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Abstract
Various best-practice benchmarking methods for measuring the efficiency of deci-
sion making units are intensively discussed in the literature. Compared with such 
methods as Data Envelopment Analysis (DEA), the comparatively straightforward 
Normalized Additive Analysis (NAA) has received little attention so far. Neverthe-
less, a recent study revealed that NAA performs similarly to established methods 
regarding the accurate determination of the ranking of decision making units based 
on their efficiency scores. However, NAA systematically underestimates the true 
efficiency scores with respect to the underlying production system and the chosen 
Farrell efficiency. To counteract this underestimation, we present two modifica-
tions of NAA in the sense of a Corrected NAA (CNAA). We conduct a Monte Carlo 
simulation to analyze the performance of these modifications. For our simulation 
design, we show that these CNAA specifications estimate the efficiency scores more 
accurately than NAA while determining the ranking of decision making units at an 
equally good level. To further analyze the estimation quality of CNAA, we use the 
well-known basic DEA models with constant and variable returns to scale as bench-
marks. It is shown that the performance of the CNAA specifications is largely com-
parable to that of the DEA models. Hence, CNAA can be considered to be a suitable 
method.
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1  Introduction

There are numerous methods for measuring the relative efficiency of decision mak-
ing units (DMUs) using sets of multi-dimensional performance indicators. Com-
mon methods based on production theory are Data Envelopment Analysis (DEA) 
developed by Charnes et al. (1978), as well as Stochastic Frontier Analysis (SFA) 
developed by Aigner et al. (1977) and Meeusen and Van den Broeck (1977). Vari-
ous Monte Carlo simulations have demonstrated that, in numerous scenarios, these 
methods provide a suitable estimation of the efficiency scores (see, e.g., Kuosmanen 
and Kortelainen 2012, Schaefer and Clermont 2018, and Andor et al. 2019).

However, even though the application literature has steadily grown over the years, 
there is no evidence that these methods play a noteworthy role as management con-
trol tools outside the research context (see Kerpen 2016, p. 117). An evident reason 
is that users must have profound knowledge of production theory and mathematics 
to understand the methods’ procedures. Therefore, it is reasonable to consider alter-
native methods that exhibit a similar estimation quality and are easier to understand. 
Although such alternatives may come along with some limitations compared with 
common methods like DEA, they have the potential to make multi-dimensional effi-
ciency measurement more accessible to practitioners.

Several approaches are discussed in the literature to enhance the user-friendliness 
of multi-dimensional efficiency measurement. For example, Büschken (2009) pro-
posed the “naïve efficiency measurement”, wherein the average over all input–out-
put ratios is calculated and subsequently normalized. Bornmann et al. (2017) pre-
sented the “excellence shift” approach to measure the ability of U.S. universities to 
produce highly cited publications; to do so, the shares of the respective university 
with respect to all publications, to the 10% most-cited publications, and to the total 
budget are put into relation. Furthermore, Ahn et al. (2007) introduced the Normal-
ized Additive Analysis (NAA).1 Based on single–input–single–output productivities, 
this method estimates single–input–single–output efficiency scores and aggregates 
them into an overall efficiency score.

Besides some recent applications of NAA (see, e.g., Ahn et  al. 2022), there is 
also a Monte Carlo simulation which examined the estimation quality of NAA 
(see Ahn et  al. 2023). This study distinguishes between two purposes of measur-
ing efficiency: the accurate determination of the ranking of DMUs based on their 
efficiency scores and the accurate estimation of these scores. Regarding the former 
purpose, the authors found that in numerous scenarios, NAA performs similarly to 
other methods, such as DEA or SFA. However, they further showed that NAA sys-
tematically underestimates the true efficiency scores with respect to the underlying 
production system and the chosen Farrell efficiency (see Farrell 1957).

Against this background, the question arises of how NAA’s methodology can 
be improved to achieve not only a suitable determination of the ranking but also 

1  This designation is based on Ahn et al. (2012).
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a better estimation of the efficiency scores. We propose two respective modifica-
tions of NAA that are inspired by the Corrected Ordinary Least Squares method 
(COLS; Winsten 1957; Greene 1980). Following the designation of COLS, we 
summarize these modifications under the term Corrected NAA (CNAA). We run 
a Monte Carlo simulation to analyze the estimation quality of these modifications 
with respect to the aforementioned purposes for a variety of scenarios using appro-
priate performance criteria. In addition to comparing the performance of CNAA and 
NAA, our objective is also to analyze CNAA’s suitability for measuring efficiency. 
To this end, we evaluate CNAA’s performance using the basic DEA models with 
constant returns to scale (CRS) and variable returns to scale (VRS) as benchmarks. 
We selected these benchmarks because of their popularity and their connection to 
NAA (see Ahn et al. 2007, pp. 635–636).

With respect to our simulation design, we show that the CNAA specifications 
estimate the efficiency scores clearly better than NAA; at the same time, they main-
tain the performance in terms of accurately determining the ranking of DMUs. 
Moreover, it is shown that the performance of the CNAA specifications is largely 
comparable to that of the DEA models with respect to both purposes. In this sense, 
the CNAA specifications are suitable.

Our paper is structured as follows: Sect. 2 presents the NAA methodology and 
our two CNAA specifications. The simulation design, data generation process, and 
performance criteria used are described in Sect. 3. Section 4 presents and discusses 
the results. First, we evaluate the improvement in performance by CNAA compared 
with NAA. Thereafter, we evaluate the impact of changes in parameter specifica-
tions on the performance as well as the performance of CNAA using DEA as bench-
mark. While Sect. 5 discusses several assumptions of our paper, Sect. 6 summarizes 
the paper and provides on outlook on future research.

2 � Corrected normalized additive analysis

First, we introduce NAA according to Ahn et al. (2007, pp. 632–633). Subsequently, 
we present two modifications. Following Ahn et  al.’s (2023, p. 295) notation, we 
assume that n DMUs with m input factors and s  output factors are given. Here, 
xij > 0 denotes the ith input, and yrj > 0 denotes the rth output of DMU j. On this 
basis, NAA estimates the efficiency score of DMU j in three steps:

1.	 For every DMU j, input factor i, and output factor r, single–input–single–output 
productivities (IOPs) are determined as the ratio of the respective output to the 
input:

2.	 Based on the highest IOP per input–output combination, the IOPs are normalized 
to estimate single–input–single–output efficiency scores (IOEs):

(1)IOP
ir
j
=

yrj

xij
∀ i, j, r.
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3.	 For DMU j, the IOEs are aggregated into an overall (technical) efficiency score 
T̂Ej:

This generalized mean can be specified depending on the choice of the parameter 
ω, resulting in, e.g., the arithmetic mean ( � = 1) , geometric mean ( � → 0) , maxi-
mum ( � → +∞) or minimum ( �→ −∞) of the IOEs (see Ahn et al. 2007, p. 633). 
In the following, we focus on NAA with arithmetic mean, labeled here as NAA:

As mentioned in the introduction, Ahn et  al. (2023) conducted a Monte Carlo 
simulation and found that NAA performs well in accurately determining the rank-
ing of DMUs based on their efficiency scores. However, the efficiency scores esti-
mated by NAA deviate strongly from the true efficiency scores since they are sys-
tematically underestimated. This is because the independent consideration of IOPs 
neglects the interdependencies between inputs and outputs; thus, the DMUs are not 
evaluated in terms of Farrell efficiency.2

To counteract this systematic underestimation, a modification of NAA is neces-
sary. Inspired by COLS, we shift the efficiency scores T̂Ej of NAA upward, such that 
at least one DMU exhibits an efficiency score of 100%. This normalization corre-
sponds to the concept of relative efficiency, whereby DMUs are evaluated in relation 
to each other. The normalization is carried out in two different ways:

•	 CNAA+ (additive CNAA): absolute increase in NAA efficiency scores for all 
DMUs by the same amount;

•	 CNAAx (multiplicative CNAA): proportional increase in NAA efficiency scores 
for all DMUs by the same factor.

(2)IOP
ir
∗
= max

{
IOP

ir
j
| j ∈ {1, ..., n}

}
∀ i, r,

(3)ÎOE
ir

j
=

IOP
ir
j

IOP
ir
∗

∈ [0, 1] ∀ i, j, r.

(4)T̂Ej =

(
1

m ∗ s

m∑

i=1

s∑

r=1

(
ÎOE

ir

j

)�
)1∕�

.

(5)T̂Ej =
1

m ∗ s

m∑

i=1

s∑

r=1

ÎOE
ir

j
.

2  As widely known, radial efficiency measures such as Farrell efficiency that is used by Ahn et al. (2023) 
and also in the present paper measure weak efficiency. However, there are also stronger definitions of 
efficiency, e.g., Pareto efficiency (see Cooper et al. 2007, pp. 45–46). In these cases, NAA may be more 
suitable since DEACCR​ and DEABCC may overestimate efficiency.
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Neither modification changes the ranking of DMUs based on their efficiency 
scores, i.e., the corresponding performance of NAA with respect to determining the 
ranking is retained for CNAA+ and CNAAx.

Let us consider these two CNAA specifications in detail. First, NAA’s highest 
efficiency score is determined in both cases by:

Thereafter, the following transformation is conducted for CNAA+:

This results in an efficiency score of 100% for DMU h with 
T̂Eh = TE

∗ = max
j∈{1,…,n}

{
T̂Ej

}
 because

By contrast, the transformation for CNAAx is conducted as

This again results in an efficiency score of 100% for DMU h with 
T̂Eh = TE

∗ = max
j∈{1,…,n}

{
T̂Ej

}
 because

For illustration, we present the efficiency scores of NAA, CNAA+, and CNAAx 
for an exemplary data set with eleven DMUs, two input factors, and two output fac-
tors. The underlying data and calculations are given in Table 1, whereby the respec-
tive highest IOPs and T̂E are marked in bold. Figure  1 demonstrates the shift in 
NAA efficiency scores by CNAA+ and CNAAx compared with NAA. The gray 
circles represent the efficiency scores estimated by NAA. The black diamonds and 
triangles represent the efficiency scores estimated by the CNAA specifications. As 
can be seen, the respective efficiency scores of DMU I are set to 100% because this 
DMU exhibits the highest NAA efficiency score. For the other DMUs, the NAA effi-
ciency scores are accordingly increased absolutely by the same amount (CNAA+) or 
proportionally by the same factor (CNAAx).

To conclude, let us look at the characteristics of CNAA. The CNAA speci-
fications are deterministic because the discrepancy between the observed and the 
ideal productivity of a DMU is entirely interpreted as inefficiency, i.e., a stochastic 
noise term is not considered. Moreover, although the CNAA specifications do not 
require the stipulation of a form of the production function, they are less flexible 

(6)TE
∗ = max

j∈{1,...,n}

{
T̂Ej

}
.

(7)T̂E
+

j
= T̂Ej +

(
1 − TE

∗
)
∀ j.

T̂E
+

h
= T̂Eh +

(
1 − TE

∗
)
= TE

∗ +
(
1 − TE

∗
)
= 100%.

(8)T̂E
x

j
= T̂Ej ∗

1

TE
∗ ∀ j.

T̂E
x

h
= T̂Eh ∗ 1∕TE∗ = TE

∗ ∗ 1∕TE∗ = 100%.
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than non-parametric methods owing to their more rigid calculation method (see Ahn 
et  al. 2023, p. 295). Furthermore, as the IOPs and IOEs are determined indepen-
dently of size, CRS are implicitly assumed (see Ahn et al. 2012, p. 115). Therefore, 
as for DEACCR​, it is not necessary to specify the (input/output) orientation.

Table 1   Data and calculations for NAA, CNAA+, and CNAAx for exemplary DMUs

The calculations were carried out using unrounded values in each step. The values in Table 1 may differ 
slightly, as they are rounded

A B C D E F G H I J K

Input 1 1.00 3.00 1.25 2.50 4.00 5.00 3.50 1.25 0.75 0.50 2.50
Input 2 2.00 2.50 2.50 1.00 3.00 6.00 3.70 4.00 0.25 2.00 0.50
Output 1 1.00 4.00 3.50 3.00 5.00 6.50 6.25 5.00 3.00 1.50 6.00
Output 2 20.00 24.00 15.00 12.00 16.00 14.50 21.00 8.00 6.25 7.00 9.00
IOP

11 1.00 1.33 2.80 1.20 1.25 1.30 1.79 4.00 4.00 3.00 2.40

IOP
21 0.50 1.60 1.40 3.00 1.67 1.08 1.69 1.25 12.00 0.75 12.00

IOP
12 20.00 8.00 12.00 4.80 4.00 2.90 6.00 6.40 8.33 14.00 3.60

IOP
22 10.00 9.60 6.00 12.00 5.33 2.42 5.68 2.00 25.00 3.50 18.00

ÎOE
11 0.25 0.33 0.70 0.30 0.31 0.33 0.45 1.00 1.00 0.75 0.60

ÎOE
21 0.04 0.13 0.12 0.25 0.14 0.09 0.14 0.10 1.00 0.06 1.00

ÎOE
12 1.00 0.40 0.60 0.24 0.20 0.15 0.30 0.32 0.42 0.70 0.18

ÎOE
22 0.40 0.38 0.24 0.48 0.21 0.10 0.23 0.08 1.00 0.14 0.72

T̂E 0.42 0.31 0.41 0.32 0.22 0.16 0.28 0.38 0.85 0.41 0.63

T̂E
+ 0.57 0.46 0.56 0.46 0.36 0.31 0.42 0.52 1.00 0.56 0.77

T̂E
x 0.50 0.37 0.48 0.37 0.25 0.19 0.33 0.44 1.00 0.48 0.73

Fig. 1   Efficiency scores of CNAA+ and CNAAx compared with those of NAA for exemplary DMUs
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3 � Simulation design

A Monte Carlo simulation is a suitable tool for making a valid statement on the 
estimation quality of the CNAA specifications because it enables an analysis of the 
discrepancies between the simulated true efficiency scores and the efficiency scores 
estimated by a method (see, e.g., Oh and Shin 2015, Nieswand and Seifert 2018, 
and Cordero et al. 2020). As explained in the introduction, we compare the CNAA 
specifications with NAA and DEA. We include the basic DEA models with CRS 
(DEACCR​; Charnes et al. 1978) and VRS (DEABCC; Banker et al. 1984) in their out-
put-oriented version (for a comprehensive overview of basic DEA models, see Tha-
nassoulis 2001; for a more recent overview and various further developments, see 
Emrouznejad et al. 2022).

Ahn et al. (2023) included NAA in a simulation study for the first time. We adopt 
their simulation design and argumentation structure to some extent, as far as this 
seems appropriate for our study. Their study aimed to investigate the suitability of 
different methods for measuring efficiency in numerous application-oriented sce-
narios. By contrast, we focus on the performance of the CNAA specifications, which 
were not addressed in the above-mentioned study.

To design our Monte Carlo simulation, we first specify certain parameters during 
the data generation process. Usually, different parameter specifications are selected 
and combined to analyze a large number of scenarios. In this context, the number 
of DMUs and the number of input and output factors must be determined. Further-
more, a distribution for generating the inputs has to be selected. Using these inputs, 
the corresponding efficient outputs can be generated by means of a production func-
tion. These outputs are modified by an error term consisting of an inefficiency term 
and a stochastic noise term. Finally, the efficiency measurement methods to be eval-
uated can be applied to the resulting input and output data.

To analyze the performance of CNAA, we focus on three aspects when select-
ing the parameter specifications. First, we vary parameters that are frequently varied 
in the literature and follow the corresponding parameter specifications. Second, we 
focus on those parameters for which a rather strong influence on the performance of 
methods for measuring efficiency has been found in the literature. Third, we select 
the parameter specifications such that they cover scenarios that are as realistic as 
possible.

Table  2 lists the selected parameter specifications, which are briefly explained 
below. The combination of these parameter specifications results in 720 scenarios. 
For each scenario, R = 500 repetitions are carried out to ensure sufficient validity. 
We used R for the implementation of the simulation design.

We consider 25, 50, 100, 200, and 400 DMUs to depict typical sizes (see, e.g., 
Banker et al. 1993, p. 337, Schaefer and Clermont 2018, p. 145, and Andor et al. 
2019, p. 244).3 Regarding the number of input and output factors, the literature 

3  In addition to the publications that are cited in the following, Verheyen et al. (2023) also conducted a 
comprehensive Monte Carlo simulation to evaluate the performance of methods for measuring efficiency. 
They based their simulation design largely on Schaefer and Clermont (2018) but assumed a different pro-
duction system at which we look in more detail in the discussion section.
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usually considers up to three factors each, whereby variations in their numbers are 
rare (see, e.g., Badunenko et al. 2012, p. 869, Di Giorgio et al. 2016, pp. 5–6, and 
Andor et al. 2019, pp. 243–244). Even though the number of input and output fac-
tors may be relevant for the efficiency scores and their spread (see Dyson et al. 2001, 
p. 248), Ahn et al. (2023) found a rather small/ambiguous effect of their number on 
the method performance with respect to our purposes. Hence, we model three input 
and three output factors here.

To model the distribution of the input values, we adopt common assumptions 
from the literature. On the one hand, a uniform distribution U[5, 15] is assumed. 
In this case, there is no accumulation of a certain input quantity (see, e.g., Banker 
et al. 1993, p. 335, Andor and Hesse 2014, p. 91, and Schaefer and Clermont 2018, 
p. 145). On the other hand, we include a shifted right-skewed beta distribution 
10 ∗ B(4, 16) + 5 (for right-skewed input distributions, see, e.g., Gong and Sickles 
1992, p. 271, Yu 1998, p. 573, and Andor and Hesse 2014, p. 104). Thus, scenarios 
with few large and many small DMUs are considered, as is often the case in reality.

Based on the inputs, the outputs can be generated using a production function. In 
the literature, neo-classical production functions that allow for input substitution are 
widely used. Following this pattern and considering the rather small influence of the 
specific form of the neo-classical production function on the performance (see 
Andor and Hesse 2014, p. 99, and Ahn et  al. 2023, pp. 299–300), we only use a 
Cobb–Douglas (CD) function ‖y∗

j
‖
2
= e�0x

�1
ij
… x

�m
mj

 (Cobb and Douglas 1928).4 This 
production function is typical for numerous production systems (see, e.g., Ruggiero 
2007, pp. 260–261, Kuosmanen and Kortelainen 2012, pp. 23–24, and Oh and Shin 
2015, p. 520). Thereby, the one-dimensional ‖y∗

j
‖
2
 represents the optimal output 

Table 2   Parametrizations for the data generation process

Parameter Parameter specifications

Data structure # of DMUs 25; 50; 100; 200; 400
# of input factors 3
Input distribution in [5, 15] Uniform; beta
# of output factors 3

Production function Functional form Cobb–Douglas function
Returns to scale Decreasing returns to scale; constant 

returns to scale; increasing returns 
to scale

Error term Consideration of the error term Multiplicative
Average level of efficiency 70%; 80%; 90%
Distribution of the inefficiency term Half-normal; gamma
Distribution of the noise term Normal
Level of noise None 

(
�
v
= 0

)
 ; Little 

(
�
v
= 0.068

)
 ; 

Medium 
(
�
v
= 0.136

)
 ; Strong (

�
v
= 0.272

)

4  Hereby, ‖ ⋅ ‖2 denotes the Euclidean norm.
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capacity of DMU j, which is used to generate three outputs as described below. 
Regarding the CD function, we consider decreasing returns to scale (DRS), CRS, 
and increasing returns to scale (IRS) (see, e.g., Badunenko et  al. 2012, p. 882, 
Krüger 2012, pp. 142–143, and Andor and Hesse 2014, p. 99). The parametrizations 
of the CD function are provided in Table 3.

To distribute the output capacity ‖y∗
j
‖
2
 resulting from the production functions 

among the three output factors, for every DMU j, three truncated normally distrib-
uted variables �rj ∼ N[0,1]

(
1∕3, (1∕3)2

)
, r ∈ {1, 2, 3},5 are simulated, following 

Gstach (1999, pp. 109–110). To determine the share of the rth output factor for 
DMU j in the output capacity, arj is set as arj = �rj∕

�∑3

r=1
�rj

�
∀r, j , resulting in 

y∗
rj
=
√
arj‖y∗j ‖2∀r, j.

6 For a specific input combination, this modeling enables a flex-
ible allocation of the output capacity to the different output factors (see also Ahn 
et al. 2023, p. 297).

The error term �j , which consists of the inefficiency term uj and the stochastic 
noise term vj of DMU j, is included multiplicatively by yj = y∗

j
e�j = y∗

j
evj e−uj . Hence, 

we model efficiency as well as the stochastic noise in a radial sense in accordance 
with Farrell efficiency (see Farrell 1957) and corresponding efficiency measurement 
methods, and we define ‘true’ efficiency accordingly with respect to the underlying 
production system and the chosen Farrell efficiency.

With respect to the inefficiency term, average levels of efficiency of 70%, 80%, 
and 90% are simulated. In this way, scenarios with weaker competition (lower aver-
age efficiency) and stronger competition (higher average efficiency) are modeled (see, 
for example, Giraleas et al. 2012, p. 677, Oh and Shin 2015, p. 520, and Andor et al. 
2019, p. 244). On the one hand, we assume a half-normal distribution N+

(
0, �̃2

u

)
 . On 

the other hand, we consider a right-skewed gamma distribution G(p, b) with the shape 
parameter p and the inverse scale parameter b such that the mode of efficiency is below 
100% (see for both distributions, e.g., Gong and Sickles 1992, p. 263, Badunenko et al. 
2012, p. 881, and Andor et al. 2019, p. 244). The parametrizations of the inefficiency 
term are listed in Table 4.

We model the stochastic noise term using a normal distribution, i.e., little noise is 
more likely than strong noise, and the noise is symmetrically distributed. With respect 
to the noise-to-signal ratio � = �v∕�̃u , which is frequently used in the literature, we 

Table 3   Parametrizations of the 
Cobb–Douglas function

Returns to scale Parametrizations

DRS �0 = 0, �1 = �2 = �3 = 0.267

CRS �0 = 0, �1 = �2 = �3 = 0.333

IRS �0 = 0, �1 = �2 = �3 = 0.4

5  Hereby, N[0,1] denotes the normal distribution which is truncated to the interval [0, 1].
6  This procedure assumes that all three outputs are measured on the same scale. However, radial effi-
ciency measures are independent of the choice of units since they measure efficiency proportionally. 
Therefore, the outputs’ units do not have any impact on the following results.
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simulate the stochastic noise term as N
(
0, (� ∗ 0.136)2

)
 . Here, �̃u = 0.136 represents 

the standard deviation of the normal distribution belonging to the half-normally dis-
tributed inefficiency term for an average efficiency of 90%. Thus, the stochastic noise 
is identically distributed for both distributions of the inefficiency term. We consider 
� ∈ {0, 0.5, 1, 2} to model no noise as well as little, medium, and strong noise (see, 
e.g., Kuosmanen and Kortelainen 2012, p. 23, Andor and Hesse 2014, pp. 95–96, and 
Schaefer and Clermont 2018, p. 145).

To assess the estimation quality of the methods in the different scenarios, we need 
performance criteria that allow us to evaluate the discrepancies between the true and 
estimated efficiency scores. We select two performance criteria to quantify two main 
purposes of measuring efficiency: the accurate determination of the ranking of DMUs 
based on their efficiency scores and the accurate estimation of these scores (see, e.g., 
the Monte Carlo simulations by Andor and Hesse 2014, p. 92, Oh and Shin 2015, p. 
520, and Ahn et al. 2023, p. 299).

To evaluate the extent to which the ranking is determined correctly, we use the 
Mean Rank Correlation (MRC) according to Spearman (1904) between the true and 
estimated efficiency scores. For the R = 500 repetitions of a scenario, it is calculated as

where T̂Ejl denotes the estimated (technical) efficiency score of DMU j, TEjl denotes 
the corresponding true (technical) efficiency score of DMU j, and r

(
TEl

)
 denotes 

the corresponding ranking of DMUs based on their efficiency scores in the lth 
repetition.

To analyze the estimation quality in terms of estimating the efficiency scores as 
accurately as possible, we use the Mean Absolute Deviation (MAD) between the true 
and estimated efficiency scores. For all n DMUs and R = 500 repetitions, it is calcu-
lated as:

(9)MRC =
1

R

R∑

l=1

Cov

(
r

(
T̂El

)
, r

(
TEl

))

√
Var

(
r

(
T̂El

))
∗ Var

(
r
(
TEl

))
,

(10)MAD =
1

R ∗ n

R∑

l=1

n∑

j=1

||| T̂Ejl − TEjl
||| .

Table 4   Parametrizations of the 
inefficiency term

Average level of 
efficiency %

Half-normally distributed 
inefficiency term

Gamma distrib-
uted inefficiency 
term

70 N+
(
0, 0.498

2
)

G(4, 10.730)

80 N+
(
0, 0.299

2
)

G(4, 17.440)

90 N+
(
0, 0.136

2
)

G(4, 37.439)



787Corrected normalized additive analysis as alternative method…

4 � Results and discussion

In this section, we present the simulation results. In Subsection  4.1, we assess 
whether CNAA is superior to NAA. In Subsections 4.2 and 4.3, we evaluate the 
impact of changes in parameter specifications on the performance as well as the 
performance of CNAA using the (basic) DEA models as benchmarks. Thereby, a 
distinction is made between the two considered purposes of measuring efficiency.

4.1 � Validation of CNAA’s improvement compared with NAA

Elucidating whether the CNAA specifications achieve a performance improve-
ment compared with NAA, Table 5 presents the average MRCs and MADs over 
all scenarios and repetitions. As described in Sect.  2, the CNAA specifications 
do not change the ranking of DMUs, which is why both specifications as well as 
NAA have an identical average MRC of 69.3%. By contrast, the average MAD 
considerably improves for the CNAA specifications. While there is a high average 
MAD of 28.9 percentage points for NAA due to the systematic underestimation 
of the efficiency scores, the MAD reduces to 11.7 percentage points for CNAA+ 
and to 14.3 percentage points for CNAAx.

For detailed analyses, we must consider the 720 individual scenarios instead of 
average values because deviations may arise for individual scenarios that are not 
discernible due to the aggregation. For example, compared with NAA, CNAA+ 
reduces the MAD in 706 scenarios (98.1% of the scenarios), and CNAAx reduces 
the MAD in 714 scenarios (99.2% of the scenarios). Scenarios wherein CNAAx 
has a higher MAD than NAA are a subset of the scenarios wherein CNAA+ has a 
higher MAD than NAA. This can be explained by the fact that the worse perfor-
mance of CNAAx occurs when the efficiency scores are shifted so strongly that 
the underestimation of true efficiency turns into an even greater overestimation. 
In these cases, CNAA+ overestimates the efficiency as well, because it shifts the 
efficiency scores more strongly than CNAAx.

It can be stated that our objective of improving the performance of NAA 
through the CNAA specifications is achieved for the present simulation design. 
Therefore, NAA is not considered in the following analyses.

4.2 � Evaluation of CNAA’s performance: purpose of determining the ranking

Regarding the impact of changes in parameter specifications on the performance 
as well as the performance of CNAA using the DEA models as benchmarks, we 

Table 5   Overview of the 
average results

NAA CNAA+ CNAAx

MRC 0.693 0.693 0.693
MAD 0.289 0.117 0.143
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first consider the purpose of accurately determining the ranking of DMUs. To 
capture interdependencies between the influences of the single parameters, we 
subdivide the 720 scenarios as follows:

•	 Analysis 1: variation in the number of DMUs, input distribution, and returns to 
scale;

•	 Analysis 2: variation in the number of DMUs, level and distribution of (in)effi-
ciency, and level of noise.

Table 6 lists the MRCs for the methods considered according to Analysis 1. Here 
and in the following, the values of the performance criteria in each case indicate 
the mean value over the 500 repetitions and over those parameter specifications for 
which no differentiation is made in the respective analysis. Thus, the tables always 
refer to the 720 scenarios, whereby the focus is on different parameters. Further-
more, those CNAA cells are marked in bold for which the CNAA specifications 
show a better performance than both DEA models in the respective scenario. As the 
rankings of DMUs for CNAA+ and CNAAx are identical, the corresponding results 
are presented jointly in this subsection.

With respect to Table 6, we first address the impact of changes in parameter spec-
ifications on the performance of CNAA+/CNAAx. The corresponding MRCs range 
from 65.3 to 71.6%. This rather small fluctuation width indicates a limited influence 
of the parameters considered here on the MRC. The MRCs for the CNAA specifica-
tions increase slightly with more DMUs, though this effect weakens as the number 
of DMUs increases. The differences in the MRCs for scenarios with 25 and 400 
DMUs range from 1.5 to 1.8 percentage points. Thus, a higher number of DMUs 
has a slightly positive influence on the performance of the CNAA specifications. 
Regarding the input distribution, the CNAA specifications perform up to 4.2 per-
centage points better for the beta distribution than for the uniform distribution. The 
returns to scale also have a rather small influence, with a maximum difference in 
the MRCs for the various returns to scale of 3.2 percentage points. The best perfor-
mance is present for CRS, which can be attributed to CNAA’s implicit assumption 
of CRS.

We now examine the performance of the CNAA specifications using the DEA 
models as benchmarks. The bold values reveal that the CNAA specifications exhibit 
the best performance in all scenarios considered here. The differences between the 
MRCs for CNAA+/CNAAx and DEACCR​ or DEABCC range from 3.3 to 11.7 percent-
age points (DEACCR​) and from 7.1 to 26.2 percentage points (DEABCC); thus, they 
can be quite large.

Table 7 presents the MRCs according to the variations in the parameter specifica-
tions in Analysis 2. Compared with Table 6, the MRCs vary much more. Hence, the 
considered parameters have a stronger influence on the performance than those in 
Analysis 1.

Regarding the impact of changes in the parameter specifications on the perfor-
mance of CNAA, it also becomes evident here that an increase in the number of 
DMUs is accompanied by a slight improvement in performance. Additionally, 
the MRCs for the half-normal distribution of the inefficiency term are up to 16.6 
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percentage points higher than those for the gamma distribution. This could be 
because the half-normal distribution leads to a larger spread of the true efficiency 
scores than the gamma distribution, thus enabling better discrimination. By contrast, 
a higher average efficiency often precipitates a lower MRC. This can probably be 
explained by the fact that, in this case, there is a smaller spread of the true effi-
ciency scores. This induces poorer discrimination, thus impeding to determine the 
correct ranking. Analogously, stronger noise leads to lower MRCs, because, also in 
this case, the ranking can be determined worse owing to the distortion. Furthermore, 
it can be seen that the level of noise has the strongest influence on the MRC. Over-
all, the best performance of the CNAA specifications is present with an MRC of 
99% for 400 DMUs, an average efficiency of 70%, a half-normally distributed inef-
ficiency term, and no noise.

The bold values show again that in all scenarios, the CNAA specifications exhibit 
(in some cases clearly) higher MRCs than DEACCR​ and DEABCC. The respec-
tive differences range from 1.0 to 27.4 percentage points (CNAA+/CNAAx versus 
DEACCR​) and from 2.9 to 39.1 percentage points (CNAA+/CNAAx versus DEABCC). 
These differences are particularly large for scenarios with few DMUs, high aver-
age efficiency, and little noise. Looking at the 720 individual scenarios, DEABCC 
outperforms the CNAA specifications in only one scenario, and there is no scenario 
wherein DEACCR​ performs better.

In summary, in our simulation design, the CNAA specifications show a better 
performance than DEA with respect to the accurate determination of the ranking of 
DMUs. In this sense, the CNAA specifications seem to be fundamentally competi-
tive here. However, it has to be noted that the MRCs are quite low in some scenar-
ios (at times even < 30%), especially in scenarios with high average efficiency and 
strong noise.

4.3 � Evaluation of CNAA’s performance: purpose of estimating efficiency scores

Now, we consider the purpose of accurately estimating the efficiency scores using 
the performance criterion MAD. The evaluations are done structurally in analogy 
with Subsection 4.2. Thus, Table 8 presents the MADs for the considered methods 
according to Analysis 1, which focuses on the variations in the number of DMUs, 
input distribution, and returns to scale.

Evidently, for the CNAA specifications, the parameters varied in this subsec-
tion have a rather small influence on the MAD values. In Table 8, the MADs range 
from 10.4 to 14.0 percentage points for CNAA+ and from 11.3–18.3 percentage 
points for CNAAx, thus exhibiting a relatively small spread. The strongest effect 
occurs for the number of DMUs. For example, its increase from 25 to 400 DMUS 
increases the MADs for CNAA+ by 1.2–3.1 percentage points and those for CNAAx 
by 5.3–6.4 percentage points. The influence of the input distribution clearly differs 
between CNAA+ and CNAAx. As with the MRC, the estimation quality of CNAAx 
is slightly better for the beta distribution (by up to 1.5 percentage points), whereas, 
for CNAA+, slightly lower MADs result for the uniform distribution (by up to 2.1 
percentage points). This could be because, for the beta distribution, there are fewer 
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high inputs, which tend to result in lower IOPs and IOEs. The induced upward shift 
in efficiency scores is method-immanently stronger for CNAA+ than for CNAAx and 
may result in a shift that is too strong. Looking at the returns to scale, almost no dif-
ferences exist in the MADs for CNAA+, with a maximum difference of 0.2 percent-
age points. For CNAAx, the differences are also small, amounting to a maximum of 
1 percentage point for the uniform distribution and only up to 0.3 percentage points 
for the beta distribution. Here, the best performance is present for CRS, which is 
again consistent with the implicit assumption of CRS by CNAA.

In the following, the performances of the CNAA specifications are compared 
with each other and with those of the DEA models as benchmarks. Once more, 
those cells are marked in bold for which the CNAA specifications show a better 
performance than both DEA models in the respective scenario, i.e., a lower MAD. 
For CNAA+, this is the case in most scenarios, namely for the beta distribution com-
bined with 25 or 50 DMUs and for the uniform distribution. The difference to the 
MADs for DEA is large, up to 5.5 percentage points, especially for scenarios with 
few DMUs. Thus, in these scenarios, CNAA+ can be clearly considered as suitable 
method for measuring efficiency. CNAAx shows a better performance than the DEA 
models in scenarios with 25 DMUs. However, in these cases, CNAA+ performs 
even better.

Table 9 presents the MADs according to Analysis 2, i.e., the number of DMUs, 
level and distribution of (in)efficiency, and level of noise are addressed. As for 
the MRC, these parameters have a considerably stronger influence on the estima-
tion quality than those previously considered in Analysis 1. Table 8 Mean Absolute 
Deviation subdivided by number of DMUs, input distribution, and returns to scale.

Regarding the impact of changes in parameter specifications on the performance 
of CNAA+/CNAAx, in contrast to the MRC, interdependencies between the influ-
ences of the four considered parameters can be observed0. For example, lower 
MADs are often observed with higher average efficiency. This could be because 
the CNAA specifications tend to estimate high efficiency scores owing to the shift. 
However, this effect only occurs for little noise, as strong noise can occasionally 
lead to very high observed outputs due to distortions. In the latter case, the IOPs and 
IOEs of single DMUs are estimated so high that the other efficiency scores are not 
sufficiently shifted upward, resulting in efficiency scores that are too low. For the 
same reason, when the average efficiency is low, little noise often exhibits a positive 
effect compared with no noise.

By contrast, for the gamma distribution, the probability of higher IOPs and IOEs 
for single DMUs decreases because of the lower mode compared with that of the 
half-normal distribution. The resulting stronger shift usually leads to a slightly better 
estimation in scenarios with high average efficiency and stronger noise. Increasing 
the number of DMUs increases the occurrence of single high IOPs and IOEs. In the 
case of rather low average efficiency, rather little noise, and the gamma distribution, 
this tends to lead to lower MADs owing to the influences of the other parameters 
and to higher MADs otherwise.

It can be observed that the relations between the influences of the four param-
eters considered here are complex. The evaluations show that the performance 
first improves and then deteriorates again with increases in the number of DMUs, 



795Corrected normalized additive analysis as alternative method…

Ta
bl

e 
9  

M
ea

n 
ab

so
lu

te
 d

ev
ia

tio
n 

su
bd

iv
id

ed
 b

y 
nu

m
be

r o
f D

M
U

s, 
le

ve
l a

nd
 d

ist
rib

ut
io

n 
of

 (i
n)

effi
ci

en
cy

, a
nd

 le
ve

l o
f n

oi
se

D
ist

ri-
bu

tio
n 

of
 th

e 
in

ef
-

fic
ie

nc
y 

te
rm

A
ve

r-
ag

e 
le

ve
l 

of
 e

ffi
-

ci
en

cy
 

%

Le
ve

l o
f 

no
is

e
C

N
A

A
+

C
N

A
A

x
D

EA
C

C
R

​
D

EA
B

C
C

# 
of

 D
M

U
s

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

H
al

f- no
r-

m
al

70
N

on
e

0.
07
5

0.
07
7

0.
08
0

0.
08

5
0.

09
0

0.
02
7

0.
02
1

0.
02
1

0.
02
3

0.
02
7

0.
13

4
0.

10
5

0.
08

1
0.

06
2

0.
04

7
0.

19
4

0.
15

7
0.

12
6

0.
09

9
0.

07
6

Li
ttl

e
0.
07
0

0.
06
7

0.
06
8

0.
07

0
0.

07
2

0.
05
0

0.
05
5

0.
06
5

0.
07

6
0.

08
8

0.
12

4
0.

09
5

0.
07

3
0.

05
8

0.
05

1
0.

18
7

0.
14

9
0.

11
6

0.
09

0
0.

07
1

M
ed

iu
m

0.
08
5

0.
08
7

0.
09

1
0.

09
5

0.
10

1
0.

09
6

0.
11

0
0.

13
0

0.
15

0
0.

16
8

0.
11

4
0.

09
4

0.
08

4
0.

08
5

0.
09

2
0.

17
7

0.
14

3
0.

11
6

0.
10

1
0.

09
6

St
ro

ng
0.

15
6

0.
17

2
0.

18
6

0.
20

0
0.

21
3

0.
18

9
0.

22
2

0.
25

3
0.

28
2

0.
30

8
0.

14
3

0.
14

9
0.

16
5

0.
18

8
0.

21
4

0.
18

6
0.

16
8

0.
16

6
0.

17
4

0.
19

0
80

N
on

e
0.
05
4

0.
05
3

0.
05
4

0.
05

6
0.

05
8

0.
02
5

0.
02
3

0.
02
6

0.
02
9

0.
03
4

0.
11

2
0.

08
9

0.
07

0
0.

05
4

0.
04

1
0.

14
6

0.
12

3
0.

10
1

0.
08

1
0.

06
3

Li
ttl

e
0.
05
5

0.
05
4

0.
05
6

0.
05

8
0.

05
9

0.
06
0

0.
07
0

0.
08

3
0.

09
7

0.
10

9
0.

10
1

0.
08

0
0.

06
5

0.
05

7
0.

05
5

0.
13

8
0.

11
4

0.
09

2
0.

07
5

0.
06

4
M

ed
iu

m
0.
09
0

0.
09

7
0.

10
4

0.
11

2
0.

12
1

0.
12

0
0.

14
2

0.
16

4
0.

18
7

0.
20

8
0.

09
9

0.
09

1
0.

09
1

0.
10

0
0.

11
3

0.
13

2
0.

11
4

0.
10

2
0.

10
0

0.
10

4
St

ro
ng

0.
19

9
0.

21
8

0.
23

6
0.

25
7

0.
27

4
0.

24
2

0.
27

6
0.

31
0

0.
34

4
0.

37
3

0.
15

5
0.

17
5

0.
20

1
0.

23
3

0.
26

4
0.

15
7

0.
16

3
0.

17
7

0.
20

0
0.

22
7

90
N

on
e

0.
02
9

0.
02
7

0.
02
7

0.
02
7

0.
02
8

0.
02
6

0.
02
9

0.
03
4

0.
03
9

0.
04

5
0.

07
2

0.
05

9
0.

04
8

0.
03

9
0.

03
1

0.
08

5
0.

07
5

0.
06

4
0.

05
3

0.
04

3
Li

ttl
e

0.
05
3

0.
05
7

0.
06

1
0.

06
6

0.
07

0
0.

08
0

0.
09

4
0.

11
0

0.
12

5
0.

13
9

0.
06

5
0.

05
8

0.
05

5
0.

05
7

0.
06

3
0.

07
9

0.
06

9
0.

06
1

0.
05

7
0.

05
7

M
ed

iu
m

0.
11

6
0.

13
0

0.
14

3
0.

15
4

0.
16

4
0.

15
7

0.
18

5
0.

21
0

0.
23

3
0.

25
4

0.
08

1
0.

09
0

0.
10

4
0.

12
3

0.
14

4
0.

08
4

0.
08

5
0.

09
2

0.
10

4
0.

12
1

St
ro

ng
0.

25
4

0.
27

9
0.

30
7

0.
32

5
0.

34
3

0.
30

2
0.

34
2

0.
38

2
0.

41
4

0.
44

4
0.

17
5

0.
21

1
0.

25
1

0.
28

9
0.

32
5

0.
13

7
0.

16
5

0.
20

0
0.

23
7

0.
27

5



796	 H. Ahn et al.

A
ve

ra
ge

 o
ve

r t
he

 sc
en

ar
io

s w
ith

: i
np

ut
s:

 u
ni

fo
rm

ly
/b

et
a 

di
str

ib
ut

ed
; r

et
ur

ns
 to

 sc
al

e:
 D

R
S/

C
R

S/
IR

S

D
ist

ri-
bu

tio
n 

of
 th

e 
in

ef
-

fic
ie

nc
y 

te
rm

A
ve

r-
ag

e 
le

ve
l 

of
 e

ffi
-

ci
en

cy
 

%

Le
ve

l o
f 

no
is

e
C

N
A

A
+

C
N

A
A

x
D

EA
C

C
R

​
D

EA
B

C
C

# 
of

 D
M

U
s

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

25
50

10
0

20
0

40
0

G
am

m
a

70
N

on
e

0.
12
7

0.
11
9

0.
11
5

0.
11
4

0.
11

3
0.
08
0

0.
06
0

0.
04
7

0.
03
7

0.
03
0

0.
20

7
0.

18
0

0.
15

5
0.

13
2

0.
11

1
0.

24
7

0.
21

9
0.

19
3

0.
16

7
0.

14
3

Li
ttl

e
0.
10
6

0.
09
5

0.
08
6

0.
08
0

0.
07
6

0.
06
9

0.
05
5

0.
04
8

0.
04
8

0.
05
2

0.
19

3
0.

16
2

0.
13

3
0.

10
7

0.
08

6
0.

23
8

0.
20

8
0.

17
6

0.
14

6
0.

11
9

M
ed

iu
m

0.
09
3

0.
08
3

0.
07
8

0.
07
6

0.
07
6

0.
08
7

0.
08
8

0.
09
7

0.
11

0
0.

12
5

0.
16

6
0.

13
3

0.
10

9
0.

09
4

0.
08

7
0.

22
0

0.
18

3
0.

15
1

0.
12

5
0.

10
6

St
ro

ng
0.
14
1

0.
14
8

0.
15

9
0.

16
9

0.
18

1
0.
17
1

0.
19

3
0.

22
1

0.
24

7
0.

27
3

0.
15

6
0.

15
0

0.
15

5
0.

16
7

0.
18

7
0.

20
3

0.
18

0
0.

16
8

0.
16

6
0.

17
4

80
N

on
e

0.
08
4

0.
07
9

0.
07
6

0.
07
3

0.
07
2

0.
05
1

0.
04
0

0.
03
2

0.
02
7

0.
02
5

0.
15

2
0.

13
4

0.
11

5
0.

09
8

0.
08

3
0.

17
4

0.
15

8
0.

14
1

0.
12

3
0.

10
7

Li
ttl

e
0.
06
4

0.
05
7

0.
05
2

0.
04
9

0.
04
7

0.
05
5

0.
05
5

0.
05
9

0.
06
8

0.
07

8
0.

13
6

0.
11

3
0.

09
3

0.
07

6
0.

06
4

0.
16

4
0.

14
3

0.
12

1
0.

10
0

0.
08

3
M

ed
iu

m
0.
08
1

0.
08
3

0.
08
6

0.
09
1

0.
09
7

0.
10
5

0.
12

1
0.

13
9

0.
15

8
0.

17
8

0.
11

7
0.

10
2

0.
09

5
0.

09
4

0.
10

1
0.

14
8

0.
12

7
0.

11
2

0.
10

2
0.

10
0

St
ro

ng
0.

18
3

0.
20

3
0.

22
2

0.
24

0
0.

25
4

0.
22

6
0.

26
2

0.
29

5
0.

32
7

0.
35

4
0.

15
5

0.
17

0
0.

19
3

0.
22

0
0.

24
8

0.
16

1
0.

16
3

0.
17

4
0.

19
3

0.
21

6
90

N
on

e
0.
03
9

0.
03
6

0.
03
3

0.
03
1

0.
03
0

0.
02
9

0.
02
7

0.
02
7

0.
02
8

0.
03
1

0.
08

5
0.

07
6

0.
06

6
0.

05
7

0.
04

9
0.

09
4

0.
08

8
0.

08
0

0.
07

2
0.

06
3

Li
ttl

e
0.
04
7

0.
04
8

0.
05
1

0.
05
4

0.
05
7

0.
07
0

0.
08

1
0.

09
5

0.
10

8
0.

12
1

0.
07

4
0.

06
5

0.
05

9
0.

05
7

0.
05

9
0.

08
6

0.
07

6
0.

06
7

0.
06

1
0.

05
8

M
ed

iu
m

0.
11

0
0.

12
1

0.
13

4
0.

14
4

0.
15

3
0.

15
0

0.
17

5
0.

20
0

0.
22

2
0.

24
2

0.
08

4
0.

09
0

0.
10

2
0.

11
8

0.
13

6
0.

08
7

0.
08

7
0.

09
1

0.
10

2
0.

11
5

St
ro

ng
0.

24
9

0.
27

7
0.

29
9

0.
31

9
0.

33
9

0.
29

8
0.

33
9

0.
37

5
0.

40
8

0.
43

8
0.

17
3

0.
20

9
0.

24
6

0.
28

3
0.

32
0

0.
13

6
0.

16
5

0.
19

7
0.

23
4

0.
27

1

Ta
bl

e 
9  

(c
on

tin
ue

d)



797Corrected normalized additive analysis as alternative method…

average level of efficiency, and level of noise. An additional evaluation of the mean 
deviation between the true and estimated efficiency scores reveals that in these sce-
narios, the decreasing overestimation of the efficiency scores turns into an underesti-
mation. As CNAAx shifts the efficiency scores less strongly than CNAA+, the inver-
sion of the overestimation into the underestimation tends to occur already for lower 
values of the mentioned parameters.

Let us finally look again at the comparison of the CNAA specifications with 
DEA. Here, the results are more differentiated than in the previous steps of the 
investigation. Considering the bold values in Table 9, it can be seen that both CNAA 
specifications show a better performance than the DEA models in numerous scenar-
ios with a combination of rather few DMUs, low average efficiency, and little noise. 
The aforementioned scenarios tend to be found at the top left of the 4 × 5 fields in 
Table 9. Moreover, an inefficiency term that is gamma distributed seems to be more 
advantageous for CNAA+ and CNAAx. The CNAA specifications sometimes exhibit 
clearly lower MADs than the DEA models (up to 16.9 percentage points). This is 
particularly the case in scenarios with few DMUs, low average efficiency, and little 
noise.

CNAA+ is marked in bold slightly more often than CNAAx. With respect to the 
720 individual scenarios, CNAA+/CNAAx shows a better performance than both 
DEA models in 53.1%/40% of the scenarios. These scenarios overlap in 35.8% of 
the 720 scenarios. As CNAA+ has the lowest MAD in 27.8%, CNAAx in 28.6%, 
DEACCR​ in 15.6% and DEABCC in 27.2% of the scenarios, the best performance is 
relatively evenly distributed across the methods.

Comparing the two CNAA specifications, CNAAx has a lower MAD than 
CNAA+ in 29.9% of all 720 scenarios, namely for the rather low parameter values 
(few DMUs, low average efficiency, and little noise). This can be explained by the 
fact that CNAAx conducts a smaller shift in efficiency scores than CNAA+ and, 
thus, tends to estimate lower true efficiency scores better. By contrast, CNAA+ is the 
better specification in the remaining 70.1% of the scenarios with somewhat higher 
parameter values. This is especially the case in scenarios wherein neither of the two 
CNAA specifications performs better than the DEA models.

In summary, our results reveal that the performance of the CNAA specifications 
is largely comparable to that of the DEA models. Hence, CNAA can be considered 
as suitable method in terms of accurately estimating the efficiency scores. This is 
especially true for scenarios with a combination of rather few DMUs, low average 
efficiency, and little noise. Moreover, CNAA+ outperforms CNAAx in about 70% 
of the scenarios. It has to be noted, however, that some scenarios exhibit very high 
MADs (in some cases even > 30 percentage points). This is predominantly the case 
in scenarios with many DMUs, high average efficiency, and strong noise.

5 � Discussion

As with any simulation study, our Monte Carlo simulation is subject to the chosen 
simulation design. Since our paper aims to look at the application context and we 
want to ensure comparability of our results with the literature, we have based our 
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simulation design in particular on common assumptions. In the following, we dis-
cuss some corresponding aspects of our paper.

First, particularly regarding analyses that compare DEA with other methods, it is 
sometimes criticized that such a simulation design is unfavorable for DEA models 
and therefore potentially gives an advantage to other methods. We want to take up 
this aspect and investigate what happens to the performance if we make appropriate 
modifications. For example, DEA ordinarily estimates a large share of DMUs (about 
10–30%) to be 100% efficient. With our distributions of the inefficiency term, it is 
only rarely the case that a DMU is simulated as 100% efficient. As robustness check 
and to further verify CNAA’s suitability, we simulated one more parametrization of 
(in)efficiency. In accordance with simulations in the literature that assume a decent 
share of DMUs to be efficient, we assume a half-normally distributed inefficiency 
term with an average efficiency of 80% (i.e., ui ∼ N+

(
0, 0.299

2
)
 ) as basis. Then, we 

set 20% of DMUs to be 100% efficient to also depict scenarios with a substantial 
number of efficient DMUs (see, e.g., Ruggiero 1998, p. 465, Holland and Lee 2002, 
p. 13, and Muñiz et al. 2006, p. 1179). The parametrizations of the other parameters 
remain as for the initial simulation.

Regarding the MRC, the CNAA specifications again exhibit the best performance 
in all considered scenarios, and the specific values are similar to those in Subsec-
tion  4.2. Regarding the MAD, the results are more differentiated. There are still 
numerous scenarios in which CNAA shows a better performance than DEA but not 
as many as in the initial simulation, apparently due to the better estimation of 100% 
efficient DMUs by DEA. However, the specific CNAA results again do not differ 
much from the results in Subsection 4.3. There are therefore no major differences in 
the results we obtained from this modified data generation process.

Second, in our study, we decided to base the two CNAA specifications on NAA 
with arithmetic mean. Nevertheless, other choices of the parameter ω for the gen-
eralized mean in Eq. (5) are possible. Since Ahn et al. (2007, pp. 635–636) found 
a certain connection between DEACCR​ and NAA with �→ +∞ , i.e., the maximum 
of the IOEs (in the labeled as NAAMax), it is conceivable to investigate the perfor-
mance of NAAMax.8 The following Table 10 presents the average results of a respec-
tive additional simulation.9 It is an extension of Table 5 in Subsection 4.1 that now 
also includes the average MRC and MAD for NAAMax.

It can be seen that, overall, NAAMax exhibits a clearly lower average MRC and 
a slightly higher average MAD than the CNAA specifications, even though the 

Table 10   Overview of the 
average results, now including 
NAAMax

NAA CNAA+ CNAAx NAAMax

MRC 0.693 0.693 0.693 0.551
MAD 0.289 0.117 0.143 0.148

8  Since NAAMax always estimates at least one DMU to be 100% efficient, it is not necessary to modify 
NAAMax in our sense of a Corrected NAAMax.
9  We present the detailed results in the Appendix.
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average MAD is lower than that for NAA. When looking at the 720 individual sce-
narios instead of average values, there is only one scenario wherein NAAMax exhib-
its a higher MRC than CNAA; regarding the MAD, NAAMax exhibits a lower value 
than CNAA+/CNAAx in 25.0%/46.0% of the scenarios. To summarize, CNAA per-
forms better than NAAMax, especially regarding the MRC but also in the majority 
of scenarios regarding the MAD. It seems therefore more appropriate to carry out 
efficiency measurements using our proposed CNAA instead of using NAAMax.

A third important aspect to discuss is the underlying production system. We mod-
eled it based on the well-known output-oriented neo-classical CD function which 
allows for input substitution. However, such production functions are sometimes 
criticized since they are representative of production systems at an aggregate level in 
contexts of, e.g., national or regional economics. They do not describe industrial and 
other business contexts with a lack of substitutability between production factors or 
co-products well (see Verheyen et al. 2023, pp. 680–681). Against this background, 
other production systems could be modeled, e.g., systems that allow for only very 
limited input substitution and/or undesirable output factors. Verheyen et al. (2023) 
considered a Leontief production as well as a rigidly coupled production with no 
possibility of substitution between the inputs.10 They conducted an extensive Monte 
Carlo simulation to compare the performance of DEA, SFA and Stochastic Non-
Smooth-Envelopment of Data (StoNED; see Kuosmanen and Kortelainen 2012). 
The authors found a decisive influence of the underlying production system on the 
performance of efficiency measurement methods. Therefore, extending our investi-
gations to the modeling of such alternative production systems seems to be an inter-
esting approach for evaluating CNAA’s performance. In particular, it would then 
have to be analyzed whether CNAA’s performance also changes if the simulation 
design is chosen according to the considerations of Verheyen et al. (2023). Are the 
differences in the performance similar to those found in Verheyen et al. (2023) or 
is CNAA’s performance more robust? However, a corresponding analysis would go 
beyond the scope of this paper and is therefore left to future research.

As already stated by Ahn et al. (2023, p. 310), it should be considered that the 
choice between methods may not only depend on their estimation quality but also 
on aspects that cannot be modeled in simulation studies. For example, the simplic-
ity and ease of use of a method can be of particular relevance for applications by 
practitioners. In this respect, the CNAA specifications have a central advantage: 
their methodology is easy to understand, even with little knowledge of production 
theory and mathematics. Additionally, no special computing proficiency or special-
ized software is required for implementation because the calculations can be done 
in spreadsheet programs, such as MS Excel. This can be decisive for practical use in 
real-world applications without expert support, especially in comparison with more 
complex methods, such as DEA or SFA, where, e.g., linear or stochastic optimiza-
tion problems have to be solved.

10  The working paper by Schaefer and Dyckhoff (2018) contains further results not included in the cited 
publication.



800	 H. Ahn et al.

Moreover, CNAA generates less information than other methods. For example, 
unlike CNAA, DEA generates Pareto-optimal benchmarks as well as input and out-
put weights in the form of multipliers. When selecting a method, it must be deter-
mined whether such information is relevant in the respective context. Furthermore, 
CNAA is primarily an option if CRS are assumed. Besides respective cases with 
empirical evidence about CRS (see, e.g., Johnes 2006, pp. 279–280, for universi-
ties), CRS are a common assumption in many applications. For example, popular 
cost accounting systems assume linear relations between costs and their influencing 
factors. This is, e.g., the case for the German Grenzplankostenrechnung (Marginal 
Planned Cost Accounting), which is implemented in the SAP software (see, e.g., 
Friedl et al. 2009, p. 39).

A last aspect, we want to address is that the choice of a method can also depend 
on the number of input and output factors. If this number is relatively high, DEA’s 
discriminating power may be limited. This is due to the method’s endogenous fac-
tor weighting that puts each DMU in the best light and, thereby, may ceteris paribus 
lead to higher estimated efficiency scores for more input and output factors and a 
relatively high number of DMUs with an efficiency score of 100% (see Dyson et al. 
2001, p. 248). For CNAA, there is no similar issue.

Table  11 provides a brief comparison of general characteristics of CNAA and 
basic DEA models (DEACCR​ and DEABCC), i.e., of their assumptions and generated 
information.

As noted in Subsections 4.2 and 4.3, for some scenarios, the methods estimate 
extremely low MRCs or extremely high MADs, especially for a combination of high 
average efficiency and strong noise. However, this is not a specific characteristic of 
CNAA, since it is also present for DEA (and for other efficiency measurement meth-
ods, see, e.g., Ahn et  al. 2023). In such situations, using these methods generally 
does not seem appropriate.

6 � Conclusions and outlook

To counteract the systematic underestimation of the Farrell efficiency scores by 
NAA, we presented two modifications in this study: additive CNAA+ and multipli-
cative CNAAx. While the first modification shifts the NAA efficiency scores for all 
DMUs upward by the same amount, the second modification increases the NAA effi-
ciency scores proportionally by the same factor. We ran a Monte Carlo simulation 
with 720 scenarios to analyze the estimation quality of the CNAA specifications. We 
first evaluated their performance compared with that of NAA and investigated the 
impact of changes in the parameter specifications on the performance. Furthermore, 
we analyzed their performance using the (basic) DEA models as benchmarks. In our 
analyses, we considered two main purposes of measuring efficiency: the accurate 
determination of the ranking of DMUs based on their efficiency scores (measured by 
the MRC) and the accurate estimation of these scores (measured by the MAD). The 
findings obtained from our investigation can be summarized as follows:
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1. Regarding the improvement in performance by the CNAA specifications com-
pared with NAA, the core findings for the two purposes are as follows:

a)	 Accurate determination of the ranking of DMUs: The performance of the 
CNAA specifications is method-inherently identical to that of NAA.

b)	 Accurate estimation of the efficiency scores of DMUs: In the simulated sce-
narios, the CNAA specifications achieve a considerable improvement in the 
estimation quality. The average MAD decreases from 28.9 percentage points 
for NAA to 11.7 percentage points for CNAA+ and 14.3 percentage points for 
CNAAx. With respect to the 720 individual scenarios, CNAA+ and CNAAx 
reduce the MAD in 98.1% and 99.2% of the scenarios, respectively.

2. The performance of the CNAA specifications depends strongly on the 
parameter specifications in a scenario. Especially for the level and distribution 
of (in)efficiency and level of noise, a rather strong influence on the values of 
the performance criteria is found for both CNAA specifications. The number 
of DMUs has a rather small influence on the MRC and a stronger influence 
on the MAD. The influence of the input distribution and the returns to scale is 
small.

3. Regarding the performance of the CNAA specifications using the DEA 
models as benchmarks, the following differentiated findings emerge:

a)	 Accurate determination of the ranking of DMUs: The CNAA specifications 
exhibit a better estimation quality than both DEA models in 719 of the 720 
scenarios. Thus, there is an extensive superiority of the CNAA specifications. 
Thereby, the difference in the MRCs and, therefore, the advantage over the 
DEA models is particularly large in scenarios with few DMUs, high average 
efficiency, and little noise.

b)	 Accurate estimation of the efficiency scores of DMUs: CNAA+/CNAAx 
exhibits a (sometimes clearly) better performance than both DEA models in 
53.1%/40% of the scenarios. This is especially the case in scenarios with a 
combination of rather few DMUs, low average efficiency, and little noise. The 
CNAA specifications exhibit the best estimation quality even slightly more 
often than the DEA models: The lowest MAD results for CNAA+ in 27.8%, 
for CNAAx in 28.6%, for DEACCR​ in 15.6%, and for DEABCC in 27.2% of the 
scenarios.

In conclusion, for our simulation design and for both purposes, the CNAA 
specifications can be considered as reasonable addition to the pool of methods for 
measuring (relative) efficiency. Their application may especially be considered in 
the absence of profound knowledge of production theory and mathematics, since 
CNAA is relatively easy to understand.
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4.	 The comparison of CNAA+ and CNAAx shows that CNAAx exhibits a lower 
MAD than CNAA+ in approximately 30% of the scenarios considered. This is 
predominantly the case for scenarios with a combination of rather few DMUs, low 
average efficiency, and little noise. However, in the other 70% of the scenarios, 
CNAA+ exhibits a better estimation quality. Thus, CNAA+ frequently outper-
forms CNAAx, but there is no general superiority.

Our findings are based on the presented CNAA methodology and limited to the 
simulation design. Therefore, our analyses could be extended by further studies. First, 
regarding the simulation design, the chosen parametrizations cover only a specific part 
of all conceivable scenarios. In addition to further specifications for the varied param-
eters, variations in other parameters are possible. For example, the number of input and 
output factors, the distribution of the stochastic noise and the way multi-dimensional 
outputs are generated could be modified.

Second, our results depend on the specific definition of true efficiency. In accord-
ance with the majority of publications in the literature, we modeled the true efficiency 
in a radial sense, which corresponds to Farrell efficiency and methods for measuring 
efficiency, e.g., basic DEA models. Nonetheless, the effect of other definitions of true 
efficiency could be considered (see Verheyen et al. 2023, pp. 683–684 and 694).

Third, the CNAA methodology could be modified and further developed, respec-
tively. Referring to Eqs. (2 and 3), e.g., other normalization methodologies as listed by 
Freudenberg (2003, p. 10) could be applied, especially for the purpose of sensitivity 
analyses. Additionally, it would be beneficial to develop CNAA further to extend the 
information scope of the generated results.

Finally, we decided to use DEA as benchmark for CNAA because both are deter-
ministic methods. The basic DEA models were chosen since they are most used by 
practitioners. Nevertheless, a comparison with other DEA models could provide fur-
ther insights, e.g., with additive DEA models, such as the slacks-based measure by 
Tone (2001) that is non-radial, non-oriented and takes account of all slacks. Moreover, 
future research could include other methods, such as SFA or StoNED.

Appendix (see Tables 12, 13, 14, 15)
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Table 12   Mean rank correlation for the additional simulation subdivided by number of DMUs, input dis-
tribution, and returns to scale

Average over the scenarios with: average level of efficiency: 70%/80%/90%; inefficiency term: half-nor-
mally/gamma distributed; level of noise: none/little/medium/strong

Input distribution Returns to scale NAAMax

# of DMUs

25 50 100 200 400

Uniform DRS 0.472 0.486 0.490 0.495 0.497
CRS 0.484 0.496 0.502 0.508 0.510
IRS 0.485 0.499 0.505 0.511 0.513

Beta DRS 0.592 0.604 0.611 0.614 0.617
CRS 0.590 0.602 0.610 0.614 0.616
IRS 0.587 0.599 0.605 0.610 0.611

Table 13   Mean Rank Correlation for the additional simulation subdivided by number of DMUs, level 
and distribution of (in)efficiency, and level of noise

Average over the scenarios with: inputs: uniformly/beta distributed; returns to scale: DRS/CRS/IRS

Distribution of the 
inefficiency term

Average level of 
efficiency %

Level of noise NAAMax

# of DMUs

25 50 100 200 400

Half-normal 70 None 0.868 0.880 0.890 0.892 0.895
Little 0.841 0.857 0.865 0.869 0.872
Medium 0.782 0.794 0.805 0.809 0.812
Strong 0.640 0.651 0.655 0.662 0.662

80 None 0.756 0.771 0.778 0.784 0.787
Little 0.711 0.727 0.736 0.741 0.745
Medium 0.628 0.640 0.646 0.651 0.654
Strong 0.454 0.465 0.472 0.474 0.477

90 None 0.501 0.515 0.527 0.529 0.531
Little 0.447 0.459 0.465 0.472 0.473
Medium 0.357 0.363 0.370 0.374 0.376
Strong 0.231 0.239 0.234 0.241 0.242

Gamma 70 None 0.766 0.784 0.795 0.800 0.803
Little 0.731 0.747 0.755 0.761 0.765
Medium 0.642 0.662 0.667 0.672 0.675
Strong 0.475 0.486 0.494 0.496 0.497

80 None 0.611 0.627 0.637 0.644 0.646
Little 0.560 0.575 0.582 0.587 0.591
Medium 0.458 0.477 0.479 0.485 0.486
Strong 0.314 0.318 0.321 0.325 0.328

90 None 0.361 0.376 0.382 0.386 0.389
Little 0.320 0.324 0.332 0.333 0.334
Medium 0.242 0.249 0.254 0.257 0.256
Strong 0.149 0.155 0.159 0.159 0.160
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Table 14   Mean absolute deviation for the additional simulation subdivided by number of DMUs, input 
distribution, and returns to scale

Average over the scenarios with: average level of efficiency: 70%/80%/90%; inefficiency term: half-nor-
mally/gamma distributed; level of noise: none/little/medium/strong

Input distribution Returns to scale NAAMax

# of DMUs

25 50 100 200 400

Uniform DRS 0.129 0.141 0.163 0.189 0.216
CRS 0.126 0.138 0.160 0.187 0.215
IRS 0.126 0.136 0.159 0.187 0.216

Beta DRS 0.112 0.114 0.124 0.141 0.161
CRS 0.112 0.114 0.124 0.141 0.161
IRS 0.113 0.114 0.126 0.142 0.163

Table 15   Mean absolute deviation for the additional simulation subdivided by number of DMUs, level 
and distribution of (in)efficiency, and level of noise

Average over the scenarios with: inputs: uniformly/beta distributed; returns to scale: DRS/CRS/IRS

Distribution of the 
inefficiency term

Average level of 
efficiency %

Level of noise NAAMax

# of DMUs

25 50 100 200 400

Half-normal 70 None 0.093 0.073 0.070 0.080 0.097
Little 0.094 0.078 0.081 0.094 0.112
Medium 0.103 0.098 0.109 0.128 0.152
Strong 0.148 0.167 0.193 0.224 0.255

80 None 0.079 0.075 0.086 0.103 0.125
Little 0.085 0.085 0.099 0.120 0.144
Medium 0.101 0.113 0.137 0.164 0.192
Strong 0.171 0.203 0.241 0.277 0.315

90 None 0.072 0.089 0.113 0.139 0.165
Little 0.082 0.104 0.132 0.160 0.189
Medium 0.113 0.143 0.178 0.212 0.245
Strong 0.205 0.252 0.301 0.344 0.383

Gamma 70 None 0.147 0.110 0.086 0.076 0.076
Little 0.140 0.106 0.088 0.083 0.087
Medium 0.132 0.109 0.103 0.108 0.121
Strong 0.154 0.158 0.174 0.199 0.226

80 None 0.100 0.084 0.082 0.090 0.104
Little 0.099 0.090 0.093 0.106 0.123
Medium 0.109 0.111 0.126 0.147 0.172
Strong 0.169 0.196 0.229 0.265 0.299

90 None 0.074 0.087 0.107 0.131 0.154
Little 0.083 0.102 0.126 0.152 0.179
Medium 0.112 0.140 0.173 0.205 0.236
Strong 0.205 0.251 0.296 0.340 0.379
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