economic Theory, 87(1): 95-124.

Holmstrom, B. (1979), “Groves’ sheme on restricted domains.” Econometrica, 47(5):

1137-1144.

Kazumura, T., D. Mishra, and S. Serizawa (2020a), “Mechanism design without quasi-

linearity.” Theoretical Economics, 15(2): 511-544.

Kazumura, T., D. Mishra, and S. Serizawa (2020b), “Strategy-proof multi-object mech-
anism design: Ex-post revenue maximization with non-quasilinear preferences.” Journal

of Economic Theory, 188: 105036.

Kazumura, T. and S. Serizawa (2016), “Efficiency and strategy-proofness in object as-
signment problems with multi-demand preferences.” Social Choice and Welfare, 47(3):

633-663.

Kelso, A. S. and V. P. Crawford (1982), “Job matching, coalition formation, and gross
substitutes.” Econometrica, 50(6): 1483-1504.

Kojima, F.; N. Sun, and N. N. Yu (2020), “Job matching under constraints.” American
Economic Review, 110(9): 2935-2947.

Malik, K. and D. Mishra (2021), “Pareto efficient combinatorial auctions: dichotomous

preferences without quasilinearity.” Journal of Economic Theory: 105128.

Morimoto, S. and S. Serizawa (2015), “Strategy-proofness and efficiency with non-quasi-

2

linear preferences: A characterization of minimum price Walrasian rule.” Theoretical

Economics, 10(2): 437-455.

Nguyen, T. and R. Vohra (2024), “(Near-)substitute preferences and equilibria with
indivisibilities.” Journal of Political Economy, 132(12): 4122-4154.

Rostek, M. and N. Yoder (2020), “Matching with complementary contracts.” Economet-
rica, 88(5): 1793-1827.

Schlegel, J. C. (2022), “The structure of equilibria in trading networks with frictions.”
Theoretical Economics, 17(2): 801-839.

42



[24] Shinozaki, H., T. Kazumura, and S. Serizawa (2025), “Efficient and strategy-proof multi-
unit object allocation problems with money: decreasing incremental valuations with

income effects.” Economic Theory, forthcoming.

[25] Sun, N. and Z. Yang (2006), “Equilibria and indivisibilities: Gross substitutes and
complements.” Econometrica, 74(5): 1385-1402.

[26] Vickrey, W. (1961), “Counterspeculation, auctions, and competitive sealed tenders.”

Journal of Finance, 16(1): 8-37.

[27] Wakabayashi, Y., R. Sakai, and S. Serizawa (2025), “A general characterization of the
minimum price Walrasian rule with reserve prices.” Games and Economic Behavior,

150: 1-26.

43



Supplementary material to “Constrained efficiency and
strategy-proofness in package assignment problems with

money’

Hiroki Shinozaki* Shigehiro Serizawal
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In this supplementary material, we provide the examples and proofs that are omitted
from the main text. All results, definitions, examples, remarks, and equation numbers are

carried over from the main text.

S.1 Omitted examples

In this section, we present the examples omitted from the main text.

S.1.1 Challenges arising from many agents and domain restric-

tions: Examples for Section 3.4.4

In this subsection, we present two examples that illustrate the challenges arising from having
many agents and domain restrictions. The first example shows that, unlike the two-agent
case, when there are three or more agents, the set of packages available to a given agent may

depend on the preferences of the others—that is, intrapersonal tractability fails.

Example 3. Let n = 3 and m = 3, and let M = {a,b,c}. Let R be a rich domain. Let f be

a rule on R" satisfying constrained efficiency (and no wastage), such that

A= {({a}. {0} {e}). ({a. b {eh.0) }.

*Hitotsubashi Institute for Advanced Study, Hitotsubashi University. Email: shinozakiecon@gmail.com
TFaculty of Economics, Osaka University of Economics. Email: serizawa.8558@gmail.com
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Let R_; € (R N RY9)? be such that w({b}; R2) = 1, w({c}; R2) = 5, and w({c}; R3) =
1. Since w({b}; Rs) + w({c};R3) = 1+ 1 = 2 <5 = w({c}; Rs), constrained efficiency
implies that for each Ry € R, A1(Ry, R_1) = {a,b}. Thus, there exists no R; € R such that
Ai(Ry,R_1) = {a}. Thus, Mi(R_;) = {{a,b}}. However, under other preferences of the
remaining agents—for example, when all other agents have the same additive and quasi-linear
preferences, agent 1 can obtain either {a} or {a, b}, depending on the preference he reports.
Thus, for some R, € (R4 N R?)2 M, (R_,) = {{a},{a,b}} = M. Thus, the conclusion

of Lemma 1 does not hold without its assumptions.

The following example shows that there may not exist an additive and non-quasi-linear
preference that demands a package A; at a payment vector 7 and another package A, at a
different payment vector 7’. Thus, the conclusions of Lemmas 7 and 8 do not hold without

their respective assumptions.

Example 4. Let m = 2, and let M = {a,b}. Let 7,7/ € RM! be two object monotonic
payment vectors such that 7p = 0, 7qy = 7y = 1, Tapy = 2, 7 = 0, T{a} = T{b} = 2, and
T{apy = 4. Then, no additive preference R; demands A; = () at 7 on M and A; = {a,b} at
7 on M. To see this, let R; € R4 be an additive preference that demands A} = {a,b} at

7" on M. Then, since ({a, b},T{a’b}) P ({b},T{b}), V({b}, ({a, b},T{a’b});RO < T{b}, which

implies

V ({a0h ({a,bh 7)) = V ({0} ({a,6h 7hun)s )
= Tl = V (10}, ({0}, 7))
> Tlapy = (1)

=4-2=2
Since ({a, b},T{mb}) P, ({a},Tfa}), Tla) > V({a}, ({a,b},7£a7b});Ri). We have

V<{a}, ({a,0}, 7{apy); ) V(@ ({a, 0}, Tany); R)
= V({a,b}, ({a. b}, Tfusy): Bi) = V ({8}, ({a. b} sy )i 1)

> 2,



where the first equality follows from additivity of R;. Thus,

T{a} — V((Z), ({a, b}, T{mb}); Rl-) > V({a}, ({a, b}, T{a’b}); RZ-) — V(@, ({a, b},T{a’b}); RZ)

o
> 2_7—{0,}7

where the first inequality follows from T/a} > V({a}, ({a, b}>7'fa,b})§Ri>- Thus, we have
V<(Z), ({a,b},T{mb});Ri) < 0, which implies ({a, b},’/‘{a’b}) P; 0. Thus, by Trep =2 <4 =
T{@b}, ({a, b}, T{a’b}> P ({a, b}, T{avb}) P; 0. Thus, R; does not demand A; = () at 7 on M.

S.1.2 Independence of the properties

The following examples demonstrate that each property in Theorem is indispensable: if any
one of them is dropped, there exists a rule that (i) differs from every bundling unit-demand
MPW rule and (ii) satisfies all the remaining properties. They further show that even if equal
treatment of equals is replaced with stronger properties such as anonymity or no envy, all

the properties remain indispensable. In all the following examples, let R be a rich domain.

Example 5 (Dropping constrained efficiency). Let n = 4 and m = 2, and let M =
{a,b}.2* Let B = {{a}, {b}}. Let g be a B-bundling unit-demand MPW rule, and let R, € R.
We define a rule f based on ¢ as follows.

Informally, if all agents except one—say, agent :—have the same preference Ry, then
agent 7 is allowed to choose between the outcome under g and the outcome under a {M}-
bundling unit-demand MPW rule (which corresponds to the bundling second-price rule for
the grand bundle M). If there is no such agent for which all other agents have preference
Ry, then f coincides with g.

The formal definition of f is as follows:

(i) If {i e N : R, = Ro}| = 3, and for the unique i € N such that R; # R,, we have
(M,V(M,0; Ro)) P; g:(R), then define f;(R) = (M,V(M,0;R,)) and f;(R) = 0 for each
Jj € N\{i}.

(i) f {t € N: R; = Ro}| # 3, orif |{i € N: R; = Ro}| = 3 and for the unique i € N such
that R; # Ro, g;(R) R; (M,V(M,0;Ry)), then let f(R) = g(R).

24The argument here can be readily extended to cases where n > 4 and m > 2. Whether constrained
efficiency is indispensable for Theorem when n = 2 remains an open question. When m = 1, the class of rules
on a rich domain that satisfy no wastage, equal treatment of equals, strategy-proofness, individual rationality,
and no subsidy coincides with the class of bundling unit-demand MPW rules (Sakai, 2013). Thus, in that
case, constrained efficiency can be dispensed with in Theorem.

3



Note that A" = {A € A:Vie N, A4 = 0,{a},{b}, or M, U4 = M}. Note also
that f is not a bundling unit-demand MPW rule with any partition of M.

Claim 5. The rule f satisfies no wastage, equal treatment of equals, anonymity, no envy,
strategy-proofness, individual rationality, and no subsidy, but it violates constrained effi-

ciency.
We defer the proof of Claim 5 to Section S4.10 in the supplementary material.

Example 6 (Dropping no wastage). Let f be the no trade rule on R", that is, the rule
such that for each R € R" and each i € N, f;(R) = 0. Note that A" = {(0,...,0)}. Then:
(i) f is not a bundling unit-demand MPW rule with any partition of M, and

(ii) it satisfies constrained efficiency, equal treatment of equals,anonymity, no envy, strategy-

proofness, individual rationality, and no subsidy, but violates no wastage.

Example 7 (Dropping equal treatment of equals). Let i € N, and let A € A be such
that A; = M and A; = 0 for each j € N\{i}. Let f be a rule on R" such that for each
R € R™, we have f;(R) = (M,0) and f;(R) = 0 for each j € N\{i}—that is, agent 7 is the
dictator under f. Note that A/ = {A}. Then:

(i) f is not a bundling unit-demand MPW rule with any partition of M, and

(ii) it satisfies constrained efficiency, no wastage, strategy-proofness individual rationality,

and no subsidy, but violates equal treatment of equals, anonymity, and no envy.

Example 8 (Dropping strategy-proofness). Let B be a partition of M. By Demange and
Gale (1985) and Alkan and Gale (1990), for each R € R", there exists a unique maximum
element of P(R, B) with respect to the vector inequality on By, denoted by p™**(R, B). Let f
be a B-bundling unit-demand maximum price Walrasian rule on R", that is, a rule such that
for each R € R, (f(R),p™™(R, B)) is a B-bundling unit-demand Walrasian equilibrium for
R. Note that A’ = C*(B). Then:

(i) f is not a bundling unit-demand MPW rule with any partition of M, and

(ii) it satisfies constrained efficiency, no wastage, equal treatment of equals, anonymity, no

envy, individual rationality, and no subsidy, but violates strategy-proofness.

Example 9 (Dropping individual rationality). Let B be a partition of M. Let f be
a B-bundling unit-demand MPW rule with a (common and fixed) participation fee e > 0.
Note that A/ = C*(B). Then:

(i) f is not a bundling unit-demand MPW rule with any partition of M, and
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(ii) it satisfies constrained efficiency, no wastage, equal treatment of equals, anonymity, no

envy, strategy-proofness, and no subsidy, but violates individual rationality.

Example 10 (Dropping no subsidy). Let B be a partition of M. Let f be a B-bundling
unit-demand MPW rule associated with a (common and fixed) participation subsidy s < 0.
Note that A = C*(B). Then:

(i) f is not a bundling unit-demand MPW rule with any partition of M, and

(ii) it satisfies constrained efficiency, no wastage, equal treatment of equals, anonymity, no

envy, strategy-proofness, and individual rationality, but violates no subsidy.

S.2 Rich domains

In this section, we present examples of rich domains to which Theorem applies.
A price vector is a vector p = (p,).em € R7'. Note that a price vector differs from
a bundling price vector in that a price vector specifies the price of each object, whereas a
bundling price vector specifies the price of each package. Thus, a price vector corresponds to
a B-bundling price vector, where B = {{a} :a € M}.
m

Given a preference R; € R and a price vector p € R, the (Walrasian) demand set

for R; at p is defined as

D(Rzap) = Az S M VA; S M7 (Aza Zpa) R’L A;» Zpa )
acA; acA
where we set Y 4P, = 0. In words, the demand set for R; at p is the set of most preferred
packages at the given price vector p.
Given a preference I; € R, a price vector p € R, and z; € M x R, the Hicksian de-

mand set for R; at p and z; is defined as

Du(Ri,p,zi) = { A; € M : 3t; € R such that (A;,t;) € arg min Zpa —t

) (AT 4 o
(AL EMXR(ALL) Rizi \ g ar

Here, a payment is considered a good, with its price normalized to —1. Thus, the expen-
diture for (A;,t;) at price vector p is equal to Y ., pa — t;. The Hicksian demand set at
p and z; is the set of expenditure-minimizing packages that yield at least as high a welfare

level as z;.



The following are examples of rich domains. These domains have recently attracted
attention because they ensure the existence of a Walrasian equilibrium without requiring

quasi-linearity.
Example 11 (Rich domains). The following are all rich domains.

e A preference R; satisfies the net substitutes condition (Kelso and Crawford, 1982;
Baldwin et al., 2023) if for each price vector p € R, each z; € M x R, each a € M,
each 0 € Ry, and each A; € Dy (R;,p, z;), there exists A, € Dy (R;,p + de,, z;) such
that A;\{a} C Al. That is, a preference satisfies the net substitutes condition if, when-
ever the price of an object increases, the Hicksian demand for the other objects does not
decrease. This condition reflects substitutability among all objects and guarantees the
existence of a Walrasian equilibrium (Kelso and Crawford, 1982; Baldwin et al., 2023).
Let RS denote the class of all preferences that satisfy the net substitutes condition.

Then, RY9 is a rich domain (Kelso and Crawford, 1982; Baldwin et al., 2023).2

e A preference R; satisfies the net complements condition (Rostek and Yoder, 2020;
Baldwin et al., 2023) if for each p, p’ € R withp > p’, each 2z, € M x R, each A; € Dy (R;,p, %),
and each A € Dy (R;,p', z;), we have that A; N A, € Dy(R;,p,z;) and A; U AL € Dy (R, 1, 2).
Roughly speaking, a preference satisfies the net complements condition if, as prices in-
crease, the Hicksian demand for the objects does not increase. The net complements
condition reflects complementarity among all objects and ensures the existence of a
Walrasian equilibrium (Rostek and Yoder, 2020; Baldwin et al., 2023). Let RNC de-
note the class of all preferences that satisfy the net complements condition. Then, RN¢

is a rich domain (Rostek and Yoder, 2020; Baldwin et al., 2023).

e Let B be a partition of M such that |B| = 2. Thus, M is partitioned into two sets,
M; and M,. A preference R; satisfies the net substitutes and complements con-
dition with respect to 5 (Sun and Yang, 2006; Baldwin et al., 2023) if for each

price vector p € R, each z; € X x R, each distinct j, k € {1,2}, each a € M;, each

25To be more specific, the richness of RN follows from two established results:

— Baldwin et al. (2023) show that a preference R; satisfies the net substitutes condition, provided that for
each payment ¢; € R, the quasi-linear preference R, € R% with willingness to pay w(-; R)) = w(-, t;; R;)
satisfies the net substitutes condition.

— Kelso and Crawford (1982) establish that all additive and quasi-linear preferences satisfy the net sub-
stitutes condition.

By the same argument, one can also show that the net complements domain and the net substitutes and
complements domain introduced below are both rich.



d € Ry, and each A; € Dy (R;,p, z;), there exists A, € Dy(R;,p + de,, z;) such that
(A; N M)\{a} C A, N M; and A} N M, C A; N M. That is, the net substitutes and
complements condition requires that when the price of an object in M; increases, the
Hicksian demand for other objects in the same set does not decrease, while the demand
for objects in the other set does not increase. This condition reflects substitutability
within each set and complementarity across sets. It guarantees the existence of a Wal-
rasian equilibrium (Sun and Yang, 2006; Baldwin et al., 2023). Given a partition B of
M with |B| = 2, let RV5Y(B) denote the class of all preferences that satisfy the net
substitutes and complements condition with respect to B. Then, RV5Y(B) is a rich

domain(Sun and Yang, 2006; Baldwin et al., 2023).

e A preference R; satisfies the single improvement condition (Gul and Stacchetti,
1999; Nguyen and Vohra, 2024) if for each price vector p € R and each A; € D(R;,p),
there exists A, € M such that (Ag,ZaeA; pa> Py (Ai,Xgen, Pa), [ANA] <1, and
|AI\A;| < 1. That is, a preference satisfies the single improvement condition if any
suboptimal bundle (in terms of Walrasian demand) can be improved by removing,
adding, or swapping a single object. The single improvement condition is equivalent to
the net substitutes condition under quasi-linear preferences (Gul and Stacchetti, 1999),
and has played a central role in the design of dynamic auctions that converge to a
Walrasian equilibrium under quasi-linear preferences (Gul and Stacchetti, 2000).25 Tt
also guarantees the existence of a Walrasian equilibrium even without assuming quasi-
linearity (Nguyen and Vohra, 2024). Let R’ denote the class of all preferences that

satisfy the single improvement condition. Then, R is a rich domain.?”

Gul and Stacchetti (1999) also introduce another condition that is equivalent to both
the net substitutes condition and the single improvement condition under quasi-linear
preferences. A preference R; satisfies the no complementarities condition (Gul
and Stacchetti, 1999) if for each price vector p € R, each A;, A; € D(R;, p), and each
Al € M with A7 C A;, there exists A]” € M such that A} C A} and A;\(A7 U AY) € D(R;,p).

26Without quasi-linearity, the equivalence between the single improvement condition and the net substitutes
condition does not necessarily hold. Similarly, under non-quasi-linear preferences, the equivalence between the
no complementarities condition—introduced below—and the net substitutes condition does not necessarily
hold.

2TThe proof sketch for the richness of R/ is as follows. Since the single improvement condition concerns
the Walrasian demand set at a given price vector, a preference R; satisfies the condition if for each t; € R,
the quasi-linear preference R, € R? with w(; R}) = w(-,t;; R;) satisfies the single improvement condition.
Because each additive and quasi-linear preference satisfies the single improvement condition (Gul and Stac-
chetti. 1999), it follows that each additive preference also satisfies the condition. Therefore, R5! is rich.
Similarly, RV, introduced below, is also rich.



This condition guarantees the existence of a Walrasian equilibrium without assuming
quasi-linearity (Nguyen and Vohra, 2024). Let RV° denote the class of all preferences

that satisfy the no complementarities condition. Then, R™°¢ is a rich domain.

We can also define the gross substitutes condition (Kelso and Crawford, 1982), the gross
complements condition (Rostek and Yoder, 2020), and the gross substitutes and complements
condition (Sun and Yang, 2006) in terms of the Walrasian demand set instead of the Hicksian

demand set. However, none of these domains is rich.

S.3 Extensions

In this section, we discuss extensions of Proposition and Theorem.

First, we argue that our results remain valid even if domains contain only “almost” non-
quasi-linear preferences. Given a preference R; € R, the size of income effects under R;
is:

si(R) = sup  {w(A;t;; R;) —w(A;, t; Ry) }.

A€Mt iR
Note that s;(R;) € Ry U {occ}, and s;(R;) = 0 if and only if R; € R?. Given a domain R
and € € Ry U {oo}, let

R(e) = {R; € R:s(R;) < ¢}

denote the class of preferences in R whose maximal size of income effects is at most «.

Note that our domain richness condition allows arbitrarily large income effects (i.e., e =
o0). Inspecting the proof of Proposition reveals that the size of income effects is irrelevant,
so the result holds under a weaker e-richness condition for any ¢ € Ry U {oo}, where
R D RAUM(¢).28 Moreover, since the MPW characterization in the unit-demand model holds
for such domains (Wakabayashi et al., 2025), Theorem also applies.?? Thus, the size of income
effects does not affect our results.

Next, we argue that some of our results hold even when only a single agent may have

non-quasi-linear preferences. While we have assumed that all agents share the same class of

28To be more precise, the following observations allow us to extend the result to e-rich domains: (i) If the
payment vectors 7 and 7’ in Lemmas 7 and 8 are almost identical, we can construct additive preferences
with almost parallel indifference curves, making the size of income effects arbitrarily small. (ii) In Step 1 of
Appendix A.2.1, if we construct two almost identical preference profiles for the agents other than i, R_; and
(R;, R_; ;), then agent i’s payments under the constrained Vickrey rule are almost the same, yielding two
almost identical payment vectors 7 and 7.

29 Although Wakbayashi et al. (2025) state their result for the case € = oo, inspecting their proof reveals
that the characterization holds for any ¢ € R4 U {oo}.



preferences R, our model readily extends to the case where each agent « € N may have a
(possibly) distinct class R;. Within this framework, Proposition extends to the case where
only one agent may have additive and non-quasi-linear preferences, while the others have
additive and quasi-linear preferences. Although the “if” part of Theorem also extends to this
case, whether the “only if” part does remains an open question, as it is unclear whether the
corresponding characterization of the MPW rules holds in the unit-demand model when only
one agent may have non-quasi-linear preferences.

Finally, these two extensions can be combined, allowing the maximal size of income effects

to be arbitrarily small while only one agent has non-quasi-linear preferences.

S.4 Omitted proofs

In this section, we provide the proofs omitted from the main text as well as the proof of

Claim 5.

S.4.1 Lemma 1l

We provide the formal proof of Lemma 1. Let R; € R4 N R? satisfy the following two

conditions:

e For each A, € M with A} D A;,

w(ANAg; Ry) < w(A)\Ai R;), (7)
e For each b € A,
w({b}: Ri) > w(M\Az R)+ Y w(M;Ry). (8)
keN\{i}

Note that, by object monotonicity of R;, the right-hand side of (7) is positive, so we can
indeed choose such a preference R; satisfying (7). Moreover, by richness of R, R € R".
We show that A;(R) = A;. Suppose for contradiction that A;(R) # A;. By our assump-

tion, there exists A_; € M" ! such that (Ai, Ay) € Al and a € A;. We consider two cases.



By no wastage of A/ (which follows from no wastage of f), Upen Ak(R) = Upen Ax = M.
We have

> w(Ag Ry) = w({al; By) +w(A\{a}:i By) + > w(Ag; Ry)

keN\{i} keN\{i,j}
=w({a}; Rj) +w U A | \ak; R
keN\{i}

where the first equality follows from a € A; and additivity of R;; the second from additivity
of R_; and the assumption that w({b}; Rx) = w({b}; R;) for each k € N\{i} and each
be M\ (AZ- U {a}) (and hence giving objects of agents in N\{i, 7} to agent j does not change
the total willingness to pay among agents in N\{i}); and the last from (J,.y Ax = M and
additivity of R;. Since A;(R) 2 A;, we have Ay(R) C M\A, for each k € N\{i}. Then,

> w(Aw(R); Ry) < w({a}; Ry) +w(A;(R\{a}: B;) + > w(Ae(R)\{a}; Ry)

keN\{:} keN\{:,j}
= w({a}; R;) +w U 4R | \{a}; R,
kEN\{i}

= w(M\A(R): R,). (10)

where the inequality follows from additivity of R_; and the assumption that w({a}; Rx) < w({a}; R;)
for each k € N\{i} (and hence assigning object a to agent j (weakly) increases the to-
tal willingness to pay among agents in N\{i}); the first equality uses additivity of R_;
and that A,(R) C M\A; for each k € N\{i}, along with w({b}; Ry) = w({b}; R;) for each
b€ M\(A; U {a}) (and hence giving objects of agents in N\{i,;j}, except for object a,
to agent j does not change the total willingness to pay); the last equality follows from

Usen iy Ar(R) = M\A;(R) (which follows from (J,cy Ax(R) = M) and additivity of R;.

10



We have

> w(Ag R) = Y w(Aw(R); Ry)

Z (w(Ak; Ry) — w(Ak(R); Rk)> —w(A(R)\A;; R;)
kEN\{i}

v

w(M\A; Rj) — w(A\Ai(R); R;) — w(Ai(R)\Aj; R;)
= w(Ai(R)\As; R;) — w(Ai(R)\Ai; Ri)> 0,

where the first equality uses additivity of R; and A;(R) 2 A;; the first inequality follows
from (9) and (10); the second equality uses additivity of R; and A;(R) D A;; and the last
inequality follows from A;(R) 2 A; and (7). Since A € A/, this contradicts constrained

efficiency (see Remark 2).
By A;(R) 2 A;, A\A;(R) # (), so we can choose some b € A;\A;(R). Then,

> w(Ag R) = Y w(Aw(R); Ry)

keN keN

= w(ANA(R); R,) — w(A(R\A:R) — Y (w(Ak(R); Ry) — w( A Rk)>
keN\{i}

> w({b}; R;) —w(M\A; R) — > w(M;Ry)
keN\{i}

> 0,

where the first equality uses additivity of R;; the first inequality follows from b € A;\ A;(R)
and object monotonicity; and the last inequality from (8). Since A € A’, this contradicts

constrained efficiency (see Remark 2).

S.4.2 Lemma 4

We present the formal proof of Lemma 4. Suppose for contradiction that for each A’ € A7,
we have A; 2 A;. Note that A; # (. Let R; € R4 N R? be such that for each a € A;,
w({a}; R;) = m+ 1, and for each a € M\A;, w({a}; R;) = 1. Let R; = R;, and for each
k€ N\{i,j}, let Ry € R4 N R? be such that for each a € M, w({a};R;) = 1. Since

11



A€ Al and i € N\{j}, we have

max Z (Al Re) > w(A; Ri) = (m+ 1)] Ayl
keN\{j}
In contrast, for each A" € A’ we have A} 2 A;, and hence |4} N A;] < |A;|. Therefore, by
the construction of R_;, the total willingness to pay among agents in N\{i} is at most the
amount obtained when agent j receives |A;| — 1 objects from A;, and the remaining objects

are allocated to agents in N\{i} (that is, agent j cannot receive all the objects in A;). Thus,

max w(Ay; Ri) < (m+1)(JA;| = 1) + [M\A;| + 1 < (m + 1)| Ayl
'e
keN\{i}

where the last inequality uses |[M\A;] < m (since A; # (). Combining these inequalities, we

obtain

max w(AL: Ry) > 1A4;] > AR
Aeas ' ( k> k) sl (m+ )| | ,gleaj( ' w( k> k)a
keN\{j} keN\{i}

which contradicts Lemma 3.

S.4.3 Lemma 6

The formal proof of Lemma 6 is provided below. By A; € M;, there exists A_; € M" ! such
that A = (4;, A_;) € A/. Since A’ satisfies no wastage (which follows from no wastage of
f) and a € M\ A;, there exists k € N\{i} such that a € A;. If k = j, then A € A/ satisfies
the desired properties: agent ¢ receives A; and a € A;. Suppose instead that £ # j.

We now establish that there exists A’ € A/ such that A, = A; and A;- D A;. Note that
for such A’ € A/, since a € A, C A%, A satisfies the desired properties.

We proceed by contradiction. Suppose that for each A’ € A/ with A} = A;, it holds that
Al 2 Ag. Note that A, # (). The proof now proceeds in three steps.

STEP 1. We begin by constructing a preference profile. Let R; € R4 N R? be such that
for each a € 4;, w({a}; R;) = (m + 1)%, and for each a € M\4;, w({a}; R;) = 1. For
each [ € {j,k}, let R, € R4 N R be such that for each a € Ay, w({a};Rl) =m+ 1,
and for each a € M\ Ax, w({a}; R)) = 1. Note that R; = Ry. For each | € N\{i,j,k}, let
Ry € RA4% N R¥ be such that for each a € M, w({a}; R;) = 1.

12



STEP 2. Next, we show that for each A’ € al;‘gﬁ Iﬁi}x > ieny iy W(AT; Ri), we have A} = A;.

Let A" € arg max} ;cn y w(A)s Ri). We claim that A; 2 A;. Suppose for contradiction
A" AS

that A, 2 A;. Then, A} N A; C A;, and hence |A; N A;| < |4;|. Therefore,

Z w(Ap; Ry) < (m41)%A; 0 Al + A 0 Al (m+ 1) +m — (JA; N Al + [A) N Ag)
IeN\{k}

< (m+ 1)2|A; NA|+m(m+1)+m
< (m+1)%| 4
= w(A;; Ry)

< Z (A Ry),

leN\{k}

where the right-hand side of the first inequality corresponds to the case in which all objects
are allocated at A’; and the third inequality uses the facts that |A; N A;| < |A;| and (m +
1)? > m(m+1)+m. However, since A € A/, this contradicts A’ € arg max D en(ry WA Ry).

A'eAf
Thus, we must have A, O A;, and since A; is maximal in M;, it follows that A, = A;.

STEP 3. Finally, we derive a contradiction. Let A’ € arg max} ; n\ gy w(A]s Ry). By
A// Af
Step 2, A} = A;. Thus, by our assumption, A} 2 Aj. Thus, A} N Ay C Ay, and hence

|A%L N Ag| < |Ag|. Then, we have

max. Z (AlsR) = Z w(A}; Ry)

leN\{k} leN\{k}
< (m+1)2JA; N Al 4 (m+ DA, 0 Al +m — [AL N A — A N Ay
< (m+ 1Al + (m+ 1)[A] N Ax| +m
< (m+ 1% Ail + (m+ 1)| Al
= w(Ai; R;) + w(Ay; Ry)
< Z w(A; Ry)

leN\{j}

< max w(Al; Ry),
Ae AS )
leN\{j}

where the right-hand side of the first inequality corresponds to the case in which all objects are
allocated at A’; the second inequality uses A; = A;; the third inequality uses [A} N Ag| < [Ag]

and m + 1 > m; and the last follows from A € A’. However, this contradicts Lemma 3,
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completing the proof.

S.4.4 Lemma 7

This subsection presents the formal proof of Lemma 7. We begin by stating a formal version

of Remark 3, which will be used to prove Lemmas 7 and 8.

Remark 3 (Formal version). Let 4;, A} € M, andlet 74,7, € R. Let R;, ] € R N RAU
be two additive and quasi-linear preferences satisfying that for each A” € M, w(AY; R;) —
w(Ai; Ri) + 7a, < w(A]; R)) — w(A; R)) + 7). Let 7 = w(A;, R)) — w(A}; R}) + 7}, so
Ta, < Ty, Let a:[74,,7).] = [0,1] be such that for each ¢; € [74,,7) ], a(t;) = ﬁ. We

now define a preference R/ € R4 as follows: for each A7 € M and each t; € R,

w(A; Ry) — w(AY; Ry) if t; < 7a,,
= (1 — a(ti)) (w(Ai; R;) — w(AY; RZ)) + oz(ti)(w(Ai; R;) — w(AY; R;)) if 74, <t <7,

w(Aj; B}) — w(A}; B) if t; > 7,

\

Note that R/ satisfies the following properties: for each AY € M,

TA; — V(A;/> (AZ’ TAi); R;/) w(Ai; RZ) - w(A;/; Rl)v

Ty = V(A7 (A, 7); BY) = w(Aj; B) — w(A]; RY).

We then proceed to the proof of Lemma 7. The proof consists of four steps.

STEP 1. We begin by constructing two additive and quasi-linear preferences. Let K, L;,e; € R,
be a triple of positive constants, where K; is sufficiently large and ¢; is sufficiently small, such

that the following conditions are satisfied:

e For each A € M/,

K; > e;m + max {TAZ. — TAr, Ty — 71’4,/} . (11)
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e For each A7 € M’ with A} D A;,

52’A;,\Az| < TAr — TA;, (12)

Tgé — 7, < L] A\A| < TA; — 7, — &i| AL\ A (13)

Since 7 is object monotonic on M’ we can always choose a sufficiently small ; > 0
satisfying (12). Furthermore, given object monotonicity of 7/, the assumption that A; C A,
and that 74, < 7} , we can select €;, L; > 0 satisfying (13).

Let R; € R4 N R be such that for each a € A;, w({a}; Ri) = K, and each a € M\ A;,
w({a}; R;) = ¢&;. Similarly, let R} € R4 N R? be such that for each a € A;, w({a}; R}) =
K;, for each a € A\\A;, w({a}; R) = L;, and for each a € M\ A}, w({a}; R}) = ¢;.

STEP 2. Next, we construct an additive and non-quasi-linear preference based on R; and R;.

For each A} € M, observe that

w(A]; Ri) —w(Aj; Ry) + 7a, = &| A)\Ai| — KiJANA]| + 7a,
< g ANA]| — K| ANAT| — Lil ANA| + 7
< g ANAY — K[ ANAT| = Lil AN (A U AF)| + 7
= w(Af; R)) — w(Ais RY) + Th,

where the first inequality follows from (13) and |A7\ A4;| — |A/\ AL < |A;\A;|; and the second
inequality uses A;\(A4; U A7) C A\ A; (and hence |A)\(A; U AY)| < |A\A;|). This confirms
that the indifference curve of R; through (A;, 74,) lies entirely to the left of that of R, through
(AL, 7'1/42). Hence, by Remark 3, we can define an additive preference R € R4 such that for

each A7 € M,

TA;, — V(A§/> (Az‘, TA,-); R;’) w(Az'; Ri) - w(A’i'; Ri)v (14)

T — V(A7 (AL 7 )s BY)

79

w(A; R)) — w(Af; Rj). (15)

STEP 3. We now show that R} demands A; at 7 on M'. Let A € M'\{A;}. If AY 2 A;,
then A;\ A7 # (), and we have

Ta, — V(Ag’, (AiyTa,); Rg’) =w(A;; R;) — w(Al; Ry) = K;|AN\AY| — ;| ANN\A;| > Ta, — TAY,
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where the first equality follows from (14); and the inequality from (11) and A;\ A7 # (.
Instead, if A7 D A;, then

Ta, — V(AY, (A5, 74, BY) = w(Ai; Ri) — w(A}; Ry) = —&il AY\NAi| > 74, — Tar,
where the first equality follows from (14); the second equality from A7 2 A;; and the inequal-
ity from (12) and A} 2 A;. In both cases, we obtain 74, — V (A7, (A;, 7a,); R!) > 7a, — TAY,

or equivalently, V(A;’ , (Ai,TAi);R;’) < 74r. This implies that (A;,7a,) P/ (A7, 7a7). Since
A e M'\{A;} was arbitrary, we conclude that R/ demands A; at 7 on M.

STEP 4. Finally, we show that R, demands A} at 7" on M'. Let A? € M'\{A’}. We consider

two cases.
Casg 1. A7 n A, = 0.

It follows from A; C Al A; # 0, and A7 N A, = () that A;\A? # 0. Then,

Ty = V(AL (A5, 7)) BY) = w(Aj; RY) — w(Af; R))
= [ANA K + [ AN (A U AY)|Li — [A]\Ales > Tl — Tho,

where the first equality follows from (15), and the inequality from (11) and A;\ A7 # 0.
CASE 2. A7 n A, # 0.

By assumption, A7 C Al. Thus, by A7 # Al we have A7 C Al. Since A; C A}, and A,
and A} are adjacent in M’, we have either A = A; or A; € AY. If A? = A;, then

Ty — V(AT (AL ) BY) = w(A BY) — w(Ai BY) = [ANA|L; > 7)y — T,

where the first equality follows from (15); the second equality uses A; C A; and the inequality
from (13). Instead, if A; € A/, then A\ A} # 0, so we have

Ty = V(AL (AL 7 )i BY) = w(Aj; B) — w(AT; RY)
= [ANAY K + [AN(A U AD)| Ly — [AN\Ales > 7) — Tho,

16



where the first equality follows from (15), and the inequality uses (11) and A;\ A} # 0.

In all cases, 71’4; —V (A7, (A], 71’4;); R}) > TA;—TZ;/, or equivalently, V (A7, (4], TA;); R!) < 7'1’4;,.
Therefore, (AQ,TA; ) P! (A7 ,TAQ,). Since A € M'\{A.} was arbitrary, we conclude that R/
demands A} at 7/ on M.

S.4.5 Lemma 8

We present the proof of Lemma 8. Figure 9 illustrates the lemma.

First, we present a sketch of the proof. Let R; € R4 N R? be such that the willingness
to pay for the objects in A; is sufficiently large, while that for the objects not in A; is
sufficiently small. Similarly, let R, € R4% N R? be such that the willingness to pay for the
objects in A} is sufficiently large compared with that for the objects in A; under R;, and that
for the objects not in M\ A} is sufficiently small. By assumption (iv), we can ensure that
the indifference curve of R; through (A;, 74,) lies entirely to the left of that of R] through
(A;, 7)y.) (see Figure 9). Then, by Remark 3, there exists an additive preference R} € R4%
whose indifference curve at (A4;, 74,) is same as R; and that at (A;, 7)) ) is same as Rj. Then,
as in the proof of Lemma 7, R! demands A; at 7. Moreover, since the willingness to pay
for the objects in A for R! is sufficiently large compared with R;, we can show by using
assumptions (ii) and (iii) that, even after interpolating between R; and R}, R/ demands A

at 7.

Convex
combmatlon

{c,a}---------mm T T o
(b, c} [ {b <}, Tbc1) ({p, i}‘ b))

Payment

Figure 9: An illustration of Lemma 8.

We then proceed to the formal proof. The proof consists of four steps.
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STEP 1. We begin by constructing two additive and quasi-linear preferences. Let K;, L;,e; € Ry,
be a triple of positive constants, where K; and L; are sufficiently large and ¢; is sufficiently

small, satisfying the following conditions:

e For each A ¢ M/,
/ / /
K; > e;m + max {TAZ, — TAY, TA, — Tans Tar — TAZ_} . (16)

e For each A7 € M’ with A Z A},

Lil A — &l A + K| Ag| — &4 Aj
Tan — Th, + K[ ANAY| — & AT\ A

. 17
= LA AN+ S ANAY — e Al + K ANAY — e ANA] )

e For each AY € M’ with A} O A,
gi|AY\A;| < min {TA;/ — TA,, Ty — TAZ.} : (18)

° 81’14@‘ < 7'1/42, — TA;-

For each A7 € M’ with A € AY, A\AY # (), so A; N A7 C A]. Thus, we can choose L;
satisfying (17). Furthermore, since 7 and 7" are object monotonic on M’ and 74, < 7)., we
can choose ¢; € R, satisfying (18) and g;|A;| < 7)), — 7a,.

Let R, € R4 N RQ be such that for each a € A;, w({a};Ri) = K;, and for each
a € M\A;, w({a}; R;) = &;. Similarly, let R, € R4 N R be such that for each a € A},
w({a}; R}) = L;, and for each a € M\ A}, w({a}; R;) = &;. Note that since A; N A} =0, we
have w(A;; R)) = ;| A;| and w(Al; R}) = L;| Al

STEP 2. Next, we construct an additive and non-quasi-linear preference based on the two
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additive and quasi-linear preferences R; and R, constructed in Step 1. For each A} € M,

w(A; R;) — w( Ay Ry) 4 7a, = &l A{\As| — K| ANAY | 4 74,
< Li| A7 0 Al 4 e AY\NA| + 74,
< Li| A7 0 Al 4 &| AY\AG| — il As| + 71,

= w(A]; Ry) —w(Ay; Ry) + 7).,

where the second inequality follows from ¢;|4;| < 7. —74,. This implies that the indifference
curve of R; through (A;,74,) lies entirely to the left of that of Rj through (A;,7},). Thus,
by Remark 3, the following additive preference R/ € R4 is well-defined: for each A € M
and each t; € R,

= | (1= a(t)) (w(Ai; Ri) — w(A}; R;)) + a(t;) (w(Ai; R) —w(A7; R)) if 74, < t; < 7)),

w(A; RY) —w(AY; RY) if t; > 7).,

. . . o li—Ta,
where o : [74,,7).] — [0,1] is a function such that for each t; € [ra,, 7} ], a(t;) = S By
Remark 3, we have that for each A” € M,

TA; — V(A;’, (Ai, TAi); Ré’) = w(Ai; Ri) - w(A;'; Ri)7 (19)
Th, — V(AT (Ai 74, )i BY) = w(Ai; B)) — w(Af; R)). (20)

Using (16), (18), and (19), we can show that R] demands A; at 7 on M’ as in Step 3 of

Lemma 7. In the next two steps, we will demonstrate that R, demands A} at 7" on M’.

STEP 3. We now claim that for each A7 € M'\{A4;}, it holds that (A;,7a,) P/ (A;,T,).
This can be established in the same manner as in Step 3 of Lemma 7 using (16), (18), and

(19). We therefore omit the details.

STEP 4. Finally, we show that R; demands A} at 7" on M'.
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We first establish that (Aj, 7)) P/’ (A, 7),). Observe that

Ty, — V(AL (A, 7 BY) = w(Ag R)) — w(Aj; RY)
= i A — Li| A}
< &l Aif — Kil A]

< 7-1/41 - 7-1/4/.7

where the first equality follows from (20); the first inequality from L; > K;; and the sec-
ond inequality uses (16) and A, # (). Therefore, V(A;, (Ai,7h,); R ) > 71’4;, which implies
(A7) P (A 7h).

Let A7 € M'\{A;, A;}. We consider the following two cases.

CASE 1. ’LU(Ai; R;) — T;‘i > ’LU(A;/; R;) B 7-,,4(_/-

Then,
mhe = V(AL (A7) RY) = w(Ass B) = w(Al; B) > 74 = Ty,

3

where the equality follows from (20), and the inequality uses the assumption that w(A;; R}) —
mh, = w(Al; R) — 7. Thus, V (A}, (A, 74,); R!) < T, so (A, 7,) R! (A}, 7),). This,
together with (Aj, 7)) P/ (A;, 7)), implies that (Aj, 7,) P (A7, 7).

CASE 2. w(Al; Rl) — 7 > w(A; R}) — 7.

Let tqr = V(A (Al,7),); RY). Then, in a similar way to Case 1, we can show that
(A7, 7)) RY (Ai, 7)), Thus, (Ai,tA;/) I (AY, ) R (Ai, 7)), which implies tar < 7, By
Step 3, (Ai, 7a,) P (A7, 7hn). Thus, (A, 7a,) P/ (A7, 7)1} (Ai,tar), which implies t g > 7a,.

Thus, tr € [a,,74,]. Thus,

tA;/ — 71/4;/ = tA;' — V(A/z‘,a (Ai,tA;/); R;’)
= (1~ alta)) (w(As R) — w(AL: R0)) + altag) (w(As R) — w(AL: ).

where the first equality follows from 7}, = V' (A, (A, tar); R), which in turn follows from

(Ai,tar) I (A7, 7)n); and the second equality follows from the definition of R}. Rearranging
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this, we obtain

7'1’42, —tar + (w(As; R;) — w(A}; Ry))
(w(AY; R) — w(Ay Ry)) + (w(Ai; Ry) — w(Af; Ry))
P =ty + K ANAY — ] ANAY
Lil A7 0V Aj| + & AINAY| — i Al + KGJANA]| — | ANA;|

a(tay) =

Let ty = V(A,-, (A;,TA;);RQ’). By (A ta) If (A;,TA;) P/ (A, 7),), we have ty < 7).
By Step 3, (Ai,7a,) P (A}, 7)) I}’ (Ai,ta), which implies t4, > 74, Thus, t4 € [7a,,74,].

Thus, in the same way as above, we can show that

7';1; —ta + (w(Az‘; R;) — w(Aj; Rz))
(w(A}; R) — w(As; RY)) + (w(Ag; R;) — w(A}; R))
7'1’4; —ta + KA — &i| Ay
Lil Ajl = il Ail + KG|Ai| — & A}l

alta) =

Since A} is maximal in M’, A, ¢ AY. Then,

7'542 —ta + K;|Ai| — &i] Ayl

Li|Aj| — eil Al + Ki| Ai| — &:] A

_ TA; — Ta, + Ki| 4| — €| Ai

T LAY = e Al + K[ Ai| — i A
Tar — Th, + G ANAY| — & A\ A

Li| A 0 Aj| + & ANAY] — & Al + KGJANAT| — e AY\ A4
Thr — tay + K| AN\AT| — & A7\ Ayl

= LA A A 4 o ANAY — e Ayl + Ko ANAT — e ANA

afta) =

= a(tay),

where the first inequality follows from ¢4 > 74,; the second inequality uses (17) and A} Z AY;

and the third inequality uses t4» < 7/ . Since a(t;) = t,i_Tf;v is a strictly increasing func-
% i TAi_ %

tion in t;, Oé(lfA;) < a(tA;/) implies t4, < t4r. Thus, V(Ai,(A;,TA/_);R;/) = lay <tay =
V(A;, (A, 7'1’4;,); R!), which implies that (A}, T ) P! (A7, 7';12,).

Thus, for each A7 € M'\{A’}, (A;,TA;) P! (A;’,T;%,), so R! demands A} at 7" on M.
This completes the proof.
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S.4.6 Case 1 of Step 1 in Appendix A.2.1

In Case 1 of Step 1 in Appendix A.2.1 of the main text, we provided only an informal
argument for deriving inequality (5), i.e., 7y, > 74,. This subsection presents the formal
proof.

Recall that, in Case 1 of Step 1 in Appendix A.2.1, we showed the existence of a preference
R; € R4 N RQ such that A;(R;, R_;) = A;, and hence A; € M;(R_;). Then, we have

Ta, = L(R_i; Ay) = ti(R)
= max Z w(A}; Ry) — Z w(Ag(R); Ri)

ATEAL ) KEN\{i}

< A//‘
< gy 2wl Ry
keN\{:}

< w({b}: Ry) +w(M\{b}; Ro)
o (21)

where the first equality uses A; € M;(R_;); the second equality follows from A;(R) = A;;
the third equality uses that R € (R4% N RY)" and (4); and the second inequality follows
from the fact that for each ¢ € M\{b}, w({b}; R;) > w({c}; R;) = w({c}; Ro), so assigning
object b to agent j maximizes the total willingness to pay among agents in N\{i}.

Recall also that, in Case 1 of Step 1 in Appendix A.2.1, we claimed that (i) there ex-
ists R} € R N R such that Ay(R;;,R_;;) = A;, and so A; € M;(R}, R_;;); and (ii)
a g Aj(R;,R_;;). Given Ae A, a & Aj(R];,R_;;), and b € A;, constrained efficiency
implies that b € A;(R,

i R_; ), because—conditional on agent j not receiving object a (i.e.,

a ¢ Aj(R;J, R_; ;))—assigning object b to agent j maximizes the total willingness to pay (see
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Remark 2). Then,

Ty, = L(Ry, R j; Ag) = Li(RG;, Roij)

’L]7

o . / ",
kGN\{l J}

— [ w(A (R, Reiy) By) + ) w(Aw(Ri,, R_ij); Ri)

kEN\{i.j}
> w(Al Ry) — [ w(A;(R;, Roij)i Ry) + D w(Aw(Ri;, Roij); Ri)
kEN\{i.j}
w({a}; B;) +w({b}; R;) — | w(A; (R, Roij)i By) + Y w(Aw(R, Ry ) Ry)
kEN\{i.j}
> w({a} ) +w({v}: B)) = (w({b}; B)) +w(M\{b}; o))
= w({a}; R}) —w(M\{D}; Ro)
= 2m+1, (22)

where the first equality uses that A; € /\/li(R;-,R,ij); the second equality follows from
— A : : Add n )

Ai(R;;,R_;;) = Aj;; the third equality uses that (R}, R_;;) € (R N R?)" and (4); the

first inequality uses A} € M;; the second inequality follows from a,b € A; and additivity of

R’; and the third inequality follows from b € A;(R; ;, R_;;), a & A;(R;

(S 1,57 R—i,j), and frOm the

fact that for cach ¢ € M\{a,b}, w({b}; R}) > w({c}; R;) = w({c}; Ro), so that assigning
object b to agent j maximizes the total willingness to pay among agents in N\{i}.

Combining (21) and (22), we obtain inequality (5): 7, > 2m +1 > 2m > 74,.

S.4.7 footnote 21

We present the proofs of the statements in footnote 21.

First, we show that for each A} € M\M;(R_;), Lar < Upr. Let A} € M\M;(R_).

If Lyy = —o0 or Uyy = oo, then the claim is immediate. Suppose L4s > — oo and
Uar < 0o. Since Lyr > — oo, there exists A; € M; such that A; C A and Lar = 74
Similarly, since Uar < 00, there exists A; € M(R_;) such that A? C A; and U v = Tz,

Then, 4; C AV C AL If A; € M;(R_;), then by A; € M;(R_;) and A, C A;, object mono-
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tonicity of 7 on M;(R_;) implies
LA;/ = TAZ, < Ta, = UA;/.

If A; € MAM;(R_;), then by A, C A; (and so A, contains a smaller number of objects than
A;) and the definition of the algorithm, Ti, € (L iU Ai) has already been chosen. Then,
since 4; € M;(R_;) and A, C A;, we have

LA’.’:TA, <UA~,: min TA. <713 =Uyr.
¢ ¢ ¢ AZGMl(R_Z)AZgAl v ‘ ¢
Next, we show that 7 is object monotonic on M;. Let /L—,Zi € M, satisfy /L— - A, If
A A € M;(R_;), then since 7 is object monotonic on M;(R_;), we have

Ti, < Ta,-
If 1211 € Ml\MZ(Rfl) and E S MZ(R,l), then

Ti < Uz = min T < T,
‘ ¢ AZGMZ(R_I)AZQAZ v ‘
where the first inequality follows from A; € M;\M;(R_;) and the definition of the algorithm,
and the second inequality from A; € M;(R_;) and A, C A;. Finally, if A; € MA\M;(R_;),
then

Ti < max T4 = Lz <73z,
A eEM;:ACA;

where the first inequality follows from 4; € M; and A; C Aj;, and the second inequality from
A; € M\M;(R_;) and the definition of the algorithm.

S.4.8 Case 2 of Step 1 in Appendix A.2.1

We present the proof for Case 2 of Step 1 in Appendix A.2.1. By A; N A # (), we may assume
without loss of generality that A} = A;. Since 4; N A} # 0, we can choose some a € A; N Al
Since A; Z A, we also have A;\A; # 0, so we can choose some b € A;\ A,. Note that a # b.
If there exists A7 € M, such that A7 D A;, then a € A, N A and b € A7\ A]. Therefore,
without loss of generality, we may assume that A; is maximal in M;.

Let j € N\{i}. Since A} is maximal in M;, A, € M, and it is also maximal in M,
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(3

(see Lemma 5). Since A, is maximal in M; and b ¢ Al there exists A” € A/ such that
A = Ajand b € A (see Lemma 6). Since A7 N A = () and A} = Aj, we have A N A} = 0.
Therefore, as a € A}, we have a ¢ AY.

In summary, we obtain
a,be A, ae A, bg A, be A, ag Al

Figure 10 illustrates the packages A;, A%, and AY.

l

A=Ay A

Figure 10: An illustration of the packages in Case 2.

Let R; € R4 N R be such that w({a}; R;) = m+1, and for each ¢ € M\{a}, w({c}; R;) =
L. Let R} € R4 N R% be such that w({a}; R}) = 4m + 1, w({b}; R}) = 3m, and for each
¢ € M\{a,b}, w({c}; R;) = w({c}; Ry). For each k € N\{i,j}, let Ry = Ry.

Let 7,7/ € RMil be two object monotonic payment vectors on M, such that for each
A" e M;(R-;), we have Tam = ti(R_i; Aj"), and for each A" € M;(R}, R_;;), we have 7'1/4;// =
ti(R;, Ry j; A"). Tt follows from strategy-proofness and object monotonicity of preferences
that 7,7" are object monotonic on M;(R_;) and M;(R}, R_;;). Thus, we can choose such
7,7 satisfying object monotonicity on M;.?"

Recall that A” € A/ and a € A”. Thus, since w({a}; R;) > w({a}; Ry) and w({c}; R;) =
w({c}; Ry) for each k € N\{i,j} and each ¢ € M\ (A} U {a}), Lemma 1 implies that there
exists R; € R4 N R? such that 4;(R;, R_;) = A}. Thus, A € M;(R_;). This corresponds

30For a detailed discussion, see footnote 21 in the main text and Section S.4.7 in this supplementary
material.
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to Claim 1 in the outline of the proof presented in Section 3.4.3. Then,

TA;/ = t,;(R_Z'; A;’) = tz(R)
= max Y w(AYsRy) — Y w(Ak(R); Ry)

A NG kEN\{3}

< A///_ R
< pey 2 v
keN\{i}

w({a}; &) +w(M\{a}: Ro)
= 2m, (23)

IN

where the first equality follows from A} € M;(R_;); the second equality from A;(R) = AY;
the third equality uses R € (R4 N R?)" and (4); and the second inequality follows from the
fact that, for each ¢ € M\{a}, w({a}; Rj) > w({c}; Rj) = w({c}; RO), so assigning object a
to agent j maximizes the total willingness to pay among agents in N\{i} (see Remark 1).
By the same argument as above, Lemma 1 implies that there exists R, € R4% N RV
such that A;(R}, R}, R_;;) = A7.*" Thus, A7 € M;(R},R_;;). Since Aj is maximal in M;,
Aj € M; (see Lemma 5). By b € A} and A;(R;};, R ;) = A/, we have b & A;(R;;, R_;;).

Thus, given A” € Af and a € Af, it follows from constrained efficiency that a € A;(R; ;, R_; ;),

/L’] ’

because—conditional on agent j not receiving object b (i.e., b & A;(R; ;,

R_; ;))—assigning

3INote that this also corresponds to Claim 1 in the outline of the proof presented in Section 3.4.3.
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object a to agent j maximizes the total willingness to pay (see Remark 2). Then,

7'1,4;/ == tZ(R;, R—i,j; A;/) == t (R,

2]7

R_ij)

= max | w(A}; R)) E w(AY; Ry,)
AeAS
kGN\{z 7}

~ AR R B + Y w(Ak(R, Ry Re)

keN\{i,j}
> w(A; R)) — [ w(A (R Reag)i Ry) + ) w(Ak(Riy, Reiy); R
keN\{i,j}
> w({a}R)) +w({b}R)) — [ w(A;(R;, Reij)i R) + > w(Ap(R;, Reiy): Re)

keN\{i.j}
> w({a}; R) +w({b}; R) — <w({a}; R) + w(M\{a}; Ro)>
= w({b}; R}) — w(M\{a}; Ro)

= 2m + 1, (24)

where the first equality follows from Aj € M;(R}, R_;;); the second equality follows from
Add n :
Ai(R;;,R_;;) = Af; the third equality uses (R}, R_;;) € (R N R?)" and (4); the first
inequality follows from A; € M;; the second inequality from a,b € A; and additivity of R;
and the third inequality from the facts that a € A;(R;;, R_i;), b &€ A;(R;;, R_;;), and for
each ¢ € M\{a,b}, w({b};R}) > w({c};R}) = w({c}; Ro), so that assigning object a to

0,5

agent j maximizes the total willingness to pay among agents in N\{:}.
By (23) and (24),

7'1,41(/ 22m+1 >2mZTA;’-

This inequality corresponds to inequality (1) in the outline of the proof presented in Sec-
tion 3.4.3. Recall that 7 and 7" are both object monotonic on M,;. Thus, since A; N A = (),
Al # (), and A} is maximal in M,;, we can invoke Lemma 8 to conclude that there exists
R! € R4 that demands A7 at 7 and A} at 7/ on M;. Note that this corresponds to Claim 3
in the proof outline provided in Section 3.4.3.

Since A € M;(R_;) C M, and R/ demands A at 7 on M, for each A? € M;(R_;)\{A/},
zi(R_i; AY) = (A}, 7ar) P/ (A", Tam) = zi(R_i; A]"). Therefore, by strategy-proofness, A;(R}, R_;) =
A? (see Remark 1). Since b € A} = A;(R!, R_;), it follows that b & A;(R], R_;). On the
other hand, since A” € Af and a € A, constrained efficiency implies that a € A;(R}, R_;),
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as, conditional on A;(R/, R_;) = A/ & a, assigning object a to agent j maximizes the total
willingness to pay (see Remark 2).

Recall that A} # () is maximal in M,;. Thus, since b ¢ A, there exists A” € A’ such
that A} = A} and b € AY (see Lemma 6). Moreover, since w({b}; R}) > w({b}; Ri) and
w({c}; R}) = w({c}; Ri) for each k € N\{i,j} and each ¢ € M\ (A} U {b}), Lemma 1 im-
plies that A} € M;(R}, R_;;). Since M;(R}, R_;;) € M; and R} demands A} at 7" on M,,
it follows that for each A; € M;(R}, R-iy)\{A}}, 2 (R}, Roij; A}) = (A, 7)) P (Ai,75) =
zi(Rj, R j; A;). Hence, by strategy-proofness, A;(RY, Rj,R_;i;) = A} (see Remark 1).
Since a € A; = A;(R}, R}, R_;;), it follows that a ¢ A;(R}, R}, R_;;). Furthermore, since
A" € Af and b € A,

tional on a & A;(R], R}, R_; ;) and A;(R}, R}, R_;;) = A; # b, assigning object b to agent j

constrained efficiency implies that b € A;(R}, R}, R_;;), as, condi-

maximizes the total willingness to pay (see Remark 2).

To sum up, we have
a€ Aj(R],R), b¢g Aj(R/,R), a & Aj(R],R;,R_;;), be Aj(R/,R},R_;;). (25)
This corresponds to Claim 4 in the outline of the proof presented in Section 3.4.3. Then,

w(A4;(R],R_;); R}) — w(A;(R], R}, R_;;); R})
= (I4;(R, R-)\{a}| + (4m + 1)) — (JA;(R}, R}, R_; ;)\{b}| 4 3m)
> (JA;(RY, Ro)\{a}| + (m + 1)) = (JA;(R}, R}, R_i ;)\{b}| + 1)
= w(A; (R}, R_); R;) — w(A;(R{, R}, R_;;); R;),

where the first and the second equalities follow from (25) and additivity of R;, R}. This
inequality corresponds to inequality (2) in the outline of the proof presented in Section 3.4.3.

However, this contradicts monotonicity of f (see Fact 2).

S.4.9 Step 2 in Appendix A.2.1

This subsection presents the formal proof of Step 2 in Appendix A.2.1. We show that for
each i,7 € N, M; = M;. Let i,j € N be two distinct agents. We show that M; C M,;
the reverse inclusion follows symmetrically. Let A; € M;. If A; # (), then by Step 1, A;
is maximal in M;. Hence, A; € M; (see Lemma 5). Now suppose A; = (). To show that
A; € M, suppose for contradiction that A; ¢ M;. For each k € N, let R, € R4 N RY

28



be such that for each a € M, w({a}; R;) = 1. Note that R; = R;.
By A; € M;, there exists A_; € M" ! such that A = (4;, A_;) € A’. Given that 4; = ()
and using no wastage of A/ (which follows from no wastage of f), we have | J,. iy A =M.

Therefore,

/ . —
Inax Z (Ay; Ri) > Z w(Ag; R) = m, (26)
keN\{i} kEN\{i}

where the inequality uses A € A/,
Let A’ € A/, Since A4; =0 ¢ M;, we have A% # 0. By no wastage of A7 it follows that
Usen iy 4k = M\Aj. Therefore,

> w(Ay; Ry) =m—|A) <m,
keN\{j}

where the inequality follows from A’ # (). Since A" € A’ was arbitrary, we obtain

max w(AL; Ry) ) 2
max y  w(ApRy) < m (27)
ke N\{j}
By (26) and (27),
ma; ARy > m > (AL R
e D wiR) 2m> max > w(diR)
keN\{i} keN\{a}

which contradicts Lemma 3.

S.4.10 Step 1 in Appendix A.2.2

We provide the formal proof of Step 1 in Appendix A.2.2. We show that for each A € A/
and each transposition m on N such that for some i,5 € N, 7(i) = j, 7(j) =4, and 4; = 0,
we have A™ € Af. The argument in Step 1 corresponds to Case 1 in the outline presented
in Section 3.4.5. Let A € Af. Let 7 be a transposition on N such that for some distinct
i,j € N, (i) = j, m(j) = i, and A; = 0. If A; = 0, then A" = A € A’. Suppose that
A; # (). To show A™ € A/, suppose for contradiction that A™ & A/.

For each k € {i,j}, let R, € R N RY be such that for each a € A;, w({a}; Ry) =
m~+1, and for each a € M\A;, w({a}; R;) = 1. Note that R; = R;. For each k € N\{i,j}, let
R € R4% N R? be such that for each a € Ay, w({a}; Rk) = m+1, and for each a € M\ Ay,
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w({a};Ry) =1. By A e A/,

max kg\:{j} w(Ay; Ry) > ke%:{j}wmk;m = (m+1) kg\:{j}mky (28)

Let A’ € Af. We claim A} 2 A;, or there exists k € N\{i,j} such that A} 2 A. For
contradiction, suppose that A} 2 A;, and for each k € N\{i,j}, A}, 2 Ai. Then, we have
UkeN\{i} AL D UkeN\{j} Ay. By no wastage of A/ (which follows from no wastage of f),
A € A7 implies that Uken gy Ax = M\A; = M, where the last equality follows from A; = 0.
Also, by no wastage of A/ and A’ € A7, Usem iy A = M\A;. Thus, M\A; 2 M, and hence
Al = () = A;. Since A’ is a bundling unit-demand constraint (see Appendix A.2.1) and
A; # 0, A; is maximal in M;. Thus, since M; = M, (see Step 2 of Appendix A.2.1) A; is
also maximal in M. Thus, by A; D A;, A} = A;. Let N*(A) = {k € N : A, # 0}. Since
A’ is a bundling unit-demand constraint, for each k& € N*(A)\{i,j} such that A, # 0, A

is maximal in My, so A}, O Ay implies A} = A. Thus,

AU U A |=4u U Al=UAa=M
kEN+(A)\{i,j} kEN+(A)\{i,j} keEN
where the second equality follows from A; = (), and the last one from no wastage of Af. This
implies that for each k € N\ ({i,j} U NT(A)), A}, = @ = A;. Therefore, we conclude that
A’ = A™. However, this contradicts that A’ € A/ and A™ ¢ AS.
Thus, we have A’ 2 A;, or there exists k € N\{i, j} such that A} 2 Ag. Thus, we have
AL N A; © A;, or there exists k € N\{4,j} such that A} N Ay & Ay Thus,

T w A Re) = (m+1) [[A 0 Al+ D0 AN AL HIANAL+ DD [AN\A
keN\{:} keN\{i,j} keN\{i,j}

<mA1) A NAl+ Y A NAl| +m
KEN\{is}

keN\{j}

where the second inequality uses the fact that A5 N A; C A, or there exists k € N\{4, j} such
that A N A © Ax (and hence A7 N Al + 30 cnn iy [k N Akl < Dpem gy [4xl). Since
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A" € Af was arbitrary, we have

max Y w(ALR) < (m+1) Y Ay (29)

ATEAT ) KEN\{j}

By (28) and (29),

max TR > 1 Al > "R
Alle Af Z /LU( k> ]C) = (m+ ) Z | k‘| Ill’lgil(f Z w( ks k‘)a
REN\{I} KEN\{j} keN\{i}

which contradicts Lemma 3.

S.4.11 Claim 5

In this subsection, we provide the proof of Claim 5. For each R € R™ such that f;(R) =
(M,V(M,0; Ry)) for some i € N, we have f(R) # g(R). Note that, by richness of R, there
exists such R € R". Thus, f is different from any bundling unit-demand MPW rule.

We show that f satisfies the properties except for constrained efficiency. Since g satisfies
no wastage, equal treatment of equals, anonymity, no envy, individual rationality, and no
subsidy, f inherits these properties. Thus, it suffices to show that f satisfies strategy-
proofness.®> Let R € R*. We show that agent 1 cannot benefit from misrepresenting his

preferences; the same argument applies to any ¢ # 1. There are three cases.
CasE 1. [{i e N\{1}: Ri=Ro}| < 1.

In this case, for each R} € R, we have [{i € N : R, = Ry| < 2, where R, = R; for each
i € N\{1}. Hence, by the definition of the rule f, it follows that f,(R}, R_1) = ¢g1(R}, R_1)

32]f n = 3 and the domain includes non-additive preferences, the same type of rule f as in Example 5 is
not strategy-proof. In the case n = 3, the rule is defined as follows. Let Ry € R.

(i) If {te N : R, = Rp}| = 2, and for the unique i € N with R; # Rp, it holds that
(M,V(M,0;Ry)) P; gi(R), then define f;(R) = (M,V(M,0;Ry)) and f;(R) = 0 for each j € N\{i}.

(i) If |{z€N : Ri = Ro} # 2, or if [{ie N : R;, = Rp}| = 2 but the above condition
(M,V(M,0;Ry)) P; gi(R) fails, then let f(R) = g(R).

ThlS rule f is not strategy-proof. To see this, let Ry € R4 N R? be such that w({a}; Ro) = w({b}; Ro) =
2 and w(M; Ry) = 4. Let Ry € R N R¥ be such that w({a}; R1) = w({b}; R1) =1 and w(M; R;) = 5, and
let R; = R3 = Rp. Note that agent 1 has a non-additive preference R;.

Then, g2(R) = ({a},1) and fo(R) = 0. Let R) € RA% N RY be such that w({a}; R}) = w({b}; k) =3
and w(M; Ry) = 6. Then, fa(Rb, R_2) = g2(Ry, R—2) = ({a},1). Hence, f(Ry, R_2) P> f(R), and f fails
strategy-proofness.

In this example, the non-additivity of R; is crucial for agent 2 to benefit from misreporting R}. Even
when n = 3, if the domain includes only additive preferences, the same type of rule f as in Example 5 is
strategy-proof. Therefore, constrained efficiency is indispensable for the conclusion of Theorem.

31



for each R} € R. Since g is strategy-proof (see Fact 1 (i)), agent 1 cannot benefit from

misrepresenting his preferences.
Cast 2. [{i e N\{1}: R, = Ro}| =2.

In this case, for each R} € R, we have either f1(R], R_1) = ¢1(R}, R_1) or f1(R],R_1) =
0. We claim that fi(R) I ¢g1(R). Note that either (i) f1(R) = ¢1(R) or (ii) fi(R) # ¢1(R)
and f1(R) = 0. In case (i), the claim holds trivially. In case (ii), since exactly two agents other
than agent 1 have preference Ry, the rule assigns fi(R) = 0 only when R; = Ry. In this case,
we can compute p™*(R, B) = (p2™(R, B),py"*(R, B)) = (V({a},();Ro),V({b},O;RO)>.33
Thus, since Ry = Ry, we have fi(R) =0 I; g1(R).

Therefore, we have fi(R) Ry gi(R). Given that |[{i € N\{1} : R, = Ro}| = 2, we
have, for each R| € R, either fi(R],R_1) = ¢1(R}, R_1) or f1(R},R_1) = 0. By strategy-
proofness of g (see Fact 1 (i)), we have f1(R) Ry ¢1(R) Ry ¢1(R}, R_;) for each R} € R, and
by individual rationality of g (Fact 1 (1)), fi(R) R1 g1(R) Ry 0. Thus, in either case, agent

1 cannot benefit by misrepresenting his preferences.
Case 3. [{ie N\{1}: R, = Ro}| = 3.

We show that f1(R) Ry ¢1(R) and fi(R) Ry (M,V(M,0; Ry)). There are three cases.

First, suppose Ry = Ry. Then, since more than three agents have preference Ry,
fi(R) = gi1(R). Thus, it follows from individual rationality of g (see Fact 1 (i)) that
fi(R) =gi1(R) R 0 I (M,V(M,0;Ry)) = (M,V(M,0; Ry)).

Second, suppose Ry # Rpand ¢;(R) Ry (M, V(M,0; Ro)). Then, since three agents other

33To see this, let z € Z™%(R, B) be a B-bundling unit-demand Walrasian equilibrium allocation supported
by p™*(B,R). Given Ry = Ry and [{i € N\{1} : R; = Ry}| = 2, exactly three agents have the same
preference Ry. Since B contains only two packages, at least one of these agents—say agent j—must receive 0
under z. If p2*(R, B) < V ({a},0; Ry), then agent j would strictly prefer package {a} to his assigned package
A; = 0 at price p™®(R, B), contradicting the definition of a B-bundling unit-demand Walrasian equilibrium.
Thus, p™*(R, B) > V({a},O;RO). Similarly, we have p"™(R, B) > V({b}, 0; Ry).

Let p’ = (V({a}, 0; Ro), V({b}, 0; Ro)) be a B-bundling price vector. Let k € N be the unique agent with

Ry # Ro (such k exists since exactly three agents have preference Ry).

Counsider an allocation 2z’ = (A’,¢') such that: (i) A’ € C*(B); (ii) agent k receives his most preferred
package in B at price p'; (iii) the remaining packages in B are allocated arbitrarily among the other agents;
and (iv) for each | € N, t] = p;‘;.

Then, (2/,p’) is a B-bundling unit-demand Walrasian equilibrium for R, so p’ € P(B,R). We already
showed p’ < p™n(R, B). Since p™" (R, B) is the minimum element of P(B, R) and p’ € P(B, R), we have
p™*(R, B) < p’. Combining these inequalities yields p™*(R, B) = p’ = (V({a}, 0; Ro),V({b}, 0; RO)).
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than agent 1 have preference Ry, we have f(R) = gi(R), and hence f1(R) = g1(R) Ry (M,V (M, 0; Ry)).
Finally, if Ry # Ry and (M, V(M,0; RO)) P g1(R), then, again by the fact that three
agents other than agent 1 have preference Ry, fi(R) = (M,V(M ,O;Ro)). Thus, fi(R) =
(M,V(M,0; Ro)) P g1(R).
In all three cases, we conclude that fi(R) Ry gi(R) and fi(R) Ry (M,V(M,0;Ry)).
Moreover, since |[{i € N\ {1} : R; = Ry }| = 3, it follows from the definition of the rule f that
for each Ry € R, fi(R{,R_;) € {gl(R’l,R,l), (M, V (M, 0; RO))}. By strategy-proofness of
g (see Fact 1 (1)), we have f1(R) Ry g1(R) Ry g1(R}, R_1). Thus, agent 1 cannot benefit from

misrepresenting his preferences.

Finally, we show that f violates constrained efficiency. Let R € (RA4NR%)* be such that
(i) w({a}; R1) = 2, w({b}; R1) = 2, and w(M; Ry) = 4; (ii) Ry = Ry; (iii) w({a}; Rs) = 1,
w({b}; Rs) = 3, and w(M;Rs) = 4; and (iv) w({a}; Rs) = 5, w({b}; Rs) = 5, and
w(M; Ry) = 10. Then, f(R) = g(R) = (o,o, ({0},2). ({a},2)>. Let z = (0,0, (0, —1), (M, 7).
Note that A = (0,0,0, M) € A/, where A is the object allocation associated with z. More-

over, z Pareto dominates f(R) for R. Therefore, f violates constrained efficiency.
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