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Abstract: We have built and investigated analytically and numerically a differential game
model of Cournot oligopoly with consideration of pollution, network structure, and contin-
uous updating. Up to this time, games with network structure and continuous updating
were considered separately. We analyzed time consistency for a cooperative solution of
the game. For a specific example, we built a non-empty subgame perfect subcore. We
considered stochastic versions of the proposed model and received results similar to the
deterministic case.

Keywords: differential game theory; Cournot oligopoly; network structure; continuous
updating; time consistency; subgame perfectness; imputation distribution procedure

1. Introduction
Differential games with continuous updating are proposed in (Petrosian & Tur, 2019;

Petrosian et al., 2020a, 2020b, 2020c; Yeung & Petrosian, 2016). In those games, it is assumed
that players have or use information determined on a closed time interval T. However, as
time goes, the information is updated; namely, there is a continuous shift of the time interval
where the available information is determined. The information concerns equations of
dynamics and payoff functionals. This assumption describes real situations in economics,
politics, and other domains of social activities more adequately.

Another interesting branch in the literature is network games that consider spatial
interaction between players (M. O. Jackson, 2008; M. Jackson & Zenou, 2014; Mazalov &
Chirkova, 2019). Examples of network games may be found in (Li, 2023; Papadimitriou
& Peng, 2023). In the papers (Anshelevich et al., 2008; Cai & Kimya, 2023), the issue of
stability in network games is considered.

A very convenient model for game theoretic analysis is Cournot oligopoly (Maskin
& Tirole, 1987; Vives, 1999). The respective examples are given in (Raoufinia et al., 2019;
Zouhar & Zouharova, 2020).

A general theory of dynamic cooperative games, problems of time consistency of
the respective solutions, and the imputation distribution procedures are presented in the
monographs (Petrosjan & Zenkevich, 1996; Yeung & Petrosyan, 2012). (Petrosian et al., 2018)
propose a procedure of building a subgame perfect subcore in a cooperative differential
game. The building of such solutions in network games is described in (Tur & Petrosyan,
2021, 2023).

The choice of the method of constructing a characteristic function in a differential game
is not trivial. In the model based on Cournot oligopoly, it is impossible to use the method
of constructing a characteristic function proposed in (Tur & Petrosyan, 2021) because all
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externalities are negative. A classical Neumann–Morgenstern maximin approach based
on a zero-sum game between a coalition and the anti-coalition (Neumann & Morgenstern,
1953) seems not quite natural in economic applications. A more natural approach proposed
by (Petrosjan & Zaccour, 2003) means a two-stage procedure. First, a Nash equilibrium
is found, and then all players from a given coalition act cooperatively, and the players
from the anti-coalition use their Nash strategies. However, in a general case, the Petrosjan–
Zaccour characteristic function may not be superadditive. In a network model of Cournot
oligopoly, an approach by (E. Gromova et al., 2020; E. V. Gromova & Petrosyan, 2017) seems
to be the most natural. Here, all players from a given coalition behave as they do in the
grand coalition, and all other players (firms) maximize their output. It is a punishment
strategy for the given coalition, but in fact, it usually coincides with optimal strategies for
the anti-coalition. The Gromova–Petrosyan characteristic function is always superadditive
(E. V. Gromova & Petrosyan, 2017).

The authors’ approach is presented in (Galieva et al., 2024; Korolev et al., 2023; Korolev
& Ougolnitsky, 2023; G. Ougolnitsky & Korolev, 2023; G. A. Ougolnitsky & Usov, 2023a,
2023b). In (G. A. Ougolnitsky & Usov, 2023a), we consider a standard model of Cournot
oligopoly. We compare the efficiency of different ways of interaction of active economic
agents: free competence, cooperation, and hierarchical relations in direct and inverse
Stackelberg games. The main research instrument is the Pontryagin maximum principle.
We use numerical methods actively. We compare individual payoffs of separate players
and the cooperative payoff for the different ways of interaction.

In this paper, we analyze a network game. We consider both direct and indirect
interactions of agents that are situated in different vertices of a connected network. Thus, a
competitive impact of each agent and his pollution are proportional to the decay centrality
of the respective vertex. Here, the main research instrument is the Hamilton–Jacobi–
Bellman equation. We do not study different ways of organization and their comparative
efficiency. We use exceptionally a cooperative game theory based on characteristic functions.
We present a Nash equilibrium in the beginning of the paper just as an introduction to the
general logics of analysis. We have chosen the Gromova–Petrosyan characteristic function
as the most adequate one for our consideration.

The principal attention in the work is focused on the issues of the time consistency of a
cooperative solution and the building of the subgame perfect subcore. Then we introduce a
mechanism of the continuous updating of information proposed in (Petrosian & Tur, 2019;
Petrosian et al., 2020a, 2020b, 2020c). We have shown that in our model this mechanism
simplifies the search for a solution and the building of the subcore.

In addition, we consider a stochastic setup in two versions: a game with the ran-
dom variable of environmental pollution and a game with the random variable of self-
purification of the environment. The introduction of the stochastic term in the equations of
dynamics does not change the payoffs if we treat the stochastic model by its expected payoff.
Our next natural problem is to consider trigger strategies with possible switches between
equilibrium paths. It is quite evident that, in this version, the presence of stochastic terms
in the equations of dynamics changes essentially the conditions of choice of the players of
an equilibrium path and the respective payoffs.

The contribution of this paper is the following:

– We found an explicit form of the Nash equilibrium and cooperative solution in a
differential game of Cournot oligopoly with consideration of pollution, network
structure, and continuous updating;

– Based on this model, we built a cooperative differential game in the form of a Gromova–
Petrosyan characteristic function;
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– For a specific example, we checked a sufficient condition of the non-emptiness of a
subgame perfect subcore and built this subcore;

– We investigated stochastic versions of the model, namely, the models with the random
variables of environmental pollution and self-purification of the environment.

The rest of this paper is organized as follows. In Section 2, we consider a base model of
a differential game of Cournot oligopoly with consideration of pollution, network structure,
and continuous updating for the cases of independent and cooperative behavior of the
players. In Section 3, based on this model, we build a cooperative differential game in
the form of a Gromova–Petrosyan characteristic function with continuous updating. In
Section 4, we investigate stochastic versions of the model, namely, the models with the
random variables of environmental pollution and self-purification of the environment.
Section 5 concludes this paper.

2. A Differential Game in Normal Form of Cournot Oligopoly with
Consideration of Pollution, Network Structure, and Continuous
Updating
2.1. Independent Behavior of Players

A firm’s problem in a base differential game in the normal form of Cournot oligopoly
with consideration of pollution and network structure has the following form:

Ji(x) =
∫ T

0
e−ρt{[D − ci − xκ(t)]xi(t)− yi(t)}dt → max (1)

0 ≤ xi(t) ≤
D
n2 , i ∈ N, N = {1, 2, . . . , n}, t ∈ [0, T]; (2)

.
yi = λκixi(t)− µyi(t), yi(0) = yi0, λ > 0, µ > 0, (3)

xκ(t) = ∑
i∈N

κixi(t); (4)

D > n
(

ci +
λκi

ρ + µ

)
, i ∈ N, 0 < c1 < . . . < ci < . . . < cn <

D
n

. (5)

κi =
n−1

∑
m=1

δm−1 ∑
j∈Km(i)

1 =
n−1

∑
m=1

δm−1|Km(i)|,

where G = ⟨N, E⟩, Km(i) = {j ∈ N : ρ(i, j) = m}, 0 < δ < 1.
Here, G—an undirected graph (network); xi(t)—an output volume of the i-th firm in

the year t (control variable), D—a demand parameter; ci—unit costs of the i-th firm; yi(t)—
a volume of pollutants in the environment in the year t generated by the i-th firm (state
variable); λ—a coefficient of transmission of the output to the pollution; µ—a coefficient
of self-purification of the environment; ρ—a discount factor. So, firms are presented as
vertices of the graph G.

Notice that κi is a decay centrality of the i-th vertex in G (M. O. Jackson, 2008). It is
supposed that the pollution growth due to the industrial activity of a firm is proportional
to the centrality of the respective vertex with a coefficient ν > 0. The vertex centrality also
exerts influence on the firm’s demand function subject to (1) and (4).

We suppose that the less negative influence is exerted by the competitors on the
demand for a firm’s production, the less are its unit costs:

κ1 ≤ κ2 ≤ . . . ≤ κn.
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We will use the following denotations:

κ =
n

∑
i=1

κi, c =
n

∑
i=1

ci.

Now consider a game with continuous updating (Petrosian & Tur, 2019; Petrosian
et al., 2020a, 2020b, 2020c). In the subgame Γ

(
y, t, T

)
, the i-th firm problem takes the

following form:

Ji(x) =
t+T∫
t

e−ρt{[D − ci − xκ(t)]xi(t)− yi(t)}dt → max.

Lemma 1. The solution of the equation

α′ − (ρ + µ)α = 1, t ∈ [0, T]

with the boundary condition α(T) = 0 is given by

α(t) =
1

ρ + µ

(
e(ρ+µ)(t−T) − 1

)
.

The solution of the equation
β′ − ρβ = F(t)

with the boundary condition β(T) = 0, where F(t) = Aα2 + Bα + G, A, B, G ∈ R, α(t) =
1

ρ+µ

(
e(ρ+µ)(t−T) − 1

)
, and t ∈ [0, T], is given by

β(t) = − A
(ρ+µ)2(ρ+2µ)

(
eρ(t−T) − e2(ρ+µ)(t−T)

)
+

(
2A

(ρ+µ)2µ
− B

(ρ+µ)µ

)(
eρ(t−T) − e(ρ+µ)(t−T)

)
−
(

G
ρ − B

(ρ+µ)ρ
+ A

(ρ+µ)2ρ

)(
1 − eρ(t−T)

)
The proof of Lemma 1 is provided in Appendix A.

Theorem 1. Under the condition

c − (n + 1)ci ≤
(n + 1)κiD − nD

n2 , i = 1, 2, . . . , n,

where n ≥ 2, the payoff of player i in problem

Ji(x) =
∫ T

t
e−ρs{[D − ci − xκ(s)]xi(s)− yi(s)}ds → max,

with conditions (2)–(5) is given by

Jmax
i (yi0, T − t) = AD1 + AD2 + AD3

(
eρ(t−T) − e(ρ+µ)(t−T)

)
+ AD5,

where AD1 = 1
ρ+µ

(
e(ρ+µ)(t−T) − 1

)
yi0,

AD2 = λ2κ2

(n+1)2κi(ρ+µ)2(ρ+2µ)

(
eρ(t−T) − e2(ρ+µ)(t−T)

)
,

AD3 = −
[

2λ2κ2

(n+1)2κi(ρ+µ)2µ
+ 1

(ρ+µ)µ

(
2λκ(D+c−(n+1)ci)

(n+1)2κi
− D + ci

)]
,
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AD4 = λ2κ2

(n+1)2κi(ρ+µ)2ρ
+ 1

(ρ+µ)ρ

(
2λκ(D+c−(n+1)ci)

(n+1)2κi
− D + ci

)
,

AD5 =

[
AD4 +

(D+c−(n+1)ci)
2

(n+1)2κiρ

](
1 − eρ(t−T)

)
The equilibrium strategy of player i is given by

xi =
λ[(n + 1)κi − κ]

(ρ + µ)(n + 1)κi
(e(ρ+µ)(t−T) − 1) +

D + c − (n + 1)ci
(n + 1)κi

, i = 1, 2, . . . , n.

The proof of Theorem 1 is provided in Appendix A.

Taking T = t + T, we receive a generalized Nash equilibrium in the game with
continuous updating:

∼
x i
(
t, s, yt) = λ[(n + 1)κi − κ]

(n + 1)κi
α(s) +

D + c − (n + 1)ci
(n + 1)κi

, i = 1, 2, . . . , n,

where
α(s) =

1
ρ + µ

(e(ρ+µ)(s−t−T) − 1), t ≤ s ≤ t + T.

Using a procedure proposed in (Petrosian & Tur, 2019; Petrosian et al., 2020c), we
receive the Nash equilibrium in the game with continuous updating:

xi(t, y) =
∼
x i
(
t, s, yt)∣∣∣

s=t
=

λ[(n + 1)κi − κ]

(ρ + µ)(n + 1)κi
(e−(ρ+µ)T − 1) +

D + c − (n + 1)ci
(n + 1)κi

.

Given the equilibrium strategies of the firms, it is easy according to (3) to find a
trajectory of any firm or their coalition, as well as the payoffs.

2.2. Cooperative Behavior of Players

A cooperative differential game without continuous updating has the following form.
All firms together solve an optimal control problem

Jc(x) =
∫ T

0
e−ρt

{
∑n

i=1 [D − ci − xκ(t)]xi(t)− y(t)
}

dt → max , (6)

s.t. (2), (4) and (5); meanwhile, constraint (3) takes the form

∑
i∈N

.
yi =∑

i∈N
λκixi(t)− µ ∑

i∈N
yi(t), yi(0) = yi0, λ > 0, µ > 0. (7)

Denote ∑i∈N yi =y, ∑i∈N yi0 =y0.

Lemma 2. For any t, the maximum in problem (6), (7), (2), (4) and (5) can be achieved only on one
edge of the n-dimensional cube (2). The number of this edge is a natural number l = l(n, t) such
that

0 ≤ 1
2κl

[
λακl + D − cl −

D
n2

(
l−1

∑
i=1

κi + (l − 1)κl

)]
≤ D

n2 ,

where
α(t) =

1
ρ + µ

(
e(ρ+µ)(t−T) − 1

)
.

In this case, firm l has the output

xl =
λα

2
+

D − cl
2κl

− D
2κln2

(
∑l−1

i=1 κi + (l − 1)κl

)
,
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where
α =

1
ρ + µ

(e−(ρ+µ)T − 1).

Thus, optimal cooperative strategies of the players are

x1 = x2 = . . . = xl−1 = D
n2 ,

xl =
λ

2(ρ+µ)

(
e−(ρ+µ)T − 1

)
+ D−cl

2κl
− D

2κl n2 (∑
l−1
i=1 κi + (l − 1)κl),

xl+1 = xl+2 = . . . = xn = 0.

The proof of Lemma 2 is provided in Appendix A.

Now consider a cooperative game with continuous updating, where the players have
or use information determined on a closed time interval T. In the subgame Γ

(
y, t, T

)
, all

firms together solve the optimal control problem:

Ji(x) =
∫ t+T

t
e−ρt{[D − ci − xκ(t)]xi(t)− yi(t)}dt → max .

We obtain the following analogue of Lemma 2.

Lemma 3. In the problem (6), (7), (2), (4)–(5) with continuous updating, the maximum for
any t may be attained only on an edge of the n-dimensional cube (2). The respective index of the
edge is such a natural number l = l(n, t) that

0 ≤ 1
2κl

[
λακl + D − cl −

D
n2

(
∑l−1

i=1 κi + (l − 1)κl

)]
≤ D

n2 (8)

An output volume of the l-th firm in this case is equal to

xl =
λα

2
+

D − cl
2κl

− D
2κln2

(
l−1

∑
i=1

κi + (l − 1)κl

)
, (9)

where
α =

1
ρ + µ

(
e−(ρ+µ)T − 1

)
.

Thus, optimal cooperative strategies of the players are

x1 = x2 = . . . = xl−1 = D
n2 ,

xl =
λ

2(ρ+µ)

(
e−(ρ+µ)T − 1

)
+ 1

2n2κl

[
n2D − n2cl − D∑l−1

i=1 κi − D(l − 1)κl

]
,

xl+1 = xl+2 = . . . = xn = 0.

Given a cooperative solution, we can find a cooperative trajectory in the game with continuous
updating. Really,

xc
κ =

D
n2

l−1

∑
i=1

κi + κl xl ,

i.e., xc
κ = λκl

2(ρ+µ)

(
e−(ρ+µ)T − 1

)
+ 1

2n2

[
n2D − n2cl + D

l−1
∑

i=1
κi − D(l − 1)κl

]
.

Then an equation for the state variable takes the form

.
y + µy = λxκ , y(0) = y0.
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Solving this equation, we receive

y(t) =
λ

µ
xc

κ + Ce−µt,
λ

µ
xc

κ + C = y0, C = y0 −
λ

µ
xc

κ ,

and find the cooperative trajectory:

y∗(t) =
λ

µ
xc

κ + (y0 −
λ

µ
xc

κ)e
−µt.

In the case y0 = 0, we receive

y∗(t) =
λxc

κ

µ

(
1 − e−µt).

3. A Differential Game in the Form of Characteristic Function with
Continuous Updating

We will use the Gromova–Petrosyan characteristic function. In this approach, the two-
stage procedure is formally present in the definition, but in our case, it actually disappears.
The members of the coalition under consideration S continue to behave as in the grand
coalition u∗

S, and all other firms decide to minimize their output (their worst punishment
for the former coalition):

V(y0, T − t0, S) = min
uj∈Uj ,j∈N/S

∑
i∈S

Ji

(
t0, y0, u∗

S, uN\S

)
, S ⊆ N.

In reality, however, this strategy of all other firms coincides often with their optimal
solution.

Thus, we will use the Gromova–Petrosyan characteristic function in the form (E.
Gromova et al., 2020; E. V. Gromova & Petrosyan, 2017)

V(y∗(t), T − t, S) =


0, S = {∅},

VS(t, y(t)), S ⊂ N,
Vc(t, y(t)), S = N.

Here, the value of the coalition S is indicated by Vs if its participants behave the same way
as they do in the grand coalition, and all other firms carry out the maximum possible output
for them; the worth of the grand coalition is indicated by Vc. The Gromova–Petrosyan
characteristic function is always superadditive (E. V. Gromova & Petrosyan, 2017).

3.1. Subgame Perfect Subcore

Recall the main definitions and results concerning the time consistency of solutions of
cooperative differential games (see Petrosian & Tur, 2019).

Let L(y0, T − t0) denote the set of all imputations in a game ΓV(y0, T − t0):

L(y0, T − t0) =
{

ξ = {ξi} : ∑n
i=1 ξi = V(y0, T − t0, N), ξi ≥ V(y0, T − t0, {i}), i = 1, 2, . . . , n

}
,

where V(y0, T − t0, {i}) is the value of the characteristic function V(y0, T − t0, S) for the
coalition S consisting of player i only. For the family of subgames ΓV(y∗(t), T − t), t ∈
[t0, T], along the cooperative trajectory y∗(t), the set of imputations in each subgame is
introduced by analogy:

L(y∗(t), T − t) =
{

ξ(t) = {ξi(t)} :
n
∑

i=1
ξi(t) = V(y∗(t), T − t, N),

ξi ≥ V(y∗(t), T − t, {i}), i = 1, 2, . . . , n}.
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The core in a subgame ΓV
(
y*(t), T − t

)
is defined as a subset of the set of imputa-

tions C
(
y*(t), T − t

)
⊆ L

(
y*(t), T − t

)
, C
(
y*(t), T − t

)
=
{{

αt
i
}n

i=1

}
, t ∈ [t0, T], such that

∑
i∈S

αt
i ≥ V

(
y*(t), T − t, S

)
for any S ⊆ N.

A function βi(t), t ∈ [t0, T], i ∈ N is called an imputation distribution procedure
(IDP) for α ∈ L(y0, T − t0) if αi =

∫ T
t0

βi(t)dt, i ∈ N. The IDP defines a rule to allocate the
imputation components over the game length (duration) [t0, T].

An optimality principle C(y0, T − t0) in the game ΓV(y0, T − t0) is said to be time-
consistent if for each imputation α ∈ C(y0, T − t0), there exists an IDP β(t), t ∈ [t0, T], such
that (Petrosyan & Danilov, 1979){∫ T

t
βi(τ)dτ

}
∈ C(y∗(t), T − t), t ∈ [t0, T], i ∈ N.

If C(y∗(t), T − t) ̸= ∅ for t ∈ [t0, T] and there exists a differentiable selector α(t) ∈
C(y∗(t), T − t), α(t0) = α, then the optimality principle C(y0, T − t0) is time-consistent and
the IDP βi(t) is given by βi(t) = − d

dt αi(t), t ∈ [t0, T], i = 1, 2, . . . , n, α(t0) = α.
In this case, the imputation α =

{
αt

i
}n

i=1 can be written as (Petrosyan & Danilov, 1979)

αi =
∫ t

t0

βi(τ)dτ + αi(t), t ∈ [t0, T].

With the notation

W(y∗(t), T − t, S) = − d
dt

V(y∗(t), T − t, S), S ⊆ N, t ∈ [t0, T],

the set of IDPs takes the form

B(t) = {β(t) = (β1, β2, . . . , βn) :
W(y∗(t), T − t, N)− W(y∗(t), T − t, N\S) ≥ ∑i∈S βi(t) ≥ W(y∗(t), T − t, S)∀S ⊂ N,

∑
i∈N

βi = W(y∗(t), T − t, N)

}
.

For details, see (Petrosian et al., 2018).
Here, C

(
y*(t), T − t

)
is the set of all possible functions ξ(t) for all integrable selectors

β(t) ∈ B(t), i.e., ξ(t) =
∫ T

t β(τ)dτ, t ∈ [t0, T]; the set C
(
y*(t), T − t

)
is called the subcore

in the game ΓV
(
y*(t), T − t

)
, t ∈ [t0, T]. It was proved by (Petrosian et al., 2018) that this

set is indeed a subset of the core C
(
y*(t), T − t

)
in the game ΓV

(
y*(t), T − t

)
, t ∈ [t0, T].

Definition 1 (Petrosian et al., 2018, Definition 5.1). The set C(y0, T − t0) is subgame perfect in
the game ΓV(y0, T − t0) if

1. C(y∗(t), T − t) ̸= ∅, t ∈ [t0, T].
2. For any imputation α ∈ C(y0, T − t0), there exists an IDP β(t) = (β1, β2, . . . , βn),

t ∈ [t0, T], such that α =
∫ T

t0
β(t)dt and C(y0, T − t0) ⊇

∫ t
t0

β(τ)dτ⊕C(y∗(t), T − t)∀t ∈
[t0, T].

The symbol ⊕ indicates direct sum: for a ∈ Rn and B ⊆ Rn, a
⊕

B = {a + b : b ∈ B}.

Theorem 2 (Petrosian et al., 2018, Theorem 5.1). Let C(y∗(t), T − t) ̸= ∅ and C(y∗(t), T − t) ̸=
∅, ∀t ∈ [t0, T]. Then the subcore C(y∗(t), T − t) ⊆ C(y∗(t), T − t) is subgame perfect in the
game ΓV(y0, T − t0).
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Let l be an index, introduced in Section 2, of the hypercube’s edge on which the
cooperative payoff is maximized. Notice that according to (9),

xl =
λα

2
+

1
2n2κl

[
n2D − n2cl − D∑l−1

i=1 κi − D(l − 1)κl

]
if l ∈ S, xl =

D
n2 if l /∈ S,

where
α =

1
ρ + µ

(
e−(ρ+µ)T − 1

)
.

Superadditivity and supermodularity (convexity) of the Gromova–Petrosyan char-
acteristic function evidently result from its form (E. Gromova et al., 2020; E. V. Gromova
& Petrosyan, 2017) and the type of considered model (all firms from the anti-coalition
minimize the coalitional payoff). Therefore, C-core is non-empty. From (Petrosian et al.,
2018), it is known that a sufficient condition for the existence of a non-empty subgame
perfect subcore is that for any coalition the following inequality holds:

d
dt

VN(t, y(t)) ≤ d
dt

VS(t, y(t)) +
d
dt

VN\S(t, y(t)).

To check this condition in a general form is quite a difficult task. Following other
authors (Petrosian et al., 2018; Tur & Petrosyan, 2023), let us consider a specific example.

3.2. An Example of Constructing a Subgame Perfect Subcore

Suppose that in the vertices of the network from (Tur & Petrosyan, 2023) (Figure 1) are
situated some firms that satisfy the conditions of the model (1)–(5).
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Figure 1. A model example of the network (Tur & Petrosyan, 2023).

Set the following parameter values: n = 4, c1 = 16, c2 = 24, c3 = 32, c4 = 40, D = 160,
δ = 0.1, ρ = 0.5, λ = 0.5, µ = 0.5, y0 = 0, T = 6, T = 2. Then the centralities are
κ1 = κ2 = κ3 = 1 + 2δ = 1.2, κ4 = 3.

The value xl determined by (15) for l = 1 is equal to x1 = 59.78 > D
n2 = 10; for l = 2,

this value is equal to x2 = 46.45 > D
n2 = 10; for l = 3, we receive x3 = 33.12 > D

n2 = 10; for
l = 4, we have x4 = −1.22 < 0. Therefore, a cooperative maximum of the payoff functional
is attained in the hypercube’s vertex (10, 10, 10, 0).
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Let us calculate the values of Gromova–Petrosyan characteristic function
V(y(t), T − t, S) = VPG(y(t), T − t, S) for different coalitions S ⊆ N for t ∈ [0, T], where
y(t) denotes the cooperative trajectory (y∗(t)):

V(y(t), T − t, S) =
T∫

t

e−ρ(s−t)

{
∑
i∈S

[D − ci − xκ(s)]xi(s)− y(s)

}
ds. (10)

Denote the value ∑i∈S[D − ci − xκ ]xi in (10) by ∆, and the value xS
κ = ∑i∈S κixi in the

right hand side of the analogue of Equation (3):
.
y + µy = λ∑i∈S κixi of the dynamics of

environmental pollution generated by a specific coalition S by γ, i.e., γ = xS
κ = ∑i∈S κixi.

The results of calculations are presented in Table 1.

Table 1. Results of calculations.

Coalition S ∆ ¯
xκ(s) γ

{1} (160 − 16 − 66)×10 = 780 66 12

{2} (160 − 24 − 66)×10 = 700 66 12

{3} (160 − 32 − 66)×10 = 620 66 12

{4} (160 − 40 − 36)×0 = 0 36 0

{1, 2} (160 − 16 − 66)×10 + (160 − 24 − 66)×10 = 1480 66 24

{1, 3} (160 − 16 − 66)×10 + (160 − 32 − 66)×10 = 1400 66 24

{1, 4} (160 − 16 − 36)×10 = 1080 36 12

{2, 3} (160 − 32 − 66)×10 + (160 − 24 − 66)×10 = 1320 66 24

{2, 4} (160 − 24 − 36)×10 = 1000 36 12

{3, 4} (160 − 32 − 36)×10 = 920 36 12

{1, 2, 3} (160 − 16 − 66)×10 + (160 − 24 − 66)×10 +
(160 − 32 − 66)×10 = 2100 66 36

{1, 2, 4} (160 − 16 − 36)×10 + (160 − 24 − 36)×10 = 2080 36 24

{1, 3, 4} (160 − 16 − 36)×10 + (160 − 32 − 36)×10 = 2000 36 24

{2, 3, 4} (160 − 24 − 36)×10 + (160 − 32 − 36)×10 = 1920 36 24

{1, 2, 3, 4} (160 − 16 − 36)×10 + (160 − 24 − 36)×10 +
(160 − 32 − 36)×10 = 3000 36 36

Let us calculate the values y(t), t ∈ [0, T] for different S. Equation (3) is rewritten in
the form

.
y + µy = λγ, y(0) = y0, λ = 0.5, µ = 0.5, y0 = 0. (11)

Solving Equation (11), we find

y = Ce−µt +
λγ

µ
= Ce−0.5t + γ, y0 = 0 = C + γ, C = −γ, y(t) = γ(1 − e−0.5t).

Integral (10) is presented as a sum of two integrals:
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∫ T
t e−ρ(s−t)∆ds = −∆

ρ e−ρ(s−t)
∣∣∣T
t
= ∆

ρ

(
1 − eρ(t−T)

)
= 2∆

(
1 − e0.5t−3),

−γ
∫ T

t e−ρ(s−t) λγ
µ (1 − e−µs)ds = − λγ

µ

(∫ T
t e−ρ(s−t) − e−(ρ+µ)s+ρt

)
ds =

= λγ
µρ eρt−ρs

∣∣∣T
t
− λγ

µ(ρ+µ)
eρt−(ρ+µ)s

∣∣∣T
t
=

= λγ
µρ

(
eρ(t−T) − 1

)
− λγ

µ(ρ+µ)

(
eρt−(ρ+µ)T − e−µt

)
=

= 2γ
(
e0.5t−3 − 1

)
+ γ

(
e−0.5t − e0.5t−6) = γ

[
e−0.5t − e0.5t−6 + 2e0.5t−3 − 2

]
.

Thus, for any coalition S ⊆ N, the Gromova–Petrosyan characteristic function has
the form

V(y(t), T − t, S) = 2∆(1 − e0.5t−3) + γ[e−0.5t − e0.5t−6 + 2e0.5t−3 − 2],

where γ and ∆ are given in the respective row of Table 1. According to (Petrosian et al.,
2018), a subgame perfect subcore is non-empty if and only if the characteristic function is
continuously differentiable by t and for any S ⊆ N along the cooperative trajectory the
following condition holds:

d
dt

V(y(t), T − t, N) ≤ d
dt
[V(y(t), T − t, N\S) + V(y(t), T − t, S)],

where y(t) is the cooperative trajectory. In our case, this condition is easy to check immedi-
ately. In (Petrosian et al., 2018), a denotation is introduced:

W(y(t), T − t, S) = − d
dt

V(y(t), T − t, S), S ⊆ N, t ∈ [0, T]

and it is proved that a set of imputation distribution procedures B(t) has the form

B(t) = {β(t) = (β1, β2, . . . , βn) :
W(y(t), T − t, N)− W(y(t), T − t, N\S) ≥ W(y(t), T − t, S), ∀S ⊂ N,

∑
i∈N

βi = W(y(t), T − t, N)

}
.

In our case,

W(y(t), T − t, S) = − d
dt

V(y(t), T − t, S) = (∆ − γ)e0.5t−3 +
γ

2
e−0.5t−6 +

γ

2
e−0.5t,

where ∆ and γ correspond to S in Table 1.
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A set B(t) in our case has the following form:

B(t) = {β(t) = (β1(t), β2(t), β3(t), β4(t)) :
W(y(t), T − t, N)− W(y(t), T − t, {2, 3, 4}) ≥ β1(t) ≥ W(y(t), T − t, {1}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 3, 4}) ≥ β2(t) ≥ W(y(t), T − t, {2}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 2, 4}) ≥ β3(t) ≥ W(y(t), T − t, {3}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 2, 3}) ≥ β4(t) ≥ W(y(t), T − t, {4}),
W(y(t), T − t, N)− W(y(t), T − t, {3, 4}) ≥ β1(t)+β2(t) ≥ W(y(t), T − t, {1, 2}),
W(y(t), T − t, N)− W(y(t), T − t, {2, 4}) ≥ β1(t)+β3(t) ≥ W(y(t), T − t, {1, 3}),
W(y(t), T − t, N)− W(y(t), T − t, {2, 3}) ≥ β1(t)+β4(t) ≥ W(y(t), T − t, {1, 4}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 4}) ≥ β2(t)+β3(t) ≥ W(y(t), T − t, {2, 3}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 3}) ≥ β2(t)+β4(t) ≥ W(y(t), T − t, {2, 4}),
W(y(t), T − t, N)− W(y(t), T − t, {1, 2}) ≥ β3(t)+β4(t) ≥ W(y(t), T − t, {3, 4}),
W(y(t), T − t, N)− W(y(t), T − t, {4}) ≥ β1(t)+β2(t) + β3(t) ≥ W(y(t), T − t, {1, 2, 3}),
W(y(t), T − t, N)− W(y(t), T − t, {3}) ≥ β1(t)+β2(t) + β4(t) ≥ W(y(t), T − t, {1, 2, 4}),
W(y(t), T − t, N)− W(y(t), T − t, {2}) ≥ β1(t)+β3(t) + β4(t) ≥ W(y(t), T − t, {1, 3, 4}),
W(y(t), T − t, N)− W(y(t), T − t, {1}) ≥ β2(t)+β3(t) + β4(t) ≥ W(y(t), T − t, {2, 3, 4}),
β1(t)+β2(t)+β3(t) + β4(t) ≥ W(y(t), T − t, N)

}
.

We have

W(y(t), T − t, {1}) = 38.25e0.5t + 6e−0.5t, W(y(t), T − t, {2}) = 34.27e0.5t + 6e−0.5t,
W(y(t), T − t, {3}) = 30.29e0.5t + 6e−0.5t, W(y(t), T − t, {4}) = 0,
W(y(t), T − t, {1, 2}) = 72.52e0.5t + 12e−0.5t, W(y(t), T − t, {1, 3}) = 68.54e0.5t + 12e−0.5t,
W(y(t), T − t, {1, 4}) = 53.19e0.5t + 6e−0.5t, W(y(t), T − t, {2, 3}) = 64.55e0.5t + 12e−0.5t,
W(y(t), T − t, {2, 4}) = 49.20e0.5t + 6e−0.5t, W(y(t), T − t, {3, 4}) = 45.22e0.5t + 6e−0.5t,
W(y(t), T − t, {1, 2, 3}) = 102.81e0.5t + 18e−0.5t, W(y(t), T − t, {1, 2, 4}) = 102.39e0.5t + 12e−0.5t,
W(y(t), T − t, {1, 3, 4}) = 98.41e0.5t + 12e−0.5t, W(y(t), T − t, {2, 3, 4}) = 94.43e0.5t + 12e−0.5t,
W(y(t), T − t, {1, 2, 3, 4}) = 147.61e0.5t + 18e−0.5t.

Thus, the set B(t) takes the form

B(t) = β(t) = (β1(t), β2(t), β3(t), β4(t)) :
53.19e0.5t + 6e−0.5t ≥ β1(t) ≥ 38.25e0.5t + 6e−0.5t,
49.20e0.5t + 6e−0.5t ≥ β2(t) ≥ 34.27e0.5t + 6e−0.5t,
45.22e0.5t + 6e−0.5t ≥ β3(t) ≥ 30.29e0.5t + 6e−0.5t,
44.81e0.5t + 0e−0.5t ≥ β4(t) ≥ 0,
102.39e0.5t + 12e−0.5t ≥ β1(t) + β2(t) ≥ 72.52e0.5t + 12e−0.5t,
98.41e0.5t + 12e−0.5t ≥ β1(t) + β3(t) ≥ 68.54e0.5t + 12e−0.5t,
83.06e0.5t + 6e−0.5t ≥ β1(t) + β4(t) ≥ 53.19e0.5t + 6e−0.5t,
94.43e0.5t + 12e−0.5t ≥ β2(t) + β3(t) ≥ 64.55e0.5t + 12e−0.5t,
79.08e0.5t + 6e−0.5t ≥ β2(t) + β4(t) ≥ 49.20e0.5t + 6e−0.5t,
75.09e0.5t + 6e−0.5t ≥ β3(t) + β4(t) ≥ 45.22e0.5t + 6e−0.5t,
147.61e0.5t + 18e−0.5t ≥ β1(t) + β2(t) + β3(t) ≥ 102.81e0.5t + 18e−0.5t,
117.33e0.5t + 12e−0.5t ≥ β1(t) + β2(t) + β4(t) ≥ 102.39e0.5t + 12e−0.5t,
113.35e0.5t + 12e−0.5t ≥ β1(t) + β3(t) + β4(t) ≥ 98.41e0.5t + 12e−0.5t,
109.36e0.5t + 12e−0.5t ≥ β2(t) + β3(t) + β4(t) ≥ 94.43e0.5t + 12e−0.5t,

β1(t) + β2(t) + β3(t) + β4(t) = 147.61e0.5t + 18e−0.5t.
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Now it is seen immediately that the set B(t), and therefore a subgame perfect core, are
non-empty. The subgame perfect core has the form

C(y∗(t), T − t) = {
∫ T

t
β(s)ds, β(t) ∈ B(t)}.

If a cooperative payoff is divided equally between all firms, then the respective
imputation is subgame perfect because there is an imputation distribution procedure

β1(t) = β2(t) = β3(t) = β4(t) = 36.90e0.5t + 4.5e−0.5t.

However, the imputation does not belong to the subgame perfect core because
β(t) /∈ B(t).

4. A Differential Game in the Form of Characteristic Function with
Continuous Updating and Stochastic Components

To consider the restrictions concerning environmental pollution in the optimal control
problems, it is natural to use statistical methods and models (see, e.g., Escobedo-Trujillo
et al., 2023a, 2023b; Kawaguchi & Morimoto, 2007). However, an approach proposed in
(Yeung & Petrosian, 2016) is closer to us. Consider two kinds of similar models according
to our network game.

4.1. A Game with Random Variable of Environmental Pollution

Consider a cooperative differential game with continuous updating where all players
(firms) use information determined on a closed time interval T. In the subgame Γ

(
y, t, T

)
,

all firms together solve an optimal control problem:

Ji(x) =
t+T∫
t

e−ρt{[D − ci − xκ(t)]xi(t)− yi(t)}dt → max (12)

subject to (2), (4) and (5); meanwhile, constraint (3) takes the form

∑
i∈N

dyi + ∑
i∈N

µyi(t)dt = ∑
i∈N

λκixi(t)dt + σdWt, yi(0) = yi0, λ > 0, µ > 0,

where Wt is a Brown process, W0 = 0, σ—the process volatility.
Denoting as before ∑i∈N yi = y, ∑i∈N yi0 =y0,γ = xκ = ∑i∈S κixi for the grand coali-

tion or, respectively, for any coalition S ⊆ N, we receive a more tractable form of Equation
(3):

dy + µydt = xS
κ dt + σdWt (13)

Considering the example from Section 3, let us write down an analogue of the
Hamilton–Jacobi–Bellman equation in a stochastic case (M. Jackson & Zenou, 2014, Theorem
A.5; Mazalov & Chirkova, 2019):

ρΨ − ∂Ψ
∂t

− 1
2

σ2∑4
i,j=1

∂2Ψ
∂yi∂yj

= max
xi(s), i = 1, n,

t ≤ s ≤ T

{∂Ψ
∂t

(∑4
i=1 λκixi − µy) + ∑4

i=1 (D − ci − ∑4
i=1 κixi)xi − y}. (14)

As we suppose the function Ψ(t, y) to be linear by y that follows naturally from
the form of payoff functional (12), the term − 1

2 σ2∑4
i,j=1

∂2Ψ
∂yi∂yj

in Equation (14) is equal to
zero, and the optimal cooperative strategies of the players in subgame (12) will have the
same form as in the deterministic case. Using the procedure described in (Petrosian et al.,
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2020a, 2020b), we receive a Nash equilibrium in the game with continuous updating and a
stochastic forecast that coincides with the solution received before in the deterministic case:

x1 = x2 = . . . = xl−1 = D
n2 ,

xl =
λ

2(ρ+µ)

(
e−(ρ+µ)T − 1

)
+ 1

2n2κl

[
n2D − n2cl − D∑l−1

i=1 κi − D(l − 1)κl

]
,

xl+1 = xl+2 = . . . = xn = 0.

An index of the edge where the maximum is attained is a such natural number
l = l(n, t) that

0 ≤ 1
2κl

[
λακl + D − cl −

D
n2

(
∑l−1

i=1 κi + (l − 1)κl

)]
≤ D

n2 .

Given the cooperative solution, we can find not only the cooperative trajectory but also
the function ys(t) for any coalition S in the game with continuous updating and stochastic
components. Really, the stochastic differential equation has the form

dy + µydt = λxS
κ dt + σdWt, y(0) = y0 = 0.

Solving this equation, we multiply it by an integrating factor eµt and receive

eµtdy + eµtµydt = eµtλxS
κ dt + eµtσdWt.

As eµtdy + eµtµydt = d
(
eµty

)
, we received

(
eµty

)
= eµtλxS

κ dt + eµtσdWt.
Writing the received equality in a finite form and integrating the right-hand side by

parts, we have

y(t)eµt − y0 =
∫ t

0
λxS

κ eµtdτ +
∫ t

0
σeµτdWτ = σeµτWt +

∫ t

0

(
λxS

κ − σµWτ

)
eµtdτ,

or

y(t) = y0e−µt + σWt +
∫ t

0

(
λxS

κ − σµWτ

)
eµ(τ−t)dτ.

As y(0) = y0 = 0 and xS
κ = const, then

y(t) = σWt +
λxS

κ

µ
eµ(τ−t)

∣∣∣t
0
−
∫ t

0
σµWτeµ(τ−t)dτ =σWt +

λxS
κ

µ

(
1 − e−µt)− ∫ t

0
σµWτeµ(τ−t)dτ. (15)

Let us calculate the values of Gromova–Petrosyan characteristic function
V(y(t), T − t, S) = VPG(y(t), T − t, S) for S ⊆ N different coalitions for t ∈ [0, T] as it
was calculated in Section 3:

V(y(t), T − t, S) =
∫ T

t
e−ρ(s−t)

{
∑
i∈S

[D − ci − xκ(s)]xi(s)− y(s)

}
ds, (16)

where y(s) is determined by (15), and a value ∆ = ∑
i∈s

[D − ci − xκ ]xi is the same as in

Section 3. Integral (16) is presented as a sum of two integrals, the first of which

I1 =
∫ T

t
e−ρ(s−t)∑

i∈S
[D − ci − xκ(s)]xi(s)ds = 2∆

(
1 − e0.5t−3

)
coincides with the respective integral in Section 3. The second integral in (16) has the form

I2 = −
∫ T

t
e−ρ(s−t)y(s)ds = −

∫ T

t
e−ρ(s−t)

[
σWs +

λxS
κ

µ

(
1 − e−µs)]ds −

∫ T

t
e−ρ(s−t)

∫ S

0
σµWτeµ(τ−t)dτds.
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Taking an expectation, we receive

E[I2] = −
∫ T

t e−ρ(s−t) λxS
κ

µ (1 − e−µs)ds = λxS
κ

µρ e−ρ(s−t)
∣∣∣T
t
− λxS

κ
µ(µ+ρ)

e−(µ+ρ)s+ρt
∣∣∣T
t

= λxS
κ

µρ

(
e−ρ(T−t) − 1

)
− λxS

κ
µ(µ+ρ)

(
eρt−(µ+ρ)T − e−µt

)
.

(17)

Substituting in (17) numerical values from the example in Section 3 and using the
same denotation γ = xS

κ , we receive

E[I2] = γ[e−0.5t − e
0.5t−6

+ 2e0.5t−3 − 2].

Thus, all calculations that concern the building of a subgame perfect subcore repeat
completely the respective expressions from Section 3.

4.2. A Game with Random Variable of Self-Purification of the Environment

Consider a cooperative differential game with continuous updating where all players
(firms) use information determined on a closed time interval T. In the subgame Γ

(
y, t, T

)
,

all firms together solve an optimal control problem (12) subject to (2), (4) and (5); meanwhile,
constraint (3) takes the form

∑
i∈N

dyi + ∑
i∈N

µyi(t)dt + σ ∑
i∈N

yi(t)dW = ∑
i∈N

λκixi(t)dt,yi(0) = yi0, λ > 0, µ > 0,

where Wt is a Brown process, W0 = 0, σ—the process volatility.
Denoting as before ∑i∈N yi = y, ∑i∈N yi0 = y0, γ = xκ = ∑i∈S κixi for the grand

coalition or, respectively,γ = xS
κ = ∑i∈S κixi, ∑i∈N yi = y, ∑i∈N yi0 = y0 for any coalition

S ⊆ N, we receive a more tractable form of Equation (3):

dy + µydt + σydWt = λγdt, y(0) = y0 = 0. (18)

As in Section 4.1, we receive a cooperative solution in the game with continuous
updating and stochastic components of the state equation that completely coincides with
the solution previously received in the deterministic case. Let us find the cooperative
trajectory. Multiplying a stochastic Equation (18) by an integrating factor eΦt , where Φt =
µt + σWt +

1
2 σ2t, we receive

eΦt dy + eΦt µydt + eΦt σydWt = eΦt λdt.

According to Ito’s lemma,

deΦt = µeΦt dt + σeΦt dWt +
1
2

σ2eΦt dt +
1
2

σ2eΦt dt.

Then,

d
(
yeΦt

)
= eΦt dy + ydeΦt + deΦt dy

= −eΦt µydt − eΦt σydWt + eΦt λγdt + µyeΦt dt + σyeΦt dWt + σ2yeΦt dt − σ2yeΦt dt
= −σ2yeΦt dt.

Writing this equality in a finite form, we receive

eΦt yt = y0eΦ0−Φt + λγ
∫ t

0
exp
{

µτ + σWτ +
1
2

σ2τ

}
dτ,
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or

yt = λγ
∫ t

0
exp
{

µ(τ − t) + σ(Wτ − W)t +
1
2

σ2(τ − t)
}

dτ. (19)

Completely similar to Sections 3 and 4.1, we calculate the values of Gromova–
Petrosyan function V(y(t), T − t, S) = VPG(y(t), T − t, S) for different coalitions S ⊆ N for
t ∈ [0, T]:

V(y(t), T − t, S) =
∫ T

t
e−ρ(s−t)

{
∑
i∈S

[D − ci − xk(s)]xi(s)− y(s)

}
ds, (20)

where y(s) is determined by expression (19), and a value ∆ = ∑
i∈S

[D − ci − xκ ]xi is the same

as in Section 3. Integral (20) is presented as a sum of two integrals, the first of which

I1 =
∫ T

t
e−ρ(s−t)∑

i∈S
[D − ci − xκ(s)]xi(s)ds = 2∆

(
1 − e0.5t−3

)
coincides with the respective integral in Sections 3 and 4.1. The second integral in (20) takes
the form

I2 = −
∫ T

t
e−ρ(s−t)y(s)ds = −

∫ T

t
e−ρ(s−t)

∫ S

0
exp
{

µ(τ − s) + σ(Wτ − Ws) +
σ2

2
(τ − s)

}
dτds

As E[exp{σ(Wτ − Ws)}] = exp
{

σ2

2 (s − τ)
}

, if s ≥ τ, we receive

E[I2] = −λγ
∫ T

t e−ρ(s−t)∫ s
0 eµ(τ−s)dτds =− λγ

∫ T
t e−ρ(s−t) 1

µ e−µ(τ−s)
∣∣∣s
0
ds

= − λγ
µ

∫ T
t e−ρ(s−t)(1 − e−µs)ds = λγ

µ

∫ T
t

(
−e−ρ(s−t) + e−ρs+ρt−µs

)
ds

λγ
µρ e−ρ(s−t)

∣∣∣T
t
− λγ

µ(µ+ρ)
e−(µ+ρ)s+ρt

∣∣∣T
t

= λγ
µρ

(
e−ρ(T−t) − 1

)
− λγ

µ(µ+ρ)

(
eρt−(µ+ρ)T − e−µt

)
Substituting in (17) numerical values from the example in Section 3, we find

E[I2] = γ[e−0.5t − e
0.5t−6

+ 2e0.5t−3 − 2].

Thus, all calculations that concern the building of a subgame perfect subcore again
repeat completely the respective expressions from Section 3.

5. Conclusions
We built a network version of the differential game of Cournot oligopoly with consider-

ation of environmental pollution linear dynamics and continuous updating. We considered
the independent and cooperative behavior of the players and received analytical solu-
tions in both cases. In the built model, both direct and indirect network interactions were
considered. Therefore, a key element of the model was decay centrality.

We built a Gromova–Petrosyan characteristic function that is always superadditive.
We found the cooperative trajectory and analyzed the time consistency of the coopera-
tive solution.

For a specific example, we checked a sufficient condition of the non-emptiness of
a subgame perfect subcore and wrote down this solution explicitly. Moreover, we have
shown that the symmetrical imputation (when a cooperative payoff is divided equally
between all players) is subgame perfect but does not belong to a subgame perfect subcore.

We considered stochastic versions of the model, namely, games with the random
variables of environmental pollution and self-purification of the environment. All results
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received for a deterministic case, such as characteristic function, imputation distribution
procedure, and subgame perfect subcore, were naturally generalized for stochastic cases
where payoffs were treated as expectations.
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Appendix A

Proof of Lemma 1. Solving differential equation for α gives

α(t) = Ce(ρ+µ)t − 1
ρ + µ

.

The constant C can be determined from the boundary conditions:

α(T) = Ce(ρ+µ)T − 1
ρ + µ

= 0, C =
1

ρ + µ
e−(ρ+µ)T .

So, we finally arrive at the expression of Lemma for α. Applying the arbitrary constant
variation method to equation for β, we obtain

β(t) = C(t)eρt,

where
C(t) =

∫
e−ρtF(t)dt.

Substituting the formula for α(t) into F(t) yields

F(t) = A
(ρ+µ)2

(
e2(ρ+µ)(t−T) − 2e(ρ+µ)(t−T) + 1

)
+ B

ρ+µ

(
e(ρ+µ)(t−T) − 1

)
+ G

= A
(ρ+µ)2 e2(ρ+µ)(t−T) +

(
B

ρ+µ − 2A
(ρ+µ)2

)
e(ρ+µ)(t−T) + G − B

ρ+µ

+ A
(ρ+µ)2 .

Then

C(t) = A
(ρ+µ)2(ρ+2µ)

e(ρ+2µ)t−2(ρ+µ)T

+

(
B

(ρ+µ)µ
− 2A

(ρ+µ)2µ

)
eµt−(ρ+µ)T −

(
G
ρ − B

(ρ+µ)ρ
+ A

(ρ+µ)2ρ

)
e−ρt + C.

Hence,

β(t) = A
(ρ+µ)2(ρ+2µ)

e2(ρ+µ)(t−T) +

(
B

(ρ+µ)µ
− 2A

(ρ+µ)2µ

)
e(ρ+µ)(t−T)

−
(

G
ρ − B

(ρ+µ)ρ
+ A

(ρ+µ)2ρ

)
+Ceρt.
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The integration constant C can be determined from the boundary condition

β(t) = A
(ρ+µ)2(ρ+2µ)

+

(
B

(ρ+µ)µ
− 2A

(ρ+µ)2µ

)
−
(

G
ρ − B

(ρ+µ)ρ
+ A

(ρ+µ)2ρ

)
+CeρT = 0.

As a result,

C = − A
(ρ+µ)2(ρ+2µ)

e−ρT −
(

B
(ρ+µ)µ

− 2A
(ρ+µ)2µ

)
e−ρT

+

(
G
ρ − B

(ρ+µ)ρ
+ A

(ρ+µ)2ρ

)
e−ρT .

Thus, both expressions of the lemma have been established. The proof of Lemma 1 is
completed. □

Proof of Theorem 1. We introduce the Bellman function

Vi(y, t) = max
xi(s),

t ≤ s ≤ T

∫ T

t
e−ρ(s−t)[(D − ci − xκ(s))xi(s)− y(s)]ds.

The corresponding HJB equation has the form

ρVi −
∂Vi
∂t

= max
xi(s),

t ≤ s ≤ T

{
∂Vi
∂y

(
∑n

j=1 λκjxj − µy
)
+ (D − ci − xκ)xi − y

}
. (A1)

Let the Bellman function be linear:

Vi(y, t) = α(t)y + β(t).

Optimizing the curly bracketed expression in (A1) with respect to xi(s) gives

αλκi + D − ci − xκ − κixi = 0. (A2)

Writing condition (A2) for each i = 1, 2, . . . , n, and summing over i, we obtain

αλκ + nD − c − (n + 1)xκ = 0.

Hence, it follows that

xκ =
1

n + 1
(αλκ + nD − c), (A3)

xi =
1
κi

[
αλκi + D − ci −

1
n + 1

(αλκ + nD − c)
]

=
1

(n + 1)κi
{αλ[(n + 1)κi − κ ] + D + c − (n + 1)ci} (A4)

Due to (A3), (A4) and (A1),

ραy + ρβ − α′y − β′ = αλxκ − αµy + (D − ci − xκ)xi − y. (A5)
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Equating the factors at the identical powers of y on the left- and right-hand sides of
(A5), we obtain differential equations for α(t) and β(t):

α′ − (ρ + µ)α = 1, α(T) = 0, (A6)

and
β′ − ρβ = −αλxκ − (D − ci − xκ)xi, β(T) = 0. (A7)

According to Lemma 1, the solution of Equation (A6) has the form

α(t) =
1

ρ + µ

(
e(ρ+µ)(t−T) − 1

)
. (A8)

Does the value xi belong to the interval
[
0, a

n
]

for t ∈ [0, T]? It follows from (A8) that,
for t ∈ [0, T],

− 1
ρ + m

<
1

ρ + m

(
e−(ρ+m)T − 1

)
≤ α(t) ≤ 0.

In view of (5), equality (A4) implies

xi =
1

( n+1)κi
{αλ[(n + 1)κi − κ ] + D + c − (n + 1)ci}.

> 1
( n+1)κi

{
− λ[( n+1)κi−κ ]

ρ+µ + n
(

ci +
λκi

ρ+µ

)
+ c − (n + 1)ci

}
> 0

The condition

xi =
1

(n + 1)κi
{αλ[(n + 1)κi − κ ] + D + c − (n + 1)ci} ≤ 1

(n + 1)κi
{D + c − (n + 1)ci} ≤ D

n2 ,

i.e.,
D + c

(n + 1)κi
− ci

κi
≤ D

n2 ,

is equivalent to the condition on ci, i = 1, 2, . . . , n in the formulation of the theorem. We
calculate the right-hand side of (A7) by substituting (A3) and (A4):

F(t) = − λ2κ2

(n + 1)2κi
α2 +

(
2λκ(D + c − (n + 1)ci)

(n + 1)2κi
− D + ci

)
α − (D + c − (n + 1)ci)

2

(n + 1)2κi
.

Then, by Lemma 1,

β(t) = λ2κ2

(n+1)2κi(ρ+µ)2(ρ+2µ)

(
eρ(t−T) − e2(ρ+µ)(t−T)

)
−
[

2λ2κ2

(n+1)2κi(ρ+µ)2µ
+ 1

(ρ+µ)µ

(
2λκ(D+c−(n+1)ci)

(n+1)2κi
− D + ci

)]
×
(

eρ(t−T) − e(ρ+µ)(t−T)
)

+

[
λ2κ2

(n+1)2κi(ρ+µ)2ρ
+ 1

(ρ+µ)ρ

(
2λκ(D+c−(n+1)ci)

(n+1)2κi
− D + ci

)
+ (D+c−(n+1)ci)

2

(n+1)2κiρ

]
×
(

1 − eρ(t−T)
)

.

Thus, Jmax
i = Vi(0, y(0)) = α(0)y0 + β(0), and we obtain finally the statement of the

theorem. The proof of Theorem 1 is completed. □
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Proof of Lemma 2. We introduce the Bellman function

Vc(y, t) = max
xi(s),

i = 1, n,
t ≤ s ≤ T

∫ T

t
e−ρ(s−t)

[
∑n

i=1 (D − ci − x(s))xi(s)− y(s)
]
ds.

The corresponding HJB equation has the form

ρVc −
∂Vc

∂t
= max

xi(s),
i = 1, n,
t ≤ s ≤ T

{
∂Vc

∂y

(
∑n

i=1 λκixi − µy
)
+ ∑n

i=1 (D − ci − x)xi − y
}

. (A9)

Let the Bellman function be linear: Vc(y, t) = α(t)y + β(t). We see that the equation
for α has the form (A6); according to Lemma 1, the solution has the form (A8).

Maximizing (A9) with respect to xi(s), i = 1, 2, . . . , n, gives

ακiλ + D − ci − κi∑j∈N xj − x = 0, i = 1, 2, . . . , n.

This system of equations has no solutions under the assumption ci ̸= cj. The maximum
value of the payoff function lies on the boundary of the admissible domain of the parameters
xi(s). With the notation

U(x1, x2, . . . , xn) = α(λ∑n
i=1 κixi − µy) + ∑n

i=1 (D − ci − x)xi − y, (A10)

the HJB Equation (A9) can be written as

ρVc −
∂Vc

∂t
= max

xi(s),
i = 1, n,
t ≤ s ≤ T

U(x1, x2, . . . , xn).

At any time instant, the maximum can lie only on the boundary of the definitional
domain of the control variables. In the case of the strict inequality (5), the maximum of (A10)
can lie only on a manifold of dimension 1 (for the same reasons it cannot be inside the do-
main), namely, the maximum can be achieved only on one edge of an n-dimensional cube.

Let us move from the origin along the edge of the n-dimensional cube where the
objective function grows fastest (i.e., along the axis x1). If a local maximum is not found
on this edge, having reached the vertex, we will change the direction and move along the
edge where the objective function grows fastest (i.e., along the axis x2), and so on up to the
point where the derivative along the chosen direction vanishes. At this point, obviously,
the objective function achieves a local maximum. Assume that this event occurs on the l-th
edge. At the maximum point,

∂U
∂xl

= λακl + D − cl −
D
n2 ∑l−1

i=1 κi −
D
n2 (l − 1)κl − 2κl xl = 0,

and consequently,

xl =
λα

2
+

1
2n2κl

[
n2D − n2cl − D∑l−1

i=1 κi − D(l − 1)κl

]
. (A11)
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Thus, the maximum point has the coordinates(
x1 =

D
n2 , . . . , xl−1 =

D
n2 , xl =

1
2κl

[
λακl + D − cl −

D
n2

(
∑l−1

i=1 κi + (l − 1)κl

)]
, xl+1 = 0, . . . , xn = 0

)
(A12)

In addition,

0 ≤ 1
2κl

[
λακl + D − cl −

D
n2

(
∑l−1

i=1 κi + (l − 1)κl

)]
≤ D

n2 .

The proof of Lemma 2 is completed. □
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