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Abstract
The prediction of record values based on a single sample has been studied extensively
in the literature. The case of two observed samples of records has also been consid-
ered, where a record of one sample is predicted based on data of both samples. In a
multi-sample set-up, simultaneous prediction of future record values in the samples is
examined and prediction is based on information from observed records of all samples.
Known point prediction procedures in the one-sample case, namely maximum like-
lihood, maximum observed likelihood and maximum product of spacings prediction,
are adapted to the described setting of several samples. The point prediction methods
are exemplified and elaborated by results for an underlying exponential and Pareto
distribution. As an application, the point predictors are applied to data from athletics,
where continental records from men’s javelin, which may be assumed to be based on
an underlying Pareto distribution, are simultaneously predicted.

Keywords Point prediction · Maximum product of spacings prediction ·
Multi-sample set-up · Exponential distribution · Pareto distribution · Real data
analysis

1 Introduction

Methods of point and interval prediction of future record values based on observed
record values in a single sequence of independent and identically distributed (iid)
random variables have been studied in the literature in case of different distributions,
frequently, and they can be applied in fields such as environmetrics, insurance math-
ematics and sports data analytics; we refer to, e.g., Basak and Balakrishnan (2003),
Madi and Raqab (2004), Raqab (2007), Raqab et al (2007), Almuzaini and Raqab
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1572 C. Empacher, U. Kamps

(2022), Navarro (2022), Volovskiy and Kamps (2023), Empacher et al (2024), and the
references therein.

There are also situations in applications, where we observe record values in inde-
pendent samples andwherewe are interested in statistical inference based on all record
information. Several articles examine the two-sample situation and consider predic-
tion of future record values in one sample by additionally utilizing the realizations
of record values in the second sample. Such procedures have also been developed
for other models of ordered random variables or for combinations of such models.
For relevant literature we refer to, e.g., Raqab and Balakrishnan (2008), Ahmadi and
MirMostafaee (2009), Raqab (2009), Ahmadi et al (2010), Ahmadi and Balakrishnan
(2010), Singh et al (2017), Basiri et al (2020), Almuzaini and Raqab (2022).

In this article, we study a multi-sample set-up of m ∈ N independent samples,
aiming at simultaneous point prediction of future record values in all samples based
on observed record values in the m samples, where the underlying distributions of the
iid random variables in the samples coincide.

First, we recall the one-sample record setting. Let X1, X2, . . . be a sequence of
iid random variables with an absolutely continuous cumulative distribution function
(cdf) Fθ , probability density function (pdf) fθ and unknown d-dimensional parameter
θ ∈ � ⊂ R

d , d ∈ N. Let α(Fθ ) and ω(Fθ ) denote the left and right endpoint of the
support of Fθ . Then, record times are defined via

T (1) = 1, T (n + 1) = min{ j > T (n) : X j > XT (n)}, n ∈ N.

Then, the random variables Rn = XT (n), n ∈ N, are called (upper) record values
or records. The joint density function of the first r records is given by

f R1,...,Rr
θ (x1, . . . , xr ) = fθ (xr )

r−1∏

i=1

fθ (xi )

1 − Fθ (xi )
, α(Fθ ) < x1 < · · · < xr < ω(Fθ )

and their marginal density function by

f Rrθ (xr ) = 1

(r − 1)! (− ln (1 − Fθ (xr )))
r−1 fθ (xr ), xr ∈ (α(Fθ ), ω(Fθ )) . (1)

Let Rr
< = {(x1, . . . , xr ) ∈ R

r | α(Fθ ) < x1 < · · · < xr < ω(Fθ )} denote the set of
strictly ordered observations in Rr .

In the literature several procedures for the point and interval prediction of a future
record Rs based on observed records R1, . . . , Rr with r < s are studied (see, e.g.,
Volovskiy and Kamps (2020a), Navarro (2022), Empacher et al (2023) and the ref-
erences therein). In this work we focus on likelihood based predictors, namely the
maximum likelihood predictor (MLP), the maximum observed likelihood predictor
(MOLP), as well as on the maximum product of spacings predictor (MPSP). The
MLP of a future or unobserved random variable Y based on an observed random vec-
tor X is obtained by maximizing the joint density function f X ,Y

θ of X and Y regarding
y and the unknown parameter θ ∈ � of Kaminsky and Rhodin (1985).

Analogously, the MOLP is derived by maximizing the conditional density function
f X |Y
θ of X given Y regarding y and θ (see Volovskiy and Kamps (2020a)).
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Simultaneous prediction of record values 1573

Based on record values R1, . . . , Rr it is shown in Volovskiy and Kamps (2020a)
that the MOLP of Rs, s > r , is given by

π
(s)
MOLP (R1, . . . , Rr ) = F−1

θ̂MOL

(
1 −

(
1 − F

θ̂MOL
(Rr )

) s−1
r

)

where θ̂MOL = θ̂MOL(R1, . . . , Rr ) and θ̂MOL(x1, . . . , xr )maximizes the function �

given by

� (θ | x1, . . . , xr ) =
r∏

j=1

fθ
(
x j

)
(
1 − Fθ

(
x j

))
(− ln (1 − Fθ (xr )))

I(α(Fθ ),ω(Fθ ))r (x1, . . . , xr )

regarding θ ∈ �.
The MPSP of Rs, s > r , is obtained in Volovskiy and Kamps (2020b) by maximiz-

ing the function Ps given by

Ps (x1, . . . , xs, θ) =
s∏

j=1

(
Hθ

(
x j

)

Hθ (xs)
− Hθ

(
x j−1

)

Hθ (xs)

)

regarding θ ∈ � and xr+1 < · · · < xs , where Hθ (x) = − ln(1 − Fθ (x)) is the
cumulative hazard rate at x with Hθ (x0) = 0. It turns out that the MPSP has the form

π
(s)
MPSP (R1, . . . , Rr ) = F−1

θ̂MPS

(
1 −

(
1 − F

θ̂MPS
(Rr )

)s/r)

where θ̂MPS = θ̂MPS(R1, . . . , Rr ) and θ̂MPS(x1, . . . , xr ) maximizes Pr regarding
θ ∈ �.

The forms of the predictors are utilized in Sect. 2.
Other prediction procedures such as linear prediction (Ahsanullah 1980) and predic-

tion using quantile regression and distortion functions (Navarro 2022) are considered
in the literature.

In the following section, representations of the MLP, MOLP and MPSP for the
simultaneous prediction of records based on an arbitrary number m of iid samples
are derived. These results may be used to construct a joint prediction interval for
future records in the samples. The point prediction results are exemplified in Sect. 3
by specific and explicit results for an underlying exponential and Pareto distribution.
Finally, in Sect. 4, the MPSP for Pareto records is applied to data from athletics,
namely to series of continental records from men’s javelin.

2 Point prediction based on several samples

We consider record values from m independent samples and aim at predicting future
records by means of MLP, MOLP as well as MPSP in every sample simultaneously.
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1574 C. Empacher, U. Kamps

Let X (i)
j

i id∼ Fθ , i = 1, . . . ,m, j = 1, 2, . . . , be m independent sequences of

random variables. Then, R(i)
1 , R(i)

2 , . . . denotes the sequence of upper record values in

sample i based on X (i)
1 , X (i)

2 , . . . . The first ri records in the i-th sequence are denoted

by R(i)
� =

(
R(i)
1 , . . . , R(i)

ri

)
which will be assumed to be observed. The future records

R(1)
s1 , . . . , R(m)

sm with s1 > r1, . . . , sm > rm for each sample of record values are to be
predicted simultaneously.

Due to the independence of the sequences of record values, the respective predictive
likelihood function is given by

PL
(
x (1)
� , x (1)

s1 , . . . , x (m)
� , x (m)

sm , θ
)

=
m∏

i=1

f
R(i)

� ,R(i)
si

θ

(
x (i)
� , x (i)

si

)

=
m∏

i=1

⎛

⎝ 1

(si − ri − 1)!

⎛

⎝
ri∏

j=1

fθ
(
x (i)
j

)

1 − Fθ

(
x (i)
j

)

⎞

⎠ fθ
(
x (i)
si

)

•
⎛

⎝− ln

⎛

⎝
1 − Fθ

(
x (i)
si

)

1 − Fθ

(
x (i)
ri

)

⎞

⎠

⎞

⎠
si−ri−1⎞

⎟⎠ . (2)

In order to obtain aMLP, this function has to bemaximized regarding x (1)
s1 , . . . , x (m)

sm
and θ . However, a general representation is not available.

Similar to the one-sample case examined in Volovskiy and Kamps (2020a, b), both
the MOLP and the MPSP take a specific form as shown in Theorems 1 and 2, where
the maximization procedure is reduced to a maximization regarding the distribution
parameter θ .

Theorem 1 (MOLP) For x (i)
� = (x (i)

1 , . . . , x (i)
ri ) ∈ R

ri
<, 2 ≤ ri ∈ N, i = 1, . . . ,m, let

the function � be defined by

�
(
θ

∣∣ x (1)
� , . . . , x (m)

�

)
=

m∏

i=1

⎛

⎝
ri∏

j=1

fθ
(
x (i)
j

)

(
1 − Fθ

(
x (i)
j

)) (
− ln

(
1 − Fθ

(
x (i)
ri

)))

⎞

⎠

• I[α(Fθ ),ω(Fθ ))ri

(
x (i)
�

)

for θ ∈ �. If, for x� ∈ R
r
<, a Borel measurable function θ̂ : R

∑m
i=1 ri → � exists with

�
(
θ̂

(
x (1)
� , . . . , x (m)

�

) ∣∣ x (1)
� , . . . , x (m)

�

)
= max

θ∈�
�

(
θ

∣∣ x (1)
� , . . . , x (m)

�

)
,
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Simultaneous prediction of record values 1575

then for si ∈ N with si ≥ ri + 1 the MOLP of R(i)
si is determined by

π
(i)
MOLP

(
R(1)

� , . . . , R(m)
�

)
= F−1

θ̂MOL

(
1 −

(
1 − Fθ̂MOL

(
R(i)
ri

)) si−1
ri

)

for all i = 1, . . . ,m simultaneously with

θ̂MOL = θ̂
(
R(1)

� , . . . , R(m)
�

)
.

If si = ri + 1 for some i ∈ {1, . . . ,m}, the respective i-th MOLP is given by

π
(i)
MOLP

(
R(1)

� , . . . , R(m)
�

)
= R(i)

ri .

Proof With the independence of the sequences of record values and Equations (1) and
(2), the conditional density function of R(1)

� , . . . , R(m)
� given R(1)

s1 , . . . , R(m)
sm is

PL
(
x (1)
� , x (1)

s1 , . . . , x (m)
� , x (m)

sm , θ
)

∏m
i=1 f

R(i)
si

θ

(
x (i)
si

)

=
m∏

i=1

(si − 1)!
(si − ri − 1)!

⎛

⎝
ri∏

j=1

fθ
(
x (i)
j

)

(
1 − Fθ

(
x (i)
j

)) (
− ln

(
1 − Fθ

(
x (i)
ri

)))

⎞

⎠

•
⎛

⎝1 −
ln

(
1 − Fθ

(
x (i)
ri

))

ln
(
1 − Fθ

(
x (i)
si

))

⎞

⎠
si−ri−1 ⎛

⎝
ln

(
1 − Fθ

(
x (i)
ri

))

ln
(
1 − Fθ

(
x (i)
si

))

⎞

⎠
ri

.

Becauseof its product structure this function canbemaximized regarding x (1)
s1 , . . . , x (m)

sm
separately. Let, at first, si > ri + 1 for all i ∈ {1, . . . ,m}. Then the last two factors
take the shape of a beta density function. Hence, they are maximized by the mode of
that beta distribution, which is given by

ln
(
1 − Fθ

(
x (i)
ri

))

ln
(
1 − Fθ

(
x (i)
si

)) = ri
si − 1

.

Therefore, the optimal x (i)
si is determined as

x (i)
si = F−1

θ

(
1 − (

1 − Fθ

(
xri

)) si−1
ri

)
= x̃ (i)

si , say,

for i ∈ {1, . . . ,m}. By plugging in x̃ (i)
si , i = 1, . . . ,m, we arrive at
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1576 C. Empacher, U. Kamps

⎛

⎝1 −
ln

(
1 − Fθ

(
x (i)
ri

))

ln
(
1 − Fθ

(
x̃ (i)
si

))

⎞

⎠
si−ri−1 ⎛

⎝
ln

(
1 − Fθ

(
x (i)
ri

))

ln
(
1 − Fθ

(
x̃ (i)
si

))

⎞

⎠
ri

=
(
1 − ri

si − 1

)si−ri−1 (
ri

si − 1

)ri
, (3)

which does not depend on the unknown parameter θ .
If si = ri + 1 for an i ∈ {1, . . . ,m}, the above function is decreasing in x (i)

si and

therefore maximized in x (i)
si = x̃ (i)

si = x (i)
ri .

Thus, the remaining function ψ still has to be maximized with respect to θ . �	
If, for an i ∈ {1, . . . ,m}, si = ri + 1, i.e., the prediction of the next record is of

interest, then the marginal MOLP equals R(i)
ri , which denotes the last observed record;

hence, the predictor is not useful. This is pointed out in Volovskiy and Kamps (2020a),
where the one-sample case m = 1 is examined, which is included, here.

In order to extend the MPSP from the one-sample case as in Volovskiy and Kamps
(2020b) to a simultaneous MPSP in the case of m independent samples, we consider
the function

Ps1,...,sm

(
x (1)
1 , . . . , x (1)

s1 , . . . , x (m)
1 , . . . , x (m)

sm , θ
)

=
m∏

i=1

⎛

⎝
si∏

j=1

⎛

⎝
Hθ

(
x (i)
j

)

Hθ

(
x (i)
si

) −
Hθ

(
x (i)
j−1

)

Hθ

(
x (i)
si

)

⎞

⎠ I(α(Fθ ),ω(Fθ ))

(
xsi

)
⎞

⎠ , (4)

for ri , si ∈ Nwith ri ≥ 2 and si > ri , i = 1, . . . ,m, x (i)
0 = α(Fθ ) for all i = 1, . . . ,m,

where maximization is with respect to x (1)
r1+1, . . . , x

(1)
s1 , . . . , x (m)

rm+1, . . . , x
(m)
sm and θ .

As in Theorem 1 for the simultaneous MOLP, a representation of the simultaneous
MPSP can be stated subject to the existence of a maximum of a certain function
regarding θ .

Theorem 2 If, for ri , si ∈ N with ri ≥ 2 and si ≥ ri + 1, i = 1, . . . ,m, m ∈ N, a
Borel measurable function θ̂ : R

∑m
i=1 ri → � exists with

Pr1,...,rm

(
x (1)
� , . . . , x (m)

� , θ̂
(
x (1)
� , . . . , x (m)

�

))
= max

θ∈�
Pr1,...,rm

(
x (1)
� , . . . , x (m)

� , θ
)

for any x (i)
� ∈ R

ri
<, i = 1, . . . ,m, then the MPSP of R(i)

si has the form

π
(i)
MPSP

(
R(1)

� , . . . , R(m)
�

)
= F−1

θ̂
(
x (1)
� ,...,x (m)

�

)

(
1 −

(
1 − F

θ̂
(
x (1)
� ,...,x (m)

�

)
(
R(i)
ri

)) si
ri

)

for all i = 1, . . . ,m simultaneously.

123



Simultaneous prediction of record values 1577

Proof By inspecting the proof of Theorem 1 in Volovskiy and Kamps (2020b) for the
casem = 1, andwith a suitable constant c that depends only on r1, . . . , rm, s1, . . . , sm ,
we obtain:

max(
y(1),...,y(m),θ

)∈
(
R
s1−r1
< ×···×R

sm−rm
< ×�

)
:

(
x(i)
� ,y(i)

)
∈Rsi

<

Ps1,...,sm

(
x(1)
� , y(1), . . . , x(m)

� , y(m), θ
)

= max
θ∈�

m∏

i=1

max
x(i)
si ∈(x(i)

ri ,∞)

max(
x(i)
ri+1,...,x

(i)
si−1

)
∈
(
x(i)
ri ,x(i)

si

)si−ri−1

<

⎛

⎝
si∏

j=1

⎛

⎝
Hθ

(
x(i)
j

)

Hθ

(
x(i)
si

) −
Hθ

(
x(i)
j−1

)

Hθ

(
x(i)
si

)

⎞

⎠

⎞

⎠

= max
θ∈�

m∏

i=1

max
x(i)
si ∈(x(i)

ri ,∞)

⎛

⎝
ri∏

j=1

⎛

⎝
Hθ

(
x(i)
j

)

Hθ

(
x(i)
si

) −
Hθ

(
x(i)
j−1

)

Hθ

(
x(i)
si

)

⎞

⎠

⎞

⎠

⎛

⎝
1 − Hθ

(
x(i)
ri

)
/Hθ

(
x(i)
si

)

si − ri

⎞

⎠
si−ri

= cmax
θ∈�

Pr1,...,rm

(
x(1)
� , . . . , x(m)

� , θ
) m∏

i=1

max
x(i)
si ∈(x(i)

ri ,∞)

⎛

⎝
Hθ

(
x(i)
ri

)

Hθ

(
x(i)
si

)

⎞

⎠
ri ⎛

⎝1 −
Hθ

(
x(i)
ri

)

Hθ

(
x(i)
si

)

⎞

⎠
si−ri

.

The factors of the latter product take the shape of a beta density functions with mode

Hθ

(
x (i)
ri

)

Hθ

(
x (i)
si

) = ri
si

, for all i = 1, . . . ,m.

Hence, because of the product structure the maximum of Ps1,...,sm is attained at

x (i)
si = F−1

θ

(
1 −

(
1 − Fθ

(
x (i)
ri

)) si
ri

)

for all i = 1, . . . ,m and it remains to maximize Pr1,...,rm regarding θ ∈ �. �	
As in the one-sample setting in Volovskiy and Kamps (2020b) the MPSP allows a

reasonable prediction of the very next record in every sequence and the case m = 1 is
included in Theorem 2.

Point predictors turn out to be helpful in the development of prediction intervals for
future record values. Prediction intervals for records have been studied in the case of a
single sample for various underlying distributions (see, e.g., Awad and Raqab (2000),
Raqab (2007). In Empacher et al (2024), the MPSP for a future record value based
on a Pareto distribution (see Theorem 2 for m = 1, Volovskiy and Kamps (2020b))
has been successfully utilized to construct prediction intervals, which perform well
in terms of expected length and coverage. By means of simultaneous predictors in m
independent samples, m-dimensional rectangular prediction regions are near at hand.

3 Record values from particular distributions

In Theorem 1 and Theorem 2 the general forms of the MOLP and the MPSP are
presented, which, however, are usually not explicitly available. For record values with
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1578 C. Empacher, U. Kamps

underlying exponential or Pareto distributions, the predictors MOLP, MPSP as well
as MLP can be derived in closed form as shown in the following sections.

3.1 Exponential distribution

Let the two-parameter exponential distribution with location parameter μ ∈ R and
scale parameter σ ∈ (0,∞) be given by the cdf

Fμ,σ (x) = 1 − exp

(
− x − μ

σ

)
, x ∈ (μ,∞). (5)

For point prediction of future record values based on an exponential distribution in
the single sample case, we refer to Basak and Balakrishnan (2003), Raqab et al (2007),
Volovskiy and Kamps (2020a, b), Almuzaini and Raqab (2022), Navarro (2022).

According to Theorem 1 we have

�
(
μ, σ

∣∣ x (1)
� , . . . , x (m)

�

)
=

m∏

i=1

1
(
x (i)
ri − μ

)ri I
(
0,min

{
x (1)
1 ,...,x (m)

1

})(μ).

Since � does not depend on σ and it is increasing in μ, � is maximized in μ̂MOL =
min

{
x (1)
1 , . . . , x (m)

1

}
. Hence, by Theorem 1, the MOLP is given by

F−1
μ,σ

(
1 −

(
1 − Fμ,σ

(
R(i)
ri

)) si−1
ri

)
= R(i)

ri +
(
R(i)
ri − μ

) si − ri − 1

ri
.

This yields the following result for the MOLP, which, in the one-sample case (i.e.,
m = 1), is shown in Volovskiy and Kamps (2020a).

Corollary 1 (MOLP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fμ,σ as in (5).

For ri , si ∈ N with 2 ≤ ri < si the unique MOLP of R(i)
si based on R(1)

� , . . . , R(m)
�

is given by

π
(i)
MOLP = R(i)

ri +
(
R(i)
ri − μ

) si − ri − 1

ri
for all i = 1, . . . ,m, simultaneously,

(6)

if μ is known, and by (6) with μ replaced by μ̂MOL = min
{
R(1)
1 , . . . , R(m)

1

}
, if μ is

unknown.
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For the construction of the MPSP we consider the function in (4) for the two-
parameter exponential distribution as in (5):

Pr1,...,rm

(
μ, σ

∣∣ x (1)
� , . . . , x (m)

�

)
=

m∏

i=1

⎛

⎜⎝
x (i)
1 − μ

(
x (i)
ri − μ

)ri
ri∏

j=2

(
x (i)
j − x (i)

j−1

)
⎞

⎟⎠ ,

which does not depend on the unknown parameter σ . A global maximum regarding
μ exists since

lim
μ→−∞ ln

(
Pr1,...,rm

(
μ, σ

∣∣ x (1)
� , . . . , x (m)

�

))
= −∞,

lim
μ→min

{
x (1)
1 ,...,x (m)

1

} ln
(
Pr1,...,rm

(
μ, σ

∣∣ x (1)
� , . . . , x (m)

�

))
= −∞,

but has to be calculated numerically. For μ known and according to Theorem 2, the
MPSP takes the form

F−1
μ,σ

(
1 −

(
1 − Fμ,σ

(
R(i)
ri

)) si
ri

)
= R(i)

ri +
(
R(i)
ri − μ

) si − ri
ri

.

Thus, we find the following corollary.

Corollary 2 (MPSP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fμ,σ as in (5).

For ri , si ∈ N with 2 ≤ ri < si the unique MPSP of R(i)
si based on R(1)

� , . . . , R(m)
�

is given by

π
(i)
MPSP = R(i)

ri +
(
R(i)
ri − μ

) si − ri
ri

for all i = 1, . . . ,m, simultaneously, (7)

if μ is known, and by (7) with μ replaced by

μ̂MPS = argmax
μ∈

(
0,min

{
x (1)
1 ,...,x (m)

1

})Pr1,...,rm

(
μ, σ

∣∣ x (1)
� , . . . , x (m)

�

)
,

if μ is unknown.

The one-sampleMPSP as in Volovskiy and Kamps (2020b) is included by choosing
m = 1.

Moreover, the simultaneous MLP of future sample record values can be stated
explicitlywhen exponential distributions are assumed. In the single sample case,MLPs
for known and unknown location parameter are shown in Basak and Balakrishnan
(2003).
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Lemma 3 (MLP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fμ,σ as in (5). For

ri , si ∈ N with 2 ≤ ri < si , the unique MLP of R(i)
si based on R(1)

� , . . . , R(m)
� is given

by

π
(i)
MLP = R(i)

ri +
(

m∑

i=1

R(i)
ri − mμ

)
si − ri − 1∑m
i=1 ri + m

for all

i = 1, . . . ,m, simultaneously, (8)

if μ is known, and by (8) with μ replaced by μ̂PML = min
{
R(1)
1 , . . . , R(m)

1

}
, if μ is

unknown.

Proof According to Equation (2) the predictive likelihood function is given by

PL
(
x (1)
� , x (1)

s1 , . . . , x (m)
� , x (m)

sm , μ, σ
)

=
m∏

i=1

(
σ−si

(si − ri − 1)! exp
(

− x (i)
si − μ

σ

) (
x (i)
si − x (i)

ri

)si−ri−1
)

∝ σ−∑m
i=1 si

m∏

i=1

hi
(
x (i)
si , σ

)
(9)

with functions hi given by

hi
(
x (i)
si , μ, σ

)
= exp

(
− x (i)

si − μ

σ

) (
x (i)
si − x (i)

ri

)si−ri−1
, i = 1, . . . ,m.

Every hi and therefore (9) is increasing in μ. Hence, (9) is maximized with respect to

μ in μ̂PML = min
{
x (1)
1 , . . . , x (1)

m

}
, which does not depend on σ or x (i)

si .

Because of the product structure, each hi can be maximized regarding x (i)
si for fixed

σ ∈ (0,∞) separately.
If si = ri + 1, then hi is decreasing in x (i)

si and therefore maximized in x (i)
ri = x̃ (i)

si ,
say, with

hi
(
x (i)
ri , σ

)
= exp

(
− x (i)

ri − μ

σ

)
= exp

(
− x (i)

ri − μ

σ

)
σ si−ri−1.

If si > ri + 1, then, for fixed σ ∈ (0,∞), hi is seen to attain its global maximum

regarding xsi ∈
(
x (i)
ri ,∞

)
at

x (i)
ri + σ(si − ri − 1) = x̃ (i)

si , say, with
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hi
(
x (i)
ri + σ(si − ri − 1), σ

)
∝ exp

(
− x (i)

ri − μ

σ

)
σ si−ri−1.

Hence we find

PL
(
x (1)
� , x̃ (1)

s1 , . . . , x (m)
� , x̃ (m)

sm , σ
)

∝ σ−∑m
i=1 ri−m exp

(
−

∑m
i=1 x

(i)
ri − mμ

σ

)

= g(σ ), say.

Moreover, g attains its global maximum with respect to σ ∈ (0,∞) at

σ =
∑m

i=1 x
(i)
ri − mμ∑m

i=1 ri + m
.

Inspecting the derivation, we find uniqueness of the maximum of the predictive like-
lihood function and the form of the MLP to be

x (i)
si = x (i)

ri +
(

m∑

i=1

x (i)
ri − mμ

)
si − ri − 1∑m
i=1 ri + m

, i = 1, . . . ,m.

�	
If, for some i ∈ {1, . . . ,m}, si = ri + 1, then MLP yields a trivial predictor as in

the one-sample case, i.e., π(i)
MLP = R(i)

ri namely the last observed record. Thus, there
is no reasonable MLP, if the very next record is predicted.

3.2 Pareto distribution

Let the Pareto distribution with scale parameter λ ∈ (0,∞) and shape parameter
β ∈ (0,∞) be given by the cdf

Fλ,β(x) = 1 −
(

λ

x

)β

, x ∈ [λ,∞). (10)

Point prediction of future Pareto record values in the single sample case has been
studied in, e.g., Madi and Raqab (2004), Ahmadi and Doostparast (2006), Raqab et al
(2007), and Volovskiy and Kamps (2020b, 2023).

In order to obtain the MOLP according to Theorem 1, we maximize the function
� given by

�
(
λ, β

∣∣ x (1)
� , . . . , x (m)

�

)
=

m∏

i=1

1
(
ln

(
x (i)
ri

)
− ln (λ)

)ri
ri∏

j=1

1

x (i)
j

I(
0,min

{
x (1)
1 ,...,x (m)

1

})(λ)

with respect to λ and β.
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However,� does not depend on β and is increasing in λ. Therefore, for λ unknown,

it has to be chosen as λ̂MOL = min
{
x (1)
1 , . . . , x (m)

1

}
. The form of the MOLP is given

by Theorem 1 as

F−1
λ,β

(
1 −

(
1 − Fλ,β

(
R(i)
ri

))si−1
ri

)
= λ

(
R(i)
ri

λ

) si−1
ri

,

which yields the following result.

Corollary 3 (MOLP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fλ,β as in (10). For

ri , si ∈ N with 2 ≤ ri < si the unique MOLP of R(i)
si based on R(1)

� , . . . , R(m)
� is given

by

π
(i)
MOLP = λ

(
R(i)
ri

λ

) si−1
ri

for all i = 1, . . . ,m, simultaneously, (11)

if λ is known, and by (11) with λ replaced by λ̂MOL = min
{
R(1)
1 , . . . , R(m)

1

}
, if λ is

unknown.

The single sample casem = 1 is contained in Corollary 3 and is shown inVolovskiy
and Kamps (2023) for an unknown parameter λ. It has to be pointed out that the
marginal MOLP in the situation si = ri + 1 for some i ∈ {1, . . . ,m} becomes trivial
in the sense that the MOLP reduces to R(i)

ri , i.e., the last observed record value.
Next, the MPSP in the Pareto setting is derived. For the single sample case we refer

to Volovskiy and Kamps (2020b). According to Theorem 2,

Pr1,...,rm

(
λ, β

∣∣ x (1)
� , . . . , x (m)

�

)
=

m∏

i=1

ln
(
x (i)
1

)
− ln(λ)

(
ln

(
x (i)
ri

)
− ln(λ)

)ri

•
ri∏

j=2

(
ln

(
x (i)
j

)
− ln

(
x (i)
j−1

))

with x (i)
0 = λ, i = 1, . . . ,m has to be maximized regarding the parameters of the

Pareto distribution. This function does not depend on the shape parameter β. Since
Pr1,...,rm is a non-negative function and

lim
λ→0

Pr1,...,rm

(
λ, β

∣∣ x (1)
� , . . . , x (m)

�

)
= 0,

lim
λ→min

{
x (1)
1 ,...,x (m)

1

}Pr1,...,rm

(
λ, β

∣∣ x (1)
� , . . . , x (m)

�

)
= 0,
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it attains a global maximum with respect to λ, which can be derived numerically, and
which may not be unique. For λ known and because of Theorem 2, the MPSP takes
the form

F−1
λ,β

(
1 −

(
1 − Fλ,β

(
R(i)
ri

)) si
ri

)
= λ

(
R(i)
ri

λ

) si
ri

,

which leads to the following corollary.

Corollary 4 (MPSP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fλ,β as in (10). For

ri , si ∈ N with 2 ≤ ri < si the unique MPSP of R(i)
si based on R(1)

� , . . . , R(m)
� is given

by

π
(i)
MPSP = λ

(
R(i)
ri

λ

) si
ri

for all i = 1, . . . ,m, simultaneously, (12)

if λ is known, and by (12) with λ replaced by

λ̂MPS = argmax
λ∈

(
0,min

{
x (1)
1 ,...,x (m)

1

})Pr1,...,rm

(
λ, β

∣∣ x (1)
� , . . . , x (m)

�

)
,

if λ is unknown.

In the single sample situation, the MLP for a future Pareto record value is shown
in Raqab et al (2007), and Volovskiy and Kamps (2023) for an unknown parameter λ.
This result can be extended to the multi sample setting. The following lemma states
the simultaneous MLP for both, known and unknown scale parameter.

Lemma 4 (MLP) Let R(i)
1 , . . . , R(i)

si be the first si ∈ N, i = 1, . . . ,m, upper record
values of m independent samples of random variables with cdf Fλ,β as in (10).

For ri , si ∈ N with 2 ≤ ri < si for all i = 1, . . . ,m, the unique MLP of R(i)
si based

on R(1)
� , . . . , R(m)

� is given by

π
(i)
MLP = R(i)

ri exp

(
si − ri − 1

β̂PML + 1

)
(13)

with

β̂PML = 1

2

⎛

⎜⎜⎜⎜⎝

∑m
i=1 ri + m

∑m
i=1 ln

(
R(i)
ri
λ

) − 1 +

√√√√√√√√

⎛

⎜⎜⎜⎝

∑m
i=1 ri + m

∑m
i=1 ln

(
R(i)
ri
λ

) − 1

⎞

⎟⎟⎟⎠

2

+ 4
∑m

i=1 si
∑m

i=1 ln

(
R(i)
ri
λ

)

⎞

⎟⎟⎟⎟⎠
,
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if λ is known, and by (13) with λ in the representation of β̂PML replaced by λ̂PML =
min

{
R(1)
1 , . . . , R(m)

1

}
, if λ is unknown.

Proof According to Equation (2) the predictive likelihood function PL
(
x (1)
� , x (1)

s1 ,

. . . , x (m)
� , x (m)

sm , β
)
is proportional to

λmββ
∑m

i=1 si
m∏

i=1

hi
(
x (i)
si , β

)

with functions hi given by

hi
(
x (i)
si , β

)
=

(
x (i)
si

)−(β+1) (
ln

(
x (i)
si

)
− ln

(
x (i)
ri

))si−ri−1
, i = 1, . . . ,m.

The hi and therefore the predictive likelihood function are increasing in λ and maxi-

mized in λ = min
{
x (1)
1 , . . . , x (m)

1

}
.

Because of the product structure, each hi can be maximized regarding x (i)
si for fixed

β ∈ (0,∞) separately.
If si = ri + 1, then hi is decreasing in x (i)

si and therefore maximized in x (i)
ri = x̃ (i)

si ,
say, with

hi
(
x̃ (i)
si , β

)
=

(
x (i)
ri

)−(β+1)
.

If si > ri + 1, then, for fixed β ∈ (0,∞), hi is seen to attain its global maximum

regarding x (i)
si ∈

(
x (i)
ri ,∞

)
at

x (i)
ri exp

(
si − ri − 1

β + 1

)
= x̃ (i)

si , say, with

hi
(
x̃ (i)
si , β

)
∝ 1

(
x (i)
ri

)β+1

1

(β + 1)si−ri−1 .

Thus, we obtain

PL
(
x (1)
� , x̃ (1)

s1 , . . . , x (m)
� , x̃ (m)

sm , β
)

∝ λmββ
∑m

i=1 si

(
m∏

i=1

x (i)
ri

)−(β+1)

(β + 1)−
∑m

i=1(si−ri−1) = g(β), say,
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and

ln(g(β)) = mβ ln(λ) + ln(β)

m∑

i=1

si − (β + 1)
m∑

i=1

ln
(
x (i)
ri

)

− ln(β + 1)
m∑

i=1

(si − ri − 1)

= β

m∑

i=1

ln

(
λ

x (i)
ri

)

+ ln

(
β

β + 1

) m∑

i=1

si + ln(β + 1)

m∑

i=1

(ri + 1) −
m∑

i=1

ln
(
x (i)
ri

)
.

Since

lim
β→0

ln(g(β)) = −∞, lim
β→∞ ln(g(β)) = −∞

g attains its global maximum regarding β ∈ (0,∞) at β̂ (as given in the statement of
Lemma 4), which is uniquely derived by solving

∂ ln(g(β))

∂β
= m ln(λ) +

∑m
i=1 si
β

−
m∑

i=1

ln
(
x (i)
ri

)
−

∑m
i=1(si − ri − 1)

β + 1
= 0

By plugging in this maximizer of g in the formula for x (i)
si , the form of the MLP is

given by

x (i)
si = x (i)

ri exp

(
si − ri − 1

β̂ + 1

)
, i = 1, . . . ,m.

�	
As in the previous section in case of exponential distributions, the marginal MLP

becomes trivial in the situation si = ri + 1 for some i ∈ {1, . . . ,m} in the sense that
π

(i)
MLP = R(i)

ri ; i.e., the last observed record value turns out to be the MLP for the next
record value to appear.

In the following application of simultaneously predicting future record values in
independent samples, we restrict ourselves to using the MPSP in order to study the
most important case si = ri + 1 for all i ∈ {1, . . . ,m}. As aforementioned, MOLP
andMLP lead to trivial predictions by just using the last observed record value in each
sample as predictor of the respective next record value to appear.
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Fig. 1 Q-Q plot of the javelin throws above 84 m by continents

4 Application

As an application of records from several samples, continental athletic records inmen’s
javelin throw are considered. The lengths of the javelin throws from April 1st, 1986
until 2023 can be found at https://worldathletics.org/records/all-time-toplists/throws/
javelin-throw/all/men/senior?regionType=world&page=1&bestResultsOnly=false&
firstDay=1900-01-01&lastDay=2023-12-31&maxResultsByCountry=all&eventId=
10229636&ageCategory=senior. OnApril 1st, 1986 a regulation for amodified javelin
came into effect, which led to shorter lengths compared to throws with the previous
type of javelin.

It is possible to filter the data by area, such that for each continent records can
be determined. In many situations, sports data above some threshold are quite well
described by a Pareto distribution as mentioned in Empacher et al (2023). We will
consider such an example with an appropriately chosen threshold λ, where only data
above this threshold are taken into account. The javelin data is split into lengths before
January 1st, 1987 and thereafter. The lengths of javelin throws in the first year after
the javelin modification are used in order to evaluate, which lengths can be considered
to indicate high-performance sport. Then, only lengths after 1986 and larger than 84
meters are considered further on to evaluate the fit to a Pareto distribution, and we
restrict ourselves to lengths and records fromathletes fromAsia, Europe andNorth-and
Central-America, here. The Pareto assumption is visualized by the quantile-quantile
plots in Figure 1, which indicate a reasonable fit of the underlying data to a Pareto
distribution. The slopes of the lines indicate the value of the shape parameter β which
is similar for all three continents. Hence, we assume for illustration that the javelin
throws from these continents can be described well by the same Pareto distribution.

When predicting records from several samples only records after January 1st, 1987
are taken into account, and we consider the value of λ unknown.
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Table 1 Prediction of continental records based on records between January 1st, 1987 and December 31st,
1995 in men’s javelin

Asia Europe North-/ Central-America

r Athlete Record Athlete Record Athlete Record

1 Mizoguchi 84.16 Železný 87.66 Petranoff 86.32

2 Yevsyukov 85.16 Bodén 89.10 Petranoff 86.46

3 Mizoguchi 85.22 Backley 89.58 Petranoff 89.12

4 Mizoguchi 87.60 Kinnunen 90.82 prediction 91.12 (90.71)

5 prediction 88.65 (89.15) Backley 91.46

6 Železný 95.54

7 Železný 95.66

8 prediction 97.53 (98.48)

Table 2 Prediction of continental records based on records between January 1st, 1987 and December 31th,
2023 in men’s javelin

Asia Europe North-/Central-America

r Athlete Record Athlete Record Athlete Record

1 Mizoguchi 84.16 Železný 87.66 Petranoff 86.32

2 Yevsyukov 85.16 Bodén 89.10 Petranoff 86.46

3 Mizoguchi 85.22 Backley 89.58 Petranoff 89.16

4 Mizoguchi 87.60 Kinnunen 90.82 Greer 90.71

5 Zhao 89.15 Backley 91.46 Greer 91.29

6 Cheng 91.36 Železný 95.54 Peters 93.07

7 prediction 92.75 Železný 95.66 prediction 94.78

8 Železný 98.48

9 prediction 100.54

In this application we distinguish two cases. First, we take a point of view as on
December 31st, 1995 and consider records that have been observed until that point in
time, only, in order to illustrate simultaneous prediction and to match predicted values
and realized subsequent record values. The observed records and MPSP for each
continent can be found in Table 1. The actual performed next record after December
31st, 1995 is given in parentheses. The numerical optimization of

Pr1,r2,r3(λ, β) =
3∏

i=1

ln
(
x (i)
1

)
− ln(λ)

(
ln

(
x (i)
ri

)
− ln(λ)

)ri
ri∏

j=2

(
ln

(
x (i)
j

)
− ln

(
x (i)
j−1

))

needed in Corollary 4 yields λ̂MPS = 83.52 as an estimate of the unknown parameter
λ.
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The MPSP of the Asian and North- and Central-American record are quite close to
the actual performed record values. Although there are more observed record values
in Europe, the prediction is about a meter apart from the actual performed European
record of Jan Železný, which is the current world record as well.

More meaningful predictions are possible by determining one- or two-sided pre-
diction intervals (cf. Empacher et al (2024) in the single-sample case).

Next, we take a more recent point of view and consider simultaneous prediction of
record values as from December 31st, 2023. The prediction results for future conti-
nental records are shown in Table 2. Here, the prediction procedure yields an estimate
of λ̂MPS = 83.46. The predicted next European record of 100.54 m is the only one
that breaks the current world record of 98.48 m as well.

Simultaneous prediction of record values may also be of interest in other applica-
tions, where independent samples can be assumed and where a good fit to a particular
distribution is seen to be valid in all samples under consideration.
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