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ARTICLE INFO ABSTRACT
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In this paper, we analyze a perturbed formulation of bilevel optimization problems, which we refer to as
s-perturbed formulation. The §-perturbed formulation allows to handle the lower level optimization problem
efficiently when there are multiple lower level optimal solutions. By using an appropriate perturbation strategy
for the optimistic or pessimistic formulation, one can ensure that the optimization problem at the lower level
contains only a single (approximate) optimal solution for any given decision at the upper level. The optimistic
or the pessimistic bilevel optimal solution can then be efficiently searched for by algorithms that rely on solving
the lower level optimization problem multiple times during the solution search procedure. The §-perturbed
formulation is arrived at by adding the upper level objective function to the lower level objective function after
multiplying the upper level objective by a small positive/negative 6. We provide a proof that the 5-perturbed
formulation is approximately equivalent to the original optimistic or pessimistic formulation and give an error
bound for the approximation. We apply this scheme to a class of algorithms that attempts to solve optimistic
and pessimistic variants of bilevel optimization problems by repeatedly solving the lower level optimization
problem.

Error bound

Iterative heuristics
Population-based methods
Evolutionary Algorithms

1. Introduction Bilevel optimization is of significant importance because of its wide-

ranging applicability in various practical domains. Applications include

In the realm of optimization, the search for efficient solutions to
complex decision-making problems is difficult in numerous fields such
as engineering, economics, transport, and management. Among the di-
verse set of optimization frameworks, bilevel optimization [1,2] stands
out as a fundamental approach to modeling hierarchical decision-
making processes. At its core, bilevel optimization involves two tiers of
decision-makers: an upper level decision-maker, often regarded as the
leader, and a lower level decision-maker, referred to as the follower.
To optimize the objective function, the leader initially determines
certain values for its decision vector, x. This process establishes the
feasible region for the follower’s problem. Subsequently, the follower
proceeds to determine its own optimal decision vector, y, within the
lower level feasible region, which is parameterized with respect to
x. In order to optimize its decision vector, the leader must take into
account the follower’s response to any given x, as this generally impacts
the feasibility and also the objective of the leader. Similarly to a
Stackelberg game [3], this hierarchical structure exemplifies real-world
scenarios in which upper level entities, acting as leaders, attempt to
solve upper level optimization problems, while lower level entities,
acting as followers, make decisions to optimize their own objectives
within defined constraints.

* Corresponding author.

scenarios involving Stackelberg games, such as the toll-setting problem
within the literature on transportation policy [4-6]. Another example
is presented in the study by [7], where a bilevel approach is proposed
for retailers to invest in renewable-based systems, integrating capacity
sizing and pricing strategies while ensuring profitability and safety.
Furthermore, bilevel optimization has been widely employed in various
other fields, including chemical engineering [8,9], taxation [10,11],
security protocols [12-14], production planning [15], and firm be-
havior analysis [16]. It also finds applications in feature selection
algorithms [17] and mobile cloud computing architectures [18]. In
machine learning, bilevel optimization has been applied to address hy-
perparameter tuning challenges [19,20]. For a comprehensive overview
of bilevel optimization, interested readers can refer to the following
sources: [2,21-23].

Bilevel problems are known to be NP-hard,even in the simplest
formulation [24]. Various classical approaches are used to solve several
classes of bilevel problems, such as the Karush-Kuhn-Tucker (KKT)
method [25,26], trust region [27-29], and penalty methods [30-32].
Gradient descent methods are commonly used in bilevel optimization
when certain regularity conditions are met [33,34]. These methods
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can struggle in the presence of non-convexities and discontinuities due
to their reliance on differentiable functions and attractiveness to local
minima [35]. In bilevel problems where gradients may be difficult to
compute or may not exist or the problem is black-box, population-based
methods offer advantages. Unlike gradient-based methods, population-
based approaches do not depend on gradient information, rather con-
verge based on function and constraint evaluations allowing greater
flexibility for a variety of bilevel optimization problems [36]. This
includes evolutionary algorithms (EAs) such as genetic algorithm [37-
40], differential evolution [41,42], Bayesian optimization [43], Ran-
dom Search [44], other metaheuristics [45-47], hybrid methods [48-
50], surrogate-assisted methods [51,52] etc. Such algorithms use an
efficient sampling strategy to sample upper level vectors and solve the
corresponding lower level optimization problems to converge towards
the bilevel optimal solution. A survey on metaheuristics for bilevel
optimization can be found here [53].

The optimization techniques mentioned above often struggle to
effectively address the complexities inherent in bilevel optimization.
Specifically, when the set of solutions to the follower’s reaction is
not a singleton, the problem becomes ill-posed, and the leader cannot
simply optimize her choice but needs to make some assumptions. The
two extreme assumptions commonly used in the bilevel programming
community are optimistic and pessimistic approaches. The optimistic
approach assumes that the lower level decision-maker, in case of indif-
ference with respect to its own objective, will select the best possible
solution for the upper level decision-maker, aiming to improve the
upper level objective. In pessimistic approach, the follower aims to
worsen the upper level objective function by considering the worst-
case scenario for the leader, whenever it faces indifference between
solutions while optimizing its own objective. The worst-case scenario,
for a bilevel problem where the leader is a minimizer, is typically
expressed as the minimization of the maximum of the upper level
objective function over a feasible set dependent on the follower choices.
This leads to the pessimistic bilevel problem, which is also known as
the weak Stackelberg game [54].

A comprehensive review of pessimistic bilevel optimization prob-
lems can be found in the work by [55]. Additionally, [56] provide a
detailed examination of various methods used to address these prob-
lems, and [57] discuss their optimality conditions. Primarily, classical
mathematical techniques, including the kth best algorithm [58] and
penalty-based approaches [59,60], have been employed to tackle pes-
simistic linear bilevel problems. Moreover, approximation methods
have been explored to solve bilevel problems in the works of [61,62].

To address bilevel optimization problems with multiple lower level
optimal solutions, we explore the perturbation-based approach, initially
described by Molodtsov in [63]. The author uses a series of strong
Stackelberg games to solve the weak problem or the pessimistic bilevel
problem. In the paper [64], the concept of perturbation of the lower
level is used on a bilevel linear resource control problem. The same
formulation is then also mentioned in a review article later in [65].
In [66], the reformulation is used for linear bilevel problems to find
optimistic, pessimistic, and intermediate solutions, assuming some co-
operation between levels. In [67], the authors utilized the Molodtsov
method to calculate a series of solutions for the strong Stackelberg
problem, i.e. optimistic bilevel problem. Then, they examined the
connections between these solutions and solutions for the pessimistic
bilevel problem. To our best knowledge, none of the perturbation-
based studies have analyzed the error bounds for the perturbed problem
either mathematically or computationally. This paper contributes to
the bilevel literature by performing a mathematical analysis of the
perturbed problem and also demonstrating the results computationally
for a number of test cases.

There are a number of studies for optimistic bilevel problems,
however, only limited number of studies exist for pessimistic bilevel
problems. For instance, many of the nested EA approaches assume
an optimistic position while solving the problem mainly due to the
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difficulties resulting from the complex interplay between optimization
tasks at the upper and lower levels.

It should be mentioned that the pessimistic bilevel problem, in its
original form, requires an extra optimization step, hence it turns into a
trilevel problem. In a bilevel problem, where the follower has a single
optimal solution for any given leader decision, the leader optimizes
its decision considering the follower’s (unique) optimal response. In
the presence of multiple optimal solutions for the follower’s problem
for any given leader’s decision a pessimistic or optimistic position is
considered. In the pessimistic case the leader additionally considers the
worst-case scenario within the follower’s optimal responses. This adds
a third level of optimization task effectively making the optimization
problem a three level problem. The use of nested approaches become
prohibitively costly while trying to solve the pessimistic problem in
its original form. In this paper we demonstrate the application of
the perturbation-based formulation to pessimistic bilevel problems and
solve them using a population-based algorithm. The perturbation-based
formulation is beneficial for optimistic bilevel problems as well, as it
transforms the lower level problem with non-unique solutions into one
with approximately unique solutions.

In light of the contributions made in the literature and existing gaps,
this article seeks to address the following research questions:

» What are the theoretical proofs and error bounds of the equivalent
perturbed bilevel problem?

» How can the perturbation method be applied effectively to solve
optimistic and pessimistic bilevel optimization problems via
sampling-based methods?

The primary aim of this paper is to establish a framework for
addressing ill-posed bilevel optimization problems. Specifically, we
provide rigorous proofs for both optimistic and pessimistic bilevel
formulations that relies on the lower level optimal value function
mapping. Additionally, we use a nested differential evolution (DE) to
solve a number of bilevel test problems and a principal-agent problem,
wherein the lower level contains multiple optimal solutions. Through a
computational study we offer insight into the accuracy and efficiency
of the perturbed formulation for varying levels of perturbation. A com-
parison of the computational performance is drawn with the theoretical
results.

The paper is structured as follows: In Section 2, we introduce
the bilevel optimization problem and the related terminology. There-
after, in Section 3, we provide an analysis of the §-perturbation of
ill-posed bilevel problems for both an optimistic and pessimistic po-
sition. In Section 4, we provide an illustrative example. We use a class
of optimization algorithms that solve bilevel problems using a nested
approach to show that both optimistic and pessimistic formulations can
be effectively solved using perturbation-based approach, referred to as
§-perturbation, in Section 5. Section 6 concludes the paper and gives
some ideas for future research.

2. Bilevel problem definition

In a bilevel problem, each level operates with its own distinct
objectives, constraints, and variables. There are two categories of deci-
sion variables (vectors): upper level decision vectors and lower level
decision vectors. The lower level optimization is essentially a para-
metric optimization problem, solved with respect to the lower level
decision vectors while considering the upper level decision vectors as
parameters. Importantly, the lower level optimization problem acts as
a constraint for the upper level optimization problem. For the upper-
level objective function F : R” XxR” — R and the lower level objective
function f : R" x R™ — R, the bilevel problem is given by:

iy Gy @
subject to (2)
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Fig. 1. A sketch of a bilevel problem showing the inter-linkage between the upper and lower levels.

y € argmin {£(x,y) : g(x.») <0.i=1,...1) @)
y

Gi(x,»<0, j=1...J 4)

where g; : R" X R" — R denotes the lower level constraints, and
G; : R"xR" — R denotes the upper level constraints. Equality
constraints may also exist but have been omitted for the sake of brevity.
Note that x € X and y € Y in the above definition denote that variables
can be real or integers, depending on X being R” or Z" and Y being R™
or Z™. However, in most of our discussions, we will avoid using the sets
X and Y, and we will consider the variables to be real and continuous
unless explicitly stated to be integers.

Fig. 1 illustrates a general bilevel problem involving nested opti-
mization tasks. The figure illustrates that for any given upper level
decision vector, there exists a corresponding lower level optimization
problem to be addressed. This lower level problem, which is parametric
in nature, yields the rational and optimal response of the lower level
participant in response to any decision by the upper level partici-
pant. In this context, the upper level decision vector is denoted as x,
while the lower level decision vector is denoted as y. Pairs (x(1), y()
and (x®, y®), where y and y® represent optimal responses to x(V
and x®, respectively, are considered feasible solutions to the bilevel
optimization problem, provided that they also adhere to the other
constraints of the problem. In bilevel problems, the leader typically has
knowledge of the follower’s optimization problem , while the follower
observes the leader’s decisions and subsequently optimizes its own
strategies accordingly.

An equivalent formulation of the above problem can be stated in
terms of set-valued mappings, where ¥ : R" =3 R" is a set-valued

mapping.
¥(x) = argmin{f(x,y) : g(x,y) <0}
y

The bilevel optimization problem, in terms of ¥(x), can be expressed
as a constrained optimization problem as follows:

F(x,y)

(I 1]

mip
subject to
ye¥(x)
G(x,y) <0
A summary of the terminologies commonly used in the context of

bilevel optimization is given in Table 1. In the preceding two defini-
tions, quotation marks are employed when describing the upper level

minimization problem due to an inherent ambiguity that emerges when
multiple lower level optimal solutions exist for a given upper level
decision vector. When confronted with several lower level optimal
solutions, it becomes unclear at the upper level which specific optimal
solution from the lower level should be employed. To address this
ambiguity, different positions that the leader can adopt can be defined.
Two frequently explored positions are the optimistic and pessimistic
positions, which we will discuss next.

2.1. Optimistic position

In an optimistic position, when faced with multiple lower level
optimal solutions, the leader anticipates that the follower will select
the solution within the optimal set ¥(x) that yields the best objective
function value at the upper level. The follower’s choice function in this
context (best-case for leader) can be defined as follows:

wo(x) = argmin{ F(x,y) : y € ¥(x)}
y

This formulation assumes a degree of cooperation between both partic-
ipants. The bilevel optimization problem, operating under an optimistic
position, is outlined below:

rgyiyn F(x,y) (5)
subject to

Y= wo(x) ©)

G(x,») <0 @)

The optimistic position is more tractable as compared to the pessimistic
position; therefore, most of the studies handle the optimistic version
of the bilevel optimization problem. An alternative way to write the
optimistic position is through the use of the lower level optimal value
function ¢ mapping, defined as:

o(x) = m}in{f(x, y) 1 g(x,y) <0}

Lower level optimal value function mapping gives the optimal lower
level function value corresponding to any given upper level decision
vector. In terms of ¢-mapping, the bilevel problem can be written as

follows:
min  F(x,y) (8)
x.y

subject to
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Table 1
Important terminology and notations in bilevel optimization.

Name Description

Lower level feasible region Q:R'=zR" Q(x) ={y : g(x,y) <0}, represents the lower level feasible region for
any given upper level decision vector

Relaxed feasible set @ = gphQ @ = {(x,y) : G(x,y) <0,g(x,y) <0}, represents the region satisfying
both upper and lower level constraints

Lower level reaction set Y :R'3R" Y(x)={y: ye€argmin{f(x,y) : g(x,y) <0}}, represents the lower

y
level optimal solution(s) for an upper level decision vector

Lower level feasible region S(x) S(x)={y : g(x,y) <0} represent the lower level feasible region
corresponding to a given upper level decision vector.

Choice function y R" > R™ y(x) represents the solution chosen by the follower for any upper
level decision vector. It becomes important in case of multiple
lower level optimal solutions.

Lower level optimal value function ¢ R'">R @(x) =min{f(x,y) : g(x,y) <0} represents the minimum lower level

¥y
function value corresponding to a given upper level decision vector.
Upper level pessimistic function ki R" - R k(x) = max{F(x,y) : g(x,y) <0, f(x,y) > ¢(x)} represents the
Y
maximum Upper level function value corresponding to lower level
decisions for a given upper level decision vector.
f(x,y) < p(x) 9 3. &-perturbation of bilevel problems
gx,y) <0 10$) . . .
Consider the bilevel problem (1)-(4) for which one may take an
G(x,» <0 an optimistic or a pessimistic position while solving it. It is proposed that

2.2. Pessimistic position

In a pessimistic position, when faced with multiple optimal solutions
at the lower level, the leader seeks to optimize for the worst-case sce-
nario. In other words, she assumes that the follower might choose the
solution from the optimal set that results in the least favorable objective
function value at the upper level. We can express the follower’s choice
function in this context (worst-case for leader) as follows:

wp(x) = argmax{F(x,y) : ye PY(x)}
y

This formulation does not assume any form of cooperation. The bilevel
optimization problem under a pessimistic position has been defined
below:

n)giyn F(x,y) (12)
subjeét to

Y =yp(x) 13)

G(x,») <0 14

The pessimistic position [57,68,69] is relatively less tractable when
compared to the optimistic position. The pessimistic formulation is
guaranteed to have optimal solutions under stronger assumptions com-
pared to the optimistic formulation. In the case of the optimistic
position, we provide a formulation based on ¢ mapping, which is a
popular formulation and is commonly used in algorithms to solve the
optimistic formulation. We argue that it is possible to write an alterna-
tive formulation of the pessimistic position in terms of the ¢ mapping.
However, it requires an additional constraint to ensure that the upper
level chooses the worst solution from the lower level’s optimal set for
any given x.

nxnyn F(x,y) (15)
subject ’to
fx,p) < o(x) (16)
F(x,y) 2 k(x) 17
§(x,») <0 18
G(x,y) <0 (19)

where k(x) = max, { F(x,y) : g(x,) <0, f(x,y) < p(x)}.

the §-perturbed bilevel formulation for the optimistic position is given
as follows:

min  F(x,y)
x,y

subject to

y € argmin{ f(x,y) + 6F(x,y) : g(x,») <0,i=1,..., 1}
y

G;(x,»)<0, j=1..,J

Similarly, the §-perturbed bilevel formulation for the pessimistic posi-
tion is given as follows:

min  F(x,y)
xy
subject to

y € argmin{ f(x,y) = 6F(x,y) : g(x,») <0,i=1,...,1}
y

G;(x,»)<0, j=1..J

In both the above formulations,  is a small constant that leads to a mi-
nor perturbation in the optimistic and the pessimistic bilevel problems.
We assume that a minor perturbation with some § modifies the lower
level problem such that it has a unique global optimal solution for any
given upper level decision.

We explain the perturbations visually through Fig. 2. This figure
shows a bilevel optimization problem with multiple lower level optimal
solutions on the left hand side. The feasible region of the lower level is
shown in gray for four decision vectors of the upper level, x,, x;, x, and
x3. Note that there are multiple lower level optimal solutions for all of
these four upper level decision vectors. Among the multiple lower level
optimal solutions, the optimistic and pessimistic selections for x, x|, x,
and x5 are marked in white and black circles, respectively. A dotted
line marks the paths traced by the optimistic and pessimistic lower
level selections for all upper level decision vectors, making it clear
that x, represents the optimistic bilevel optimum (as x, corresponds
to minimum of F(x, y) for optimistic selection), while x; represents the
pessimistic bilevel optimum (as x; corresponds to minimum of F(x, y)
for pessimistic selection).

The perturbation of the lower level problem with § slightly changes
the optimistic and pessimistic selections that have been shown on the
right-hand side of Fig. 2. Solving this perturbed problem, therefore,
leads to an approximate optimistic and pessimistic bilevel optimum.
In this paper, we show the relationship between the choice of § and
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Upper level to be minimized with
optimistic or pessimistic assumptions

§-Pessimistic
\ Min (£ (x,) = 8F(x,y): y € $())
Pessimistic
bilevel )
optimum
N
R
I,
1)
Optimistic I
bilevel
optimum §-Optimistic

fy)

Representation of a general bilevel program

l\gI/in {fCe,y) + 6F (x,y):y € S(x)}

Errors in solution for the perturbed problem

Fig. 2. Each shaded region in the left figure shows the feasible region of the lower level optimization problem in the F-f space for a given x,, x,,x, and x;. The left vertical part
of each of the shaded regions represent multiple lower level optimal solutions. The right figure gives a graphical representation for the errors induced by -perturbed lower level

objective function corresponding to x;.

the maximum error that it leads to when the §-perturbed formula-
tion is solved instead of the true bilevel (optimistic or pessimistic)
formulation.

In the following subsections, we explore the §-perturbed formu-
lation for the pessimistic position first followed by the §-perturbed
formulation for the optimistic position. The reason for this is that the
results obtained for the pessimistic case, can be easily extended to
arrive at the results for the optimistic case.

3.1. -perturbation of the pessimistic bilevel problem

We consider the §-perturbation of the pessimistic bilevel problem
in (15)-(19). We make the assumption that all functions in the bilevel
problem are continuous and relaxed feasible set @ = {(x,y) : G(x,y) <
0, g(x,y) <0} is closed and bounded. We also assume that there exists a
feasible and bounded lower level optimal solution for any given upper
level decision vector. Let M be the maximum value of F(x,y) and m
be the minimum value of F(x,y) in the set @, i.e. M = max{F(x,y) :
(x,y) € ®} and m = min{F(x,y) : (x,y) € ®}. Note that (15)-(19)
contains

k(x) = max{F(x,y) : G(x,y) <0, f(x,y) < ¢(x)} and
Yy
o(x) = myin{f(x, y) & glx,y) <0}

that are unknown a priori. From the definition of k(x) and ¢(x), for any
feasible pessimistic bilevel solution (x, y) the following holds:

f(x,y) £ o(x) (20)
F(x,y) > k(x) 21

Introducing 6 > 0, from (20) and (21) we can write the following:
f(x,y) = 6F(x,y) < p(x) — 6k(x) (22)

Now let us consider s-perturbation of the lower level problem in

(1)—(4):

myin f(x,y)—6F(x,y)

subject to

g(x,») <0

and we denote the optimal solution of the above perturbed problem as:
yP € argmin{ f(x,y) — 6F(x,y) : g(x,y) <0}
y

Since f(x,y?) — 6F(x,yP) is the optimal function value of the above
problem for any given x, we can write the following for any y that

is lower level feasible for the given x:

FO, ) = 6F(x, ") < f(x,¥) = 6F(x,) 23)
From (22) and (23), the following holds:

f(x,yP) = 8F(x,yF) < p(x) — k(x) @4
From the definition of ¢(x), it is obvious that:

o(x) < f(x,)F) (25)
Therefore, from (24) and (25), we can write:

k(x) < F(x, ") (26)
From (24) and (25), we can also write the following:

@(x) < f(x, ") < @(x) + 6LF(x, y7) = k(x)] 27)
@(x) < f(x,¥P) < p(x) + 6[M — m)] (28)

Note that as § — 0, f(x,y?) = ¢(x). Therefore, the error in ¢(x) is
bounded by §[M — m] for all x.



M. Antoniou et al.

Let us write the following problems for the ease of discussion:

F(x,y’) =max F(x,y)
y

subject to
gx,» <0
f,p) < f(x,)F)

k(x) =max F(x,y)
y

subject to
g(x,») <0
f(x,) < (x,)
I(x) = m;ax F(x,y)

subject to
glx,») <0
Fxy) < ox)+6(M —m)
From (28), we can write k(x) < F(x,y?) < I(x).

From the assumptions made at the beginning of the section, k(x) and
I(x) will always be feasible and bounded. Note that /(x) can be obtained
by perturbing the constraint f(x,y) < @(x,y) in k(x) by 6(M — m). If A
is the dual for constraint f(x,y) < ¢@(x,y) and the right-hand side of
the constraint is perturbed by 6(M — m), then for 5§ — 0, we can write
I(x) — k(x) = (M — m)A with first-order approximation.

Since F(x,y) is assumed to be continuous and bounded in @, k(x)
and /(x) are feasible and bounded, it implies that 4 will always be finite.
Therefore, we can state the following:

I(x) = k(x) + 6(M — m)A
= k(x) < F(x,y") < k(x) + 6(M —m)A
=>asé—0,F(x,)") > k(x)
We have shown that as § — 0,

S )7) = d(x)
F(x,y) = k(x)

with error §[M — m]

. (29)
with error §A[M — m]

This implies that the errors in the lower and upper objective level
function values on solving a §-perturbed pessimistic bilevel problem
are bounded by 6[M — m] and 6A[M — m], respectively.

3.2. 5-perturbation of the optimistic bilevel problem

The §-perturbation of the optimistic bilevel problem may also be
necessary at times to ensure that whenever the lower level optimization
problem is solved, it returns an (approximate) optimistic selection for
the algorithm to work efficiently. The error bounds for the §-perturbed
optimistic bilevel problem can be obtained in a similar manner as in
the pessimistic case. Note that the formulation based on the lower level
optimal value function (8)-(11) for the optimistic bilevel problem does
not involve k(x). However, for the sake of finding the error bounds in a
similar manner as that for the 5-perturbed pessimistic formulation, we
will introduce a slightly modified k(x) and write the lower level optimal
value function-based formulation as follows:

nxnyn F(x,y) (30)
subject ’to
fGx,p) < o(x) (€3]
F(x,y) < k(x) (32)
8(x,») <0 (33)
G(x,y) <0 (34

where ¢(x) = min,{f(x,y) : g(x,y) < 0} and k(x) = min, {F(x,y) :
g(x,y) £0, f(x,y) < p(x)}. Obviously, (32) is a redundant constraint,
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and once again, from the definition of k(x) and ¢(x), the following
holds:

f(x,y) < o(x) (35)
F(x,y) < k(x) (36)
Introducing 6 > 0, from (35) and (36) we can write the following:

F(x,y)+6F(x,y) < ¢(x) + 6k(x) (37)

The §-perturbation of the lower level problem in (1)-(4) in the opti-
mistic case is given as follows:

myin S,y +6F(x,y)

subject to

g(x,») <0

with the optimal solution of the above perturbed problem denoted as:
¥’ € argmin{ f(x,y) + 6F(x,y) : g(x,y) < 0}
y

Since f(x,)°) + 6F(x,)°) is the optimal function value of the above
problem for any given x, we can write the following for any y that
is lower level feasible for the given x:

FG ) +6F(x,)°) < f(x,3) +6F(x,y) (38)

Building up along the same lines as in the pessimistic case, one can
write the following. The definitions, M = max{F(x,y) : (x,y) € ®} and
m =min{F(x,y) : (x,y) € @} are consistent with those defined earlier.

S, ")+ 6F(x,)°) £ o(x) + 6k(x) (39)
@(x) < f(x,)°) (40)
F(x,)°) < k(x) 41

From (39) and (40),:

@(x) £ f(x,)°) £ @(x) + 8[k(x) — F(x, )] (42)
@(x) £ f(x,)°) £ @(x) + 6[M — m] (43)
Note that as 6 — 0, f(x,)°) = ¢(x). Therefore, the error in ¢(x) is
bounded by §[M — m] for all x.

Now let us write the following minimization problems, noting that

in the pessimistic case, similar problems were defined with maximiza-
tion of the objective function:

F(x,y°)=min F(x,y)
y
subject to
g(x,») <0

Fx, ) < f(x, %)

k(x) = myin F(x,y)

subject to
gx,» <0
f0p) < olx,y)

I(x) =min F(x,y)

y
subject to

g(x,» <0

F(x,y) < @(x) + 6(M —m)
From (43), we can write /(x) < F(x,)°) < k(x). Next, following similar
arguments as in the pessimistic case, the error bounds for the lower and
upper objective functions again turn out to be §[M —m] and 6A[M —m],
respectively, with 1 being the dual variable with a finite value for the
constraint f(x,y) < ¢(x,¥).
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Table 2

Optimistic and pessimistic solutions for the example problem [70].
Solutions x y F
Optimistic 0.2106 1.799 -1.755
Pessimistic 0 0.2929 —-0.2929

Table 3

Parameters used in DE.

Upper level Lower level

Crossover rate 0.9 0.9
Mutation rate 0.8 0.8
Population size 50 50
Number of generations 30 50

4. Illustrative example

In this section, we provide an illustrative example to explain the
ideas discussed in the previous sections. The example problem, which
is taken from [70], features multiple global minima at the lower level.
The problem formulation is as follows:
min x> —y
x.y

s.t.

yeargmin{((y — 1 - x/10)> —=x/2—1/2)> : 0 < y <3} 44
y

0<x<1

For a fixed upper level decision x, the set of optimal lower level
decisions is given by:

P(x)={l+x/10+ V2 +2x/2} (45)

In Table 2 the known global optima for the optimistic and pessimistic
variant of the problem are reported. It is clear that the optimistic and
pessimistic decisions for the leader and the follower are different.

In Fig. 3(a), we show the lower level objective function for x =
0.2106, which has two lower level optimal points shown with filled
circles. A leader solving this problem from an optimistic perspective
will prefer the right-filled circle based on the upper level objective
function. On using the §-perturbation, the lower level objective func-
tion gets slightly modified such that an approximate optimistic solu-
tion is selected automatically by solving the lower level problem. In
Fig. 3(b), the same is shown from a pessimistic perspective, where
the §-perturbation allows the selection of an approximate pessimistic
solution automatically. In Fig. 4, we show the actual choice functions
w,(x) and w,(x) for the optimistic and pessimistic cases, respectively.
When the optimistic and the pessimistic problems are §-perturbed, the
actual functions change to wf(x) and wl‘f(x). The difference between the
actual choice function and the approximate choice function represents
the error induced because of the §-perturbed formulation.

5. Numerical experiments

In this section, we provide an experimental study on various bilevel
test problems from the literature to computationally demonstrate the
workings of the §-perturbation approach when a nested algorithm
is used to solve the test problems. The chosen nested approach is
differential evolution [71], which we describe in the next subsection,
followed by the experimental setup and the results.

5.1. Experimental setup

We employ the DE algorithm with integrated constraint handling
to solve the §-perturbed formulations. DE is a popular population-
based optimization algorithm that is effective at solving optimization
problems. Operating through mutation, crossover, and selection, DE
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iteratively evolves a population of candidate solutions. Mutation in-
troduces random changes to individuals, promoting exploration of
the solution space, while crossover combines information from mul-
tiple individuals to generate new candidate solutions, facilitating the
exploitation of promising regions. The selection mechanism decides
which individuals survive and reproduce in the next generation. To
ensure adherence to problem constraints, we implemented a constraint
handling mechanism based on the following criteria [72]:

1. Any feasible solution is preferred to any infeasible solution.

2. Among the two feasible solutions, the one with a better objective
function value is preferred.

3. Among two infeasible solutions, the one with a smaller overall
constraint violation is preferred.

A nested approach requires a lower level optimization to be per-
formed for any given upper level vector. We sample the upper level
vectors using upper level DE, and utilize a lower level DE to handle
the lower level optimization problem for any given upper level vector.
We set the algorithm parameters to reasonable values for our numer-
ical experiments following the algorithmic recommendations from the
previous literature. The values of the parameters are stated in Table 3.
For every test problem, we use the nested DE to solve the §-perturbed
formulations of optimistic and pessimistic variants separately. The only
difference in the two variants is the choice of §, which is expected to be
a small positive number for the optimistic position and a small negative
number for the pessimistic position.

We solve six test problems from an optimistic and pessimistic posi-
tion. The definitions of the test problems are provided in Table 5. Five
test problems have been taken from the mb suite [70], and an additional
test problem that is a principal agent problem has been taken from [73].

For all test problems, we performed 20 independent runs on an
Intel(R) Core(TM) i5-8365U CPU @ 1.60 GHz with 16 GB of RAM on
the Windows 10 operating system. The algorithm is implemented in
Matlab R2023b without any parallelization.

To evaluate the performance of our method, we use the absolute
error (AE) in the upper level objective function and the lower level
objective function as a metric. If the optimal upper and lower level
objective function values for the optimistic bilevel problem are F and
/7, and the bilevel optimal solution obtained by solving the §-perturbed
formulation are F? and f?, then the absolute errors at the upper and
lower levels are given as follows:

AEF = |F? - F7|
AE] = |3 - f]
Similarly, for the pessimistic case, the absolute errors are as follows:
AEF = |F8 - F*|
P P Tp
[ | 6 _ g
AE] = |f? - 17|
5.2. Results for bilevel test problems

First, we report the results of the bilevel problems taken from [70].

In Figs. 5, 7, 9, 11, and 13, we present the boxplots of the upper
level and lower level AE obtained by the algorithm for different § while
solving the §-perturbed formulations of the optimistic and pessimistic
variants for each test problem. It is obvious that in almost all cases the
higher the 6§, the AE is expected to be higher. However, this may not
always generalize computationally as can be seen in Fig. 7(b), where
for 6 = 0.5, the AE is lower compared to 6 = 0.05,0.1.

Furthermore, in Fig. 9(b), the cases of 6 = 0.001 and 0.1 once again
seems to be an anomaly, but it should be noted that the AE for both
these cases have a magnitude of 1e-6, which is a sufficiently low.

In Figs. 6, 8, 10, 12 and 14 we have plotted the lower level accuracy
achieved for each 6 for all runs, along with the theoretical bounds
proposed in the previous section. The AE of the lower level function
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Fig. 3. s-perturbation plots for the example problem showing true lower level optimal solutions and the §-perturbed lower level solutions for optimistic and pessimistic cases for

6=0.1.
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Fig. 4. ¥(x)-x plot for the original and §-perturbed example problem.

for different 6 is shown to be always below the theoretical error bound
(i.e. within the gray area). Further details of the results for these
problems can be found in Appendix A.

In our experiments, we have selected both small and large values of
5 to demonstrate the impact of 5 on the solution. However, for practical
problems, one may simply choose a small value of § which is a few
orders of magnitude smaller than either the desired accuracy or the
magnitude of the values that the upper and lower-level objectives take
in their domain.

5.3. Results for a principal-agent problem

In the domain of game theory, the principal-agent (PA) problem
surfaces when a principal delegates a task to an agent in return for com-
pensation. In this scenario, the principal devises a contract, where the
decision of the principal is x, while the agent selects an effort or action,
denoted as y, to execute the task. The agent’s objective is to maximize
their utility function, denoted as f(x, y), whereas the principal aims to
maximize its utility function, denoted as F(x, y). The definition of the
problem considered in the paper can be found in Table 5. The problem
is taken from [73]. In Table 4, the statistical results from 20 runs of

the algorithm for various values of § are reported for the optimistic
and pessimistic variants. More specifically, we report the minimum,
maximum, median, mean, and standard deviation of the accuracy of
the objective functions. The results are also shown in Fig. 15. It is
noted that the results are robust, as the algorithm converges to similar
solutions in all 20 runs for various values of §. For small values of § we
observe the solution obtained from the §-perturbed formulation is close
to the true solution for both optimistic and pessimistic case. However,
the algorithm converges to an inaccurate upper level solution when
5 > 0.5 for optimistic case, and § > 1.5 for pessimistic case. In Fig. 16
we have once again plotted the (median) lower level accuracy achieved
for each §, along with the theoretical limits that we have reported in
the previous section. The behavior is found to be the same, such that
the median error is well below the theoretical line for all the cases.

6. Conclusion and future work

In this paper, we conducted an analysis of the §-perturbed for-
mulation for ill-posed bilevel optimization problems. This formulation
proves to be useful in efficiently managing bilevel scenarios where
multiple optimal solutions exist at the lower level. By using a tailored
perturbation strategy for the optimistic or pessimistic formulation, it
can be ensured that there is only a single optimal solution in the lower
level optimization problem for any given upper level decision. This fa-
cilitates the efficient search for optimistic or pessimistic bilevel optimal
solutions through algorithms that iteratively solve the bilevel problem
by exploiting the nested structure. Importantly, we have provided a
proof demonstrating the approximate equivalence of the §-perturbed
formulation with the original optimistic and pessimistic formulations,
accompanied by an error bound analysis. Furthermore, we applied this
scheme to a number of test problems and solved them with DE. Overall,
our results highlight the effectiveness of the §-perturbed formulation
in addressing bilevel optimization problems with multiple lower level
optimal solutions, and the computational study performed verifies the
theoretical bounds proposed in the study. As a future work, one can cre-
ate s-formulations for the multiobjective bilevel optimization problems
as well and perform a similar error bound analysis for the optimistic
and pessimistic frontiers.
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Fig. 5. Boxplots of absolute error (AE) for various values of 6 for Problem 1 from 20 runs.
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Fig. 6. Theoretical error bound (shaded) and absolute error for lower level objective from 20 runs of Problem 1 for various values of 5.
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Fig. 7. Boxplots of absolute error (AE) for various values of 6 for Problem 2 from 20 runs.
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Fig. 9. Boxplots of absolute error (AE) for various values of 6 for Problem 3 from 20 runs.
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Fig. 11. Boxplots of absolute error (AE) for various values of é for Problem 4 from 20 runs.
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Fig. 12. Theoretical error bound (shaded) and absolute error for lower level objective from 20 runs of Problem 4 for various values of &.
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Fig. 13. Boxplots of absolute error (AE) for various values of § for Problem 5 from 20 runs.
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Fig. 14. Theoretical error bound (shaded) and absolute error for lower level objective from 20 runs of Problem 5 for various values of .
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Table 4
Statistical results of Absolute Errors (AE) for PA.
8 AEF AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 1.73e-09 2.84e-07 6.70e—08 8.74e-08 7.57e-08 1.00e-03 1.00e-03 1.00e-03 1.00e-03 0.00e+00
0.005 3.74e-09 1.43e-07 2.62e-08 4.71e-08 4.75e-08 1.00e-03 1.00e-03 1.00e-03 1.00e-03 0.00e+00
0.01 2.50e-09 1.42e-07 2.58e—-08 3.17e-08 3.06e—-08 1.00e—-03 1.00e—-03 1.00e-03 1.00e-03 0.00e+00
0.05 9.95e-14 2.36e-11 3.50e-12 7.09e-12 7.12e-12 1.00e-03 1.00e-03 1.00e-03 1.00e-03 0.00e+00
0.10 0.00e+00 5.40e-12 6.96e—-13 1.00e-12 1.41e-12 1.00e—-03 1.00e-03 1.00e-03 1.00e-03 0.00e+00
0.50 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
1.00 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
1.50 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
5.00 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
5.50 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
10.00 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
8 AEF AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 1.77e-02 2.97e-02 2.09e-02 2.19e-02 3.38e-03 2.71e-07 9.83e-06 1.34e-06 2.17e-06 2.85e—-06
0.005 4.96e—-03 7.11e-03 5.65e-03 5.72e-03 6.78e—04 5.58e-07 1.50e—-05 4.72e—-06 6.72e-06 5.52e-06
0.01 1.36e—-03 2.95e-03 1.97e-03 2.17e-03 5.40e—-04 5.76e—07 5.55e-06 2.56e—-06 2.74e-06 1.83e—-06
0.05 2.99e-07 6.58e—-06 9.53e-07 1.62e—-06 1.91e-06 1.08e—-08 2.99e-07 2.92e-08 6.31e-08 8.73e-08
0.10 9.53e-09 5.81e-08 1.96e—-08 2.29e-08 1.39e-08 9.20e-11 2.29e-08 1.11e-08 1.07e-08 7.30e-09
0.50 5.84e-10 1.40e-09 8.78e—-10 9.02e-10 2.42e-10 5.84e-10 1.40e-09 8.78e—-10 9.02e-10 2.42e-10
1.00 2.26e—09 7.58e—-09 4.05e-09 4.30e-09 1.80e—-09 2.26e—-09 7.58e—09 4.05e-09 4.30e-09 1.80e—-09
1.50 6.74e+00 8.23e+00 7.57e+00 7.52e+00 4.52e-01 5.84e+00 8.68e+00 7.57e+00 7.53e+00 7.73e-01
5.00 1.14e+01 1.16e+01 1.15e+01 1.15e+01 7.32e-02 1.15e+01 1.21e+01 1.17e+01 1.17e+01 1.72e-01
5.50 1.14e+01 1.16e+01 1.16e+01 1.15e+01 7.06e—02 1.15e+01 1.20e+01 1.17e+01 1.17e+01 1.31e-01
10.00 1.17e+01 1.20e+01 1.18e+01 1.18e+01 1.04e-01 1.18e+01 1.20e+01 1.19e+01 1.19e+01 7.89e-02
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(d) Absolute error (pessimistic) for lower level objective.

Fig. 15. Boxplots of Absolute Error (AE) for each different 5 for PA, for Optimistic and Pessimistic Upper and Lower Level Functions over 20 runs.
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(a) Optimistic case. (b) Pessimistic case.
Fig. 16. Theoretical error bound (shaded) and absolute error for lower level objective from 20 runs of PA for various values of 5.
Table 5
Test problems and their optimistic and pessimistic global solutions. [70,73].
Problem Formulation Best known solution
Optimistic Pessimistic
min y
Xy
s.t. y € argmin {x(16y* +2y* —8y* = 3y/2+1/2) :
Problem 1 (mb_1_1.4) ¥ F=-4/5 F=1/2
-4/5<y<1} x=0 x=0.1]
Cl<x<1 y=-0.8 y=05
min x-—y
xy
s.t. y € argmin {xy*/2 — yx> :
Problem 2 (mb_1_1_6) y F=-1 F=0
—1<y<1} x=0 (x,y) €
—l<x<1 y=1 {(=1,-D),(1, 1)
min x> +)°
X,y
s.t. y € argmin {xy* — y*/2 :
Problem 3 (mb_1_1_11) ¥ F=1/4 F=1/4+d+a
1<yl x=1/2 x=1/2+a
—1<x<1 y=0 y=0
min  xy—y+)?/2
xy
s.t. y € argmin{ — x)? +y*/2 :
Problem 4 (mb_1_1_12) y F =-0.258 F=0
_l<y<l} x=0.189 x=[-1,0]
Cl<x<l1 y=10.189 y=0
min x> —y
Xy
s.t. y € argmin{[(y — 1 — x/10)> — x/2 = 1/2]* :
Problem 5 (mb_1_1_17) v F =-1.755 F =-0.2929
0<y<3} x =0.2106 x=0
0<x<l1 y=1799 y=0.2929
max  5x; +8x, +4y; —y,
Xy
s.t. y € argmax{y, +, :
Principal Agent ¥y F =66 F =45
Y1+ ¥ S15-x; = 2%, .5, 20} x=6,0 x=0,6
y=9,0 y=0,3

X;+x £6,x1,%, 20

where a is a small positive value.
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Table 6
Statistical results of Absolute Errors (AE) for Problem 1.
8 AEF AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 6.56e—06 4.19e-04 1.57e—-04 1.76e—-04 1.27e-04
0.005 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 8.03e-05 2.70e-03 5.55e-04 1.03e-03 8.23e-04
0.01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 2.44e-04 4.32e-03 1.51e-03 1.91e-03 1.24e-03
0.05 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 8.79e-05 2.66e—02 1.41e-02 1.31e-02 8.21e-03
0.10 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 2.92e-03 5.10e-02 2.42e-02 2.28e-02 1.32e-02
0.50 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.43e-03 2.61e-01 4.88e—02 8.48e—02 7.94e—02
1.00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 7.98e—-03 5.00e-01 2.06e—-01 2.40e-01 1.70e-01
1.50 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 8.29e-03 4.56e-01 2.30e-01 2.29e-01 1.40e-01
5.00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 2.48e-02 1.11e+00 3.20e-01 4.99e-01 4.14e-01
5.50 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 6.25e—02 1.11e+00 4.30e—-01 5.80e-01 4.34e-01
10.00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 9.71e-03 1.11e+00 4.80e-01 5.30e-01 4.04e-01
8 AE! AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 1.44e-05 6.40e—-05 2.44e-05 2.83e-05 1.20e-05 1.00e—-06 9.01e-02 1.00e—-06 1.17e-02 2.79e-02
0.005 6.39e-05 1.11e-04 8.28e-05 8.43e-05 1.16e-05 1.00e—-06 1.79e-02 1.00e—-06 2.76e—03 5.59e-03
0.01 1.82e—-04 2.37e-04 2.16e-04 2.12e-04 1.72e-05 1.00e—-06 2.70e-02 1.00e—-06 2.17e-03 6.39e—03
0.05 1.24e-03 1.29e-03 1.27e-03 1.27e-03 1.22e-05 2.93e-05 3.18e-05 3.09e-05 3.09e-05 5.91e-07
0.10 2.56e-03 2.60e-03 2.58e-03 2.58e-03 9.25e-06 1.26e—-04 1.29e—-04 1.27e-04 1.27e-04 9.13e-07
0.50 1.27e-02 1.27e-02 1.27e-02 1.27e-02 1.02e-05 3.11e-03 4.28e—-03 3.13e-03 3.18e-03 2.59e-04
1.00 2.46e—-02 2.46e—-02 2.46e—-02 2.46e-02 1.68e—-05 1.20e-02 1.20e-02 1.20e-02 1.20e-02 1.68e—-05
1.50 3.58e—-02 3.59e-02 3.59e-02 3.59e-02 1.54e-05 2.60e—-02 2.61e-02 2.60e—-02 2.60e—-02 2.31e-05
5.00 1.02e-01 1.02e-01 1.02e-01 1.02e-01 2.93e-05 2.34e-01 2.35e-01 2.35e-01 2.34e-01 1.46e—-04
5.50 1.10e-01 1.10e-01 1.10e-01 1.10e-01 3.54e-05 2.76e—-01 2.77e-01 2.77e-01 2.77e-01 1.94e-04
10.00 1.73e-01 1.73e-01 1.73e-01 1.73e-01 7.22e-05 7.61e-01 7.63e-01 7.62e-01 7.62e—-01 7.21e-04
Table 7
Statistical results of Absolute Errors (AE) for Problem 2.
s AE} AE]
Min Max Median Mean Std Min Max Median Mean Std
0.0001 2.90e-03 4.64e—02 4.64e—02 1.51e-02 3.94e-02 1.45e-03 2.31e-02 2.31e-02 1.96e—-02 7.50e—03
0.001 9.95e-02 9.54e-01 1.00e-01 1.43e-01 1.91e-01 3.09e-05 4.90e-02 4.90e-02 4.65e—-02 1.09e-02
0.005 1.71e-01 1.71e-01 1.71e-01 1.71e-01 7.17e-05 8.04e-02 8.05e-02 8.05e-02 8.05e-02 2.96e-05
0.01 2.15e-01 2.15e-01 2.15e-01 2.15e-01 8.61e—05 9.76e—02 9.77e-02 9.77e-02 9.77e-02 3.11e-05
0.05 3.68e-01 3.68e-01 3.68e-01 3.68e-01 5.85e-05 1.34e-01 1.34e-01 1.34e-01 1.34e-01 5.44e—-06
0.10 4.64e-01 4.64e-01 4.64e—-01 4.64e-01 7.51e-05 1.32e-01 1.32e-01 1.32e-01 1.32e-01 1.10e-05
0.50 7.93e-01 7.94e-01 7.94e-01 7.94e-01 8.39%e-05 1.03e-01 1.03e-01 1.03e-01 1.03e-01 1.17e-04
1.00 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 5.00e—-01 5.00e-01 5.00e-01 5.00e—-01 0.00e+00
1.50 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00
5.00 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00
5.50 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 5.00e—-01 5.00e-01 5.00e—-01 5.00e—-01 0.00e+00
10.00 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00
8 AE! AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 1.00e-06 5.52e-04 1.00e—-06 2.85e-05 1.23e-04 1.00e-06 1.38e-03 1.00e-06 6.98e—-05 3.08e—-04
0.005 1.00e—-06 1.00e—-06 1.00e-06 1.00e-06 0.00e+00 1.00e—-06 1.00e-06 1.00e—-06 1.00e—-06 0.00e+00
0.01 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
0.05 1.00e-06 1.00e—-06 1.00e-06 1.00e-06 0.00e+00 1.00e-06 1.00e-06 1.00e-06 1.00e—-06 0.00e+00
0.10 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
0.50 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00 1.00e—-06 1.00e-06 1.00e-06 1.00e—-06 0.00e+00
1.00e 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
1.50 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
5.00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
5.50 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
10.00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
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Table 8
Statistical results of Absolute Errors (AE) for Problem 3.
s AEF AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 9.26e—04 9.96e—04 9.83e—04 9.80e—-04 1.93e-05 1.00e-06 4.84e—06 1.00e-06 1.50e-06 9.23e-07
0.005 4.88e—03 4.97e-03 4.96e—03 4.95e-03 2.14e-05 1.00e-06 2.74e—06 1.00e-06 1.09e-06 3.89e-07
0.01 9.86e—03 9.90e—03 9.89e-03 9.89e-03 1.08e—05 1.00e—-06 4.77e—06 1.00e—-06 1.37e-06 1.15e-06
0.05 4.75e-02 4.75e-02 4.75e-02 4.75e—02 1.29e-05 1.00e—-06 3.67e-06 1.00e—-06 1.13e-06 5.98e-07
0.10 9.00e—02 9.00e—02 9.00e—02 9.00e-02 7.70e-06 1.00e-06 1.10e-06 1.00e-06 1.01e-06 2.25e—08
0.50 2.50e-01 2.50e-01 2.50e—01 2.50e-01 2.10e-12 1.00e—-06 1.00e—-06 1.00e—-06 1.00e-06 0.00e+00
1.00 2.50e-01 2.50e-01 2.50e-01 2.50e-01 7.50e-15 1.00e—-06 1.00e—-06 1.00e—-06 1.00e—-06 0.00e+00
1.50 2.50e—01 2.50e—01 2.50e-01 2.50e-01 1.54e-15 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
5.00 2.50e—01 2.50e—01 2.50e-01 2.50e-01 2.14e-15 1.00e—-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
5.50 2.50e-01 2.50e-01 2.50e-01 2.50e-01 1.41e-15 1.00e—06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
10.00 2.50e—01 2.50e—01 2.50e-01 2.50e-01 4.05e-15 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
s AEF AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 1.66e—06 7.65e—05 1.87e-05 2.25e-05 1.75e—05 1.00e-06 1.52e-06 1.00e-06 1.03e-06 1.16e-07
0.005 4.03e-03 4.11e-03 4.04e—03 4.04e-03 1.92e-05 1.00e-06 1.29e-06 1.00e-06 1.04e-06 9.22e-08
0.01 9.10e-03 9.14e-03 9.12e-03 9.12e-03 1.09e-05 1.00e—06 1.98e-06 1.00e-06 1.10e-06 2.67e-07
0.05 5.15e-02 5.16e-02 5.15e-02 5.15e-02 1.68e—-05 1.00e—-06 1.40e—-05 1.00e—-06 1.70e-06 2.90e-06
0.10 1.09e-01 1.09e-01 1.09e-01 1.09e-01 2.18e-05 1.00e-06 3.78e—06 1.00e-06 1.31e-06 8.05e-07
0.50 7.49e-01 7.49e-01 7.49e-01 7.49e-01 3.07e-09 5.00e—01 5.00e—01 5.00e—01 5.00e-01 4.71e-05
1.00 7.49e-01 7.49%e-01 7.49e-01 7.49e-01 3.05e-09 5.00e-01 5.00e-01 5.00e-01 5.00e-01 3.80e-05
1.50 7.49e—01 7.49e-01 7.49e-01 7.49e-01 4.81e-09 5.00e—01 5.00e—01 5.00e-01 5.00e-01 4.38e-05
5.00 7.49e-01 7.49e-01 7.49e-01 7.49e-01 2.21e-09 5.00e—01 5.00e—01 5.00e—01 5.00e-01 3.12e-05
5.50 7.49e-01 7.49e-01 7.49e-01 7.49e-01 6.12e-10 5.00e-01 5.00e-01 5.00e-01 5.00e-01 2.13e-05
10.00 7.49e—01 7.49e-01 7.49e-01 7.49e-01 1.47e-09 5.00e—01 5.00e—01 5.00e-01 5.00e-01 3.15e-05
Table 9
Statistical results of Absolute Errors (AE) for Problem 4.
s AEf AE]
Min Max Median Mean Std Min Max Median Mean Std
0.001 2.65e—04 2.65e—04 2.65e—04 2.65e—04 5.64e—08 2.13e—04 2.66e—04 2.43e-04 2.42e-04 1.54e-05
0.005 1.03e-03 1.03e-03 1.03e-03 1.03e-03 8.00e-08 7.00e—04 7.84e—04 7.41e-04 7.41e-04 1.80e—05
0.01 2.00e-03 2.00e-03 2.00e-03 2.00e-03 5.69e-08 1.35e-03 1.44e-03 1.38e-03 1.38e-03 2.20e-05
0.05 1.04e-02 1.04e-02 1.04e-02 1.04e-02 9.56e—-08 6.78e—03 6.88e—03 6.83e—03 6.83e-03 2.37e-05
0.10 2.32e-02 2.32e-02 2.32e-02 2.32e-02 1.22e-07 3.03e-03 3.13e-03 3.09e-03 3.09e-03 2.29e-05
0.50 4.01e-01 4.01e-01 4.01e-01 4.01e-01 2.44e-06 1.40e-01 1.40e-01 1.40e-01 1.40e-01 1.22e-06
1.00 6.96e—-01 6.96e—-01 6.96e—-01 6.96e—-01 7.52e-06 3.53e-01 3.53e-01 3.53e-01 3.53e-01 7.52e-06
1.50 8.69e—01 8.69e—01 8.69e—01 8.69e-01 1.57e-05 5.67e—01 5.67e—01 5.67e-01 5.67e-01 2.36e—05
5.00 1.24e+00 1.24e+00 1.24e+00 1.24e+00 0.00e+00 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00
5.50 1.24e+00 1.24e+00 1.24e+00 1.24e+00 0.00e+00 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00
10.00 1.24e+00 1.24e+00 1.24e+00 1.24e+00 0.00e+00 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00
8 AEF AE}
Min Max Median Mean Std Min Max Median Mean Std
0.001 2.00e—03 2.00e—-03 2.00e-03 2.00e-03 2.28e—08 1.00e-06 1.00e-06 1.00e-06 1.00e-06 2.28e—11
0.005 1.00e—-02 1.00e—-02 1.00e—-02 1.00e—-02 2.03e-08 2.51e-05 2.51e-05 2.51e-05 2.51e-05 1.01e-10
0.01 2.0le-02 2.01e-02 2.01e-02 2.01e-02 1.66e—08 1.01e—-04 1.01e-04 1.01e-04 1.01e-04 1.66e-10
0.05 1.04e-01 1.04e-01 1.04e-01 1.04e-01 7.16e-08 2.62e—03 2.62e—03 2.62e—03 2.62e-03 3.58e—09
0.10 2.14e-01 2.14e-01 2.14e-01 2.14e-01 1.88e-07 1.09e-02 1.09e-02 1.09e-02 1.09e-02 1.88e-08
0.50 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00
1.00 5.00e—01 5.00e—01 5.00e—01 5.00e-01 0.00e+00 5.00e—01 5.00e—01 5.00e—01 5.00e-01 0.00e+00
1.50 5.00e—01 5.00e—01 5.00e-01 5.00e-01 0.00e+00 5.00e—01 5.00e—01 5.00e-01 5.00e-01 0.00e+00
5.00 5.00e—01 5.00e—01 5.00e—01 5.00e-01 0.00e+00 5.00e—01 5.00e—01 5.00e—01 5.00e-01 0.00e+00
5.50 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00 5.00e-01 5.00e-01 5.00e-01 5.00e-01 0.00e+00
10.00 5.00e—01 5.00e—01 5.00e-01 5.00e-01 0.00e+00 5.00e—01 5.00e—01 5.00e-01 5.00e-01 0.00e+00
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Table 10
Statistical results of Absolute Errors (AE) for Problem 5.

5 AEF AE]

Min Max Median Mean Std Min Max Median Mean Std

0.001 7.56e—05 7.57e-05 7.56e—05 7.56e—05 1.76e—08 1.00e—06 1.00e—06 1.00e-06 1.00e-06 0.00e+00

0.005 7.49e—-04 7.49e—04 7.49e-04 7.49e-04 7.56e—-08 2.57e—06 2.58e—06 2.58e—06 2.58e-06 6.14e-10

0.01 1.78e—03 1.78e-03 1.78e-03 1.78e-03 2.02e-07 1.03e-05 1.03e-05 1.03e-05 1.03e-05 3.10e-09

0.05 9.86e-03 9.86e—03 9.86e—03 9.86e—03 8.35e-07 2.52e—-04 2.53e—-04 2.52e-04 2.52e-04 9.28e-08

0.10 1.97e-02 1.97e-02 1.97e-02 1.97e-02 1.73e-06 9.87e-04 9.89e—04 9.88e—04 9.88e—04 5.73e-07

0.50 8.84e—-02 8.84e—02 8.84e—02 8.84e-02 8.15e-06 2.12e-02 2.13e-02 2.12e-02 2.12e-02 2.58e-05

1.00 1.58e-01 1.58e-01 1.58e-01 1.58e—-01 2.23e-05 7.31e-02 7.34e—02 7.32e-02 7.33e-02 7.09e-05

1.50 2.16e-01 2.17e-01 2.16e-01 2.16e-01 2.94e-05 1.46e—01 1.47e-01 1.47e-01 1.47e-01 2.02e-04

5.00 4.92e-01 4.92e-01 4.92e-01 4.92e-01 7.52e-05 1.00e+00 1.00e+00 1.00e+00 1.00e+00 8.95e-04

5.50 5.22e-01 5.22e-01 5.22e-01 5.22e-01 1.05e-04 1.16e+00 1.16e+00 1.16e+00 1.16e+00 1.57e-03

10.00 7.38e-01 7.39e-01 7.38e-01 7.38e-01 2.65e-04 2.81e+00 2.82e+00 2.81e+00 2.81e+00 4.83e-03

5 AEF AE]

P
Min Max Median Mean Std Min Max Median Mean Std

0.001 2.57e-04 2.57e-04 2.57e-04 2.57e-04 1.16e-08 1.00e—06 1.00e-06 1.00e-06 1.00e-06 0.00e+00

0.005 1.25e—-03 1.25e-03 1.25e-03 1.25e-03 2.08e-08 3.11e-06 3.11e-06 3.11e-06 3.11e-06 1.04e-10

0.01 2.49e-03 2.49e-03 2.49e-03 2.49e-03 4.68e-08 1.24e-05 1.24e-05 1.24e-05 1.24e-05 4.67e-10

0.05 1.22e-02 1.22e-02 1.22e-02 1.22e-02 1.09e-07 3.02e-04 3.02e—-04 3.02e-04 3.02e-04 5.44e-09

0.10 2.38e—02 2.38e—02 2.38e-02 2.38e-02 3.39e-07 1.17e-03 1.17e-03 1.17e-03 1.17e-03 3.39e-08

0.50 1.02e-01 1.02e-01 1.02e-01 1.02e-01 8.44e-07 2.39e—02 2.39e-02 2.39e-02 2.39e-02 4.22e-07

1.00 1.78e-01 1.78e-01 1.78e—-01 1.78e—-01 1.72e-06 7.99e—02 7.99e—02 7.99e—02 7.99e-02 1.72e-06

1.50 2.40e-01 2.40e-01 2.40e-01 2.40e-01 2.95e-06 1.57e-01 1.57e-01 1.57e-01 1.57e-01 4.42e-06

5.00 2.93e-01 2.93e-01 2.93e-01 2.93e-01 0.00e+00 2.50e-01 2.50e-01 2.50e-01 2.50e-01 0.00e+00

5.50 2.93e-01 2.93e-01 2.93e-01 2.93e-01 0.00e+00 2.50e—01 2.50e-01 2.50e-01 2.50e-01 0.00e+00

10.00 2.93e-01 2.93e-01 2.93e-01 2.93e-01 0.00e+00 2.50e-01 2.50e-01 2.50e-01 2.50e-01 0.00e+00
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