
Chernozhukov, Victor; Fernández-Val, Iván; Meier, Jonas; van Vuuren, Aico; Vella,
Francis

Working Paper

Bivariate Distribution Regression; Theory, Estimation and
an Application to Intergenerational Mobility

IZA Discussion Papers, No. 18091

Provided in Cooperation with:
IZA – Institute of Labor Economics

Suggested Citation: Chernozhukov, Victor; Fernández-Val, Iván; Meier, Jonas; van Vuuren, Aico;
Vella, Francis (2025) : Bivariate Distribution Regression; Theory, Estimation and an Application to
Intergenerational Mobility, IZA Discussion Papers, No. 18091, Institute of Labor Economics (IZA),
Bonn

This Version is available at:
https://hdl.handle.net/10419/328221

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/328221
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


DISCUSSION PAPER SERIES

IZA DP No. 18091

Victor Chernozhukov
Iván Fernández-Val
Jonas Meier
Aico Van Vuuren
Francis Vella

Bivariate Distribution Regression; 
Theory, Estimation and an Application to 
Intergenerational Mobility

AUGUST 2025



Any opinions expressed in this paper are those of the author(s) and not those of IZA. Research published in this series may 
include views on policy, but IZA takes no institutional policy positions. The IZA research network is committed to the IZA 
Guiding Principles of Research Integrity.
The IZA Institute of Labor Economics is an independent economic research institute that conducts research in labor economics 
and offers evidence-based policy advice on labor market issues. Supported by the Deutsche Post Foundation, IZA runs the 
world’s largest network of economists, whose research aims to provide answers to the global labor market challenges of our 
time. Our key objective is to build bridges between academic research, policymakers and society.
IZA Discussion Papers often represent preliminary work and are circulated to encourage discussion. Citation of such a paper 
should account for its provisional character. A revised version may be available directly from the author.

Schaumburg-Lippe-Straße 5–9
53113 Bonn, Germany

Phone: +49-228-3894-0
Email: publications@iza.org www.iza.org

IZA – Institute of Labor Economics

DISCUSSION PAPER SERIES

ISSN: 2365-9793

IZA DP No. 18091

Bivariate Distribution Regression; 
Theory, Estimation and an Application to 
Intergenerational Mobility

AUGUST 2025

Victor Chernozhukov
MIT

Iván Fernández-Val
Boston University

Jonas Meier
Swiss National Bank

Aico Van Vuuren
University of Groningen and IZA

Francis Vella
Georgetown University and IZA



ABSTRACT
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Intergenerational Mobility*

We employ distribution regression (DR) to estimate the joint distribution of two outcome 

variables conditional on chosen covariates. While Bivariate Distribution Regression (BDR) is 

useful in a variety of settings, it is particularly valuable when some dependence between 

the outcomes persists after accounting for the impact of the covariates. Our analysis 

relies on a result from Chernozhukov et al. (2018) which shows that any conditional joint 

distribution has a local Gaussian representation. We describe how BDR can be implemented 

and present some associated functionals of interest. As modeling the unexplained 

dependence is a key feature of BDR, we focus on functionals related to this dependence. 

We decompose the difference between the joint distributions for different groups into 

composition, marginal and sorting effects. We provide a similar decomposition for the 

transition matrices which describe how location in the distribution in one of the outcomes 

is associated with location in the other. Our theoretical contributions are the derivation of 

the properties of these estimated functionals and appropriate procedures for inference. 

Our empirical illustration focuses on intergenerational mobility. Using the Panel Survey of 

Income Dynamics data, we model the joint distribution of parents’ and children’s earnings. 

By comparing the observed distribution with constructed counterfactuals, we isolate the 

impact of observable and unobservable factors on the observed joint distribution. We also 

evaluate the forces responsible for the difference between the transition matrices of sons’ 

and daughters’.
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1. Introduction

Although distribution regression (DR) was introduced in the 1970s by Williams and
Grizzle (1972), and revisited by Foresi and Peracchi (1995) in the 1990s, it has only rel-
atively recently been more actively employed in empirical economic investigations. For
example, inference for DR with a continuous outcome variable was only developed in
Chernozhukov et al. (2013) and for discrete, mixed discrete or continuous outcomes in
Chernozhukov et al. (2020b). These papers have resulted in an examination of the eco-
nomically interesting functionals which can be obtained from an estimated distribution
of an economic variable conditional on a vector of exogenous variables. This has resulted
in the use of DR in a range of di!erent models and settings. These include, for example,
models with endogeneity (Chernozhukov et al., 2020a), sample selection (Chernozhukov
et al., 2018; Fernández-Val et al., 2024a), dynamic panels (Fernandez-Val et al., 2023), and
most recently di!erence-in-di!erence estimation (Fernández-Val et al., 2024b).

While these extensions cover a wide class of models they, with the exception of some
studies we note below, are restricted to models with univariate outcomes. However, for
many empirical questions it is necessary to examine how the joint distribution of two out-
comes varies in response to changes in the conditioning variables. For example, in investi-
gating household labor supply responses to changes in tax rates, one should quantify how
the hours worked by each of the spouses respond and, perhaps more importantly, how
changes in their individual labor supplies are correlated, thereby a!ecting overall house-
hold labor supply. Alternatively, in examining the impact of changes in the minimum
wage it would be useful to investigate how both wages and hours of work individually
and jointly respond. These examples are just illustrative of the large number of economic
questions in which it is important to examine more than one outcome and, perhaps more
importantly, how the joint distribution of the outcomes is a!ected.

The estimation of models with multiple outcomes by DR has been considered in Meier
(2020) andWang et al. (2022). Meier (2020) extends univariate DR to themultivariate set-
ting by using a multivariate indicator function at every location of the distribution. Wang
et al. (2022) propose a fast factorization method that also employs univariate DR. How-
ever, this transformation to a univariate approach is potentially restrictive as it requires a
single outcome variable to be constructed from the multiple outcomes of interest. As DR
then employs this constructed outcome, it does not enable each of the individual outcomes
to be modeled separately. Moreover, it also bypasses the modeling of the correlation be-
tween the unobservables driving each of the outcome variables.In contrast, BDR enables
each of the individual outcomes to be explicitly modeled and facilitates an analysis of the
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local dependence structure. Furthermore, the choice of the link function in Meier (2020)
andWang et al. (2022)might provide a poor approximation to the underlying distribution.
In contrast, a result fromChernozhukov et al. (2018), guarantees that the joint distribution
is locally Gaussian and BDR is able to approximate it.

We employ DR to investigate settings in which the outcome of interest is the joint distri-
bution of two outcome variables conditional on a set of covariates. Moreover, we describe
howbivariate distribution regression (BDR) can be implemented, aswell as the potentially
interesting functionals that can be derived from BDR estimates. We separately analyze
the roles of the marginal distributions and the dependence structure. As each is modeled
separately in BDR, a high degree of flexibility is incorporated between the role of both ob-
servable and unobservable factors. Alternative approaches to modeling conditional joint
distributions exist. These include the use of copulas (i.e., Klein et al., 2022) and non-
parametric estimators (i.e., Bouzebda and Nemouchi, 2019). Due to its semi-parametric
properties, BDR can be seen as a mixture between these approaches. In contrast to copula
models, BDR allows for greater flexibility in incorporating the impact of the covariates
and requires relatively weaker parametric assumptions. Non-parametric approaches are
more likely to su!er from the curse of dimensionality. A detailed overview of modeling
choices for multivariate distributions can be found in Meier (2020).

Bivariate or multivariate distribution regression has been employed elsewhere. For
example, Fernández-Val et al. (2023) model the joint distribution of spouses’ wages in
the presence of selection rules, Fernández-Val et al. (2024b) employ it in implementing
di!erence-in-di!erence procedures with bivariate outcomes, while Fernández-Val et al.
(2022) employ it to describe the joint distribution of spouses’ annual earnings. The first
two papers provide a theoretical contribution related to the literature on which they are
focused and the third is purely a descriptive analysis. This paper provides important orig-
inal theoretical contributions related to inference, the validity of the bootstrap employed,
and the decompositions of the joint distribution and transition matrices.

Our empirical illustration is related to intergenerational mobility. This is a research area
with potentially important policy implications on a range of topics such as tax policy and
inequality reduction. It has received significant attention from policymakers and has gen-
erated a substantial academic literature. In a seminal paper, Chetty et al. (2014) showed
that schools, neighborhoods, and family stability are influential determinants of mobil-
ity. Others have shown that race (Chetty et al., 2020), immigration status (Abramitzky
et al., 2021), human capital (Adermon et al., 2021), or wealth (Adermon et al., 2018) are
correlated with various mobility measures (see Mogstad and Torsvik (2023) for a recent
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overview). This suggests that one should include many covariates when modeling inter-
generational mobility noting that the appropriate manner to do so is not straightforward
given that the relationship between the covariates and earnings appears to vary over the
earnings’ distributions. Previous studies typically present estimates of relative mobility
across subsamples of the data or employ a linear regression approach in which the child’s
outcomes (rank of income, human capital, or wealth) are regressed on the parents’ analog
and (sometimes) covariates. By employing BDR to model the joint distribution of fathers’
and children’s income we provide an additional methodological approach for evaluating
intergenerational mobility. First, we allow for the covariates to have varying e!ects at dif-
ferent points of the earnings’ distributions. Second, we can allow for di!erent covariates to
have an impact on each of themarginal distributions and the dependence structure. Third,
as the joint distribution captures the entire dependence structure between the respective
incomemeasures, standardmobility measures, such as the rank-rank relationship and the
conditional expected rank, can be directly derived from the BDR estimates. Fourth, we
can explore how these mobility measures are influenced by the dependence in the unob-
servables and how this dependencemay vary across the income distribution. Finally, BDR
estimates can be employed to produce counterfactual bivariate distributions correspond-
ing to scenarios capturing alternative values of the local correlation.

The remainder of this paper is organized as follows. Section 2 formally presents our
methodological contribution. In Section 3 we present a number of functionals which are
potentially of interest in empirical work. Section 4 outlines the associated estimation pro-
cedure. Section 5 presents the asymptotic theory. Section 6 contains our empirical appli-
cation. Section 7 concludes.

2. Bivariate Distribution Regression

LetFY,W |X be the joint distribution of (Y,W ) conditional onX . We consider the bivariate
distribution regression (BDR) model:

FY,W |X(y, w | x) = !2(x
→
µy, x

→
ωw; g(x

→
εyw)), (2.1)

where !2(·, ·; ϑ) is the distribution of the standard bivariate normal with parameter ϑ, and
u →↑ g(u) is a known link function with range [↓1, 1] such as the Fisher transformation
g(u) = tanh(u). In (2.1) the marginal distributions of Y and W conditional on X follow
distribution regression models:

FY |X(y | x) = !(x→
µy), FW |X(w | x) = !(x→

ωw),
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where ! is the distribution of the standard normal. The function (y, w, x) →↑ g(x→
εyw)mea-

sures the local dependence or sorting between Y and W at (Y,W,X) = (y, w, x). This
sorting can vary with respect to observed covariates X , and along the distribution as in-
dexed by (y, w). The simplest case is g(x→

εyw) = g(εyw), where the sorting only varies with
respect to unobservables.

The BDR model can be motivated by the local Gaussian representation (LGR) of Cher-
nozhukov et al. (2018), which establishes that for any conditional joint distribution,

FY,W |X(y, w | x) = !2(µ(y | x), ω(w | x); ϑ(y, w | x)), (2.2)

for some functions µ, ω and ϑ. The LGR is the right-hand-side of the previous equation and
is unique, that is there is a one-to-one mapping between a conditional joint distribution
and its LGR. In the LGR the marginal distributions of Y and W conditional on X are
represented by nonparametric distribution regression models, that is

FY |X(y | x) = !(µ(y | x)), FW |X(w | x) = !(ω(w | x)).

The BDRmodel can be seen as a semiparametric specification for the LGRwhere the non-
parametric functions µ, ω and ϑ are replaced by (generalized) linear indexeswith function-
valued parameters. In particular, the parameters y →↑ µy and w →↑ ωw measure the e!ect
of the covariates on the marginal distributions of Y and W , and (y, w) →↑ ϑyw measures
the e!ect of the covariance on the local dependence (copula) between Y and W .

Let Ȳ and W̄ denote strict subsets of Y and W , the supports of Y and W , respectively.
We impose the following restrictions on the coe”cients at the tails to facilitate estimation
and inference,

µy,1 = µȳy ,1 + (y ↓ ȳy)ϖȳy , µy,↑1 = µȳy ,↑1, y ↔ Y \ Ȳ ,

ωw,1 = ωw̄w,1 + (w ↓ w̄w)ϖw̄w , ωw,↑1 = ωw̄w,↑1, w ↔ W \ W̄ ,

and
εy,w = εȳyw̄w , y ↔ Y \ Ȳ , w ↔ W \ W̄ ,

where ȳy := argminy→↓Ȳ |y ↓ y
→|, ϖȳy > 0, w̄w := argminw→↓W̄ |w ↓ w

→|, ϖw̄w > 0, and the
subscript 1 and ↓1 denote the first element of a vector and its complement. For example,
µy,1 is the first element of µy and µy,↑1 is a vector with the rest of the elements. Here,
we follow Chernozhukov et al. (2025) and postulate that the random variables Y and W

behave in the tails like random variables with distribution!, after subtracting the location
shifts x

→
µȳ and x

→
ωw̄, and dividing by the scales ϖȳy and ϖw̄w , which are di!erent at the

upper and lower tails. For the local dependence parameter εyw, we postulate that it is
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constant at the tails. We could allow for additional tail parameters for the intercept of εyw,
but we set them to zero for simplicity.1

3. Functionals of Interest

Rather than examine statistics which can be obtained in the univariate setting, we ex-
ploit the rich information contained in the conditional bivariate distribution and focus on
functionals which highlight the dependence structure in the data. Accordingly, the local
dependence parameter εyw features in each of the objects that follow.

3.1. Joint Distribution and Decomposition. The joint distribution of Y and W can be
represented in terms of the BDR model as

FY,W (y, w) =

∫
!2(x

→
µy, x

→
ωw; g(x

→
εyw))dFX(x),

where FX is the distribution of X . Using this representation, we can decompose the dif-
ference between the joint distribution of two groups, say D = 1 and D = 0. To do so, it
is convenient to introduce counterfactual distributions that combine BDR parameters and
distributions of X from di!erent groups. Let

F
(j,k,l,m)
Y,W (y, w) :=

∫
!2(x

→
µ
j
y, x

→
ω
k
w; g(x

→
ε
l
yw))dF

m
X (x), (3.1)

where µi
y is the parameter µy in group i and the rest of the terms are defined analogously.

In this notation the actual distribution in group d is F (d,d,d,d)
Y,W .

The di!erence in the actual distributions between groups 1 and 0 can then be decom-
posed as

F
(1,1,1,1)
Y,W (y, w)↓ F

(0,0,0,0)
Y,W (y, w)

︸ ︷︷ ︸
Total

=
[
F

(1,1,1,1)
Y,W (y, w)↓ F

(1,1,1,0)
Y,W (y, w)

]

︸ ︷︷ ︸
Composition

+
[
F

(1,1,1,0)
Y,W (y, w)↓ F

(1,1,0,0)
Y,W (y, w)

]

︸ ︷︷ ︸
Sorting

+
[
F

(1,1,0,0)
Y,W (y, w)↓ F

(0,0,0,0)
Y,W (y, w)

]

︸ ︷︷ ︸
Marginals

, (3.2)

where the first term in brackets is a composition e!ect, the second term is a dependence or
sorting e!ect, and the third term is the e!ect of the di!erence in themarginal distributions.

1Note that, unlike the intercepts of µy and ωw, the intercept of εyw does not need to satisfy any monotonicity
restriction at the tails.
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The last term can be further decomposed into
[
F

(1,1,0,0)
Y,W (y, w)↓ F

(1,0,0,0)
Y,W (y, w)

]

︸ ︷︷ ︸
Marginal of W

+
[
F

(1,0,0,0)
Y,W (y, w)↓ F

(0,0,0,0)
Y,W (y, w)

]

︸ ︷︷ ︸
Marginal of Y

, (3.3)

where the first term is the marginal e!ect related to W and the last term is the marginal
e!ect related toW .

3.2. Transition Matrices and Decomposition. We can also construct transition matrices
and decompose di!erences across those for di!erent groups into composition, sorting and
marginal distribution components using counterfactual distributions. Let {yj : 0 ↭ j ↭ J}
and {wk : 0 ↭ k ↭ K} be grids of values covering the supports of Y and W , where we
set y0 = w0 = ↓↗ and yK = wK = +↗. Then, the (j, k) element of the counterfactual
transition matrix T

(k,d,r,s) is

T
(k,d,r,s)
jk := F

(k,d,r,s)
Y,W (yj, wk)↓ F

(k,d,r,s)
Y,W (yj↑1, wk)↓ F

(k,d,r,s)
Y,W (yj, wk↑1) + F

(k,d,r,s)
Y,W (yj↑1, wk↑1).

(3.4)
for j = 1, . . . , J and k = 1, . . . , K. These matrices provide a parsimonious representation
of the joint distribution of Y and W .

The di!erence in the actual transition matrices between groups 1 and 0 can then be
decomposed as

T
(1,1,1,1) ↓ T

(0,0,0,0)

︸ ︷︷ ︸
Total

=
[
T

(1,1,1,1) ↓ T
(1,1,1,0)

]
︸ ︷︷ ︸

Composition

+
[
T

(1,1,1,0) ↓ T
(1,1,0,0)

]
︸ ︷︷ ︸

Sorting

+
[
T

(1,1,0,0) ↓ T
(1,0,0,0)

]
︸ ︷︷ ︸

Marginal ofW

+
[
T

(1,0,0,0) ↓ T
(0,0,0,0)

]
︸ ︷︷ ︸

Marginal of Y

,

We provide examples of this decomposition in Section 6.

4. Estimation

Rather than employing probit, as is done in univariate DR, BDR estimates a sequence
of bivariate probits. Let Iy := 1(Y ↭ y), Īy := 1 ↓ I

y, Jw := (W ↭ w) and J̄
w := 1 ↓ J

w,
for (y, w) ↔ Yn ↘ Wn, where Yn and Wn are grids of points in the supports of Y and W ,
respectively.



8 CHERNOZHUKOV, FERNÁNDEZ-VAL, MEIER, VAN VUUREN AND VELLA

Under the BDRmodel, the joint probability function of Iy and J
w conditional onX = x

is

fIy ,Jw|X(i, j | x, µy, ωw, εy,w) = !2(x
→
µy, x

→
ωw; ϑ(x

→
εyw)

ij

↘ !2(x
→
µy,↓x

→
ωw;↓ϑ(x→

εyw)
i(1↑j)

↘ !2(↓x
→
µy, x

→
ωw;↓ϑ(x→

εyw)
(1↑i)j

↘ !2(↓x
→
µy,↓x

→
ωw; ϑ(x

→
εyw)

(1↑i)(1↑j) (4.1)

i, j ↔ {0, 1}.

Given a random sample of size n, {(Yi,Wi, Xi)}n=1, the average conditional log-likelihood
at (y, w) is

ϱ
yw(µ, ω, ε) =

1

n

n∑

i=1

log fIc,Jf |Z(I
c
i , J

f
i | Xi, µ, ω, ε). (4.2)

The conditional maximum likelihood estimator (CMLE) of (µy, ωw, εyw) is

(µ̂y, ω̂w, ε̂yw) ↔ argmax
µ,ω,ε

ϱ
y,w(µ, ω, ε). (4.3)

Several remarks should be noted regarding computation. First, when ϑ(x→
εyw) = ϑ(εyw),

then the CMLE is the bivariate probit estimator of (Iy, Jw) on X . Second, the CMLE can
be computed in two steps. In the first step, we obtain the estimators of µy and ωw by probit
distribution regression of Iy onX and J

w onX , respectively. In the second step, we plug in
the estimators of µy and ωw from the first step in the average log-likelihood and maximize
with respect to ε, that is

ε̂yw ↔ argmax
ε

ϱ
y,w(µ̂y, ω̂w, ε), (4.4)

where µ̂y and ω̂w are the distribution regression estimators of µy and ωw. Finally, to trace
the joint and marginal distributions of Y and W , we need to obtain the CMLE for a grid
of values of (y, w) in the support of (Y,W ). For example, we can use the tensor product of
two grids for Y andW , including sampling percentiles from the 1 or 2% to the 99 or 98%.

Let En denote the empirical expectation, that is En := n
↑1

∑
i=1.

Algorithm 1 (BDR Estimator). Let dx := dimX ,Rn denote the set containing the observed
values of R and R̄n = Rn ≃ R̄, for R ↔ {Y,W}.

(1) Estimate µy at y ↔ Ȳn and ωw at w ↔ W̄n by DR, that is,

µ̂y ↔ arg max
µ↓Rdx

ϱ
y(µ) = En[ϱ

y
i (µ)], ϱ

y
i (µ) := I

y
i log!(X

→
iµ) + Ī

y
i log!(↓X

→
iµ),
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and

ω̂w ↔ arg max
ω↓Rdx

ϱ
w(µ) = En[ϱ

w
i (ω)], ϱ

w
i (µ) := J

w
i log!(X →

iω) + J̄
w
i log!(↓X

→
iω).

(2) Estimate µy at y ↔ Yn \ Ȳn and ωw at w ↔ Wn \ W̄n by restricted DR, that is,

µ̂y = (y ↓ ȳy)ϖ̂ȳy + x
→
µ̂ȳy and ω̂w = (w ↓ w̄w)ϖ̂w̄w + x

→
ω̂w̄w ,

where ȳy := argminy→↓Ȳn
|y ↓ y

→|, w̄w := argminw→↓W̄n
|w ↓ w

→|,
ϑ̂ȳy ↔ argmax

a→R
En[ϖ

y0
i (a, µ̂ȳy )],

ϖ
y0
i (a, µ) :=

[
I
y0
i log!((y0 ↓ ȳy)a+X

↑
iµ) + Ī

y0
i log{!(↓(y0 ↓ ȳy)a↓X

↑
iµ)

]
,

ϑ̂w̄w ↔ argmax
a→R

En[ϖ
w0
i (a, ω̂w̄w)],

ϖ
w0
i (a, ω) :=

[
J
w0
i log!((w0 ↓ w̄w)a+X

↑
iω) + J̄

w0
i log{!(↓(w0 ↓ w̄w)a↓X

↑
iω)

]
,

and, for r ↔ {y, w} and R ↔ {Y ,W}, r0 ↔ Rn \ R̄n is such that (i) there are at least
m observations between r̄ and r0, and greater than r0 if r0 > r̄r (upper tail) or less
than r0 if r0 < r̄r (lower tail), and (ii) ϖ̂r̄r > 0.

(3) Estimate εyw at (y, w) ↔ Ȳn ↘ W̄n by restricted BDR, that is,

ε̂yw ↔ arg max
ε↓Rdx

ϱ
yw(µ̂y, ω̂w, ε) = En[ϱ

yw
i (µ̂y, ω̂w, ε)],

where

ϱ
yw
i (µ, ω, ε) = I

y
i J

w
i log!2(X

→
iµ,X

→
iω; g(X

→
iε) + I

y
i J̄

w
i log!2(X

→
iµ,↓X

→
iω;↓g(X →

iε)

+ Ī
y
i J

w
i log!2(↓X

→
iµ,X

→
iω;↓g(X →

iε)) + Ī
y
i J̄

w
i log!2(↓X

→
iµ,↓X

→
iω; g(X

→
iε)).

(4) Estimate εyw at (y, w) ↔ (Yn \ Ȳn)↘ (Wn \W̄n) by imposing the tail restrictions, that
is,

ε̂yw = ε̂ȳyw̄w .

The counterfactual terms of the decomposition of the joint distribution can be estimated
via a plug-in rule. For example, an estimator of the second integral on the right-hand side
of (3.2) can be constructed as follows:

1

n0

n∑

i=1

(1↓Di)!2(X
→
iµ̂

1
y, X

→
iω̂

1
w; g(X

→
i ε̂

1
yw)),

where µ̂
1
y, ω̂

1
w, ε̂

1
yw are estimators of µ1

y, ω
1
w, ε

1
yw in the subsample with D = 1 and n0 :=

∑n
i=1(1↓Di)/n. 2

2Alternatively, a doubly-robust estimator can be formed as

1

n0

n∑

i=1

(1↓Di)

1↓ p̂(Xi)
1{Yi ↭ y,Wi ↭ w}↓ 1

n0

n∑

i=1

(Di ↓ p̂(Xi))

1↓ p̂(Xi)
!2(X

↑
iµ̂

1
y, X

↑
i ω̂

1
w; g(X

↑
i ε̂

1
yw)),



10 CHERNOZHUKOV, FERNÁNDEZ-VAL, MEIER, VAN VUUREN AND VELLA

4.1. Inference. Weuse the exchangeable bootstrap for inference. The following algorithm
describes how to obtain counterfactual draws of the BDR estimator.

Algorithm 2 (Exchangeable Bootstrap Draw of BDR Estimator).

(1) Draw a realization of the weights (ςn1, . . . ,ςnn) from a distribution that satisfies
Assumption 5.2 in Section 5. Normalize the weights to add-up to one.

(2) Obtain a bootstrap draw of µ̂y at y ↔ Ȳn and ω̂w at w ↔ W̄n by weighted DR, that is,

µ̂
↔
y ↔ arg max

µ↓Rdx
ϱ
y
↔(µ) = En[ςniϱ

y
i (µ)], ω̂

↔
w ↔ arg max

ω↓Rdx
ϱ
w
↔ (µ) = En[ςniϱ

w
i (ω)].

(3) Obtain bootstrap draw of µ̂y at y ↔ Yn \ Ȳn and ω̂w at w ↔ Wn \ W̄n by weighted
restricted DR, that is,

µ̂
↔
y = (y ↓ ȳy)ϖ̂

↔
ȳy + x

→
µ̂
↔
ȳy and ω̂

↔
w = (w ↓ w̄w)ϖ̂

↔
w̄w

+ x
→
ω̂
↔
w̄w

,

where

ϖ̂
↔
ȳy ↔ argmax

a↓R
En[ςniϱ

y0
i (a, µ̂↔

ȳy)], ϖ̂
↔
w̄w

↔ argmax
a↓R

En[ςniϱ
w0
i (a, ω̂↔

w̄w
)],

and, for r ↔ {y, w} andR ↔ {Y ,W}, r0 ↔ Rn \ R̄n is the same as in Algorithm 1(2).
(4) Obtain bootstrap draw of ε̂yw at (y, w) ↔ Ȳn↘ W̄n by weighted restricted BDR, that

is,
ε̂
↔
yw ↔ arg max

ε↓Rdx
ϱ
yw
↔ (µ̂y, ω̂w, ε) = En[ςniϱ

yw
i (µ̂y, ω̂w, ε)].

(5) Obtain bootstrap draw of ε̂yw at (y, w) ↔ (Yn \ Ȳn)↘ (Wn \W̄n) by imposing the tail
restrictions, that is,

ε̂
↔
yw = ε̂

↔
ȳyw̄w

.

Exchangeable bootstrap draws of the estimators of the functionals of interest can be
obtained similarly.

5. Asymptotic Theory

To simplify the expressions of some of the assumptions and limit processes, it is con-
venient to introduce the following notation for the tails. Let r̄r := argminr→↓R̄ |r ↓ r

→| for
r ↔ {y, w} and R̄ ↔ {Ȳ , W̄}. Note that r̄r = r if r ↔ R̄, r̄r = r̄ if r ⇐ r̄ and r̄r = r if
r ↭ r, where r̄ := sup(R̄) and r := inf(R̄). We use a superscript d to denote variables,
parameters and samples from the group d ↔ {0, 1}. We also use the following notation for
partial derivatives: φxf(x) := φf(x)/φx and φxxf(x) := φ

2
f(x)/(φxφx→).

where p̂(x) is an estimator of the propensity score p(x) = P(D = 1 | X = x).
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Assumption 5.1 (Model and Sampling). For d ↔ {0, 1}: (1) Random sampling: {Zd
i :=

(Y d
i ,W

d
i , X

d
i )}

nd
i=1 is a sequence of independent and identically distributed copies of Z

d :=

(Y d
,W

d
, X

d), which is independent across d, and nd/n ↑ pd > 0 for n := n0 + n1.
3

(2)

Model: the joint distribution of (Y d
,W

d) conditional onX
d
follows the BDR model (2.1) with the

tail restrictions. (3) The support of X
d
, X , is a compact set. (4) The supports of Y and W , Y

and W are either (i) finite sets or (ii) open intervals. In the second case, the conditional density

functions fY d|Xd(y | x) and fW d|Xd(w | x) exist, are uniformly bounded above, and are uniformly

continuous in (y, x) on Y ↘ X and in (w, x) on W ↘ X , respectively. (5) Identification and

non-degeneracy: the equation E[φεϱ
yw
i (µd

y, ω
d
w, ε̃yw)] = 0 possesses a unique solution at ε̃yw = ε

d
yw

that lies in the interior of a compact set D ⇒ Rdω for all (y, w) ↔ ȲW̄ := Ȳ ↘ W̄ ; the minimum

eigenvalues of the matrices E[φµµϱ
y
i (µ

d
y)], E[φϑϑϱ

y0
i (ϖd

ȳy , µȳy)], E[φωωϱ
w
i (ω

d
w)], E[φϑϑϱ

w0
i (ϖd

w̄w
, µw̄w)]

and E[φεεϱ
yw
i (µd

y, ω
d
w, ε

d
yw)] are bounded away from zero uniformly over y ↔ Ȳ , y ↔ {y, ȳ}, w ↔ W̄ ,

w ↔ {w, w̄}, and (y, w) ↔ ȲW̄ , respectively; and E⇑X⇑2 < ↗.

Assumption 5.1 implicitly imposes common support for the variables Y d, W d and X
d

across d. This condition guarantees that all the counterfactual distributions that we con-
sider are well-defined.

Assumption 5.2 (Exchangeable Bootstrap). For each nd and d ↔ {0, 1}, (ςd
nd1

, ...,ς
d
ndnd

) is an

exchangeable,
4
nonnegative random vector, which is independent of the data and across d, such that

for some ↼ > 0

sup
n

E[(ςd
nd1

)2+ϖ] < ↗, n
↑1
d

nd∑

i=1

(
ς
d
ndi

↓ ς̄
d
nd

)2 ↑P 1, ς̄
d
nd

↑P 1, (5.1)

where ς̄
d
nd

= n
↑1
d

∑nd
i=1 ς

d
ndi

.

Let ↽̂dyw := (µ̂d→
y , ω̂

d→
w , ε̂

d→
yw)

→ and ↽̂
d↔
yw := (µ̂d↔→

y , ω̂
d↔→
w , ε̂

d↔→
yw )

→ be the estimator and corresponding
bootstrap draw of the parameter ↽dyw := (µd→

y , ω
d→
w , ε

d→
yw)

→, for y ↔ Ȳ and w ↔ W̄ . Similarly, let
⇀̂
d
y := (ϖ̂d

y, µ̂
d→
y )

→ and ⇀̂
d
w := (ϖ̂d

w, ω̂
d→
w )

→ be the estimators of the tail parameters ⇀dy := (ϖd
y, µ

d→
y )

→

and ⇀
d
w := (ϖd

w, ω
d→
w )

→, for y ↔ {y, ȳ} and w ↔ {w, w̄}, and ⇀̂
d↔
y := (ϖ̂d↔

y , µ̂
d↔→
y )→ and ⇀̂

d↔
w :=

(ϖ̂d↔
w , ω̂

d↔→
w )→ be the corresponding bootstrap draws of the estimators. LetZn ↫ Z inDdenote

weak convergence of a stochastic process Zn to a random element Z in a normed space D,
as defined in van der Vaart and Wellner (1996). For example, D = ϱ

↗(ȲW̄), the set of
measurable and bounded functions on ȲW̄ .
3Some forms of dependence between the samples across d can be accommodated following the analysis in
Chernozhukov et al. (2013). We assume independence for simplicity and because it holds in our application.
4A sequence of random variables X1, X2, ..., Xn is exchangeable if for any finite permutation ϱ of the in-
dices 1, 2, ..., n the joint distribution of the permuted sequenceXω(1), Xω(2), ..., Xω(n) is the same as the joint
distribution of the original sequence.
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In order to state the results about bootstrap validity formally, we follow the notation and
definitions in van der Vaart and Wellner (1996). LetDn denote the data vector andMn be
the vector of random variables used to generate bootstrap draws given Dn. Consider the
random element Z↔

n = Zn(Dn,Mn) in a normed space E. We say that the bootstrap law of
Z↔

n consistently estimates the law of some tight random element Z and write Z↔
n ↫P Z in

D if:
suph↓BL1(D) |EMnh (Z↔

n)↓ Eh(Z)| ↑P 0, (5.2)

where BL1(D) denotes the space of functions with Lipschitz norm at most 1 and EMn de-
notes the conditional expectation with respect to Mn given the data Dn; and ↑P denotes
convergence in (outer) probability.

Lemma 5.1 (FCLT and Bootstrap FCLT for (↽̂dyw, ⇀̂dȳ , ⇀̂dy , ⇀̂dw̄, ⇀̂dw)). Assume that Assumption 5.1

holds. Then, for d ↔ {0, 1}, (i)
⇓
n(↽̂dyw ↓ ↽

d
yw) ↫ Z

dϱ
yw :=

⇓
pdG[⇁i(↽

d
yw)] in ϱ

↗(ȲW̄)dε ,

where G is a Brownian bridge and ⇁i(↽dyw) := H
yw(↽dyw)

↑1
S
yw
i (↽dyw) with

S
yw
i (↽dyw) =




φµϱ

y
i (µ

d
y)

φωϱ
w
i (ω

d
w)

φεϱ
yw
i (µd

y, ω
d
w, ε

d
yw)



 , (5.3)

and

H
yw(↽dyw) = E




φµµϱ

y
i (µ

d
y) 0 0

0 φωωϱ
w
i (ω

d
w) 0

φεµϱ
yw
i (µd

y, ω
d
w, ε

d
yw) φεωϱ

yw
i (µd

y, ω
d
w, ε

d
yw) φεεϱ

yw
i (µd

y, ω
d
w, ε

d
yw)



 ; (5.4)

and (ii)
⇓
n(⇀̂dr ↓ ⇀

d
r ) ↫ Z

dςr in Rdϑr , for r ↔ {r̄, r} and r ↔ {y, w}, where

Z
dςr :=

⇓
pdE


φϑϑϱ

r0
i (ϖd

r̄r , µ
d
r̄r) φϑµϱ

r0
i (ϖd

r̄r , µ
d
r̄r)

0 φµµϱ
y
i (µ

d
r̄r)

↑1

G

φϑϱ

r0
i (ϖd

r̄r , µ
d
r̄r)

φµϱ
r
i (µ

d
r̄r)


,

has a zero-mean normal distribution. Moreover, (i) and (ii) hold jointly, and (Z0ϱ
yw, Z

0ςr̄ , Z
0ςr) and

(Z1ϱ
yw, Z

1ςr̄ , Z
1ςr) are independent. If in addition Assumption 5.2 holds, for d ↔ {0, 1}, jointly (i↔)

⇓
n(↽̂d↔yw ↓ ↽̂

d
yw) ↫P Z

dϱ
yw in ϱ

↗(ȲW̄)dε ,

and (ii
↔
)
⇓
n(⇀̂d↔r ↓ ⇀̂

d
r ) ↫P Z

dςr in Rdϑr , for r ↔ {r̄, r} and r ↔ {y, w}.

The quantities of interest are functionals of the joint distribution of (Y,W ) conditional on
X and the marginal distribution ofX . To state the results about these functionals it is con-
venient to introduce some notation. The following definitions apply to all j, k, l,m ↔ {0, 1}.
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Let Fm
X , F̂m

X and F̂
m↔
X be the joint distribution of Xm, empirical counterpart and boot-

strap draw; and F
(jkl)
ywx := !2(x→

µ
j
y, x

→
ω
k
w; g(x

→
ε
l
yw)), F̂

(j,k,l)
ywx := !2(x→

µ̂
j
y, x

→
ω̂
k
w; g(x

→
ε̂
l
yw)) and

F̂
(jkl)↔
ywx := !2(x→

µ̂
j↔
y , x

→
ω̂
k↔
w ; g(x→

ε̂
l↔
yw)) be the counterfactual conditional distribution, its esti-

mator and bootstrap draw. Consider the empirical processes and their bootstrap draws,
(y, w, x) →↑ Ẑ

(jkl)
ywx :=

⇓
n(F̂ (jkl)

ywx ↓ F
(jkl)
ywx ), (y, w, x) →↑ Ẑ

(jkl)↔
ywx :=

⇓
n(F̂ (jkl)↔

ywx ↓ F̂
(jkl)
ywx ),

f →↑ Ĝ
m
X(f) :=

⇓
n

fd(F̂m

X ↓ F
m
X ) and f →↑ Ĝ

m↔
X (f) :=

⇓
n

fd(F̂m↔

X ↓ F̂
m
X ), for f ↔ F ,

where F is a class of measurable functions that (i) includes F
(jkl)
ywx , the indicators of all

the rectangles in R̄dx+2, for R̄ = R ⇔ {↓↗,+↗}, the extended real line, and (ii) is totally
bounded under the metric:

λ(f ; f̃) =

∫
(f ↓ f̃)dFX

1/2
, f, f̃ ↔ F .

For d ↔ {0, 1}, the selection matrix S(jkl)
d picks up the elements of Zdϱ

ywx corresponding to
the components used in the construction of the counterfactual conditional distribution.
For example, S(010)

0 = diag(Idµ ,0dϖ , Idω) and S(010)
1 = diag(0dµ , Idϖ ,0dω), where 0p is a p↘ p

matrix of zeros and Ip is the identity matrix of size p.

Theorem 5.1 (FCLT and Bootstrap CLT for F̂ (jkl)
ywx and Ĝ

m
X(f)). (i) Assume that Assumption

5.1 holds. Then, jointly in j, k, l,m ↔ {0, 1},

(Ẑ(jkl)
ywx , Ĝ

m
X(f)) ↫ (Z(jkl)

ywx , G
m
X(f)) in ϱ

↗(YWXF),

where G
m
X(f) :=

⇓
pmGm(f), with G0

and G1
independent, and

Z
(jkm)
ywx := φϱF

(jkl)
ȳyw̄wx

∑

d↓{0,1}

S(jkl)
d Z

dϱ
ȳyw̄w

+φϑyF
(jkl)
ȳyw̄wxZ

jϑȳy1(y ↖↔ Ȳ)+φϑwF
(jkl)
ȳyw̄wxZ

kϑw̄w1(w ↖↔ W̄),

with φϱF
(jkl)
ȳyw̄wx := φϱ!2(x→

µ
j
ȳy , x

→
ω
k
w̄w

; g(x→
ε
l
ȳyw̄w

)), φϑyF
(jkl)
ȳywx := φϑȳy

!2(ϖ
j
ȳy(y ↓ ȳy) +

x
→
µ
j
ȳy , x

→
ω
k
w; g(x

→
ε
l
yw)), φϑwF

(jkl)
yw̄wx := φϑw̄w

!2(x→
µ
j
y,ϖ

l
w̄w

(w ↓ w̄w) + x
→
ω
l
w̄w

; g(x→
ε
l
yw)), Z

dϑr :=

e
→
1Z

dςr for r ↔ {y, w} and d ↔ {0, 1}, e1 is a unitary vector with a one in the first position, and

Z
dϱ
yw, Z

dςy and Z
dςw are defined in Lemma 5.1. (ii) If in addition Assumption 5.2 holds, then,

jointly in j, k, l,m ↔ {0, 1},

(Ẑ(jkl)↔
ywx , Ĝ

m↔
Z (f)) ↫P (Z(jkl)

ywx , G
m
Z (f)) in ϱ

↗(YWXF).

Let
F̂

(j,k,l,m)
Y,W (y, w) =

1

nm

nm∑

i=1

!2(X
m→

i µ̂
j
y, X

m→

i ω̂
k
w; g(X

m→

i ε̂
l
yw)),
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be an estimator of the counterfactual joint distribution in (3.1) and

F̂
↔(j,k,l,m)
Y,W (y, w) =

1

nm

nm∑

i=1

ς
m
inm

!2(X
m→

i µ̂
j↔
y , X

m→

i ω̂
k↔
w ; g(Xm→

i ε̂
l↔
yw)),

be the corresponding bootstrap draw. The following result follows from Theorem 5.1,
LemmaD.1 of Chernozhukov et al. (2013), which establish theHadamard di!erentiability
of the counterfactual map, and the functional delta method.

Corollary 5.1 (FCLT and Bootstrap FCLT for F̂ (j,k,l,m)
Y,W ). Under the assumptions of Theorem

5.1, jointly for i, j, k, l ↔ {0, 1},
⇓
n(F̂ (j,k,l,m)

Y,W (y, w)↓F
(j,k,l,m)
Y,W (y, w)) ↫ Z

(j,k,l,m)
yw :=

∫
Z

(jkl)
ywx dF

m
X (x)+G

m
X(F

(jkl)
ywx ) in ϱ

↗(YW),

and ⇓
n(F̂ ↔(j,k,l,m)

Y,W (y, w)↓ F̂
(j,k,l,m)
Y,W (y, w)) ↫P Z

(j,k,l,m)
yw in ϱ

↗(YW).

6. Empirical Illustration

We now employ BDR to study intergenerational income mobility. BDR is a particularly
useful and powerful tool for this area of research since it can model the joint distribu-
tion of incomes for di!erent generations of family members. We focus on the joint dis-
tribution of a child’s and their father’s labor incomes. We begin by documenting the raw
data. This provides some insight into the presence of intergenerational mobility in these
data. We then employ BDR to estimate the joint conditional distribution of these two out-
comes conditional on covariates for both the child and the father. We examine the role
of the estimated local dependence parameter in generating these observed outcomes. Fi-
nally, we decompose the observed di!erences in dependence between fathers/sons and
fathers/daughters into composition, sorting and marginals e!ects.5

6.1. Data. Our analysis examines data from the Panel Study of IncomeDynamics (PSID),
a rich longitudinal dataset including family and individual-level income data for individ-
uals in the United States since 1968. The survey was conducted yearly until 1997 and
biannually thereafter. The PSID has been employed in previous examiniations of inter-
generational mobility (see, for example, Callaway and Huang (2019) or Landersø and
Heckman (2017)).

5We acknowledge the use of the term ”sorting” in this potential empirical context is somewhat inappropriate
given that one would not interpret the process bywhich fathers and children are paired is best characterized
by a sorting process. However, we retain this description to avoid the introduction of additional terminology.
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Although the PSID data has 904,796 observations, the number for which we can con-
struct father/children pairs is 6,6767 comprising 3,424 daughters and 3,243 sons. Our em-
pirical analysis is based on this smaller sample. A pair is included if both the father and
the child are observed at least once between the ages of 25 and 50. The outcome variables
are their respective average annual labor earnings. This encompasses wages, business in-
come, bonuses, and overtime payments. Labor earnings have been standardized to 1982
dollars. Note that we exclude observations with zero labor income earnings for that year.
The average frequency of observations is the same for both father-daughter and father-son
pairs. That is, 9 years for children and 15 years for fathers. The equal frequency for males
and females is puzzling given the higher labor force participation rates of males. This
might reflect the construction of the data set but probably also be due to our relatively
weak requirement that the child only needs to be observed with earnings in one year. The
higher average annualwork hours for sons (2011) than daughters (1540) is consistentwith
males having a relatively higher level of labor market engagement than females.

The inclusion of only pairs for which both the father and child report labor income may
introduce some form of selection bias. Moreover, not accounting for the frequency that
the pair is observed may also introduce an additional form of bias. While each of these
issues is interesting, we delay their treatment to future work as they are beyond the scope
of this paper.

Studies in the literature rely on various incomemeasures to study intergenerational mo-
bility. These include, for example, labor earnings, tax records, or lifetime income imputed
over the life cycle. Mogstad and Torsvik (2023) note that the estimated degree of mobility
can vary considerably depending on the measure used. We focus on labor income, not-
ing that intergenerational persistence tends to be stronger for broader income concepts
(Landersø and Heckman, 2017).

The variables displayed in Table 1 are all available since 1968 with the exception of “col-
lege”, which indicates that the individual has a college degree, which is available from
1975. Observations with missing entries for any of the variables are excluded. Table 1
indicates that the father’s information is generally collected during the 1980s, while the
children’s information is typically gathered in the early 2000s. Fathers are observed later
in life, mostly between the ages of 34 and 47, while children are observed earlier between
the ages of 27 and 36. This also explains the large di!erence in labor income in favor of
fathers. Unsurprisingly, we find higher levels of labor income for fathers with a college de-
gree. The same is true for their children. This can be partially explained by the high level
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T!”#$ %. Descriptive Statistics PSID Data

Education Race
Sons All No Coll. College Other White
Labor Income Children (1000 USD) 17.84 16.76 22.09 13.58 19.98
Labor Income Father (1000 USD) 21.32 18.84 31.07 15.11 24.43
Age Children 31.71 31.93 30.86 31.51 31.81
Age Father 39.41 39.75 38.07 39.33 39.45
White Children 0.67 0.63 0.85 0.06 0.98
White Father 0.67 0.62 0.84 0.00 1.00
College Children 0.30 0.22 0.61 0.17 0.36
College Father 0.20 0.00 1.00 0.10 0.26
HH Size Children 2.58 2.65 2.32 2.52 2.61
HH Size Father 4.70 4.86 4.08 5.33 4.39
Children Origin Urb. 1 0.07 0.09 0.02 0.07 0.07
Children Origin Urb. 2 0.52 0.50 0.60 0.37 0.60
Children Origin Urb. 3 0.37 0.38 0.34 0.53 0.30
Children Origin Urb. 4 0.03 0.03 0.04 0.03 0.03
Decade Children 2004.63 2003.65 2008.51 2005.66 2004.12
Decade Parents 1983.55 1983.06 1985.48 1984.94 1982.86

Daughters
Labor Income Children (1000 USD) 12.18 11.04 16.95 10.72 13.10
Labor Income Father (1000 USD) 21.14 18.78 30.99 14.99 24.98
Age Children 32.00 32.20 31.17 32.16 31.90
Age Father 39.37 39.69 38.02 39.75 39.13
White Children 0.63 0.57 0.85 0.06 0.98
White Father 0.62 0.56 0.84 0.00 1.00
College Children 0.37 0.29 0.68 0.24 0.45
College Father 0.19 0.00 1.00 0.08 0.27
HH Size Children 2.93 3.02 2.53 2.98 2.89
HH Size Father 4.79 4.95 4.14 5.52 4.34
Children Origin Urb. 1 0.06 0.06 0.03 0.07 0.05
Children Origin Urb. 2 0.55 0.54 0.57 0.39 0.64
Children Origin Urb. 3 0.37 0.38 0.35 0.52 0.28
Children Origin Urb. 4 0.03 0.02 0.05 0.02 0.03
Decade Children 2005.60 2004.60 2009.76 2005.57 2005.61
Decade Parents 1984.04 1983.51 1986.27 1984.31 1983.88
Notes: Number of observations 3426 for daughters and 3255 for sons. All statistics are means. Child origin refers to a categorical

variable with 4 distinct values measuring the degree of urbanization where the child grew up.
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of persistence in college education. For example, 30 percent of sons have a college de-
gree, but that number rises to 61 percent among sons whose fathers have a college degree.
Similar figures are found for daughters. We also find that white fathers, and their chil-
dren, generally have higher labor income. Household size is smaller for children, which
can be attributed to their younger age, although it may also capture broader demographic
changes and trends.

6.2. Unconditional Mobility. Figure 1 plots the transition matrices for the outcome vari-
ables. The cells of the transition matrices are based on the quintiles of the fathers in USD
on the y-axis and the quintiles of the children in USD on the x-axis. The values within
these cells represent the percentage of observations observed with a father-daughter or
father-son combination within these cells. Due to the overall wage gap between women
andmen, sons earn more than daughters and the percentages of sons are relatively higher
on the right side of the figure, while they are relatively higher on the left side of the figure
for daughters. As relative darkness of the squares capture larger probabilities, it is imme-
diately apparent that father-daughter pairs are relatively more frequently located in the
upper left corner and the father-son pairs are more relatively frequent in the lower right
corner. A high degree of mobility would imply equal probabilities across all cells within
each row. Therefore, the observed deviation from this pattern illustrates the limited mo-
bility in the United States.

6.3. BDR Estimation. We now focus on the estimates of the BDR model. We first esti-
mate the model using the covariates described below for each of the marginals while also
allowing ϑ to be a function of the covariates. We also estimate the model in which ϑ is not
a function of the covariates although these latter results are relegated to the appendix.

The empirical results reported in the main text uses the following variables. For the
marginal distribution of father’s labor incomewe employ age, age2 anddecade fixed e!ects
for both fathers and children, father’s and child’s race, father’s and child’s household size
and indicators for a college degree of the father and the child’s origin (measuring the
degree of urbanization where the child was raised). We use the same set of variables for
themarginal distribution of the children. When ϑ is a function of the covariates we employ
all of the covariates listed above but exclude the decade fixed e!ects. We acknowledge that
some covariates are potentially endogenous. Accounting for this endogeneity is beyond
the scope of this paper and we defer this important issue to further work. However, in the
appendix we provide the corresponding results whenwe exclude some variables from the
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F&’()$ %. Transition matrices, raw data (bootstrapped standard errors are
shown in parentheses.)
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Notes: The results in Figure 1 show the probability mass function for the raw data separately for

sons and daughters. Reported standard errors equal the interquartile range of the bootstrap estimates

divided by the interquartile range of the standard normal distribution.

conditioning set. We note that their exclusion does not have substantial implication for the
results reported.

6.4. Model predictions and Counter Factual. We first report the capacity of the BDR es-
timates to reproduce the observed joint distribution of fathers’ and children’s earnings
and examine the impact on this predicted joint distribution when we eliminate the depen-
dence operating through ϑ. Figure 2 presents the estimated transition matrices based on
the BDR model. To construct these matrices, we estimate the joint distribution of father-
child earnings using the set of covariates listed above. We then integrate over the empirical
distribution of the observed covariates to obtain the average joint distribution.

Panels (A) and (B) display the resulting transition matrices for daughters and sons,
respectively. These matrices correspond to the estimated joint distribution. The values of
these matrices are calculated based on equation (3.4). Panels (C) and (D) show the same
average distribution, but under the hypothetical assumption that the local correlation is
set to zero. This counterfactual allows us to isolate the contribution of local dependence
to intergenerational mobility. Panels (E) and (F) present the di!erence between the two
distributions and quantifies the e!ect of local dependence.
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It is useful to consider two issues before focusing on the results from this exercise. The
first is the interpretation of ϑ in this context and the second is the resulting estimates of
ϑ. Given the nature of the outcomes, the parameter ϑ captures how the outcomes move
together after conditioning out the impact of the covariates. If the estimated value of ϑ
was zero, this implies no dependence between the outcomes after conditioning out the
covariates. If the estimated ϑ is positive (negative) this implies that, conditional on the
covariates, a higher value for one outcome is associatedwith a higher (lower) outcome for
the other. In this particular context this dependence may capture some local correlation
between unobservables a!ecting the respective outcomes.

As noted above an attractive feature of BDR is its capacity to flexibly model the local
dependence. Although we do not report our estimates of ϑ, a notable feature of the results
is the substantial heterogeneity in these estimates across di!erent points on the grid. This
reflects that the level of dependence varies greatly at di!erent points of the joint distribu-
tion. This highlights the importance of adopting a flexible approach to its estimation.

Several insights emerge from these results. First, the estimated transition matrices in
Panels (A) and (B) closely resemble those obtained from the raw data (Figure 1), indicat-
ing that the model successfully captures the observed patterns of mobility. While this is
reassuring it is not surprising given the nature of the estimator and the large number of
parameters estimated. Second, setting the local correlation parameter (ϑ) to zero leads to
a considerable flattening of the dependence structure. This e!ect is evident for both sons
and daughters and is particularly pronounced in the upper tail of the income distribution,
where the level of dependence is relatively strong in the raw data. The influence of local
dependence is quantitatively meaningful. For example, the probability that a son reaches
the top decile is 6.9% under local dependence, compared to 5.8% under the counterfac-
tual with ϑ = 0. This di!erence is economically significant and explains a large fraction
of the departure from the benchmark probability of 4%, which would be expected under
full independence and in the absence of gender wage gaps and compositional e!ects. This
highlights the role of local correlation in capturing some aspect of the observed persistent
intergenerational advantages. Comparable patterns are observed for daughters, forwhom
the impact of ϑ is most pronounced in the upper-left region of the figure.

Note that we also estimated the model predictions and the counterfactuals with a spec-
ification that does not take account of the covariates in ϑ. These results are presented in
Figure 4. The results are very similar to the results presented in Figure 2. This suggests
that the results in this particulalr context are not sensitive to the treatment of the local
dependence.
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F&’()$ *. Counterfactual distributions (bootstrapped standard errors are
shown in parentheses.)
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6.5. Decomposition of Joint Conditional CDF. Figure 3 presents a decomposition of the
di!erences in transitionmatrices between sons and daughters. The decomposition follows
equation (3.2) and separates the overall di!erence in the transitionmatrices into three dis-
tinct components: (i) Composition e!ects, which capture di!erences in observable char-
acteristics (e.g. education, region, cohort); (ii) sorting e!ects, reflecting di!erences in
the estimated local dependence parameter ϑ; and (iii) marginal e!ects, which account for
gender-specific di!erences in how covariates relate to themarginal earnings distributions.

Panels (A) and (B) display the estimated transition matrices for sons and daughters,
respectively, using the BDR model with the set of covariates as described in Section 6.3.
Panel (C) shows the element-wise di!erence between the two matrices. Panels (D), (E),
and (F) then report howmuch of this di!erence can be explained by composition, sorting,
and marginal e!ects, respectively, expressed as a percentage of the absolute di!erence in
each cell.6

Several key insights emerge from this analysis. Marginal e!ects are by far the most im-
portant driver of the observed gender di!erences in intergenerational earnings mobility.
Inmany cells, they account for themajority of the variation across gender, highlighting the
importance of di!erential returns to characteristics in shaping the marginal earnings dis-
tributions of sons and daughters. These marginal e!ects capture the di!erences in the la-
bormarket experiences, reflecting both supply and demand factors, for females andmales.
Sorting e!ects, driven by di!erences in the estimated local correlation, explain roughly
10% of the overall di!erence. This suggests that sons and daughters di!er not only in
their marginal earnings prospects, but also in how tightly their outcomes are linked to
their fathers’ incomes, even after controlling for observed characteristics. Composition
e!ects contribute very little to the observed di!erences. This indicates that the sons and
daughters in our sample are, on average, very similar in terms of the included covariates.
This suggests that the large di!erence in intergenerational earningsmobility for daughters
and sons cannot be explained by di!erences in observable characteristics. These results
emphasize that gender di!erences in intergenerational earnings mobility arise primarily
from structural di!erences in earnings determination. These arise through the impact of
observables on earnings and the nature of dependence between father’s and child’s out-
comes.

We also provide a robustness check that excludes the children’s race and household
size. The results are presented in Table 5. We find no substantial deviations from the

6Note that the di!erence in Panel (C) is, in some instances, very close to zero, which means that the compo-
sition, sorting, andmarginal e!ects are divided by a number near zero. This partially explains the occasional
occurrence of very large values in Panels (D)–(F).
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results shown in Figure 3. While we do not consider this an exhaustive examination of
the sensitivity of our results, it does not provide some indication of their sensitivity to the
exclusion of variables which are potentially important.

6.6. Discussion. Our empirical findings highlight the importance of modeling both the
marginal distributions and the local dependence structure when analyzing intergenera-
tional mobility. The BDR framework enables a flexible and interpretable decomposition
of mobility, and highlights that both observable characteristics and residual local associa-
tion patterns contribute to the overall structure. Importantly, one can isolate the channels
through which gender di!erences in income dependence emerge. The stronger associa-
tion observed in father-son pairs is largely due to the di!erences in the marginal distri-
butions. However, accounting for di!erences in sorting, capturing local dependence, is
also important. Overall, the evidence suggests that policies aiming to promote intergen-
erational equity should consider not just di!erences in endowments, but also structural
di!erences in how income is transmitted across generations.

7. Conclusion

We employ bivariate distribution regression to estimate the joint distribution of two out-
come variables conditional on set(s) of covariates. Our approach is particularly valuable
when the dependence between the outcomes persists even after controlling for observed
covariates. We describe how BDR can be implemented and present some associated func-
tionals of interest. The functionals of primary interest in this setting are those involving
the unexplained dependence. We provide a decomposition of the joint distributions for
di!erent groups into composition, marginal and sorting e!ects. We provide algorithms
for estimation and inference, along with the associated theory. We also provide a similar
decomposition for the associated transition matrices Using data from the Panel Survey of
Income Dynamics, wemodel the joint distribution of parents’ and children’s earnings and
find that the local dependence structure is an important contributor in explaining inter-
generational mobility.
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F&’()$ .. Decomposition of di!erence in transition matrices between sons
and daughters (bootstrapped standard errors in parentheses).
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Notes: Figure 3 shows the decomposition of the joint distribution between sons and daughters into three terms. Values in
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observations in all rows as sons and daughters have di!erent marginal distributions. For this figure, we evaluated the joint at

the common labor income levels. Standard errors calculated as in Figure 1.
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Appendix A. Proofs

A.1. Notation and Auxiliary Result for Lemma 5.1. Let

Gn[f ] := Gn[f(W )] :=
1⇓
n

n∑

i=1

(f(W )↓ E[f(W )]).

When the function f̂ is estimated, the notation should be interpreted as

Gn[f̂ ] = Gn[f ]|f=f̂ .

We use the Z-process framework from Appendix E.1 of Chernozhukov et al. (2013).
The score vector in (5.3) has the analytical form:
S
yw
i (φdyw) =




↼(Xd→

i µ
d
y)

!(Xd→
i µd

y)!(↓X
d→
i µd

y)

[
I
dy
i ↓ !(Xd→

i µ
d
y)
]

↼(Xd→

i ω
d
w)

!(Xd→
i ωdw)!(↓X

d→
i ωdw)

[
J
dw
i ↓ !(Xd→

i ω
d
w)

]


I
dy
i J

dw
i

!d
2i(y, w)

↓ I
dy
i J̄

dw
i

!d
2i(y,↓w)

↓ Ī
dy
i J

w
i

!d
2i(↓y, w)

+
Ī
dy
i J̄

dw
i

!d
2i(↓y,↓w)


↼2(Xd→

i µy, X
d→

i ωw; g(Xd→

i ε
d
yw))ġ(X

d→

i ε
d
yw)





↙X
d
i ,

(A.1)

where !d
2i(y, w) := !2(Xd→

i µ
d
y, X

d→
i ω

d
w; g(X

d→
i ε

d
yw)), !d

2i(y,↓w) :=

!2(Xd→
i µ

d
y,↓X

d→
i ω

d
w;↓g(Xd→

i ε
d
yw)), !d

2i(↓y, w) := !2(↓X
d→
i µ

d
y, X

d→
i ω

d
w;↓g(Xd→

i ε
d
yw)),

!d
2i(↓y,↓w) := !2(↓X

d→
i µ

d
y,↓X

d→
i ω

d
w; g(X

d→
i ε

d
yw)), and ġ(u) := dg(u)/du. The non-zero

components of the expected Hessian matrix in (5.4) have the analytical form

E
[
φµµϱ

y
i (µ

d
y)
]
= ↓E


φ(Xd→

i µ
d
y)

2

!(Xd→
i µd

y)!(↓X
d→
i µd

y)
X

d
i X

d→

i


,

E
[
φωωϱ

w
i (ω

d
w)
]
= ↓E


φ(Xd→

i ω
d
w)

2

!(Xd→
i ωd

w)!(↓X
d→
i ωd

y )
X

d
i X

d→

i


,

E
[
φεµϱ

yw
i (↽dyw)

]

= ↓E


!dµ

2i (y, w)

!d
2i(y, w)

↓ !dµ
2i (y,↓w)

!d
2i(y,↓w)

+
!dµ

2i (y, w)

!d
2i(↓y, w)

↓ !dµ
2i (y,↓w)

!d
2i(↓y,↓w)


!dφ

2i (y, w)ġ(X
d→
ε
d
yw)X

d
i X

d→

i


,

E
[
φεωϱ

yw
i (↽dyw)

]

= ↓E


!dω

2i (y, w)

!d
2i(y, w)

+
!dω

2i (y, w)

!d
2i(y,↓w)

↓ !dω
2i (↓y, w)

!d
2i(↓y, w)

↓ !dω
2i (↓y, w)

!d
2i(↓y,↓w)


!dφ

2i (y, w)ġ(X
d→

i ε
d
yw)X

d
i X

d→

i


,
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E
[
φεεϱ

yw
i (↽dyw)

]

= ↓E


1

!d
2i(y, w)

+
1

!d
2i(y,↓w)

+
1

!d
2i(↓y, w)

+
1

!d
2i(↓y,↓w)


!dφ

2i (y, w)
2
ġ(Xd→

i ε
d
yw)

2
X

d
i X

d→

i


,

where

!dµ
2i (±y,∝w) = φµ !2(±X

d→

i µ
d
y,∝X

d→

i ω
d
w; g(X

d→

i ε
d
yw))


µ=±Xd→

i µd
y

= !



∝X
d→
i ω

d
w ↓ g(Xd→

i ε
d
yw)(±X

d→
i µ

d
y)

1↓ g(Xd→
i εdyw)

2



φ(Xd→

i µ
d
y),

!dω
2i (±y,∝w) = φω !2(±X

d→

i µ
d
y,∝X

d→

i ω
d
w; g(X

d→

i ε
d
yw))


ω=Xd→

i ωdw

= !



±X
d→
i µ

d
y ↓ g(Xd→

i ε
d
yw)(∝X

d→
i ω

d
w)

1↓ g(Xd→
i εdyw)

2



φ(Xd→

i ω
d
w),

and

!dφ
2i (y, w) = φφ !2(X

d→

i µ
d
y, X

d→

i ω
d
w; ϑ)


φ=g(Xd→

i εdyw)
= φ2(X

d→

i µ
d
y, X

d→

i ω
d
w; g(X

d→

i ε
d
yw)).

Also, by the inverse of the partitioned matrix formula, the inverse of H(↽dyw) is



E[↼µµ↽

y
i (µ

d
y)]

↑1 0 0

0 E[↼ϖϖ↽wi (ωdw)]↑1 0

↑E[↼ωω↽
yw
i (ϱdyw)]↑1E[↼ωµ↽

yw
i (ϱdyw)]E[↼µµ↽

y
i (µ

d
y)]

↑1 ↑E↼ωω↽
yw
i (ϱdyw)]↑1E↼ωϖ↽

yw
i (ϱdyw)]E[↼ϖϖ↽wi (ωdw)]↑1 ↼ωω↽

yw
i (ϱdyw)↑1



 .

The following lemma, which combines results from Chernozhukov et al. (2013) and
Chernozhukov et al. (2018), provides su”cient conditions to verify Condition Z in Cher-
nozhukov et al. (2013) on the compact set Ȳ ↘ W̄ . Let (↽, y, w) →↑ ”(↽, y, w) := E[Syw

i (↽)]

and # = M↘N ↘D be the parameter space for ↽dyw = (µd→
y , ω

d→
w , ε

d→
yw)

→.

Lemma A.1 (Su”cient Condition for Z). Suppose thatM = N = Rdx , D is a compact subset

of Rdx and ȲW̄ := Ȳ ↘ W̄ is a compact set in R2
. Let I be an open set containing ȲW̄ . Suppose

that (a) ” : # ↘ I →↑ Rdε is continuous, (b) µ →↑ E[]φµϱ
y
i (µ)] and ω →↑ E[φωϱwi (ω)] are the

gradients of convex functions for each y ↔ Ȳ andw ↔ W̄ , respectively, and ε →↑ E[φεϱ
yw
i (µd

y, ω
d
w, ε)]

possesses a unique zero at εyw that is in the interior ofD for each (y, w) ↔ ȲW̄ and d ↔ {0, 1}, (c)
φ”(↽, y, w)/φ(↽→, y, w) exists at (↽dyw, y, w), and is continuous at (↽

d
yw, y, w) for each (y, w) ↔ ȲW̄

and d ↔ {0, 1}, and ”̇ϱdyw,y,w = φ”(↽, y, w)/φ↽
→ |ϱdyw obeys inf(y,w)↓ȲW̄ inf ||h||=1

∥∥∥”̇ϱdyw,y,wh

∥∥∥ >
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c0 > 0 for each d ↔ {0, 1}. Then Condition Z of Chernozhukov et al. (2013) holds and (y, w) →↑
↽
d
yw is continuously di!erentiable for each d ↔ {0, 1}.

A.2. Proof of Lemma 5.1. We drop the group index d to lighten the notation whenever it
does not cause confusion. An identical proof applies to both groups and the joint conver-
gence follows from the marginal convergence by independence.

We first show the result of the unrestricted estimator ↽̂yw and then for the estimator of
the the tail parameters.
FCLT and Bootstrap FCLT for ↽̂dyw. The proof follows the same steps as the proof of The-
orem 5.2 of Chernozhukov et al. (2013) and Theorem C.1 of Chernozhukov et al. (2018).
Let ”(↽, y, w) := P [Syw

i (↽)] and ”̂(↽, y, w) := Pn [S
yw
i (↽)], where Pn represents the empiri-

cal measure andP represents the corresponding probabilitymeasure. From the first-order
conditions, ↽̂yw = φ

(
”̂(·, y, w), 0

)
for each (y, w) ↔ ȲW̄ , where φ is the Z-map defined in

Appendix E.1 of Chernozhukov et al. (2013). The random vector ↽̂yw is the estimator of
↽yw = φ (”(·, y, w), 0) in the notation of this framework. Applying Step 1 below, we obtain

⇓
n

(
”̂↓”

)
↫ Z

! in ϱ
↗ (

ȲW̄ ↘ Rdε
)dε

,

where Z!(y, w, ↽) = GS
yw(↽), G is a P -Brownian bridge, and Z! has continuous paths a.s.

Step 2 verifies the conditions of Lemma A.1 for ”, which also implies that (y, w) →↑ ↽yw

is continuously di!erentiable in the set ȲW̄ . Then, by Lemma E.2 of Chernozhukov et
al. (2013), the map φ is Hadamard di!erentiable with derivative map (⇁, 0) →↑ ↓”̇↑1

⇁ at
(”, 0). Therefore, we can conclude that

⇓
n

(
↽̂
d
yw ↓ ↽

d
yw

)
↫ Z

dϱ
yw := ↓⇓

pd”̇
↑1
ϱdyw,y,wZ

!(y, w, ↽dyw) in ϱ
↗ (

ȲW̄
)dε

, (A.2)

where (y, w) →↑ Z
dϱ
yw has continuous paths a.s., because

⇓
nd

(
↽̂
d
yw ↓ ↽

d
yw

)
↫ ↓”̇↑1

ϱdyw,y,wZ
!(y, w, ↽dyw) in ϱ

↗ (
ȲW̄

)dε
,

by the functional delta method and
⇓
nd/

⇓
n ↑P

⇓
pd.

Step 1 (Donskerness). We verify that G =
{
S
yw
i (↽) : (y, w, ↽) ↔ ȲW̄ ↘ Rdε

}
is a P-Donsker

with a square-integrable envelope. By examining the expression in (A.1), we see that
S
yw
i (↽) is a Lipschitz transformation of VC functions with Lipschitz coe”cient bounded

by c ⇑Xi⇑ for some constant c and envelope function c ⇑Xi⇑, which is square-integrable.
Hence G is P-Donsker by Example 19.9 in Vaart (2000).



BDR 27

Step 2 (Verification of the Conditions of Lemma A.1). Conditions (a) and (b) follow di-
rectly from Assumption 5.1. To verify (c), note that for (↽̃yw, ỹ, w̃) in the neighborhood of
(↽yw, y, w),

φ”(↽̃yw, ỹ, w̃)

φ(↽̃→yw, ỹ, w̃)
=

[
H

ỹw̃(↽̃yw), J
ỹw̃(↽̃yw), K

ỹw̃(↽̃yw)
]
.

To characterize the analytical expressions of H ỹw̃(↽̃yw), J ỹw̃(↽̃yw) and K
ỹw̃(↽̃yw), we use

the notation and expressions introduced in Appendix A.1. Let !̃2i(y, w), !̃2i(y,↓w),
!̃2i(↓y, w), !̃2i(↓y,↓w)), !̃µ

2i(±y,∝w), !̃ω
2i(±y,∝w) and !̃φ

2i(y, w) be the same expressions
as !2i(y, w), !2i(y,↓w), !2i(↓y, w), !2i(↓y,↓w)), !µ

2i(±y,∝w), !ω
2i(±y,∝w) and !φ

2i(y, w)

in Appendix A.1 but evaluated at ↽̃yw = (µ̃y, ω̃w, ε̃yw).7 Then,

J
ỹw̃(↽̃yw) :=

φ”(↽̃yw, ỹ, w̃)

φỹ
= E





φ(X →
iµ̃y)

!(X →
iµ̃y)!(↓X

→
iµ̃y)

fY |X(ỹ | X)

0

J
ỹw̃
3 (↽̃yw)




,

where

J
ỹw̃
3 (φ̃yw) =

(
1

!̃2i(y,↓w)
↓ 1

!̃2i(↓y,↓w)

)
fY |X(ỹ | X)!̃ε

2i(y, w)ġ(X
↑
i ε̃yw)Xi

+

(
1

!̃2i(y, w)
↓ 1

!̃2i(y,↓w)
↓ 1

!̃2i(↓y, w)
+

1

!̃2i(↓y,↓w)

)
FY |W,X(ỹ | w̃,X)fW |X(w̃ | X)!̃ε

2i(y, w)ġ(X
↑
i ε̃yw)Xi;

and

K
ỹw̃(↽̃yw) :=

φ”(↽̃yw, ỹ, w̃)

φw̃
= E





0
φ(X →

iω̃w)

!(X →
iω̃w)!(↓X

→
iω̃w)

fW |X(w̃ | X)

K
ỹw̃
3 (↽̃yw)




,

where

K
ỹw̃
3 (φ̃yw) =

(
1

!̃2i(↓y, w)
↓ 1

!̃2i(↓y,↓w)

)
fW |X(w̃ | X)!̃ε

2i(y, w)ġ(X
↑
i ε̃yw)Xi

+

(
1

!̃2i(y, w)
↓ 1

!̃2i(y,↓w)
↓ 1

!̃2i(↓y, w)
+

1

!̃2i(↓y,↓w)

)
FW |Y,X(w̃ | ỹ, X)fY |X(ỹ | X)!̃ε

2i(y, w)ġ(X
↑
i ε̃yw)Xi.

Also,

H
ỹw̃(↽̃yw) :=

φ”(ỹ, s̃, ↽̃yw)

φ↽̃→yw
= E




H

ỹw̃
11 (↽̃yw) 0 0

0 H
ỹw̃
22 (↽̃yw) 0

H
ỹw̃
31 (↽̃yw) H

ỹw̃
32 (↽̃yw) H

ỹw̃
33 (↽̃yw)



 .

7Note that !̃2i(y, w) is di!erent from !2i(ỹ, w̃), because the former is evaluated at φ̃yw, a value near φyw,
whereas the latter is evaluated at φỹw̃, the true value of φyw at (y, w) = (ỹ, w̃).
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where

H
ỹw̃
11 (↽̃yw) =


G(X →

iµ̃y) [!(X
→
iµỹ)↓ !(X →

iµ̃y)]↓
φ(X →

iµy)2

!(X →
iµy)!(↓X

→
iµy)


XiX

→
i,

H
ỹw̃
22 (↽̃yw) =


G(X →

iω̃w) [!(X
→
iωw̃)↓ !(X →

iω̃w)]↓
φ(X →

iωw)
2

!(X →
iωw)!(↓X

→
iωw)


XiX

→
i,

H
ỹw̃
31 (φ̃yw) =

↓

!̃µ

2i(y, w)!2i(ỹ, w̃)

!̃2i(y, w)2
↓ !̃µ

2i(y,↓w)!2i(ỹ,↓w̃)

!̃2i(y,↓w)2
+

!̃µ
2i(y, w)!2i(↓ỹ, w̃)

!̃2i(↓y, w)2
↓ !̃µ

2i(y,↓w)!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)2


↘

!̃ε
2i(y, w)ġ(X

→

i ε̃yw)XiX
→

i

↓

!2i(ỹ, w̃)

!̃2i(y, w)
↓ !2i(ỹ,↓w̃)

!̃2i(y,↓w)
↓ !2i(↓ỹ, w̃)

!̃2i(↓y, w)
+

!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)


!̃εµ

2i (y, w)ġ(X
→

i ε̃yw)XiX
→

i ,

H
ỹw̃
32 (φ̃yw) = ↓


!2i(ỹ, w̃)

!̃2i(y, w)
↓ !2i(ỹ,↓w̃)

!̃2i(y,↓w)
↓ !2i(↓ỹ, w̃)

!̃2i(↓y, w)
+

!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)


!̃εϑ

2i (y, w)ġ(X
→

i ε̃yw)XiX
→

i

↓

!̃ϑ

2i(y, w)!2i(ỹ, w̃)

!̃2i(y, w)2
+

!̃ϑ
2i(y, w)!2i(ỹ,↓w̃)

!̃2i(y,↓w)2
↓ !̃ϑ

2i(↓y, w)!2i(↓ỹ, w̃)

!̃2i(↓y, w)2
↓ !̃ϑ

2i(↓y, w)!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)2


↘

!̃ε
2i(y, w)ġ(X

→

i ε̃yw)XiX
→

i ,

H
ỹw̃
33 (φ̃yw) = ↓


!2i(ỹ, w̃)

!̃2i(y, w)
↓ !2i(ỹ,↓w̃)

!̃2i(y,↓w)
↓ !2i(↓ỹ, w̃)

!̃2i(↓y, w)
+

!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)


↘

[
!̃εε

2i (y, w)ġ(X
→

i ε̃yw) + !̃ε
2i(y, w)g̈(X

→

i ε̃yw)
]
XiX

→

i

↓


!2i(ỹ, w̃)

!̃2i(y, w)2
+

!2i(ỹ,↓w̃)

!̃2i(y,↓w)2
+

!2i(↓ỹ, w̃)

!̃2i(↓y, w)2
+

!2i(↓ỹ,↓w̃)

!̃2i(↓y,↓w)2


!̃ε

2i(y, w)
2
ġ(X

→

i ε̃yw)XiX
→

i ,

G(u) =
d

du


φ(u)

!(u)!(↓u)


= ↓ φ(u)

!(u)!(↓u)


u+

1↓ 2!(u)

!(u)!(↓u)


,

!̃φµ
2i = φ

2
φ,µ !2(µ,X

→
iω̃w; ϑ)|µ=X→

iµ̃y ,φ=g(X→
i ε̃yw) = ↓X

→
iµ̃y ↓ g(X →

i ε̃yw)X
→
iω̃w

1↓ g(X →
i ε̃yw)

2
φ2(X

→
iµ̃y, X

→
iω̃w; g(X

→
i ε̃yw)),

!̃φω
2i = φ

2
φ,ω !2(X

→
iµ̃y, ω; ϑ)|ω=X→

i ω̃w,φ=g(X→
i ε̃yw) = ↓X

→
iω̃w ↓ g(X →

i ε̃yw)X
→
iµ̃y

1↓ g(X →
i ε̃yw)

2
φ2(X

→
iµ̃y, X

→
iω̃w; g(X

→
i ε̃yw)),

and
!̃φφ

2i = φ
2
φ,φ !2(X

→
iµ̃y, X

→
iω̃w; ϑ)|φ=g(X→

i ε̃yw) = φφ φ2(X
→
iµ̃y, X

→
iω̃w; ϑ)|φ=g(X→

i ε̃yw) .

We want to show that (↽̃yw, ỹ, w̃) →↑ H
ỹw̃(↽̃yw), (↽̃yw, ỹ, w̃) →↑ J

ỹw̃(↽̃yw), and (↽̃yw, ỹ, w̃) →↑
K

ỹw̃(↽̃yw) are continuous at (↽yw, y, w) for each (y, w) ↔ ȲW̄ . The verification of the con-
tinuity follows from using the expressions, the dominated convergence theorem, and the
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following ingredients: (1) a.s. continuity of the map (↽̃yw, s̃, ỹ) →↑ φϱS
ỹw̃
i (↽̃yw), (2) domina-

tion of
∥∥∥φϱS ỹw̃

i (↽̃yw)
∥∥∥ by a square-integrable function c ⇑Xi⇑ for some constant c > 0, (3) a.s.

continuity and uniform boundedness of the conditional density functions y →↑ fY |X(y | x)
and w →↑ fW |X(w | x) by Assumption 5.1, and (4) !̃2i(y, w), !̃2i(y,↓w), !̃2i(↓y, w), and
!̃2i(↓y,↓w)) being bounded away from zero, and !̃µ

2i(±y,∝w), !̃ω
2i(±y,∝w) and !̃φ

2i(y, w)

being bounded, uniformly on ↽̃yw ↔ Rdε a.s. Finally, the last part of (c) follows because
the minimum eigenvalue of ”̇ϱyw,y,w = H

yw(↽wy) is bounded away from zero uniformly on
(y, w) ↔ ȲW̄ by Assumption 5.1.

CLT and Bootstrap CLT for (⇀̂dȳ , ⇀̂dy , ⇀̂dw̄, ⇀̂dw). We use the notation R to refer to either Y and
W , as the proof is identical in both cases. In what follows it is convenient to analyze the
estimator of the lower tail, r, the analysis for estimator of upper tail follows exactly the
same steps, switching the sign of the dependent variable, R ↔ {Y,W,↓Y,↓W}.

The estimator ⇀̂r can be seen as a Z-estimator with moment function

▷i(ϖr, µr) = (φϑϱ
r0
i (ϖr, µr), φµϱ

r
i (µr)

→)→ .

Invoking Z-process theory for the simple case of finite-dimensional space Rdx+1, we have
that jointly in R ↔ {Y,↓Y,W,↓W},

√
n/nd

⇓
nd

(
⇀̂
d
r ↓ ⇀

d
r

)
↫ ⇓

pdE


φϑϑϱ

r0
i (ϖd

r , µ
d
r) φϑµϱ

r0
i (ϖd

r , µ
d
r)

0 φµµϱ
r
i (µ

d
r)

↑1

G(▷i(ϖ
d
r , µ

d
r)). (A.3)

In fact using Hadamard di!erentiability results for Z-processes given in Chernozhukov et
al. (2013), we conclude that convergence results (A.2) and (A.3) hold jointly.8

The Hadamard di!erentiability results for Z-processes also imply that the bootstrap
analogs of the results (A.2) and (A.3) are valid and hold jointly as well. We omit writing
the formulas for these convergence results, since they are analogous to (A.2) and (A.3). ↬

A.3. Proof of Theorem 5.1. Let UC(ȲW̄ , ϑ) denote the set of functions mapping ȲW̄ to
the real line that are uniformly continuous with respect to ϑ, the standard metric in R2.
The proof follows similar steps to the proof of Theorem 5.2 in Chernozhukov et al. (2013),
suitably modified to extend the process to the tails. The main di!erences are highlighted
in Steps 1, 2, and 3 below.

S/$0 %.(Results for coe”cients and empirical measures). Application of the Hadamard
di!erentiability results for Z-processes in Chernozhukov et al. (2013), together with

8Of course, it is cumbersome to put this joint convergence statement into one display, sowe state this verbally.
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Lemma 5.1, gives that,
√

n/nm
⇓
nm Ĝ

m
X(f) ↫ G

m
X(f) in ϱ

↗(F), (A.4)

jointly with (A.2) and (A.3) for all d,m ↔ {0, 1}.
S/$0 *.(Main: Results for conditional cdfs). Here we show that, for all j, k, l,m ↔ {0, 1},

(Ẑ(jkl)
ywx , Ĝ

m
X(f)) ↫ (Z(jkl)

ywx , G
m
X(f)) in ϱ

↗(YWXF),

(Ẑ(jkl)↔
ywx , Ĝ

m↔
X (f)) ↫P (Z(jkl)

ywx , G
m
X(f)) in ϱ

↗(YWXF).

As in the proof of Lemma 5.1, we drop the group indexes i, j and k to lighten the nota-
tion, whenever it does not cause confusion.

It is convenient to extend the processes µ̂y, ω̂w and ε̂yw to the tails as

µ̂y = µ̂ȳy + (y↓ ȳy)ϖ̂ȳye1, ω̂w = ω̂w̄w + (w↓ w̄w)ϖ̂w̄we1, ε̂yw = ε̂ȳyw̄w , y ↔ Y \ Ȳ , w ↔ W \W̄ ,

where e1 is a unitary dx-vector with a one in the first component. Likewise, the coe”cient
functions are given by

µy = µȳy + (y↓ ȳy)ϖȳye1, ωw = ωw̄w + (w↓ w̄w)ϖw̄we1, εyw = εȳyw̄w , y ↔ Y \ Ȳ , w ↔ W \W̄ ,

by assumption.
For the body part, (y, w) ↔ Ȳ ↘ W̄ , consider the mapping φ : D⇀ ⇒ ϱ

↗(ȲW̄)dε ↑
ϱ
↗(ȲW̄X ), defined as

t →↑ φ(t), φ(t)(y, w, x) := !2 (x
→
my, x

→
nw, g(x

→
dyw)) , tyw := (my, nw, dyw).

It is straighforward to deduce that this map is Hadamard di!erentiable at tyw = ↽yw tan-
gentially to UC(ȲW̄ , ϑ)dε with the derivative map given by:

v →↑ φ
→
(v), φ

→
(v)(y, w, x) = φϱ!2(x

→
µy, x

→
ωw; g(x

→
εyw)) · vyw.

The tail part can be divided in 3 regions: (I) (Y\Ȳ)↘(W\W̄), (II) Ȳ↘(W\W̄), and (III)
(Y \ Ȳ)↘ W̄ . For (y, w) ↔ I , we consider the mapping φI : R3dx+2 ↑ ϱ

↗((Y \ Ȳ)(W \W̄)X )

defined by:

(t, a, b) →↑ φI(t, a, b), φI(t, a, b)(y, w, x) := !2(x
→
m+ (y ↓ ȳy)a, x

→
n+ (w ↓ w̄w)b, g(x

→
d)),

t := (m,n, d).

This map is also Hadamard di!erentiable at (t, a, b) = (↽ȳy ,w̄w ,ϖȳy ,ϖw̄w) tangentially to the
entire domain with the derivative (v, h, u) →↑ φ

→
I(v, h, u), where
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φ
→
I(v, h, u)(y, w, x) = φϱ!2(x

→
µȳy + (y ↓ ȳy)ϖȳy , x

→
ωw̄w + (w ↓ w̄w)ϖw̄w , g(x

→
εȳyw̄w))vȳyw̄w

+ φϑȳy
!2(x

→
µȳy + (y ↓ ȳy)ϖȳy , x

→
ωw̄w + (w ↓ w̄w)ϖw̄w , g(x

→
εȳyw̄w)))(y ↓ ȳy)h

+ φϑw̄w
!2(x

→
µȳy + (y ↓ ȳy)ϖȳy , x

→
ωw̄w + (w ↓ w̄w)ϖw̄w , g(x

→
εȳyw̄w)))(w ↓ w̄w)u.

The derivative is a bounded (continuous) linear operator (note that as y ↑ ±↗ or
w ↑ ±↗, the derivative vanishes, with the linear growth factors y ↓ ȳw or w ↓ w̄w being
dominated by the term φϑȳy

!2 or φϑw̄w
!2 with exponential tails). Similarly, for (y, w) ↔ II ,

we consider the mapping φII : ϱ↗(Ȳ)2dx ↘ Rdx+1 ↑ ϱ
↗(Ȳ(W \ W̄)X ) defined by:

(t, b) →↑ φII(t, b), φII(t, b)(y, w, x) := !2(x
→
my, x

→
n+ (w ↓ w̄w)b, g(x

→
dy)), ty := (my, n, dy).

This map is Hadamard di!erentiable at (ty, b) = (↽y,w̄w ,ϖw̄w) tangentially to the entire
domain with the derivative (v, u) →↑ φ

→
II(v, u), where

φ
→
II(v, u)(y, w, x) = φϱ!2(x

→
µy, x

→
ωw̄w + (w ↓ w̄w)ϖw̄w , g(x

→
εyw̄w))vyw̄w

+ φϑw̄w
!2(x

→
µy, x

→
ωw̄w + (w ↓ w̄w)ϖw̄w , g(x

→
εyw̄w)))(w ↓ w̄w)u.

The derivative is a bounded (continuous) linear operator. Finally, for (y, w) ↔ III , we
consider the mapping φIII : ϱ↗(W̄)2dx ↘ Rdx+1 ↑ ϱ

↗((Y \ Ȳ)W̄X ) defined by:

(t, a) →↑ φIII(t, a), φIII(t, a)(y, w, x) := !2(x
→
m+(y↓ȳy)a, x

→
nw, g(x

→
dw)), tw := (m,nw, dw).

This map is Hadamard di!erentiable at (tw, a) = (↽ȳy ,w,ϖȳy) tangentially to the entire do-
main with the derivative (v, h) →↑ φ

→
III(v, h), where

φ
→
III(v, h)(y, w, x) = φϱ!2(x

→
µȳy + (y ↓ ȳy)ϖȳy , x

→
ωw, g(x

→
εȳyw))vȳyw

+ φϑȳy
!2(x

→
µȳy + (y ↓ ȳy)ϖȳy , x

→
ωw, g(x

→
εȳyw))(y ↓ ȳy)h.

The derivative is a bounded (continuous) linear operator.
We can nowdefine the ”extendedmap” that combines the body and tail pieces (t, a, b) →↑

φ̄(t, a, b), where

φ̄(t, a, b)(y, w, x) := φ(t)(y, w, x)1((y, w) ↔ Ȳ ↘ W̄) + φI(t, a, b)(y, w, x)1((y, w) ↔ I)

+ φII(t, b)(y, w, x)1((y, w) ↔ II) + φIII(t, a)(y, w, x)1((y, w) ↔ III).

By combining the four di!erentiability results above, we can deduce that this map is
Hadamard di!erentiable with the derivative map (v, h, u) →↑ φ̄

→
(v, h, u), where

φ̄
→
(v, h, u)(y, w, x) := φ

→
(v)(y, w, x)1((y, w) ↔ Ȳ ↘ W̄) + φI(v, u, h)(y, w, x)1((y, w) ↔ I)

+ φII(v, u)(y, w, x)1((y, w) ↔ II) + φIII(v, h)(y, w, x)1((y, w) ↔ III).
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Then, the claim for the conditional process Ẑ(ijk)
ywx follows by (A.2), (A.3) and the func-

tional delta method, and expression of the limit process can be obtained after some alge-
bra.

S/$0 .. (Auxiliary: Donskerness). One key ingredient for the result is to show that F
is a Dudley-Koltchinskii-Pollard (DKP) class, namely it has bounded uniform covering
entroy integral and obeys standard measurability condition (Dudley’s image-admissible
Suslin condition). We omit any discussion of measurability in this paper, but we note
that it trivially holds. The proof in Chernozhukov et al. (2013) relies on compactness
of the set YWX and applies immediately only to ȲW̄X . We extend the result to YWX .
Note that F = {FY,W |X(y, w | ·) : y ↔ Y , w ↔ W} is a uniformly bounded “parametric”
family indexed by y ↔ Y and w ↔ W that obeys |FY,W |X(y, w | ·) ↓ FY,W |X(y→, w→ | ·)| ↭
L(|y ↓ y

→ | + |w ↓ w
→ |), given the assumption that the density functions fY |X and fW |X are

uniformly bounded by some constantL. This is enough to bound the covering numbers for
the index set Ȳ↘W̄ , but is not enough to bound the covering number over the unbounded
set Y ↘W .

Under our modelling hypotheses, there exists a small enough constant C > 0 such that

FY,W |X(y, w | ·) ↭ exp(Cy); y < 0; 1↓ FY,W |X(y, w | ·) ↭ exp(↓Cy); y > 0;

and

FY,W |X(y, w | ·) ↭ exp(Cw); w < 0; 1↓ FY,W |X(y, w | ·) ↭ exp(↓Cw); w > 0.

Let Rj = ↓M(◁)↓ ◁/(2L) + j(◁/L), with j = 0, ..., J , where J = ′2M(◁)L/◁∞ + 1, M(◁) =

log(1/◁)/C and ′·∞ is the ceiling function. Let R↑1 = ↓↗ and RJ+1 = +↗. The sets
Bjk = {FY,W |X(y, w | X) : Rj ↭ y ↭ Rj+1, Rk ↭ w ↭ Rk+1} for j, k ↔ {↓1, ..., J} have the
L
2 diameter of at most

⇓
2◁ independently of the distribution of FX :

• Indeed by the previous paragraph, if j, k ↔ {0, ..., J ↓ 1}, then the diameter of the
set Bj,k is at most

⇓
2L(◁/L) =

⇓
2◁.

• For j ↔ {↓1, J} or k ↔ {↓1, J}, then any pair of conditional cdfs in the same ball
obey:

|FY,W |X(y, w | ·)↓ FY,W |X(y
→
, w

→ | ·)| ↭ exp(↓M(◁)C) = exp(↓[log(1/◁)/C]C) ↭ ↼.

The number of sets is atmost [2 log(1/◁)L/(C◁)+5]2. It follows that the uniform covering
number of the function set F = {FY,W |X(y, w | X) : y ↔ Y , w ↔ W} is bounded by
(1 + (1/◁2))2 up to a constant that does not depend on the distribution of X . The set F is
therefore a DKP class. ↬



BDR 33

References
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Appendix B. Robustness checks

F&’()$ 1. Counterfactual transitionmatrices using no covariates for ϑ (boos-
trapped standard errors in parentheses).
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1.3
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Notes: Panel (A) and (B) show the predicted transition matrices from the full model. For panels (C) and (D), φ̂ is artificially

set to zero. The transition matrices capture the dependence due to the marginals. Panel (E) and (F) show the di!erences

between (A) and (C) and (B) and (D). Standard errors calculated as in Figure 1.
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F&’()$ 2. Decomposition of di!erence in transition matrices between sons
and daughters excluding race and household size for children.
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Notes: Figure 5 shows the decomposition of the joint distribution between sons and daughters into three terms.
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