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Abstract : Given several studies (inputs) of some phenomenon of interest,
each input presents an estimate of a key parameter with an associated esti-
mated precision. The random-effects model used in meta-analysis estimates
this parameter based on a decomposition of the error term into within-input
noise and across-input noise. Our interest is in the precision of this esti-
mator, which leads to a confidence interval of the parameter. But we shall
also be interested in the precision when we transform the inputs into one
input, which leads to a (much wider) prediction interval. We review and
extend the meta-analysis framework in a maximum-likelihood context, pay-
ing special attention to conflict between the inputs, correlation between the
inputs, and the difference between confidence and prediction intervals and
the corresponding notions of precision. We illustrate our approach with two
meta-analyses from the world of clinical trials and finance.
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1 Introduction

Suppose we are interested in the value of an unknown quantity β. We consult
an expert who tells us that β = 72. The expert cannot be entirely certain,
but she is confident that β lies between 70 and 74. After some time we consult
a second, equally qualified, expert who tells us that β = 58. This expert is
not certain either, but he is confident that β lies between 56 and 60. Based
on this new information we decide to change our estimate from β̂ = 72 (the
old information) to β̂ = 65 (the average of the old and the new information).
But how much confidence should we have in this new estimate?

Let us think of the quantity β as the mean of a random variable y. The
previous experiment gives us two observations: y1 = 72 and y2 = 58. Sup-
pose we consult a third expert, what outcome should we expect? It seems
reasonable, in the absence of other information, that we estimate the mean β
of y3 to be ȳ = 65. But what is a reasonable estimate of the variance of y3?

The purpose of the current paper is to address both questions and discuss
generalizations. The two questions are closely related, but they are not the
same. The first question is answered by studying the distribution of β̂ with
mean β and variance var(β̂), leading to a confidence interval of the form

β̂ − 1.96

√
v̂ar(β̂) < β < β̂ + 1.96

√
v̂ar(β̂), (1)

while the second question is answered by studying the distribution of y with
mean β and variance var(y), leading to a prediction interval of the form

β̂ − 1.96
√

v̂ar(y) < y < β̂ + 1.96
√

v̂ar(y). (2)

Now, var(β̂) tells us something about how precisely we can estimate the
location of y, while var(y) tells us something about the variability of y. These
two variances are thus conceptually (and numerically) quite different, and
hence the answers to our two questions are also quite different.

A naive approach to the first question would be to argue as follows. We
have two observations y1 = 72 and y2 = 58 with variances v21 = v22 = 1, and
this leads to β̂ = ȳ = 65 with var(β̂) = var(ȳ) = 1/2, and hence to a narrow
confidence interval 63.6 < β < 66.4. The combined estimate ȳ has a greater
precision than y1 and y2 individually, which makes sense because we have
added information, and more information leads to more precision.

But does it? The two pieces of information are far apart, which happens
frequently in practice. In Bayesian analysis, for example, the prior and the
sample information may deliver conflicting messages. In the normal frame-
work (normal prior, normal likelihood), the posterior mean (our estimate) lies
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somewhere in-between the mean of the prior and the mean of the sample,
which is reasonable. The posterior variance will be smaller than the variance
of the prior and the variance of the sample, which seems also reasonable, be-
cause we have added information, so the precision should increase. But it
is also counter-intuitive, because the conflicting information makes us less
confident about the resulting estimate: more information, less confidence.
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Figure 1: Common-sense parabola with two observations,
y1 = 72, 68 ≤ y2 ≤ 76, and v1 = v2 = 1

Our questions are phrased in frequentist rather than in Bayesian terms,
but the idea is the same, as illustrated in Figure 1. If only y1 is available,
then our estimate is y1 = 72 with var(y1) = 1, the red dashed line. If both y1
and y2 are available, then standard statistical reasoning leads to an estimate
ȳ = 65 with var(ȳ) = 1/2, the blue dashed line, where we note that the
variance does not depend on the value of y2. Such a high precision (low
variance) does not seem reasonable, and is not in line with common sense.1

We should expect precision to increase when the two values support each
other, and decrease when they contradict each other—something like the
green ‘common-sense’ parabola, given by the equation

VCS =
1

2
+

(y2 − 72)2

8
. (3)

1In a recent survey among Japanese students, a similar question was asked, and more
than one-half of the respondents indicated that the confidence interval should include the
two observations, that is, the interval should be larger than (58, 72); see Hanaki et al.
(2023).
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When 70 < y2 < 74 (supporting evidence), the precision of the combina-
tion is higher than the precision of y1, but otherwise the precision is lower
(conflicting evidence). The green parabola thus mimics common sense.

Is there a statistical theory that leads to such a figure? In fact, there
is. The random-effects model used in meta-analysis essentially reconciles
the apparent contradiction. We shall review and expand this theory in a
maximum-likelihood context, and attempt to answer both questions raised
above.

When combining estimates or forecasts, there are two issues to be stud-
ied: the combined estimate or forecast, and its precision. Most (almost all)
attention in the literature has gone to determining the ‘best’ point estimate
based on a combination of point estimates, typically a weighed average of the
underlying point estimates, where the weights are functions of their respec-
tive precisions; see for example Wang et al. (2023) for a recent review. But
the precision of this estimate is equally important and is not yet fully under-
stood. Measuring this uncertainty, especially in the presence of conflicting
information, is our primary interest in the current paper.

We agree with Wooldridge (2023) when he emphasizes that there is a need
for better and proper ways to compute standard errors—whether one takes
a model-based, design-based, sampling-based, or even a Bayesian approach.
Magnus and Vasnev (2023) studied the critical role of correlation, Wang et
al. (2024) provided a systematic review of interval forecasting, and Peng
et al. (2024) proposed a new aggregation operator to obtain more accurate
interval prediction results. However, to the best of our knowledge, the issue
of conflict in the data is not discussed in these papers.

This is where meta-analysis pioneered by Glass (1976) can help, because
in meta-analysis more attention is devoted to uncertainty. The standard tool
to aggregate different studies in meta-analysis is the random-effects model
(Borenstein et al., 2009), and this model is widely used to compare clinical
studies, but also in many other areas such as economics (Havránek et al.,
2020), organisation studies (Orlitzky at al., 2003), transportation (Button,
2019), supply chain management (Geng et al., 2017), and education and
cognitive development (Peng et al., 2019). Different estimation methods,
including maximum likelihood, have been suggested in the literature (Schmid
et al., 2021, Section 4.5.2.2), and these are accessible through statistical
packages, for example the metafor package in R (Viechtbauer, 2010).

Our approach is also through the random-effects model and maximum-
likelihood estimation, where we concentrate on three issues that seem to
be outstanding or underdeveloped in meta-analysis. First, as in the forecast
combination literature, the issue of conflict in the data has so far not been ad-
dressed. Second, no attention has been given to correlation between studies,
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which are typically assumed to be independent. Third, while meta-analyses
usually focus on the mean treatment effect and its uncertainty, prediction
intervals are also important but attract little attention in empirical studies;
see however Schmid et al. (2021, Section 4.4.4.2).

Guddat et al. (2012) proposed a graphical representation of prediction
intervals, but the adoption of this proposal has been slow. IntHout et al.
(2016) showed that in almost three-quarters of statistically significant meta-
analyses in the Cochrane Database of Systematic Reviews (Issues 2009–2013),
the prediction interval contained the null effect, which means that, at least
for some patient populations, the treatment might be more harmful than
the comparator, in spite of the fact that the confidence interval of the point
estimate suggests benefits. Borg et al. (2024) also advocate the use of pre-
diction intervals, emphasizing their importance in accurately interpreting
meta-analysis results in sports medicine and medical journals, and they note
that only a few meta-analyses report such intervals, which can lead to misin-
terpretation of the results and potentially harmful treatments: in 2021, the
proportion of studies reporting a prediction interval was 8% in sports and
15% in medicine. Seehra et al. (2021) perform a similar investigation for or-
thodontic meta-analyses, and find that only 19% of them reported prediction
intervals. Borenstein (2020) stresses that prediction intervals provide impor-
tant information about heterogeneity, while the commonly used I2 index does
not.

Yet, out of the above-mentioned studies, only IntHout et al. (2016) gained
any momentum, as it was cited 1,527 times according to Google Scholar and
1,365 times according to scite.ai. Other studies had much less impact. Gud-
dat et al. (2012) was cited 70 times (Google Scholar) and 58 times according
(scite.ai), while Borenstein (2020) was cited 106 times (Google Scholar) and
96 times (scite.ai). The studies by Seehra et al. (2021) and Borg et al. (2024)
are hardly cited at all.2 Even when one or more of these studies is cited, the
authors do not always follow the suggestions; see, for example, Miguel et al.
(2025).

In addition to explaining how to deal with conflicting data using meta-
analysis, this paper has a second purpose. Meta-analysis is popular and
well-known in some disciplines (especially medicine), but not well-known in
others (such as finance). So, in our two illustrations we apply our meta-
analysis theory to the literature of clinical trials by re-assessing the review
papers of Doi et al. (2015a,b), and also to a recent attempt by Menkveld et
al. (2024) to estimate across-study variation in the finance literature.

The remainder of the paper is organized as follows. Section 2 outlines the

2Citations reported in Google Scholar and scite.ai as of 9 January 2025.
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general setup of the random-effects model commonly used in meta-analysis.
Section 3 presents the maximum-likelihood estimators in the base case. Sec-
tion 4 applies the theory to the situation where inputs are in conflict with
each other, as discussed above. Section 5 extends the theory to the cases of
relative precisions and correlated inputs. Section 6 demonstrates the effects
of adopting our framework in clinical trials. Section 7 provides a critical
assessment of Menkveld et al. (2024) concerning a controlled experiment in
finance. And Section 8 concludes.

2 Meta-analysis and random effects

We consider the linear regression model

y = Xβ + u, (4)

which is somewhat more general than the simple setup in the Introduction.
Here, y denotes an n × 1 vector of observations (typically called ‘studies’
or ‘inputs’), X is an n × k matrix of nonrandom regressors, β is a k × 1
vector of unknown coefficients, and u is an n × 1 vector of random errors.
In many cases of interest (as in the Introduction), the regressor matrix will
be X = ı (the vector of ones) in which case the inputs yi have a common
mean β, but we shall not make this simplifying assumption just yet. The
more general situation occurs when certain differences between studies can
be modelled explicitly and are included in the meta-analysis. For example,
when some studies include only male participants while other studies include
only females, then a gender indicator can be included in X. Or, when the
average age of participants differs significantly between studies, then it can
be included in X to distinguish between ‘young’ and ‘old.’ In general, any
natural grouping by location or other characteristic can be included in X, as
well as the probability to belong to a certain class.

In standard regression one assumes that E(u) = 0 and var(u) = σ2In
which leads to the least-squares estimators for β and σ2. But in meta-
analysis one source of error does not suffice—we need two sources: errors
of measurement within each of the inputs and errors of measurement across
inputs. Thus, we assume that we can decompose the error vector u as

u = ζ + ϵ, (5)

where u denotes ‘system’ noise, ζ denotes ‘within-input’ noise, and ϵ denotes
‘across-input’ noise.

We emphasize that, while borrowing language from the panel-data litera-
ture (within versus across), our data are yi and not yij, that is, our data are
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one-dimensional, not two-dimensional. One can envisage a two-dimensional
setting, where yij denotes the jth observation in the ith study. But this is
not the usual setup in meta-analyses, where we simply look at the results of
the ith study. This one-dimensionality implies that we have to be careful in
the identification of the two components. For example, the introduction of
correlation is less trivial than in a panel-data setting, see Section 5.2.

If all inputs were measured perfectly (according to the authors), then ζ =
0 and we are back at the (generalized) least-squares situation, where the only
noise is generated by the errors across inputs. In the more realistic situation
where within-input noise is present, we assume that E(ζ) = E(ϵ) = 0 and
that ζ and ϵ are uncorrelated with var(ζ) = Vζ and var(ϵ) = Vϵ. This implies
that

E(u) = 0, V = var(u) = Vζ + Vϵ, (6)

where V is assumed to be positive definite, while Vζ and Vϵ are positive
semidefinite and may depend on unknown parameters.

To answer our first question from the Introduction, we need to estimate
var(β̂) = (X ′V −1X)−1. To answer the second question, we need to estimate
the ‘system variance’ σ2, which we define as the average variance of y, that
is,

σ2 = trV/n = σ2
ζ + σ2

ϵ , (7)

where
σ2
ζ = trVζ/n, σ2

ϵ = trVϵ/n. (8)

To make further progress, we need to specify Vζ and Vϵ, decide how we wish
to estimate the unknown parameters, and make sure these parameters are
identified.

3 Maximum-likelihood estimation

in the base case

We shall estimate the unknown parameters by maximum likelihood (ML)
and define the simplest possible ‘base case,’ where V depends on only one
parameter. In particular, we specify

Vϵ = σ2
ϵ In (σ2

ϵ ≥ 0), (9)

and assume that Vζ is a known positive definite diagonal matrix, containing
the variances of the underlying inputs. Notice that σ2

ϵ is identified, even
in the case where Vζ is proportional to the identity matrix. The variance
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V = σ2
ϵ In + Vζ thus depends on only one parameter. Assuming normality,

the likelihood is given by

L = (2π)−n/2|V |−1/2 exp−1

2
u′V −1u. (10)

Following Magnus (1978) we obtain the general formulas

2d logL = − trV −1(dV ) + u′V −1(dV )V −1u+ 2u′V −1X(dβ) (11)

and

−E d2 logL =
1

2
trV −1(dV )V −1(dV ) + (dβ)′X ′V −1X(dβ). (12)

In our base case we have dV = (dσ2
ϵ )In, so that (11) and (12) simplify to

2d logL =
(
u′V −2u− trV −1

)
(dσ2

ϵ ) + 2u′V −1X(dβ) (13)

and

−E d2 logL =
1

2
(trV −2)(dσ2

ϵ )
2 + (dβ)′X ′V −1X(dβ). (14)

From (13) and (14) we obtain the first-order conditions:

β̂ = (X ′V̂ −1X)−1X ′V̂ −1y,

tr V̂ −1 = (y −Xβ̂)′V̂ −2(y −Xβ̂). (15)

We could try and solve these first-order conditions, but in many cases a
more efficient method is to construct the concentrated (with respect to β)
loglikelihood logLc defined by

2 logLc = −n log(2π)− log |Vζ + σ2
ϵ In| − û′(Vζ + σ2

ϵ In)
−1û, (16)

where
û = y −X(X ′(Vζ + σ2

ϵ In)
−1X)−1X ′(Vζ + σ2

ϵ In)
−1y. (17)

Maximizing logLc with respect to σ2
ϵ subject to the inequality constraint

σ2
ϵ ≥ 0, yields the ML estimate σ̂2

ϵ , from which we can compute V̂ = σ̂2
ϵ In+Vζ ,

and then β̂ = (X ′V̂ −1X)−1X ′V̂ −1y. There are many algorithms to maximize
logLc. We used a simple grid search, which we found to be simple, fast, and
accurate.

From (14) we obtain the information matrix and hence an approximation
for the variances of our ML estimators:

var(β̂) ≈ (X ′V −1X)−1, var(σ̂2
ϵ ) ≈

2

tr(V −2)
. (18)
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In the special case X = ı, we have

yi = β + ζi + ϵi, (19)

where E(ζi) = E(ϵi) = 0, all correlations are zero, and var(ζi) = σ2
ζi and

var(ϵi) = σ2
ϵ . Letting

wi =
1

σ2
ζi + σ2

ϵ

, ŵi =
1

σ2
ζi + σ̂2

ϵ

, (20)

we obtain the first-order conditions

β̂ =

∑
i ŵiyi∑
i ŵi

,

∑
i ŵ

2
i (yi − β̂)2∑

i ŵi

= 1, (21)

and the estimated variance of β̂,

v̂ar(β̂) =
1∑
i ŵi

=
1

n
· 1∑

i ŵi/n
. (22)

The solution β̂ to (21) is known in the meta-analysis literature as the random-
effects estimator. If σ2

ϵ = 0, so that β is simply estimated by generalized least
squares, we obtain the fixed-effects estimator.

In contrast, the system variance is estimated by

σ̂2 =
1

n

n∑
i=1

σ2
ζi + σ̂2

ϵ =

∑
i(1/ŵi)

n
. (23)

The confrontation of (22) and (23) highlights the essential difference between
the two questions raised in the Introduction. We have v̂ar(β̂) ≤ σ̂2/n and,
more generally, by Kantorovich’ inequality,

1 ≤ σ̂2/n

v̂ar(β̂)
≤ (λ1 + λn)

2

4λ1λn

, (24)

where λ1 = mini ŵi and λn = maxi ŵi; see Magnus and Neudecker (1988,
2019, p. 267).

If we specialize further and assume that σ2
ζi = σ2

ζ (constant, as in our
story in the Introduction), then wi and ŵi will also be constant, and we
obtain v̂ar(β̂) = σ̂2/n, but this is only true in this very special case.
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Figure 2: Random-effects meta-analysis with two observations,
y1 = 72, 69 ≤ y2 ≤ 75, and v1 = v2 = 1

4 Base case with two observations

Let us apply the base case proposed in the previous section to the problem
discussed in the Introduction, and, in particular, present a figure resembling
Figure 1 based on the random-effects approach.

Let n = 2, y1 = 72, and assume that v1 = v2 = 1. Since v1 = v2, it follows
that w1 = w2 = w, say, and hence the first-order conditions (21) simplify to
β̂ = ȳ and

σ̂2
ϵ + 1 =

1

ŵ
=

1

2

∑
i

(yi − ȳ)2 =
(y2 − 72)2

4
, (25)

so that, from (22),

v̂ar(β̂) =
1/ŵ

2
=

{
(y2 − 72)2/8 if |y2 − 72| > 2,

1/2 if |y2 − 72| ≤ 2,
(26)

where the kink occurs because the variance in meta-analysis is the sum of
two variances, and both must be nonnegative. This variance is represented
by the blue parabola (labeled ML) in Figure 2. The variance of β̂ is now only
smaller than 1 when y2 is ‘close’ to y1, more precisely when 69.2 < y2 < 74.8.
When y2 is not close to y1, then the variance can be large, and this is reflected
in the confidence interval

ȳ − 1.96

√
v̂ar(β̂) < β < ȳ + 1.96

√
v̂ar(β̂). (27)
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In particular, the confidence interval when y2 = 58 is given by 55.3 < β <
74.7, which is rather larger and more realistic than the naive confidence
interval 63.6 < β < 66.4 based on var(β̂) = 1/2.

Our estimation approach is maximum likelihood, but one can estimate σ2
ϵ

also by the method of moments (MOM). In that case, we obtain

v̂ar(β̂) =

{
(y2 − 72)2/4 if |y2 − 72| >

√
2,

1/2 if |y2 − 72| ≤
√
2,

(28)

using the formulas in Borenstein et al. (2009, pp. 72–74), leading to the black
parabola (labeled MOM). The difference between (26) and (28) is caused by
the fact that

∑
i(yi − ȳ)2 is divided by n = 2 in the case of ML, and by

n− 1 = 1 in the case of MOM. Either method of estimation leads to a figure
which closely mimics the idealized green parabola proposed in Figure 1 and
reproduced in Figure 2.

If our interest is in a prediction interval for y rather than a confidence
interval of β, then we need

σ̂2 = σ2
ζ + σ̂2

ϵ =
(58− 72)2

4
= 49, (29)

using (25), leading to the prediction interval

51.3 = 65− 13.7 = 65− 1.96σ̂ < y < 65 + 1.96σ̂ = 65 + 13.7 = 78.7. (30)

50 55 60 65 70 75 80

1

2

FE

prediction

RE

Figure 3: Base case with two observations, y1 = 72, y2 = 58, and
v1 = v2 = 1, confidence versus prediction intervals

Figure 3 illustrates this example. We plot the two observations y1 = 72
and y2 = 58 with their standard deviations v1 = v2 = 1. The fixed-effects
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(FE, with σ2
ϵ = 0) and the random-effects (RE, with σ2

ϵ estimated) estimators
both provide confidence intervals of β. The FE estimator ignores the across-
input noise (ϵ = 0), and provides v̂ar(β̂) = 1/2, which is much to small. The
RE estimator takes both error sources into account, and provides the more
reasonable estimate v̂ar(β̂) = 49/2. The prediction interval for y is wider
than the corresponding RE confidence interval, as it is based on v̂ar(y) = 49.

5 Extensions

The base case can be generalized in various directions. We shall discuss two
generalizations where the variance matrix V depends on two (rather than on
one) unknown parameters.

5.1 Relative precisions

In meta-analysis it is quite common to interpret the input variances in Vζ as
an indication of the relative rather than the absolute precision of the inputs,
and our first extension analyzes the consequences of this situation. Let V0

denote the diagonal matrix of (absolute) input variances and define

Vζ = σ2
ζV

∗
0 , V ∗

0 =
V0

trV0/n
. (31)

The parameter σ2
ζ has the same interpretation as before, because σ2

ζ =
trVζ/n, but now it is a parameter to be estimated, while in the base case it
was set equal to the constant tr V0/n.

Since V = σ2
ζV

∗
0 + σ2

ϵ In, we have dV = (dσ2
ζ )V

∗
0 + (dσ2

ϵ )In and hence,
from (11) and (12),

2d logL =
(
u′V −1V ∗

0 V
−1u− trV −1V ∗

0

)
(dσ2

ζ )

+
(
u′V −2u− trV −1

)
(dσ2

ϵ ) + 2u′V −1X(dβ) (32)

and

−E d2 logL =
1

2
trV −1V ∗

0 V
−1V ∗

0 (dσ
2
ζ )

2 + trV −1V ∗
0 V

−1(dσ2
ζ )(dσ

2
ϵ )

+
1

2
trV −2(dσ2

ϵ )
2 + (dβ)′X ′V −1X(dβ). (33)

The first-order conditions are therefore

β̂ = (X ′V̂ −1X)−1X ′V̂ −1y,

tr V̂ −1V ∗
0 = (y −Xβ̂)′V̂ −1V ∗

0 V̂
−1(y −Xβ̂),

tr V̂ −1 = (y −Xβ̂)′V̂ −2(y −Xβ̂), (34)
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generalizing (15).
To find the ML estimates, it is, as in Section 3, computationally more

efficient to construct the concentrated loglikelihood log Lc defined by (16)
and (17), where Vζ = σ2

ζV
∗
0 . Maximizing logLc with respect to σ2

ζ and
σ2
ϵ subject to the inequality constraints σ2

ζ ≥ 0 and σ2
ϵ ≥ 0 then yields

the required ML estimates. The variance of β̂ is again approximated by
(X ′V −1X)−1, and the variance matrix of the variance components by

var

(
σ̂2
ζ

σ̂2
ϵ

)
≈ 2

(
tr(V −1V ∗

0 )
2 trV −1V ∗

0 V
−1

trV −1V ∗
0 V

−1 trV −2

)−1

(35)

generalizing (18).
Although the relative-precisions approach is quite common, we do not

recommend it, as the interpretation of within-errors versus across-errors gets
confused. We shall see an example of this in Section 6.

5.2 Correlated inputs

As a second extension of the base case we consider the situation where the
inputs may be correlated, which makes sense because it is likely that authors
are familiar with and influenced by earlier studies and by each other. One
possible specification for the correlation structure would be to assume that all
correlations are the same (equicorrelation). However, no ML solution exists
in this case, as was recently shown by De Luca et al. (2025). Thus, we shall
assume a first-order autoregressive scheme, based upon the publication dates
of the studies.

Let P denote the first-order autocorrelation matrix

P =


1 ρ ρ2 . . . ρn−2 ρn−1

ρ 1 ρ . . . ρn−3 ρn−2

...
...

...
...

...
ρn−2 ρn−3 ρn−4 . . . 1 ρ
ρn−1 ρn−2 ρn−3 . . . ρ 1

 . (36)

The question then arises where to place the autocorrelation. In Section 2 we
defined Vζ as the variance of the within-input noise and Vϵ as the variance
of the across-input noise, and it seems plausible that autocorrelation due to
the fact that researchers know each others’ results shows up in the across-
input variance rather than in the within-input variance. But these labels
(borrowed from the panel-data literature) should be interpreted with some
caution, because in the current study we are not dealing with panel data,
and hence the placement of autocorrelation is less obvious.
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To illustrate, we may specify the variance matrix either as

V1 = Vζ + Vϵ, Vζ = V
1/2
0 PV

1/2
0 , Vϵ = σ2

ϵ In, (37)

or as
V2 = Vζ + Vϵ, Vζ = V0, Vϵ = σ2

ϵP, (38)

where, as in Section 5.1, V0 is the diagonal matrix of (absolute) input vari-
ances, denoted by σ2

1, . . . , σ
2
n. To compare V1 with V2, let τ 2i = σ2

i /σ
2
ϵ and

note that the diagonal elements are the same in the two matrices:

(V1)ii = (V2)ii = σ2
i + σ2

ϵ = σ2
ϵ (1 + τ 2i ), (39)

and the off-diagonal elements are given by

(V1)ij = σiσjρ
|i−j| = τiτjσ

2
ϵρ

|i−j|, (V2)ij = σ2
ϵρ

|i−j|, (40)

respectively. The question is what is the more realistic representation of the
correlation between studies. We can write the off-diagonal elements in the
correlation matrices corresponding to V1 and V2 as

(P1)ij =
ρ|i−j|√

(1 + τ−2
i )(1 + τ−2

j )
, (P2)ij =

ρ|i−j|√
(1 + τ 2i )(1 + τ 2j )

, (41)

If the τi are ‘small,’ that is, if σϵ is ‘large’ relative to the σi, then (P1)ij ≈ 0
and (P2)ij ≈ ρ|i−j|, while if the τi are ‘large,’ that is, if σϵ is ‘small’ relative
to the σi, then (P1)ij ≈ ρ|i−j| and (P2)ij ≈ 0.

Whether V = V1 or V = V2, the diagonal elements of Vζ are the same as
the diagonal elements of V0, so that

σ2
ζ = trVζ/n = trV0/n (42)

is not affected by the correlation structure. But β̂ and σ̂ϵ (and hence σ̂) will
be affected by the correlation structure.

In the case V = V1 we obtain, from (10), the concentrated (with respect
to β) loglikelihood

2 logLc = −n log(2π)− log |V1| − û′V −1
1 û, (43)

where
û = y −X(X ′V −1

1 X)−1X ′V −1
1 y. (44)

If P = In, we obtain (16) as a special case. Letting Ṗ denote the n × n
matrix containing the derivatives of the elements of P with respect to ρ, that
is, Ṗij = dPij/dρ, we obtain

dV1 = (dρ)V
1/2
0 Ṗ V

1/2
0 + (dσ2

ϵ )In, (45)
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so that the variance matrix of the variance components can be approximated
by

var

(
ρ̂
σ̂2
ϵ

)
≈ 2

(
tr(V −1

1 V
1/2
0 Ṗ V

1/2
0 )2 trV −1

1 V
1/2
0 Ṗ V

1/2
0 V −1

1

trV −1
1 V

1/2
0 Ṗ V

1/2
0 V −1

1 trV −2
1

)−1

. (46)

In the case V = V2 we obtain

dV2 = (dσ2
ϵ )P + (dρ)σ2

ϵ Ṗ , (47)

so that the variance matrix can be approximated by

var

(
ρ̂
σ̂2
ϵ

)
≈ 2

(
σ4
ϵ tr(V

−1
2 Ṗ )2 σ2

ϵ trV
−1
2 Ṗ V −1

2 P

σ2
ϵ trV

−1
2 PV −1

2 Ṗ tr(V −1
2 P )2

)−1

. (48)

6 The meta-analysis of heterogeneous clinical

trials

Meta-analysis has been particularly popular in the assessment of clinical
trials and observational studies (DerSimonian and Laird, 1986, 2015), and
three of these analyses were reviewed by Doi et al. (2015a,b). The research
questions underlying these three clusters of studies were:

1: Are diuretics (substances that promote an increased production of urine)
useful in the prevention of pre-eclampsia (a disorder in late pregnancy)?
(Collins et al., 1985),

2: Is fruit and vegetable consumption good for you? (Wang et al., 2014),
3: Does eating beans, chickpeas, lentils, and peas (so-called dietary pulses)

help to improve dyslipidemia (a metabolic disorder and risk factor for
developing heart diseases)? (Ha et al., 2014).

Doi et al. (2015a,b) criticise the random-effects confidence intervals of β
used in the three meta-analyses as being too narrow, and they propose the
‘IVhet’ (inverse variance heterogeneity) method which produces wider inter-
vals.3 These wider confidence intervals seem to reconcile some of the contra-
dictions in the data, but perhaps they are too wide, as they lead to negative
answers to each of the three above research questions, and hence to rejections
of each of the implied null hypotheses. Specifically, meta-analysis using the

3The IVhet method uses the fixed-effects estimator, but inflates its variance using a
quasi-likelihood approach with a scale parameter based on an inter-class correlation.
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IVhet method finds no evidence that eating fresh fruit and vegetables is good
for you. Our ML-based formulae for the random-effects model also recon-
cile the contradictions, and the results do agree with common sense, as they
typically produce slightly narrower confidence intervals of β than IVhet, so
that a hypothesis about β which is not rejected under IVhet may be rejected
under ML. We shall concentrate on the first of these clusters (prevention of
pre-eclampsia), which we shall refer to as Doi-1.

Table 1: Doi-1 estimation results (n = 9)

Case σ̂ϵ σζ σ̂ σ2
ζ/σ̂

2 ρ̂

Base 0.485 0.441 0.656 0.453
Relative 0.000 0.766 0.766 1.000
Correlated (a) 0.324 0.441 0.547 0.650 0.518
Correlated (b) 0.531 0.441 0.691 0.408 0.572

Each input has a reported variance σ2
ζi from which we compute σ2

ζ =
(1/n)

∑
i σ

2
ζi. We next estimate σ2

ϵ as described in Section 3, from which we
obtain the system variance σ̂2 = σ2

ζ + σ̂2
ϵ and the ratio σ2

ζ/σ̂
2. The results

presented in Table 1 (base case) show that about one-half of the system
variance can be attributed to within-input noise and one-half to across-input
noise.

A graphical illustration of the Doi-1 example is provided in Figure 4. The
nine inputs are depicted in blue together with their confidence intervals based
on σζi. The prediction interval for y (the top red line) is −1.80 < y < 0.77 and
the confidence interval of β (indicated by the ticks) is −0.92 < β < −0.11,
so that the null hypothesis β = 0 is rejected, and diuretics are thus likely
to be useful in the prevention of pre-eclampsia. This conclusion agrees with
Collins et al. (1985), but not with Doi et al. (2015a, Section 5).

The figure also demonstrates the difference between the confidence in-
terval of β and the prediction interval for y, which is more than

√
n = 3

times as wide in accordance with the inequality (24). Thus, while the null
hypothesis β = 0 is rejected on the basis of nine inputs, we would expect a
hypothetical tenth study to produce a value between −1.80 and 0.77, and it
is this wider interval which should be employed when we wish to summarize
the nine inputs into one input.

Our ML approach allows us to consider two extensions as described in
Section 5. First, we may estimate an additional parameter to allow the
precisions of our inputs to be interpreted as relative rather than as absolute
precisions. Table 1 (relative case) summarizes these results and leads to the
confidence and prediction intervals −0.69 < β < −0.09 and −1.89 < y <
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Figure 4: Doi-1 data, confidence versus prediction intervals

1.11, respectively, as presented in the second red line in Figure 4.
While the conclusion does not change (the null hypothesis is still rejected)

the relative method tends to push one of the two variances towards zero. In
this case, the error ϵ essentially vanishes, so that all variation is captured by
the within-input noise ζ. The two parameters σζ and σϵ are still identified,
but to allow relative precisions for the inputs makes the separation of the
two effects more difficult. This method is therefore not recommended.

Our second extension is different. Here we allow the inputs to be corre-
lated, where we assume a first-order autoregressive scheme, based upon the
publication dates of the studies. As explained in Section 5.2 we have two
options, and we refer to the option corresponding to V1 given by (37) as
case (a) and the option corresponding to V2 given by (38) as case (b). When
we implement first-order autoregression into our ML procedure, we obtain
the results in Table 1 (correlated cases (a) and (b)). The implied intervals
in case (a) are

−0.77 < β < 0.02, −1.45 < y < 0.70, (49)

and in case (b) they are

−1.05 < β < 0.22, −1.77 < y < 0.94. (50)

These intervals are also presented in Figure 4: the third red line for case (a)
and the forth red line for case (b). In case (a), the correlation estimate ρ̂ is
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mildly positive. The intervals become slightly shorter, but the effect on the
estimates and the intervals is small. In case (b), the correlation increases
slightly, the confidence intervals widen, and the interval shifts to the left
and is now comparable to the base and relative cases. The possibility to take
correlation between the inputs into account seems important, and our theory
allows us to do this.

7 An application of meta-analysis in finance

In a typical meta-analysis we are given n studies, each of which tries to
estimate the same parameter of interest or test the same hypothesis. The
studies will differ in the data that are used, the methodology, the depth and
rigor of the authors, and the publication date. These differences make it
difficult to compare the studies, and this is the challenge that meta-analysts
face.

In a controlled experiment we can remove some of these differences. We
can ask all n groups to answer the same question or test the same hypothesis,
using the same data, and all at the same time so that they are not influenced
by each other. What distinguishes these groups is then only their method-
ology and their depth and rigor. In such a controlled environment, how far
apart will the answers be? This question touches on the credibility of statis-
tics as a tool of investigation, and it has a long history going back to the
Tinbergen–Keynes debate of 1939–40 and the ‘measurement-without-theory’
debate of 1946–47; see Hendry and Morgan (1995).

Magnus and Morgan (1999) were the first to organize and analyze such a
controlled experiment, which took place in 1995–96, leading to a workshop at
Tilburg University in December 1996, the publication of a special issue of the
Journal of Applied Econometrics in 1997, and eventually to the book in 1999.
The book contains full reports of all eight teams, comments by the assessors,
discussions, qualitative and quantitative analyses by the organizers, but no
formal meta-analysis.

Apparently unaware of this field trial experiment, Menkveld et al. (2024)
report on another experiment—this time in financial economics—where the
underlying question is essentially the same, namely: given the same data and
the same task, how much do various studies differ? In the current section
we provide a critical assessment of this second experiment in the light of
meta-analysis.4

4Menkveld et al. (2024) do mention meta-analysis (footnote 2, p. 2342), but they do not
compare their approach to the meta-analysis literature. While the application of meta-
analysis is widespread in many areas (especially in medicine), it seems to be relatively
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In the Menkveld et al. (2024) experiment, hereafter MEA, no less than
164 teams participated. They all received the same financial data set (a plain-
vanilla trade sample for the EuroStoxx 50 index futures) and were told to
produce point estimates and standard errors related to each of the following
six hypotheses, referred to by MEA as research team (RT) hypotheses:

H1: market efficiency,
H2: realized bid-ask spread,
H3: share of client volume in total volume,
H4: realized bid-ask spread on client orders,
H5: share of market orders in all client orders, and
H6: gross trading revenue of clients.

The experiment went through several stages:

Stage 1: research teams conduct independent analyses and each produces a
short paper,

Stage 2: research teams receive feedback from two anonymous peer evalua-
tors and are allowed to update their analysis based on it,

Stage 3: research teams receive the five ‘best’ papers and are allowed to
update their analysis, and

Stage 4: research teams complete a survey.

In our notation, the MEA data contain the point estimates yi and their
standard deviations σζi (i = 1, . . . , n) for each of the n = 164 teams, each
of the six hypotheses, and each of the four stages. The MEA methodology
ignores the standard deviations σζi, and only uses the estimates yi. These
estimates y1, . . . , yn are ordered to compute quartiles q(0.25) and q(0.75) and
the interquartile range

IQR = q(0.75) − q(0.25), (51)

which is renamed ‘nonstandard error’ (NSE) by MEA, as it measures the
variation across studies rather then the variation within each study (which
would be measured by standard errors).

Since the data underlying the MEA experiment are available, we can
recalculate the quantiles and the IQR (NSE) across all hypotheses and all
stages. Our results are reported in the left panel of Table 2, and they agree
exactly with the MEA results reported in their Table 1 (Panel C). We see that
the IQR becomes smaller as we move from stage 1 to stage 4, as expected.

unknown in finance, as noted by Geyer-Klingeberg et al. (2020a,b). See also Kočenda and
Iwasaki (2021) and Kabaciński et al. (2022).
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Table 2: Menkveld et al. (2024) data, nonstandard errors versus
meta-analysis for all 6 hypotheses and 4 stages

Hyp. St. Quantiles Meta-analysis

25% 50% 75% IQR β̂ σ̂ϵ σζ σ̂ σ2
ζ/σ̂

2

1 −6.2 −1.1 0.5 6.7 −2.17 6.51 12.71 14.28 0.79
H1 2 −4.4 −1.2 0.3 4.7 −1.45 3.36 8.21 8.87 0.86

3 −3.2 −1.0 0.0 3.2 −1.42 2.48 3.00 3.90 0.59
4 −2.8 −1.1 −0.2 2.6 −1.50 2.08 1.88 2.81 0.45

1 −3.6 0.0 3.9 7.5 −1.62 3.84 14.48 14.98 0.93
H2 2 −4.7 −0.9 2.5 7.1 −1.78 3.80 11.15 11.78 0.90

3 −5.7 −1.8 0.0 5.8 −2.53 3.18 4.40 5.43 0.66
4 −4.4 −2.3 −0.1 4.3 −2.53 2.26 3.04 3.79 0.64

1 −3.5 −3.3 −2.4 1.2 −2.84 1.14 1.51 1.90 0.64
H3 2 −3.7 −3.3 −2.1 1.7 −2.86 1.10 1.23 1.65 0.56

3 −3.8 −3.3 −1.3 2.4 −2.84 1.14 0.79 1.39 0.32
4 −3.8 −2.9 −2.0 1.7 −2.78 0.96 0.69 1.18 0.34

1 −2.1 0.1 3.8 5.9 −0.66 6.00 16.07 17.16 0.88
H4 2 −2.7 0.0 3.5 6.2 0.10 4.50 10.42 11.35 0.84

3 −3.4 −0.3 0.8 4.1 −1.25 2.78 3.99 4.86 0.67
4 −2.0 −0.2 0.4 2.4 −0.96 2.02 2.79 3.44 0.65

1 −0.6 0.0 0.2 0.8 0.06 0.48 1.62 1.69 0.92
H5 2 −0.6 0.0 0.2 0.8 −0.05 0.59 1.30 1.43 0.83

3 −0.6 0.0 0.2 0.7 −0.14 0.59 0.75 0.96 0.62
4 −0.5 0.0 0.1 0.6 −0.08 0.50 0.59 0.78 0.58

1 −18.2 0.0 3.2 21.4 −3.89 3.06 76.36 76.43 1.00
H6 2 −9.4 0.0 2.1 11.6 −0.02 0.22 50.18 50.18 1.00

3 −0.5 0.0 1.4 1.8 −0.00 0.11 20.33 20.33 1.00
4 −0.2 0.0 0.8 1.1 0.00 0.04 13.47 13.47 1.00
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Figure 5: Menkveld at al. (2024) data, prediction intervals,
Hypothesis H1, Stage 3

The NSE (IQR) is just one of many possible tools in measuring variation
across studies and is not based on any statistical theory. It is therefore un-
clear how to interpret the NSEs or perform inference based on the NSEs. In
particular, since the NSEs ignore information from the standard errors, they
provide incomplete and misleading information. For example, it seems as if
the noise almost disappears in H6, Stage 4, while in fact only σ̂ϵ drops signif-
icantly, while σζ (and hence σ̂) remains large. Also, the term ‘nonstandard
errors’ suggests that their magnitude can be compared with (regular) stan-
dard errors. However, even for the standard-normal distribution where the
width of the interval given by the mean ± one standard deviation equals 2,
the quartiles are q(0.25) = −0.6745 and q(0.75) = 0.6745, and the interquar-
tile range (or NSE) is therefore 1.35, much smaller than the one-standard-
error confidence interval 2.00. In order to transform the interquartile range
q(0.25) < y < q(0.75) to an interval comparable to our interval (2), we stretched
the NSE interval by a factor 1.96/0.6745 ≈ 2.91, as follows:

q(0.5) −
1.96

0.6745
(q(0.5) − q(0.25)) < y < q(0.5) +

1.96

0.6745
(q(0.75) − q(0.5)). (52)
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The stretch is done from the median, so that asymmetry is preserved.
A proper analysis of the data can only be achieved by a meta-analysis

grounded in a proper statistical framework, of which our ML approach is
one (but not the only) example. We provide our meta-analysis results using
the same data set in the right panel of Table 2. The point estimates β̂
are roughly similar to the median q(0.5), especially in the later stages. Both
components σ̂ϵ and σζ and the total variance σ̂ become smaller as we move
from Stage 1 to Stage 4, so the MEA conclusion that the peer feedback
reduces uncertainty is correct. The ratio σ2

ζ/σ̂
2 is decreasing as well (with the

exception of H6), caused by the fact that the ‘within-input’ noise ζ decreases
faster than the ‘across-input’ noise σϵ. This important nuance is not (and
cannot be) revealed in the NSE analysis.

Since the quality of the analysis improves from one stage to another, we
focus on Stage 3 for our illustration, as the majority of the mistakes should
have been corrected by then. The ‘forest graph’ for hypothesis H1 represent-
ing filtered observations5 together with the confidence intervals produced by
the IQR and our own meta-analysis is given in Figure 5. The figure reveals
substantial contradictions between teams (i.e., confidence intervals which do
not overlap), as well as some extremely large intervals. The NSE (not ad-
justed) gives an interval (−3.2, 0.0) and the adjusted interval is (−7.3, 1.9),
both of which are much smaller that our meta-analysis interval (−9.1, 6.2).

Table 3: Menkveld et al. (2024) data, prediction intervals for nonstandard
errors versus meta-analysis, all 6 hypotheses, Stage 3

NSE interval (adjusted) Meta-analysis interval
Hyp. IQR LBy UBy Width LBy UBy Width
H1 3.2 −7.27 1.93 9.2 −9.06 6.22 15.3
H2 5.8 −13.35 3.53 16.9 −13.17 8.11 21.3
H3 2.4 −4.63 2.47 7.1 −5.56 −0.13 5.4
H4 4.1 −9.23 2.91 12.2 −10.78 8.28 19.1
H5 0.7 −1.64 0.46 2.1 −2.02 1.74 3.8
H6 1.8 −1.57 3.96 5.5 −39.85 39.85 79.7

The NSE intervals are misleadingly small, especially the unadjusted inter-
vals. In order to confirm this statement, we provide the intervals for stage 3
and all 6 hypotheses in Table 3. In all cases (except one), our intervals are

5Due to the outliers present in the submissions, as noted in footnote 21 of MEA, we
removed observations with the highest and lowest 5% of yi and σζi when performing the
meta-analysis. The Matlab code is available at https://github.com/a-vasnev/meta.
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much larger than the NSEs. The exception is in hypothesis H3, possibly
caused by the fact that the distribution of y is bimodal in this case.

In summary, if we address the questions raised in MEA using an appro-
priate statistical framework, we obtain results that are quite different than
the results reported by MEA. The measurement of across-study variation
is obviously important, but ignoring (regular) standard errors and using an
ad-hoc framework which is not based on proper statistical reasoning, while
such a framework is in fact available, does not lead to results that can be
trusted or fruitfully applied.

8 Concluding remarks

This paper has been concerned with the somewhat counter-intuitive situa-
tion that more information leads to less precision, and we have seen that a
decomposition of the error into within-input and across-input components is
sufficient to reconcile the conflict. Error decomposition is a standard tool in
many areas, but the data are then typically two-dimensional. For example,
if we wish to explain household consumption yit of the ith household at time
t, then it is quite common to write the error term as uit = ζi + ηt + ϵit (three
error components) or as uit = ζi+ ϵit or uit = ηt+ ϵit (two error components).
In the current paper we have only one dimension and still we wish to write
the error term as a sum of two orthogonal components, because we need to
account for two different types of noise—a situation recently highlighted by
Kahneman et al. (2021).

More information can lead to less precision, but can less precision also
lead to more information? Rothenberg (2005) asked the following question:

Suppose we wish to know the length and the width of a rectan-
gular table based on n observations on the area of the table. Can
we estimate the length and the width?

It turns out that we can, but only if the data are sufficiently noisy. If there
is no noise, then all measurements of the area are the same and we cannot
recover the length and width. If there is almost no noise, then we can recover
the length and width, but only very imprecisely. If there is too much noise,
then our estimates will also be bad. Hence, there exists some optimal level
of noise which will give the best estimates: more (but not too much) noise
produces more information.
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