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Abstract

Partial inverse combinatorial optimization problems are bilevel optimization problems in
which the leader aims to incentivize the follower to include respectively not include given
sets of elements in the solution of their combinatorial problem. If the sets of required and
forbidden elements define a complete follower solution and the follower problem is solvable
in polynomial time, then the inverse combinatorial problem is also solvable in polynomial
time. In contrast, partial inverse problems can be NP-complete when the follower problem
is solvable in polynomial time. This applies e.g. to the partial inverse min cut problem. In
this paper, we consider partial inverse combinatorial optimization problems in which weights
can only be increased. Furthermore, we assume that the lower-level combinatorial problem
can be solved as a linear program. In this setting, we show that the partial inverse shortest
path problem on a directed acyclic graph is NP-complete. Moreover, the partial inverse
assignment problem is NP-complete. Both results even hold if there is only one required
arc or edge, respectively. For solving partial inverse combinatorial optimization problems
with only weight increases, we present a novel branch-and-bound scheme that exploits the
difference in complexity between complete inverse and partial inverse versions of a problem.
For both primal heuristics and node relaxations, we use auxiliary problems that are basically
complete inverse problems on similar instances. Branching is done on follower variables.
We test our approach on partial inverse shortest path, assignment and min cut problems, and
computationally compare it to an MPCC reformulation as well as a decomposition scheme.
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and bound
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1 Introduction

A partial inverse combinatorial problem (PICP) is a bilevel optimization problem in which
the leader aims to find minimal-weight modifications for the objective of a follower’s com-
binatorial problem such that there is a lower-level optimal solution extending a given partial
lower-level solution. In a partial solution of a combinatorial problem some elements are
required to be included while others are forbidden. It is, thus, a bilevel optimization problem
with bound constraints on lower-level variables on the upper level. PICPs occur e.g. in eco-
nomics when a planner wants rational agents to behave in a prescribed way, see e.g. [1]. A
PICP can also model parameter estimation problems, in which one aims to infer parameter
values that explain a partially observed action, see e.g. [2].

If the given lower-level solution is a complete solution, we can solve the resulting complete
inverse combinatorial problem (ICP) in polynomial time if the lower-level problem itself is
polynomial-time solvable [3]. However, as soon as the target solution is only partial, the
partial inverse combinatorial problem can be NP-hard even if the lower-level problem is
an ‘easy’ combinatorial optimization problem solvable in polynomial time. For example, the
partial inverse min cut problem (PIMCP) is A"P-complete [4].

Throughout most of this paper, we assume that the lower-level problem admits an LP
formulation and is therefore solvable in polynomial time. Under this assumption, once we
know a lower-level feasible solution that extends the given partial solution and is optimal
on the lower level in an optimal solution of the PICP, we can compute optimal weight
modifications for the PICP efficiently by solving the corresponding complete ICP. We call a
lower-level feasible solution that extends the given partial lower-level solution a lower-level
completion. Hence, the main challenge in solving a PICP can be seen in determining which
lower-level completion will be optimal for the follower in an optimal solution of the PICP.

In some cases, we can optimally solve a PICP in polynomial time by solving the corre-
sponding complete ICP of a lower-level completion that is minimum-weight with respect
to the initial weights. We call such a lower-level completion a minimum-weight lower-level
completion, or just briefly minimal completion. Examples for PICPs that are solvable as com-
plete ICPs for a minimal completion are the partial inverse shortest path problem (PISPP)
on directed acyclic graphs (DAGs), see Theorem 2.11, and the partial inverse assignment
problem (PIAP) [5], if arbitrary weight modifications are allowed.

However, if we impose further restrictions on the weight modifications, the minimal-

completion strategy can fail. We denote a PICP with only weight increases by PICP-W+. For
PISPP-W+ on a DAG, an optimal solution of the complete ICP for a minimal completion
can be arbitrarily worse than an optimal solution of the PISPP-W+, see Figure 1. In fact, we
show that both PISPP-W+ on DAGs and PIAP-W+ are N"P-complete, see Theorem 3.1 and
Theorem 3.2, respectively.
Our main contribution is a novel branch-and-bound method for N"P-complete variants of
PICP-W+ whose lower-level problem is solvable as an LP. Both for primal and dual bound-
ing, we exploit that the corresponding complete ICPs are solvable in polynomial time. For
primal bounds, we use the complete ICP for a minimal completion. Although this minimal-
completion-based heuristic can be arbitrarily far from optimal in the worst case (as shown by
the example from Figure 1), it yields very strong incumbents in practice. For dual bounds,
we derive two relaxations that closely resemble complete ICPs. For PISPP-W+ on a DAG
and PIMCP-W+, we can even model these constructions explicitly as corresponding ICPs.

In a computational study on three example problem classes, a prototype implementation of
our branch-and-bound overall outperforms a state-of-the-art solver on a standard single-level
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Fig. 1 Example for the partial inverse shortest path problem with only weight increases (PISPP-W+) with
required elements R = {(b, 1)}, no forbidden elements F = () and parameter k > 3: The shortest s-¢-path
with respect to the initial weights is {(s, a), (a, t)}. There are two s-¢-paths containing the required arc (b, t):
the path {(s, b), (b, 1)} and the path {(s, a), (a, b), (b, t)}. The latter is (w.r.t. the initial weights) the shortest
s-t-path containing the required arc (b, t). It is thus the minimum lower-level completion (see Definition 2.3).
PISPP-W+ asks for minimal weight increases (measured in the £1-norm) such that there is a shortest s-¢-path
including the required arc (b, 7). A minimal weight increase such that the minimum lower-level completion
{(s,a), (a,b), (b, 1)} is a shortest s-t-path, is to add k to the weight of arc (a, t) and k — 1 to the weight of
(a,c) or (c, t), i.e. a total modification of 2k — 1. In contrast, we only need to add k + 1 to the weight of arc
(s, a) for the path {(s, b), (b, t)} to become a shortest s-f-path. The optimal solution value to this PISPP-W+
instance is thus k& + 1. Note that it is not the minimal completion that became a shortest path in the optimal
solution. Furthermore, by increasing the parameter k we see that the gap between the optimal solution value
and a solution of the complete inverse shortest path problem for a minimal completion can be arbitrarily large

reformulation. As examples, we consider three classical problems: the shortest path problem
on a directed acyclic graph (DAG), the assignment problem and the min cut problem. In
addition, we close some gaps in the complexity landscape by proving AP-completeness of
PISPP-W+ on a DAG, PIAP-W+ and PIMCP-W+.

We work with the optimistic assumption, i.e. whenever the follower is indifferent among
multiple optimal solutions, they choose the one most favourable to the leader. For optimistic
PICPs, it suffices that at least one lower-level optimal solution meets the leader’s require-
ments. In contrast, for pessimistic PICPs every lower-level optimal solution must satisfy the
upper-level requirements. Algorithmically, however, solving the optimistic and pessimistic
versions of a PICP is essentially the same, see Section 2.7.

In Section 2, we formally define PICPs, derive optimality conditions, and introduce the
specific problem variants we study. Furthermore, we review the related literature, outline
general solution approaches, and briefly discuss the pessimistic version of PICPs. Afterwards
in Section 3, we prove N'P-completeness for PISPP-W+, PIAP-W+ and PIMCP-W+. In
Section 4, we present our branch-and-bound method for PICP-W+, with an emphasis on
primal and dual bounding procedures. We also briefly discuss other aspects. In Section 5,
we report computational results for three example classes of PICP-W+. Section 6 concludes
with a summary of our findings.

2 Partial inverse combinatorial problems (PICPs)
2.1 Definition and notation

The partial inverse combinatorial problem (PICP) in the general form can be formulated as
follows:
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min Z |we|
w,y

ecE
s.t. v < w <u”
Ye = 1 (eeR)
Yo = 0 (e F)

y € argmin (d +w) "y,
yeY
with a combinatorial optimization problem on the lower level. The lower-level feasible set
Y C {0, 1}" is independent of the upper-level variables w that modify the lower-level
objective function (d + w) T y. We refer to d as initial weights. By slight abuse of nota-
tion, we identify the lower-level variable y both with the characteristic vector and the set
lee E]y.=1}

The leader must ensure that at least one optimal solution of the follower includes all
required elements from a set of required elements R while avoiding any elements in a set
of forbidden elements F.1f R and F determine a unique lower-level solution, the problem
is in fact a complete ICP. Unless stated otherwise, we assume that there are no forbidden
elements, i.e. F = (.

We measure the weight modifications by the £;-norm, i.e. minimize ), |w,| on the upper
level. For some applications, a weighted sum might be more appropriate. Our algorithmic
results extend to the weighted case with only minor adjustments.

For the upper-level bounds /" < w < u", we can assume [¥ < 0 < u™ (possibly Fo0)
by shifting the initial weights d and adding a constant to the leader’s objective. If [ = 0,
we can only increase weights and denote this by the suffix “W+’. Similarly, if ¥ = 0, we
have a PICP in which weights can only be decreased, and denote this by the suffix “W-’.

2.2 Minimal lower-level completion

A lower-level completion is a feasible lower-level solution that includes all required elements
R and excludes all forbidden elements . Among these completions, those that minimise the
initial weightd | y — so-called minimal completions — are especially useful in our branch-and-
bound scheme. Moreover, the existence of a lower-level completion provides an immediate
feasibility test for a PICP instance.

Observation 2.1 Ifno lower-level completion exists, the PICP problem instance is infeasible.

Note that the reverse implication is false for general weight modification bounds /", u™.

For example, if no weight modifications are allowed (I¥ = u” = 0), then w = 0 might
be infeasible — even though a lower-level completion exists. However, the reverse direc-
tion of Observation 2.1 holds for arbitrary weight decreases or increases, with additional
assumptions:

Theorem 2.2 [n the following cases, the existence of a lower-level completion is equivalent
to feasibility:

1. Let F = (. Then, a PICP-W- instance is feasible if and only if it has a minimal lower-level
completion.

2. Let R = (. Then, a PICP-W+ instance is feasible if and only if it has a minimal lower-
level completion.
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3. Let either F = ) or R = (). Then, a PICP instance is feasible if and only if it has a
minimal lower-level completion.

4. Assume that there is a lower-level completion that is not a proper subset of any other
lower-level feasible solution. Then, a PICP, PICP-W- or PICP-W+ instance is feasible
if and only if it has a minimal lower-level completion.

Proof By Observation 2.1, the existence of alower-level completion is necessary. We describe
weight modifications such that a fixed lower-level completion becomes an optimal lower-level
solution:

1. Decreasing arbitrarily all weights of elements in R will eventually yield a bilevel-feasible
solution.

2. Increasing arbitrarily all weights of elements in F will eventually yield a bilevel-feasible
solution.

3. Depending on whether F = Jor R = {J, we obtain a bilevel-feasible solution by applying
the strategy from either the first or the second case above.

4. Decreasing arbitrarily all weights of elements in the lower-level completion (in case of
PICP or PICP-W-) or increasing arbitrarily all weights of elements that are not in the
lower-level completion (in case of PICP or PICP-W+) will eventually yield a bilevel-
feasible solution. O

The condition in the last part of the previous theorem is necessary if there are both required
and forbidden elements and weights can only be either increased or decreased. To see this, let
y* be a bilevel-feasible lower-level solution that strictly contains another lower-level feasible
solution y. If there is a required element in y*\ ¥ with positive weight in a PICP-W+ instance,
this instance can be infeasible. Similarly, a lower-level feasible solution y that is a superset of
y* and contains a forbidden element with negative weight, can lead to an infeasible PICP-W-
instance.

We obtain a lower-level completion by solving the underlying combinatorial problem on
a modified instance where elements are fixed according to R and F. Whenever this problem
type is solvable in polynomial time, Theorem 2.2 implies that we can test feasibility of a
PICP instance in polynomial time.

Definition 2.3 A minimal (lower-level) completion y of required elements R and forbidden
elements F in a PICP is a lower-level solution y that includes the required elements R, does
not contain any forbidden elements from F', and is optimal if there is no weight modification
(i.e. w = 0), i.e. a solution to

min{dTy:yeY,ye:lVeeR,ye:0VeeF}.
y

The minimal completion value £(R, F) is the optimal objective value of this optimization
problem.

Note that by the term minimal completion we always refer to an optimal lower-level
completion with respect to the initial weights.

Observation 2.4 The minimal completion value is a lower bound on the lower-level objective
value in any bilevel-feasible solution if weights cannot be decreased.

@ Springer
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2

Fig. 2 Example for the partial inverse min cut problem (PIMCP) with R = {s, ¢}, F = {a, t}, i.e. we want
to find minimal modifications (with respect to the £1-norm) of the capacities such that there is a min s-¢-cut
with vertex ¢ on the same side as the source s and vertex a on the side of the sink . A min s, #-cut w.r.t. the
initial capacities is ({s, a, b, ¢}, {t}) with capacity 2. There are two possible lower-level completions: The cut
({s, ¢, b}, {a, t}) has an initial capacity of 6 and the cut ({s, ¢}, {a, ¢, b}) has an initial capacity of 5. Hence,
the minimal completion value is £({s, ¢}, {a, t, b}) = 5. For the former cut ({s, c, b}, {a, t}) to become a min
s-t-cut, it is optimal to decrease the capacities of both (s, a) and (b, a) to 0 which is a modification by in total
4 units. The latter cut ({s, c}, {a, t, b}) becomes a min s, 7-cut if the capacities of the three arcs (s, a), (s, b)
and (c, ) are decreased to 0 which is a total modification by 5 units. Inequality 3 in Lemma 2.5 is strict in this

example: ", |wy|=4>3=5-2=((R, F) — miny {dTy |ye Y}. If we only allow weight increases,
the instance becomes infeasible: In both possible lower-level completions, there is no a-¢-path within the sink

side. As long as all arcs have positive capacity, none of these lower-level completions can be optimal for the
follower

2.3 Optimality conditions

We give some necessary optimality conditions for PICP that are a generalization of [5,
Lemma 1].
Lemma 2.5 Let (w*, y*) be an optimal solution of a PICP. Then the following holds:

1. IfyX =1, then w} < 0.
2. Ifyy =0, thenw} > 0.
33wl = €R, F)—miny, {d"y|yeY]

Inequality 3 in Lemma 2.5 can be strict as the example for PIMCP in Figure 2 shows.
However, inequality 3 is satisfied with equality if the lower-level problem is a linear pro-
gram (LP) where arbitrary weight modifications are allowed for all variables, e.g. PIAP [5,
Theorem 3].

2.4 Easy lower-level problems

We consider PICPs with lower-level problems that can be solved as a linear program (LP).

Assumption 2.6 We assume that the lower-level problem is given as a linear program such
that for all objectives there is an optimal 0-1 solution.

@ Springer
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Based on this assumption, we have the following problem formulation, where we use
equality constraints and non-negative variables on the lower level.

min Z |wel
w,y

ecE
s.t. v < w < uv
ve = 1 (ecR) (PICP)
Ye = 0 (e€eF)

m

y argmin{(d+w)Ty’ Ay = b,y 20}

y/

In this setting, we can find a minimal lower-level completion by solving a single-level LP
(by fixing the y-variables for the required elements R and forbidden elements F'). Moreover,
when R and F specify a complete lower-level solution, the ICP is solvable as a single-level
LP [3]. We obtain this single-level program by either using strong duality or complementar-
ity/KKT conditions, see Section 2.6.

When formulating a combinatorial problem as an LP in standard form, auxiliary variables
might be necessary that are not included in the LP’s objective. In the corresponding PICP,
no weight modifications for these additional variables are allowed. For example, when for-
mulating the min cut problem as an LP, the variables corresponding to vertices do not appear
in the objective.

Next, we describe PIAP, PISPP on a DAG and PIMCP as three classes of PICPs. We use
these three example problem classes for complexity results in Section 3, problem-specific
details for our branch-and-bound method in Section 4 and computational results in Section 5.

Example: assignment  The assignment problem asks for a minimum-weight perfect match-
ing in a bipartite graph. It can be formulated as the LP

myin dy: Z Ye=1YveV,y>0¢,
Ye€3(v)

which satisfies Assumption 2.6, see e.g. [6, Theorem 11.4]. Note that all variables y, appear
in the objective. The partial inverse assignment problem (PIAP) is to find minimal weight
modifications such that there is a minimal assignment containing and not containing, respec-
tively, accordingly specified edges. To get a minimal lower-level completion for PIAP, we
first create an auxiliary graph by removing forbidden edges and nodes incident to required
edges. Then, on this smaller graph, we find a minimal assignment with respect to the initial
weights d. The union of such an assignment with the required edges is a minimal lower-level
completion for PIAP.

Example: shortest path  The shortest path problem asks for a minimum-cost path from a
source s to a sink ¢ in a directed graph. We formulate it as an LP fulfilling Assumption 2.6
by sending one unit of flow from the source to the sink while enforcing flow conservation at
all non-terminal vertices. In the partial inverse shortest path problem (PISPP), the leader has
to find minimal weight modifications such that there is a shortest s-7-path that contains all
required arcs while avoiding forbidden arcs.

The flow-based LP formulation suggested above can be problematic if there are cycles
in the graph. Required arcs may only be part of a solution within a 0-weight cycle in the
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Fig.3 Example for PISPP with R = {(s, b)}, F = {: The shortest s-7-path without weight modifications has
length two. The minimal completion length is £(R, F) = 13. Reducing only the weight of the required arc
(s, b) does not give a bilevel-feasible solution due to the negative weights on arcs (b, a), (a, s). The reduction
of the weight of arc (s, b) would need to be at least 2 — 13 = —11, resulting in a negative cycle through s, b, a.
Only reducing the weight of arc (b, t) is not a solution either. An optimal solution is to reduce the weight of
arc (s, b) by one and decrease the weight of arc (b, t) by 10 to 0

above LP formulation. This does not solve PISPP as a path is connected and visits every node
at most once. Further issues due to negative cycles can occur, in particular if only weight
decreases are allowed, see Figure 3. Hence, for simplicity we add the following assumption.

Assumption 2.7 For a shortest path problem on the lower level, we assume that the considered
graph is acyclic.

For a minimal lower-level completion, we connect the source to the tail of the first required
arc, each head of a required arc to the tail of the next required arc and the head of the
last required arc to the sink by (w.r.t. d) shortest paths avoiding any forbidden arcs. In a
directed acyclic graph (DAG), the order of the required arcs is given by a topological order.
For obtaining a minimal lower-level completion, we need at most |R| + 1 shortest path
computations.

Example: min cut The minimum s, #-cut problem is to find a partition of the vertex set of a
graph such that the total capacity of all arcs with tail in the set containing s and head in the
set containing ¢ is minimal.

Assumption 2.8 For a min cut problem on the lower level, we assume that all arc capacities
are non-negative, i.e. d + w > 0 for all feasible w.

The following LP formulation of the min cut problem has variables y,, for all arcs and
variables z, for all vertices. It fulfills Assumption 2.6. A variable z,, indicates whether the
vertex v is on the same side of the cut as the source s (z, = 1) or the sink 7 (z, = 0). For an
arc (u, v), the variable z,,, specifies whether the arc is forward-crossing the cut and hence
needs to be counted.

@ Springer
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min (d + w)Ty
¥,z

st. Yw—zZutzw = 0 ((u,v) € E)
Yo = 0 ((u,v) € E)

s = 1

7 = 0

The partial inverse min cut problem (PIMCP) is to find minimal modifications of capacities
such that there is a minimal s, 7-cut with some specified vertices on the same side as the source
and the sink, respectively. This is the definition used in [4] where this problem is shown to
be N'P-hard. In contrast to the previous two example problems, the variables that are fixed
on the upper level of the PIMCP are not those whose weight is modified. While some of the
z-variables are fixed on the upper level, they are not part of the lower-level objective. Instead,
the lower-level objective only depends on the y-variables, i.e. the variables corresponding to
arcs. Weight modifications for the vertex variables z have to be explicitly set to zero. Thus,
we have u” # oo for PIMCP-W+. Hence, the existence of a lower-level completion does
not imply feasibility, see Theorem 2.2 and the example in Figure 2.

In a more general definition of PIMCP, one may also allow to fix whether certain arcs are
forward-crossing the cut. We can require an arc to be forward-crossing in the above definition,
by fixing its’ end vertices accordingly. However, there are three different possibilities to fix
the vertices of an arc that shall not be forward-crossing.

We obtain a minimal lower-level completion for PIMCP via a min cut (w.r.t. d) in an
auxiliary graph where the fixed subsets of vertices are contracted. An example instance
where solving an ICP for a minimal completion does not lead to an optimal solution of
PIMCP is given in Figure 2.

2.5 Existing literature
Related problems

A PICP is a bilevel problem with coupling constraints. These are constraints on the upper
level that explicitly depend on lower-level variables, see e.g. [7]. Alternative names for
coupling constraints are connecting constraints, ct. [8], or joint constraints, cf. [9]. Coupling
constraints pose several difficulties [7, 8]. For example, the inducible region of a bilevel
continuous problem with coupling constraints is not necessarily connected. Many methods
and implementations for bilevel linear problems cannot handle coupling constraints, see [9].
The algorithm proposed by Fischetti et al. in [10] based on the high point relaxation can
deal with coupling constraints. However, for this algorithm both lower-level objective and
constraints have to be linear in both upper- and lower-level variables. In PICPs the lower-level
objective is bilinear in upper- and lower-level variables.

PICPs share key structural features with interdiction problems (or ‘interdiction games’). In
interdiction problems the leader prohibits or penalizes certain structures of the follower so as
to worsen the follower’s optimal value. There are two versions of interdiction problems. Either
the leader has a budget for interdiction or a target for the lower-level objective. In the budget
version, there is no distinction between optimistic and pessimistic interdiction problems as
both levels share the objective function. However, it is especially the target version that
is structurally similar to PICPs. Both in the target version of interdiction problems and in
PICPs, the lower-level objective depends on the upper-level variables, but the feasible area

@ Springer



272 Journal of Global Optimization (2025) 93:263-298

does not. Furthermore, the upper-level objective is independent of the lower-level variables. In
contrast to PICPs, in interdiction problems the leader variables are typically binary. Allowing
continuous interdiction seems to be more challenging [11]. The leader’s decision modifies
the lower-level feasible set, or a large extra-cost is added to interdicted elements in the lower-
level objective function [12]. In the latter case, the problem’s structure is similar to the one
of PICPs. Interdiction problems are a particularly well-studied subclass of bilevel problems
and several specialized methods have been developed for them. They can be solved via
decomposition approaches that are strengthened by cuts based on the lower-level problem,
e.g. [13-15]. Problems that have been considered as lower-level problem for interdiction
include both problems solvable in polynomial time like shortest path [12] and matching
[16], as well as N'P-complete problems like knapsack [13] or max clique [14]. For further
references also see [7, 15, 17] and references therein.

(Complete) Inverse combinatorial problems (ICPs)

In the literature, the term inverse combinatorial problem (ICP) usually means that in fact a
full follower solution is specified that shall become optimal by minimal weight modifications.
In this paper, we often add the word complete for clarity and contrast to the partial setting
in PICP.

Complete ICPs with a polynomial-time solvable problem on the lower level are solvable
in polynomial time [3]. One can easily adapt the proof in [3] by changing the corresponding
constraints to show the following theorem:

Theorem 2.9 [f the lower-level problem is solvable in polynomial time for every linear cost
function, then the corresponding inverse problems with only weight increase (ICP-W+) and
only weight decrease (ICP-W-), respectively, are also solvable in polynomial time.

If the lower-level problem is an LP and a unique lower-level solution is fixed on the upper
level, the single-level reformulation based on strong duality or KKT conditions simplifies to
an LP. Combinatorial methods for ICPs typically rely on problem-specific solution methods
for the underlying combinatorial problem or closely related problems. For example, we
can reduce the inverse shortest path problem to a shortest path problem, solve the inverse
assignment problem via an assignment problem [3], and solve the inverse min cut problem
based on a max-flow evaluation [18]. Algorithms for some ICPs with additional integer
requirements are given in [19]. For further results on ICPs, we refer the reader to the surveys
[20, 21] and references therein.

Complete ICPs with a mixed-integer linear optimization problem on the lower level are
coNP-complete [22]. There are solution methods based on enumeration of the lower-level
feasible solutions [23, 24].

Partial inverse combinatorial problems (PICPs)

Unlike complete ICPs, which remain polynomial-time solvable whenever the underlying
follower problem is, the partial inverse variant (PICP) can be NP-hard even if the lower-
level problem itself is ‘easy’. Table 1 summarises complexity results for PICPs with some
particularly well-known polynomial-time solvable combinatorial problems on the lower level.
Moreover, some PICP versions that admit polynomial-time algorithms become N P-hard
once we restrict to nonnegative weight changes. Note that hardness results also hold for
the case without forbidden elements, i.e. ' = (J, as most authors only consider this setting
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Fig.4 Example for the partial inverse min spanning tree problem with R = {{a, e}, {b, ¢}, {c,d}}, F = 0:
For the triangle b — ¢ — d, increasing the weight of edge {b, d} by one is better than decreasing the weights
for edges {b, c} and {c, d} by one each. For the edge {a, e} € R to be in a min spanning tree, decreasing
its weight by one is better than increasing the weight of either the two edges {a, b}, {a, d} or the two edges
{e, b}, {e, d}, each by one. In total, the minimal weight modification by either only increasing or decreasing
is 3. In contrast, the optimal solution with objective value 2 is to increase the weight of {b, d} by one and to
decrease the weight of {a, e} by one

anyway. To the best of our knowledge, no dedicated solution methods exist for A"P-complete
PICPs.

If the lower-level problem can be solved as an LP, testing feasibility for a candidate weight-
modification vector w for PICP boils down to comparing the optimal objective value of two
LPs with modified cost vector d + w. In particular, w is feasible if and only if the two LPs

min{(d+w)Ty:er} and min{(d—}—w)Ty:yeY,ygzl‘v’eeR,yg:OVeeF}

have the same optimal value. As noted in Section 2.4, we can carry out these LP comparisons
for PISPP on DAGs, PIAP, and PIMCP by efficient combinatorial methods on suitably
reduced graphs.

When discussing PICPs, we have to distinguish whether weights can be changed arbitrarily
or whether they are to be only increased or only decreased. In general, none of these cases is
reducible to another. For example, Figure 4 shows a partial inverse min spanning tree problem
instance where neither exclusively decreasing nor increasing reaches an optimal solution.

Whenever there are no bounds on the weight modifications and no forbidden elements, it
suffices to consider only decreases for a number of classical problems, namely shortest paths
on DAGs, assignment, and minimum s—¢-cuts [3]. Concretely, if for a complete ICP we can
assume without loss of generality that all optimal modifications are non-positive, then the
corresponding PICP also admits an optimal solution with only decreases. This is shown for
the inverse min-cut problem in [4, Lemma 3.1]. The same argument carries over directly to
the assignment and shortest-path on DAGs cases via their complete ICPs [3].

Partial inverse combinatorial problems with only weight decreases (PICP-W-)

Several PICPs with no forbidden elements F' and only weight decreases (PICP-W-) can be
solved in polynomial time by a two-step minimal-completion approach. First, we compute
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Table 1 Complexity results for different PICPs with F = ¢

W- W+

Min Spanning Tree P [25] NP-complete  [26]

Min Spanning Tree with |R| =1 P P [26]

Min Basis of Matroid P [27] NP-complete

Shortest path (already feasibility) NP-complete Theorem 2.10  NP-complete

Shortest path on DAG P Theorem 2.11  NP-complete

Shortest path on DAG with |R| = 1 P NP-complete Theorem 3.1
LP in standard form with opt. 0-1 solution P [5] NP-complete

Assignment P [5] NP-complete

Assignment with |R| = 1 P NP-complete  Theorem 3.2
Min cut NP-complete  [4] NP-complete Theorem 3.3

For problems below the middle horizontal line, results for W- also apply to general weight modifications.
Table entries without an explicit reference follow directly from other table entries

a minimal lower-level completion (see Definition 2.3). Second, we solve the correspond-
ing complete ICP for this lower-level completion to find the smallest non-positive weight
modifications that make it lower-level-optimal.

This two-stage procedure yields an optimal solution in polynomial time for the minimum
spanning tree problem [25], and more generally for the minimum basis problem in a matroid
[27]. Here a greedy algorithm yields the minimal completion. Based on the fundamental
circuit or fundamental cocircuit of the minimal completion, one can compute the according
optimal weight changes.

Moreover, the two-step method based on a minimal lower-level completion solves the
PICP optimally if the lower-level problem admits an LP model in standard form, i.e.
min, {dT y|Ay=b,x > O} with the property that for every cost vector there exists an
optimal 0-1 solution. For example, the assignment problem admits an LP in standard form
with every optimal basic solution being integral. Hence, PIAP meets our assumptions and
can be solved with this method [5]. Be aware, however, that when we rewrite a combinatorial
problem as an LP in standard form, we often introduce slack variables that do not appear in
the objective. Those slack variables must carry zero weight-modification. Therefore, having
a polynomial-time LP model does not automatically make the corresponding PICP easy.

In contrast, PISPP on a general (cyclic) graph is N'P-complete. If we simply fix the
required arcs and solve the usual flow-LP, we risk getting zero-cost cycles instead of a simple
s—t path. In fact, deciding whether there is any feasible weight modification so that an optimal
simple path contains a given set of arcs is already A'P-hard:

Theorem 2.10 PISPP on a directed graph is N'P-complete.

Proof For a PISPP instance on a general directed graph to be feasible, every required arc
(a, b) € R that is not incident to a terminal, i.e. s # a and b # t, must lie on some simple
s-t-path. In particular, we need vertex-disjoint s-a- and b-¢-paths. This is the 2-paths-problem
which is A"P-complete [28, Lemma 3]. m}

In contrast, on a directed acyclic graph (DAG) we can easily determine whether corre-
sponding vertex-disjoint paths exist. In fact, if there are no forbidden arcs and the leader
may arbitrarily decrease the weights of the required arcs, then PISPP on a DAG admits a
polynomial-time algorithm.
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Theorem 2.11 PISPP on a DAG without forbidden arcs is solvable in polynomial time by
only reducing weights of required arcs.

Proof If |R| = 1, first compute a shortest path and a shortest path including R. Then, reduce
the weight of the required arc by the weight difference of a shortest path completion and a
shortest path with respect to the initial weights. If |[R| > 1, we solve PISPP by iteratively
reducing the weights of the required arcs using a topological ordering. Start with the arc
a; € R that is closest to the source. To reduce the weight of ap, use the tail of the second
closest required arc ap € R as preliminary sink. Continue by reducing the weight of a; by
using the tail of the next-closest arc a;+1 as preliminary sink until the sink is reached. Thus,
PISPP on a DAG with arbitrary weight decreases is solvable via a number of shortest path
evaluations linear in |R|. ]

Like PISPP on general graphs, PIMCP is A/P-hard. We can formulate the min cut problem
as an LP with variables corresponding to the vertices and to the arcs. However, only variables
corresponding to arcs appear in the objective function. Thus, we can only modify the capac-
ities of arcs while vertex variables carry zero cost and this remains fixed. Consequently, the
LP-based approach described above fails here. In fact, PIMCP is N"P-hard, both for arbitrary
weight modifications and only weight decreases [4].

Partial inverse combinatorial problems with only weight increases (PICP-W+)

To the best of our knowledge, the only PICP with only weight increases (PICP-W+) treated
in the literature is the partial inverse min spanning tree problem with no forbidden elements.
In that setting, the case |R| = 1 admits a polynomial-time solution, but the problem is A/P-
complete without this restriction [26]. In Section 3, we show that the PICP-W+ for both the
shortest path problem on a DAG and the assignment problem is A/P-hard, even for |R| = 1
and F = {. Furthermore, we prove NP-hardness for PIMCP-W+.

Other norms

While we focus on the ¢1-norm of the weight modifications, other objective functions are
possible, e.g. see [20] and references therein. In particular, PICPs with ¢+, have been studied
as preprocessing problems for e.g. shortest path and assignment problem [29].

2.6 Solution approaches

Solution approaches for bilevel problems such as PICPs include singe-level reformulations,
decomposition approaches, or branch-and-bound schemes. Next, we briefly review the single-
level and decomposition approaches for PICPs. Section 4 then gives details of our branch-
and-bound algorithm.

Single-level reformulation: via KKT conditions or strong duality

If the follower’s problem is an LP parametric in the leader’s variables, we can reformulate the
bilevel PICP as a single-level program by replacing the lower level with its primal and dual
constraints plus appropriate optimality conditions. There are two standard ways to impose
those optimality conditions: Using KKT (complementarity) conditions introduces many local
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bilinear constraints. In the single-level reformulation based on strong duality, there is a single
—but more complex — bilinear constraint. In both formulations the nonlinearity arises because
the lower-level objective is bilinear in the upper-level weight changes and the lower-level
decision vector.

In the dual of the lower-level problem, the upper-level variables w appear in the dual
constraints rather than in the objective. Introducing dual variables A, the dual problem is

max A'b
x
s.t. ATA < d+w.

Note that these dual constraints are linear in both the dual lower-level variables A and
upper-level weight modifications w, even though the primal objective is bilinear in w and y.

To enforce optimality of the lower-level solution, we add the complementary-slackness
conditions

0=y.(A"Ac —d, — w,) (1

for each index e of the primal variables. Together with primal feasibility and dual feasibility,
these complementarity constraints are necessary and sufficient for y to be optimal with
respect to the modified follower weights d + w. Hence, we can rewrite the bilevel PICP as
the following single-level nonconvex program:

min Z |we|
w,y,A

ecE

(e €R)
(ee F)
<u" (KKT-1level)

s.t. Ve
Ye

lw

IA

ATA
Ay
y

0

% IA

o > g © =
+
I3

Ve TAp —dp — w,) (e€cE).

Alternatively, we can impose strong duality instead of complementary slackness by adding
the single bilinear constraint

ATh=(d+w)'y.

When the leader fixes a complete lower-level solution y, both the KKT-based and strong-
duality reformulations simplify to LPs.

If only a partial lower-level solution is fixed on the upper level, some bilinear terms remain.
In the KKT approach there is a bilinear equation for every lower-level variable. We obtain
an LP relaxation if we fix all lower-level variables that have known values and drop those
constraints that remain bilinear. We will use a tightened version of this relaxation to generate
valid lower bounds, see Section 4.2.2.

Finally, we can convert the full nonlinear reformulation into a MILP via big-M lineari-
sation. However, since the weight-modification variables w can be unbounded, choosing
appropriate M is delicate.
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Decomposition

A straightforward decomposition approach for PICP is to enumerate the (finite) set of all
lower-level-feasible solutions for enforcing follower optimality:

min Z |we|
w,y

ecE
s.t. Ve = 1 (eeR)
Yo = 0 (e€eF)
" < w <u®
Ay = b
y = 0
d+w)'y < (@d+w'z (ze{ze€{0,1}": Az=1b})

The last set of bilinear inequalities guarantees that no alternative feasible solution z has
strictly lower cost than the chosen completion y. A standard way to linearise these is to use
big M-constraints. In our implementation, we use indicator constraints provided by the used
solver.

Instead of enumerating all exponentially many bilinear constraints for lower-level feasible
solutions z, it suffices to only add those that are otherwise violated within a decomposition
approach. In order to find constraints that we have to add to the master problem, we solve
the lower-level problem with the current best weight modifications. If the obtained lower-
level solution has an objective that is less than the one of the current lower-level completion,
the corresponding constraint has to be added to the master problem. Otherwise, i.e. if the
objectives are the same, we have found optimal weight modifications.

This decomposition approach is a straightforward generalization of cutting-plane schemes
that have been proposed for inverse mixed-integer linear programs [23, 24] or interdiction
problems [30].

In this scheme, we can use fast combinatorial methods to solve the lower-level problem.
Methods that generate several lower-level optimal solutions at once are especially useful.
For example for PISPP, we can enumerate all shortest paths by using Dijkstra’s algorithm
with only a small overhead compared to evaluating a single shortest path. For PIMCP, we
can extract up to two distinct minimum cuts from one max-flow computation by swapping
source and sink.

2.7 Pessimistic PICPs

So far and after this subsection, we consider the optimistic version. For PICPs, solving the
optimistic or the pessimistic version requires virtually the same algorithm even though there
are different objectives on the two levels.

Theorem 2.12 (Pessimistic PICP) Let (w*, y*) be an optimal solution to an optimistic PICP,
PICP-W+ or PICP-W-. Then we have:

1. If w* # 0, a pessimistic optimum is not attained.

2. If no proper subset and no proper superset of y* is again a feasible lower-lever solution,
then for every ¢ > 0 there is a pessimistic feasible solution with value \w*| + ¢ that is
easily computable from (w*, y*).
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Proof 1. Suppose to the contrary that w* # 0 and there is a pessimistic optimal solution
(@, $). This implies that we have (d + W)'9 < (d + @)y for all y € Y. These
inequalities are strict, so they remain valid under any sufficiently small perturbation of
w. Since w* # 0 and a pessimistic optimum cannot improve on the optimistic one, we
also have w # 0. We can thus pick a w between 0 and W so that || — w|| is arbitrarily
small but & # w. For w sufficiently close to w, the solution (w, y) is still feasible in
all three problem cases PICP, PICP-W+ and PICP-W-, but also strictly improves the
upper-level objective. This contradicts the assumed optimality of (), 3).

2. Let (w*, y*) be an optimistic optimal solution, so we have (d +w*) T y* < (d +w*) Ty
for y € Y. We now show how to perturb w* by some ¢ > 0 so that y* becomes the unique
follower optimum and hence a pessimistic solution while only increasing the upper-level
cost by €. For PICP and PICP-W+, we distribute ¢ on all elements that are not used in
the optimal solution y*, i.e. form = [{e | y} = 0}|, set w! = w} + &/m if y} = 0 and
wl = w otherwise. Then for any other y # y*, there is at least one coordinate e with
y5 = 0buty, = 1 and so y* is now strictly cheaper than y. Thus, (w?”, y*) is pessimistic

bilevel-feasible with upper-level objective value |w?”| = |w*| + &. For PICP-W- (and
PICP), we can apply a similar construction, decreasing the weight w* of all elements
from {e | y = 0} by an equal share of . o

The condition in the first part of Theorem 2.12 is easy verifiable, and the condition in the
second part becomes equally straightforward once we have a candidate solution y*. In fact it
is necessary for PICP-W+ that no proper subset of y* is again a feasible lower-level solution.
If there were another lower-level solution y strictly contained in y*, then any weight increase
that penalizes y would also affect y*, so y* could never become the unique pessimistic
optimum. Similarly, for PICP-W- there must not be any proper superset of y* that is again
a feasible lower-level solution. Additional elements in a lower-level feasible solution y that
strictly contains y* with zero weight could not be prohibited.

In fact, the pessimistic problem can even become infeasible if y* is bilevel-feasible but
y or y, respectively, is not. Note that the optimistic case can be feasible in these cases with
zero-weight elements.

3 Complexity results
3.1 PISPP with only weight increases (PISPP-W+) on a DAG

Theorem 3.1 The partial inverse shortest path problem (PISPP) on a directed acyclic graph
with only weight increases is N'P-complete, even if |R| = 1 and F = (.

Our hardness proof is an adaptation of the proof for N"P-completeness of the preprocess-
ing shortest path problem on a DAG [29]. Note that PISPP differs from the preprocessing
version in its objective. The preprocessing shortest path problem minimizes the maximum
single-arc modification, whereas PISPP minimizes the sum of absolute changes. Compared
to the reduction from [29], we use different weights for the so-called shortcut arcs, and a
slightly simplified graph (omitting intermediate arcs that link the variable and clause gad-
gets). Combinatorial properties of the original reduction in [29] that do not depend on the
precise arc costs remain valid.

Proof We prove N'P-completeness by a reduction from 3-SAT. Let an instance of 3-SAT
be given by its variables X = {xy, ..., x,} and clauses B = {Bjy, ..., B;,} where each clause
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Fig.5 Sketch of complexity proof graph with x| = b13, x| = b3, X = by

consists of up to three literals B; = {b i1, bj2, b j3} for j € [m]. In the following, we build
an acyclic directed graph G = (V, A) with costs d such that satisfying assignments for the
3-SAT instance correspond to so-f,,,-paths that use arc (s,, fo), and vice versa.

Construction of instance ' We construct an acyclic digraph consisting of two parts. The first
part corresponds to the variables and the second part corresponds to the clauses. Both parts
are similarly structured with parallel paths between auxiliary vertices. A path in the first part
encodes a truth assignment while a path in the second part encodes which clauses are satisfied
by which literal. We connect these two parts by one arc (s, fp) that is the unique element in
R and further so-called shortcut arcs enforcing consistency. For a sketch, see Figure 5. We
include different costs ¢ per unit weight increase by replacing arcs by the according number
of parallel arcs and introducing auxiliary ‘inbetween’-vertices.

In the first part, we connect vertices x;, x; fori € [n] and sg, ..., s, by 4n arcs (s;_1, x;),
(xi,8i), (si—1, X7), (X7, s;) for i € [n]. An sp-s,-path corresponds to a truth assignment as
every such path either includes x; or x; for all i € [r]. In the second part, for every clause
B; = { bj1,bj2,b j3} there are three parallel paths from #;_; to #; via the three literals. We
connect vertices f, ..., &, between ‘parallel’ vertices b by arcs (tj_1, bjx), (bjx, t;) for
Jj € [ml], k € [3]. A to-t,,-path corresponds to choosing one literal from every clause. All
arcs described so far have unit weights d and costs ¢ are one unit per unit weight increase.

For every literal b j;, we add a shortcut arc from x; if bj; = X; and from X; if bj; = x;.
Shortcut arcs (x;, bjx) or (x;, bji) obtain a weight of 2(n — i + j) such that an sg-s,-path
using a shortcut arc is exactly one unit shorter than a path via (s,, #p). Let the cost ¢ for
weight increase of a shortcut arc be n + 2m + 1.

This construction can be done in polynomial time. In total, we have:

V(G) ={x;,x; :i € [n]}U{sg, ..., sp} U {bjl, bja,bjz:j¢€ [m]} U {to, ..., tm}
A(G) ={(si—1, Xi), (xi, 81), (Si—1, %), (X3, 8;) 1 1 € [n]}
U{(tj—1.bji). (bji. 1)) - k € 3], j € [m]}
U {(su, t0)}
U{(xi.bjr) : Xi =bji,i € [n], j € [m], k € [3]}
U{(i. bji) :xi =bjk,i € [nl, j € [m], k € [3]}
R ={(sn, 10)}
20 —i+j), ifae{(xi b)), &7 b}
1, else

d(a):!

(@) = n+2m+1, ifae{(xi,bjk),(xj,bjk)}
L, else
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By construction, the following observations hold:

1. Vertices x;, X; have exactly one ingoing arc (s;_1, x;) and (s;_1, X;), respectively. Vertices
b jx have exactly one outgoing arc (b, t;).

2. Every directed path P in G from node sg to 7, includes either arc (s,, o) or includes
exactly one shortcut arc.

3. Every so-t,;-path P using arc (s,, fp) has initial weight d(P) = 2n 4 2m + 1. Every
so-tm-path Q using a shortcut arc has initial weight d(Q) = 2n + 2m.

4. Let P be an so-t,,-path containing arc (s, fp). Then |P N {x;, X;}| = 1 forevery i € [n]
and for every j € [m] thereis a k € [3] such that bj; € P.

Claim The 3-SAT instance is satisfiable if and only if there is an so-f,,-path P in G and
weight modifications w that fulfil the following three conditions:

1. The arc (s,, to) is part of P,
2. the weighted additional costs are at most n + 2m, so A
3. P is ashortest path in G with respect to weights d + w.

CqWq < n + 2m, and

Forward-direction  Let x* be a satisfying truth assignment. Since each clause B; =
{b i1, bj2, b j3} is satisfied by x*, we may reorder its literals such that b;; is true under
x* for all j € [m]. Let the set of ‘chosen vertices’ V* be the following (sub)set of true
literals

V* = {xi :x*:l}U{xf:x?:O}U{bﬂ :je[m]}.

l

Then there is a unique so-t,,-path P through all vertices in V* (and all auxiliary vertices
si,tj,i € [nlo, j € [m]o) that includes the edge (s,, o). Next, we define the weight-
modifications w. Set additional weights w to one for edges (s;, x;) and (s;, X;) that are not
part of P as well as for all arcs (b2, t;), (b;3,t;), j € [m]. Let w(a) = O for all remaining
arcs, in particular all shortcut arcs:

1, ae {(s,-,x,-):x,- ¢ V*} U {(sl',XT) 1X; ¢ V*} U {(bjk,tj):j € [m], k € {2, 3}}

w(a) =
@ 0, else.

Since exactly one variable arc and two clause arcs are penalized for each of the n variables
and m clauses, the total weight increase is n + 2m. We claim that under the new costs d 4+ w,
the path P is a shortest so-#,,- path and necessarily uses the required arc (s, #).

Next, we prove that P is a shortest path in G with respect to d + w. By construction, P
avoids all penalised arcs, thus has the same weight with respect to d 4+ w as with respect to
d. Using the third observation, we obtain

d+w)(P)=dP)=2n+2m+1.

Due to only non-negative weight modifications, any other so-#,,-path without a shortcut arc
has modified weight at least as large as P.

Let Q be an so-t,,-path that contains a shortcut arc. Then, the initial length of Q is one
unit shorter than P, i.e. d(Q) = 2n + 2m. According to the second observation, exactly one
shortcut arc is part of Q. There are six possible forms for a shortcut arc: (x;, b i) or (x;, bjx)
for k € {1, 2, 3}. We argue that in every case, there exists at least one arc a along Q with
w(a) = 1, such that Q is at least as long as P.

First, we consider a shortcut arc (x;, b;1). By construction, we have b;; = X;. According
to the first observation, (s;, x;) is the only ingoing arc of x;, so (s;, x;) € Q. Due to the
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reordering of clause-literals, we know that b; is fulfilled, x} = 0. The additional weight for
arc (s;, x;) is thus set to one, w(s;, x;) = 1, such that Q has at least the same length as P.

For a shortcut arc (x;, b;1) being part of Q the argumentation is similar as in the previous
case. By construction, we have b1 = x; and x;" = 1. Again, according to the first observation,
the arc (s;, X;) is part of Q as it is the only ingoing arc of X;. We have set w(s;, x;) = 1, so
Q is at least as long as P.

In the final case, let the shortcut arc be (X7, bjx) or (x;, bji) fork € {2, 3}. By construction,
as noted in the first observation, the only outgoing arc of b i is (b, t;) which is thus part of
Q. The additional weight of this arc (b, ;) is set to one, such that Q has at least the length
of P.

Every satisfying truth assignment x* thus corresponds to a solution of PISPP-W+ in the
described instance.

Backward direction  Conversely, suppose there is a weight-modification w with ), c,w, <
n + 2m such that P is a shortest so-#,,-path with respect to d + w that includes (s,, 7).
By the second observation, P then contains no shortcut arc. Additionally, using the fourth
observation, we have that P contains x; or x; for all i € [n]. Define a truth assignment x* by
x¥ = lif and only if x; € P.

We claim that x* satisfies every clause B;. We can assume w(a) = 0 for all arcs a of P
as w > 0. Furthermore, there are also no weight increases for shortcut arcs, due to costs of
n + 2m + 1 per unit weight increase on shortcut arcs. Exactly one b, k € [3] is part of P
for every j € [m] by the fourth observation.

Let b j; be part of path P, then b jy is fulfilled by the above-defined truth assignment. First,
assume bj; = X;. Then, by construction, (x;, bjx) is a shortcut arc. If x; € P, then using
the shortcut arc would reduce the length of the path, which is a contradiction to P being a
shortest path. Thus x; € P and x; ¢ P and we have set xi* = 0 such that b j; is fulfilled.
Similarly, for bj; = x;, we get that b is fulfilled as x; € P so x* = 1.

Thus, a solution of PISPP-W+ satisfying the listed conditions corresponds to a satisfying
truth assignment x*. As mentioned in Section 2.5, PISPP-W+ is in A'P, which completes
the proof. O

3.2 PIAP with only weight increases (PIAP-W+)

Theorem 3.2 The partial inverse assignment problem with only weight increases (PIAP-W+)
is N'P-complete even if |R| = 1 and F = .

Our result for PIAP-W+ strengthens the AP-completeness-result for PIAP with general
bounds on the allowed weight modifications [31]. Our proof is a reduction from PISPP-W+
to PIAP-W+ that is based on the analogue result for £, instead of £; [29, Theorem 7].

Proof For N'P-hardness of PIAP-W+ with |R| = 1 and no forbidden edges, we reduce
from PISPP-W+ on a DAG with |R| = 1 and F = @, see Theorem 3.1. Let an instance for
PISPP-W+ on a weighted acyclic digraph G = (V, A) with two distinct vertices s, #, a single
required arc a and no forbidden arcs be given. Without loss of generality, we assume that the
source s has only outgoing arcs and the sink 7 has only ingoing arcs.

We construct an undirected bipartite graph G’ = (V’, E) whose perfect matchings corre-
spond bijectively to s-¢ paths in G. For every non-terminal vertex v € V \ {s, t}, we create
two vertices v, Uy in V' and add a node-splitting edge {vin, vout} of initial weight O to E.
Denote the set of all node-splitting edges by Ens. For each directed arc (u, v) € A, we add
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an undirected edge between uqy and vj, of initial weight dy, ) to E. By construction, the
obtained undirected graph G’ is bipartite and there is a direct correspondence between paths
in G and assignments in G’: Given an s-7-path in G, the corresponding edges in G’ together
with the node-splitting edges for all nodes that are not on the path form an assignment in
G’. Given an assignment in G’, the symmetric difference with Eng is an s-¢-path in G’ that
directly corresponds to an s-z-path in G. The orientation of corresponding arcs in G are
correct by construction. Note that the assignment and s-7-path have the same initial weights
in both cases. Let the required edges R’ contain exactly the edge corresponding to a, and let
F' =0.

Without loss of generality, we can assume that weights of edges in Exs cannot be modified
by replacing each with sufficiently many parallel edges. We argue that having |A| 4 1 such
parallel edges is sufficient: For the sake of contradiction, suppose (w*, y*) is an optimal
solution of the PIAP-W+ instance with an additional weight of w > 0 on all of the |A| + 1
copies of some node-splitting edge {vin, Vout}. By Lemma 2.5 and optimality of y*, none of
these parallel edges is included in y*. Thus, edges incident to v that correspond to arcs in
G are included in y*, i.e. the corresponding path in G passes through v. Instead increasing
the weights of all (non-node-splitting) edges on alternative paths by w each, results in the
same path being optimal for the follower. However, there are less than |A| 4+ 1 edges in total
on alternative paths, contradicting the optimality of (w*, y*). Hence, we can assume that
no optimal solution modifies the weights of node-splitting edges. Thus, an optimal solution
of PIAP-W+ gives us an optimal solution of PISPP-W+ with the same objective value, and
vice versa. By the NP-hardness of PISPP-W+ shown in Theorem 3.1, PIAP-W+ is also
NP-hard. Moreover, as mentioned in Section 2.5, PIAP-W+ is in N"P, which concludes the
proof. O

3.3 PIMCP with only weight increases (PIMCP-W+)

Theorem 3.3 The partial inverse min cut problem with only weight increases (PIMCP-W+)
is N'P-complete.

Proof We show that already checking feasibility for PIMCP-W+ is N"P-complete by a reduc-
tion from the 2-paths-problem [28, Lemma 3], similarly to the proof of Theorem 2.10. Let an
instance of the 2-path-problem be given, i.e. for a directed graph G with vertices s1, t1, 52, 2
we ask whether there exist vertex-disjoint s1-¢1- and sp-f>-paths.

First, we construct a corresponding PIMCP-W+ instance: Let G’ be a copy of the graph
G where we add the arc (71, s2) if not already present. Let arc capacities be one for all arcs in
G’. Then, our PIMCP-W+ instance is to only increase capacities such that there is a minimal
cut in G’ such that the vertex #; is on the same side of the cut as the source s; and vertex
s2 is on the same side of the cut as the sink #,. Clearly this reduction is polynomial. We
show that the constructed PIMCP-W+ instance is feasible if and only if the instance of the
2-paths-problem is a yes-instance.

Assume the PIMCP-W+ instance is feasible. Then there exist capacity increases w such
that a minium s1-#;-cut respects the above same-side constraints. By the max-flow/min-cut
theorem this implies that there is a maximum flow from s; to #, that saturates every arc in
the cut, including (#1, s2). In particular, there are vertex-disjoint s1-¢1 - and s,-f;-paths as the
flow would otherwise use backward-crossing arcs and thus would not be maximal. All arcs
of vertex-disjoint s1-¢1- and sp-f-paths in G’ are also present in G, so the 2-paths-problem
instance is a yes-instance.
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For the reverse direction, let there be vertex-disjoint s1-71- and s;-t>-paths. Assign all
nodes of the s1-#1-path to the source side of the cut and all nodes of the s,->-path to the sink
side. In addition, assign all nodes that can be reached from the source without using nodes of
the s,-12-path to the source side. Assigning all remaining vertices to the sink side completes
the definition of a partition of the vertices. Increase the capacity of arcs that neither cross the
cut forward nor backward until all forward crossing-arcs can be saturated. This is a feasible
solution of PIMCP-W+. O

Note that the same reduction establishes A/P-completeness also for the alternative defi-
nitions of PIMCP-W+ mentioned in Section 2.4.

4 Branch and bound for PICP-W+

We solve PICP-W+ (as specified in (PICP)) by a branch-and-bound method with a focus
on novel bounding procedures. Throughout, we illustrate our ideas on the three examples of
PICP-W+ with shortest path on a DAG, assignment, and min cut, see Section 2.4.

We branch on the upper-level copies of the lower-level variables, which we can assume to
be binary. Fixing such a variable to one or zero directly corresponds to adding the according
lower-level element to the set of required elements R or forbidden elements F, respectively.
Thus, each node in the branch-and-bound tree is a PICP-W+ for enlarged sets R® > R
and F D F. We identify a node in the branch-and-bound tree by its sets of required and
forbidden elements RY) and F), respectively. Once RY) and F¥) specify a unique lower-
level solution, that node is a leaf. We can solve the resulting complete ICP efficiently by a
single-level LP and denote its optimal objective value by ciny (R®, F#). Based on solving
the complete ICP for a minimal lower-level completion, we describe a diving heuristic that
provides strong primal bounds in Section 4.1.

Then, in Section 4.2, we introduce two dual-bounding schemes, stemming from a single-
level reformulation based on the KKT conditions or strong duality, see Section 2.6. The first
dual-bounding scheme, described in Section 4.2.1, is based on the strong duality reformu-
lation. This bound only depends on the minimal completion value £(RY), F)). While it
provides reasonable bounds already near the top of the branch-and-bound tree, it might not
be tight at leaves. As some information can be re-used, it is computationally quite powerful.
In order to make best use of the first bounding scheme, we base the node selection on the
minimal completion value 2(RY, FDY. The second dual-bounding scheme, described in
Section 4.2.2, is based on the KKT conditions and is a stronger version of the first dual-
bounding scheme. It also depends on R in addition to £(R®, F®) and becomes tighter
when approaching leaves. However, as information cannot be re-used, the second dual-
bounding scheme is more expensive to evaluate. In our implementation, whenever a node’s
set of required elements R is a subset of the root’s minimal completion used for the primal
bound, we only apply the first dual-bounding method.

Afterwards, in Section 4.3, we describe branching rules based on the dual bounds
and problem-specific structure. Furthermore, we use propagation to directly add implicitly
required or forbidden elements to R and F®, respectively, and prune subtrees by infeasi-
bility, see Section 4.4. For an overview of the branch-and-bound method, see Algorithm 2.
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4.1 Primal bounding: complete ICP for minimal lower-level completion

At each node (R, F), we get a primal bound by taking the node’s minimal lower-level
completion and solving the corresponding complete ICP. Recall that the minimal lower-level
completion is a lower-level feasible solution y of minimal initial weight d” y that contains all
required elements R but no forbidden elements from F @, see Section 2.2. In our setting, we
determine a minimal lower-level completion by an LP or by problem-specific combinatorial
methods, see Section 2.4. Recall that we can solve the corresponding complete ICPs in
polynomial time whenever the lower-level problem can be solved in polynomial time [3].
Since the minimal completion corresponds to a leaf of the branch-and-bound (sub-)tree, this
strategy is a diving heuristic. In our experiments, it yields quite strong incumbents already
at the root node.

4.2 Dual bounding
4.2.1 Required interdiction budget (RIB) value

Starting from the single-level reformulation based on strong duality, we obtain a relaxation
of PICP by replacing the dual objective with a lower bound on the follower’s objective value
in a bilevel-feasible solution. In the following, we show that this relaxation can be solved
as a single-level LP. Furthermore, we describe how to formulate this problem as a complete
ICP for shortest path or min cut problems on the lower level. Afterwards, we explain how
the optimal objective value of the relaxation is globally valid and can be re-used for pruning
throughout the algorithm.

Definition 4.1 (Required interdiction budget (RIB)) The required interdiction budget (RIB)
problem for ¢ is the following bilevel problem

min E W
w

s.t. 0 w (RIB)

IA

~
A

min{(d—i—w)TylAy:b,yZO].

We call its optimal objective value the required interdiction budget value for £, and denote it
by r(€).

Theorem 4.2 The single-level reformulation for the required interdiction budget problem
based on strong duality simplifies to an LP. Thus, the RIB value r(£) can be obtained by
solving a single-level LP.

Proof In the RIB problem, the upper level depends only on the lower-level objective
value but not on the lower-level variables. As the lower level is an LP, the dual problem
max;, {ATb [ATA<d+ w} has the same optimal objective value. Note that the dual prob-
lem is linear in both the upper-level variables w and the lower-level dual variables A. Instead
of explicitly solving for a maximal lower-level solution, we combine the selection of the dual
variables A with the upper-level choices. In total, we have
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Fig. 6 Example for PISPP with R = {(a, b)}, F = (: The RIB value r(£({(a, D)}, ¥)) = r(4) is one by
adding one to the costs of arc (s, a). This is strictly less than the optimal objective value ¢* = 2 that can be
obtained by adding one to the costs of both the arcs (a, ¢) and (a, t). Thus, the RIB value for the minimal
completion length is not a tight bound

r(Z):min{ZweIOSw, £§min[(d+w)Ty|Ay:b, yZO]]
w " y
=min[2we|05w, ngax{ATblkTA§d+w}>
w ” A

=min{Zwe|O§w, ¢ <A"b, ATA§d+w].
w,A B

m}

Next, we describe how to reformulate the RIB problem for shortest path and min cut as
complete inverse problems on suitably modified graphs. In contrast, it is unclear whether the
RIB problem for assignment can be formulated as a complete inverse assignment problem.

Example: shortest path  To solve the RIB problem for ¢ for shortest path as a complete
inverse shortest path problem, add an additional s-¢-path with length £ that is disjoint from
original non-terminal nodes. Then, require this new additional s-7-path to be optimal on the
lower level in the complete inverse shortest path problem.

Example: min cut To solve the RIB problem for £ for min cut as a complete inverse min
cut problem, add a single arc from the original sink to a new sink with capacity £. This new
arc is the only forward-crossing arc of the required cut with all original vertices on one side
and the new sink on the other side in the complete inverse min cut problem.

Theorem 4.3 The RIB value for the minimal completion value r (€(R, F)) is a lower bound
on the PICP’s objective value.

Proof Recallthat £(R, F) is alower bound on the lower-level objective value for any bilevel-
feasible solution of PICP, see Observation 2.4. If we require the lower-level objective value
to be at least ¢ instead of fixing the required elements and forbidden elements, we obtain a
relaxation. O

The lower bound r(¢(R, F)) on the PICP’s objective value is not tight. For an example
with the shortest path problem, see Figure 6.

We can reuse the RIB value r(£) by exploiting that it is nondecreasing in the scalar £.
Assume that we already pruned some node i due to r(E(R(i), F (i))) > ¢, where c is the
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cannot prune evaluate (RIB) prune
0 Loranch Loound 14
largest known ¢ smallest known bound on lower-
with 7(¢) < ¢ £ with ¢ < r(0) level objective value

Fig. 7 Strategy on whether to solve (RIB) based on newly encountered ¢@_ The RIB value r(€) is nonde-
creasing in £. If a better incumbent is found, i.e. ¢ is updated, €pranch and £pound might decrease

incumbent’s objective value. Then, the RIB value of another node i’ with at least the same
minimal completion length, i.e. E(R(i/), F(i/)) > Z(R(i), F©) will be at least the incumbent’s
objective value. Thus, we directly prune i” without evaluating the RIB value. Similarly, if a
value ¢ did not suffice for pruning, the same holds forall ¢ < £.In order to avoid unnecessarily
evaluating the RIB value, we therefore store two values: First, we save £pound, the smallest
currently known value for £ for which we can prune due to r(£) > c¢. Second, we save the
largest currently known ¢ for which we could not prune due to r(£) < c¢ as £pranch, S€e
Figure 7 and Algorithm 1. If we find a new incumbent, i.e. the incumbent’s objective value
¢ decreases, both €pound and £pranch may decrease. While ¢ < r (€poung) remains valid, this is
in general not the case for 7 (€pranch) < ¢. One can simply reset pranch to 0 and keep £yound
as it is. However, we store evaluated tuples (¢, r(£)) and use them to directly update both
Lbound and Luranch.

Node selection We increase the use of the RIB dual bound by a node selection rule based
on the minimal completion value L(RD | FOY If pound is small early on, we can hope to
often prune by only a value lookup. This is best achieved by choosing a tree node where the
minimal completion value E(R(i), FU )) is minimal.

Algorithm 1 Bound-by-RIB-value-of-min-completions-value(£)

Require: Global variables ¢pranch, £bounds S > Reused for subsequent calls
if Loranch < € < £pound then > Update £pound Of €branch
Evaluate r(£), S < SU{(¢, r(0)} > (RIB)
if ¢ < r(¢) then
Lhound < ¢
else
Loranch < ¢
end if
end if
return (¢ > Lpound) > True or False

4.2.2 Strengthened required interdiction budget (RIB+) value

We can derive a tighter dual bound that explicitly uses the currently required elements.
However, this bound is node-specific and cannot be re-used in the same way as the RIB
value. Taking the KKT-based single-level reformulation (KKT-1level), we add valid linear
cuts and then drop the remaining bilinear constraints. Alternatively, we start with the previous
dual bound based on the RIB problem (RIB) and add constraints that are valid in an optimal
solution of PICP-W+.
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Definition 4.4 (Strengthened required interdiction budget (RIB+)) The strengthened required
interdiction budget (RIB+) problem for R and F is the following linear problem:

ri (R, F) = min w
+(R. F) = mir Z e

s.t. ATh > UR,F)
AVTA—w < d (RIB+)
AAe—we = d, (e €R)
We = 0 (eeR)
w o > 0.

The strengthened required interdiction budget value r (R, F') is the optimal objective value

of (RIB+). A strengthened required interdiction budget solution is an optimal solution to
(RIB+).

Theorem 4.5 The RIB+ value r1 (R, F) is a valid lower bound for PICP.

Proof First, we tighten the KKT-based reformulation (KKT-1level) by adding valid cuts. By
Lemma 2.5, there are no additional weights for required elements in an optimal solution.
Thus, we fix the weight modification for required elements to zero. Furthermore, the lower-
level objective value is at least the minimal completion value £(R, F') in an optimal solution
of PICP-W+, see Observation 2.4. By strong duality, we can use the dual objective A Tb
which only depends linearly on the dual variables A. Moreover, complementarity constraints
corresponding to required or fixed elements simplify to linear constraints. In total, we get the
following single-level formulation for PICP-W+:

min E We
e

w,y,A

s.t. Ve = 1 (eeR)
Ye = 0 (ee F)

Ay = b

MA—w < d

wo > 0
We = 0 (e€eR)

ATh > UR,F)
AA —w, = d, (e €R)
VeATAe —d, —w,) = 0 (e E\(RUF))

In order to obtain a linear relaxation, we simply drop the remaining bilinear complementarity
constraints for elements that are neither required nor forbidden. In addition, we remove the
lower-level constraints for a lower-level completion, since they no longer affect the objective.
The resulting problem (RIB+) is therefore a linear relaxation of PICP-W+. O

Alternatively, we can view this stronger bound as a tightened version of the RIB value.
Taking the LP formulation for the RIB value from the proof of Theorem 4.2, we add two
families of valid cuts: First, by Lemma 2.5, weights of required elements in R are not increased
in an optimal solution of PICP-W+. Thus, we forbid weight increases for required elements.
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Furthermore, due to complementarity in an optimal solution, dual constraints corresponding
to required elements R have to be fulfilled with equality. Note that we cannot add analogous
constraints for the forbidden elements F.

By construction, this second dual bound is stronger than the RIB value, i.e. 7 (¢(R, F)) <
ry(R, F) for all R, F € E. However, the stronger bound r1 (R, F) is only valid for the
subtree and cannot be reused elsewhere, unlike the RIB value r(£).

Whenever R and F fix a unique lower-level solution, problem (RIB+) is a complete ICP.
Thus, this bound is tight at leaves of the branch-and-bound tree.

Example: min cut  Recall that in PIMCP additional capacity can be assigned to arcs while
nodes are fixed on either side of the cut via R and F. Thus, in order for the RIB+ value
to be stronger than the RIB value, we need to include the arcs that are implicitly required
to forward-cross the cut. Note that the constraints of the dual of the follower problem are
included in the RIB+ problem, i.e. the RIB+ problem for PIMCP contains a flow problem. In
the RIB problem, the total flow leaving the source is at least the minimal completion value.
In an optimal solution of the max flow problem, arcs that forward-cross the cut are saturated
while there is no flow on backward-crossing arcs. Furthermore, in an optimal solution of
PIMCP, there is no additional capacity on forward-crossing or backward-crossing arcs. Thus,
we can fix the flow of forward- and backward-crossing arcs to the initial capacity and zero,
respectively.

Algorithm 2 Branch-and-bound for partial inverse combinatorial problems

T < {R}, Loranch < 0, Lpound <~ 00, S « ¢ > Global variables
¢ < Cjpy(arg min {dTy :yeY, yo=1Vee R, y. =0Ve € F}) > Inverse problem for min completion

while 7 # ¢y do ) )
choose (R(’), F<’)) e T, remove (R(’), F(’)) from T

if Bound—by—RIB—Value—of—min-comp]etions—value(K(R(i), FU ))) then > Algorithm 1
continue

else if R is complete lower-level solution then
if cinv(R(i), F®) < ¢ then > Inverse Problem

¢ < Cipy (RO FW)
Loranch < Max({0} U {€ | 3(Leval, Teval) € S, Feval < €, Leval = £})
Lhound < min({€pound} U {€ | I(leval, Teval) € S, Teval = €, Leval = €})
end if
else if (R, F(®) is subsolution of initial solution (min-completion) then
branch on lower-level variables, add new children to T

elseif r (RO, F) < ¢ then &> (RIB+)
branch on lower-level variables, add new children to T
end if
end while
return ¢

4.3 Branching

During branching, we add elements to R and F based on the current minimal completion
and solution of the RIB+ problem in the hope to quickly increase our dual bounds. Both
dual bounds, i.e. the RIB value and the tighter RIB+ value, are nondecreasing in the minimal
completion value £(R, F). The minimal completion value might increase whenever we forbid
an element that belongs to the previous minimal completion, or require an element that was
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not in the previous minimal completion. Furthermore, in the RIB+ problem, there is no weight
increase for required elements. Thus, elements with positive weight increase in the current
RIB+ solution are interesting candidates for branching.

Since the RIB+ problem depends explicitly on the required elements R, we branch such that
we add at least one new element to the required elements R in every child node. Concretely, we
identify problem-specific subsets of lower-level elements such that any feasible lower-level
solution must include exactly one of them. This also reduces the size of the branch-and-bound
tree versus simply branching on whether to add a lower-level element to R or F. Below, we
describe problem-specific subsets of lower-level elements for our three examples shortest
path, assignment and min cut.

Our choice on which problem-specific subset to branch on is based on the current minimal
completion and the current RIB+ solution if available. If there is an element in the minimal
completion with additional weight in the RIB+ solution, we branch on a problem-specific
set of elements that includes such an element. In case no such element exists, we use a
problem-specific set of elements that includes an element with maximal additional weight.
If no element got additional weight in the current RIB+ solution or if we skipped solving the
RIB+ problem, we choose a random set of problem-specific elements. Although there may
be multiple minimal completions or RIB+ solutions, we only use the specific completion and
RIB+ solution that we have already computed.

Example: shortest path  Any feasible path contains exactly one of the arcs leaving the
source. The same is true for arcs entering the sink, or leaving/entering the head/tail of already
required subpaths. We choose a vertex where the sum of the additional weights on the out-
/ingoing arcs in the current RIB+ solution is maximal. Alternatively, we take a vertex that
has maximal out-/indegree.

Example: assignment  For every vertex, exactly one incident edge is selected in an assign-
ment. First, we choose an edge in the current minimal completion that has maximal additional
weight in the current RIB+ solution. If no such edge exists, we take an edge with maximal
additional weight in the current RIB+ solution. If this is also not applicable, we pick a random
unfixed edge. Then, secondly, we choose the end vertex of the chosen edge where the sum
of all additional weight in the RIB+ solution on incident edges is larger. Alternatively, we
take a vertex of maximal degree. Then, in every child node we add exactly one of the unfixed
edges incident to the chosen vertex to the set of required elements.

Example: min cut  We branch on vertices as vertices are fixed in PIMCP, see Section 2.4.
First, if possible, we choose an arc in the current minimal completion with maximal additional
weight in the current RIB+ solution. If both end vertices are not fixed yet, we branch at both
vertices simultaneously, creating four child nodes for the four combinations of fixing the two
end vertices to either side. Otherwise, we branch on an unfixed vertex that is incident to an
arc with maximal additional weight in the RIB+ solution. If there is only additional weight
on arcs that are already fixed to not cross the cut in the RIB+ solution or the RIB+ solution
has not been evaluated, we choose a vertex with maximal degree that is not fixed yet.

4.4 Propagation and pruning by infeasibility

In order to reduce the size of the branch-and-bound tree, we use elementary propagation
techniques and try to detect infeasible subtrees as early as possible. Some partial solutions

@ Springer



290 Journal of Global Optimization (2025) 93:263-298

(R, F) immediately imply additional elements that must appear in every lower-level comple-
tion. Whenever we detect such ‘forced’ elements, we add them to the required elements R.
For PISPP and PIAP, vertices of in-/outdegree or degree one are candidates for propagation.

Moreover, if a partial solution (R, F)) admits no completion, then its entire subtree is
infeasible and can be pruned. If there is a lower-level completion for an instance of PISPP-
W+ of PIAP-W+, the instance is feasible by Theorem 2.2.

Example: min cut In a feasible PIMCP-W+ instance, for every forward-crossing arc (v, w),
the vertex v must be reachable from the source s within the vertices assigned to the source
side S. Thus, if there is a single incoming arc (u, v) with u free, then # must also be placed in
S. Analogously, the sink # needs to be reachable from vertices in the complement S within S.

5 Computational Results
5.1 Implementation, software and computing infrastructure

We implemented the following methods in Python 3.8.10, using Gurobi 10.0.2 via the guro-
bipy interface for all (I)LPs, and NetworkX 3.1 for graph data structures and combinatorial
subroutines. Experiments were run on an AMD EPYC 7742 64-core CPU. As our prototype
implementation is not parallelized, we restricted each run to a single core and limited Gurobi
to one thread to ensure a fair comparison.

Branch and bound We implemented the basic branch-and-bound scheme described in Sec-
tion 4. For finding shortest path completions, we used the bidirectional Dijkstra algorithm
implemented in NetworkX. For underlying assignment or min cut problems, we solved the
according LP for minimal completion with Gurobi. We furthermore used Gurobi to solve
all LPs for the dual bounds. When computing the RIB value, we actually used a slightly
strengthened version with the element-specific constraints from the RIB+ value for the ini-
tial required elements of the problem instance. For each of our three example classes, we
implemented two different branching rules. The first branching strategy picks an element
from a minimal completion with additional weight in the RIB+ solution as described in
Section 4.3. The second branching strategy is independent of the dual bounds. Note that
extracting variable values from a gurobipy model can incur non-negligible overhead in our
prototype implementation.

Single-level reformulation with indicator constraints We implemented the single-level
reformulations mentioned in Section 2.6 using Gurobi’s built-in indicator constraints. In
preliminary experiments, the reformulation based on strong duality solved significantly faster
than the one based on complementarity constraints. Thus, we only considered the version
via duality for our tests.

Decomposition  We implemented the decomposition approach described in Section 2.6
using Gurobi for the master problem and the subproblems for assignment and min cut. For the
shortest path problem, we used an implementation of Dijkstra’s algorithm from NetworkX.
In preliminary tests, the decomposition approach performed poorly in comparison to the
other two solution approaches when only a single lower-level solution is added per iteration.
For shortest path, we can simply find all currently shortest paths by Dijkstra’s algorithm.
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Adding them all in a single batch significantly improved runtime. Hence, our computational
comparison includes the decomposition approach only for shortest path.

5.2 Instances

We randomly generated instances that satisfy the assumptions, using the number of vertices
and edges as input parameters. It turns out that performance of the methods depends to a large
degree on the density of the graph for PISPP-W+, PIAP-W+ and PIMCP-W+. Accordingly,
we report results on test sets covering a range of densities. Instances are available on request.

Shortest path  For PISPP-W+, we randomly generated directed acyclic graphs that tend to
have many s-z-paths of roughly the same length. We started with a path on 100 nodes with
weights drawn uniformly at random from {1, 2, ..., 5}. Then, we added shortcut arcs until
the target number of arcs is reached by choosing two distinct vertices uniformly at random
that are not yet adjacent. The weight of a shortcut arc is the number of vertices between its end
vertices on the original path plus a random offset drawn uniformly from {—5, —4, ..., 4, 5}.
Source and sink for the problem are the terminal vertices of the initial path. A randomly
chosen arc from the graph was fixed as the unique required arc in R. Initially, there was no
explicitly forbidden arc, i.e. F = {J.

By construction, the topological ordering is unique. Furthermore, vertices close to the
source tend to have large out-degree and those near the sink have large in-degree. The expected
total degree is the same for all vertices.

Assignment  For PIAP, we generated random bipartite graphs with a specified number of
vertices and edges. First, we split the vertices evenly into two parts. Then, we repeatedly
picked one vertex from each of the parts uniformly at random and added an edge between the
two vertices, if it was not already present, until the desired number of edges was reached. We
assigned each edge a weight drawn uniformly at random from {1, 2, .. ., 10}. We either fixed
the size of the required edges R in advance or chose the size uniformly at random from the
specified set. Then, we picked the according number of distinct edges uniformly at random
from all edges in the graph. Initially, there were no explicitly forbidden edges.

Min cut  For PIMCP-W+, we generated random directed graphs with the specified number
of vertices and arcs as follows: First, from the set of vertices, we picked two distinct vertices
to be the source s and sink 7. Then, the specified number of arcs are inserted one by one. For
each arc, we randomly chose a tail from all vertices except the sink and a head from all vertices
except the source. If this would create a self-loop or duplicate an existing arc, we retried.
When adding an arc to our graph, we assigned it a capacity drawn uniformly at random
from {1, 2, ..., 10}. If the terminal vertices ended up in different connected components,
we declared the instance infeasible and discarded it. Otherwise, we deleted any connected
components not containing s and ¢. Finally, we chose a random number of vertices to be
randomly fixed on either side of the cut.

5.3 Computations

For all three problems, we ran each method on every instance with a one-hour time limit.
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Fig. 8 Performance for PISPP-W+ instances with one required arc and graphs with 100 vertices and 100
instances each. The time limit is 1 hour per instance. For statistics on absolute runtimes, see Table 2

5.3.1 Partial inverse shortest path

We tested all methods on DAGs with 100 vertices and various arc counts, see Figure 8
and Table 2. Denser instances seem to be generally more difficult. Despite their simple
implementation, both of our branch-and-bound versions outperformed Gurobi on the single-
level duality reformulation and the cutting-plane (decomposition) approach. In particular,
our branch-and-bound versions solved significantly more instances to optimality within the
one-hour time limit. Interestingly, the simpler branching rule extending the required subpath
at a vertex of maximal degree (‘B&B: max degree’) outperformed the rule based on RIB+
weights (‘B&B: RIB+ weights’). A relevant factor might be the non-negligible overhead
when retrieving the RIB+ solution from the gurobipy model in contrast to the time needed
to determine the degree of a vertex.

The decomposition method, even when enhanced to add all current shortest paths at once,
lagged behind both branch-and-bound versions and the single-level reformulation. Note that
we chose the instances such that there are many such solutions of same weight.

@ Springer



294

Journal of Global Optimization (2025) 93:263-298

100 vertices, 1000 edges, |R| € {1,...

o I o I

2 F g B&B
g 08 1 ¢ 0.8 /| — Gurobi
g g

g 0.6 |- . g 0.6 |-

2] 2]

=] =

5 0.4} a 5 0.4

g B&B: RIB+ weights g

£ 02 B&B: max degree || £ 021

E — Gurobi E

0 1 Lo I T O 1 Ll
10° 10! 10? 10°

7 10}

Multiple of fastest solution time

2000 vertices, 500 000 edges, |R| =1

Multiple of fastest solution time

Fig. 9 Performance for PIAP-W+ instances with two different parameter configurations and 100 instances
each. The time limit is 1 hour per instance. For statistics on absolute runtimes, see Table 3
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Fig.10 PIMCP-W+: 100 feasible instances, each with 100 vertices. The time limit is 1 hour per instance. For
statistics on absolute runtimes, see Table 4

5.3.2 Partial inverse assignment

For PIAP, the success of our branch-and-bound method heavily depends on whether the
bounds obtained at the root node already agree. The result is quite lopsided either way, see
Figure 9 and Table 3. On dense graphs, our dive heuristic finds an optimal solution and the
RIB+ bound at the root exactly matches it. Consequently, no branching is needed. In this
case, our method is faster than Gurobi solving the single-level reformulation. Interestingly,
Gurobi also solves the single-level reformulation for all these instances at the root node. Note
that branching rules are irrelevant in this case, so only one version of our method is shown.
For smaller but sparser graphs, Gurobi solving the single-level reformulation outperforms
our method, especially if more than one edge is required. In this case, a significant amount
of branching is performed by all methods.
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Table 3 Statistics on running times (in seconds) for PIAP-W+, cf. Figure 9.

Instances (vertices / Method Solved Mean [s] Std [s] Min [s] 25% [s] 50% [s] 75% [s] Max of solved [s]
edges / |R|)
100/ 1000/ B&B: RIB+ weights 91 427.5 1029.1 0.0 0.8 10.8 1713 1184.2
efl,...,10}
B&B: max degree 70 1149.1 1623.5 0.0 1.6 18.4 3600.0 1282.7
Gurobi 100 83.2 2222 0.2 0.3 2.5 39.4 1221.9
2000/500000/ 1 B&B 100 46.9 74 324 41.6 465 50.8 66.3
Gurobi 100 5759 100.1 346.1 4925 5743 653.1 816.9

For the calculation of mean, standard deviation, and quartiles, the time limit of 3 600 seconds has been used for instances that
have not been solved

Table 4 Statistics on running times (in seconds) for PIMCP-W+, cf. Figure 10.

Number of Method Solved Mean [s] Std [s] Min [s] 25% [s] 50% [s] 75% [s] Max of solved [s]
arcs

1000 B&B: RIB+ 89 656.1 1152.1 0.1 7.2 70.3  560.1 2668.3
weights
B&B: max 47 2039.3 1709.2 0.1 14.5 3600.0 3600.0 2490.6
degree
Gurobi 85 853.5 1320.9 0.1 16.7 110.7 1032.2 3203.8
5000 B&B: RIB+ 71 1383.9 1561.3 0.3 25.6  510.6 3600.0 27149
weights
B&B: max 62 1571.8 1671.3 0.3 26.2  499.8 3600.0 3272.0
degree
Gurobi 59 1821.0 1643.7 0.5 45.5 1801.0 3600.0 32554

For the calculation of mean, standard deviation, and quartiles, the time limit of 3 600 seconds has been used
for instances that have not been solved

Table5 Statistics on running times (in seconds) for 14 infeasible PIMCP-W+ instances with 100 vertices and
1000 arcs.

Method Detected Mean [s] Std [s] Min [s] 25% [s] 50% [s] 75% [s] Max of detected [s]
B&B: RIB+ weights 13 2574  962.1 0.0 0.1 0.3 0.5 0.9
Gurobi 4 25729 1685.3 0.1 909.7 3600.0 3600.0 12.9

For the calculation of mean, standard deviation, and quartiles, the time limit of 3 600 seconds has been used
for instances that have not been solved

5.3.3 Partial inverse min cut

For PIMCP-W+, our branch-and-bound implementation with branching based on additional
weight in a RIB+ solution outperforms Gurobi, see Figure 10. For sparse graphs with only
1000 arcs and 100 vertices, Gurobi outperforms our branch-and-bound method with branch-
ing based only on vertex degrees. However, for more dense graphs with 5000 arcs and 100
vertices, both versions of our branch-and-bound method outperform Gurobi. Here, branching
based on the vertex degree is the fastest method for slightly more instances. For more difficult
instances, branching based on the additional weight in a RIB+ solution seems preferable as
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it allows solving more instances within the one-hour time limit. Recall that retrieving the
solution of the RIB+ problem costs significant time in our implementation.

Figure 10 and Table 4 report times only for feasible instances. For detection of infeasible
instances as they occurred during the generation of the test set for 1000 arcs, our branch-
and-bound method clearly outperforms Gurobi, see Table 5. Our branch-and-bound method
detected infeasibility for 13 out of 14 instances in under one second, whereas Gurobi detected
infeasibility only for 4 instances within one hour. For the lone remaining instance, our branch-
and-bound method took 6 141.4 seconds to certify infeasibility while Gurobi did not terminate
on it even after three hours.

6 Conclusion

This paper proposes one of the first algorithmic contributions to solve A/P-complete PICPs
in which weights can only be increased. Our algorithm uses a branch-and-bound scheme
that pairs a simple yet powerful diving heuristic for primal bounds with two novel dual-
bounding schemes exploiting the fact that complete ICPs remain polynomial-time solvable.
Our computational results suggest that for the three example test cases using shortest path,
assignment and minimum cut problems on the lower level, our prototype implementation is
very much competitive with a state-of-the-art solver applied to a single-level reformulation,
even though it is implemented in Python and does not enjoy access to all the features of
a mature solver. For PISPP-W+ and PIMCP-W+, at least one of our branching strategies
allowed us to solve strictly more instances within one hour than Gurobi did for the single-
level reformulation. For PIAP-W+, except for very dense or infeasible instances, Gurobi with
the single-level reformulation was clearly superior. We observed that density of the graphs is
akey factor that generally tends to favour our methods across all three problem types. It is not
unusual for our method to solve an instance immediately at the root or after only a few nodes,
giving us large speedups. Although using information from the RIB+ solution for branching
seems to be beneficial, we believe there is still considerable room for improvement. This
suggests that a combination of methods might yield a significantly more powerful method,
e.g. by integrating our bounding subproblems into a mature solver. Indeed, we observed that
already the bounds we generate at the root node can be hard for Gurobi to reproduce for
certain instances, and might be very valuable.

We also proved N'P-completeness for three PICP-W+ variants. However, for such prob-
lems one can ask for milder conditions than completeness of the solution provided by R and
F on when the problem becomes solvable in polynomial time. Such insights could guide
branching decisions. For example, is PISPP-W+ still N'P-complete if F = @ and R is a
path connected to the source or sink? If the answer were no, we could tailor our search to
steer R into that ‘easy’ configuration as early as possible. Finally, one could try to extend our
algorithmic ideas to PICPs with more difficult combinatorial problems on the lower level.
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