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Abstract

The good choice of hyperparameters is crucial for the successful application of deep
learning (DL) networks in order to find accurate solutions or the best parameter in
solving partial differential equations (PDEs), that are sensitive to errors in coef-
ficient estimation. For this purpose, hyperparameter optimization of multi-output
physics-informed neural networks (HOMO-PINNS) is based on the optimal search
of PINN hyperparameters for solving PDEs with uncertain coefficients in the uncer-
tainty quantification (UQ) field. By testing this novel methodology on different PDEs,
the relationship between activation functions, the number of output neurons, and the
degree of coefficient uncertainty can be observed. The experimental results show that
adding output neurons to the neural network (NN), even if a theoretically incorrect
activation function is chosen, keeps the predicted solution accurate.

Keywords Physics-informed neural network - Numerical methods - PDE -
Uncertainty quantification - PINN - Hyperparameter optimization

1 Introduction

Partial differential equations (PDEs) are fundamental for modelling a wide range of
physical phenomena in various scientific and engineering disciplines. In order to find an
accurate solution to differential problems, physics-informed neural networks (PINNs)
were developed by Raissi et al. [20], combining mathematical models and data. These
networks are capable of using physical equations as a functional to minimize, thereby
creating a NN that is suitable for solving problems in a manner that is consistent
with the principles of physics. Consequently, PINNs have been employed to address
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real-world issues in a multitude of disciplines, such as fluid dynamics [3], flexible
mechatronics and soft robotics [17], electronics [25], and railway tracking [6]. As is
well documented in the literature, the coefficients of a PDE can have a significant
impact on the solution [9] and its numerical approximation [10, 13]. Consequently,
the extent of noise present in these coefficients necessitates the estimation of the error
in predicting a solution by a PINN. For example, Qian et al. [19] provide an error
analysis of PINN for the wave equation. While De Ryck et al. [7] prove bounds on the
errors caused by the approximation of the incompressible Navier—Stokes equations
with PINNS.

PINNs may help to solve PDEs with uncertain coefficients or random noise. In
the uncertainty quantification (UQ) content, the chosen PDE is solved multiple times
under random perturbations of coefficients to assess solution variability. This approach
allows for evaluating the accuracy of the mean predicted solution against an analytical
reference. In the context of elastic deformation in heterogeneous solids, Bharadwaja
et al. [2] demonstrated that the mean and standard deviation of PINN solutions align
well with Monte Carlo finite element results. Similarly, Li et al. [16] introduced a
UQ-based method to identify collocation points where PINNs exhibit large prediction
errors, providing a systematic way to enhance solution reliability.

Yang and Foster [24] proposed multi-output PINNs (MO-PINNs), which are capa-
ble of solving both forward and inverse problems governed by PDEs, even in the
presence of noisy data. This approach not only predicts the solution, but also provides
an associated uncertainty estimate, allowing quantification of the confidence in the
results, particularly suited to the UQ task. Furthermore, Liu et al. [ 18] use MO-PINNs
for one- and two-dimensional nonlinear time distributed-order models. In addition,
Hao et al. [11] utilize MO-PINN to predict the evolution of time-varying coefficients
and probability density function of quantity of interest (Qol). While Chang et al. [4]
show how MO-PINNSs reduce the relative error by an order of magnitude in the context
of parameter identification. For the purpose of this paper, MO-PINNs are used due to
their unique ability to train a single NN on each of the coefficient-based PDEs, and
then visualize all outputs simultaneously.

Consequently, the selection of the number of output neurons, in conjunction with the
other NN hyperparameters, has a significant impact on the efficiency of PINNs. For
instance, Escapil-Inchauspé and Ruz [8] introduce a hyper-parameter optimization
(HPO) algorithm and test it on the Helmholtz equation. While Sharma et al. [22]
perform an optimization process for heat conduction problems with a discontinuous
solution on many hyperparameters, including the number of hidden layers, learning
rate, and activation functions. In particular, the output activation function, which is
typically selected based on the range of values where the problem resides, plays a
crucial role in the NN training phase. While the hyperbolic tangent (tanh) activation
function is commonly used as the default option for PINNs, some studies have indicated
that other activation functions can be more effective in specific scenarios (see [21]).
For instance, research by Jagtap et al. [12] and Al Safwan et al. [1] suggests that the
sigmoid and swish functions may offer advantages in certain cases. However, these
studies do not provide a definitive conclusion on the optimal activation function for
various PDE problems. Further investigation and comparison across different types of
PDEs are needed to establish a clearer preference for activation functions in PINNs.

@ Springer
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In order to determine the optimal choice of hyperparameters (e.g., the number of
neurons and the activation function for the output layer), it is necessary to develop a
robust methodology that can better predict the most accurate solution to the differ-
ential problem, even when the error on one or more coefficients that appear in the
PDE increases (in the sense of being affected by a noise of larger variance). This
study presents such methodology, introducing hyperparameter optimization of MO-
PINNs (HOMO-PINNSs), which are capable of combining an optimal search strategy
for hyperparameters with the UQ for solutions to PDEs affected by uncertainties on
coefficients.

The novelty of this paper is as follows:

e introduction of the HOMO-PINNSs, obtained by combining multi-output PINNs
with Hyperparameter Optimization, while presenting the quantification of uncer-
tainties in PDE;

e testing of this methodology for groundwater flow and Poisson equations in order
to showcase the links between hyperparameter choices and different percentages
of error;

e discovering that a wrong activation function requires more output neurons in order
to perform well when the coefficient error is large.

The paper is structured as follows: Section 2 provides the mathematical presentation
of PINNs, focusing on multi-outputs, and outlines the hyperparameter optimization
strategy; Section 3 is devoted to experimental results of the HOMO-PINN methodol-
ogy on the two test PDEs; Section 4 includes the concluding remarks, summarizing
the findings obtained through testing.

2 Methodology

This section focuses on the description of the HOMO-PINN approach (see Fig. 1),
from the mathematical aspects of PINNs, through their multi-output variant, to the
search for optimal hyperparameters.

2.1 Physics-Informed Neural Networks

PINNs represent a significant advancement in the field of computational modeling,
bridging the gap between traditional data-driven approaches and physics-based sim-
ulations. By embedding physical laws (described by PDEs) directly into the neural
network’s learning process, PINNs enhance the model’s predictive capabilities, espe-
cially in scenarios with limited or noisy data.

The PINN architecture is based on a fully-connected feed-forward neural network
(FC-FFNN), where each neuron in each layer is connected to every neuron in the
previous layer. The mathematical operations, within a single layer, can be described in
terms of matrix multiplication followed by the application of a (linear or non-linear)
activation function. Let x € R, for the [-th layer in the network, the output is

h® = ¢® (Wa)h(l—l) + b(’)) ’
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Fig. 1 Pipeline for the HOMO-PINN. Once the hyperparameters to be tested have been selected, all the
possible combinations of them are generated as vectors. For each of these, a MO-PINN is trained, which
returns the predicted solutions associated with different samples of the coefficient. The mean of these solu-
tions is then compared with the analytical solution to identify the optimal combination of hyperparameters
through graphical analysis

where ¢ is the activation function, W) € R™>"-1 is the weight matrix, b®) € R™
is the bias vector and n; is the number neurons in the /-th layer. Note that h/=" is the
output of the previous layer and h(®) = x. Then, the FC-FFNN output is given by

1o (X) = (h(LH) oh@o... oh(o)) x), @2.1.1)

where L is the number of hidden layers and 6 indicates the set of hyperparameters of
the NN.

A distinctive feature of PINNS is the loss function expressed by the discrepancy
between the NN output Eq. 2.1.1 and the physical law. Let us consider a general PDE
of the form

Fu(x), Vu(x), Vu(x),...) = 0,

2.1.2)
Z(u(x)) =0, Bu(x) =0,

where u is the solution to the PDE, x is the vector of space-time coordinates, while
F,Z, and B are differential operators referring to the PDE, its initial conditions (IC),
and boundary conditions (BC), respectively. The residuals of Eq. 2.1.2 are defined as

RopE(X) = F(ug(x), Vug(x), Vug(x), ...)
RIc(x) = Z(up(x)), Roge(x) = Blug(x))

Then, the loss function can be defined as follows

APDE NppE . ,  Ae Nic . ,  ABC Ngc . )
L) = E | Rppg (X))~ + — § Ric(x)I” + — E [Rpcxi)l”s
NpDpE P PDE \M Nic = 1C\y Ngc P BC

(2.1.3)
where Nppg, Nic and Npc are the number of collocation points used to evaluate the
PDE residual, initial condition residual, and boundary condition residual, respectively
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and Appg, AM1c and Apc their weights. Therefore, the PDE is approximated by finding
an optimal set 8* of NN hyperparameters that minimizes Eq. 2.1.3 as follows

0* := argmin L(9), (2.1.4)
9

using an optimization algorithm (e.g., ADAM [14]). After identifying the optimal
hyperparameter set Eq. 2.1.4, the solution ug=(x) is derived, which provides the best
approximation to the actual solution of the problem.

2.2 Multi-output PINNs (MO-PINNs)

To address the inherent uncertainties in PDE coefficients arising from factors such as
measurement error, material heterogeneity, and model approximations, MO-PINNs
extend traditional PINNs and enable the simultaneous prediction of multiple possible
solutions under various uncertainty scenarios. MO-PINNs are also useful for approxi-
mating statistical properties such as the mean and variance of the solution. The key idea
is that instead of training multiple PINNs for different realizations of uncertain param-
eters, a single neural network is designed with multiple outputs, each representing a
different realization of the solution.
In this context, UQ is naturally integrated by considering a stochastic representation
of the PDE coefficients. Specifically, in the framework introduced in Subsection 2.1,
let us suppose that the operator F in Eq. 2.1.2 also depends on an uncertain coefficient
K (x,w), ie.,
F(K(x, ), u(x), Vu(x), VZu(x),...) = 0. (2.2.1)

The uncertainty of K (x, w) is introduced by a multiplicative noise as follows
K (x,w) = K(X)e(x, w), (2.2.2)

where e(x, ) € R x S is a random noise field!, S a random space, @ a random event
(or a random variable).

This approach is particularly beneficial in scenarios where material properties such
as conductivity, diffusivity, or elasticity coefficients are not well-defined and may
exhibit spatial variability due to inherent randomness in the medium. By modeling
K (x) as arandom variable, one can capture these variations, thereby ensuring that the
PINN solutions are capable of accounting for real-world uncertainties.

Let us denote with n7 1| the number of samples (¢1(x), ..., &y, (X)), from which

we obtain the corresponding coefficients K, (x). Then, according to the given definition

' A random field is a mathematical model used to describe spatially or temporally varying random phe-
nomena. It generalizes the concept of a stochastic process to multiple dimensions, allowing randomness to
be defined over space, time, or both. A random field K (x, w) is a family of random variables indexed by a
point X in a domain D € R? and defined on a probability space (€2, F, IP), where x represents spatial (or
spatiotemporal) coordinates in D, w € 2 is a sample from the probability space, and K (X, @) is a random
variable for each fixed x. For a fixed location x, the function K (x, w) describes a random variable, while
for a fixed realization w, the function K (x, w) describes a deterministic function over space.

@ Springer
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of a MO-PINN, the number of output neurons has to be fixed to ny 1, and, recalling
the first term of Eq. 2.1.3, the PDE residual becomes

np+1

1
RIpp(xi) = —— O x)% 2.2.3
PoE(N) = - ;m (x))] (223)

where
ff = f(/%,(x), up(x), Vg (x), Vug(x), . . ) , r=1,...,np41. (224

Therefore, the loss function Eq. 2.1.3 can be replaced by

APDE NppE np41 Nic Npc
L©) = > ( Z LA )P ) Zm x)I? +—Z|R o).

NepE
(2.2.5)
By minimizing the loss function in Eq. 2.1.4, a set of solutions ”0*) x), . gff“ ) (x)
is obtained, each corresponding to a PDE realization with residual Eq. 2.2.4. The final
prediction is then given by their average, ug*(X).

A key advantage of this approach is that it enables a direct evaluation of the mean
and variance of the predicted solutions, which is imperative for comprehending the
impact of uncertainty on the system’s behavior. By training the network on multiple
realizations of K, an ensemble of solutions is generated, thereby providing a proba-
bilistic interpretation of the PDE solution rather than a single deterministic outcome.
This guarantees the reliability of the solutions, even when PDE parameters are subject
to variability.

2.3 Hyperparameter Optimization

The performance of MO-PINNS, as for any NN, is highly dependent on the choice of
hyperparameters, including the number of hidden layers, neurons per layer, learning
rate, activation functions, and the number of output neurons. To systematically identify
the optimal configuration, a hyperparameter optimization strategy is essential (see [15,
23]).

In this study, the hyperparameter tuning process was executed via a grid search,
a method involving the exhaustive exploration of a manually defined subset of the
hyperparameter space. This process is repeated for each element in the subset, with
the objective of identifying the element that minimizes the prediction error. The hyper-
parameters considered include the number n7 41 of output neurons and the activation
function ¢“*D for the output layer. For each combination of these, and for different
percentages of errors in the distribution of ¢,, the MO-PINN was trained on the fixed
dataset {x j}y:”l‘”'” CDCRY minimizing the loss function Eq. 2.2.5. Then, the same
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combinations were tested on {X;} _"i”, evaluating the performance of the network
based on the mean squared error (MSE) between the predicted and true solutions of
the PDE, i.e.,

tht

D lu(xg) — g (%17

s=1

MSE :=

Mtest

For each percentage of error in the coefficient K, the optimal set of hyperparameters
was identified as the combination that resulted in the lowest MSE, ensuring that the
model achieves high accuracy while maintaining robustness to uncertainties.

A critical aspect of hyperparameter optimization in MO-PINNSs is balancing accu-
racy and computational efficiency. While the addition of more output neurons has been
shown to enhance uncertainty quantification by capturing a more extensive range of
potential solutions, it concomitantly increases the computational burden. The selection
of the activation function influences both numerical stability and the expressiveness of
the model. For instance, the employment of smooth activation functions, such as Swish,
can assist in addressing issues related to gradient vanishing. Conversely, traditional
activation functions, including Sigmoid, may yield superior performance when the
output range is constrained. These considerations highlight the complexity of hyper-
parameter selection in MO-PINNs, emphasizing the need for a systematic approach
to optimize performance while maintaining computational feasibility. For simplicity,
from now on let us denote ug+ (x) with u(x).

3 Numerical Results

This section focuses on evaluating the HOMO-PINN methodology by addressing what
happens if one considers more than one noisy PDE coefficient and uses them to obtain
multiple predicted solutions, and if the mean of these is somehow close to the analytical
solution to the problem. For this purpose, let us suppose the coefficient K in Eq. 2.2.1
to be affected by a non-linear noise defined as in Eq. 2.2.2, where

£ (x, @) = exp {g,“)(w) sin(27x) + & @ (w) cos@mx) + & 3 (w) cos <%x
(3.0.1)
with & @ having a Gaussian distribution with fixed mean s = 1 and variance o2
{0.05, 0.1, 0.2}.

For all cases, different numbers of output neurons and activation functions for the
output layer are considered, while the weights in the loss function Eq. 2.2.5 are always
setas Appg = 1/5 and Ajc = Apc = 2/5-np+1. Therationale behind this setup is that,
as the number n; 11 increases, the PDE residual tends to dominate the optimization,
which may lead to weak enforcement of initial and boundary conditions. By scaling
the IC and BC contributions proportionally to ny 41, the different terms of the loss
are kept balanced, mitigating potential convergence issues. The specific ratios (1/5
and 2/5) were determined empirically to provide a robust trade-off between accuracy
and stability in the test cases. The hidden layers of the HOMO-PINN have the same
architecture for all tests, consisting of four layers of 40 neurons each, with hyperbolic
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tangent (tanh) as activation function. For the training, 30,000 epochs were conducted
using a learning rate of 3 x 10™3 and employed the ADAM optimizer.

The experiments were executed on an NVIDIA GeForce RTX 3090 GPU with an
Intel(R) Core(TM) 19-9900K CPU @ 3.60GHz, 8-Cores Processor and 128 GB of
RAM, in TensorFlow 2.0 using a Python interpreter.

3.1 Groundwater Flow Equation

The behavior of groundwater flow is influenced by various factors, including the
hydraulic conductivity of the subsurface materials, the porosity of the geological for-
mations, the presence of natural and artificial recharge and discharge sources, and
the temporal variations in these factors. The general form of the groundwater flow
equation is

V'(KVu)—i-S?)—L:z t >0, 3.1.1)
where u is the hydraulic head, K is the hydraulic conductivity tensor, S is the storage
coefficient, and Q represents sources or sinks of water (see [5] for details). The equation
that describes the water extraction from a point sink in an infinite aquifer is obtained
by Eq. 3.1.1 specifying the source term using V, as the instantaneous source or sink
water volume located in §, which indicates the Dirac delta function. Then,

du(t, x)
ar

V.- (K@, x)Vu(t,x)) + S = V,6(t)é(x), (3.1.2)

for all x € R", r > 0, with initial conditions and boundary conditions
u(t,X);=0 =0 vVxeR" u(t,X)|xs400 =0 V£ >0

To numerically solve the problem Eq. 3.1.2, it is necessary to estimate the Dirac delta
function &, as it is not differentiable everywhere and can therefore only be described
in terms of distributions. A Dirac approximation can be built as

8y(x) = l(p <)—C> (3.1.3)
no\n

where for y = x/n
7(1+cos(ry)) iflyl <1
0 otherwise.

o(y) = {

From now on, let us consider the one-dimensional spatial case, with the Delta
approximation Eq. 3.1.3, then Eq. 3.1.2 becomes

9%u ou
+ S m = V48, ()8, (x), (3.1.4)

_g 2
dx2 9
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Fig.2 Predicted (left) and analytical (right) solution for Eq. 3.1.4 through PINNs using sigmoid as activation
function for the one neuron output layer

for all x € R, t > 0, whose analytical solution is

,(2
wexy=Ya | S S (3.1.5)
’ 25V Knr

Let us suppose the hydraulic conductivity K in Eq. 3.1.4 to be noisy, i.e., K, =
K &,(x), where K = 1 and ¢, is defined in Eq. 3.0.1. In addition, let us assume
(t,x) € D =10,50] x [0, 50], while setting S = 1 and V,, = % Then, the residual in
Eq. 2.2.4 for this case study is

ff=-K 82—”+8—”—15(t)5(x) r=1 n
e "oxz ar 2 YT o

The hyperparameters considered in the optimization phase include npy; €
{3, 5, 10}, the number of output neurons, and ¢(L'H) € {sigmoid, tanh, swish}, the
activation function for the output layer.

In general, for problems like the groundwater flow equation with this set of IC,
BC, and parameters, where the analytical solution lies within the interval [0, 1], the
sigmoid activation function is recommended due to its inherent properties. In fact,
Fig. 2 shows the accuracy of the predicted solution with respect to the analytical one.
This is confirmed by the absolute value of the point-wise difference between the two,
as displayed in Fig. 3, where the error is concentrated in the points interested by
the Dirac delta approximation Eq. 3.1.3. Nevertheless, even if an unsuited activation
function is selected, leading to sub-optimal individual results, the mean of these results
remains comparably accurate to that obtained using the optimal activation function.
Consequently, increasing n41 enhances the accuracy of the mean, bringing it closer
to the analytical solution. For instance, as can be noticed in Fig. 4, when using swish
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Fig.3 Absolute value of the point-wise difference between the analytical solution and its prediction through
a PINN with one output neuron and sigmoid as the activation function for the output layer. The zoomed-in
part of the plot shows the area where this error is concentrated. A solution takes values in [0, 1]

as activation function and setting the number of output neurons to 10, for a 0.2 noise

variance on the coefficient K, the mean ug+ of the predicted solutions uél*), e, uél*o),

associated with different samples K Lsvnns K 10 of the coefficient, stays adjacent to
the analytical solution u (see Eq. 3.1.5). As far as the ten single predicted solutions
ug*) that are plotted in grey in Fig. 4, a far more significant error with respect to the
analytical solution can be noticed. This is due not only to the theoretically wrong
choice of activation function, but also to the fact that the diffusion coefficient IZ,
used has a noise percentage of 20%, leading the PINN to solve a different type of the
differential problem from the original one.

Figure 5 summarizes the test results with every combination of the considered
hyperparameters. More specifically, x, y-axes correspond to the number of neurons
and the activation function used for the output layer, respectively, while each colored
square represents the maximum among the values, for each of the noise variances on
K, of either

u(10, x) —u(10, x)||;2
MaxAbsErr := max |lu — illz2¢050 OF RelErr := e ) ( Me2qo2s)
1€[0,50] ’ 12 (10, X) Ml 210,257
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Fig. 4 2D projection for r = 10 of single predicted MO-PINN solutions u® (in grey), their mean u (in
green) and analytical solution « (in red) to groundwater flow equation. The predictions are obtained with 10
output neurons using swish activation function on the output layer, while the samples of K, are generated
using Egs. 2.2.2 and 3.0.1 with variance 0.2

for Fig. 5a and b. The choices for ¢ and x in the definition of RelErr are dictated by the
shape of the solution (see Fig. 2). For this kind of problem, considering a restricted
relative-kind error leads to more precise evaluations. In support of this, Fig. 5b better
shows that the swish activation function is the most suitable when considering a number
of output neurons greater than 3, despite it being theoretically not appropriate for this
problem. Using the two metrics introduced in Eq. 3.1.6 and focusing on the UQ
perspective, Fig. 6 allows to validate the previous results.

Indeed, it shows, despite expecting sigmoid as the preferred activation function,
its too variable errors when increasing the noise percentage and therefore the number
of output neurons to compensate for it. On the other side, the errors for the other
activation functions remain relatively constant for the different noise values.
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(a) Max absolute error between the analytical solution and the (b) Relative error between the analytical solution and the mean

mean of the predicted solutions, as defined in Eq. (?7?). of the predicted solutions, as defined in Eq. (?7?).

Fig.5 Heatmap of errors for various combinations of the considered hyperparameters, i.e., number of output
neurons on x-axis and activation function for the output layer on y-axis

Lastly, Fig. 7 shows the values of
AbsErr = |[u — il ;2(q) (3.1.7)

between the predicted and the analytical solution, for all # € [0, 50], where Q2 =
[0, 50]. Both the boxplots, comparing the number of output neurons (Fig. 7a) and the
noise percentages (Fig. 7b), provide empirical support for the assertion that swish is the
optimal choice for this type of problem. Indeed, an examination of both figures reveals
that the median of all AbsErr values (represented by the line within the rectangle) is
lowest in each subgroup for the swish activation function.
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2x10*| —e— tanh 5 outputs i
—e— swish 5 outputs
—— sigmoid 10 outputs
—e— tanh 10 outputs

swish 10 outputs ¥ °

5% 10% 20% 5% 10% 20%
Noise percentages Noise percentages

(a) Max absolute error between the analytical solution and the (b) Relative error between the analytical solution the mean of the

mean of the predicted solutions, as defined in Eq. (3.1.6). predicted solutions, as defined in Eq. (3.1.6).

Fig. 6 Errors for various combinations of the considered hyperparameters, i.e., number of output neurons
and activation function for the output layer (in different colors). The x-axis indicates the noise percentages
on the coefficient K (see Egs. 2.2.2 and 3.0.1) of the considered PDE, while the y-axis the respective errors
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(a) Number of output neurons versus absolute error. (b) Noise percentage versus absolute error.

Fig. 7 Comparison boxplots for number of output neurons and noise percentages on the coefficient K in
Eq. 3.1.4. The y-axis refers to the absolute error between the analytical solution and the median of the
predicted solutions, as defined in Eq. 3.1.7. The different colors refer to the choice of activation function

3.2 Poisson Equation

The Poisson equation represents a fundamental second-order PDE that is applica-
ble across a range of mathematical physics and engineering contexts. It generalizes
Laplace’s equation and can be expressed in the following general form

KAu=g, 3.2.1)

highlighting the diffusion coefficient K, where A indicates the Laplacian operator, «
is the unknown scalar potential function, and g is a known source term representing
the distribution of sources within the domain. The Poisson equation arises naturally
in contexts where the potential field is influenced by a spatially varying source term.
This means that the equation effectively models scenarios where the distribution of
some quantity, such as charge density, mass density, or heat sources, varies throughout
a region. The variation in the source term directly impacts the behavior of the poten-
tial field, thus necessitating the development of a mathematical framework that can
accommodate these changes.

For the purpose of this paper, let us consider the one-dimensional case of Eq. 3.2.1 with
x € R. Choosing the coefficient K = 1/(37%) and by taking the analytical solution

u(x) = sin’(7x), (3.2.2)

the source term can be obtained as

g(x) = 2sin(mx) cosz(nx) — sin3(7tx). 3.2.3)
By replacing Eq. 3.2.3 in Eq. 3.2.1, then

#u”(x) = 2sin(x) cos®(rx) — sin’ (7 x). (3.2.4)
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Fig. 8 Predicted (in green) and analytical (in red) solution for Eq. 3.2.4 through PINNs using tanh as
activation function for the one neuron output layer

with domain D = [—2, 2] and initial and boundary conditions u(—2) = u’(—=2) = 0.
As for groundwater flow equation (see Section 3.1), assume the diffusion coefficient
K to be affected by a non-linear multiplicative noise (see Egs. 2.2.2 and 3.0.1), con-
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-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
X

Fig. 9 MO-PINN solutions u® (in grey), their mean i (in green) and analytical solution u (in red) to
Poisson equation. The predictions are obtained with 10 output neurons using ELU activation function,
while K, are sampled with variance 0.2
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Fig.10 Heatmap display for various combinations of the considered hyperparameters (i.e., number of output
neurons on x-axis and activation function for the output layer on y-axis) of the absolute error between the
analytical solution and the mean of the predicted solutions, as defined in Eq. 3.1.7

I linear
[1 tanh
4 I elu

Absolute Error

3 5 10
# output neurons
Fig. 11 Comparison boxplot for number of output neurons (on the x-axis), while the y-axis refers to the

absolute error defined in Eq. 3.1.7. The line in each box represents the median, whereas the different colors
refer to the choice of activation function
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sidering the same three different percentages of noise based on the variance of the ¢,
sampling, i.e., o2 e {0.05, 0.1, 0.2}. Then, the PDE residual in Eq. 2.2.3 becomes

np41
ROpp(xi) = o D 1K (xi) — 2sin(rx;) cos® (i) + sin’ (x;)[.
+ r=I1

Figure 8 illustrates that the analytical solution, as defined in Eq. 3.2.2, is constrained
to the interval [—1, 1], thereby suggesting that tanh represents the optimal choice of
activation function for a PINN with one output neuron, i.e., n;4+1 = 1. As explained
in Section 2.3, a grid search has been conducted on all possible combinations of the
hyperparameters, specifically the number of output neurons n74+1 € {3, 5, 10} and
the activation function for the output layer qS(LH) € {linear, tanh, ELU}, in order to
evaluate the performance of each combination. Figure9 shows the results obtained
with ELU as activation function for the output layer and 10 as the number of output
neurons. As can be noticed, despite the single predicted solutions corresponding to the
coefficient K, with variance 0.2 being inaccurate, their mean is close to the analytical
solution. Indeed, although the most appropriate activation function for this problem,
i.e., tanh, has optimal results, Fig. 10 displays that the other two chosen activation
functions improve their accuracy when the number of output neurons increases. In
support of this, Fig. 11 highlights the irrelevance of the choice of the activation function
whenny 4 grows. While, as can be seen in Fig. 12, the choice of the activation function
is crucial for the stability of the problem when the coefficient is affected by a 20%

I linear

i = =,
;S T=s 7

Absolute Error

5% 10% 20%
Noise percentages

Fig. 12 Comparison boxplot for noise percentages on the coefficient K in Eq. 3.2.1 (on the x-axis), while
the y-axis refers to the absolute error defined in Eq. 3.1.7. The line in each box represents the median,
whereas the different colors refer to the choice of activation function
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Fig. 13 Errors for various combinations of the considered hyperparameters, i.e., number of output neurons
and activation function for the output layer (in different colors). The x-axis indicates the noise percentages
on the coefficient K of the considered PDE, while the y-axis the respective absolute errors

noise. In this case, using tanh (in orange in Fig. 13) is necessary to significantly lower
the approximation error on the solution.

4 Conclusions

In this study, a novel approach, HOMO-PINNSs, has been developed and presented in
order to enhance the accuracy of solutions to PDEs under uncertainty. This method-
ology integrates hyperparameter optimization with UQ to identify the most effective
hyperparameters for PINNs. The experimental findings on both groundwater flow
and Poisson equations demonstrate the robustness of HOMO-PINNSs in handling var-
ious degrees of uncertainty on the stochastic coefficient K (x). The numerical results
observed that higher variance in K (x) results in increased solution dispersion, necessi-
tating more output neurons to accurately capture uncertainty. Conversely, the selection
of appropriate activation functions has been shown to significantly mitigate the insta-
bility introduced by random fluctuations in K (x). It was therefore observed that the
selection of the number of output neurons and the choice of activation functions impact
the performance of the NN. It is worth noting that our findings imply that, in instances
where an erroneous activation function is employed, increasing the number of output
neurons can facilitate the preservation of the accuracy of the predicted solution. The
mean prediction of MO-PINNs demonstrates resilience to high uncertainty, contin-
gent on the implementation of an optimized hyperparameter strategy. This adaptability
underscores the necessity of optimizing hyperparameters tailored to the distinctive
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characteristics of each problem, thereby illustrating the interplay between hyperpa-
rameter selections and the accuracy of solutions across varying levels of coefficient
noise.
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