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Abstract: A number of learning models have been suggested to analyze the repeated interaction
of boundedly rational agents competing in oligopolistic markets. The agents form a model of the
environment that they are competing in, which includes the market demand and price formation
process, as well as their expectations of their rivals’ actions. The agents update their model based on
the observed output and price realizations and then choose their next period output levels according
to an optimization criterion. In previous works, the global dynamics of price movement have been
analyzed when risk-neutral agents maximize their expected rewards at each round. However, in
many practical settings, agents may be concerned with the risk or uncertainty in their reward stream,
in addition to the expected value of the future rewards. Learning in oligopoly models for the case of
risk-averse agents has received much less attention. In this paper, we present a novel learning model
that extends fictitious play learning to continuous strategy spaces where agents combine their prior
beliefs with market price realizations in previous periods to learn the mean and the variance of the
aggregate supply function of the rival firms in a Bayesian framework. Next, each firm maximizes
a linear combination of the expected value of the profit and a penalty term for the variance of the
returns. Specifically, each agent assumes that the aggregate supply of the remaining agents is sampled
from a parametric distribution employing a normal-inverse gamma prior. We prove the convergence
of the proposed dynamics and present simulation results to compare the proposed learning rule to
the traditional best response dynamics.

Keywords: Bayesian learning; Cournot model; risk-averse learning; fictitious play; normal-inverse
gamma prior

1. Introduction

In the dynamic Cournot quantity competition model, agents choose their output
levels in each period based on the observed history of realized market prices up to the
current period. In this stylized model, there exists a single good, and firms make their
supply decisions simultaneously at each period before the market price is realized, as
determined by the total quantity of output supplied by the firms in the market. It is widely
recognized that the Cournot-Nash equilibrium is the central solution concept in oligopoly
theory. In Cournot-Nash equilibrium, no firm has an incentive to unilaterally deviate from
its equilibrium strategy, as such deviations are unprofitable. However, the adjustment
process in which the firms in an oligopoly reach the Cournot-Nash equilibrium is not
always straightforward. In practice, firms are complex organizations that rely on specific
behavioral and adaptation rules to make decisions about their production quantities and
pricing, while making predictions about the future actions of their rivals. To gain insights
into the adaptation process that leads to Cournot-Nash equilibrium, previous work in this
area has hypothesized different mechanisms for individual learning, where agents learn to
play by introspection. Firms build an individualized model of the market, form expectations
of rival firms’ actions, and choose the best action given their assumptions. A prime example
of individual learning is best response dynamics, where agents know the demand function
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and compute the best output level to maximize their profits, assuming that the rival firms
will repeat their actions from the previous period [1]. For a duopoly, best response learning
converges to the Cournot-Nash equilibrium. However, Theocharis [2] showed that best
response dynamics do not converge in oligopolies with three or more firms.

Contrary to the predictions of best response dynamics theory, experimental data from
stylized laboratory experiments demonstrate convergent behavior consistent with the
Cournot-Nash equilibrium, even in situations where theoretical models predict that the
best response dynamics should theoretically diverge [3-5]. This suggests that, even when
the NE is theoretically unstable under best response dynamics, participants in experimental
settings may still converge to it. This behavior could be due to participants following
different learning and adaptation rules or other behavioral factors not captured by best
response dynamics. These findings have stimulated research into alternative learning
models for oligopolies [6-8].

In all prior models of individual learning, firms act myopically, ignoring the uncertainty
in their estimates of their rivals’ actions and demand parameters. This approach can be
partly justified by observing that risk-neutral agents choose their actions to maximize
the expected profit. With a linear demand function, the expected profit depends only on
the mean of the rival’s supply estimate and not on its variance. However, this rationale
does not apply to risk-averse agents, who seek to balance maximizing the expected profits
with minimizing the variance in their returns. In this paper, we address this gap in the
literature. We study learning by risk-averse firms in oligopolies, the resulting dynamics,
and the convergence to market equilibrium. In our model, risk-averse players form and
update Bayesian models for their rivals to estimate both the mean and the variance of their
rivals’ production decisions in a rigorous, principled framework, and they make output
decisions based on these predictions.

Oligopoly theory often assumes that firms are risk-neutral, yet this assumption has
limited validity as it does not always align with real-world behavior. Various factors drive
firms to adopt risk-averse behaviors. For instance, under increased uncertainty, firms tend
to reduce their capital investments to avoid potential losses, as shown by empirical studies
linking greater uncertainty with lower investment levels [9]. Additionally, firms with non-
diversified owners may display risk aversion to protect their concentrated holdings [10].
Risk-averse managers, particularly those with performance-based compensation, may also
favor less risky strategies [11]. Finally, risk-averse firms frequently diversify and hedge to
manage exposure, with evidence indicating that corporate hedging is a common method of
mitigating risk [12]. Despite the empirical evidence of risk-averse behaviors in markets, the
operational theory of risk-averse oligopoly has been relatively underdeveloped. Notably, in
a single-period static setting, Asplund [13] explored how varying degrees of risk aversion
and demand or cost uncertainty impact competition in oligopolistic markets. The analysis
shows that firms’ best response strategies under demand uncertainty decrease with higher
risk aversion, softening the competition in the Cournot oligopoly model. However, these
observations do not generalize to the dynamic setting, where firms compete repeatedly in
the market.

Related Work: Our model is inspired by early work by Kirman [14-16]. In this work, risk-
neutral firms combine their uncertainty regarding their rivals’ output decisions into a
single unknown parameter that encodes the market clearing price or the intercept of the
linear market demand curve. When agents notice differences between their chosen output
levels and the resulting prices, they update their linear demand model accordingly. The
agents learn to play by forming and updating a Bayesian estimate of the unknown demand
function that they face. In more recent work, Bischi et al. [17,18] extended this framework
to nonlinear demand functions, using a local monopolistic approximation (LMA) for the
demand. Firms believe that they face a linear market demand, locally approximating the
actual nonlinear demand. In LMA, firms adjust their output based on experimental price
elasticity estimates, trusting that these estimates are accurate. When their outcomes differ
from their expectations, firms again revise their beliefs, triggering an adaptation process
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that refines both their market understanding and strategies. This adaptation process can
be shown to converge to the Cournot-Nash equilibrium. In general, the information that
firms have about the market demand may be incomplete in many other respects: the
functional form of the demand, the slope of the demand, or the market saturation point. For
a broad discussion of the various learning models with misspecified and uncertain demand
functions, we refer to the excellent survey in [8]. It is worth noting that learning in this setup
focuses solely on estimating the mean output levels and not variances and therefore does
not offer insights into the outcomes of dynamic interactions involving risk-averse agents.

Our work also extends classical fictitious play to the Bayesian setting. As an alternative
individual learning model, classical fictitious play [19] assumes that each subject would
take the empirical distribution of the actions chosen in past periods by each of his opponents
as his belief about an opponent’s mixed strategy, and, in every period, he would play the
best response to this belief when choosing his current strategy. Monderer and Shapley [20]
show that, for “finite weighted potential games”—a class of games that includes the
Cournot game—every fictitious play process converges in beliefs to equilibrium. However,
the tabulation and memorization of all previous actions of rival firms is not a reasonable
behavioral assumption for actual firm behavior. Recent theoretical work has shown that
firms’ memory significantly affects the learning dynamics and might affect the convergence
to the Cournot-Nash equilibrium [21-23]. Given the crucial role that memory plays in
oligopolistic behavior, it is important to investigate individual learning algorithms that
operate with limited memory and yet lead to convergence to the strategic Cournot-Nash
equilibrium.
Contributions: In this paper, we propose an alternative learning model for risk-averse
agents in which agents construct Bayesian models of their rivals. They update these
models using rigorous conjugate priors and choose their actions according to the posterior
predictive distribution. Each agent forms expectations of the mean and variance of profits
in the next period based on the learned models of rival behavior. They then choose their
production levels to maximize their profits, optimizing the trade-off between maximizing
the expected profit and minimizing the variance in their returns. In this setup, firms
naturally build heterogeneous models of rivals’ behavior despite observing the same
market outcomes. This heterogeneity arises due to two factors. First, they have different
priors upon entering the Cournot game. Second, each firm models the aggregate output of
different sets of players. In this new setup with risk-averse agents performing Bayesian
learning, we prove convergence to the Cournot-Nash equilibrium, even for cases where
the best response dynamics are known to diverge. This extends the previous convergence
results for individual learning given in [8,15,24] to M risk-averse agents, where the agents’
beliefs and actions follow a state evolution based on a time-varying state transition matrix.

In our proposed model, agents create a full posterior distribution for the rivals’ supply
decisions in the next period. They use Bayes’ rule to update the parameters of the prior
distribution, which is chosen to be a normal-inverse gamma distribution. The resulting
posterior distribution allows us to model learning by risk-averse agents, who seek a trade-
off between maximizing the expected profit and minimizing the variance in future returns.
All prior work discussed above considers risk-neutral agents who maximize the expected
value of their profits. To the best of our knowledge, this is the first work that integrates
Bayesian risk estimates into the learning process for continuous-strategy oligopoly models.
We note that the normal-inverse gamma distribution has been previously employed in
modeling rewards in discrete-choice Markov games and Q-learning [25], but not in the
context of fictitious play learning. Our Bayesian learning model provides a memory-efficient
implementation of fictitious play that leads to convergence to the strategic Cournot-Nash
equilibrium while keeping track of only a small set of parameters encoding the posterior
distribution for the rivals” decisions.

The rest of this paper is structured as follows. Section 2 introduces the Cournot
model and reviews the best response and fictitious play dynamic adjustment processes as
examples of agents’ formation of beliefs. In Section 3, we present the proposed learning
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model based on Bayesian reasoning for the posterior estimation of a rival’s supply decisions
using a fixed known variance for the variations in output levels and provide proof of the
local convergence of the resulting learning process to the fixed point of the iterations.
In Section 4, we extend the analysis to the more general setup where agents track and
estimate the variance of their rivals” actions and show convergence to the Cournot-Nash
equilibrium. We illustrate the convergence of the global dynamics using simulations and
provide comparisons with the best response dynamics. We conclude with directions for
future research.

2. Cournot Model and Previous Work
We consider a market with a homogeneous good with M firms. The inverse demand

function f(Q) determines the market price P at time ¢ given the aggregate supply Q; of
the good from the M firms.

P = f(Qt) =a—bQ;

M
=a—b Z qit (1)
i=1

Each firm is assumed to have a monotonically increasing and concave total cost function
Ci(qit)- Let gt = [q1,t, 92,4, - - -, gm,t) denote the vector of the output levels chosen by the M
firms in period ¢. Then, the profit for each firm is given by

7 (qie q-it) = (f(Q1)qir — C(qix)) )

Learning in the Cournot model can be expressed as each agent forming beliefs about the
output q_;; that will be offered by the rival firms in period ¢ + 1, based on the previous
market history [q_;1,9-i2,...,9—it, and adjust their own output accordingly. In the
following, we review two of these learning processes. Note that the realized market price
depends only on the aggregate output level of the rival players Q_; = }.;+; q;+- Therefore,
players need to reason only about their rival’s aggregate output.

2.1. Previous Learning Models and Risk-Neutral Agents

Previous works have considered the case of risk-neutral agents maximizing their
expected profits after forming various learning models, which differ in how the agents
form their estimates of the aggregate output level.

2.1.1. Best Response Dynamics

Best response dynamics is the learning process suggested by Cournot in his seminal
work on duopoly analysis. Under the best response dynamics, each firm assumes that
the others will maintain their output level from the previous period and chooses its own
output level as the best response to the supply of others in the previous period.

i = max 7(qi, 4 i) ©)
= max (G, G—it-1) (4)
For the simple model of the quadratic cost function,

Ci(qir) = ciqly + digi (5)

profit optimization results in the following dynamic update assuming an interior point
solution (g;; > 0):
o a— di B b
W2 v 20+

) Q—i,t—l (6)



Games 2022, 15, 40

50f 15

If we stack the quantity for each firm into a column vector g(t), then the best response
dynamics is given by the state space equation

gt = C+ Aq; 1, ()

where C is a constant vector whose elements are given by 57 1) 4 5 and A isan M x M matrix

b+c
with zeros on the diagonal and — ( o for the off-diagonal terms. To study the dynamic
stability of this state space difference equation, we can analyze the eigenvalues of the state
transition matrix A. For example, for the simplest case of zero cost, the eigenvalues of the
matrix A can be calculated easily as —(M — 1)/2 and 0.5 (repeated M — 1 times). Since
the spectral radius is larger than 1 for M > 2, this dynamical system is not convergent
except for duopoly. This instability result prompted modified theories of the best response
dynamics where an inertia term was included so that the output level chosen by each firm
is a weighted average between their previous output level choice and the best response to
the aggregate output of the rivals:

gt =aqi-1+ (1 —a)(C+ Ag1) (8)
=(1—-a)C+ (al+ (1 —a)A)gi—1 9)

The resulting state transition matrix al + (1 — «) A has a spectral radius of less than 1
for sufficiently large inertia «. As a result, the difference equation converges to the Cournot
equilibrium for this model. Empirical work and laboratory experiments provide some
evidence for the inertia term in seller output behavior [26]; however, the best response
dynamics suggest negative auto-correlation in the aggregate output levels, contradicting
experimental data showing positive auto-correlation [27].

2.1.2. Simple Fictitious Play

Fictitious play is an alternative learning strategy, originally formulated for discrete
action spaces, that postulates that each player tabulates the relative frequency of the past
choices of its rivals and then chooses its own action to optimize the expected payoff,
assuming that the rival will play a mixed strategy given by the relative frequency of past
actions. In the case of the Cournot game, player i can tabulate the choices of its rivals using

an empirical distribution:
t—1
1
qip~ Y, —1 15(07 —qjs), (10)
s=1
where 6(q — qo) is the Dirac delta function representing the unit mass at go. The expected
value of the aggregate output by rival firms can then be calculated as

. =11
E[Q_is] =) ), T 1%s (11)

j#is=1
Again, for the case of a linear demand function, the optimal output level can be derived as

- a—di
0= Srvey T DL a2

j#is= 1

For this learning model, the current state q; depends on all of the previous output levels
up to period t. Therefore, the state evolution can be only represented by an infinite set of
difference equations [28]:

qt+1 = F(EAt,S%)/ (13)
S

where A is an infinite matrix with elements A;;, and the matrix satisfies two conditions: the
elements in the upper diagonal A;s = 0 for s > f, and each row sumsto 1,ie., Y ¢ A;s = 1.
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For the case of fictitious play learning, A;s = 1/t for all s < t. This fictitious play dynamical
model can be shown to be stable and converges to the Cournot-Nash equilibrium [28].
However, this model has two shortcomings. First, it does not account for the agents’
prior beliefs at the beginning of the Cournot game. Second, the agents track only the
moving average of their rivals’ output choices, without estimating the expected future
variability around this average—a crucial factor for risk-averse agents who are concerned
about the variance of their profits. In the following, we propose an extended fictitious
play model rooted in Bayesian reasoning that captures the heterogeneous prior beliefs of
agents in the form of conjugate priors. In this framework, the output level of rival firms is
modeled probabilistically, and both the mean and the variance of the posterior predictive
distribution are used to formulate optimization criteria for risk-averse agents seeking a
trade-off between maximizing the expected reward and minimizing the variance.

3. Bayesian Fictitious Play and Risk-Averse Agents

As before, we consider the oligopoly model with M firms, but the firms adopt a
Bayesian approach in modeling and predicting their rivals” actions using a continuous-
valued distribution. In particular, we assume that the deterministic demand function
given in (1) is common knowledge and each firm i believes that the rival firms are using
a stationary mixed (random) strategy where their aggregate output level Q_; is sampled
from a normal distribution Q_;; ~ N (p;,1/A) with an unknown mean y; and known
precision (inverse variance) A:

Pr=f(Qt) =a—bgiy —bQ_;;
=a—bq;; —b(p; + 1) (14)

where random disturbances {; on the rival quantity choices are sampled from a normal
distribution with zero mean and variance 1/A.

We assume that the players observe the realized market price but not directly the
quantity choices of their rivals. In this setup, the firms cannot differentiate between the
seemingly stochastic quantity choices of their rivals and potential random demand shocks
that shift the inverse demand, as they only observe the aggregate effect on the market price.
Therefore, an alternative interpretation of the fictitious play model is that firms model the
aggregate choices of their rivals as an unknown constant y;, observed through random
demand shocks independently sampled from a normal distribution with zero mean and

variance 0't2:

Pr=f(Qt) =a—Dbgi; —bQ_i; + e
=a—bqi; — by + € (15)

1
=a—bq;; —b(p; + Eet)

The two interpretations in (14) and (15) are equivalent if ey = b{; or A = g—i We extend
the analysis to the case of unknown precision A in the next section.

In the following, for clarity, we will base our discussion on the mixed strategy play
interpretation, where fictitious play learning corresponds to each firm updating their
beliefs y; from the observation of market price realizations using Bayesian reasoning. Firm
i assumes that the distribution of the hypothesized aggregate output level Q_; of the
remaining firms is given by

PQuisli) = g exp( =5 (i~ ?) 6
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The prior belief of firm i about the remaining firms’ mean output level y; is given by
the conjugate normal distribution [29] prior:

T T;
Vi0, Tip) = 217'2 eXP(‘ 50 (i — Vi,0>2) (17)

P(pi

The hyperparameters v; o, T; o are known and represent the prior beliefs of firm i about
its rivals’ behavior at the start of the Cournot game, at time 0. As the output choices are
revealed in the game across time, Bayesian posterior estimation is used to update these
hyperparameters, as detailed in [29], using

Tip—1Vit—1 +AQ it
Ti,t + A
Tip = Tit—1+A=Tpo+tA (19)

(18)

Vip =

Because of the choice of the conjugate prior, the posterior predictive distribution for
Q_i 41 (belief about the rivals’ aggregate output level at time ¢ + 1, based on all the output
levels observed in the game up to time t) is a Gaussian distribution with mean v;; and

precision

A

. / A it
(Q-it+1H{Q-ists=1) = m(;ﬁ eXP(—Z(;:_/\)(Q—i,t - Vi,t)2> (20)

As a result, the expected value and variance of Q_; are given by

T,‘,[/\
it

Ti,t‘l')\

) (21)

E[Q ity1] =viy  VI[Q-it1] =

Now, we introduce the second key component of our model: risk-averse agents who
choose their output levels while trying to balance the trade-off between the expected value
and the variance in their profit. The agents choose their output decisions to maximize a
linear combination of the expected profit and a term that penalizes variance in the returns.

U(qit+1) = E[mi(qis1,9—ip+1)] — YV (Gi i1, G—ip41)] (22)
= (@ —b(qit+1 + E[Q-it+1]))qip+1 — Ci(qips1) — ’sz%z,tJrlv[Q—i,tH] (23)
(24)

Therefore, the optimal output choice for the risk-averse firm i is given by

- a—di —bE[Q 1]
YELT2(b+ ¢+ 2V[Q_ i i41])

(25)

Inserting the Bayesian update equations for the expected value and variance of the
profit from Equation (21), we obtain

a— di - bVi,t

) B Ti,t -+ A
Tit+1 2(b+c;+Tyy)

with T;, = yb? -

(26)

Combining this with the update equation of the second set of state variables, v; ;,, we have

(Tio + M) Vip1 + A Y2 9)
Tio+ (t+1)A

Vit = (27)

Recall that the parameters T; 9 and v; ¢ encode the initial priors that each firm has about the
behavior of its rivals. If we assume that the firms have no prior information about their
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rivals at the start of the game, we can use an improper distribution with 7; 9 approaching
zero [29]. Then, the update equations take the simpler form

_a—di—bvi,t . . t+1
%,t+1 — m Wlth rt — ')/b T (28)
[P -+ .0
vy = (DVig—1+ Lz qj 29)

’ t+1

The two sets of difference Equations (28) and (29) describe the behavior of the non-
autonomous dynamical system. The system is non-autonomous, because the difference
equations describing state evolution depend on t; therefore, it is time-varying.

Comparing Equation (28) with the update equation for the classical fictitious play
given in (12), we observe that, while the classical fictitious play uses a simple average of
the previous output levels to estimate the current period’s output level, Bayesian fictitious
play constructs its estimate using the weighted average of the prior beliefs and output
data from the previous periods. Moreover, the optimal output levels are dampened by a
time-evolving constant I'; ;, as a result of risk aversion. In the following, we show that the
non-autonomous dynamic system that models Bayesian fictitious learning converges to a
fixed point.

Theorem 1. Consider M firms with identical cost structures c; = c and d; = d for every firm i.
Then, for the dynamical system governed by the state update equations given in (28) and (29), the
fixed point given by

B a—d v (M—1)(a—4d)
©2b+ (M —1)b+2c+2b27 "2+ (M —1)b+2c+2b27

qi (30)

is locally asymptotically stable, if b/2(b + c + yb?/A) < 1, i.e., if the initial beliefs are initialized
in a small neighborhood of the fixed point, the fictitious play converges to the equilibrium given by
the fixed point in the limit as t approaches infinity.

Remark 1. Note that the parameter c in the cost function can be negative; therefore, the condition
b/2(b+ c+yb*/A) < 1is not always automatically satisfied.

Remark 2. With v = 0, i.e., risk-neutral agents, the fixed point corresponds to the Cournot—Nash
equilibrium. We observe that the increasing risk aversion of agents (with increasing <y) improves the
stability condition, as it becomes easier to satisfy b/2(b+c + yb?/A) < 1.

Proof. To simplify the discussion and improve the exposition, we consider the case of two
firms. We denote the weighted mean of the previous output decisions of firm 1 forming the
belief of firm 2 as 41 ; = vy for clarity and in order to make the notation consistent with the
prior work of [14-16,30]. Similarly, we denote the weighted mean of the previous output
decisions of firm 2 forming the belief of firm 1 as §,; = v1;. Then, the Bayesian fictitious
play iterates given in (28) are simply given by

a—d—l’]172,t a*d*bqlrt

t 2(b+c+Ty) 121 2(b+c+Ty) G

and we note that the weighted means (41 ¢, §2+) of the previous output levels are given by

_ t 1
e LA + et (32)
_ 1 _ t
ot = m%,t—l + mfh,t—l (33)
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Inserting (31) into (32), we obtain

- t 1 b - 1 a—d

= T T D204+ T P Y i )20+ e+ )
1 b _ t 1 a—d

GrD20 e M Y a2 2y e

(34)

ot = — (35)

We observe that the state evolution can be modeled as linear time-variant differe-
nce equations:

G111 = C(t) + A(t)(q:) (36)

The time-variant nature of the map A(t) and C(t) is a result of the direct dependence
on t, as well as through T';. We observe that the matrix A(t) can be diagonalized using
eigenvalue decomposition:

A(t) = l . -&t-l ) (til)ﬁ ]
T (t+1) 2(btc+Ty) tTl
::[ 1/v2 1/»/] - [ 1/vV2 -1/V2
-1/v2 1/v2 0 1- 1o 1/vV2 1/V2

where p; = 7 The convergence to to the fixed point given by

b
2(b+c+1"t

* ok =% (ﬂ—d)
N=2=T = 3 00 2629 /0 (37)

is governed by the eigenvalues of the state transition matrix A(t) [31]. Specifically, the
fixed point is (locally) asymptotically stable if

tlj) \/eigmax(A(t)TA(t)) = tlj[()maxﬂeig( ( ))|} _ | t+ . |

for some ty. This product converges to zero as long as p; < 1 for all t > fp or when b <
2(b + c +T}) for t larger than ty. The inequality holds true for all t, if b < 2(b + ¢ + yb*/A)
as Iy > yb%/ ), establishing the desired result. Observe that this inequality is not always
satisfied, as the cost parameter ¢ may be negative. Finally, b < 2(b + c) is a necessary
condition for b < 2(b + ¢ + I't). In other words, the condition on the eigenvalues ensures
that the repeated application of A(t) is a contraction and therefore the fixed point of the
iteration is asymptotically stable. The extension of the proof to a number of firms M > 2
follows the same argument. The eigenvalues of the state transition matrix A(t) will have

the eigenvalue 1 — 1Jgﬁp L and (M — 1) repeated eigenvalues of 1 — %, with the latter
being the larger of the two. Therefore, the same condition guarantees asymptotic local
stability. [

Thus far, we have assumed that the variance (or, equivalently, the precision A) is
known and fixed throughout the game. However, one may conjecture that, as the learning
progresses, the output choices of rival firms will stabilize. Therefore, agents may wish to
continuously update their beliefs about variance to reflect the decreasing variation in the
observed market prices (or, equivalently, the decreasing variation in rival firm supplies).
This adjustment process can be naturally incorporated into our Bayesian framework,
allowing agents to make inferences about both the mean and the variance of their rivals’
stationary mixed strategies.
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4. Bayesian Fictitious Play with Inverse Gamma Prior

In this section, we consider agents making Bayesian inferences about both the mean
and the variance of their rivals’ mixed strategies using appropriate conjugate priors for
these two variables. As before, we examine the oligopoly model with M firms. Consistent
with the fictitious play setup, we assume that each firm i believes that rival firms are using
a stationary random strategy where their aggregate output level Q_; is sampled from a
normal distribution Q_;; ~ N (pj, A;) with unknown mean p; and unknown precision
(inverse variance) A;. Firm i assumes that the distribution of the hypothesized aggregate

output level Q_; of the remaining firms is given by

; A
PQ-ili ) = 5 e~ 5@~ ) &)

The prior beliefs of firm i about the remaining firms” output choices are given by the
conjugate normal-inverse gamma [29] prior on the variables y; and A;:

I'(ajo) |27 ;005
P(pi, Ailvip, ki0,i0, Bio) = ;,xfo ) \/ a/\? . (39)
1,

1,0

exp <— % [rci0(pip — vig)? + 251’,0]) : (40)

The hyperparameters v; g, x; 9, & 9, Bi o are known and represent the prior beliefs of firm
i about its rivals’ behavior at the start of the Cournot game. As the output choices are
revealed in the game, Bayesian posterior estimation is used to update the hyperpara-
meters, using

Kip—1Vipg—1+ Q_it—1

- 41
Vz,t Ki,t I 1 ( )
Kit = Kip—1+1 (42)
iy =i 1+ 1/2 (43)

Kit—1(Qoip—1— Hip—1)?

g 4N : 1) 44

lBl,t lBl,t 1 + Z(Ki,t—l I 1) ( )

The posterior predictive distribution for Qf ; is given as a Student t-distribution with center

. .« . txt’l‘K,'/f
Vit, precision g

By —T) and 2«; ; degrees of freedom.

A itk —1
(Q-itH{Qists=1:-1) = ton;, (WJM) (45)
at,z’cz,t
As a result, the expected value and variance of Q_; is given by
Bit(rir —1)
E[Q_ il =v VIQ_it] = —F+———— 46
[Q z,t] it [Q l,t] (“t,i _ 1)Ki,t ( )

The agents choose their output decisions to maximize a linear combination of the
expected profit and a term that penalizes variance in the returns.

U(qit) = E[mi(qit, q—ip)) — YV Ii(qie g—it)] (47)
= (a—b(qir + E[Q-it]))qir — Ci(qir) — ')/bzqzz,tV[Q—i,t] (48)
(49)
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Therefore, the optimal output choice for the risk-averse firm i is given by

~ a—d;—bE[Q_j]
Git = 2(b+c; +b2V]Q_i4])

(50)

Inserting the Bayesian update equations for the expected value and variance of the
profit from Equation (46), we obtain

a— di - bVi,t

Gir = Bi(xip—1)
(b o+ Thy)

with T;; = yb?
= (api — D)y

(51)

This is a nonlinear time-varying difference equation as the terms in I'; ;, (B;+, ki ¢, &; ¢)
are path-dependent, governed by the realizations of g;; for all j. The results of Theorem 1
extend to this case with asymptotically vanishing variance. Therefore, the firms converge
to the Cournot-Nash equilibrium with no offset present in the previous section.

Theorem 2. Consider M firms with identical cost structures c; = c and d; = d for every firm i.
Then, the dynamical system governed by the state update equations given in (41) and (51) has a
fixed point given by

. a—d v (M—=1)(a—4d)
Ty M-1b+2c T 2+ (M-1)b+2c

(52)

This fixed point is locally asymptotically stable if b/2(b + ¢) < 1. That is, if the initial beliefs are
initialized in a small neighborhood of the fixed point, the fictitious play converges to the equilibrium
given by the fixed point in the limit as t approaches infinity.

The proof of the theorem relies on linearizing the nonlinear state evolution equations
around the equilibrium point. Let us define the 2M X 1 state vector

xt = {vi, ,Bi,t}f\ip

that captures all the current mean and variance estimates of each firm. Note that all supply
decisions g;; are a simple function of the state vector as given in (51) and therefore the
convergence of the mean and variance estimates implies the convergence of the output
decisions of the Cournot oligopoly. The state evolutions given in (41) and (51) provide a
nonlinear update function for the state in the form of

xpp1 = f(xi,t)

The nonlinear dynamic system is non-autonomous or time-varying due to the simple time
dependence of k;; ~ t and «;; ~ t/2. We observe that it has a fixed point x* given by

Xt = {Z q]*,O}f‘il,
j#i

with g7 as defined in (52). In other words, the Bayesian update equations have a fixed point
at the Cournot-Nash equilibrium output levels when the variance estimates are equal to
zero, an intuitive result. Now, to establish the local asymptotic stability in the neighborhood
of the fixed point (for small but non-zero variance estimates), we compute the Jacobian J; of
the function f(x, t) around the equilibrium point x*. The Jacobian acts as the state transition
matrix of the linearized system. By applying the eigenvalue test to the Jacobian J;, as shown
in the proof of Theorem 1, we obtain the desired result. We note that, in equilibrium, as ¢
approaches infinity, the term I't asymptotically approaches zero. Consequently, the system
converges to the Cournot-Nash equilibrium, with the uncertainty and the associated risk
penalty vanishing asymptotically. With risk-averse agents, the stability is improved during
the initial stages of learning because non-zero variance estimates and the risk penalty result
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in dampening the best response towards zero. The simulation study presented in the next
section illustrates this insight.

5. Simulation Studies

To study the convergence of the proposed Bayesian fictitious play dynamics numeri-
cally, we consider a duopoly model with linear demand and quadratic cost functions. We
let the reservation price be a = 450 and the slope of the linear inverse demand function be
b = 30. For this example, we consider identical firms with cost parameters c; = c; = —17
and dy = dy = 275. As a result, the production costs are monotonically increasing, with di-
minishing marginal costs. We consider output levels in the region such that g1 ; + g2 < 15
to maintain positive prices in the market. We initialize the priors of the agents with the
parameters f1 = B2 =1, a1 = ap = 5and Ay = A, = 10, with risk aversion factor v = 0.01.
The Cournot game has a unique Nash equilibrium given by (2.57;2.57).

We consider two experiments. In the first experiment, we initialize the beliefs of the
agents to v, = §; = 4.5 and v; = §» = 0.75 and the first period output levels as q; = 4 and
g2 = 1, roughly consistent with the prior beliefs. Figure 1a shows the time evolution of
the output levels g;, as well as the agents’ beliefs about one another’s output levels 7;. We
observe that the output levels and the beliefs converge smoothly to the Nash equilibrium
output levels, with I'; ; converging to zero, capturing a diminishing perceived risk. We
also show the output levels corresponding to the traditional best response dynamics with
sharper cycles, leading to the same equilibrium level.

24

22—

Best Response Dynamics .

0.8 \~\ 4

25 3 3.5 4 4.5

Figure 1. Cont.
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35—

25—

q2,t

1 1 1 1 1 1 1
1 15 2 25 3 3.5 4

q1,l
(b)

Figure 1. For the two experiments, the output decisions g; of the two firms, as well as their beliefs

(mean of the posterior distribution) 7, converge smoothly to the Nash equilibrium output levels,
under the proposed Bayesian fictitious play dynamics. In contrast, the best response dynamics exhibit
sharp cycles before convergence.

In the second experiment, we initialize the beliefs of the agents to v, = §; = 0.6 and
v1 = 4 = 0.9, inconsistent with the first period’s output levels of g; = 4.25 and g, = 3.75,
modeling a surprise in the observations. Again, Figure 1b shows the time evolution of
the output levels g;, as well as the agents’ beliefs about one another’s output levels g;.
We observe that the output levels and the beliefs again converge smoothly to the Nash
equilibrium output levels, while the best response dynamics exhibit sharp cycles before
eventual convergence.

We note that these simulation results are representative of only oligopoly models
with linear demand functions and quadratic cost functions that satisfy the stability criteria
given in Theorem 2. Note that when the cost functions are linear (i.e., ¢ = 0), the stability
criterion is automatically satisfied and the convergence is guaranteed. We note that the
numerical values that we have chosen are consistent with the model used by Cox and
Walker [32] in their experimental studies and the model used by Bischi et al. [8] in a
study of learning dynamics with risk-neutral agents. This allows a direct comparison
to previous experimental and simulation results. Extending this approach to nonlinear
demand functions and alternative utility functions that capture varying degrees and forms
of risk aversion remains a promising direction for future research.

6. Conclusions

In this paper, we present a novel memory-efficient learning model for risk-averse
agents in oligopolistic markets. This model extends traditional fictitious play by incorpo-
rating Bayesian updates with a normal-inverse gamma prior, enabling firms to learn and
adjust both the mean and variance of their competitors’ production levels based on the
observed market prices. Unlike conventional models, where risk-neutral firms maximize
only their expected profits, our approach considers a balance between the expected returns
and risk, reflecting real-world complexities where firms face demand and cost uncertainties.
We prove that these Bayesian dynamics converge to the Cournot-Nash equilibrium, even
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in cases where the best response dynamics would typically diverge, highlighting that risk
aversion can stabilize competition in oligopolistic settings.

Through simulation studies, we demonstrate that our Bayesian model achieves smooth
convergence to equilibrium, contrasting with the cyclical convergence observed in the best
response dynamics. The results emphasize that the initial beliefs impact the convergence
behavior but ultimately do not alter the final equilibrium, as Bayesian inference allows firms
to adapt based on market data. Our findings offer a robust framework for an understanding
of strategic decision-making in oligopolies with risk-averse participants, providing insights
that could inform applications in industries where firms face significant uncertainties.

Future research in the area could deepen the understanding of how risk aversion and
adaptive learning interact in oligopolistic environments, with potential applications to
various real-world industries and market structures. An important extension of our model
is to consider inherent uncertainties in the market demand and the ability of the agents
to differentiate between persistent demand shocks from the seemingly random behavior
of competing agents converging over time to an equilibrium behavior. Alternatively,
future work could explore different forms of risk aversion. The current model assumes
a linear combination of expected profit and variance penalty; it could be interesting to
study alternative forms of risk preference, such as utility-based frameworks or prospect
theory, to better reflect the diverse risk attitudes observed in practice. Finally, future work
could compare Bayesian fictitious play to other adaptive learning frameworks, such as
reinforcement learning or Q-learning, to determine under which conditions each model
best approximates the firm behavior and market outcomes in oligopolistic competition.
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