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Abstract: In this study, we use the dynamic programming method introduced by Mirica (2004) to
solve the well-known war game of attrition and attack as formulated by Isaacs (1965). By using
this modern approach, we extend the classical framework to explore optimal strategies within the
differential game setting, offering a complete, comprehensive and theoretically robust solution.
Additionally, the study identifies and analyzes feedback strategies, which represent a significant
advancement over other strategy types in game theory. These strategies dynamically adapt to the
evolving state of the system, providing more robust solutions for real-time decision-making in conflict
scenarios. This novel contribution enhances the application of game theory, particularly in the context
of warfare models, and illustrates the practical advantages of incorporating feedback mechanisms into
strategic decision-making. The admissible feedback strategies and the corresponding value function
are constructed through a refined application of Cauchy’s Method of characteristics for stratified
Hamilton-Jacobi equations. Their optimality is proved using a suitable Elementary Verification
Theorem for the associated value function as an argument for sufficient optimality conditions.

Keywords: differential game; differential inclusion; feedback strategies; dynamic programming;
Hamiltonian flow; value function

1. Introduction

Differential games, a branch of static game theory, provide a framework for analyzing
strategic interactions between two or more players, in which each player’s decisions, in
turn, influence the dynamics of a system. Rufus Isaac’s seminal book Differential Games [1],
published in 1965, laid the foundation for the study of pursuit-evasion games and offered
a comprehensive framework for analyzing differential games involving multiple players.
This work laid the groundwork for addressing a diverse array of conflict scenarios and
inspired researchers to delve further into this field. This exploration brought numerous
criticisms of Isaac’s heuristic approach to the forefront, including those highlighted in [2-8].
Ultimately, the research prompted by Isaac’s’” missteps has left a lasting legacy, manifesting
in improved methodologies, interdisciplinary collaborations, and a richer understanding
of the nuances of the problem. Also, the divide between theoretical rigor and practical
applicability has prompted researchers to seek a middle ground. Efforts have been made to
develop theoretical frameworks that can accommodate the intricacies of concrete examples
(e.g., [9-12]). This involved refining existing mathematical methods and, in some cases,
introducing novel approaches that maintain a balance between theoretical soundness and
practical relevance. Since 1982, significant developments have occurred in the theory
of viscosity solutions, initiated by [13], which have provided various characterizations
of the value function as a solution to the Hamilton-Jacobi-Isaac’s equation. However,
the elaboration of the theory of viscosity solutions has not effectively contributed to the

Games 2024, 15, 35. https:/ /doi.org/10.3390/g15060035

https://www.mdpi.com/journal /games


https://doi.org/10.3390/g15060035
https://doi.org/10.3390/g15060035
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/games
https://www.mdpi.com
https://doi.org/10.3390/g15060035
https://www.mdpi.com/journal/games
https://www.mdpi.com/article/10.3390/g15060035?type=check_update&version=1

Games 2024, 15, 35

20f 18

accurate and complete resolution of any concrete problems proposed in the literature.
This prevailing anomaly in the study of differential games is about to be corrected, due
to the recent contributions presented in Miricd’s work [14-16]. The fundamental content
of this new Dynamic Programming approach consists of sufficient optimality conditions,
illustrated by a main theoretical support consisting of seven verification theorems. It
essentially extends to much more realistic cases, the elementary verification theorem is from
Isaac’s (1965) in [1], the only known previous one (applied, unjustifiably, to problems in
which the value function is not differentiable). The constructive aspect of this approach also
encompasses significant extensions and generalizations of the characteristics’ method for
non-smooth Hamilton—Jacobi equations, providing a rigorous foundation for the heuristic
procedures proposed by Isaac’s (1965) and various other related works. Unlike previous
methodologies, optimality is defined not within the framework of saddle points [3,17],
but rather in the more convenient though ostensibly equivalent class of relatively optimal
feedback strategies. Asnoted in [15], the only realistic approach to engaging in a differential
game (particularly in the context of an optimal control problem) is to employ feedback
strategies that are calculated in advance. This perspective is, in fact, shared by [1,11].
One of the classic problems in differential games is the War of Attrition, a compelling
concept with applications across various fields, including military strategy and resource
management. It is regarded as a well-known example within the domain of differential
games. It models a scenario in which two or more players are engaged in a contest to capture
a valuable resource, such as territory or prey. However, this contest incurs costs. Players
must determine the duration of their involvement in the struggle, carefully weighing the
potential benefits of victory against the cumulative costs of sustained conflict.

The aim of this paper is to apply step by step manner the theoretical Dynamic Pro-
gramming algorithm, described in [15,16], and to integrate these results with numerical
procedures in order to achieve a more rigorous and theoretically complete solution to the
War of Attrition game, which was formulated and studied heuristically in [1] (Section 5.4,
page 96). This model may be considered as a two-player zero-sum game, where the players
have completely opposite interests namely, a player’s gain is an equivalent loss to the
opposing player. Our approach was first employed to address problems of exceptionally
high complexity. Among these challenges was the well-known Homicidal chauffeur game
in [18]. Additionally, in the explicit model illustrated in [19], it was shown that, only the
maximal value function is admissible and is associated with certain feedback strategies. Fur-
thermore, within the realm of conflict problems, the model presented in [20] is particularly
relevant as it provides a framework that can be directly compared with the results in [21].
The primary distinction between the two studies lies in the methodological approaches
employed to analyze warfare dynamics: dynamic programming in our case, contrasted
with the Lanchester equation in theirs. The conclusions drawn from this comparison sug-
gest that our approach offers a broader and more realistic framework for modeling warfare
dynamics, particularly in real-world scenarios where strategies and conditions evolve over
time. While the Lanchester equation is useful, it is constrained by its static nature and
limited scope, making our approach more applicable to complex, dynamic conflicts.

Utilizing the Dynamic Programming method to solve this problem presents the ad-
vantage of allowing us to determine all admissible trajectories associated with the problem.
Moreover, the hypotheses that need to be verified are significantly more natural and easier
to establish, drawing upon elements of Hamilton—Jacobi theory as well as recent findings
in Non-Smooth Analysis as referenced in [15,22-24].

The paper is organised as follows: after the introduction, we present in Section 2 the
formulation of the problem, its Dynamic Programming formulation, and the character-
ization of the Hamiltonian. Section 3 gives the generalized stratified Hamiltonian field.
In Section 4, we describe the partial Hamiltonian flow whose trajectories have terminal
segments on each of the strata. Section 5 shows the existence of the corresponding value
function which defines a certain pair of admissible and possibly optimal feedback strate-
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gies of the considered game problem. Finally, some concluding remarks are provided in
Section 6.

2. Formulation of the Problem

In [1], we consider a warfare game model between two nations U and V, engaged in a
protracted war, that consists of optimizing the cost function given by the following;:

Cu(),0()) = [ 10~ o(t)xa(t) — (L~ ut) (), )

and defined by the warfare dynamic system:

x' = (my — c1o(t)xp, my — cou(t)xy, —1), x(0) = xo,
(u(t),o(t)) € 0,1] x [0,1], t € [0, T], )
xRS, 01 >0 >0,

the involved functions have the following significance:

*  xq(t), x2(t): represent the force of the nations U and V, respectively, at t € [0, T];

*  my, my: the weapon production rate of the nations U and V, respectively;

* (1, cp: are the measure of weapon effectiveness of V versus U and U versus V, respectively;

e u(t) and v(t): represent the strategies of the two nations (or players) involved in the
game. Specifically, u(t) is the strategy chosen by the nation U (the attacker), which
determines the intensity or allocation of its military efforts over time ¢t. The value
of u(t) is constrained within the interval [0,1], where u(t) = 0 represents no attack,
and u(t) = 1 represents the maximum possible attack effort. In relation to v(t) it is
the strategy chosen by the nation V (the defender), representing how much effort
it allocates to defending itself at any time ¢. Similar to u(t), v(t) lies within [0, 1],
with v(t) = 0 indicating no defense effort and v(t) = 1 representing the maximum
defense effort.

¢ The first and second equation of system (2) represent, the rate of change in nation U’s
military forces over time (respectively, the rate of change in nation V’s military forces).
While, the third equation models the time evolution within the game. It implies that
time is decreasing uniformly, as the conflict proceeds, from T to 0. This negative time
progression is a standard feature in differential games to reflect the countdown toward
the end of the game.

From the intuitive formulation of the problem in (1) and (2), it is understood that
there are two nations (players), U and, V and they can choose, an optimal strategy u(.),
respectively, 9(.) for which the dynamic system in (2) generates a trajectory X(.) = x5 5(.)
and such that, the player U tries to minimize the cost functional C(., 7(.)), while the player
V tries to maximize the cost functional C(i(.),.).

2.1. Dynamic Programming Formulation

In order to use the Dynamic Programming approach in [15,16], we reformulate the
problem (1) and (2) using standard notations in game theory and embedding this problem
in a set of problems associated with each initial point in the phase space as in [18-20]. We
obtain the following standard Lagrangian autonomous differential game problem which,
in a rather vague formulation, may be stated as follows:

Problem 1. Given mq, mp > 0,cq > ¢ > 0. Find:

1r(1§ sup C(y;u(.),v(.)), Yy € Yo, 3)
“) ()

subject to the following:
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e.(0,T), (4)
x(.) €Q, (u(.),v(.
x(t) € Yo, Vte|

defined by the following data:

f(x,u,v) = (m — cyoxg, my — couxy, —1),

fo(x,u,v) = (1 —v)xg — (1 —u)xq, 5)
U(x) =U=[0,1], V(x) =V =1[0,1], () =0, ¥ € 13,

Yo=R" xR" x[0,T), Y =Rt xRT x {0}

—~

where P = U x V is the (largest) class of measurable admissible control functions (u(.),v(.)) and
Q) is the corresponding class of absolutely continuous admissible trajectories.

2.2. The Hamiltonian and the Set of Transversely Terminal Points

The pseudo-Hamiltonian H(x, p,u,v) = (p, f(x,u,v)) + fo(x,u,v) is given in our
case by the following:

H(x,p,u,v) = p1my + pamy — p3 + x2 — x1 + x1(1 — capp)u — x2(1 + c1p1)0, (6)

where, p represents Lagrange multipliers; using the fact that:

. O lf 2 S l/
minyey [(1—cop2)u] = { 1—copy if };:z > i
c”

0 if pr>-21,

mw”VF“+qu%:{—u+qm)ﬁ pr< L
c1”

hence, the corresponding extreme value of the control parameters is given by the formulas:

{0} if pp<g,
U(x,p) = Ulp) = { {1} it pp> 2L,
U=[0,1] if pa=1.
{0} ifm>f$ @
Vix,p)=V(p) =< {1} ifm<—$

The Isaac’s Hamiltonian:

H = mi = i Z=d H(.,.
(x,p) gggl&&l&(%(x,p,u,v) rgga&(gglr}%(x,p,u,v),(x,p) € om(H(.,.)),

as well as its domain Z are stratified by the stratification Sy = {Zi'i, ZEF, 70+ 7+0,
799} defined by the following:
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zrr ={(x /P)623P1>—%/P2>%}/
zt= ={(xpeZ:pp>-p<zh
zH0 ={(p)€Z:p >~ =)
Z =lpeZin< g > b}
A :{(X/P)€ZIP1<—%/P2<5}/ (8)
z0 ={xp)eZip<—g.p2=g)
zo :{(X:P)GZZP1=*£,P2>£},
2% ={(xpeZ:p=—5m<z}
700 ={(xp)eZ:ipi=—rp2= )
If we denote by H**(,.) = H(.

D ges, HEF(,) = H(.,.) |ze=, H(,.) =

H(,) |Zi,o, Ho’i(.,.) = H( ) |Z0i’ HO’O( ) = ( ) |Zo,0 we obtain:

H** (x,p) = pymy + pa(my — cox1) — p3 + X2,

H™~(x,p) = p1my + pamy — p3 + X2 — x1,

H™(x, p) = pimy + m — pP3+x2— X,

H*(x,p) = pr(my — Clxz) + pa(my — cox1) — p3,

H™~(x,p) = p1(m1 — c1x2) + pam = ps —x1, 9)
H~(x, p P1(m1 — X)) + 2 —ps— 11,

) =
HO* (x,p) = - Tt pa(my — c2x1) — pa +x2,
(x,p) = —EL + pamy — p3 +x2 — 11,
HO'O(x,p):—T—ll+%—P3+xz—x1-

Next, we need to compute the set of terminal transversality values defined in the
general case by the following:

{( C q) € Y1 xR3: H(Z,q) =0, (q,§) = Dg(8)¢, V& € Tehi},
= %08

Z+7

Dg(&)é (10)

Lemma 1. The set of terminal transversality values, Z*, in our case is given by the following:
Z* ={((51,52,0),(0,0,50 —51)); 51, 52 > 0} € Z*"~. (11)

Proof of Lemma 1. Since, ¢(¢) = 0 and the tangent space TzY; = R x R x {0} then, it
follows from (10) that, q1&; + q28, + 933 = 0, V&1, &, € R, &3 = 0 and, therefore

q1:q2:(), q;;ER.

Starting from the fact that, for ¢ = (s1,52,0) € Y1, 9 = (0,0,43), q3 eRIfz= (C q) €
Z++ U Z~* then, we obtain the following Contradlctlons, Gp=03%1 Cz’ g1 =0« — C ,and
ifz=(g,q) € Z+0U Z0%* U Z%0 we obtain g, = & L £0and g = - L £ 0. Therefore, the
only admissible trajectories are the ones which have segments on the stratum Z ™~ because,
71 =0> —%, 7 =0< % Besides, using the fact that, H"(¢,9) = —g3 +s, —s1 = 0
hence, g3 =sp —s1. O

3. Generalized Hamiltonian and Characteristic Flow

The first main computational operation consists of the backward integration for t <0,
of the Hamiltonian inclusion:

(%,p) € d2H(x, p), (x(0),p(0)) =z = (&, q) € Z7, (12)

defined by the generalized Hamiltonian orientor field dﬁsH (.,.):
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diH(x,p) = {(%,p) € Ty, ) Z; % € f(x,Ulx, p) V(x,p)), 0
(%,p) — (B, %) = DH(x,p)(%,p), ¥ (%,p) € T()Z},

where, DH(x, p)(X, P) denotes the directional derivative of Hamiltonian function H(.,.) at
the point (x, p) € Z in the direction (X, p) € T(y ,)Z and is described as follows:

. _0H . 9H
H(x p)(xp) = 50 (0 p)x+ 50 (x p)Pp-

As specified in the Algorithm in [15,16], for each terminal point z = (¢, q) € Z* one
should identify the maximal solutions: X*(.) = (X(.), P(.)) : I(z) = (¢ (z),0] — Z, of the
Hamiltonian inclusion in (12) that satisfies the following conditions:

(t(2),0),
I(z),

X(H) € YoVt € I (z

) =
H(X(t),P(t)) =0, Vt &
X'(t) = f(X (f)/u(t)/ (1) ae. Io(z),
v(t) € ( *(1)),a.e. Ip(z).

u(t) € U(x*(t)),

If there are several solutions for the same terminal point z = (¢,q) € Z*, it is necessary
to parameterize all these solutions by A € A(z) in order to obtain the generalized Hamil-
tonian flow X*(.,.) = (X(.,.),P(.,,.)) : B={(t,a),t € I(a) a € A} — Z; A = graph(A(.)),
a = (z,A). We recall also, the fact that, for each (t,a) € By = {(t,a) € B, # 0} the
Hamiltonian flow X*(.,.) defines the controls and, respectively, the trajectories:

(14)

Ura(s) = ug(t+5), vra(s) = va(t+5s), s € [0, —t],

xta(s) = X(t+s,a), (15)

which are admissible with respect to the initial point y = X(t,a) € Y, and for which the
value of the cost functional in (4) is given by the function V(.,.) defined by the following;:

t

V(ta) = g(&) + / (P(c,a), X (0,a))do, a = (z,1), (16)

0

and which, together with the Hamiltonian flow X*(.,.) = (X(.,.),P(.,.)) defines the
generalized characteristic flow C*(.,.) = (X*(.,.),V(.,.)); using the definition of the
Hamiltonian H(.,.) and the second condition in (14) one has < P(c,a), X (0,a) > =
—fo(X(o,a),i(X*(0,a)),0(X*(0,a))), it follows from (3) that, the function V(.,.) having
as formula:

Vita) = [((1- 20 @)X (0,0) - (1= (X" (0,0) Xalo,a))do,  (17)

therefore, it follows from (8) and (9) that, the Hamiltonian oriented field dgH (.,.) is given
by the formulas:

d%Hi'i(x,p) if (x,p) € ZH+,
diHEF(x,p) if (x,p) € ZH7
diH(x,p) = { diH=O(x,p) if (x,p) € Z*7, (18)
dgHO'i(x, p) if (x,p) € Z0%,
diH(x,p)  if (x,p) € 200
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Since the manifolds Z+*, Z+F C Z are open subsets, the Hamiltonian oriented fields
dﬁS H**(.,.) and dgHjEfjF (.,.) in (13) coincide with classical Hamiltonian vector fields:

AGH S (x,p) = ¢ (2

+,+
9 ot (x,p) ’
o) = {24

(x/p)’_ ox

* 19
S p), — (2 p) 1

which are easy to calculate and will be described and studied later. While, on the sin-
gular stratum Z € {Zz*0, Z0%, 700} the corresponding Hamiltonian field dﬁSFI (,.) €
{dﬁsHi'O(., ), dEHO'i (,.), dﬁs HOO(,, )} is characterized by the following result.

Lemma 2. Forany (x,p) € Z one has the following:
diH(x,p) = @. (20)

Proof of Lemma 2. If (x,p) € Z*?, in order to compute the generalized Hamiltonian field

dﬁS H*0(.,.), we note first that, according to some classical results as in [15], the tangent
space to the five-dimensional manifolds Z*/ is given by the following:

T(x,p)Zi'O = {(f/ ﬁ) € RBXR?)} p2 = O}/ (21)

and DH*?(x, p)(%,p) = —%; + % + m1p1 — p3. Therefore, the condition (¥, p) — (p, %) =
DH*O(x, p)(%, p) is fully characterized by the expression:

(P = D)1+ (14 p) T2 + pa¥s + (m1 — x7)p1 — xyp2 — (¥ +1)p3 = 0, (22)
VE, pieRi=1,2, 3.

It follows that, at each point (x, p) € Z*? one has the following:
x;=my, %=0,x5=—1,p,=1,p,=—-1, p3=0, (23)

since (', p') € T(y,,)Z** then, pj = 0, this contradicts the fact that p, = —1.
Symmetrically, on the stratum Z~ working as in the previous case we obtain:

!’ !/ !/ !
Xp=my—cxy %, =0,x5=-1,p;=1, pp=c1p1, p3 =0, (24)

since (x',p') € Ty, Z 0 then, py = 0. While, from (24) it follows that, p; = 0 that
contradicts the fact that (x, p) € Z~°. Concerning the strata Z%, the proof is conducted in
the same way as in the previous cases.

Next, on the stratum Z%?, using the same type of computations and arguments as in
above, we obtain:

T2 = (%) €2 (3, 7;) = (0.0)
DH™(x,p)(%,p) = —X1 + X2 — P;.

(25)
While the condition (x, 7) — (p/,x) = DH?(x, p) (¥, P) is characterized by the expression:
(P =13+ (2 + DT = (3 +1)Ps +p5%3 =0, VX, p3 € R,
from here we deduce that at each point (x, p) € Z%? one has the following:

(Xi/xé) € Rz/ x{} = _1/ p/l = 1/ p/2 = _1/ P/3 = 0’

the fact that (x/,p’) € Ty, Z%° gives p; =0 # Tand p) = 0 # —1, which leads to a
contradiction. [
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3.1. The Hamiltonian System on the Open Stratum Z++

On the open stratum Z* " for which, p; > —% and pp > % the differential inclusion
in (19) coincides with the smooth Hamiltonian system:

x: = (mq,my — cox1,—1), (26)
p = (pac2, —1,0).

Standard results from differential equations theory show that the general solution of
the system (26) is described by the formulas:
x T (t) = (myt + ky, — 12 + (my — coky )t + ko, —t + k3), t <O, 27)
p+’+(t) = (*%th +kgcot + ks, —t+ky ko), ki €R,i=1,...,6.

3.2. The Hamiltonian System on the Open Stratum Z+~

On the open stratum Z "~ for which p; > — % and py < % the differential inclusion
in (19) coincides with the Hamiltonian system:

x/ = (mlr my, _1)/
{ 7~ mm @)

its general solution is described by the following:
x T (t) = (myt 4 ky, mat + ko, —t + k3), £ <O, (29)
P+’_(f) = (t + kg, —t +k5,k6), kkeR,i=1,...,6.

3.3. The Hamiltonian System on the Open Stratum Z "

1

- differential inclusion (19)
2

On the stratum Z " for which p; < —% and pp >
coincides with the Hamiltonian system:

x: = (—c1xp + my, —cpx1 + mp, —1), 30)
p = (c2p2,c1p1,0),
which has as a general solution:

x;er(t) — kle*mt + kze\/clczt + %’ t<0,

Xy () = k) e VAl kz\/ge\/mt +m,

x3 ’+(t) =—t+ k3/ (31)

Py (1) = kye™ Va2 4 kgeVare,

—t 1y — .
Pyt (8) = ke [Ze VA 4 ks, [T,
p; () =ke ki€R, i=1,...,6.

3.4. The Hamiltonian System on the Open Stratum Z =~

On the open stratum Z ™~ for which p; < — % and p; < % the differential inclusion
in (19) coincides with the smooth Hamiltonian system:

X = (my —cyxa,my, —1),
' 32
{ p = (1,¢1p1,0), (32)

which, in turn, has the general solution:

{ X7 (t) = (—Jermat? + (my — crky)t + ko, mat + ki, —t +k3), t <0,

p_'_(t) = (t+ky, %Cltz +cikyt + ks, kg), ki €R,i=1,...,6. (33)
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4. Construction of Hamiltonian Flows
4.1. The Hamiltonian Flow Ending on the Stratum Z ™~

In this section, we describe the partial Hamiltonian flow in which his trajectories
have terminal segments on the stratum Z*~. Consider the general solution in (29) an
admissible trajectory X% (.,z) = (X*7(,z),P"(,z)),z € Z* of system (28). This
trajectory should satisfy the terminal conditions from the set of transversality terminal
points Z* and X% _(t,z) € Z*~, ¥Vt < 0. From the terminal condition in (11) it follows
that, k1 = s1, kp = sp, ks = kg = ks = 0 and kg = s, — s1. Therefore, we obtain the solution
of the differential system in (28) in the form of maximal flow, with its components are
given by the formulas:

{ X1t (t,81,82) = (myt + sy, mat +s3,—t), t <O,

Pt (t,81,82) = (t,—t, 82 —51), 81, 52 > 0. (34)

From the Dynamic Programming algorithm in [15,16], it follows that we must retain
only the trajectories X% _(.,s1,52), 51, 52 > 0 that satisfy the conditions in (14). We note
that the second condition in (14) is automatically satisfied since H~ (., .) defined in (9) is
a first integral of the differential system in (28), hence:

Pt > =, P (D) < g

35
H™ (X% _(t,51,52)) =0, Vt <0. (35)

The admissible trajectories X7} _ (.,51,52), 51, 52 > 0 must satisfy the conditions:
Xi,_(t,sl, Sz) = (X+’_(f,51,52), P+’_(t,51, Sz)) S Z+’_, (36)

X+’7(t,51,52) eEYy= Rt x Rt x (0, T),

on the maximal intervals [T~ (s1,s2) = (777 (s1,52),0), 51, 52 > 0, hence, the extremity
Tt~ (.,.) is defined by the following;:

7 (51,82) = max{;" " (s1,%), %"},

Tf”_(sl,sz) =inf{T < 0; Xt (t,51,8) € Yy, Vt € (1,0)}, (37)
T, =inf{t <0; P () > =&, Py (t) < &, Vi€ (1,0)}.

Trying to obtain an explicit formula for the extremity T+~ (.,.). To this end, it fol-
lows from (34) as well as from the fact that, c; > ¢, then, P, (t) = t > —% > —%
and, therefore:

1
=L (39)
€1

From here together with (34) and (37), we deduce that the extremity T+~ (.,.) may be
characterized as follows:

1
T (s1,82) = max{—, -, —}, s1,52 > 0, (39)
1

T;’ ——% if Sl>%1, 52>%2,
+,_ o 51 . n S1Mmy
T (81,82) = — if s1< b 52> T2, (40)
__S2 : Spny 1y
iy if 51> m2,52< o

Geometrically, the trajectories X1t~ (.,.) are the curves in Figure 1 and cover the
domain Y™~ = Y(;r U Y1+ '~ defined by the following:
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Figure 1. Admissible trajectories X~ (.,.).

4.2. Continuation of the Trajectories on the Stratum Z~~
The trajectories X* _(t,s1,52), (£,51,52) € B~ in (24) may be continued for t <
T, = —%, for s; > T—ll, Sy > ’?—12 since, the extremity:

zP7(s1,8) = X4 _ (1", 51,%2)

42
= (25,2 45, 1), (-5, L s ), 2

€1 s 1’

belongs to the open stratum Z ™~ and also to the boundary of the stratum Z "~ ; therefore,
the continuation of the trajectories X7 _ (.,81,82) forsy > T—ll, Sy > ’Z’—f, is possible only on
the open stratum Z7~.

Starting from the fact that, P T(nT) = _C%' the possibility of continuation of

the trajectories Xj_,_(.,Sl,SZ) in (34) for t < T;’i, on the stratum Z7~ C Z (for which,

+-

p1 < —%, p2 < Cl—z) is guaranteed firstly by the condition % (P, "~ (7, )) = 1 since in this

case, the component P, '~ (.) is strictly increasing on an interval of the form (T2+ =9, T2+ ),
6> 0.Hence, forany t <7, , P, (t) <P (5,7 ) = _C%'

In this case the trajectories in (34) may be continued by the trajectories X* _(.,s1,52) =
(X7 (.,51,82), P77 (.,51,52)) which are solution of the Hamiltonian system in (32) with
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the PfOPeTtY X* (T;_ s1,52) = z 7 (s1,52) and there exists T~ (s1,52) < Tz+'_ for
s1> s > 2 such that:
o 1 1 _
Pl (t) < - Py (t) < Y H™ ™ (X" _(ts1,5)) =0, t <1, . (43)
1 2

From the general solution in (33) on the open stratum Z~~ together with the terminal
condition in (42), the trajectories X* _(.,s1,s2) having as components:

“(t,81,8) = —lclmzt + (m1 — c180)t + o 2C + 51—
> (t,51,52) = mat + s,
X3 & (t S1,Sz) = —t, (44)
P~ ( ) </2C1t2+21T1152_Sl>/
at which one must also satisfy the following admissibility conditions:
X* _(t,51,82) = (X7 (t,51,82), P~ (t,51,82)) € 277, (45)
X7 (t,s1,8) € Yo=R" xR" x (0,T),
on the maximal intervals I~ (s1,52) = (77 (s1,52), 777 (51,52)), ;1. > Tlso > 2.
Hence, the extremity 7~ (.) is defined by the following;:
T (s1,82) = max{t; " (51,%2), T, " }, s1 > T, 5o > 22
T, (s1,8) =inf{r < TF7; X~ (t $1,82) € Yo, Vt e (T, ™)}, (46)
T, =inf{t < T PUT(8) < =&, Py (H) < &, VEE (Toh )}

Trying to obtain an explicit formula for the extremity 7~ (.,.). To this end, it follows
from (44) that:

since, 7, < 0 then:

T = —— [, (47)

and therefore, P, "~ (t) < % Vt € (7727'7,0) D (Tzf’f,r;’f). Next, let 79(.) denotes the
extremity defined by the following:

T0(s2) = _2 (48)

for which, X, (t,s1,52) > 0, Vt € (19(s2),0) then, from (47) we deduce that:

2
2 2
;T —To(52) = [52‘('?5) (3‘1)]
Tzr — Tpl(S2 :72 ,
2
mz {Cﬁfzz_‘_ CC21 _1}

(49)
and we obtain:

T27’7 > T()(Sz) Vs, € ( e 2C1 —1, —I—OO) (50)
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In order to characterize the extremity T, "~(.,.), the second-order equation,
X{"" (t,51,52) = 0 is characterized by A(sys2) = (mq — c152)% + my[my + 2c1(s1 — s3)].

If we assume that, A(sysp) = 0 then, A/ = ZmQC%(ml —c151) < 0, V51 > ? and,

A(s s2)
therefore, A(sys2) > 0, Vs; > ™M s, > ™ From here, we deduce that the second order

equation has as a negative root

my — c15p — /A(s1,52) (51)

ti(s1,82) = ity

To describe 777 (.,.), we use the same type of computations as in the previous case
and we obtain:

A(sy,50)—m?3

c1 [ml+\/A(T,Sz)} ’

A(s1,82) —m3 = c%s% 2c1(my + myp)sy + m3 + 2macy sy,
Ds,59)(52) = cf[mf + 2my(my — c151)],

t1(s1,82) — 0(s2) = —
(52)

and we can extract two cases:
Case 1: A’( >(sz) < 0,Vs1 > ml [1 + 5 } hence, A(s1,52) — m% > 0, which leads

that, t1(s1,52) < To(s2) Vs1 > =+ [1 + 5 2}. It follows from (50) that:

2
T, > T10(s2) > ti(s1,52), Vs1 > T—ll {1 + melz}’ Sy > M |2 _ 1, (53)

and, therefore:

_ _ 1 2C1
, , =TT =, [ . 54
T (s51,8) =T, o\l o (54)
Case 2: A} As152) ( 2) > 0,Vs1 € (%1'%1[ zm—D in this case, the second-order
equation A(sy s2) — m? = 0 has also two roots:

§2 = % |:ml + my — \/m% +2m2(7’7’l1 — C]S]):| > 1%2/ (55)
H=4 [ml +my + \/m% + 2mp (my — Clsl)} > 5.

Therefore, A(sy,5) —m? < 0, Vsy € (8,5,) hence, 1 (s1,52) > To(s2). From here as
well as from (50), we deduce that:

1 My my .
1 -
hus) > () > 5 v e (201 ) v e @B), 69
and also:
i my — €152 — /A 81,52
T (s1,52) = t1(51,52) = ( ), (57)
Cc1my

while, in the case s, € (T—f,§2> U (82, +0) then, A(s1,52) — m? > 0 which implies that,
t1(s1,52) < T0(s2)-

We mention here that, condition (54) is the only case studied in [1]. On the other hand,
the complexity of the extremities t(.,.) and 7, "~ does not allow an explicit expression

for the extremity T~ (sq, ;) in the case 51 € ( o {1 + 2mz} ), Sy € (’f—f,s}) U (§z,+oo).
However, certain information on the admissible conditions may be obtained from numerical
tests and the images of the trajectories X~ (.,.). We develop an implementation using
Matlab 2018 language and we present some simulations on the graphs of these trajectories
for different parameter values.
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Geometrically, the trajectories X~
cover the domain Y™~

Finally, the trajectories X% _(.,

:Y(;’7

={(t,;s1,82), t €7 (s1,52), 51 > TL,s0 > 22

= (0,+00) x (0

.) in (34) together with X* _

,+o0) x {0}.

(.,

(.,.) givenin (44) are the curves in Figure 2 and
UY, " ,Y,” =X (B™) defined by the following:

’ (58)

.) in (44) may be con-

catenated to obtain a new extended Hamiltonian flow, described by the formula:

X5 et s1,52) = { x*

Xt

_(t,81,82), t € [T;’i,O),

where its trajectories are illustrated below in Figure 2.

810,

~

)

o

i / X7(.)
<, \ T ——=o
a — X;7(.)
x 3t - = X
Tau™" =-1/C1
2t - - = Tau=Tau;

0
-500 -400 -300 -200

-100 0 100

Tau™ <t<Tau™ <0

—_— X1

—_— X

—_— )

- = X
Tau® =1/C1

- = = Taur=t,

-200 -100 0 100

Tau™ <t<Tau" <0

Figure 2. Admissible trajectories X®©(.,.).

Thus, the Hamiltonian systems in (28) and (32
flows Ct _(.,.) = (X% _

(), V(,))and C* (,.) = (X* _

—,— +,—
_(t/S]/SZ)/ te (T ’ (SlrSZ)rTz ’
%10°
—_— )
12F X5
X7 ()
10 - = X3
—~ Tau""=-1/C1
2 sl - = = Tau"=-52im2
2 (AL
x |
o |
£ 6r i
< !
|
4r 1
|
|
2F |
|
|
0 it s AT T
-400 -300 -200 -100 0 100
Tau™ <t<Tau" <0
10°
— X
2 Xi(.)
Tau'" =-1/C1
- = = Tau"=-§2im2
10
- |
D
< 8 !
3 \
x |
@ |
= 6 !
x 1
|
4 |
\
|
2 Il
|
1
o .
-500 -400 -300 -200 -100 0

Tau™ <t<Tau" <0

) generate the generalized characteristic
(.,.), V(.,.)) described explic-

itly in (34) and (44) and which, according to the Well-known classical results as in [15]
satisfy the basic differential relation:

DV (t,s)(E,5) =

(P (t,s

), DX*(t,9)(,3)) V(L

§) S T(t,S)B+,7’ (59)

where, T(t,S)BJ“_ denotes the tangent space at the point (t,s) € BT .

5. Partial Value Functions and Feedback Strategies

As indicated in the theoretical algorithm in [15,16], the natural candidates for value func-
tions and optimal strategies of Problem 1 are the extreme ones, defined by the following:
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e | 8(x), ifxey
Wr(x) = { Wi (x) = infx =y V(t,5), ifx € Y; ’
) gx), ifxeY
Wh(x) = { WM (x) = SUPx (1,5)=x Vi(ts), ifxeYy’
Lim(x) = {(t,;s) € B: X(t,s) = x, WJ'(x) = V(t,s)}, (60)
m(x) ={(t,;s) € B: X(t,5) = x, WM(x) = V(t,s)},
U (x) = U(Em(x)), V() = V(Em(x)),
Bu(n)), 7

one may note that:
U(t,s) € U(X*(t)), V(t,s) € V(X*(t)), V(t,s) € B, (61)

and also that, if the component X(.,.) is invertible at (¢,s) € B with inverse:

then one has the following:

-~

Wo' (x) = W§' (x) = V(B(x)) = Wo(x), Bm(x) = Bu(x) = B(x). (62)

Moreover, it follows from (59) that if, in addition, the function Wy(.) is differentiable
at the point x € Int(Yp) then its derivative is given by the following:

DWj(x) = P(x) = P(B(x)), (63)

and also satisfies the following relations:

DWy(x).f(x,%,9) + fo(x,%,79) = 0Vu € U(x), 7 € V(x),
U(x) = U(x, ﬁ(x)), V(x) = V(x,

(64)

=N
NaP
~—

where, U(.), V(.), are the corresponding candidates for optimal feedback strategies, and
also from (9) and (14) it follows that, Wy(.) verifies Isaac’s basic equations:

minueu(x) maXycv (x) [DWO(x).f(x, u,v) +f0(x/ u, U)} =

. 65
MaXey (x) MiNyey(x) [DWo(x).f(x,u,v) + fo(x,u,v)] = 0. (65)

Next, we shall prove that, the extreme solutions in (60) may be expressed as in (62).
The main ingredient is the following quasi-elementary result:

Lemma 3. The following statements are true:

(1) The mapping X~ (.,.) : BY"~ — Y~ defined in (34) is a C'—stratified diffeomorphism
with its inverse B¥~(.) is described by the following:

o)

) = (B8 (0,8 ), xe

B =—x (66)
577 (x) = x1 +myxz,
§;_’_ (x) = xp 4+ mpx3.

(2) Symmetrically, the mapping X~ (.,.) : B™~ — Yy~ defined in (44) is a C' —stratified
diffeomorphism, with its inverse B~ (.) described by the following:
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E_'_(x) = (?—'—(x),g;'—(x),g;—(x)), xeYy
o (x) = —x3, (67)

)=
§77(x) = x1 4 x2 + (my + mp)x3 — c1x2x3 — 5CymMpxE — %/
)=

5,7 (x) = x0 4 mpx3.

Proof of Lemma3. (1) If x = (x1,xp,x3) € Y, then, it follows from (34) that, a
point (t,81,82) € B™~ for which Xt~ (t,s1,8p) = x is characterized by the expressions,
x1 = myt+ 51, xp = mpt + 5y, x3 = —t. Hence, the existence and uniqueness of the
functions t =+~ (x) < 0,51 =5, (x) and s, = 5, (x) having the formulas as in (66).
(2) In order to prove the second statement, use the same type of computation and
arguments as in the previous case. Thus, it follows easily from (44) that, there exist

t=F""(x),s1 =5, (x)and s, =35, (x) of the form as in (67). O

The results in Lemma 3 show that the characteristic flows C% _(.,.) = (X* _(.,.), V(...))
and C* _(.,.) = (X* _(.,.),V(..)) described, respectively, in (17), (34) and (44) are invert-
ible in the sense of (62) and generate the smooth partial proper value function:

Wit =
W) = { )2

which is of class C! and may be naturally extended by W (&) = (&) =0, V& € Y1,
While, from (7) and (64), we deduce that the corresponding admissible feedback
strategies are given by the following:

U(x) x V(x) = {(@(x), 77 (x))} = {(0,0)}, x e Yj~,
9% V) = {. (G-t} = { o )

The main result in this section is the following.

(my —m1)x3 + (x2 — x1)x3, x € Yy,
c

3 1

: e
1mpx3 — myx3 + seyxaxd —xyx3, x €Yy,

NN =

Theorem 1. The following statements are true:

1. The function Wy(.) defined in (68) is a solution of Isaac’s equation defined in (65) on the
corresponding open domain YJ "~ UY, . Moreover, each of them is the value function in the
sense of (60) of the corresponding admissible feedback strategies given in (69).

2. The feedback strategies (l~l(), \7()) described in (69) are optimal for the restriction on their

open domain Y(;“_ uy, .

Proof of Theorem 1. For (1), from (9), (14), (63), (65) and (69) it follows that, if x € Y, then:

= min max H(x, Pt (x),u (x Pt (x),at (x), 50 (x))

minueu(x) maxyey(x) [DWy "~ (x)-f (x,11,0) + fo(x, 1, 0)]
uel(x) veV(x) ) -
= H" = (XT(B* (x)), PT(x) =

while, if x € Y, we obtain:

- H P - 7 7 H /P_,_ 7 N_,_ IN_,_
urerg?)vren‘g(x) (x, P~ (x),u,v (x (x), a4~ (x),07 (x))
0,

minueu( ) MaAXy v (x) [DW(] x) f( ) j—fo(x,u,v)]
) =
= Ho (X (B (1), P () =
hence, Wy(.) defined in (68) is a solution of Isaac’s’ Equation (65).
(2). Since the value function Wy(.) in (68) is of class C! then, in order to prove the
optimal of the pair of feedback strategies in (69), we use the well-known Elementary Verifica-
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tion Theorem [1,12,15] according to which, a sufficient optimal condition for the admissible

feedback strategies (ljl(), 17()) is to check the following differential inequalities:

inf ey, oev(x) [PWo(¥) f(x,4,9) + fo(x,u,0)] =0,

SUP, 1(x)ocy [DWO(X) (2,1, 0) + fo(x,1,0)] < 0. 70

First, if x € YOJr "~ then, it follows from (5), (68) and (69) that:

DV\/Jr “(x) = (—x3,x3, —X1 + Xp + mpXx3 — m1X3)

f(x,u,0) = (my,my — couxy, —1), fo(x,u,9) =x3 — (1 —u)x; 1)
f(x,i,v) = (mg — cyoxy, my, —1), fo(x,i,v) = (1 —v)xp — x1
n=ut"(x)=0,=0""(x) =0,

and, therefore:

inf [DWS“_(x)f(x, u,7)+ fo(x, u,@)} = inf [(1 — cpx3)uxy],
uel, 5eV+—(x) uel

since ¢; > ¢ and x3 € [0, %) we deduce that:

inf [(1—cox3)uxy] =0,
uel

for the second inequality, it follows from (71) that:

sup  [DW (2)f(x,,0) + fo(x,7,0) | = sup [(~1+ c1x3)x20] = 0.
aelt—(x),veV veV

Next, if x € Y;"~ we use the same type of computation and arguments as in previous
case; thus, it follows from (68) and (69) that:

—— o 1 2 1 2
DW, " (x) = (—x3, 5C1X5, —X1 + C1X2X3 — mM1X3 + zclm2x3),

f(x, 17) (mq — c1xp,my — couxy, —1), fo(x,u,9) = (u—1)xq, (72)
f(x,1,0) = (my — croxy, my, —1), fo(x,4,0) = (1 —v)xy — xq,
ﬂ:ﬁ “(x)=0,2=0""(x)=1,

and we also find:

1
inf DW, "~ (x)f(x,u,0) + fo(x,u,0)| = inf |(1— Zc1c0x3)x u],
o [PWG e, 0) + ft )] = inf (1= Faeadn

from here, we can extract two cases:
Casel:Ifx3 € ( 1./2a 1) then, 1 — clczx3 > 0 hence:

1’ C2
1
(1 — chczxg) xlu} =0.

Case?2:Ifx3 € (Ci,—tl sl,sz)), s1 (Cl o [l + sz]) Sy € (52,52) then, from (56)

inf
uel

261 — 1 and the rest of the proof is conducted in the same

we obtain, x3 < —t1(s1,52) < -
way as in the previous case; therefore, the first inequality in (70) is verified in both cases.

For the second inequality, one has the following;:

_sup {DWO*’*(x)f(x, i,v) + fo(x, 1, 0)} =sup [(1 —c1x3)x2(1 —v)] =0,
ael—=(x),veV veV
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which proves inequalities (70) and hence the optimality of the admissible feedback strate-
gies (EI(),V()) holds. O

6. Conclusions

Finally, we are now in a position to derive several key findings, of which the following
are noteworthy:

1. Our analysis builds upon Isaacs’ foundational framework for the war game of attrition
and attack, thereby enhancing the understanding of the strategic interactions between
nations. We demonstrate that the extremities of the maximal interval of trajectories
provide a more nuanced perspective than previously articulated, revealing multiple
pathways for conflict resolution that extend beyond Isaacs’” original single-path analysis.

2. The introduction of newly extended trajectories substantially modifies the dynamics
of the attrition model. In contrast to Isaacs’ initial considerations, our findings suggest
that nations can employ strategies designed to deplete the opponent’s resources
gradually, thereby prolonging the duration of the conflict. This shift underscores the
necessity of considering a range of strategic responses in extended engagements.

3. Our results underscore that specific selections regarding the extremities of trajectories,
particularly those articulated in equations (40), can yield fixed durations of warfare.
This insight highlights the critical importance of strategic decision-making in shaping
conflict outcomes, whereby the absence of attrition may arise under certain conditions,
ultimately influencing the war’s trajectory.

4.  The analysis reveals significant differences in how nations, represented by U and V,
conduct their military engagements. Our findings indicate that while one nation may
encounter diminishing returns in strength, the other can achieve a steady increase in
power. This asymmetry suggests that strategic advantages may fluctuate over time,
favoring the nation that effectively manages attrition.

5. We demonstrate that while nation V is capable of sustaining prolonged military opera-
tions with a gradual increase in strength, nation U faces a significant decline in resources,
ultimately resulting in its disadvantage. This asymmetry suggests that the balance of
power progressively shifts in favor of V, with substantial implications for optimal strate-
gies and conflict outcomes. By contrasting our findings with Isaac’s” original analyses,
we illuminate previously unexplored possibilities within the structure of the maximal
interval of trajectories and their influence on the dynamics of warfare. The conclusions
provide a nuanced perspective on the impact of strategic choices on attrition and warfare
duration, indicating the likelihood of V’s eventual triumph over U.

However, working heuristically, Isaacs in [1] tries to identify certain geometric concepts
such as, the dispersal line, equivocal line and singular surface,. .., etc. Unfortunately, the
significance of optimality was not specified. To address this aspect, in works like [3,9,12,17],
optimality is examined through the saddle point condition for the cost function C(.,.), in
the sense that:

c(ﬁ(.),V(.)) < C(Cz(.), 17(.)) < C(U(.), 17(.)), Y(U(), V() € P. (73)

In relation to our approach, the optimality of a pair of admissible feedback strategies
(ljl(), V()) is confirmed through the verification of the weaker conditions in (70) which
are easier to verify, and much more efficient because do not require the presence of all pairs
of admissible strategies, (CI(), V()) and (U(.), \7()) which in return, are necessary when

checking the saddle point optimality condition in (73).
In summary, the current study encompasses contributions from the authors in the
following directions:

1. The use of some recent concepts and results from Non-Smooth Analysis and relevant
applications in the differential games theory, as well as employing the synthesis of
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the very recent theory in [14-16] regarding the rigorous approach and constructive of
differential game problems;

2. The identification of a pair of feedback strategies, as well as the corresponding com-
plete solution and the rigorous demonstration of its optimality;

3. The development of the implementation with MATLAB 2018-software, has traced the
evolutions of the state’s constraints considered in the problem. The results found show
that, Dynamic Programming is the most effective tool for the complete resolution of
concrete problems and provides accurate results.
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