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Abstract
Linear-parametric optimization, where multiple objectives are combined into a single objec-
tive using linear combinations with parameters as coefficients, has numerous links to other
fields in optimization and a wide range of application areas. In this survey, we provide a
comprehensive overview of structural results and algorithmic strategies for solving linear-
parametric optimization problems exactly and approximately. Transferring concepts from
related areas such as multi-objective optimization provides further relevant results. The sur-
vey consists of two parts: First, we list strategies that work in a general fashion and do not
rely on specific problem structures. Second, we look at well-studied parametric optimization
problems and cover both important theoretical results and specialized algorithmic approaches
for these problems. Among these problems are parametric variants of shortest path problems,
minimumcost flowandmaximumflowproblems, spanning tree problems, the knapsack prob-
lem, and matching problems. Overall, we cover the results from 128 publications (and refer
to 35 supplemental works) published between 1963 and 2024.

Keywords Parametric optimization · Parametric programming · Approximation
algorithms · Combinatorial optimization · Survey

1 Introduction

Linear-parametric optimization has been an important research area for more than 60 years
with hundreds of articles published on the topic and a wide range of applications.
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In a linear-parametric optimization problem, different objectives are combined into a sin-
gle objective by a linear combination with parameters as coefficients. The goal is to find an
optimal solution set, that is, a set containing an optimal solution for every possible combina-
tion of parameter values. This formulation naturally arises in various real-world applications
where parameters change over time or across different scenarios. In recent decades, the the-
ory of parametric optimization has expanded significantly, along with its diverse applications
in fields such as biomedical systems, power electronics, fleet planning, aeronautics, model
predictive control, and process synthesis under uncertainty [1–3]. Furthermore, parametric
optimization has many connections to other research areas, including computational geom-
etry and various areas of optimization, such as multi-objective optimization, Lagrangian
relaxation, robust optimization, sensitivity analysis, or multi-level optimization [4–9].

By fixing the parameters of a parametric optimization problem, it becomes a conventional
non-parametric optimization problem. The parametric problem then is at least as hard as the
resulting non-parametric problem. But even if the non-parametric problem can be solved
in polynomial time, the parametric problem itself might be intractable. The reason for this
is that, for many parametric problems, optimal solution sets can have a cardinality that is
exponential in the encoding length of the problem input. This includes, among others, the
parametric variants of shortest path problems [10], the assignment problem [11], and the
minimum cost flow problem [12]. Still, some problems such as the parametric minimum
spanning tree problem remain tractable [13].

Both the facts that a parametric problem can be intractable and that it can be computa-
tionally hard for a fixed parameter value motivate the notion of approximation. Similarly to
approximation in conventional optimization, approximation algorithms for parametric prob-
lems allow finding solution sets in polynomial time while ensuring a strict guarantee on the
(worst-case) quality of the solutions [14–18].

This survey provides a comprehensive overview of theoretical developments, algorithmic
strategies, and other recent advances in linear-parametric optimization, with a particular focus
on some selected combinatorial optimization problems. For parametric mixed integer linear
programming, extensive surveys are provided in [1, 2, 19–21].We refer to these surveys for an
in-depth introduction. Our focus is on general, problem-agnostic approaches, approximation
algorithms, and results for specific parametric problems.

1.1 Scope and outline

This survey covers structural and algorithmic results for (multi-)parametric optimization
problems. In particular, cardinality results concerning optimal solution sets as well as
exact solution methods and approximation algorithms for linear-parametric problems are
addressed.

Parametric optimization is related to many other areas in optimization. Some of these
relationships are briefly highlighted in Section 2. In Section 3, we discuss general meth-
ods and results that apply to larger classes of parametric optimization problems. We take
advantage of the fact that some definitions and concepts in parametric optimization can
also be found identically in multi-objective optimization. Thus, we adopt some results from
multi-objective optimization. In Section 4, we focus on methods and results for parametric
variants of specific problems, in particular,well-known combinatorial optimization problems.
The selected problems are among the most-studied problems in the context of parametric
optimization throughout peer-reviewed journals and conference proceedings in the English
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language. Table 2 in Appendix A provides an overview of the problem classes considered in
this survey.

1.2 Preliminaries and definitions

We distinguish between the natural numbers N starting with 1 and N0 starting with 0. Given
p, n ∈ N, let [p]:={1, . . . , p} be the set of natural numbers up to p ∈ N. We denote the
nonnegative orthant by R

p
≥0:={y ∈ R

p : y ≥ 0}, where 0 ∈ R
p is the p-dimensional zero

vector and ≥ is the weak component-wise order defined by

y ≥ y′ if and only if yi ≥ y′
i ∀i ∈ [p].

Given a function f : Rp → R
n and a set Z ⊆ R

p , we denote the image of Z under f by
f (Z):={ f (z) : z ∈ Z} ⊆ R

n .
For running time specifications, we use the well-known Landau notation. We also use

Õ(...) (read soft-O), an extension to the Landau notation that hides polylogarithmic factors,
e.g., Õ(g(n)) for O(g(n) logk(n)) for some k ∈ N. For a problem P, TP denotes the running
time of an oracle that solves P. A polynomial in n is referred to as poly(n). An algorithm
is (input-)polynomial if, for an input of size I , it has a running time in O(poly(I )). If no
polynomial time algorithm exists for a problem, it is called intractable. An algorithm is
output-polynomial if, for an input of size I and an output of size O , it has a running time
in O(poly(I , O)).

The following definitions introduce general (multi-)parametric minimization problems
[17, 18]. Note that, for the sake of simplicity, we consider minimization problems, but all
concepts can be defined analogously for maximization problems.

Definition 1 (Parameter Set) A parameter set � ⊆ R
p is a set of the form

�:= {
λ ∈ R

p : λmin ≤ λ ≤ λmax
}

for a given λmin ∈ (R ∪ {−∞})p and a given λmax ∈ (R ∪ {∞})p .
We remark that parametric optimization problems can easily be defined for more complex

parameter sets, e.g., for polyhedral or non-convex parameter sets. Almost all parameter sets
used in the literature, however, are covered by Definition 1.

Definition 2 ((Multi-)ParametricMinimizationProblem)Let p ∈ N. A linear (p-)parametric
minimization problem � = (X , f ,�) is a triple consisting of

(a) a nonempty set X ⊆ R
n of feasible solutions for some n ∈ N,

(b) a function f : X → R
p+1, x �→ f (x) = ( f0(x), f1(x), . . . , f p(x))T , and

(c) a parameter set � ∈ R
p .

A solution of � is a set S ⊆ X that contains, for every λ ∈ �, an optimal solution of the
problem

min
x∈X Fλ(x):=min

x∈X f0(x) +
p∑

i=1

λi fi (x). (�(λ))

For a fixed parameter value λ ∈ �, the problem �(λ) is a conventional (non-
parametric) minimization problem. The optimal cost curve F∗ : � → R ∪ {−∞},
λ �→ F∗(λ):= infx∈X Fλ(x) assigns to every λ ∈ � the optimal objective value of �(λ), or
−∞ if �(λ) is unbounded. The set F∗(�) is called the lower envelope of �.

123



302 Journal of Global Optimization (2025) 93:299–333

WithALG, we denote an oracle for a problem� that takes as input anyλ ∈ � and computes
an optimal solution of �(λ).

For an optimal solution set S, we do not only expect it to contain an optimal solution for
every λ ∈ �, but to also have minimal cardinality among all such sets. With some slight
abuse of notation, B denotes the cardinality |S| if it is finite or ∞ if it is infinite.

The critical region �(x) ⊆ � of a solution x ∈ X is the set of all parameters for which x
is an optimal solution of �(λ). In the case of a single-parametric problem, the critical region
of each solution in an optimal solution set is an interval in R. The point where two adjacent
intervals intersect is called a breakpoint.

As the cardinality of an optimal solution set can be superpolynomially large in the worst
case, even if p = 1, approximation provides a good concept to substantially reduce the
number of required solutions while still obtaining provable solution quality.

Definition 3 For an approximation factor α ≥ 1 and a fixed parameter vector λ ∈ �, a
feasible solution x ∈ X is called α-approximate for the problem �(λ) if Fλ(x) ≤ α · Fλ(x ′)
for all x ′ ∈ X .

A necessary condition for the existence of an α-approximate solution of �(λ) is that the
optimal objective value of �(λ) is greater than or equal to zero. Therefore, it is assumed
that F∗(λ) ≥ 0 for all λ ∈ �whenever parametric approximation algorithms are considered.

Usually, the goal in parametric approximation is to find a set of solutions that contains
an α-approximate solution for each non-parametric problem �(λ):

Definition 4 (Approximation set) For an approximation factor α ≥ 1, a finite set S ⊆ X is
called an α-approximation set to � if it contains an α-approximate solution x ∈ S of �(λ)

for every λ ∈ �. An α-approximation set is minimal if removing any solution would no
longer provide an α-approximation set.

An algorithm A that computes an α-approximation set for an instance � in time polyno-
mially bounded in the instance size is called an α-approximation algorithm.

A polynomial-time approximation scheme (PTAS) is a family of algorithms (Aε)ε such
that, for any ε > 0, the algorithm Aε is a (1 + ε)-approximation algorithm. A PTAS (Aε)ε
is a fully polynomial-time approximation scheme (FPTAS) if the running time of Aε is also
polynomial in 1/ε.

Similar to the oracle ALG, an approximation oracle ALGβ for a β ≥ 1 takes as input any
λ ∈ � with F∗(λ) ≥ 0 and returns a β-approximate solution of the problem �(λ).

2 Related Areas

We relate parametric optimization to some other selected areas ofmathematical optimization.
The purpose is twofold: We demonstrate the impact of parametric optimization and, vice
versa, we illustrate how parametric optimization may benefit from progress made in related
fields of research.

In Lagrangian relaxation, constraints are moved into the objective function together with
a Lagrangian multiplier such that any violation of the constraints is penalized [22].

min
x

f0(x)

s.t. f1(x) ≤ 0
g(x) ≤ 0

→
{
min
x

f0(x) + λ · f1(x)

s.t. g(x) ≤ 0

}

λ∈�
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The degree of penalization depends on the Lagrangianmultiplier which influences the quality
of the dual bound obtained. Lagrangian relaxation and solving the Lagrangian dual problem
can be viewed as a parametric optimization problem (see [5, 23, 24]).

In many domains such as engineering, computer science, or finance, data of related to the
objective function and / or the constraints of optimization problems is often uncertain. Robust
optimization aims to find solutions that are robust with respect to uncertainty described by
realizations of parameter values within a given set of scenarios. Solution approaches for
robust optimization problems are developed with the help of parametric optimization by
considering the uncertainty set as the parameter set, which means that solving the parametric
problem provides a solution for every possible scenario in the uncertainty set [6, 25–27].

In the field of sensitivity analysis, the behavior of primal solutions is examined when
there is perturbation or uncertainty in the input parameters or the structure of an optimization
problem. This means that results and methods for parametric optimization problems can also
be found in the literature that is concerned with sensitivity analysis for combinatorial opti-
mization problems (see [28, 29]). An overview on the historical development and literature
overview of sensitivity analysis and parametric optimization can be found in [7].

A multi-level optimization problem consists of several optimization problems embedded
in each other, where the constraints of the problem on one level are implicitly determined
by the problems on the lower levels. Multi-parametric optimization is used as a tool for
solving multi-level optimization problems (see [1, 8, 30–32]). The idea is to consider the
lowest-level problem as a multi-parametric problem with the higher-level decision variables
as parameters. Then, this parametric problem is solved, and each critical region defines a
new multi-level problem having one level less. Iteratively, this process is continued until one
single level remains [8].

Tokuyama [9] compares the trajectories of all weight functions of a parametric optimiza-
tion problem in a plane with line arrangements in computational geometry. Apart from line
arrangements, lower envelopes of line segments and k-sets are also connected to parametric
optimization [33].

2.1 Multi-Objective optimization

An area with particularly close connections to parametric optimization is multi-objective
optimization. We only outline some key concepts here. For an in-depth introduction to multi-
objective optimization, we refer to Ehrgott [34].

Given a set X ∈ R
n of feasible solutions and a (vector-valued) objective function f =

( f1, . . . , fd) : X → R
d for d ∈ N>1, a d-objective optimization problem is of the form:

min
x∈X ( f1(x), . . . , fd(x)) (�MO)

Since solutions optimizing f1, . . . , fd simultaneously do typically not exist for a d-objective
problem, one is usually interested in so-called efficient solutions [34]. Here, a feasible solu-
tion x ∈ X is called efficient (or Pareto optimal) if there is no other feasible solution x ′ ∈ X
such that f (x ′) ≤ f (x) and f (x ′) 
= f (x). The image f (x) of an efficient solution x under f
is called a non-dominated image. The goal in a multi-objective optimization problem then
typically consists of determining the set of all non-dominated images (the non-dominated
set) and one corresponding efficient solution for each of these non-dominated images.

A significant part of the multi-objective optimization literature, however, is mainly inter-
ested in a subset of the non-dominated set, namely in the set of non-dominated extreme
points of the convex hull conv(Y ) of the image set Y = f (X). This is where the close rela-
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tion between multi-objective and parametric optimization arises. The set of non-dominated
extreme points of f (X) can also be characterized as an optimal solution set of the parametric
problem minx∈X λT f (x) with the parameter set � = R

d≥0 [34]. In the multi-objective litera-
ture, this parameter set is called the weight set. Hence, solving this parametric problem and
finding the non-dominated extreme points are equivalent problems.

This relation led to the development of some similar approaches in the parametric and the
multi-objective optimization literature. A classic example for this is the famous technique
known as the Eisner-Severance method in parametric optimization and as the dichotomic
approach in multi-objective optimization (see Section 3.1). In Section 3.3, we provide an
overview of some algorithmic strategies that were independently developed in both areas
and whose connection has, to the best of our knowledge, not previously been outlined in the
literature.

The similarities between parametric and multi-objective optimization also allow approx-
imation algorithms from the multi-objective setting to be used in the parametric setting. As
long as � = R

d≥0, every so-called α-convex Pareto set for the corresponding multi-objective
problem is an α-approximation set of the parametric problem, and vice versa [4]. Under the
same condition, every so-called α-approximate Pareto set (a stricter notion of approxima-
tion in the multi-objective setting) is also a parametric α-approximation set, but it might
contain solutions that are redundant for the latter. These can be filtered out by convex hull
algorithms [15]. For a comprehensive overview on multi-objective approximation, we refer
to the recent survey in [35].

3 General Methods

In this section, we present general exact and approximate methods that are applicable for
a broad class of parametric optimization problems, independent of specific problem struc-
tures. The Eisner-Severance method is discussed in Section 3.1, Gusfield’s algorithm using
Megiddo’s method in Section 3.2, the connection between parametric and multi-objective
optimization in Section 3.3, parametric approximation in Section 3.4 and results for para-
metric mixed integer linear programs are reviewed in Section 3.5.

3.1 The Eisner-Severancemethod

A widely-used algorithm is the Eisner-Severance method [36], which has also been intro-
duced by the multi-objective literature under a different name. Eisner and Severance aimed at
record-segmentation problems in shared databases, but their method can be used as a general
algorithm to solve single-parametric optimization problems. The precise origin of themethod
is unclear, as Nauss [37] independently developed a similar approach for Knapsack problems
in 1975. Radke [38] and Geoffrion and Nauss [19] both generalize Nauss’ algorithm to more
generic problems and provide proofs of correctness and running time. Gusfield [28] combines
both branches of the literature and states a refined proof of correctness and running time.

The Eisner-Severance method works on single-parametric problems with parameter sets
of the form [λmin, λmax]. It requires access to an oracle ALG. The method is illustrated in
Figure 1(a) from the parametric perspective and in Figure 1(b) from the multi-objective per-
spective. After initializing {λmin, λmax}, two solutions x1:=ALG(λmin) and x2:=ALG(λmax)

are computed. Then, the parameter value λ∗ is computed for which the objective function
value of both solutions is equal, i.e., the point where the functions Fλ∗(x1) and Fλ∗(x2)
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Fig. 1 Example showing two different perspectives on the Eisner-Severancemethod [36], returning the optimal
cost curve in the parametric perspective in (a) and the non-dominated extreme points in the multi-objective
perspective in (b)

intersect in Figure 1(a) or the normal of the connecting line between f (x1) and f (x2) in
Figure 1(b). If Fλ∗(x1) is the optimal objective value at λ∗, then λ∗ is a breakpoint, x1 is
optimal in [λmin, λ

∗] and x2 is optimal in [λ∗, λmax]. Thus, x1 and x2 together are an optimal
solution set in the interval [λmin, λmax]. Otherwise, the above procedure is applied recursively
to the two sub-intervals [λmin, λ

∗] and [λ∗, λmax].
Since all other operations can be performed inO(1), the number of calls toALG determines

the running time of the Eisner-Severance method. It is called at least 2B − 1 and at most
3B − 2 times (cf. [39]). Under the additional assumption that ALG only outputs solutions
that correspond to line segments of the optimal cost curve, exactly 2B − 1 calls to ALG are
needed [28, 40].

An approximation algorithm for single-parametric problems based on the Eisner-
Severance method is developed by Bazgan et al. [17]. If a β-approximation oracle ALGβ for
�(λ) and all λ ∈ � is available, their algorithm is able to compute a (1+ε)β-approximation
set for any ε > 0. Both the cardinality of the approximation set and the number of calls
to ALGβ are bounded by a polynomial in the size of the input and 1/ε. Figure 2 illustrates this
approach.

A strategy that works functionally identical to the Eisner-Severance method was indepen-
dently developed in multi-objective optimization to identify non-dominated extreme points
of bi-objective optimization problems. There, it is known as the dichotomic approach and first
appears in [40–42]. An approximate variant of this algorithm also exists. It is known as the
Sandwich Algorithm with Underlying Chord Partition Rule [43, 44] or the Chord Algorithm
[45, 46], and is illustrated in Figure 3.

3.2 Gusfield’s algorithm andMegiddo’s method

Another general algorithm for single-parametric optimization problems is described by Gus-
field [47]. It is based on a well-known technique from single-parametric search, called
Megiddo’s method. First described by Megiddo [48] for parametric search in combinato-
rial optimization problems, Megiddo’s method is developed further in [49–52], adapted for
non-linear problems in [53, 54], and turned into an approximation algorithm in [55, 56].

The goal of Megiddo’s method is to find a parameter value λ∗ for which some condi-
tion holds – usually a parameter value where F∗ attains its global optimum. As long as a
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Fig. 2 Approximate variant of the Eisner-Severance method from [17]. The algorithm starts with a
parameter interval ([λl, λr],ALGβ(λl),ALGβ(λr)). First, it is checked whether the optimal / approximate
solution xl:=ALGβ(λl) for λl or xr:=ALGβ(λr) for λr is α-approximate for the whole interval [λl, λr] by
examining the two conditions Fλr (xl) ≤ Fλr (xr) and Fλl (xr) ≤ Fλl (xl). Otherwise, it is checked whether
the intersection point (λm, ym) of Fλ(xl) and Fλ(xr) lies below the red connecting line R(λ) shifted by a
factor of 1 + ε, i.e., below the gray line (1 + ε)R(λ). Otherwise, the algorithm is recursively called with([λl, λm], xl,ALGβ(λm)

)
and

([λm, λr],ALGβ(λm), xr
)

Fig. 3 Chord Algorithm. Again, the aim is to find a solution that is optimal with respect to the normal of the
connecting line between f (x1) and f (x2). Let the two gray lines be the connecting lines from the previous
iterations shifted to the optimal points. In contrast to the exact Eisner-Severance method, the recursion already
terminates if the connecting line between f (x1) and f (x2) is not more than the approximation factor away
from the intersection point s1 or the new optimal / approximate image f (x3)

polynomial-time algorithm for �(λ) is available for every λ ∈ �, Megiddo’s method also
runs in polynomial time. The basic idea is to simulate the algorithm for �(λ∗) without actu-
ally knowing the value of λ∗. Whenever the simulated algorithm encounters a conditional
branching, Megiddo’s method needs to detect which branch the algorithm would take for the
(still unknown) input λ∗.

Any conditional branching that is encountered is a less-or-equal comparison between two
linear functions of λ (or can be decided trivially). The result of the comparison is determined
by the parameter value of λ∗. However, it can also be decided by solving �(λ) for the
parameter value for which the two functions intersect. Solving �(λ) can be done with the
same algorithm that is simulated for λ∗. When the simulated algorithm terminates, the value
of λ∗ and a solution of �(λ∗) are known.

Gusfield’s algorithm transforms this parametric search technique into an algorithm that
computes an optimal solution set. It uses Megiddo’s method to find an initial breakpoint,
and then to iteratively identify subsequent breakpoints with corresponding solutions. The
running time of Gusfield’s algorithm is in O(B · T 2

�) [47].
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3.3 Minimization diagram and lower image

Next, we look at some general strategies that are applicable tomulti-parametric mixed integer
linear programs or multi-parametric combinatorial problems. We also include some algo-
rithms frommulti-objective optimization that, fundamentally, take the parametric perspective
to find non-dominated extreme points. To keep the notation simple, we directly transfer all
results from the multi-objective literature into the parametric setting.

3.3.1 Decomposition of the parameter set andminimization diagrams

For every x ∈ X where X is described by a system of mixed integer linear constraints, the
critical region �(x) is a convex polyhedron. Several approaches decompose the parameter
set � into disjoint p-dimensional critical regions and find one solution per critical region.
Such a subdivision is called a minimization diagram [57]. An example of a minimization
diagram can be found in Figure 4(a). Inmulti-objective optimization, similar approaches have
been developed. There, the term weight set decomposition [58] is used and the weight set is
decomposed. A formal description of the theoretical properties of minimization diagrams is
given by so-calledDavenport-Shinzel sequences, see [57, 59]. Another rigorous analysis can
be found in the multi-objective literature in [58].

Since nearly all available literature is concerned with the 2-parametric case (e.g., [47,
58, 60–63]), we assume that p = 2 for the rest of this section, unless stated otherwise. If a
problem uses more than two parameters, strategies like the ones outlined in Section 3.3.2 are
often applied.

Deciding if two critical regions share an edge and, if so, finding the vertices of this edge
can be done by solving a single-parametric problem with any algorithm (e.g., the methods
from Sections 3.1 and 3.2). This problem can be seen as intersecting the parameter set �

with a straight line. Hence, procedures that investigate potential edges of critical regions are
called line searches. As notational shorthand throughout this section, we denote the number
of vertices in a minimization diagram by V and let E denote the number of edges in it.

Nearly all algorithms that compute minimization diagrams follow a similar pattern: An
initial solution (or a set of initial solutions) is computed, and its critical region is constructed
by a sequence of line searches. During these line searches, new solutions are discovered, for
which the process is repeated until all critical regions have been found.

The first such algorithm in parametric literature is presented byGusfield [47]. Here, critical
regions are computed by simulating ray shooting with line searches. Rays are shot from the
interior of a critical region to determine its edges. The running time bound of the procedure
is stated as O(E · T 2

�)1.
Fernández-Baca [60] develops a sweep-line approach: Edges of the minimization diagram

are traced via line searches, and its vertices are enumerated in ascending order of their λ1
value. The running time is in O(E · T�

2 + E log E). A generalization for the 3-parametric
case is outlined shortly.

Waterman et al. [61] and Zimmer and Lengauer [62] develop algorithms for genetic
alignment problems, which can also be used as general strategies for finding minimization
diagrams. The first, given by Waterman et al. [61], operates by tracing the boundary of
each critical region separately. No running time analysis is given for this algorithm. In the
algorithm from Zimmer and Lengauer [62], a graph is used to encode adjacency relations

1 Fernández-Baca [60] claims that the running time analysis by Gusfield [47] contains an error, but no details
are given on the specific nature of this error.
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of critical regions in the minimization diagram. This is used to systematically check and
identify potential edges. The running time is in O(B4 + (B + V )T�), and a computational
study in [62] shows that this approach outperforms the algorithm from Waterman et al. [61]
on genetic alignment problems.

In the field of multi-objective optimization, the first algorithm that computes a minimiza-
tion diagramwas developed by Benson and Sun [64], but can only be used for multi-objective
linear programming problems. The first two general algorithms were published by Przybyl-
ski et al. [58]. One of them is called the brute force algorithm and works almost identically
to the algorithm of Zimmer and Lengauer [62]. The other algorithm tries to improve the
practical running time of the brute force algorithm by eliminating redundant line searches. A
computational study shows no significant advantage for either of the two variants. Another
algorithm is presented by Halffmann [63]. It operates by constructing inner approximations
for the critical regions and improving them iteratively through line searches. The running time
of this algorithm is in O(B2T�), and a computational study shows a similar performance to
the algorithm of Przybylski et al. [58] in a computational study. Some further improvements
are developed in [65].

Alves and Costa [66] present an algorithm for computing a subset of a critical region. The
approach can be used to compute the entire minimization diagram, however, no running time
bound is stated in [66].

3.3.2 Lower image computation

An approach that is closely related to parameter set decomposition is the construction of
the so-called lower image L. While the concept appears earlier in the parametric literature2,
the term “lower image” stems from multi-objective optimization [68] and is the first name
explicitly given to the polyhedronL. Again, we directly take the parametric perspective when
describing results from multi-objective optimization.

Definition 5 (Heyde and Löhne [68]) The lower image L is the set

L:= {
(λ, z) : λ ∈ �, z ≤ F∗(λ)

}
.

The lower image can equivalently be described by the solution set: For every solution
x ∈ X , the set H(x) = {(λ, z) ∈ R

p × R : z ≤ Fλ(x)} describes a halfspace. The
intersection of � × R and all halfspaces H(x) for x ∈ X is exactly the lower image [68].
However, the halfspaces from any optimal solution set are sufficient to obtain a minimal
description of L. This fact is used by several algorithmic approaches that construct L using
techniques from computational geometry to obtain an optimal solution set.

The concept of the minimization diagrams and the lower image are closely related. A
minimization diagram can be obtained by projecting L onto the λ plane, and L can be
constructed by “lifting” each critical region in the diagram with its objective value. This is
illustrated in Figure 4.

Approaches that construct L all follow a similar pattern: Solutions are found iteratively,
and, in each iteration, the currently known solutions are used to construct a polyhedral
approximation of L. From this approximation, parameter values are obtained, and the cor-
responding non-parametric problem is solved for these values to either find new solutions
or determine that an optimal solution set has been found. The first such algorithm is limited
to the 2-parametric case and is described by Fernández-Baca and Srinivasan [67]. Here, the

2 To the best of our knowledge, the first mention is by Fernández-Baca and Srinivasan [67].
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Fig. 4 The minimization diagram and the lower image for an instance with B = 6. The shadow of the lower
image is exactly the minimization diagram

polyhedral approximation is maintained by a graph structure. The algorithm is generalized by
Fernández-Baca and Srinivasan [69] to the general p-parametric case3 by using a procedure
described by Dobkin et al. [70] for the polyhedral approximation.

In the multi-objective optimization literature, the so-called dual Benson algorithm is used
to construct L. First presented by Ehrgott et al. [71], it was further developed in [72, 73].
Originally designed for multi-objective linear programs, it was subsequently generalized to
apply to combinatorial problems [74], integer linear programs [75], and mixed integer linear
programs [76]. In the dual Benson algorithm, the well-known vertex enumeration problem
[77] is used for the polyhedral approximation. Bökler and Mutzel [74] show that the dual
Benson algorithm runs in output-polynomial time as long as�(λ) can be solved in polynomial
time for every λ ∈ �. A number of solvers based on the dual Benson algorithm (or similar
strategies) have been developed: bensolve [73] and inner [39] for linear programs, PolySCIP
[75] for integer linear programs, and PaMILO [76] for mixed integer linear programs.

In multi-objective optimization, there are also a number of algorithms that compute the
so-called Edgeworth-Pareto hull (often also referred to as the upper image). The Edgeworth-
Pareto hull is the polyhedron conv(Y ) + R

d≥0, which is dual to L. This duality relation
is described in detail by Heyde and Löhne [68] for linear programming, but also applies
to general mixed integer linear programming [78]. Because of this duality relation, every
algorithm that computes the Edgeworth-Pareto hull can also be used to compute L. Such
algorithms can be found in [39, 78–81].

3.4 General approximation algorithms for parametric optimization problems

General approximation algorithms for parametric problems usually work under rather mild
assumptions (see, for example, [17, 18]):

1. For every i ∈ [p], the function fi is non-negative and f is computable in polynomial
time. Furthermore, F∗(λ) ≥ 0 ∀λ ∈ �.

3 At this point in time, the algorithm Fernández-Baca and Srinivasan [69] describe is already considered as
“part of the folklore”. But to the best of our knowledge, no formal description of the algorithm appears in
literature before [69]
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2. An approximation oracle ALGβ with polynomial running time is available.
3. Often, the structure of � is further constrained, e.g., by setting � = R

p
≥0 [4] or by

bounding each parameter value from below [17, 18].

There exist only a few general approximation algorithms for parametric optimization
problems. For the single-parametric case, the adaption of the Eisner-Severance method by
Bazgan et al. [17] is available (see Section 3.1).

For multi-parametric problems, an early approach is described by Katoh and Ibaraki [82],
but it is only used as part of a larger algorithm there. A dedicated approximation algorithm for
multi-parametric problems is developed byHelfrich et al. [18]. The approaches of both Katoh
and Ibaraki [82] and Helfrich et al. [18] work by constructing a grid over the parameter set.
For each vertex of this grid, the non-parametric problem is solved using ALGβ . The structure
of the grid then ensures that the returned solution is (α · β)-approximate for some α > 1
for parameter values in a small neighborhood of this vertex. Furthermore, the union of these
neighborhoods covers the entire parameter set, so the set of all solutions returned by the oracle
calls at the vertices is an (α · β)-approximation set. If the oracle is exact or an (F)PTAS, the
parametric approximation algorithm itself is an (F)PTAS. When comparing the algorithm of
Katoh and Ibaraki [82] to that of Helfrich et al. [4], the latter needs fewer oracle calls and
offers more flexibility regarding the choice of the parameter set.

Some results on the cardinality of α-approximation sets are presented by Helfrich et al.
[18]. First, even when given access to an exact oracle ALG1, no algorithm that has problem
access only through this oracle can approximate the optimal cardinality B better than by a
factor of p + 1. For p = 1, Bazgan et al. [17] describe an algorithm that can achieve the
best-possible factor of 2. Second, for p = 3 and a routine ALGβ with β > 1, the cardinality
B cannot be approximated within any constant factor L ∈ N by an algorithm that only has
access to this routine.

As mentioned in Section 2.1, a survey of approximation algorithms for multi-objective
optimization problems is given byHerzel et al. [35]. Everyα-convex approximation algorithm
mentioned therein can also be used for parametric optimization. We refrain from listing
these algorithms here again. A recent algorithm for α-convex approximation is developed by
Helfrich et al. [4]. It builds upon the dualBenson algorithm frommulti-objective optimization.
In contrast to the grid-based approaches, it chooses the parameter values where ALGβ is
called in an adaptive fashion. A computational study in [4] shows that this adaptive strategy
outperforms other general approximation algorithms on a set of generated instances for
parametric knapsack and metric traveling salesman problems.

3.5 Parametric mixed integer linear programming

A mixed integer linear program (MILP) is a problem of the form

min cTx + dT y
s.t. Ax + By ≥ b

x ∈ R
nR , y ∈ Z

nZ
(1)

where c ∈ R
nR , d ∈ R

nZ , A ∈ R
mR×nR , B ∈ R

mZ×nZ , and b ∈ R
mR+mZ for some integers

mR,mZ, nR, nZ ≥ 0. If nZ = 0, the problem is a linear program (LP), and if nR = 0, it is an
integer linear program (ILP). Parameter dependencies may appear in the objective function,
the constraint matrix, or the right-hand side vector.

Note that all the specific problems discussed in Section 4 can also be formulated as
(multi-)parametric MILPs. In this section, we take a short look at the case where a problem
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is explicitly formulated as in (1). As this is an extensively researched area of parametric
optimization, a complete coverage is out of scope for this survey. Instead of including every
relevant reference, we point to some selected surveys, which together provide a comprehen-
sive overview.

For parametric LPs, an introduction to several parametric simplex methods is provided
by Gal [20]. Surveys covering more recent developments are presented by Pistikopoulos et
al. [1] and Oberdieck et al. [2]. In particular, Tables 1 and 2 in [1] cover milestones and
key developments in multi-parametric programming (including multi-parametric LPs), and
Section 2.1 in [2] specifically covers key techniques for multi-parametric LPs. An important
result on the cardinality of optimal solution sets for parametric LPs is given by Murty [83].
A single-parametric LP with a parameter-dependent right-hand side vector is constructed,
where nR is even, mR = nR/2, and the cardinality of an optimal solution set is 2nR/2. Due
to LP duality, this result also holds for parametric LPs where only the objective function is
parameter-dependent. Furthermore, since every parametric LP is also a parametric MILP, the
same lower bound applies to parametric MILPs in general.

For parametric (M)ILPs, two surveys covering early developments are provided by Geof-
frion and Nauss [19] and Greenberg [21], with the latter including an extensive annotated
bibliography. Moreover, the two already mentioned surveys [1, 2] summarize the relevant
literature and provide some further introduction into key techniques for multi-parametric
ILPs and MILPs (and some further problem classes such as parametric quadratic programs).
Most relevant for our survey is Section 2.3 in Oberdieck et al. [2], which specifically covers
techniques for multi-parametricMILPs. Software that can be used to solve parametricMILPs
is provided in the multi-parametric toolbox (mpt) [84] and in the parametric optimization
toolbox (POP) [85].

4 Specific Problems

In the following sections, we take a look at several parametric combinatorial optimization
problems that are well-researched in the literature. These problems can, in theory, also be
formulated as parametric MILPs and can then be solved by strategies from Section 3. In this
section, we look at literature that uses problem-specific combinatorial properties to obtain
complexity results and algorithms.

We discuss the shortest path problem in Section 4.1, the minimum cut (or maximum flow)
problem in Section 4.2, the minimum cost flow problem in Section 4.3, the matroid problem
andminimum spanning tree problem in Section 4.4, the knapsack problem in Section 4.5, and
the matching and assignment problems in Section 4.6. We list bounds on the cardinality of B
and provide an overview of important algorithms for each problem. The specific problems
together with the associated notational conventions are summarized in Table 2 in Appendix
A.

4.1 Parametric shortest path problems

A parametric shortest path problem consists of a directed connected graph G = (V , A) with
|V | = n vertices, |A| = m arcs, a parameter set� ⊆ R

p , and parametric arc weight functions
wa(λ) = w0(a)+∑p

i=1 λi ·wi (a) for λ ∈ � and a ∈ A. There are three well-known variants
of parametric shortest path problems.
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Thefirst variant is the parametric single-pair shortest path problem (SPSP),where a source
vertex s ∈ V and a target vertex t ∈ V are given. A feasible solution is a directed simple path
from s to t , and the goal is to compute, for every λ ∈ �, a feasible s-t-path P with minimum
total length Fλ(x) = ∑

a∈P wa(λ).
The second variant is the parametric single-source shortest path problem (SSSP), where

only a source vertex s ∈ V is given. A feasible solution is a set of paths from s to all other
vertices in V , and the goal is to find, for every λ ∈ �, a set of paths such that each of them
is a shortest path to its target vertex.

The third variant is the parametric all-pairs shortest path problem (APSP),where a feasible
solution is a set of paths between all pairs of vertices. The goal is to find, for every λ ∈ �, a
set of paths such that all pairs of vertices are connected by a shortest path.

4.1.1 Intractability results

Since even the cardinality of optimal solution sets for the single-parametric SPSP can be
exponential in the size of the graph, parametric shortest path problems are intractable in
general. This result is shown in several papers.

The first proof is given by Carstensen [10]. She proves that, even in the single-parametric
setting, there are instances for which the cardinality of an optimal solution set is in n�(log(n)).
Carstensen [86] also proves that this lower bound is tight. A matching upper bound
of nlog(n)+O(1) on the cardinality of an optimal solution set is attributed to Gusfield [28].

Mulmuley and Shah [87] simplify the proof from Carstensen [10] and extend it by taking
into account the bit-lengths of the arcweight functions. There is a revised variant of this proof 4

from Gajjar and Radhakrishnan [88]. Their result transfers the lower bound of n�(log(n)) also
to planar graphs. Thereby, they refute an earlier conjecture by Nikolova [89]. The proof
idea of Gajjar and Radhakrishnan [88] is to inductively compose dense bipartite graphs, so
that the number of vertices increases by a constant factor and the number of breakpoints of
the optimal cost function increases by a linear factor. Meanwhile, these non-planar bipartite
graphs can be simulated by a planar gadget, where each arc is replaced by a path consisting
of up to n2 arcs and the original weight is distributed among these arcs.

4.1.2 Tractability results for special cases

While parametric shortest path problems are, in general, intractable, some special cases allow
polynomial-time algorithms.

Karp and Orlin [90] consider single-parametric SSSPs in which the parameter coeffi-
cient w1(a) is either −1 or 0 for each arc a ∈ A. The parameter set � is chosen such that
there is no negative-cost cycle for any λ ∈ �. Two algorithms are provided in [90], one with
a running time in O(

n3
)
, the other in O(

nm log(n)
)
. The latter algorithm works by main-

taining a shortest path tree that changes iteratively while increasing the parameter. Young et
al. [91] improve the running time bound of this algorithm by using Fibonacci heaps [92] to
O(

nm + n2 · log(n)
)
.

An algorithm for the multi-parametric generalization of the problem considered by Karp
and Orlin [90] is provided by Sérée et al. [93]. The running time of this algorithm, however,
is polynomial in the number of arcs, but exponential in the number of vertices.

4 Gajjar and Radhakrishnan [88] remark that the proof from Mulmuley and Shah [87] “is rather cryptic and
has errors that throw the reader off”.
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The parametric shortest path algorithms fromKarp andOrlin [90] andYoung et al. [91] are
used by Erickson [94] to solve the non-parametric maximum flow problem in planar graphs.
The maximum flow problem is interpreted as a single-parametric shortest path problem in
the dual graph with parameter coefficients w1(a) ∈ {−1, 0, 1} for all arcs a ∈ A. Erickson
[94] provides an algorithm that solves this parametric problem inO(

n log(n)
)
. This running

time bound does not hold if the algorithm is used for more general parametric shortest path
problems [94].

Correa et al. [95] tackle the issue of fare evasion in transit networks by building on results
for the parametric shortest path problem. For single-parametric shortest path problems, they
show that there are at most m − 1 breakpoints on series-parallel graphs.

4.1.3 Results for related shortest path problems

Apart from Correa et al. [95], there are also other optimization papers that use the connection
to parametric shortest path problems to achieve new results for related problems.

Nikolova et al. [96] give an exact n	(log n) algorithm for the normally distributed stochas-
tic shortest path problem, based on quasi-convex maximization. They use the connection
between computational geometry and parametric optimization.

Chakraborty et al. [97] construct two-phase algorithms for single-parametric SSSPs. In
the first phase of such an algorithm, a special data structure is created. In the second phase,
this structure is used as an oracle that takes any λ ∈ � for which there is no negative cycle
as input and returns an optimal solution of �(λ). For single-parametric SSSPs, an algorithm
is presented where the first phase runs in Õ(n4) and queries in the second phase can be
answered in O(m + n log n). Another algorithm for p-parametric SPSPs achieves a running
time inO (

nlog n
)
for the first phase and inO(log2 n) for every second phase query. The latter

algorithm can be generalized for arc weights that are polynomial functions of λ.
Foschini et al. [98] analyze the complexity of time-dependent shortest path problems by

utilizing connections to parametric shortest path problems.

4.1.4 Approximation methods

Concerning the approximation of parametric shortest path problems, we are only aware of
literature from multi-objective optimization.

For the bi-objective shortest path problem, Diakonikolas [45] gives a lower bound on the
cardinality of approximation sets that can be computed in polynomial time. Transferred to the
parametric setting, the theorem states that there is no polynomial-time (1+ε)-approximation
algorithm that can approximate the cardinality of the smallest (1 + ε)-approximation set to
a factor smaller than 2, unless P = NP. An algorithm that achieves the best-possible factor
of 2 can be obtained from the general approximation algorithm given by Bazgan et al. [17].

For an overview of approximation algorithms for multi-objective shortest path problems,
we refer to the recent paper by Bökler and Chimani [99] and the general survey by Herzel et
al. [35].

4.2 Parametric minimum cut (maximum flow) problems

A parametric minimum cut problem (sometimes also parametric minimum s-t-cut problem)
consists of a directed graph G = (V , A) with |V | = n vertices and |A| = m arcs, a source
vertex s ∈ V , a target vertex t ∈ V with s 
= t , a parameter set � ⊆ R

p , and parametric
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arc capacity functions ca(λ) = c0(a) + ∑p
i=1 λi · ci (a) for λ ∈ � and a ∈ A. A feasible

solution x ⊆ {0, 1}m represents a set of arcs that partitions V into two disjointed subsets S
with s ∈ S and V \ S with t ∈ V \ S, a so-called s-t-cut. The goal is to find, for every λ ∈ �,
an s-t-cut x ⊆ A with minimum total arc capacity Cλ(x) = ∑

a∈x ca(λ).
Due to the well-knownmax-flow-min-cut theorem (see [100]), intractability results for the

parametric minimum cut problem can be applied to the parametric maximum flow problem,
and vice versa.

4.2.1 Intractability results and approximation methods

The first proof of intractability for the single-parametric minimum cut problem is given
by Carstensen [10] (see Section 4.1.1). However, the instance constructed in [10] includes
negative arc capacities. When negative arc capacities are allowed, the minimum cut problem
is NP-hard. Therefore, the proof of intractability by Mulmuley [101] provides a stronger
result, as it applies to parametric minimum cut problems with non-negative arc capacities
in at least one parameter interval. Any problem with a fixed parameter value in this interval
can be solved in polynomial time, but there can still be superpolynomially many breakpoints
within the interval. Gajjar and Radhakrishnan [88] tighten this result further: They construct
the planar dual of the graph used for proving intractability of the shortest path problem. This
instance canbeused to verify that, for every k ∈ N, there is an instanceof the single-parametric
minimum cut problem consisting of non-negative integer arc capacities and a planar graph
with a number of vertices polynomial in k, bounded bit lengths of the arc capacity coefficients,
and a linear capacity assignment to the arcs such that there are k�(log(k)) breakpoints in the
optimal cost curve.

Using a graph from Zadeh [102], Ruhe [12] proves intractability also for the generalized
parametric maximum flow problem where the flow along each arc (i, j) ∈ A is scaled by a
multiplier gi j > 0. Here, the goal is to find, for every λ ∈ �, a generalized s-t-flow such that
the amount of flow reaching the target vertex t is maximized.

Allman et al. [103] show that 2-parametric minimum cut problems satisfying the so-called
specialized source-sink monotonicity (sSSM) can still have exponentially many breakpoints.
A graph with parametric arc capacities satisfies sSSM if, for each arc (s, j), the arc capac-
ity c(s, j)(λ1, λ2) is increasing in λ1 and λ2, and, for all other arcs, the arc capacity is
independent of λ1 and λ2.

4.2.2 Exact solution methods for special cases

The parametric minimum cut problem is one of the most-researched problems in the para-
metric optimization literature. A wide range of applications is studied (e.g., [104–106]).
Reviewing all the applications goes beyond the scope of this survey.

Instead, we focus on important exact solution methods for special cases of the problem.
These special cases are based on the following properties:

Definition 6 (Nesting Property) An instance (c, (G, s, t),�) has the nesting property if, for
every sequence λ1 < λ2 < · · · < λh of parameter values from � and h ∈ N, there exist
corresponding (nested) minimum cuts (S1, V \ S1), (S2, V \ S2), . . . , (Sh, V \ Sh) such that
S1 ⊆ S2 ⊆ · · · ⊆ Sh .
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Definition 7 (GeneralizedNestingProperty)An instance (c, (G, s, t),�)has thegeneralized
nesting property if, for every sequence λ1 < λ2 < · · · < λh of parameter values from � and
h ∈ N, there exist corresponding minimum cuts (S1, V \ S1), (S2, V \ S2), . . . , (Sh, V \ Sh)
such that Sσ(1) ⊆ Sσ(2) ⊆ · · · ⊆ Sσ(h) for some permutation σ on [h].

Definition 8 (Source-Sink Monotonicity (SSM)) An instance of the single-parametric mini-
mum cut problem is source-sink monotone if, for every arc (i, j), the arc capacity c(i, j)(λ)

satisfies the condition

c(i, j)(λ) is

⎧
⎨

⎩

non-decreasing in λ if i = s, j 
= t,
non-increasing in λ if j = t, i 
= s,
independent of λ otherwise.

Eisner and Severance [36] and Stone [107] show that minimum cuts of the single-
parametricminimumcut problemsatisfyingSSMhave the nestingproperty. The (generalized)
nesting property implies that the optimal cost curve has at most n − 1 breakpoints [36]. For
instances satisfying SSM, Gallo et al. [108] formulate a procedure that extends the push-
relabel algorithm of Goldberg and Tarjan [109] and determines these breakpoints in the same
asymptotic running time as a single maximum flow computation.

Arai et al. [110] consider parametric minimum cut problems where the capacities of the
arcs incident to one specific vertex u∗ 
= s, t are non-decreasing functions of a parameter
λ, whereas all other arc capacities are constant. They prove that, for such instances, the
minimum cuts satisfy the generalized nesting property, which implies that the optimal cost
curve has at most n − 1 breakpoints.

McCormick [111] extends the results ofGallo et al. [108] tomore generalmulti-parametric
minimum cut problems with piece-wise linear capacity functions and additional arcs not
incident to s or t with parameter-dependent capacities. By again applying an extension of
the push-relabel algorithm, the produced minimum cuts satisfy the nesting property, so the
optimal cost curve has at most n − 1 breakpoints.

There is extensive literature that builds on these three fundamental papers and gen-
eralizes their theory. Extensions of Gallo et al. [108] include, e.g., the O(mn log(n2/m))

maximum distance variant of push-relabel due to Gusfield and Tardos [112], Hochbaum’s
[113] O(mn log(n)) pseudoflow algorithm, and the divide-and-conquer algorithm from Tar-
jan et al. [114].

Brumelle et al. [115] comprises both the cases investigated byGallo et al. [108] and byArai
et al. [110], and partially the case studied by McCormick [111]. They present an algebraic
sufficient condition for the existence of a selection of optimal solutions in a parametric
optimization problem that are totally ordered. However, the order of the critical regions that
belong to the optimal solutions in this selection does not necessarily adhere to the same
ordering.

Scutellà [116] extends the results of Gallo et al. [108] and Arai et al. [110] to networks
in which the parametrization of the arc capacities can involve both the source and the target
and one additional vertex u∗. She shows that the minimum cuts for such instances satisfy a
relaxed form of the generalized nesting property, which again implies that this special case
of a single-parametric minimum cut problem has at most n − 1 breakpoints. Finding these
breakpoints needs asymptotically as much time as a single maximum flow computation and
is based on an improvement of the maximum flow algorithm by Goldberg and Tarjan [109].
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Granot et al. [117] identify three larger classes of parametric minimum cut problems satis-
fying the nesting property. Again, all minimum cuts can be computed in the same asymptotic
time as a single minimum cut by using a specialized flow update strategy to move from one
value of the parameter to the next.

If we turn the parametric problem into the related parametric search problem, there is fur-
ther literature (see [117]). For example, the discrete Newton algorithm [118–122] efficiently
solves the parametric search problem and can be extended to other parametric problems.

The literature covered so far only covers single-parametric minimum cut problems. Aissi
et al. [123] show that, in the p-parametric global minimum cut problem, the number of cuts
that become minimum at some point in the parameter space is in O(mpn2 logp−1(n)). For
the special case of two parameters, they give a tighter bound of O(n3 log(n)) cuts that can
be enumerated in Õ(m2n4) time.

Karger [124] requires stronger conditions than Aissi et al. [123] to apply his results. The
conditions are that every λ ∈ � and c0(a), . . . , cp(a) for all a ∈ A are nonnegative. Under
these conditions, the results are stronger and can be generalized in different directions. For
instance, the O(n p+1) p-parametric global minimum cuts can be enumerated in Õ(mnp+1)

time. He also gives a first generalization to single-parametric global minimum cuts with
polynomial cost functions.

4.3 Parametric minimum cost flow problems

In the parametric minimum cost flow problem (MCF), a graph G = (V , A) with |V | = n
vertices and |A| = m arcs together with a source vertex s ∈ V , a target vertex t ∈ V with
s 
= t , a demand D, and a parameter set� ⊆ R

p are given. Additionally, for every arc a ∈ A,
a lower capacity la , an upper capacity ua , and a parametric arc cost function ca(λ) = c0(a)+∑p

i=1 λ · ci (a) are given. Every feasible solution x : A → R represents an s-t-flow with flow
value D that satisfies the capacity constraints la ≤ x(a) ≤ ua for all a ∈ A. The goal is to
compute, for every λ ∈ �, a feasible s-t-flow xλ that minimizes

∑
a∈A xλ(a) · ca(λ).

Based on a graph from Zadeh [102], Ruhe [12] shows that even single-parametric MCF
instances may have optimal solution sets of exponential size.

4.3.1 Exact methods

For the MCF, every solution that is efficient in the multi-objective sense is also optimal for
at least one parameter value in the parametric problem. Hence, many important results from
the multi-objective literature are directly applicable to the parametric setting. Hamacher et
al. [125] provide a comprehensive survey of bi-objective MCF algorithms. Many of these
algorithms can be used for the single-parametric MCF as well. We refer to some important
algorithms described therein. For detailed information on these,we refer directly toHamacher
et al. [125].

Network simplex algorithms can be applied to the parametric MCF. The idea is to pivot
betweenbasic feasibleflows. Such an algorithm is described, for example, byPulat et al. [126].
Lee and Simin Pulat [127] develop an algorithm that combines an out-of-kilter algorithm and
a parametric linear programming procedure. Using these two approaches, Sedeño-Noda and
González-Martín [128] provide an algorithm that outperforms them both in a computational
study. Another algorithm by Sedeño-Noda andGonzález-Martín [129] specializes the Eisner-
Severance method for the parametric MCF, but is outperformed by their earlier algorithm
from [128]. A primal-dual network simplex method is developed by Eusébio et al. [130]. In a
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computational study, it outperforms a parametric simplex algorithmbut is not compared to any
of the aforementioned algorithms. The network simplex algorithm from Raith and Sedeño-
Noda [131] uses a labeling strategy to avoid computing redundantminimum ratios. This leads
to an output-polynomial running time in O(TMCF + Bn(m + n log n)). In a computational
study, the algorithm outperforms the Eisner-Severance method and a parametric simplex
algorithm by Raith and Ehrgott [132].

In the parametric literature, recent interest ismostly focused on the single-parametricMCF
with parametric lower bound constraints. Here, for every arc, the cost ca(λ) is a constant
function of λ, but the lower capacities are of the form la(λ) = l0(a) − λ · l1(a).

Taking inspiration from generative linguistics and the behavior of neural networks, San-
georzan et al. [133] present an algorithm for the MCF with single-parametric lower bounds.
The algorithm recursively partitions the flows via a preflow-pull strategy. Its running time is
in O(n2m1/2 + Bn) and can be sped up by using parallelization strategies.

In a series of papers, Ciurea and Parpalea [134],[135–138] develop several algorithms for
the MCF with single-parametric lower bounds. An overview of the most important algorith-
mic results is provided in [138]. The first algorithm, given by Ciurea and Parpalea [134],
covers only the special case of monotone parametric bipartite networks and is not always
finite. An algorithm for the general case is developed in [135]. It iteratively computes the
breakpoints and aminimum cost flow for each critical region in ascending order of the param-
eter values. Each iteration consists of modifying the network and then solving a maximum
cost flow problem on it. Based on the resulting flow, the next breakpoint and minimum cost
flow can be computed. It runs in time O(B TMaxFlow), where TMaxFlow denotes the time to
solve a single maximum flow problem.

In [136], Ciurea andParpalea describe an algorithm that uses so-called shortest conditional
decreasing paths on a residual network. The basic idea is to partition the parameter set and to
repeatedly investigate each critical region and update it. Each investigation consist of finding
shortest conditional decreasing paths to determine if an update is needed. The running time
of this algorithm is in O(Bmn(B + mn)).

A similar partitioning approach is taken in [137]. However, in the residual networks con-
structed there, it is sufficient to find any directed path since such a path must then necessarily
be a conditional decreasing path as well. This leads to a better running time in O(Bn2m).

4.4 Parametric matroid and spanning tree problems

Before we turn to the parametric matroid problem and some of its special cases, we define
matroids as follows:

Definition 9 (Independent Sets andMatroids) Amatroid consists of a finite ground set S and
a family I of subsets of S, called independent sets, with the following properties:

I1) ∅ ∈ I
I2) ∀ B ⊆ A ⊆ S : A ∈ I �⇒ B ∈ I
I3) ∀ A, B ∈ I : |A| > |B| �⇒ ∃ x ∈ A \ B : B ∪ {x} ∈ I

An inclusion-wise maximal independent set of a matroid (S, I) is called a basis, and the
rank of a matroid is the cardinality of a basis.
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Table 1 Upper and lower cardinality bounds for single-parametric matroid and minimum spanning tree prob-
lems. The function α denotes the inverse Ackermann function.

Problem (p = 1) Setting & Notation Cardinality Bound Reference

General Matroid n elements, rank k �(nk1/3) [33]

O(n · min(k, n − k)1/2) [139]

Graphic Matroid |V | = n, |E | = m �(mα(n)) [33]

�(m log(n)) [140]

O(m
√
n) [139]

O(mn1/3) [141]

Uniform Matroid n elements, rank k �(n log(k)) [142]

O(nk1/2) [143]

O(nk1/2/log∗(k)) [144]

O(nk1/3) [141]

In theparametricmatroid problem, amatroid (S, I)with |S| = n, a parameter set� ⊆ R
p ,

and parametric costs for the elements of S are given. The feasible solutions correspond to
the bases of the matroid, and the objective function value Fλ(x) of a basis x is given as the
total cost of the elements of x . The goal is to obtain, for every λ ∈ �, a matroid basis xλ of
minimum total cost.

A special case of the parametric matroid problem is the parametric minimum spanning
tree problem (MST) (also called the parametric graphic matroid problem). Here, a connected
graph G = (V , E) with |V | = n vertices, |E | = m edges, a parameter set � ⊆ R

p , and
parametric edge costs are given. The ground set is the set E of edges of G, and matroid bases
correspond to spanning trees of G. Thus, the goal is to find, for every λ ∈ �, a spanning tree
of minimum total edge cost.

Another special case is the parametric uniformmatroid problem, where a ground setUr of
cardinality n is given, andmatroid bases correspond to subsets containing exactly r elements.
The goal is to find, for every λ ∈ �, a matroid basis xλ of minimum total cost.

4.4.1 Cardinality bounds

Parametric matroid and minimum spanning tree problems are well-researched topics in the
parametric literature. In contrast tomanyother problems, they always have anoptimal solution
set of polynomial cardinality in the single-parametric case. The most important results for
matroids are summarized in Table 1.

For the parametric MST, the results of Seipp [145] for the multi-objective MST can be
transferred to the parametric setting. They imply that, for every fixed number p ≥ 1 of
parameters, an optimal solution set of the parametric MST has a cardinality in O(m2(p+1)).

If property I3) is removed from Definition 9, the resulting problem is called parametric
independence systems problem. Because intractable problems such as the parametric max-
imum matching problem and the parametric assignment problem are special cases of it,
optimal solution sets can have a cardinality exponential in n [18].
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4.4.2 Exact methods for the spanning tree problem

Fernández-Baca et al. [13] give an exact algorithm that solves the single-parametric MST
in O(min{nm log(n), TMST(2n, n) · B}) time, where TMST(m, n) denotes the time for com-
puting a minimum spanning tree in a graph with m edges and n vertices. Their main idea is
sparsification in order to pass through a reduced number of potential breakpoints. This gives
a faster asymptotic running time than the Eisner-Severance method [13].

One motivation for improving the running times of algorithms for the parametric MST is
the wide range of applications. Note that the construction procedure of Fernández-Baca et
al. [13] can, among others [146], also be used for stochastic spanning trees [147]. Here, edge
costs are not constant but random variables and the objective is to find an optimal spanning
tree satisfying a certain probability constraint. After transforming the stochastic problem
into the deterministic equivalent problem and including a positive parameter in the objective
function, their parametric algorithm finds an optimal solution in O(n6) time.

Agarwal et al. [148] develop deterministic and randomized algorithms for the single-
parametric MST and the kinetic MST on general graphs as well as improved algorithms
for special families such as minor-closed and planar graphs. In the (structurally) kinetic
minimum spanning tree problem, edges can be inserted or removed by parameter changes. A
multitude of well-known techniques are used to develop the algorithms therein, for example
graph sparsification, convex hulls, and parametric search. For general graphs, algorithms
with running time in O(n2/3 log4/3(n)) (or randomized in O(n2/3 log(n))) are presented. If
the graph is planar or from other minor-closed families of graphs, the running time bound
for the parametric MST reduces toO(n1/4 log3/2(n)) (or randomized toO(n1/4 log(n))), and
for the kinetic MST to O(n1/2 log3/2(n)) (or randomized to O(n1/2 log(n))).

4.4.3 Algorithms for different settings

In the multi-objective literature, an algorithm for the parametric MST is described by Seipp
[145]. His approachworks by computing theminimization diagram (see Section 3.3.1) in two
steps: First, it uses some special properties of the parametric MST to find an arrangement
of hyperplanes that subdivides � into polyhedra. Then, it iteratively checks for adjacent
polyhedra whether they are part of the same critical region and merges such polyhedra until
only the critical regions of a minimization diagram remain. No exact running time analysis
is given, but a polynomial running time bound is shown.

There is also a lot of literature on parametric search or finding the shortest bottleneck edge
for the parametric MST. However, this is not the focus of this survey and related literature
can be found, for example, in [149–152].

Furthermore, there are other parametric problems related to the main problems discussed
in this section. For example, Hausbrandt et al. [153] develops upper and lower bounds as well
as algorithms for the parametric matroid interdiction problem. Due to the limited literature
available, these problems are also not in our focus.
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4.5 Parametric knapsack problems

The parametric knapsack problem (sometimes also called the parametric 0-1-knapsack prob-
lem) is defined by a item weight vector w = (w1, . . . , wn)

T ∈ N
n , a budget K ∈ N, a

parameter set� ⊆ R
p , and a parametric item profit vector c(λ) = (c1(λ), . . . , cn(λ))T ∈ R

n

with ci (λ) = ci0 + ∑p
j=1 λ j · cij for i ∈ [n] and λ ∈ �. A feasible solution x ∈ {0, 1}n

(a packing) represents a subset of selected items such that wTx ≤ K . The goal is to find,
for every λ ∈ �, a feasible packing x ∈ {0, 1}n maximizing the total profit c(λ)Tx of the
selected items.

4.5.1 Intractability results and exact methods

Carstensen [10] is the first to address the parametric knapsack problem and shows that
the cardinality of an optimal solution set for a single-parametric knapsack problem can be
exponential in the number of items. This result even holds under the additional assumption
that � is a compact interval in R>0 and that ci0, c

i
1 > 0 for all i ∈ [n]. Carstensen [10] also

shows, however, that the cardinality of an optimal solution set of any single-parametric binary
integer program is linear in the number of variables when the cost function coefficients ci0
and ci1 are integers in [−M, M] for some constant M ∈ N and all i ∈ [n]. In particular,
this implies that the cardinality of an optimal solution set of the single-parametric knapsack
problem is linear in the number of items under this condition.

An algorithm for the single-parametric knapsack problem is developed by Eben-Chaime
[154]. This algorithm combines the Eisner-Severance method with a classic dynamic pro-
gramming approach for knapsack problems. Its running time is in O(KnB).

A problem closely related to the parametric knapsack problem is the inverse-parametric
knapsack problem, where the goal is to find the smallest parameter for which the optimal
objective value of a parametric knapsack problem is equal to a specific input value. For
this problem, Burkard and Pferschy [155] provide a pseudo-polynomial algorithm based on
Megiddo’s method with a running time in O(

n2K log(K )/log(n log(K ))
)
.

4.5.2 Parametric approximation methods

Several approximation algorithms exist for the single-parametric knapsack problem. Giudici
et al. [15] provide a PTAS for the single-parametric knapsack problem. The authors also
describe how approximation algorithms of bi-objective optimization problems can be used
for approximating single-parametric optimization problems. They use this result and the
algorithm from Erlebach et al. [156] to derive an FPTAS for the case that � = R≥0 and all
profit coefficients in the objective function are nonnegative.

Holzhauser and Krumke [14] describe an FPTAS that works on arbitrary parameter inter-
vals and profit coefficients in the objective function. Furthermore, in contrast to the FPTAS
from Giudici et al. [15], the running time is strongly polynomial. For any ε > 0, the algo-
rithm finds a (1− ε)-approximation set with cardinality inO(

n2/ε
)
and has a running time in

O(
n2/ε · T�(ε)

)
, where T�(ε) denotes the running time of an FPTAS for the conventional

knapsack problem with an approximation factor 1 + ε.
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Halman et al. [16] investigate a variant of the single-parametric knapsack problem in
which the parameter dependence is in the weight vector instead of the objective function.
They provide two FPTASs, one of which has a running time in O(

n3/ε2 · min{log2(P), n2} ·
min{log(M), n log(n/ε)/log(n log(n/ε))}), where ε > 0 determines the approximation precision, P
is an upper bound on the optimal profit, and M is an upper bound on the reachable weight.

4.6 Parametric matching and assignment problems

In the parametric assignment problem, a bipartite, undirected graph G = (U ∪ V , E) with
|U | = |V | = n vertices and |E | = m edges, a parameter set � ⊆ R

p , and parametric edge
weights we(λ) = w0(e) + ∑p

i=1 λi · wi (e) for λ ∈ � and e ∈ E are given. An assignment
is a set of edges where every edge is between U and V , and no vertex from U or V is an
endpoint more than once. The goal of the parametric assignment problem is to compute, for
every λ ∈ �, a minimum weight assignment.

The parametric assignment problem is intractable, even in the single-parametric case. To
prove this, Bazgan et al. [17] sketch how to use the non-parametric reduction of the shortest
path problem to the assignment problem from Lawler [157]. The first proof of intractability
is given by Carstensen [86] (referring to the reduction in [158]).

However, for the special case where the parameter coefficients w1(e) are either 0 or 1 for
all e ∈ E the single-parametric assignment problem becomes tractable. A polynomial-time
algorithm is given by Gassner and Klinz [11]. It repeatedly uses the parametric shortest path
algorithm of Young et al. [91] and its running time is in O(mn + n2 log(n)). Rosenmann
[159] uses the parametric algorithm fromGassner and Klinz [11] for computing the sequence
of all k-cardinality assignments.

The parametric assignment problem can be seen as a special case of the parametric max-
imum matching problem. Hence, the (single-)parametric maximum matching problem is
also intractable [18]. In the literature, the parametric maximum matching problem is rarely
investigated. Weber [160] conducts a sensitivity analysis for the case where one edge weight
depends on a single parameter. Gusfield and Irving [161] consider the single-parametric sta-
ble matching problem and develop an efficient algorithm by reducing it to the parametric
minimum cut problem and using the method of Gallo et al. [108].

5 Conclusion

The literature on parametric optimization dates back over 60 years, and some contributions
appear even earlier under different names such as sensitivity analysis [7]. Figure 5 visualizes
the distribution of the literature in this paper over the years. Although it does not include
papers that are solely concernedwith practical applications, have somewhat different problem
settings, or are simply surveyed in other literature reviews, Figure 5 shows the ongoing interest
in parametric optimization.

In nearly all papers we surveyed, the parameter dependencies are linear and appear in
the objective function. Parameter-dependent constraints are mainly discussed for the generic
MILP case. But for specific problems, there are often structural properties that can be used
to find cardinality bounds or develop specialized algorithms. This can be seen in some of the
algorithms we surveyed, for example, for minimum cost flow and maximum flow problems
or for the knapsack problem. For most other problems, however, such algorithms are rare.
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Fig. 5 Number of publications covered in this survey over time (per year, per 3 years, and 3-year moving
average) from 1963 to 2024. The moving average for year t considers the years t − 1, t − 2, and t − 3.

Fig. 6 Relations between intractability results from Section 4. A solid arc indicates a proof via reduction, a
dotted arc indicates that constructions leading to optimal solution sets with superpolynomial cardinality are
transferred into a different problem setting

The main challenge in parametric optimization is intractability and finding strategies to
cope with it. Most parametric problems are intractable because of the cardinality of optimal
solution sets. This can be the case even if the underlying non-parametric optimization problem
is solvable in polynomial time, which is the case, for example, for parametric shortest path
problems. Table 3 in Appendix B summarizes known bounds on the cardinality of optimal
solution sets for all the specific problems considered in this survey.

For proving intractability,many papers use similar strategies. This is visualized in Figure 6:
Either intractable parametric problems are reduced to the problem for which intractability
is to be shown, or constructions that lead to optimal solution sets with superpolynomial
cardinality are transferred into a different problem setting.

Still, some problems admit an optimal solution set of polynomial size. This has been
shown mainly for matroid-based problems. Restricting the parameter coefficients to specific
integers also often makes a problem tractable. Problems where this can be observed are
shortest path problems, the assignment problem, and binary integer programs with bounded
cost function coefficients.
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When dealing with intractable problems, a way to still achieve polynomial running time
is to find an approximation set instead of an optimal solution set. However, approxima-
tion algorithms are rarely found in the literature. We discussed some general approximation
algorithms in Section 3.4. To the best of our knowledge, the only problem-specific approx-
imation algorithms can be found for the knapsack problem. This demonstrates a gap in the
literature – particularly compared to multi-objective optimization, where problem-specific
approximation algorithms are available for a large variety of problems [35].

With respect to methods for computing an optimal solution set, algorithms for spe-
cific problems are often adaptions of general strategies. For example, the algorithms of
Sedeño-Noda and González-Martín [129] for the parametric minimum cost flow problem, of
Fernández-Baca et al. [13] for the parametric spanning tree problem, and of Eben-Chaime
[154] for the knapsack problem are tailored variants of the Eisner-Severance method, while
Megiddo’s method is used by Burkard and Pferschy [155] for the parametric knapsack prob-
lem and by Agarwal et al. [148] for the parametric spanning tree problem. These adaption
strategies further highlight the value of finding problem-agnostic methods. Here, research
areas related to parametric optimizationmay offer new opportunities. For example, the imme-
diate connection between parametric optimization and multi-objective optimization is used
numerous times in this survey to transfer (in-)tractability results and algorithms, but similar
connections might also exist to other research areas.
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Appendix A – Overview of Problem Classes

Table 2 Overview of the problem classes considered in this survey. Each problem is given a parameter
set � ⊆ R

p . G = (V , A) is a directed and G = (V , E) an undirected graph with |V | = n vertices and
|A| = m arcs or |E | = m edges

Parametric Problem Instance Task

Single-Pair Shortest Path
(SPSP)

G = (V , A) connected, s, t ∈ V with
s 
= t , param. arc weight functions
wa(λ) = w0(a) + ∑p

i=1 λiwi (a)

for λ ∈ � & a ∈ A

Find for every λ ∈ � a simple s-t-path x
with min. total length
Fλ(x) = ∑

a∈x wa(λ).

Single-Source Shortest
Path (SSSP)

G = (V , A) connected, s ∈ V , param.
arc weight functions
wa(λ) = w0(a) + ∑p

i=1 λiwi (a)

for λ ∈ � & a ∈ A

Find for every λ ∈ � a set x of paths
from s to all v ∈ V , each having min.
total length.

All-Pairs Shortest Path
(APSP)

G = (V , A) connected, param. arc
weight functions
wa(λ) = w0(a) + ∑p

i=1 λiwi (a)

for λ ∈ � & a ∈ A

Find for every λ ∈ � a set x of paths
between all v, w ∈ V , v 
= w, each
having min. total length.

Min. Cut G = (V , A), s, t ∈ V with s 
= t and
param. arc capacity functions
ca(λ) = c0(a) + ∑p

i=1 λi ci (a)

for λ ∈ � & a ∈ A

Find for every λ ∈ � an s-t-cut
x ⊆ {0, 1}m with min. total arc
capacity Cλ(x) = ∑

a∈x ca(λ).

Min. Cost Flow (MCF) G = (V , A), s, t ∈ V with s 
= t ,
demand D, lower capacity la , upper
capacity ua , param. arc cost
function ca(λ) = c0(a)+∑p

i=1 λci (a)

Find for every λ ∈ � an s-t-flow x with
flow value D satisfying
la ≤ x(a) ≤ ua for all a ∈ A and min.∑

a∈A x(a)ca(λ)

(Uniform) Matroid Matroid (S,I) (bases correspond to
subsets containing exactly r elements),
param. costs for s ∈ S

Find for every λ ∈ � a matroid basis x
of min. total cost Fλ(x).

Max. of Independence
Systems

Independence system (S,I), param.
costs for s ∈ S

Find for every λ ∈ � an independent
set x of max. total cost Fλ(x).

Min. Spanning Tree
(MST)

G = (V , E) connected, param. edge
costs

Find for every λ ∈ � a spanning tree x
of min. total edge cost Fλ(x).

Knapsack Item weight vector w ∈ N
n , budget

K ∈ N, param. item profit vector
(c1(λ), . . . , cn(λ))T ∈ R

n with
ci (λ) = ci0 + ∑p

j=1 λ j c
i
j for i ∈ [n]

& λ ∈ �

Find for every λ ∈ � a packing
x ∈ {0, 1}n satisfying wTx ≤ K and
max. total profit c(λ)Tx .

Assignment G = (U ∪ V , E) bipartite, param. edge
weights we(λ) = w0(e)+∑p

i=1 λiwi (e) for λ ∈ � & e ∈ E

Find for every λ ∈ � an assignment
x of min. total weight
Wλ(x) = ∑

e∈x we(λ).

(MI)LP c0, c1, . . . , cp ∈ R
nR ,

d0, d1, . . . , dp ∈ R
nZ , A ∈ R

mR×nR ,
B ∈ R

mZ×nZ , b ∈ R
mR+mZ for some

mR,mZ ≥ 0, nR ≥ 0 (= 0 for ILP),
nZ ≥ 0 (= 0 for LP)

min (c0 + ∑p
i=1 λi ci )

Tx
+ (d0 + ∑p

i=1 λi di )
T y

s.t. Ax + By ≥ b,
x ∈ R

nR , y ∈ Z
nZ
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