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Abstract

This paper presents and compares Bernoulli iterative approaches for solving linear
DSGE models. The methods are compared using 99 different models from the
macroeconomic model data base (MMB) and different parameterizations of the
monetary policy rule in the medium-scale new Keynesian model of Smets and
Wouters (Am Econ Rev 97(3):586-606, 2007. https://doi.org/10.1257/aer.97.3.586)
iteratively. I find that Bernoulli methods providing similar accuracy as measured
by the forward error of the solution at a somewhat higher computation burden to
the standard method of Dynare when solving DSGE models. The method, however,
has convergence properties useful when a specific solution, e.g., unique stable,
is sought and can be combined with other iterative methods, such as the Newton
method, lending themselves especially to refining solutions—either when standard
methods fail or when one moves through a parameter space iteratively—as I show in
applications of the methods.

Keywords Functional iteration - Numerical accuracy - DSGE - Solution methods

JEL Classification C61 - C63 - E17

1 Introduction

Solving linear DSGE models can be reduced to solving a system of linear equations
and a matrix quadratic equation with the latter being the more challenging
computationally. Standard existing methods predominantly rely on a generalized
Schur or QZ decomposition (Moler & Stewart, 1973; Golub & van Loan, 2013)
to solve this matrix quadratic equation. Alternative methods from the applied
mathematics literature to solve this matrix quadratic equation have yet to be
systematically studied in a DSGE context. This paper fills part of that gap, using
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594 A. Meyer-Gohde

Bernoulli-based solution methods from the mathematics literature, introducing
line-search and hybrid Newton based methods for matrix quadratic problems and
applying them to the solution of linear DSGE models. The ability of Bernoulli
methods to be formulated such that they converge to the solution with the smallest
eigenvalues in magnitude (ideally the stable solution sought by the researcher) allow
them to reliably compute the stable solution, generally with accuracy on the same
order of magnitude but higher computational costs than QZ-based methods. When
combined with Newton methods and their asymptotic quadratic rate of convergence,
the iterative nature of the algorithms also enables the Bernoulli based methods I
introduce to correct inaccurate solutions and to generate solutions more quickly than
QZ-based methods when iteratively exploring a parameter space.

Bernoulli’s method is originally a method for computing the largest root of a
scalar polynomial' and Bernoulli-based functional iterations, familiar to economists
in such root-finding settings—see, e.g., Judd (1998), are an alternative to QZ-based
methods. The Bernoulli algorithm for matrix polynomials, see Dennis et al. (1978)
and explicitly formulated for minimal solvent to a matrix quadratic in Higham and
Kim (2000), was introduced by Binder and Pesaran (1999) to linear DSGE models
and Rendahl (2017) extended the theoretical convergence analysis of Higham and
Kim (2000) to potentially singular (or non monic matrix polynomials) models that
are pervasive in the DSGE literature. Yet this algorithm and recent extensions from
the applied mathematics literature such as Bai and Gao (2007) have not yet been
systematically studied for their numerical properties. This paper does precisely
this and introduces a number of algorithms for solving matrix quadratic problems
that incorporate insights from other studies and algorithms, including exact line
searches from Higham and Kim (2001) and the solution of DSGE models using
Newton methods from Meyer-Gohde and Saecker (2024). To build intuition I begin
Sect. 3 with the scalar case of the algorithm to build intuition before introducing the
multidimensional algorithms. I show these extensions improve global convergence
by making the Bernoulli method faster and more reliable, improving on the slow
convergence (i.e., many iterations) of the baseline Bernoulli algorithm. Finally, I
assess the accuracy of the different methods using the practical forward error bounds
of Meyer-Gohde (2023), derived from a numerical stability approach incorporating
conditioning number and backward error bounds.

In this paper, I present eleven different Bernoulli-based solution algorithms
using a unified notation and for the application to solving linear DSGE models
as an alternative to QZ-based methods. I engage in a number of experiments
to compare the algorithms to QZ-based methods’ and Meyer-Gohde and
Saecker’s (2024) Newton algorithms, following exactly their experiments to
ensure comparability. First I apply the different methods to the models in the

! It can be cast as the power method, see Golub and van Loan (2013, pp. 366-367) operating on the
polynomial’s companion matrix.

2 1 use Dynare’s (Adjemian et al., 2011) implementation of the QZ method, documented in Villemot
(2011), for comparison. Varying implementations of the QZ or generalized Schur decomposition to solve
linear DSGE models can be found in Uhlig (1999), Sims (2001), Klein (2000), Al-Sadoon (2018).
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Macroeconomic Model Data Base (MMB) (see Wieland et al., 2012, 2016),
comparing the performance to the QZ-based method of Dynare and the Newton
method both unconditionally (i.e., replacing the QZ method) and then as a
refinement (i.e., initializing the iterative methods with the solution generated
from QZ). I find that the baseline Bernoulli method always converges to the
unique stable solution, but provides a solution of the same order of magnitude of
accuracy albeit at an order of magnitude higher computational cost than Newton
methods. The different extended methods generally perform comparably—the
exception being Bai and Gao’s (2007) modified Bernoulli iteration that is several
orders of magnitude more slow and frequently faces convergence issues—trading
the convergence of the baseline algorithm off against more accuracy and/or less
computational costs.

The algorithms are iterative in nature, enabling them to refine the solutions
provided by the another method. Using the QZ solution from Dynare to initialize,
the methods improve the accuracy of the solution at an additional computational
cost generally between 0.1 and 2 times the original cost of Dynare’s QZ, with
convergence of all of the algorithms to the unique stable solvent for all of the
models in the MMB, except Bai and Gao’s (2007) modified Bernoulli and
columnwise Newton-Bernoulli combinations. This iterative nature also lends
itself to iterative parameter experiments or estimations and I compare the
algorithms with Dynare’s QZ method and Newton algorithm in solving for
different parameterizations of the monetary policy rule in the celebrated Smets
and Wouters (2007) model of the US economy. Filling in a grid with different
values of the reaction of the nominal interest rate rule to inflation and real
activity, whereas Dynare’s QZ method starts anew at each parameterization,
iterative methods can use the solution from the previous, nearby parameterization
to initialize the algorithm. As the density of the grid increases, all of the methods
eventually surpass QZ by roughly an order of magnitude in terms of computation
cost. Finally, I show that when Dynare’s QZ provides a numerically unstable
solution with high forward errors that leads the predicted moments of the model’s
variables to be wrong in all digits, the Bernoulli method initialized at this solution
provides a refined solution with improved predicted moments and forward errors.
However, the Bernoulli algorithms are far from being uniform improvements
over the existing standard in the literature and, in particular, outside of situations
where an informative initialization is available, the standard QZ is to be preferred.

The paper is organized as follows: Sect. 2 lays out the general DSGE model
and the unknown solution. In Sect. 3, I begin by presenting the Bernoulli method
for a scalar quadratic equation to build intuition before I then present the set of
different Bernoulli methods from the applied mathematics literature in a unified
notation as they apply to the class of DSGE models. Section 4 examines practical
and theoretical considerations such as the choice of initial value, accuracy, and
convergence. In Sect. 5, I compare the different Bernoulli methods to the standard
QZ method and Newton method of Meyer-Gohde and Saecker (2024) in two
applications, one using the MMB of 99 different models and the second over a
range of parameterizations within the Smets and Wouters (2007) model. Finally,
Sect. 6 concludes.
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596 A. Meyer-Gohde

2 Problem Statement

Standard numerical DSGE solution packages available to economists and policy
makers—e.g., Dynare (Adjemian et al., 2011), Gensys (Sims, 2001), (Perturbation)
AIM (Anderson & Moore, 1985; Anderson et al., 2006), Uhlig’s Toolkit (Uhlig,
1999) and Solab (Klein, 2000)— analyze models that, when (log)linearized, can be
expressed in the form of the system of n, linear expectational difference equations

0 =AE,[y,] + By, + Cy,_, + De, (1)

where A, B, and C are n, X n, real valued matrices, R™ — R, that operate on
¥, € R™ the vector of n, endogenous variables; D is an n,Xn, real valued matrix,
R" — R", that operate on g, € R" the vector of n, exogenous, serially uncorrelated
shocks with a known distribution, assumed mean zero>; where n, and n, are positive
integers (n,,n, € N). '

The solution to (1) is sought as the unknown linear solution in the form
y,=Py,_,+Q¢, R >R )

a recursive solution in the time domain—solutions that posit y, as a function of its
own past, y,_;, and exogenous innovations, €,, which reduces the problem to finding
two real valued matrices, P and Q, n,Xn, and n,Xn, respectively.4

Inserting (2) into (1) and taking expectations (E, [et +1] = 0), yields the restrictions

0=AP>+BP+C, 0=(AP+B)Q+D 3)

Generally, a unique P with eigenvalues inside the closed unit circle is sought. Lan
and Meyer-Gohde (2014) prove the latter can be uniquely solved for Q if such a P
can be found. Hence, the hurdle is the former, matrix quadratic equation.

Most linear DSGE methods use a generalized Schur or QZ decomposition (Moler
& Stewart, 1973; Golub & van Loan, 2013) of the companion linearization of (1) in
some form or another. I will take a different route and instead now solve for P in (3)
using Bernoulli iterations.

3 This assumption follows Dynare for expediency at to facilitate the comparison and implementation
in the applications of Sect. 5. Any pattern of serial correlation than can be captured by a finite order
ARMA process can brought into the above form by expanding y, appropriately. Meyer-Gohde and Neu-
hoff (2015) show that the matrix quadratic and its solution P is unchanged from the presentation here by
this assumption—merely the mapping from exogenous shocks to endogenous variables becomes more
involved.

4 As above this is a brief statement of the linear problem, Binder and Pesaran (1997), Uhlig (1999),
Klein (2000), Sims (2001), and Anderson (2010) provide overviews of the multivariate approaches that
have become standard and, more recently, Al-Sadoon (2018) and Al-Sadoon (2020) provide a much more
rigorous approach that go beyond the problem of solving for two matrices that I address here.
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Solving Linear DSGE Models with Bernoulli Iterations 597

3 Bernoulli Iterations for Linear DSGE Models

I will begin by analyzing a univariate equation, see, e.g., Higham (2002, p. 508) for
the functional iteration to find the unstable solution and Judd (1992, pp. 152-153)
for functional iterations in general fix point problems for economists, to fix ideas and
illustrate how Bernoulli functional iterations can be used to solve quadratic equations.

The problem generated by (3) is a (matrix) quadratic problem. To fix ideas, consider
its univariate equivalent

O=ax’>+bx+c 4)

where I consider (in accordance with the DSGE model), a, b, and ¢ € R!. A
functional iteration will reformulate this as

x=f() )
giving an iterative procedure to generate a solution
X =f(xj), with some x 6)

From the quadratic equation above, there are a number of possibilities,

c
f@=-—— @
b+=
f) =——= ®)
a
ax-+c
f)=- 5 )]
and so forth. I will focus on the first f(x) = —@ as it is the univariate counterpart

of the multivariate Bernoulli algorithm that will be introduced subsequently. Hence

4
ax, +b

Xt =S (%) = - , k=0,1,2...,x, given (10)

Characterize the two solutions via

(s]x—tl)(szx—tz) = 55 xz—(slt2+s2tl)x+ 1,
—— — = 1D
a +b c
where the solutions are—in analogy to the generalized eigenvalue formulation with
the generalized Schur of Klein (2000)

. t
10 = {—', ifs, #0; 0, ifs; =0; R, ifs,=¢,=0;i= 1,2} (12)
S

1
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598 A. Meyer-Gohde

Following, e.g., Judd (1998, pp. 165-166), local convergence requires |f”(x)| < 1 for
an x that solves x = f(x) and as

ac S18,811

flx)= =
(ax + b)2 (s]szxk - (slt2 + 5,1, ))2 (13)

t
for, say, x(V = 2
S1

£1(x0) = S150 0 _sisshiy _ st _ X
4 2 ()’ Nk 2@ (4
SISZE - (S1t2+S2t1) 12

and hence the iteration is convergent if

-

or there is local convergence to the minimal (smaller in modulus) root of the

quadratic when the iteration is formulated via f(x) = — axi -

This highlights a significant advantage over Newton-based methods, namely that
the functional iteration can be tailored to deliver convergence of the algorithm to a

c

b
particular root: for example, f(x) = —MLH] to the minimal (as above) and f(x) = — +a

= (15)

to the dominant (Higham & Kim, 2000) solution. As a particular solution or a
solution with particular properties (namely the minimal solution in a saddle point
stable problem) is sought in DSGE models, the Bernoulli iteration
X1 =f(x) = —ax:ﬁ is potentially very useful in solving DSGE models.

Turning now to the matrix problem, I will formalize the matrix quadratic equa-
tion in (3). For A, B, and C € R™*™, a matrix quadratic M(P) : C» — C» is
defined as

MP)=AP>+BP+C (16)

with its solutions, called solvents, given by P € C™*™ if and only if M(P) = 0. The
eigenvalues of the solvent, called latent roots of the associated lambda matrix,’
M(A) : C - C™" (here of degree two), are given via

M(AD)=AAP+BAi+C (17)

The latent roots are (i) values of 4 € C such that det M(4) = 0 and (ii) n, — rank(A)
infinite roots. An explicit link between the quadratic matrix problem and the
quadratic eigenvalue problem is given via

AE€C : (AA* + BA+ C)x =0 for some x # 0 (18)

5 See, e.g., Dennis et al. (1976, p. 835) or Gantmacher (1959, vol. I, p. 228).
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Solving Linear DSGE Models with Bernoulli Iterations 599

which has been reviewed extensively by Tisseur and Meerbergen (2001) and for
which Hammarling et al. (2013) provide a comprehensive method to improve the
accuracy of its solutions.

The matrix quadratic (16) can be expanded following Higham and Kim (2001) as

M(P+AP)=AP+ AP’ +B(P+AP)+C (19)
=AP>+BP+C+AAP? + A(PAP + APP) + BAP (20)
= M(P) + (AAPP + (AP + B)AP) + A AP? (21)

= M(P) + Zp(AP) + A AP? (22)

where Z,M(AP) is the Fréchet derivative of M at P in the direction AP.

3.1 Baseline Bernoulli Iteration
The multivariate counterpart to the algorithm x,, = f (xk) = _ax;@ above is the
k
following baseline Bernoulli method for the minimal solvent. Beginning with (16)
0=@AP+B)P+C (23)

and defining the iteration via

0= (AP, +B)P, +C (24)
gives the baseline Bernoulli method

-1
P, =-(AP,+B) C (25)

This iteration was noted by Binder and Pesaran (1999) and is implemented in
their RBCODE Matlab and Gauss code,® but without discussion of its convergence
or computational properties. Rendahl (2017) studies the Bernoulli recursion in
(25) following Higham and Kim (2000) by analyzing the theoretical properties
and exploring a few examples. The baseline Bernoulli recursion is summarized in
Algorithm 1.

6 See https://dge.repec.org/codes/binder/handbook/.
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600 A. Meyer-Gohde

Algorithm 1: Baseline Bernoulli method

Given: A, B, C, an initial Py, and a convergence criterion ¢

While criterion(P;) > ¢ do
SetP;,1=—-(AP;+B)'C
Advance j=j+1

end

Return: P;

Higham and Kim (2000) show that the above recursion converges asymptotically
at a linear rate to the minimal solvent, but only under the assumption that this sol-
vent is invertible (e.g., ruling out zero latent roots in (17)) and that a dominant sol-
vent also exists (e.g., ruling out “infinite” latent roots in (17)), both of which abound
in the DSGE literature. I return to this issue in Sect. 4 and provide a proof that this
recursion converges at least locally to the minimal solvent when this solvent is the
unique stable solution. Both at such a solvent and for the first iteration if P, = 0 and
B is of full rank, see Binder and Pesaran (1997) and Uhlig (1999), the coefficient
matrix A P; + B will be invertible.”

3.2 Bai and Gao’s (2007) Modified Bernoulli Method

The modified Bernoulli method of Bai and Gao (2007) is a straightforward
extension of the Bernoulli method that updates the solution matrix column by
column alongside the standard iteration above, incorporating the update of the
previous column when solving for the current column. Bai and Gao (2007) note that
the Bernoulli recursion

P, =—(AP,+B)'C (26)

solves n linear equations at each iteration with P;;,, and C; the /’th columns of P;,,
and C respectively

7 In practice, see the applications later, singularity is not a general issue, but in the few iterations where
it did occur, I set Pj +1 to the minimum 2-norm solution of (A P/- +B )P,- +1 = —C, see Higham and Kim
(2000, p. 512) determination that the algorithm can be rerun or reinitialized if numerical difficulties
should be encountered.
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Solving Linear DSGE Models with Bernoulli Iterations 601

(AP, +B)P,, =-C& (AP;+B)P,;,, =—C;fori=1,..,n (27)

and that when solving these individual equations for P, ;. in sequence fori = 1,...,n,
one can use the “real-time” value of P;, updated to those columns that precede the
current column

(AP;;+B)P;y =—Cfori=1...n 28
where
Pij=1[Pij1 - Pig Pirj oo Py 9)

That is, this method follows the Gauss—Seidel method by promptly updating while
moving through the columns.
Instead of solving n systems at each iteration

P =—(AP_;+B)"'Cifori=1,...n (30)

they use the Sherman—Morrison, see, e.g., Golub and van Loan (2013, p. 51) or
Horn and Johnson (2012, p. 19) formula for updating matrices by noticing that

Pl -+1, 18 a rank one correction of P . Moving through the columns successively gives
P =—(AP +B)'C, €1y 31
el = —( it i1 T Z T+ ep, Pij 3D
where

;= APy = Pyy) (32)

-1
q;=(AP,+B) u; (33)

-1
=(AP,+B) Cy, (34)

and ¢! is a vector of zeros with a one in the i’th column. This gives the modified Ber-
noulli Algorithm 2.
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602 A. Meyer-Gohde

Algorithm 2: Modified Bernoulli method

Given: A, B, C, an initial Py, and a convergence criterion ¢
While criterion(P;) > € do
Fori=1:ndo

Solve for P; j,1 via P; j.1=—(AP;j+B )_1 C;, where

Piji1=|P1ji1 Pojs1 ... Pujn

end

Fori=1:n-1do
Update P; ;1 recursively via

-1
uij=A(Pijs1-Pij); prj=(APj+B) Ci;  q1j=Pir1jn

For/=i+1:ndo

‘ Pyj1=Ppj1+ 1+ep L p,
end
end
Advance j=j+1
end
Return: P;=|P;; Py ... P,;

The algorithm is written in two passes. The first pass updates all the columns
once using the standard Bernoulli approach above—if we stop here, this is
simply the baseline Bernoulli algorithm above. The second pass moves through
the columns updating all columns that follow with update based on the current
column. This two pass, triangular approach accomplishes (30) without solving
n different systems at each iteration, as the first pass has the same coefficient
matrix for all columns that can be implemented efficiently and the second pass
contains rank one corrections.

Bai and Gao (2007) provide proof that this recursion converges to the mini-
mal solvent, again under the assumption that a minimal and dominant solvent
both exist. They explore variants that operate on blocks, several columns at
once, alongside the column-by-column version I implement. While they argue
that this recursion outperforms the baseline Bernoulli method, their own exam-
ples show that this outperformance is minimal with Bai and Gao’s (2007, p. 509)
tables 6.1 and 6.2 shwoing relative errors of the same magnitude and a savings
of between 0 and 10% in the number of iterations of their method over the base-
line Bernoulli method.
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Solving Linear DSGE Models with Bernoulli Iterations 603

3.3 BernoulliLine Search

Newton based methods, see Meyer-Gohde and Saecker (2024), allow for the
straightforward incorporation of line search routines to find optimal increments, see
Higham and Kim (2001). A line search to scale the increments can protect against
perniciously large steps and accelerate convergence when the increments are timidly
small. Bernoulli iterations generally require many more iterations than Newton
based methods and their rate of convergence is governed by the ratio of the largest
in modulus stable and smallest in modulus unstable latent roots, e.g. Higham and
Kim (2000)—hence the primary difficulty will be slow convergence associated with
timidly small increments.

The Bernoulli methods above, however, are functional iterations that work
directly on the solution P. But simple reformulation reveals the implied increment
in a Bernoulli step

P, =—(AP,+B)"'C (35)

= AP+ P, (36)

= —(AP;+B)"' M(P)) + P,

——— 37
K(P)

In a Newton context, Higham and Kim (2001) motivate an exact line search by
the inaccuracies of the linear approximation that delivers the Newton step: if P;
is far from a solvent (P : M(P) = 0), the update P; w1 =P+ AP might be farther
from a solvent than P;. The same logic holds with the Bernoulll iteration, albeit
for a different reason: with the linear convergence of the algorithm, the update
P,y = P;+ AP; is likely to be too conservative an update. Indeed, using the defini-
tion K(P;) = —(AP; + B)~! and comparing with (19), we see that K(P)) ~ Dp(AP),
differing from the Fréchet derivative of M at P in the direction AP only by lacking
the term A APP, giving the Bernoulli increment as a simplification of the Newton
increment (see Meyer-Gohde & Saecker 2024). That is, in the Bernoulli approach
the increment AP; solves a standard linear system (AP; + B)AP; = —M(P,;), whereas
the “sandwiched” term A APP in the Newton derivatine requires the solution of a
Sylvester equation A APP + (AP; + B)AP; = —M(P,) to recover the increment.

I propose a line search, a multiple of the Bernoulli step above, P;,; = tAP; + P;
where ¢ is an appropriate scalar. Obviously, if # = 1, the baseline Bernoulh 1terat10n
is recovered. Following Higham and Kim (2001), I select the multiple of the
Bernoulli step by finding a ¢ that minimizes the merit function

t = argmin |M(P + xAP)||§ (38)
x>1

The term M(P + xAP) can be expressed explicitly as
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604 A. Meyer-Gohde

M(P + xAP) = A(P + xAP)?> + B(P + xAP) + C (39)
= AP? + BP + C + Ax* AP2 + A(PxAP + xAP - P) + BxAP (40)

= M(P) + x>AAP? + x (A(PAP + AP - P) + BAP)
N - (41)

-
Tp(AP)

where Z,(AP) is the Fréchet derivative of M at P in the direction AP. Higham
and Kim (2001) show that this particular choice of merit function is convenient
for Newton based algorithms as the Newton step sets the Fréchet derivative to the
negative of the matrix quadratic (Z,(AP)+ M(P) = 0) by construction allowing
M(P +xAP) to be written as M(P + xAP) = (1 — x)M(P) + x>AAP?. With the
Bernoulli iteration, we are not quite as fortunate, as

Pp(AP) = (AP + B)AP + AAP - P (42)
=—K(P)"'AP+AAP-P (43)
=-M(P)+AAP-P (44)

and hence
M(P + xAP) = M(P) + x>’AAP? — xM(P) + xAAP - P (45)
= (1 — x)M(P) + XxAAP(xAP + P) (46)

The merit function (38), g(x) = ||M(P+xAP)||12V is a quartic polynomial with at
most two minima and its first derivative is, see the “Appendix” for details,

F) =4y +3(¢6 —o)* + 2@+ pf—-6+0)x+6—2a 47)
where
2 2 212
a=IMPI;,  p=1AAP-PIF, v =|la@P?| (48)
E=tr ((AAP - P)"A(AP)* + (A(AP)Z)*AAP . P) (49)
c=tr (M(P)*A(AP)2 + (A(AP)Z)*M(P)> (50)
8= tr (M(P)*AAP - P+ (AAP - P)"M(P)) (51)

As the goal is to minimize g(x) over the interval [1, o), I need to find minima and
compare their values to g(1). Finding extrema corresponds to finding zeros of the
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Solving Linear DSGE Models with Bernoulli Iterations 605

cubic polynomial g’(x) in this range. Implementing ¢ from (38) is straightforward as
either there is a single real zero of g’(x) which lies in the range and is a minimum
of g(x) (as a > 0) or g’(x) has three real zeros, of which at most two correspond
to minima of g(x). Hence, finding the zeros of g’(x) and comparing the associated
values of g(x) with the value of g(1) enables ¢ from (38) to be readily found.
This gives the Bernoulli procedure with exact line searches as Algorithm 3.
Algorithm 3: Bernoulli with exact line searches

Given: A, B, C, an initial Py, and a convergence criterion ¢
While criterion(P;) > ¢ do

Solve for AP; = —(AP; + B)"*M(P;)

Solve for ¢; in ¢; = argmin, . | M(P; +xAPJ~)||12,,

Set Pj,1 =Pj+t;AP;

Advance j=j+1
end

Return: P;

Line searches have been shown by Higham and Kim (2001) to not interfere with
the asymptotic convergence rate, hence the expectation of this algorithm is a factor
but not order increase in the convergence speed.

3.4 Combining Bernoulli and Newton
From the previous algorithm, the Bernoulli iteration P; — P, can be described via
an increment, ABP_/-,

Pgj = AgP;j+ P, (52)
The same holds for the Newton methods studied in Meyer-Gohde and Saecker
(2024) with the increment Ay P,

Pyjn = AyP; + P (53)
where AyP; is the increment that sets the first-order in AP approximation of the

Fréchet derivative of M at Pj in the direction AP, see (22), to zero.
This observation motivates the following iteration

Py = s;A5P; + (1- sj)ANPj +P, 0<s5<1 (54)

with an average of the Bernoulli and Newton increments being weighted by s;. A
simple choice of weights stems from the observations that motivated line searches
both for Newton and Bernoulli iterations. For Newton based methods, there is a
potential of taking too large steps and in the wrong direction (i.e., the algorithm is
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known to overshoot and is not guaranteed to converge towards the minimal solvent)
and for Bernoulli too small steps. Hence, one would like to take the potentially
larger Newton step when it is going in the same general direction that the Bernoulli
step would take and to take the Bernoulli step when the Newton step would go in a
different direction (presumably to another solvent).

This has an interpretation in the vein of momentum modifications of gradient
descent methods like Newton that go back at least to Polyak (1964). Whereas a
momentum approach would attenuate movements of a Newton iteration via

Py =P+ AyP;+ fANP;_, 0<B <1 (55)
where f; might be fixed or chosen based on some measure of the gradients at the
iteration j, the approach I propose can be written

Py =P+ AyP+5;(ApP;— AyP;), 0<5,<1 (56)
So instead of simply “slowing down” the iteration, I propose slower it towards the
algorithm with better convergence properties, the Bernoulli step.

Hence, measuring the angle, 6 between the two increments via (Horn & Johnson,
2012, p.15)

vec (ANPj)’ vec (AgP;)

0. =
U e ]

the weight between the increments is defined as
5;=0;/n (58)

So when the angle between the two increments is zero (i.e., they are moving in the
same direction), the cosine of 6 is one, 6 is zero, and s; is zero: P;; = AyP; + P;, the
Newton step with its asymptotically quadratic rate of convergence is taken. When
this angle is z (i.e., the increments are moving in opposite directions), the cosine of
0is—1,0is z, and s; is one: P;; = AgP; + P;, the Bernoulli step with its asymptotic
convergence to the mlmmal solvent (see the next section for a proof) is taken.

Alternatively, the increments could be weighted columnwise, that is comparing
the increments associated with the solutions for the individual variables in y,,

P, = [P1,1+1 Pn,j+1] (59)

= [s1,8pP1;+ (1= 51,) APy oo oo 5,88P,  + (1 =5,;) AP, ;] + P;
(60)
where the weight between the columns of the increments (0 < s, TS < 1) is defined as

5;;=0,/n (61)

via the angle, 6; between the i’th columns of the two increments via (Horn &
Johnson, 2012, p.15)
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ANP;J.ABPZ.J-
COS@iJZ Ap A p (62)
vl 40Pl
or the weighting above could be tilted towards one or the other increment
5p) =5, (63)

with an exponent p < 1 shifting the weight in favor of the Bernoulli increment (and
hence 3;(p) replacing s; in (54)), perhaps to reduce the likelihood of the algorithm
converging to a solvent other than the unique stable one.

This gives a combined Bernoulli-Newton procedure as Algorithm 4.

Algorithm 4: Combined Bernoulli-Newton

Given: A, B, C, an initial Py, a convergence criterion ¢, and a weight tilt p
While criterion(P;) > ¢ do

Solve for AgP; = —(AP; + B)"M(P;)

Solve for AyP;in AANP;P; + (APj +B)ANP< =-M(P))

Determine cosf (or cos8; for all columns i)

Calculate s; = arccos(8)/z (or s; ; = arccos(8;)/n for all columns )

Set Pj1=s7ApP;+ [1 - sj?) ANP;+P;

(or P j11= sli’,jABPi,j + (1 - sli”j) ANP; j+P; ; for all columns i)

Advance j=j+1

end

Return: P;

While this procedure will hopefully yield the best of both worlds: convergence
to the desired solvent via Bernoulli and quadratic convergence via Newton, it
might also do just the opposite—combining the linear convergence of Bernoulli to
the unpredictable solvent of Newton. Tilting the weight towards one or the other
procedure gives the user flexibility, but it is still not clear a priori how that tilt might
be chosen to deliver a procedure with the desired properties.

3.5 Bernoulli and Newton Line Search

As the weighting of the Bernoulli and Newton increments relied on the same
intuition that guided their respective line search algorithms, the next logical step
would be to combine both the line searches for the optimal magnitudes of the
respective increments and then weight the two to produce a combined Bernoulli
and Newton increment with line searches. That is, if combining Bernoulli and
Newton might bring the slow convergence of Bernoulli together with the
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unpredictable convergence destination of Newton, performing line searches on
the steps of both of these might attenuate this danger. From above, the step size
of Bernoulli can be increased past 1 to improve the speed of convergence, and the
step size of Newton can be adjusted optimally to balance the danger of taking too
large of steps.

This gives a combined Bernoulli-Newton procedure with line searches as
Algorithm 5.

Algorithm 5: Combined Bernoulli-Newton with line searches

Given: A, B, C, an initial Py, a convergence criterion ¢, and a weight tilt p
While criterion(P;) > ¢ do

Solve for AgP; = —(AP; + B)"M(P;)

Solve for ¢p; in ¢p ; = argmin,.; | M(P; + xAgP))| >

Solve for AyP;in AANP;P; + (APj +B) AnPj=-M(P))

Solve for ¢y ; in ty,; = argmin,o o | M(P; + xAnP))| 3

Determine cos6

Calculate s; = arccos(9)/n

SetPj.1 =50t jAgP;+ (15" )tn jANP; +P;

Advance j=j+1

end

Return: P;

As above, the underlying steps in the procedure would tend to limit the drawbacks
of the two procedures on their own. Yet, it is not a priori certain how they will
perform when combined.

3.6 Optimal Bernoulli and Newton

The final set of algorithms explicitly take the optimality approach when determining
S;s minimizing the same merit function used in the line searches above. First for the
initial increments

s = argmin [|MGrAzP + (1 = )ALP + P2 (64)

0<x<1

and then for the line-search optimized increments

s = argmin |[M(xtgAgP + (1 = )ty AyP + P)|[ 65)
0<x<1

where
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t; = argmin |[M(xAP + P)||7, fori=B,N 66)
X€EX;

where X, restricts x to be greater or equal to one, see above, and X, restricts x to be
between zero and two (Higham & Kim, 2001).

This gives an optimally (in the sense of the merit function) combined
Bernoulli-Newton procedure in algorithm 6.

Algorithm 6: Optimal Bernoulli-Newton

Given: A, B, C, an initial Py, and a convergence criterion ¢

While criterion(P;) > ¢ do

Solve for AgP; = —(AP; +B)"'M(P;)

Either set ¢ j =ty j = 1, or Solve for tp; in ¢g j = argmin . | M(P; +xABPj)||§1
Solve for AyP; in AANPjP;+(APj+B)ANPj=-M(P;)

Solve for Solve for ¢y ;j in ¢y j = argmin (g o |M@;+ xANPj)”?,

Solve for s; in s, = argming_,; | M(xtp jAgP; +(1—x)tn jANP; +P))|
SetPj,1 =s,tp ;ApP; + (1 —Sj) tN,jANP;j+P;

Advance j=j+1

end

Return: P;

This algorithm has the advantage of weighting the Bernoulli and Newton
increments in a non-arbitrary manner. Yet this comes at a cost, here of an additional
optimization problem to be solved, and is likely biased towards the Newton
increment as it—intuitively via quadratic convergence—generally takes larger steps,
making each increment more likely to be favored over the timid Bernoulli one. This
carries again the potential of losing the advantage of Bernoulli as formulated in the
baseline algorithm that guarantees convergence to a particular solvent.

4 Theoretical and Practical Considerations
4.1 Initial Value

All Bernoulli iterations need an initial value, P. In contrast to Newton methods, the
baseline Bernoulli method has strong convergence results, see the next subsection,
and hence this initial value is of lesser importance. Yet many of the algorithms
presented above combine Bernoulli and Newton methods and are subject to this
concern. As the goal is to obtain the minimal solvent P, I choose the initial value
P, = 0. In the absence of any other guidance, this choice satisfies the requirement of
having all eigenvalues inside the unit circle.
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Furthermore, Higham and Kim (2000, p. 512) note that the Bernoulli algorithm
can be rerun or restated with a different initialization should numerical difficulties
be encountered. For the baseline Bernoulli iteration which solves

(AP;+B)P;,, =—C (67)

the (near) singularity of A P; + B would pose such a difficulty. In this case, the rank
deficiency of the leading coefficient matrix admits multiple solutions and I chose the

norm (min ”(A P+ B)Pj+1 + C“F) minimizing P, = —(A P; +B)+C, where *

indicates the Moore-Penrose inverse.

4.2 Convergence

While Higham and Kim (2000) and Bai and Gao (2007) provide convergence
results for Bernoulli iterations, their analyses assume that A is nonsingular and
that both a minimal and a dominant solvent exist. This is untenable in DSGE
models where singular A’s abound—associated with variables that arise only at
time ¢ and 7 — l—and singular C’s—associated with variables that arise only at
time ¢ + 1 and +—prevent the application of their results to the reverse quadratic.
Rendahl (2017) adapts Higham and Kim’s (2000) approach to DSGE models and
provides proofs of the global convergence of the Bernoulli iteration for arbitrarily
small perturbations of an originally singular model that produce a nonsingular
system. Complementing this, I provide a local convergence proof of the original
unperturbed problem in the following.
Recall the baseline Bernoulli method,

Py =—(AP,+B)'C=F(P) (68)

the Fréchet derivative of F at P; in the direction AP; is 7 F (AP;) and be defined
implicity by differentiating (A P; + B ) F(P;) = —C

AAPF(P;) + (AP, + B) 25 F(AP;) =0 (69)
D F(AP) == (AP, +B) " AAPF(P)) (70)
Py F(AP) =(AP;+B) " AAP(AP;+B)'C (1)

using the Kronecker / vectorized representation (vec (ABC) = (C' ® A) vec (B))
/
vec (Zp, F(AP;)) =< (AP, +B)'c| ® (4P, +B)"'4A] > vec (AP (72)

the algorithm converges (locally) to the minimal solvent.
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Theorem 1 (Convergence to the unique stable solvent P) Assume there exists a
unique solvent P of M(P) = AP?> 4+ BP + C in (16) such that the eigenvalues of P
comprise all the latent roots, A of M(A)—see 17—stable with respect to the closed

unit circle, i.e., less than or equal to one in absolute value. Then the Bernoulli itera-
tion P, = —(AP;+B )_IC is stable in the neighborhood of P.

Proof See the “Appendix”. O

The conditions for the existence of the unique stable solvent P are Blanchard
and Kahn’s (1980) celebrated rank and order conditions, see Lan and Meyer-Gohde
(2014) and Meyer-Gohde (2023) for the conditions expressed in terms of the general
class of multivariate singular leading A models pervasive in the literature today. So
conditional on its existence, the Bernoulli method above will converge asymptotially
to P.

Equally interesting is the performance in the absence of a unique stable solvent P,
either in the case of nonexistence or, especially, indeterminacy. In the latter case, the
model permits an entire continuum of solutions and some studies, such as Lubik and
Schorfheide (2003), analyze the implications of the model in such a case. Both the
results here, theorem 1, and Higham and Kim’s (2000) approach in the absence of
singular coefficient matrices, show that the Bernoulli method converges to the mini-
mal solvent. That is, that solvent P of 0 = M(P) = A P> + BP + C in such that the
eigenvalues of P the smallest latent roots, 4 of M(A), that is, with the smallest pos-
sible spectral radius. In the case of indeterminacy, more latent roots than the dimen-
sion of the problem (i.e., more than n, the length of the vector y, and the number of
equations in f), the Bernoulli method will return that stable solution with the small-
est roots, leaving the largest stable root(s) out of the solution. For a non existence,
the Bernoulli method will return that solution with the smallest (in absolute value)
roots again, but some of them with be outside the unit circle and hence the solu-
tion returned will be unstable. This follows locally from theorem 1 as the crossprod-
ucts of the n, smallest latest roots with inverses of the n, largest latest roots will be
bounded above by one generically.®

While the convergence to a specific solvent (in this formulation, the unique
stable one) is an advantage over Newton methods, which cannot guarantee
convergence to a particular solvent (see Higham & Kim, 2001), Bernoulli methods
converge only at a linear rate (given above by the ratio of the largest stable
and smallest unstable eigenvalues) instead of Newton methods’ quadratic rate.
In practice, I follow Higham and Kim (2001) and use the relative residual

“M(R/‘)”F/(”A”F||Pj2||F + ||B||F||Pj“F + ||C||F> <nye to assess whether conver-

gence has occurred.

8 The exception being if eigenvalues of identical magnitude are included in both sets. Limiting the per-
missible cases to[4,| < ... < |4, | <[4, 41 < |4y, |rules out this exceptional case.
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4.3 Accuracy

The practical forward error bounds of Meyer-Gohde (2023) can be used to assess the
accuracy of a computed solution P

[P =Pl _ [l vt

< ], ”RP”F

Pl p (73)
—— F

Forward Error ~ v~ ~~

Forward Error Bound 1 Forward Error Bound 2

where Rp=AP2+BP+C is the residual of the matrix quadratic and
Hp=1, ® (Ai’ +B) + P’ ® A. Stewart’s (1971) separation function, see also Kag-
strom (1994), Kagstrom and Poromaa (1996), and Chen and Lv (2018), is

sol(aab8).(n=1) = gin Jaxb+ 2485, s
= el el o)

= i ( (76)

Hj) < min [4(A, AP+ B) — A(P)

where ﬂ(A,Aﬁ’ + B) is the spectrum or set of (generalized) eigenvalues of the pencil

(A,Af’ +B) (and, accordingly, A(ﬁ) tpe set (zf eigenvalues of P) and the last line
holds with equality for A =7 and P and P+ B regular—hence, the separation
between the two pencils—the smallest singular value of Hp—is generically smaller
than the minimal separation between their spectra. Analogously to the generalized
Sylvester and algebraic Riccati equations, the separation function provides the
natural extension of the conditioning number from standard linear equations to these
structured problems, and the a posteriori condition number for the matrix quadratic
is given by sep”! [(A,Af’+B), (1, —ﬁ)] = ”HI;'”2 = amin(H;,)_l, which—from
above—can be arbitrarily larger than the inverse of the minimal distance between
the spectra of the pencils (A,AIAJ + B), (I s —f’). This inverse of the separation relates
an upper bound to the forward error directly to the residual, like the condition
number for a standard linear system, and a tighter bound takes into account the
structure more carefully and considers the linear operator Hp and the residual Rj
jointly.

5 Applications
I conduct two sets of experiments to assess the performance of the Bernoulli

algorithms presented above. These two sets are chosen to assess the different
methods in a specific, policy relevant model but also in as non-model specific an
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environment as possible. This is in contrast to much of the existing literature that
compares alternate solution in a single model, frequently a stochastic growth or real
business cycle model, such as Taylor and Uhlig (1990), Aruoba et al. (2006), or
Caldara et al. (2012) or in a few stylistic models and in Rendahl (2017). To more
systematically asses the different Bernoulli based algorithms from above, I compare
these algorithms with Dynare’s QZ implementation’ and the baseline Newton
algorithm from Meyer-Gohde and Saecker (2024).!° both in the model of Smets
and Wouters (2007) and on the suite of models in the Macroeconomic Model Data
Base (MMB) (see Wieland et al., 2012, 2016), a model comparison initiative at
the Institute for Monetary and Financial Stability (IMFS),.!! The performance is
measured in terms of accuracy, computational time, and convergence to the stable
solvent, initializing both from zero matrix (an uninformed initialization of a stable
solvent) and the output from the QZ algorithm.

5.1 Smets and Wouters’s (2007) Model

I begin with the medium scale, estimated model of Smets and Wouters (2007) that
is arguably the benchmark for policy analysis. In their model they analyze and
estimate a New Keynesian DSGE model with US data featuring the usual frictions,
sticky prices and wages, inflation indexation, consumption habit formation as well
as production frictions concerning investment, capital and fixed costs. Among the
equations is the following log-linearized monetary policy rule that will be the focus
of the final experiment, assessing the accuracy of the methods here when solving
under alternate, but nearby parameterizations.

rp=proy (L= p)(rem, + 1y (v, = YD) + sy (O = V) = Gy =Y )) + &7,

77
This Taylor rule sets the interest rate r, according to inflation x,, the current output
gap (v, — ") and the change in the output gap, with the parameters r,, r, and T'ay
describing the strength of each of these reactions and p controlling the degree of
interest rate smoothing. The monetary policy shock, e, follows an AR(1)-process
with an iid normal error. The Bayesian estimation of the model employs seven
macroeconomic time series from the US economy to estimate the model parameters
and the authors show that the model matches the US macroeconomic data very

closely and that out-of-sample forecasting performance is favorable compared to (B)
VAR models.

% A further development of Klein (2000), see Villemot (2011). Note that Dynare uses the real Schur
decomposition as provided by LAPACK’s routine DGGES, see https://git.dynare.org/Dynare/dynare/-/
tree/master/mex/sources/mjdgges.

10" Additionally, note that I follow Dynare and reduce the dimensionality of the problem by grouping var-
iables and structuring the matrix quadratic according to the classification of “static”, “purely forward”,
“purely backward looking”, and “mixed” variables. The details are in the appendix and Meyer-Gohde
and Saecker (2024).

11" See http://www.macromodelbase.com
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Table 1 Results: model of Smets and Wouters (2007), posterior mode

Method Relative performance Forward errors Iterations

Run time Max Abs. Diff Bound 1 Bound 2

Dynare (QZ) 0.00063 5.5e-14 2.4e-11 1
Baseline Newton 24 108 4.1e—14 1.6e—09 11
Baseline Bernoulli 12 7.7e—13 3.8e—14 2.6e—11 436
Modified Bernoulli (MBI) 132 8.8e—13 3.5¢e-14 2.5e-11 423
Bernoulli with Line Searches 20 6.9e—13 3.7e—14 2.4e—-11 423
Newton—Bernoulli 8.9 108 2.3e—14 1.5e—09 39
Newton—Bernoulli Column 611 6.9e—13 0.49 3.8e+06 2385
Newton—Bernoulli 1/3 11 6.8e—13 4.7e—-15 4.1e—12 47
Newton—Bernoulli LS 8.5 6.7e—13 1.1e—-14 2.2e—12 33
Newton—Bernoulli Column LS 9.3 7.2e—13 5.1e—15 9.6e—12 32
Newton—Bernoulli LS 1/3 15 5.9e—13 1.1e—-14 5.1e—12 57
Newton—Bernoulli Opt 5.6 108 2.3e—-14 le-09 18
Newton—Bernoulli Opt LS 6.5 7.7e—13 1.5e—15 2.2e—12 19

For Dynare, refer to Adjemian et al. (2011)
Run Time for Dynare in seconds, for all others, run time relative to Dynare

Max Abs. Diff. measures the largest absolute difference in the computed P of each method from the P
produced by Dynare

Forward error 1 and 2 are the upper bounds for the true forward error, see (73)

Table 1 summarizes the results at the posterior mode calibration of the model of
Smets and Wouters (2007). The baseline Bernoulli method takes 12 times longer
than Dynare’s QZ, which would appear to put it at a disadvantage compared to the
baseline Newton, however the large maximal absolute difference to the QZ solu-
tion of the Newton algorithm shows that it has converged to a different solution
than the unique stable solution found by Dynare’s QZ. Indeed, this danger looms
with Newton related algorithms as can be seen here for the Newton—-Bernoulli and
Newton—Bernoulli optimal algorithms, both of which also converged to a different
solvent. The baseline Bernoulli required 440 iterations and line searches reduced
this number to 420, but the reduction in iterations was outweighed by the costliness
of the line search algorithm, resulting altogether in a longer computation time. The
columnwise Newton—Bernoulli and the modified Bernoulli both took extraordinarily
long times to solve the model, with the Newton—Bernoulli with line searches and
optimal Newton—Bernoulli with line searches providing solutions within an order of
magnitude of computation time relative to Dynare’s QZ, 33 and 19 iterations respec-
tively to do so, and providing solutions that are an order of magnitude more accurate
than QZ.

Table 2 assesses the different methods as solution refinement techniques,
by parameterizing the model of Smets and Wouters (2007) within the prior to

@ Springer



Solving Linear DSGE Models with Bernoulli Iterations 615

Table 2 Results: model of Smets and Wouters (2007), numerically problematic parameterization

Method Relative performance Forward errors Iterations
Run time Variance 7, Bound 1 Bound 2

Dynare (QZ) 0.0046 0.28 le-11 4.6

Baseline Newton 4.3 0.45 2.4e—14 0.00058 4
Baseline Bernoulli 3 0.39 3.8e—13 0.018 90
Modified Bernoulli (MBI) 2814 - 2.9 6.6e+06 Se+04
Bernoulli with Line Searches 504 - 0.99 1.9e+11 Se+04
Newton—Bernoulli 5.1 0.39 3.3e-15 0.00081 8
Newton—Bernoulli Column 3.7 0.4 3.7e—14 0.019 5
Newton—Bernoulli 1/3 1.2 0.46 1.4e—14 0.0027 8
Newton—Bernoulli LS 7.7 0.39 7.9e—15 0.0023 6
Newton-Bernoulli Column LS 5.7 0.44 1.7e—14 0.00079 6
Newton—Bernoulli LS 1/3 1 0.38 3.3e-14 0.0022 8
Newton—Bernoulli Opt 3.7 0.45 2.4e—-14 0.00058 4
Newton—Bernoulli Opt LS 4.2 0.5 1.3e—15 0.0011 4

For Dynare, refer to Adjemian et al. (2011)
Run time for Dynare in seconds, for all others, run time relative to Dynare

Variance 7, gives the associated value for the population or theoretical variance of inflation—note that
two algorithms did not converge to a stable P and hence the variance could not be calculated for them

Forward error 1 and 2 are the upper bounds for the true forward error, see (73)

demonstrate a numerical instability whose consequences are economically relevant,
with moments of variables predicted by Dynare’s QZ differing in all digits. The sec-
ond column now displays the variance of inflation as predicted by the different solu-
tion methods,'? At this parameterization, Dynare’s QZ solution predicts an inflation
variance of 0.28. However, even the lower of the two upper bounds on the forward
error is consistent with a numerical instability being several orders of magnitude
beyond machine precision.

In the final experiment with the model of Smets and Wouters (2007), I use algo-
rithms to solve iteratively for different parameterizations of the Taylor rule. The goal
here is to explore whether solutions from previous, nearby parameterizations can be
used to efficiently initialize the Bernoulli methods similarly to the experiment above
with the QZ solution as the initial guess. For the parameters determining the Taylor
rule reaction to inflation and the long run reaction to the output gap, the experiment
iterates through a grid of 10 x 10 parameter values varying the size of the interval
considered—setting r, € [1.5,1.5 (1 +107)] and ry € [0.125,0.125 (1 + 1079)],
where x € [-1,8] (Smets & Wouters (2007) calibrate them to r, = 2.0443 and

12 See Meyer-Gohde (2023) for more details on the parameterization. Smets and Wouters (2007) report a
variance of inflation in the entire sample of 0.62 and 0.55 and 0.25 in two subsamples.

@ Springer



616 A. Meyer-Gohde

126 Qz N-B N-B 1/3LS 28
Newton N-B Col N-B Opt
128 Baseline NB13  —-—-N-BOpLS RS
vBI N-BLS 10
e -1 Ls N-B Col LS =)
1) =)
8 g
=132 =
< o -105
o -134 °
3 3
o -13.6 4]
5 5
o -138 o
e 4 2 ¢
g -1 s e’ o~
g Z 115 -
S a2 k3 —_—xz N-B N-B13LS
Newton N-8 Col N-8 Opt
144 Baseline N-B13 ———N-BOptLS
A2 MBl N-BLS
146 Ls N-BCdlLS
2 0 2 4 6 8 10 12 14 2 0 2 4 6 8 10 12 14
Grid Point Distance, -Log10 Grid Point Distance, -Log10
(A) Forward Error 1 (B) Forward Error 2
-1
o
>
g
=15
4
4
2
8
o -2
(2]
£
& -25
bl
g}
g -3
a
o
E
- .35
§ Qz ——N-B N-B13LS
k] Newton N-B Col N-B Opt
2 4 Baseline NB13  —-— NBOpLS
£ MBI N-BLS
S Ls N-B Col LS
-45
2 0 2 6 8 10 12 14

4
Grid Point Distance, -Log10

(c) Computation Time per Grid Point

Fig. 1 Forward errors and computation time per grid point for different parameterizations of the model
by Smets and Wouters (2007). Figure 1a, b plot the upper forward error bounds 1 and 2 against the grid
size, log10 scale on both axes. Figure 1c plots the computation per grid point against the number of grid
points, log10 scale on both axes

ry = 0.0882). The algorithm iterates through the two-dimensional grid taking the
solution under the previous parameterization as the initialization for the next itera-
tion. A decrease in the spacing between the 100 grid points thus increases the preci-
sion of the starting guess, the solution from the previous parameterization.'?

Figure 1 summarizes the experiment graphically. Figure lc confirms a
decrease in run time per grid point with a narrower grid for the iterative algo-
rithms here and an irrelevance of the grid spacing for QZ. As the grid becomes
narrower, the iterative Bernoulli and Newton procedures increasingly benefit
from starting from the solution of the previous iteration as it becomes closer to
the unknown solution of the current iteration. The QZ algorithm does not operate

13" Alternatively, one could fix the end points of the grid and increase the number of grid points—this
would provide the same message but would possess a computationally prohibitive number of grid points
at the narrowest spacing I examine here.
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Fig.2 Histogram over the number of variables for the 99 MMB models. Figure 2 plots the number of
model variables over the amount of MMB models. Currently the total amount of models considered is 99

iteratively and, hence, demonstrates no such benefit, solving for each grid point
anew. The baseline Newton algorithm moves in a clear step like fashion—i.e., as
the number of iterations it requires is few, a saved iteration is visually apparent.
All of the Bernoulli algorithms demonstrate the same pattern, fewer iterations
are needed as the grid becomes tighter and, when only one iteration is needed,
the algorithms take a large step down in computation costs, with the baseline,
line search, and optimal algorithms significantly less costly for tight enough grids
than both Dynare’s QZ and the baseline Newton method. According to Fig. 1a, b,
overall, all algorithms involving a Newton step are significantly more precise, the
line search equivalently precise, and the baseline and modified Bernoulli some-
what less precise than QZ.

5.2 MMB Suite Comparison

The results above are inherently model specific. While potentially indicative, it is
unclear what to expect in other settings. To attenuate this, I turn to the Macroeco-
nomic Model Data Base (MMB) (see Wieland et al., 2012, 2016), a model compari-
son initiative at the Institute for Monetary and Financial Stability (IMFS) tradition-
ally used to compare the predicted outcomes of different policies across a broad set
of macroeconomic models. Version 3.1 contains 151 different models, ranging from
small scale, pedagogical models to large scale, estimated models of the US, EU, and
multi-country economies. While certainly invaluable for exploring the possible out-
comes of policy interventions, this database presents the literature with a useful tool
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Fig.3 Forward errors and computation time relative to dynare, logl0 scales, for the macroeconomic
model data base (MMB)

for assessing the potential of different solution methods in a more model-robust con-
text than is currently done in the DSGE literature. Accordingly, I apply the methods
of this paper to the set of models appropriate for reproduction,'* the varying sizes of
which are summarized in Fig. 2. Reiterating this point, this is the same suite of mod-
els used in Meyer-Gohde and Saecker (2024), Meyer-Gohde (2023), and Huber et al.
(2023) which facilitates the comparison of the methods.

Now I examine the remainder of the models of the MMB and compare the
various Bernoulli methods to Dynare’s QZ and Newton methods. I solve each
applicable model in the MMB 100 times, initializing the methods with a zero matrix
and present the results as the average within the middle three quintiles across runs to
reduce the effects of outliers.

4 Currently, this is 99 models, ranging from small scale DSGE models to models from policy institutions
containing hundreds of variables. Some of the models in the database are deterministic and/or use nonlin-
ear or non-rational (e.g., adaptive) expectations and, hence, are not appropriate for our comparison here.
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Fig.4 Forward errors, computation time and number of variables for the macroeconomic model data
base (MMB). Figure 4a, b plot the upper bounds of the forward error 1 and 2 against model size for all
methods, log10 scale on both axes

Table 3 summarizes the results. The first column of results counts the number of
models for which the method in question converged to the unique stable solution,
highlighting the well-known (Higham & Kim, 2001) drawback of Newton methods,
namely the unpredictability of which solution the algorithm will converge to. This
problem is not faced by the baseline Bernoulli method, as is to be expected follow-
ing theorem 1 above, which converged for all models in the MMB. Note that all of
the algorithms here performed better than the baseline Newton algorithm of Meyer-
Gohde and Saecker (2024) in this respect. Increasing the weight towards the Ber-
noulli increment (with p = 1/3) increases the number of models for the combined
Newton—Bernoulli algorithms converged—both with and without line searches. In
general, the accuracy is either comparable or improved within an order of magnitude
relative to QZ and the computational time is several to about twenty times larger for
all the algorithms—apart from the modified Bernoulli algorithm, which again per-
formed poorly, having the highest computational costs and lowest accuracy.
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Fig.5 Distribution of forward error bounds relative to dynare for the macroeconomic model data base
(MMB). Figure 5a, b plot the distribution of model solutions against the upper bounds of the forward
error 1 and 2 for all algorithms, log10 scale on the x axis, 99 MMB models (starting guess: zero matrix)

Figure 3 provides a model-by-model comparison of the different algorithms’
performance relative to Dynare’s QZ. In Fig. 3a, b, the computation times and for-
ward errors (bound 1 and bound 2) relative to Dynare’s QZ are plotted in log10.
Hence the cloud of results being primarily in the upper left quadrants leads me to
the conclusion that the algorithms are generally more accurate, but computationally
more expensive than Dynare’s QZ. In Fig. 3c, d the clouds are plotted for the base-
line Bernoulli algorithm and baseline Newton individually using bound 1. Here the
conclusion regarding the higher accuracy at marginally higher costs for the Newton
algorithm of is apparent. While the cloud for the baseline Bernoulli algorithm strad-
dles the y-axis, implying that it does not systematically provide higher accuracy, the
cloud’s location above the x-axis indicates that it is computationally more expensive
than QZ. The negative trendline indicates, however, a tradeoff, whereby higher accu-
racy is associated with higher computational costs.

Figure 4 continues the model-by-model comparison of the different algorithms’
performance relative to Dynare’s QZ, but now with a focus on the effect of model
size on the algorithms. In Fig. 4a, b, model sizes—as measured by the number of
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Fig. 6 Distribution of forward error bounds relative to dynare for the macroeconomic model data base
(MMB). Figure 6a, b plot the distribution of model solutions against the upper bounds of the forward
error 1 and 2 for all algorithms, loglO scale on the x axis, 99 MMB models (starting guess: solution
Dynare(QZ))

endogenous variables—and forward errors (bound 1 and bound 2) relative to QZ
are plotted in logl0. The most striking result is the difference of accuracy, with
algorithms involving a Newton step more often below the x axis than the remain-
ing methods, indicating that they are generally associated with more accuracy—an
observation I return to shortly in a density comparison. There appears to be a down-
ward trend, indicating that the methods become more accurate relative to Dynare’s
QZ for larger models, which is confirmed by looking at Fig. 4d, which shows the
clear downward trend for the optimal Bernoulli-Newton method with line searches
and is exemplary for many of the methods. Finally, Fig. 4c shows that there appears
to be a relationship between the size of the model and the computation time relative
to Dynare for at least the very large models towards the right of the figure, indicating
that the methods here are likely to be particularly competitive alternatives for larger
scale applications, with Meyer-Gohde and Saecker’s (2024) Newton algorithm pre-
senting the most convincing evidence in this regard.
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Figure 5 provides an overview of the entire distribution of forward errors, the
upper row relative to those from Dynare’s QZ method and the lower in absolute
terms. Forward errors left of the vertical line are thus smaller than Dynare for
both figures in the upper row. For both the first, Fig. 5a, and second, Fig. 5b, upper
bounds on the forward error, there is an obvious shift to the left of about one order
of magnitude for all the methods involving a Newton step and less visually compel-
ling evidence for Bernoulli algorithms not combined with Newton (again, the modi-
fied Bernoulli algorithm performs worst). From the lower row, this entails tightening
the distributions as well as shifting them closer to machine precision—a lower con-
vergence criterion would allow more iterations and likely bring yet more solutions
below machine precision.

To assess the potential for improving on solutions, I repeat the exercise, but now
initialize with the solution provided by QZ, see table 4. Here the baseline Bernoulli
method is the top performer—with its low per iteration cost, it runs one iteration at
a small fraction of the original Dynare QZ cost and provides a significant improve-
ment in accuracy. The modified Bernoulli algorithm again performs unsatisfacto-
rily and, interestingly, the combined Bernoulli and Newton methods all require more
than one iteration to converge, which would seem to imply that the Newton and Ber-
noulli steps individually were generally pulling in different directions in the vicinity
of the solution provided by Dynare’s QZ. Note that the modified Bernoulli algorithm
along with the Newton Bernoulli Column algorithms did not always converge—all
three of these algorithms operate column-wise on the problem which apparently can
interfere with the convergence, even when initialized close to the solution.

Figure 6, like Fig. 5 but now initialized at the Dynare’s QZsolution, provides an
overview of the entire distribution of forward errors, the upper row relative to those
from Dynare’s QZ method and the lower in absolute terms. Forward errors left of
the vertical line are thus smaller than Dynare’s QZ for both figures in the upper
row. For both the first, Fig. 6a, and second, Fig. 6b, upper bounds on the forward
error, there is again an obvious shift to the left of about one order of magnitude for
all the methods involving a Newton step and a marginal at best improvement using
algorithms without a Newton step. This is consistent with the quadratic convergence
properties of Newton methods, see Meyer-Gohde and Saecker (2024), when close to
a solution. The modified Bernoulli algorithm now performs comparably to the other
methods without a Newton step, highlighting some applicability of the conclusions
of Bai and Gao (2007) to the DSGE context.

6 Conclusion

I have applied and extended Bernoulli-based methods for solving the matrix
quadratic equation underlying the solution of linear DSGE models. This adds a set of
alternatives alongside Meyer-Gohde and Saecker’s (2024) Newton-based and Huber
et al. (2023) doubling algorithms to the current standard of a generalized Schur or
QZ decomposition (Moler & Stewart, 1973; Golub & van Loan, 2013). Applying the
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methods to the suite of models in the Macroeconomic Model Data Base (MMB), 1
demonstrate that Bernoulli-based methods are a potential alternative, with a tradeoff
between convergence to a particular solution (here the unique, stable solvent) and
performance in terms of computational costs.

Particularly in iterative environments or when a solution refinement is sought do
these algorithms show potential for future application. In filling in an increasingly
dense grid of parameterizations for the Taylor rule in the model of Smets and Wout-
ers (2007), iterative methods like the Bernoulli-based methods here can initialize
with the solution from the previous parameterization and significantly outperform
the current generalized Schur or QZ method both in terms of computational costs
and forward error. Taking the solution from QZ as the initialization, the methods
provide roughly an order of magnitude improvement in the accuracy of the solu-
tion at a fraction of the original computational cost. This initialization and itera-
tion makes applying the set of Bernoulli methods to improving the accuracy of solu-
tions to linear DSGE models a potentially useful direction of application, which is
demonstrated here with a problematic parameterization of the Smets and Wouters
(2007) model as presented by Meyer-Gohde (2023). Starting with the QZ solution
that underpredicts the variance of inflation by about 25% and demonstrates large
forward errors, the Bernoulli method refines this solution, providing forward errors
several orders of magnitude smaller and a predicted variance of inflation in line with
Newton methods.

That being said, the baseline Bernoulli algorithm is not a uniform improvement
over the standard QZ method and, in particular, for most models when an informative
initialization is not available, the standard QZ is to be preferred. Future research
might explore the application of the methods here to reduce the computational
burden associated with solving the model for iterative estimation procedures and
might be adapted to more quickly and/or accurately perform likelihood calculations
or solve heterogenous agent models.

@ Springer



626

A. Meyer-Gohde

Appendix

Overview

The following flow chart visualizes the decision process that leads to each algorithm.

Goal: recover solution (2), y; =P y;—1+Q &

by determining P and @ to solve (1)

0=AE[y4+1]1+By; +Cy;-1+De;

P solves the matrix quadratic (3), 0= AP2+BP +C
Reformulate as the functional iteration (25), Pj 1 = — (A P; +B]71 C

l

Set initial Py

Combine with Newton?

/Yes/

Use line search?

Y

T

Use line search?

N

Yes Optimized weighting? Yes “Real-time” columns?
Ye}/ \No Yes / \Qio
Algorithm 5 Algorithm 6 Algorithm 4 Algorithm 3 Algorithm 2 Algorithm 1
B-N line search Optimal B-N Bernoulli-Newton B line search | Modified Bernoulli | Baseline Bernoulli

All algorithms return P. Perform calculations that depend on P

The code to replicate the analysis can be found at https://github.com/AlexM
eyer-Gohde/Linear-DSGE-with-Bernoulli The directory algorithm contains
the algorithms used here (with the exception of Dynare with can be downloaded
at https://www.dynare.org/). The file bernoulli_matrix_quadratic.m
contains the Bernoulli algorithms introduced here and outlined by the flowchart
above. The directory mmb_experiment contains the MMB experiment starting
at the zero matrix in Table 3 and the Smets and Wouters (2007) comparison of
Table 1 (the model of Smets and Wouters (2007) is among the 99 MMB models
used in the comparison, themselves contained in the directory mmb_experiment).
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The directory mmb_experiment_2 contains the MMB experiment starting
at the QZ solution of Table 4. The numerically problematic parameterization
of Smets and Wouters (2007) displayed in Table 2 can be found in the directory
improvement_experiment. Finally the grid size experiment for Smets and
Wouters (2007) of Fig. 1 is in the directory policy_experiment_2.

Detailed Dynare Variable Classification

Here I summarize the details in the matrix quadratic that follows from the clas-
sification of variables from Dynare as laid out in Villemot (2011). See Meyer-
Gohde and Saecker (2024) for details.

Subdividing the system of equations in accordance with the QR decomposition
yields

n® n” a™ natt n® a7 a™ att n® n” a™ att
o o * ns | A0 A0d n[ 0 A 0
nsxnt nsxnd nSxn~
n—" | 0 0 p2 n=- | 0 p n- | 0 0 0
+ + =
nml oo 0 At nxn nm | 0 Al nxno o m | 0 A 0 nxn
ndxn ndxnd ndxn~
n**lo 0 n**l() n”l() 0
B C

nxn nxn nxn

where n¢ is the number of dynamic variables, the sum of number of purely back-
ward-looking, n~~, mixed n™, and purely forward-looking variables, n**. The num-
ber of forward-looking variables, n*, is the sum of the number of mixed, », and
purely forward-looking variables, n**, and the number of backward-looking vari-
ables, n~, is the sum of the number of purely backward-looking, »~~ and mixed vari-
ables n™. Hence, the number of endogenous variables is the sum of the number of
static, n*, and dynamic variables, n?, or the sum of the number of static, r*, purely
backward-looking, n~~, mixed »n™, and purely forward-looking variables, nt*. The

dimensions satisfy the following

n=n"+n"+nt, nt=n"+ntt,

nm=n"+n", n=r+nl=r4+n " +n"+n"t

The transition matrix, P, from (2) that solves the matrix equation (16) can be subdi-
vided in accordance to Dynare’s typology as

n® n=" n™ ntt n
S S
n [ Ps,s Ps,—— Ps,m Ps,++ n [Ps,-
nS n** nm n++
n- | p_, P___ P_,, P__. n" |P__,.
P= =[Py P P, Po=
m m
n Pm,s Pm,—— Pm,m Pm,++ n | Pm,o
++ ++
n l P++,s P++,—— P++,m P++,++ n lP++,o
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The matrix quadratic can be expressed as

M(P)= AP+ BP+ C

nxn nxn nxn nxn
= (AP+B)P+C
— —
=G

For a solvent P of the matrix quadratic, taking the structure of C from the Dynare
typology above into account yields

MP)=0=GP+C

n® n - na™ ntt
) A~ 0

n® n=" n™ n*tt noxn
n~| 0 0

=G n|P., P.__ P., P..|+ ]

nm| 0 A 0

ndxn7
ntt| 0 0

Following Meyer-Gohde and Saecker (2024), who apply corollary 4.5 of Lan and
Meyer-Gohde (2014), if P is the unique solvent of M(P) stable with respect to the
closed unit circle, G has full rank and hence the columns of P associated with

nonzero columns in C, the static and forward-looking variables are zero

ns n- n™ ntt

= , = 1
- P 0,P 0 , whence P is and
.S o ++ Xt

nxn*

n[ o P P, 0
MP) = | 0 &M®P)™ M®P)" 0 | Consequentially, the first n' rows of the
nxn nxn

nxXn=- nxn™
n
n-- [P__,. n-" nm
matrix quadratic, taking as given, yield as
n™ | Pp. n®|Ps_— Psm
ntt lP++"
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n—" n™ n=" n™
n—" n
o1 e 7 [Pre- P |2 [P P,
nsxnf ns ><n+n++ lP++,—— P++,m nm l Pm,—— Pm,m
n-" n™
Tl | S
A 0d m -
+A™ n" | Pp—— Pom |+ A
nSxnd ’ ’ nSxn-
n** [P++,—— P++,m
nS n=" nm n++
and the first n* rows of P are
P.=n®[ 0 P Py 0
nsxn
The last n¢ columns and rows of P solve the reduced matrix quadratic equation
n—— nm n++ n—— nm n++
n=" [ 0 n=- [P__,__ P_, P_..
m A+ m s A0
n 0 A n | P, __ P P P A
ndxn* ™ mm T ndund  ndxndndxnd
nt l 0 ntt lP++,—— Piim Piyis
P
nd xnd
n~~ na™ ntt
n~—" 0
+ n™ A~ 0
nd Xn—
ntt 0
- nm ntt
=M(P) =n¢ |M(P)"~ M(®P)" 0 |=
n,dxnd nd xn[i
Recalling that P, | = 0++, P can be reduced and two submatrices P and P defined
’ nxn
via n—" nm ntt n—" nm ntt n=  am  ptt
P P P [P P 0 | [ P 0
P=n" | Py, Pum | S n™ | | - Pum 0 =n" — 0
P
n** IP++,—— Pivm Poyin ntt [P++,—— Piim 0 ntt nexn 0
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n-~ n™
n-- n™ .
where _ and n [Pm,—— Punm | allow
P =n" [P__,__ P__,m] =
n Xn ntxn~— n++ lPJrJr,** P++,m
the matrix quadratic to be written as
n~~ n™m natt n~~ na™ n*t n~~ n™ nantt
] o [ B o [ B o
n xXn n Xn
nml 0 A" n™ N 0|+ A% [ nm . 0
ndxn* P ndxnd P
n++l 0 n++ ntxn~ 0 n++ ntxn~ 0
n nm n++
+ A~ =M@®P)=n? |M(P)"~ M®P)™ 0 |=
ndxn~ pdxpd ndxnd
which can be reduced to
.
n- n** _ n-— - nm
I I e B 2 o -
Arn"| P 0 |+ A° |+ A = M@ M®@P)"|= 0
ndxn* nrxn ndxnd n‘*’[P ndxn- ndxn~
This leads to the Bernoulli iteration
n7 -1
. n n++
n~ |P; . o _
i ——| A* 2" |Pia 0L RO A-
nt lAj dyxpt ntxn~ ndxnd ndxn-
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Detailed Dynare Topology-Line Search

The line search methods in the text require finding the minimum of the merit function
IM(P + xAP)|[2. = (1 — x)*[M(P)||7. + | AAP(AP + P)||>.
+ (1 = x)x * tr(M(P)* AAP(xAP + P)
+ (XAP* + xP*)AP* A* M(P))
= (1 =0’ IM(P)II}. + | AAP(AP + P)I;
+ (1 = x)x% * tr(M(P)* AAP? + AP* 2A* M(P))
+ (1 = x)x * tr(M(P)* AAP - P + P* AP* A* M(P))
= (1 = x2IMP)|1% + x4||AAP2Hi +2|IAAP - P
+ x7 % tr(AP* *A* AAP - P + P* AP* A* AAP?)
+ (1 = )22 * tr(M(P)* AAP? + AP* 2A* M(P))
+ (1 —x)x * tr(M(P)* ASP - P + P* AP* A* M(P))
=g()
The first order condition for an interior solution requires finding the zeros of the
polynomial

F) =4y +3¢ -0 +2a+p—-5+0)x+68—2a (A1)

2
where @ = M(P)I[7. § = IAdP - PIl}. v = [A@PY| . £ =« (AdP - Py AP+
(A(dP)Z)*AdP.P>, o=t <M(P)*A(dP)2 + (A(dP)Z)*M(P)), and § = r (M(PY*
AdP - P + (AdP - PY*M(P)), which follows from
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g/ () = 2(1 = )(=D|M(P)||2.
+ 24[|AAP - P2 + 4x3HAAP2”i
+ 327 % tr(AP* 2A* AAP - P + P* AP* A* AAP?)
+ [(1 = x)2x + (=1)x?] * te(M(P)* AAP* + AP* 2A* M(P))
+ [(1 = 0x+ (=1)x] * r(M(P)* AAP - P + P* AP* A* M(P))

2| M(P)|I% +2IM(P)||>x + 2| AAP - P2x + 4”AAP2”ix3
+ 3 % tr(AP* 2A% AAP - P + P¥ AP* A* AAPY)xX

+ tr(M(P)* AAP - P + P* AP* A* M(P)) — 2 % tr(M(P)* AAP - P + P* AP* A* M(P))x
+ 2 % tr(M(P)* AAP? + AP* 2A* M(P))x

— 3 % t(M(P)* AAP? + AP* 2A% M(P))x>

= 4“AAP2Hix3 + (3 * tr(AP* 24% AAP - P + P* AP* A* AAP?)
— 3t(M(P)* AAP* + AP* 2A%* M(P)))>

+ 2IM(P)|[2x + 2||AAP - P||2x

— 25 tr(M(P)* AAP - P + P* AP* A* M(P))x

+ 2 % ti(M(P)* AAP? + AP** A* M(P))x

+ t(M(P)* AAP - P+ P* AP* A* M(P)) — 2||M(P)||

Using the typology from Dynare and the results above
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o= |IM(P)] % = tr(M(P) M(P))
n
ns[ 0
s n-" nn‘v, n++
o | ey
=tr n[ 0 MP__ M®P), 0
| My,
n**l 0
= tr[M<P>’:_M(P),,] + tr(M(P),*,,M(P)m)
M(P)= AP?+ BP+ C
ixn’ dxn. x| nxn
,Ls n** nm n++
n‘“[ 0 0 At
néxn e N am .
n”l 0 0
= . n| o PP.__ PP., 0
n'"| 0o o0 A*
YL‘(XH.'
n**l 0 0
n® n- n™  ntt
s [ A0s Avd
n'*XVL’/ ns n nm n+A
n |0
+ " nl 0 P._ P., 0
nml 0 ndAxnd
ntt 0
n® n o~ ™ ntt
il 0 A- 0
néxn
n~|0 0
+ _
n™| 0 A~ 0
VL’IXVL
ntt| 0 0
n® n- ntt
A+
néxn né¥xn nSxnt
0 X P P
P e S Y O
" At o (nsn
nmxns  amxp——  ndxnt
n**xns n*txn
n® n- ntt
X0s A0d s - ntt
n®xn? nsxnd
0, o b A
0 n="xn? . - ., 0 |+n]|0 e 0
A o A |[nir ”] A
nmxps  nixnd ndxn-
0
nttxn®
0 A+ X
nxns  nSxn—- mixmt A
o o0
nTTxnt nTTXR - P lP,Y,, P-,m]: - Poiiie Pooim
o A xn [nxn o At edta
n™mxn nMxn=" ndxn* ndxnt
0 0
nttxn nttxn
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++

where
n nm nm ntt
P.__m=n|P.__ P.p and P =n|Pep Py
nxn~ nxnt
ns n- n
A+ AOS. AOd
nSxn*t nsxn? nsxnd
0 A~
M(P)=n|0 ~ Pm/++,-+ noon 20 P.,,,/m+ n~><n
nxn At n*xn 0 j\ . e A-
ndxn* n™mxns nexn ndxn~
nttxns
ns n- ntt
=n|{0 X 0
where X is defined as
- n-
n
AOs AO0d -
s[x n? A Pm/++- é s.A‘ Poim+ A
X n 1 nsxnt n*xn nsxn’ n-*><nd nxn- nSxn~
X -= d = A T _
o n lX2 A Pm/++ P, 77/m+ do ) éAO ]P',**/m*' A
ndxn* ptxp  nxno nxns  n%xn nxn-  ndxn~
n-
ns At Prfrr,+ A% A0 P —m+ A
nSxnt ntxn nSannand nxn- néxn-
n?l AY Pui Po_mt+ A" Py __py+ A_
ndxn+ ntxn nxn- ndxnd ndxn I’L xn~

n

n*| A% Py, + (A Pq+ A ) d,——/m + A

nsxns

n¥xn= n*xnd nExn) pd -
d -
n A*" Popy Po__im+ A Py + A
nixn* Ltxn  nxno nd xnd nd xn- ndxn-
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Accordingly
a=[MP)| = tr (M(P)*M(P)) = r(X*X) = r(XX)) + tr(X:X,)
by construction n?irlr = n“>(<)n* and hence
¢ = |IMP)|2 = r(XIX,) = tr (M(P)*M(P))
Turning to y = ||AdP?| |12F

y=|AdP?|[; = tr((AdP?)" AdP?)

n® n- n**
AdP2=n 0 AdPdP.__,, 0
nxn nxn n,xn*
n® n- ntt
A+ ]
S +
=n|0 nen dPpyyydP. 0
A+ ntxn nxn~-
Lnd xnt ]
n® n- n*t*
r A+ h
S x +
=n|0 " - " de/++,——/mdP——/m,——/m 0
dAJr ntxn~ n-xn~
Ln?xntl
ns n- ntt
Y:
=n| 0 o 0
Yo
ndxn’

Hence, y is
y = tr(Y7Y)+ tr(Y;Y,)
By analogy, g = ||AdP - P| |§ is given by
p=tu(ZiZ)+ tr(Z;Z,)

where
Z, A+
nsxXn= nSxnt
Z - A+ de/++,——/mP——/m,——/m
ndx%r ndxnt ntxn- n-xn~
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Continuing, & is given by tr((AdP-P)*A(dP)2+ (A(dP)2)*AdP-P> and as
tr (A*B) = tr (B*A), from

n
n® n- ntt
ns [ 0
Z
(AdP-P*A@dP?2= n?|| Y1 Yy |[n] o nexn 0
n-xns n’Xnd z2
ntt l 0 ndxn~
follows
tr ((AdP - P)*A(dP)’) = tr (Y(Z,) + tr (Y3Z,)
Hence,

£=ur ((AdP - P)'A(dP) + (A(dP))"AdP - P>
=2t (YIZ,) + 2t (YIZ,)

Finally, o= tr (M(P)*A(dP)2 + (A(dP)z)*M(P)), and  § = tr (M(P)*AdP - P+
(AdP - P)*M (P)). Using the results from above,

ns n n++ n
v n’ 0
1 ~ ~
tr(AdP%-M(P)*) =tr|n| O e 0 || 0. M®)
Y2 n- xn nfxnd
ndxn’ n++ 0
Y; o
=tr| |» [ 0  M(®P)*
Y, n=xn®  p-ypd
ndxn-

= tr( Y, 1\71(13)*)

ndxn= n-xnd
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and so
o= tr (M(P)*A(dP)2 + (A(de)"‘M(P))
= 2tr (M(P)*A(dP)*) = 2 tr (A(dP)*M(P)")
(o)

and by analogy

nixn- n-xnd

5= 2tr< Z, M(?)*)

Detailed Dynare Topology-Combining Bernoulli and Newton

Let AgP; be the Bernoulli increment and x; € [1, 00) its line-search multiple, and

A\P; be the Newton increment with y; € (0, 2] its line search multiple.

The iteration P, ; = Sx;AgP; + (1 —S)y,A; +P; for S; € [0,1] is a weighted
average of the line-search mult1ples of the Bernoulh and Newton increments. I pro-
pose determining S; according to the same merit function that was used for x;, and y,.

t = min ||M(s-x-AgP+ (1 —s)yANP+P)||F

0<s<1

Where I have omitted “j” to minizime clutter.

M(s-x - AgP + (1 —5) -y - AyP + P) can be expressed explicitly as
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M(s-X-AgP+(1=5)-y-A\P+P)

=A-(s-x-AgP+(1—5)-y-Ay+P)?
+B-(s-x-AgP+(1—-5)-y-A\P+P)+C

=A[P? +5-X-P-AgP+(1—5)-y-PA\P+5-Xx-Ag -P-P
+5-(1=5)-x-y-AgPAy - P +s% - x* - (A4P)?
+(1=5)-y-A\P-P
+ (1=5)-5-y-XANP - AgP + (1 — 5)* - y*(ANP)*]
+B-(s-X-AgP+(1—5)-yA\P+P)+C

=A-PP+B-P+C
+(1—5)-y-(A-P-A\P+A-AP-P+B-AP)
+5-X-(A-P-AgP+A-AzP-P + BALP)
+ A(s X AgP + (1 —5) -y - AyP)?

Note that
AP -A\P+ AP -P)+ B AP = -M(P)
AP -A\P+AP -P)+B-AP=-MP)+A-A;P-P
AP? + BP + C = M(P)
So

M(s-x-AgP+(1—5)-y-A\P+P)
=MP)—(1—-5)-y-MP)—s-x-MP)
+5-X-A-AgP-P
+ A(s-x--AgP+ (1 —5) -y - A\P)?
=(1-y+s(y—x) MP)+s-x-A-AgP-P

+ A(y - AxP +5- (x - AgP — yA\P))’
= (1 —y)M(P) + AA\P - P?

~
a

+5-((y=%X)-MP)+A-AP-P+A-AP-AP+A-AP-A\P)

n'g

b

+s2-A-(AP)’)=a+s-b+s%c
—_——

c

Where AyP =y - ANP, AP = xAzP, AP = AP — A(P. So
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IMOII2 = [[all? + s(tr(@* - b) + tr(b* - a)) + 57 - ([[b]|2 + tr@*e) + tr(c*a))
+ $(tr(b* - ¢) + tr(¢” - b)) +5* - [lell}

= |lall2 + 52 - tr@*b) + 57 - (|Ibl|% + 2tr(a*c)) + s> - 2tr(b” - ©) + 5* - |||

=t(s)

t'(s)=2-tr@b)+2- (bl +2- tr@*c) - s+ 6 - tr(b* - ¢) - s> + 4 |[c|| % - s

Unsing the Dynare typology above

nS n* n++
a =n [ 0 a;+aqg 0
-
n® 0 . . o
ap = » Xg = AT +Pppy o Po_mt+ A’ Pyt A
it n@(1-y)xg | nixn~  adupt ntxn  nxn” ndxn? pdxp=  ndxn-
n+
n® At
< 2
a =y | |@NPpis. dNP. )
nxn n At ntxn nxn-
nS‘ n/* n++
b = n[ 0 Bi+hy 0 |
.
. n® 0
nxn ne | (y — x)x2
ny
. ns|A*
by = (xdB Prys v - Po o+ yaAN Pryss o (xdB Poj —ydN P )
X ng n*xn nxn- n*xn nxn~ nxn~
+ ¥ (xdg Ppyis 1.0~ yAN Prr/rr, )N Pe i)
ntxn ntxn nxn~
s _
n n
n+
ns| A
c =n| 0 (xdB Pry/iv,e ~y AN Pryris ) XdB Po /i —y AN Pe i)
nd A+ ntxn ntxn n-xn n-xn

nit

0
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Proof of Theorem 1

Following Higham (2008, Section 4.9.4.), local stability requires the Fréchet derivative
of F at P to have bounded powers, which holds if its spectral radius is less than one. At
P, (72)is

vec (ZpF(AP)) =< [AP+B)"'c|'® [AP+B) 4] ) vec(AP)  (A2)

=(P'® [(AP+B)'A]) vec (AP) (A3)

Hence the spectral radius is equal to the eigenvalue of P’ ® [(A P+B )'IA] with the
largest magnitude. As the eigenvalues of the Kronecker product of two matrices is
the set of all crossproducts of the eigenvalues of the respective matrices, the spec-
tral radius is the product of the eigenvalues of P and (A P + B)™'A with the largest
magnitudes. Following Lan and Meyer-Gohde (2014, Corollary 4.2.), (17) can be
factored as

MMA)=AP+Bi+C=AA+AP+B)YA—-P) (A4)

Hence, the latent roots associated with AA + A P + B are those roots of M(A) not con-
tained in set of eigenvalues of P. By assumption, the eigenvalues of P are inside the
closed unit circle and the roots associated with A4 + A P + B are outside the open unit
circle. By inspection, the eigenvalues of (AP + B)™'A are the inverses of the roots
associated with A4 + A P + B and, therefore, are all inside the open unit circle. Hence
the product of the largest magnitude eigenvalue of P and that of (A P + B)™'A is less
than one in absolute value. That is, the spectral radius of the Fréchet derivative of F at
P, the unique bounded solution, is less than one, completing the proof.
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