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ARTICLE INFO ABSTRACT

JEL classification: This paper studies a discrete-time portfolio optimization problem, wherein the underlying risky asset follows
G11 a Lévy GARCH model. Besides a Gaussian noise, the framework allows for various jump increments, including

C58 infinite-activity jumps. Using a dynamic programming approach and exploiting the affine nature of the model,
col we derive a single equation satisfied by the optimal strategy, and we show numerically that this equation
Keywords: leads to a unique solution in all special cases. In our numerical study, we focus on the impact of jumps and
D}’“amic portfolio optimization evaluate the difference to investors employing a Gaussian HN-GARCH model without jumps or a homoscedastic
I;E‘gpfARCH models variant. We find that both jump-free models yield insignificant values for the wealth-equivalent loss when re-

calibrated to simulated returns from the jump models. The low wealth-equivalent loss values remain consistent
for modified parameters in the jump models, indicating extreme market situations. We therefore conclude, in
support of practitioners’ preferences, that simpler models can successfully mimic the strategy and performance
of discrete-time conditional heteroscedastic jump models.

Wealth-equivalent loss

1. Introduction

Jumps have been a topic of immense interest in portfolio opti-
mization for decades, particularly in a continuous-time setting thanks
to analytical solutions, see for instance Merton [1]. Since empirical
evidence suggests that financial markets exhibit occasional large price
movements, considering jump components allows investors to model
the underlying asset price movements more adequately with the corre-
sponding improvement in financial decisions, from derivative pricing
to risk analysis and portfolio management. On the other hand, models
are desired to remain mathematically tractable and in the best case
deliver closed-form expressions for pricing and portfolio optimization
problems, a property that is easily imperiled.

Within the area of jump-free GARCH models, the lack of analytical
solutions was overcome only when Heston and Nandi [2] introduced
their HN-GARCH model, allowing for closed-form solutions in deriva-
tive pricing via the affine nature of the cumulant generating function.
In the corresponding class of affine GARCH models, still jump-free, the
focus of the following years was on extensions towards non-Gaussian
innovations, see Christoffersen et al. [3] and Badescu et al. [4] for
a formalized framework. The most common approach to extending
these models to incorporate jumps consists of adding a (dynamic)
Compound Poisson component in addition to the Gaussian noise. In this
manner, Christoffersen et al. [5] introduced a model of GARCH type
with stochastic volatility and separate dynamics for jumps, related to

* Corresponding author.

the non-affine work by Maheu and McCurdy [6] and Duan et al. [7,8].
In their version, however, Christoffersen et al. [5] allow for jumps not
only in the dynamics of the log price process, but also in the variance of
the normal innovation and in the jump intensity, jeopardizing the affine
form of the cumulant generating function. Ornthanalai [9] formulated
the corresponding model with jumps incorporated in the return dy-
namics only, preserving the affine nature of the model. The model
includes two contemporaneously independent innovations: A Gaussian
innovation and a Lévy jump component. The general framework for the
latter allows for finite and for infinite-activity jumps and in this way
extends the range of jump innovations beyond the Compound Poisson
approach. This framework has been generalized recently and forms a
special case of the affine multi-factor model introduced in Augustyniak
et al. [10].

Both the HN-GARCH and the Lévy GARCH framework were orig-
inally introduced for option pricing; Escobar-Anel et al. [11,12] first
used the form of the generating function to derive the solution to a
discrete-time portfolio optimization problem based on the jump-free
model formulation by Badescu et al. [4]. The present paper extends
this approach to the Lévy GARCH framework and thus provides the
opportunity to study the relevance of modeling jumps for portfolio
optimization problems in the affine GARCH environment.

The impact of capturing extreme events on investment strategies
has been studied extensively, although mostly in continuous time.’

E-mail addresses: marcos.escobar@uwo.ca (M. Escobar-Anel), ben.spies@tum.de (B. Spies), zagst@tum.de (R. Zagst).
1 We are not aware of any work investigating the impact of jumps in discrete-time portfolio optimization.
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The analysis by Liu et al. [13] suggests that price jumps have a larger
effect than jumps in volatility. Ascheberg et al. [14] claimed that jumps
matter more if either the expected jump size or the jump intensity
is large. These lines serve as a guideline for creating extreme jump
settings to challenge the capability of jump-free models to deliver
comparable investment strategies. Our paper differs from the existing
literature on one key aspect. We take advantage of the capacity of the
HN-GARCH model to deliver accurate estimates of the parameters —
see Escobar-Anel et al. [15] - in order to assess if the portfolio of an
investor with a simple model could perform as well as the investor
with an advanced Lévy GARCH model. In other words, given that
the true model of reality is unknown, we act as a practical investor,
working with a simple model to make decisions. This allows to check
in a control experiment if a simple, albeit wrong model could match
the performance of a correct advanced model. Our conclusions are
eye-opening concerning the power of simple models in a discrete-time
portfolio optimization setting.

Many authors have investigated the role of non-Gaussianity in asset
returns in the context of portfolio selection. One prominent example
is the work by Bekaert et al. [16] suggesting that it is rather im-
material for an investor considering emerging market allocations to
accommodate skewness and excess kurtosis. The crucial point that a
wide range of expected utility problems can be well approximated by
a mean-variance approach was summarized by Markowitz [17].

Our results are not contradictory with the continuous-time literature
for three main reasons. Firstly, a continuous-time investor, although
hypothetical, could in principle realize small benefits between a true
and a wrong model more frequently. Such dynamics could be very
profitable in the long term, and a detailed analysis in this regard
could certainly be subject to further research. Secondly, most studies
of complex models rely on sensitivity analyses for the parameters.
However, the same model with different parameters does not describe
the same reality, so results could be misleading. Lastly, even when
two models are estimated on the same data, small sample sizes may
incorporate estimation errors into the analysis, possibly creating a
distorted conclusion, since the estimation error could exacerbate a
small difference in performance. In conclusion, our analyses provide
a fresh perspective into the old question of the importance of jumps
for portfolio decisions.

Our main contributions are:

» We fully develop a discrete-time dynamic portfolio optimization
problem in an affine GARCH framework with jumps and derive
a single equation satisfied by the optimal strategy, based on
an established and reliable approximation of the self-financing
condition.

We apply the general result to three different types of jump
structures: the Merton jump, the Normal Inverse Gaussian and the
Variance Gamma model. Furthermore, we derive the well-known
HN-GARCH model as a jump-free special case of our setting. In all
cases, our numerical studies show that there is a unique solution
to the optimality equation.

We study the impact of jumps on investment strategies via a com-
parison to the HN-GARCH model and a homoscedastic variant.
We find that correctly calibrated jump-free models can imitate all
three investigated jump models very well. This result is reflected
in a low wealth-equivalent loss for investors following suboptimal
jump-free strategies, and it is robust with respect to more extreme
jump environments.

With these contributions, we overcome three key challenges in discrete-
time portfolio optimization. Firstly, we accommodate a wide range of
stylized facts of asset returns by using a Lévy GARCH framework, which
allows for jumps in the asset price process. Secondly, we provide a
single equation for the optimal solution and demonstrate in our nu-
merical studies that this is easy to solve in practice. Lastly, our method
of finding the best possible jump-free analogue for a Lévy GARCH
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model eliminates the risk of estimation errors due to small sample sizes
and allows us to make a fair comparison between jump-free and jump
models.

The remainder of this paper is organized as follows: In Section 2, we
introduce the framework for the portfolio optimization problem, which
is solved in Section 3, providing optimality conditions in general form
and explicitly for three different types of jump increments. The numer-
ical analysis follows in Section 4, targeting specifically the impact of
jumps and a comparison to jump-free HN-GARCH and homoscedastic
models. We conclude in Section 5.

2. Problem description
2.1. The Lévy GARCH model

Let (2,F,P) be a complete probability space with filtration
{Ff}t:O,l,.,.,T' We start by introducing the dynamics of a Lévy GARCH
model for the underlying asset price process in our portfolio optimiza-
tion problem. Adopting the setting proposed by Ornthanalai [9], we
use two contemporaneously independent random variables z, and y, to
model the log return X, — X,_; = log(S,/s,_,) of the single risky asset
in the market. While z, follows a normal N (0,%_,) distribution, y,
is a pure Lévy jump innovation with generalized conditional Fourier
transform

Fyu;t=1,n=E,_, [e””] =exp {y/y (u;t — l,t)} s

where y, denotes the cumulant exponent (or cumulant generating
function) of y,. The cumulant exponent of the Lévy jump innovation
¥, is assumed to be multiplicatively separable with respect to &, i.e., it
admits the representation

v, Wit =1,0=nhy,, -, @

for some quadratic differentiable ¢, (u), which is independent of 4,,,. The
explicit distribution of y, remains unspecified at this point, potential
choices include the Merton jump, a Normal Inverse Gaussian (NIG) or
a Variance Gamma (VG) innovation. Note that the cumulant exponent
of the Gaussian innovation z, is multiplicatively separable with respect
to h:
Vot =L =hy
According to Ornthanalai [9], let the log return process follow the
dynamics given by

e, &)= %

S,
R, slog(s—’> =X,-X,_,

-1
=r+ (A =&WM) hy+ (}‘y - éy(l)) chys+z+ v (2)
where 4, and 4, are the market prices of risk for the Lévy innovations z,

and y,, respectively. &, (1)-h,, and £,(1)- h,, are the so-called convexity
adjustments, implying that

By [S]=S_iexp{r,+Ah  +ih,}. 3)

r, is time-deterministic, and 4.k, + A h,, is referred to as the condi-
tional equity premium (rate of return in excess of the risk-free rate).
Note that, by the properties of the cumulant generating function, the
conditional variance of the log-asset return is given by

Var_y [X, = X, ] =07 = hoy + hy, - €)(0). ()]

Concerning the evolution of the parameters h,, and h,,, we fol-
low Ornthanalai [9] and Heston and Nandi [2], respectively, and as-

sume the following dynamics for a set of parameters
@, @,,a,,0,, b,, by, [
a, 2
hz,t+l =w; + bz . hz,t + ]’l_ (Zt - czhz,r) ’ (53-)
z,t
a, 5
hyrp1 =@y +by-hy, +— (z, - cyhzv,) . (5b)

h

z,t
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This is equivalent to the evolution of the conditional variance in the
HN-GARCH model by Heston and Nandi [2], which was formulated for
a standard normal innovation. Ornthanalai [9] adapted the dynamics
in (5) for non-standardized innovations, z, ~ N (0,h.,), but the
convergence to a Cox-Ingersoll-Ross process if the length of the time
step shrinks to zero [cf.4] is preserved.

The crucial property of the Lévy GARCH setting is the availability
of the multivariate generating function in exponentially affine form,
which we will present in Proposition 2.1. For enhanced readability, the
proof is postponed to Appendix.

Proposition 2.1. Let T be some finite time horizon and let t < T—1. In the

setting of a Lévy GARCH model as introduced above, the one-step multivari-

ate generating function of the log return R,,, and the parameters h,,,,, and

h (1, under the physical measure, conditioned on the information available

at time 1, is given by

T(Rxﬂ,hluzvhy,wz) (u, U, 0, | 7-’,) =E, [exp {uRH_, + v R0+ vyhy‘,_,_z}]

= exp {4 (u,v,, vt + 1)

+B(u,vz,vy;t,t+1) “hy g (6)
+C (lh vyitt+ 1) 'hy,r+1} ’

where we define

A (u, Uz, U311+ 1) =ury .0, + 0,0

y
- %log(l -2 (v,a, +v,a,)), (7a)
B(uv,vitt+1) =u(d, - &) +v, (b, +a,?)

(u —2v,a,c, — ZUyaycy)2

; , 7b
T 2(1-2(v,a, +v,a,)) 7b)
C(wvystt+1) =u(d, —&0) +v,b, + & @) (70

Together with the ingredients presented in Section 2.2, this property
will be essential in the process of solving the portfolio optimization
problem later in Section 3.

2.2. Optimization problem and self-financing condition

Our goal is to solve an expected utility problem in a market with one
risky asset and the bank account (with time-deterministic interest rate
r,). We assume that the investor derives utility from terminal wealth
via a power utility function U(v) = ivV, with parameter y < 1, y # 0,
of wealth invested in the risky asset at time [z,7 + 1_) ’iél'zz,. That is, we
intend to solve the problem

max_ E, [U (VT)] . 8)
T §y

In order to exploit the affine nature of the underlying model, we
work with an approximation W, of logV, to solve (8). Following the
approach by Campbell and Viceira [18], an approximation of the
original self-financing condition

4 S;

+(1 ) 5 ©)
— = -m_q) =,
Z8 = B,

where B, is the value of the riskless asset” at time ¢, leads to

1
W,=W,_1+nmn_ R + 3 (77:,_1 —71',_1) 6,2 + (1 —77:,_1) r

i
= Wiy +m Ryt 5 (my = m2)) (e + by £)O)) + (1= ) 7,
(10)

2 B, is not to be confused with the coefficient B of the generating function
in Proposition 2.1, which does not carry an index.
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which is a linear expression in R,, h,, and h,,. This approach was
proved to be accurate in the context of affine GARCH models by Escobar-
Anel et al. [11,12] and furthermore used in a similar context by Escobar-
Anel et al. [19,20]. We refer to this extensive amount of preceding work
for more details. Getting back to our original optimization problem
(8), we use the approximation of the log wealth in (10) to rewrite our
problem as

m}a;&l %IE, [exp {yWT}] . an

{=}

3. Optimal investment maximizing CRRA utility
3.1. Maximum utility representation

The solution to the dynamic portfolio optimization (11) is presented
in Theorem 3.1. Again, for the sake of readability, the proofs in this
chapter are postponed to Appendix.

Theorem 3.1 (Maximum Utility Representation). Assume that the decision
maker maximizes a power utility function with corresponding parameter
y < 0. Furthermore, let the log price of the risky asset be described by a Lévy
GARCH model, satisfying the additional condition that h .., = A - h_,,

holds for some A € R, for all z, € R and t € {0,...,T — 1}. Then, the
optimal value function at time ¢ can be written as
1
(o8 (VVnhz,r+1»hy,r+l) = m}a%(_l ;Et [exp {yWT}]
T by
1 *
= ; exp {D,’T(n’t )+ W,
+ B () b+ E () - hym} 12)

1 *
= ; exp {D,’T(ﬂt )+ W,
+ Bz + ABL G| - hega
with D, 7, E7. and E]. given via Dy = Ef, = Ej; = 0 and the
recursive equations
Dr,T(”;*) = Dr+l,T(”;+|) + (1 - ”,*) Yyl
y “ Y.
+A (7”1*’ Efr @) By pm )it + 1) ;
o _ T 2 ] y .
Efr(@) = 2 (”r* - (=) ) +B ()’7[,*, Etz+l,T(”t*+l)’ Er+1,T(”r*+1)’t’t + 1) ’
(13b)

Bl =L (nf = (5)?) - 6/@+C (ym) B}, (o, i+ 1) (130)

(13a)

relying on the coefficients A, B, and C defined in Proposition 2.1. The
optimal solution x; satisfies

* z * y *
ra; —2E 1 (”H—l) ;= 2B 1 (”r+1 ) ayCy
4 y
1-2Er (”r*+1 ) a;—2E 1 (”r*+1 ) ay a4+

+4- 8O (% —x )+ (4, -6 M) + £, (ra)| =0,

together with the second-order condition

*
A —m +

1"
A& (ya)) > 1+A§y(0)— !
y t . . :
4 1-2E;, 7 (”t:-l) a:=2E), 1 (”t:-l) ay
(15)

Theorem 3.1 solves (8) in approximate form up to the solution of
(14), applying a recursive approach via Bellman’s value iteration. This
result generalizes existing work in the realm of affine GARCH models
with only one source of risk [see, e.g.,11,19,20] to the significantly
more complex dynamics of Lévy GARCH models. The exact shape
of Eq. (14), which remains to be solved for the optimal solution 7}, still
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depends on the choice for the distribution of the Lévy innovation.® This
entails difficulties with respect to a general statement about existence
and uniqueness of the optimal solution. Corollaries 3.3 and 3.4 show
that it is possible to obtain the desired result, i.e., existence and unique-
ness, in some special cases. In the other cases, we rely on numerical
methods for root searching in the context of univariate equations. We
numerically obtain unique solutions in all applications considered in
Section 4.

Remark 3.2. It is remarkable that an additional assumption con-
cerning the dependence of h, and h, is necessary in Theorem 3.1,
originating in the nature of the first-order condition for the optimal
portfolio strategy, which is of the form [...]-h, . +[...]1- h, .4y =0 (see
Eg. (A.5) in the proof of Theorem 3.1). If A,y = A-h_,,,, this equation
boils down to (14). However, in the case of h,,,; # A - h ., this
condition can be satisfied for any values of h,,,, and A, only if both
coefficients in square brackets are set to zero, implying two equations
for only one variable z,. Since the coefficient corresponding to 4, is
linear in x,, we obtain an explicit expression for the optimal strategy
dependent on the other parameters. This solution candidate — name it
n:t(z) - is time-dependent because of E| o and Exy:‘l,r'ét Concerning the
coefficient corresponding to h,,,,, this yields a condition for ¢, stating
that

g0 (3-50)+ (b -gm) +& () =0, 16)

for all t € {0,...,T — 1}. These T different conditions, however, need
to be satisfied for all investors, i.e., for all possible choices for y and
the corresponding values of nfz). Thus, we need to look at (16) as a
differential equation for ¢, which after the substitution u = yzrfz) has
the form

5;(14) = %u +ky— % = Ays 17
subject to the two conditions ¢,(1) = k; and .f;’ (0) = k,. This still -
counter-intuitively — imposes a condition on the statistical properties
of log asset returns related to the investor’s risk aversion parameter y.
Furthermore, integrating yields

ky 5 ky
éy(u)zz—yu +<k1—?—/1y u+C (18)

for some constant C € R, with
ky

k

§y(1)=§+k1—7—/1y+c=kl, (19a)
k

§O== =k (19b)

It is easy to see that (19b) requires y = 1 for the risk aversion
parameter, which implies C = 4, from (19a). Hence, this restricts
the analysis to risk-neutral investors and contradicts our assumption
that y < 1. This shows the necessity of the additional assumption
hypy1 =A-h . in Theorem 3.1.

An analogue to our condition h,, = Ah_, can be found, e.g., in
the setting by Liu and Pan [21], where the stochastic jump intensity is
connected to the instantaneous variance process. In practice, we ensure
the linear dependence of 4., and h,, by connecting the parameters in
(5b) to the ones in (5a), i.e., by assuming the initial condition hyy =
Ah,, together with

¢, =cg,

b,=b,, ®,=Aw, and a,= Aa, (20)

implying a slightly simplified expression for (14).

3 Eq. (14) involves E% . (zr,*H) and E, (zr,*H), which again involve B
and C as of Eq. (7). Eq. (7) shows that B and C depend on the distribution of
the Lévy innovation since ¢, is involved.

4 pxo s ) .
E\ 7 is short for £ (77, ), with x € {y,z}.
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We emphasize that a simple reduction of our model delivers a well-
known special case without jumps. Given parameters A,,®,,a,,b,,c,
and a sequence of innovations z, ~ N (O, hz.,) forallt=1,...,T, the
log-asset return in the HN-GARCH model® follows the dynamics

R =r+ (}“z_ %)hz,t-'_zt’ (21a)

22 (2= c;hy,) . (21b)

hz,t+| =w; + bz : hz,l + n
z,t

It is easy to see that the HN-GARCH model is obtained as a special
case of a Lévy GARCH model by disregarding the jump innovation,
i.e.,, by setting £,u) = 0, A = 0, and 4, = 0. Note that due to
the convexity adjustment present in the Lévy GARCH formulation, the
market price of risk is given by A, — % This connection allows us
to derive the optimal solution to the expected utility problem in an
HN-GARCH environment as a special case of Theorem 3.1.

Corollary 3.3 (HN-GARCH). The optimal portfolio strategy for (11), given
that the underlying asset follows an HN-GARCH model, can be obtained
from Theorem 3.1 by setting &,(u) =0, A =0, and 4, = 0. In particular,

Z,% Z,%
ok (1 - 2EH_1,TaZ) ~2EF ac,
i 1-2E% a - : @2
+1.7% 77
and 1 — 2Ef:l 4 > 0 ensures (15).

Note that it can be easily shown that the second-order condi-
tion (15) is trivially satisfied for all z, on the real line in the HN-GARCH
model. That is, we know that the objective function is concave and the
solution to the first-order condition is a global maximum.

3.2. Examples of jump innovations

In this section, we consider several choices for the Lévy jump
innovation and its distribution, respectively. First, the above optimality
problem is investigated under the well-known Merton jump model. Sub-
sequently, we also tackle Normal Inverse Gaussian (NIG) and Variance
Gamma (VG) innovations.

Merton jump model

In the Merton jump model [cf.9], each jump size is drawn inde-
pendently from N (6,6%). The number of jumps #,,, occurring in the
interval (,7+1] is a counting process with predictable intensity h,,,, =
A - hy,., ie., this intensity serves as the multiplicatively separable
parameter in our Lévy GARCH model. Thus, let y,,; = ZZ’;’ | Yy, with
{Y; };, i.i.d. according to N (6, 6%). Note that

1
E, [exp {u- yip1} | M4y =n] = exp{(u0+ 552,42) ' n},

which allows us to deduce from the tower property that

E, [exp {u . y,H}] = exp { (GXP {u0+ %52142} - 1) “hy it } :

Having performed the above analysis conditioned on the informa-
tion at time ¢, we obtain the cumulant exponent from the last equation
and state that in the Merton jump model,

1
&,(w) = exp {u9 + 552142} - 1. (23)

5 The HN-GARCH model was originally introduced by Heston and Nandi
[2]. The dynamic portfolio optimization solution for the HN-GARCH model
was first presented by Escobar-Anel et al. [12].
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Transferring this representation back to our optimality Eq. (14), we
now need to solve

Z,% Yk
ra =2 (Et+1,T - AEH—I.T) 46,
A, —m +
Z,% Yok
1 = 2a, (Er+],T + AEt+1,T)

1 | @4
#A4-[0? (5-m)+ (4, —exp{(6+38) } +1)
+(6+ 62;/7[,) - exp {93/7[, + %5272753 }] =0.

The optimality equation above yields the following statement on
existence and uniqueness of an optimal solution in the prevailing
model:

Corollary 3.4. Assume a Merton jump model for the dynamics of the
risky asset. If (15) holds for all , on the real line, for t € {0,...,T — 1},
then there exists a unique solution for the optimal relative portfolio strategy

7).

However, the strategy =, is involved both in linear and in expo-
nential terms, making (24) difficult to solve for z, explicitly. One
straightforward way to an approximate solution uses that the values for
the parameters ¢ and 6 are very small (referring to the MLEs reported
by Ornthanalai [9]), which implies that the approximation exp{x} =

1 + x is sufficiently good in this case.

NIG model

A Normal inverse Gaussian innovation [9,22] is a normal variance-
mean mixture [cf. 23, Def. 2.1] where the mixing density is the inverse
Gaussian distribution. In particular, we introduce « > 0 and g with |8| <
a. Conditional on x ~ IG (hy’, 1 Va? - ﬂz), the distribution of the Lévy
jump innovation is y,.; ~ N (fx,x).° According to Barndorff-Nielsen
[22] and Ornthanalai [9], the cumulant exponent of this innovation is
given by

v, Wt t+1)=—hy., - <\/a2 —(B+u)? —Va? —ﬂ2>,

with the part excluding h,,,, (note the minus in front!) in the role
of &,(u) as of Eq. (1). In this setting too, we rely on the condition
hyr1 = A-hy ., which then leads to the following optimality equation:

Z,% Vo
ra, =2 (Et+l,T - AEt+1,T) az¢z

A, —m + - -
1-2a, (EH—I.T + AE:+1,T>
2 -2 2
+A- "‘—’73(%—n,)+,1y+\/aZ—(ﬂ+1)2—\/a2—ﬂ2 (25)
(az _ﬂz)i
+
+ Prrm =0.
\/az — B2 —2pym, — y2x?
VG model

Another potential choice concerning the model for the jump inno-
vation is the increment of a Variance Gamma process [24], generated
as a normal variance-mean mixture with the Gamma distribution as
the mixing density. That is, the innovation is distributed according to
Yir1 ~ N (0x,x), conditional on x ~ Gamma (a, §), for a, > 0. Again
referring to Ornthanalai [9], we obtain via conditioning on x:

a

B

E, [exp {u- v }] = 1
- Euz —Ou

® In order to make the cumulant exponent of this innovation multiplica-
tively separable in one of its parameters, we set the location parameter y in
the original formulation of the normal variance-mean mixture N (u + fx, x) to
zero.
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Table 1

Standard values for the investment parameters used for the plots in
Section 4.

Parameter T r 4
Value 252 001/257 -1

ou+ Lu?
2
=expq—a-log|l— 7

Thus, choosing 4, to take the role of a, we arrive at

&, (W) =log + . (26)
- u2—0u
Using this in (14) yields the optimality equation
Z,% V,*
rm =2 <E1+1,T - AEt+l,T) 4262
A, —m + :
1 =2a, (Erz+x1 rt AEry:l T)
0 0+
+A- ﬁ+2 (l—n:,>+/1y—log 4 - |+ y”; =0
B 2 p-6-3 ﬁ—Hyﬂ',—Eyzzrtz
27)

Multiplying both sides with the denominator of the last term leads
to a third-order polynomial.

Remark 3.5. Although Egs. (24), (25) and (27) seem to be tedious to
solve for r,, we can check numerically that the second-order condition
is satisfied for the entire real line at all time points (for reasonable
parameter values), i.e., that the objective function is concave in r, and
that a solution will be a unique maximum.

4. Numerical analysis

This section is devoted to the numerical study of the prevailing Lévy
GARCH model. In particular, the sensitivity of the optimal portfolio
allocation to the central parameters of the model is investigated as
well as the wealth-equivalent loss (WEL) occurring when the investor
follows suboptimal strategies. We are interested specifically in the
impact of jumps on the optimal strategy and on potential losses and
want to compare the Lévy GARCH models to the nested HN-GARCH
(which does not incorporate jumps) and a homoscedastic variant. All
analyses are going to be presented for the Merton jump model (MJ) as
well as for NIG and VG innovations.

If not specified otherwise, the choices for the model’s investment
parameters are given in Table 1.

4.1. Parameter estimates

Our analysis is based on the maximum-likelihood estimates pro-
vided by Ornthanalai [9]. Since in the estimation process for these
MLEs the linear dependence hy; = Ah, for t € {1,...,T}, was not
assumed, we need to modify the original parameter set. The central
question in this regard is how to derive the value for the parameter
A, since this, by construction, will govern the behavior of the process
{hy,t}x' The approach presented here uses the unconditional mean of
the process {h,,}, and derives a value for A such that the unconditional
means of Ah,, and h,, are matched. Assuming that both h, and &,
satisfy the stationarity conditions b, + a,c2 < 1 and b, < 1, the

z
unconditional first moments of #_ and h,, respectively, are given by

27,(D
A0 = o, +a, w,+a,+ aycyhZ

z

D =

- 7 2
¢ =y 28)

—
1—b,—a,c:
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We replace the parameters ay, by, ¢, and o, in (28) according to the
relations in (20) to obtain the A-dependent version fz(yl). Subsequently,
we choose the value for A such that iz(y” and B(yl) are equal, leading to
the equation

A
o, +a,+ aycyhZ

1-b,

Aw, + Aa, + Aac2hS”

2
1-b, ’ @9

which is equivalent to

Y (1—bz) (a)y+ay+ayc§h(zl)) 30)
(1-b,) (wz +a,+ azcgil(zl))

Note that one could also include higher unconditional moments in
the above approach and then derive the best value for A, e.g., based
on the method of least squares. This, however, would sacrifice an exact
match of the long-term mean of &, forming the reason why we remain
with the exact choice in (30).

4.2. Methodology for comparisons and WEL

In order to correctly investigate the impact of jumps on the solution
to our portfolio optimization problem, we want to compare the pre-
vailing jump model to the closest HN-GARCH model, which is nested
in our setup as described in Corollary 3.3 and does not incorporate
jumps. In order to avoid estimation errors from small samples, for
every jump model, we simulate 100 paths with a long sample of N =
2 x 10* steps of log returns for the prevailing jump model and then
derive maximum-likelihood estimates for the HN-GARCH parameters
based on this dataset. To this end, we follow the lines of the returns-
only estimation of Escobar-Anel et al. [15], exploiting the normal
distribution of the HN-GARCH innovations to obtain the log-likelihood
function /. Given the model dynamics (21) with parameter vector § =
(A;,@,,a,,b,,c.) and the log return x,_;, the law for X, is

X, 1 (x_pp0) ~ N (x,_l - (,11 - %) hy,, hz,,) . 31

The joint density function fy, . x, of the log returns can be ex-
pressed via conditioning on the previous values:

’xT) = fxl (xl) : f)(2|x1 (xz) tees 'fxﬂxr,l (XT)- (32)

Combining (31) and (32) with the density of a normally distributed
random variable and subsequently taking the logarithm leads to the
log-likelihood function

le,.“,XT (xl,,,,

T
1
by (%12 eoxp 18) = =3 3 (log @m) +log () +¢7) - (33a)
1=1
where
1
Xt = X1 =1 — </‘|'z - E)hz,t
€ = . (33b)
V hz,r

The estimates § for 6 are given by § = argmax, Iy (xy,...,x7 | 0).

After finding estimates 0, ..., 0, for all paths, we take the median as

the best proxy for the HN parametrization’, which can be understood
as the best HN-GARCH approximating a given Lévy GARCH. The same
dataset is used to obtain the corresponding homoscedastic Gaussian
model (HS), i.e., an HN-GARCH model with a, = b, = ¢, = 0. In the
following, the jump models — we use the MJ, the NIG and the VG model
as examples — are always compared to their re-calibrated versions of the
HN-GARCH and the homoscedastic variant.

7 We use the median, rather than the average, due to the presence of
outliers in the estimates (i.e., local minimum on some samples). We also
report the standard error from the 100 samples to confirm the accuracy of
the estimate.
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T (years)

Fig. 1. Values of the optimal strategy z; in the MJ model and the corresponding
re-calibrated HN-GARCH and homoscedastic model, dependent on the length of the
time horizon, for T € [1,5-252]. The parameters are given in Table 1 (investment
parameters) and in Table 2 (MJ, HN, HS).

For the purpose of measuring the losses that investors incur when
following suboptimal strategies, we make use of the exponentially
affine value function from Theorem 3.1. In particular, we compare the
optimal value function at time ¢, ¢,, which is obtained via using the
optimal strategy {n;*} , in the recursive parameters, to the expected
utility corresponding to the suboptimal strategy {nf} ,» denoted by ¢;.
The wealth-equivalent loss (WEL) L is the percentage of wealth at time
¢ that an investor following the optimal strategy can forgo in order
to obtain the same expected utility as another investor following the
suboptimal strategy {} .- Thus, L} satisfies the equation

#; (lOg Vi hz,t+1»hy,t+1) =¢ (IOg (V, (1 - L;)) Ryt hy,r+1) . (34)

Using (12) and exploiting h,,.; = Ah_,,, yields the following
closed-form representation of the WEL:

Li=1-exp {% D5y (%) = Do ()

(B3 (7)) = By (x)) + A (2) = Ay (27) ) ey |-

(35)
4.3. Results for the Merton jump model

This subsection presents an analysis of the sensitivity of the op-
timal solution to the most relevant investment parameters and aims
at comparing the Merton jump model to the closest HN-GARCH and
homoscedastic solution.

To this end, we derived maximum likelihood parameter estimates
for the latter two jump-free models according to the methodology
presented in Section 4.2, based on the MJ parameters from Ornthanalai
[9], adapted to our setting as described in Section 4.1. We add that,
compared to the sample statistics for the original S&P 500 dataset used
to estimate the MJ parameters in Table 2, namely a sample skewness of
—0.194 and a kurtosis of 11.15 [9], the first 15 years of observations in
our artificial dataset created with these MJ parameters yield a sample
skewness of 0.010 and a kurtosis of 3.47.% For all three investigated
models, similar sample statistics are obtained when simulating with
or without modifying the parameter set according to Section 4.1 to
achieve the dependence in (20).

Comparing the solutions to the portfolio optimization problem for
MJ to its no-jump analogues as of Table 2, Fig. 1 shows that the re-
calibrated HN-GARCH model without jumps replicates the MJ very
well, with the difference in the optimal initial allocation decreasing

8 While these numbers for the artificial set of MJ returns are less extreme
than the actual sample statistics of the original dataset, this picture changes
when looking at different Lévy GARCH models, see Section 4.4 for the NIG
model.
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Table 2
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Maximum likelihood estimates for the MJ model and the recalibrated HN-GARCH and homoscedastic model, respectively.
Standard errors for the recalibrated models in parentheses. The MJ parameters are based on Ornthanalai [9] and the
methodology presented in Section 4.1, the two jump-free models have been estimated according to Section 4.2.

Par. MJ HN HS
A, 1.47 2.67 (2.70 x 1071) 2.66 (1.85 x 1071)
. -2.39 x 107° -1.23 x 107 (5.67 x 1077) 6.88 x 1074 (3.50 x 1075)
a, 2.98 x 10° 4.45 x 107 (5.80 x 1077)
b, 9.41 x 107! 9.59 x 107! (5.59 x 1073)
c, 1.35 x 10? 9.04 x 10! (1.19 x 101
A, 6.18 x 1072
A 2.31 x 10?2
0 -2.39 x 1073
3 2.85 x 1072
x10~*
rv.,v_,__...,...v...,...,,,,,__.v___v
2 7 -
’
<RU --e-- HN
¥
0 - 8.-—'—.—o—o—-c—-o—-o——o——o-—.—o—o—o—-o
T T
2 4

(a) Values of 7§ dependent on R. The lines for the

MJ and the HN are overlapping.

R

(b) WEL dependent on R.

Fig. 2. Values of the optimal initial allocation z} and of wealth-equivalent losses, dependent on the investor’s level of relative risk aversion R = 1 —y € [1.1,5]. The parameters

0
are given in Table 1 (investment parameters) and in Table 2 (MJ, HN, HS).

as shorter time horizons are considered. In contrast to this, the ho-
moscedastic solution is not sensitive to the length of the time horizon
and stays constant, also causing an increasing difference to the MJ as
the time horizon increases.

Fig. 2(a) addresses the sensitivity of the optimal solution with
respect to the investor’s level of relative risk aversion, which in the
prevailing setting of a power utility function with parameter y < 1 is
given via R = 1—y. Clearly, the fraction of wealth invested in the risky
asset increases in all three models as the level of relative risk aversion
decreases. This can lead to major differences between investors using
the same model, but having different risk preferences. Following the
MJ, for instance, with a relative risk aversion of R 1.3 yields an
initial risky allocation of around 200%, whereas R ~ 4 leads to an
allocation below 100%. For the entire plotted range, the HN-GARCH
strategy remains very close to the optimal strategy in the MJ, while
investors following the homoscedastic variant have a slightly lower
risky allocation. Fig. 2(b) uses the same parameter range and considers
the wealth-equivalent loss that investors incur when following the HN-
GARCH or the homoscedastic strategy, while log returns actually evolve
according to an MJ. In general, the losses remain at a very low level
for a one-year time horizon, yielding values below 5 basis points for the
homoscedastic model and even less for the HN-GARCH. This confirms
the impression from Figs. 1 and 2(a) that the jump-free models lead to
very similar investment strategies.

In Fig. 3, we consider more extreme jump settings, which are
obtained via increasing the absolute mean of the normally distributed
jump size in the MJ up to a factor of 10 and via increasing the
standard deviation of the jump size by the same factor. For each grid
point between the original parameter estimate as of Table 2 and the
most extreme setting, we re-calibrate the jump-free models to a set
of simulated log return according to Section 4.2.° Both plots suggest

~
~

~

~

9 The recalibration exercise leads to natural inaccuracies in the estimates,
which explains the minor variation in the calculation of WEL among grid
points.

that the capability of the HN-GARCH and the homoscedastic model
to imitate the MJ is not significantly weakened, i.e., losses remain
negligible for all considered parameter settings.

Besides modifications concerning the jump size in the MJ, the jump
intensity can of course play a huge role too, bearing in mind, e.g., the
analysis by Ascheberg et al. [14], suggesting that jumps matter more
if the intensity is large. In the Merton jump model, the intensity can
easily be modified via the parameter A, governing the jump intensity
given by Ah,, in the interval (¢,7 + 1]. One has to take into account,
however, that the long-run equity premium, obtained via

1= 200 + 2,00 = 200 + 4, AR, (36)

changes accordingly, which will have a major impact on the optimal
solution. Since we wish to isolate the effect of modifications to the
jump size, we compensate for changes is the long-run equity premium
by adapting 4, such that 1 remains constant.

Fig. 4 uses this approach and increases A up to one order of
magnitude from the original value in the MJ model (see Table 2).
Again, both jump-free models are re-calibrated for every grid point. As
seen for the parameters affecting the jump size, the parameter A does
not have a significant impact on the wealth-equivalent losses occurring
for the closest HN-GARCH and homoscedastic models, as all values stay
below or close to 2 basis points, with the HN-GARCH outperforming the
constant solution and yielding even lower values.

To conclude our numerical investigation of the Merton jump model,
we modify both the mean jump size and the intensity at the same time.
In particular, we increase the parameters § and A by a factor of 10.
Concerning changes in the jump intensity, implied by an increase in
A, we again use the approach described above to avoid changes in
the long-run equity premium. Fig. 5(a) shows the values of the initial
optimal risky allocation for investors with different risk aversion levels,
for the MJ as well as for the two jump-free models. The plot once
more suggests that the strategies obtained from the HN-GARCH and
the homoscedastic model are similar to the one in the MJ. Concerning
the wealth-equivalent losses investors incur when following the former
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(a) WEL dependent on 6, up to an absolute increase

by a factor of 10.
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(b) WEL dependent on 4, up to an increase by a

factor of 10.

Fig. 3. Values of the wealth-equivalent losses, dependent on the jump parameters in the MJ model. For each grid point, both the HN-GARCH and the homoscedastic model are
re-calibrated using the methodology in Section 4.2. The time horizon is one year with 252 trading days, and we consider an investor with y = —1.

Table 3

Maximum likelihood estimates for the NIG model and the recalibrated HN-GARCH and homoscedastic model, respectively.
Standard errors for the recalibrated models in parentheses. The NIG parameters are based on Ornthanalai [9] and the
methodology presented in Section 4.1, the two jump-free models have been estimated according to Section 4.2.

Par. NIG HN HS
A 8.00 x 107! 1.83 (4.30 x 1071) 1.83 (3.97 x 1071)
o, -1.65 x 1076 3.40 x 1076 (8.81 x 1078) 3.21 x 1074 (2.96 x 107%)
3 2.41 x 1076 4.21 x 1077 (4.62 x 1078)
b, 9.40 x 107! 7.04 x 107! (2.25 x 107%)
c. 1.43 x 102 6.70 x 102 (6.14 x 101
A 6.88 x 107!
A 2.62
« 1.16 x 10!
B -6.86
x10~4 skewness for the first 15 years of the simulated log returns is —2.99, the
2.01 — e HN kurtosis amounts to 73.90.'°
L5 ‘ . S Concerning the evolution over time, Fig. 6 shows that an investor
Y with a time horizon of more than 1.5 years will invest 2.5 percentage
s E . points more than an investor with a very short time horizon. While
107 Ve , ' g, the HN-GARCH solution only shows slight differences in the initial
0.5 v A e allocation for very small values of T, the homoscedastic solution does
’ A e //" not change for different time horizons.
0.01 S T N Plotting the values of the initial optimal portfolio allocation for a
500 1000 1500 2000 one-year time horizon for investors with different levels of relative

A

Fig. 4. Values of the wealth-equivalent losses for the HN-GARCH and the homoscedas-
tic model, dependent on the jump intensity in the MJ model. For each grid point, both
the HN-GARCH and the homoscedastic model are re-calibrated using the methodology
in Section 4.2. The time horizon is one year with 252 trading days, and we consider
an investor with y = —1.

two suboptimal strategies, Fig. 5(b) suggests a very good performance
of the re-calibrated models, yielding values below one basis point for
the entire range of relative risk aversion.

4.4. Results for the Normal Inverse Gaussian model

In this subsection, we address the Normal Inverse Gaussian model
in terms of the sensitivity of the optimal solution to the main model
parameters and compare the model to the Gaussian HN-GARCH model
without jumps and to a homoscedastic variant.

The parameters for these three models are displayed in Table 3. The
estimates for the NIG model are based on Ornthanalai [9], adapted
to our setting according to Section 4.1. As described in 4.2, the HN-
GARCH and the homoscedastic model parameters are re-estimated
based on a set of simulated log returns from the NIG model. The sample

risk aversion, Fig. 7(a) shows that the small differences observed in
Fig. 6 for the special case of R =2 are confirmed for other reasonable
values, too. This is also reflected in Fig. 7(b), suggesting extremely low
values for the wealth-equivalent loss occurring when following the HN-
GARCH or the homoscedastic solution, while returns actually evolve
according to the NIG model.

The interpretation of the NIG innovation as a normal variance-
mean mixture y, ~ N (fx,x), with x ~ IG (hyy,,\/oﬂ—ﬁZ), helps
to get an intuition about the role of the different parameters in this
setting. As for the MJ model in Section 4.3, we intend to increase the
average jump size, which can be achieved via modifications to g. As
we change f#, we correct the inverse Gaussian distribution to remain
the same by adapting a accordingly. Increasing the absolute value of g
up to one order of magnitude in this manner, and then re-calibrating
the HN-GARCH and the homoscedastic model leads to the wealth-
equivalent losses plotted in Fig. 8(a). The loss increases towards higher
absolute jump sizes for both suboptimal strategies, but the numbers
remain on a very low level in general. It is remarkable that in this
case, the homoscedastic model could produce a lower WEL than the
heteroscedastic HN-GARCH for some very extreme settings (see Fig. 9).

10 These values are much more extreme than the numbers observed in the
original dataset from the S&P 500 (see Section 4.3), similar to the picture for
implied average conditional skewness and kurtosis observed by Ornthanalai

[91.
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(a) Values of 7§ dependent on R.
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(b) WEL dependent on R.

Fig. 5. Values of the optimal initial allocation #; and of wealth-equivalent losses, dependent on the investor’s level of relative risk aversion R = 1 —y € [1.1,5]. These plots

0

are based on a modified, extreme parameter setting for the MJ with ¢ and A one order of magnitude larger than the original estimates in Table 2. The HN-GARCH and the
homoscedastic model have been re-calibrated according to Section 4.2. The time horizon is one year with 252 trading days.

Table 4

Maximum likelihood estimates for the VG model and the recalibrated HN-GARCH and homoscedastic model, respectively.
Standard errors for the recalibrated models in parentheses. The VG parameters are based on Ornthanalai [9] and the
methodology presented in Section 4.1, the two jump-free models have been estimated according to Section 4.2.

Par. VG HN HS
A, 6.82 x 107! 2.33 (3.34 x 1071) 2.35 (2.76 x 1071)
w, -1.75 x 107 1.25 x 1077 (3.18 x 1077) 4.49 x 10™* (2.13 x 1075)
a, 2.57 x 107° 2.85 x 10°° (3.23 x 107)

b, 9.38 x 107! 9.44 x 107! (6.50 x 1073)

¢, 1.47 x 102 1.31 x 102 (1.50 x 10Y)

Ay 1.68 x 1072

A 1.17 x 102

[ -8.19

i 9.49 x 10?

0.925 1

0.920 -
0.915 -
€ 0.910
0.905 -
0.900

0 1 2 3 4 5
T (years)

Fig. 6. Values of the optimal strategy z; in the NIG model and the corresponding
re-calibrated HN-GARCH and homoscedastic model, dependent on the length of the
time horizon, for T € [1,5 - 252]. The parameters are given in Table 3.

We add that the third parameter that can influence the jumps, A,
plays a different role in the NIG as compared to the MJ model. While
we were looking at an increase of said parameter in the MJ to raise
the jump intensity, we may now increase A to obtain a larger mean
of the inverse Gaussian random variable in the normal variance-mean
mixture. Looking at an increase of up to one order of magnitude, and
re-calibrating the HN-GARCH and the homoscedastic model at each of
the grid points also shows insignificant values for the wealth-equivalent
loss. The WEL evaluated for an investor with R = 2 does not exceed one
basis point.

4.5. Results for the Variance Gamma model

This subsection is devoted to the numerical results for the special
case of the Variance Gamma model, see Corollary 3.4.

We follow the lines of Sections 4.3 and 4.4 and investigate the
impact of more extreme jump settings in the VG model on the capability
of the HN-GARCH and the homoscedastic model when it comes to
dynamic investment strategies.

Table 4 shows the estimates for the VG model, derived from Orn-
thanalai [9] and adapted according to Section 4.1. The HN-GARCH and
the homoscedastic parameter estimates are obtained according to the
methodology described in Section 4.2. In this case, the sample skewness
for the first 15 years of simulated log returns is —0.13, the sample
kurtosis is 4.29.

Fig. 10 shows that, the re-calibrated HN-GARCH model, based on a
simulated dataset of VG returns, produces an initial value for the risky
allocation which is quite close to the one obtained directly from the
VG model for all time horizons up to five years. The initial allocation
resulting from the homoscedastic model is constant over different time
horizons and almost identical to the HN-GARCH and the VG strategy
for very small 7.

This is also reflected in the plots in Fig. 11, showing the difference of
the initial risky allocations for a one-year time horizon across different
levels of relative risk aversion. The HN-GARCH yields a value almost
identical to the one from the VG model, the homoscedastic model seems
to be quite close, too. Concerning the wealth-equivalent losses, the
picture observed for the MJ and the NIG models in Sections 4.3 and 4.4
is confirmed once more, since the values for the losses when following
the HN-GARCH are very low, exceeded by the losses produced with the
homoscedastic solution, which, however, also remain small — around
one basis point for R between 2 and 4.

Concerning the jump parameters in the VG model, we again look
at the normal variance-mean mixture interpretation of the underlying
distribution. In particular, considering y, ~ N (6x,x), based on x ~
Gamma (h,,, ), we quickly identify ¢ as the key to modifications in
the jump size. Since the mean of x is given by 4,./p, and this again is
reflected in both the mean and the variance of y,, we can modify these
two measures via decreasing # and leaving the behavior of the process
h,, unchanged.

Repeating the same procedure as for the other WEL evaluations here
yields a very familiar picture, as shown in Fig. 12: Re-calibrated using
simulations from the jump model for different parameter values, the
losses for the HN-GARCH and the homoscedastic model remain very
low, barely exceeding one basis point for a one-year time horizon in
the VG setting.
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(a) Values of 7§ dependent on R. (b) WEL dependent on R.

Fig. 7. Values of the optimal initial allocation z; and of wealth-equivalent losses in the NIG model, dependent on the investor’s level of relative risk aversion R =1~y €[1.1,5].

The time horizon is one year with 252 trading days, the parameters are given in Table 3.

x10~4

wo 2 \\\1
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(a) WEL dependent on /3, up to an absolute increase (b) WEL dependent on «, up to an increase by a
by a factor of 10. factor of 10.

Fig. 8. Values of the wealth-equivalent losses, dependent on the jump parameters in the NIG model. For each grid point, both the HN-GARCH and the homoscedastic model are

re-calibrated using the methodology in Section 4.2. The time horizon is one year with 252 trading days, and we consider an investor with y = —1.

8 x10~° The evidence in this section indicates that Gaussian models excel
at replicating the simulated data of jump processes across different
64 jump models and parameter scenarios. In this context, we note that
our Gaussian models are fitted based on a relatively large data set, see
e 41 Section 4.2. Other results, e.g., in the context of regime switches [25—
27, among others], are based on comparatively short time series. This
94 suggests that the large amount of data points we use helps to eliminate
the estimation error and significantly improves the performance of the

0 Gaussian models.

%) 1'0 1'5 2'0 2'5
A 5. Conclusion

Fig. 9. Values of wealth-equivalent losses for HN-GARCH and homoscedastic model, This paper provides an approximate solution for a discrete-time
compared to the NIG model and dependent on the parameter A. For each grid

point, both the HN-GARCH and the homoscedastic model are re-calibrated using the portfolio optimization problem in a Lévy GARCH framework. We lay
methodology in Section 4.2. The time horizon is one year with 252 trading days, and out optimality criteria for different special cases of the framework,
we consider an investor with y = —1. including both finite-activity and infinite-activity jump components.
Our numerical study focuses on the impact of jumps on the optimal
strategy and compares three different jump models to the jump-free
Gaussian HN-GARCH model and a homoscedastic Gaussian model.
Across all considered jump models, the results demonstrate that in-
vestors following the closest possible jump-free variants obtain very
similar strategies and incur only insignificant wealth-equivalent losses.
Our finding remains true for modified parameter settings indicating
extreme jump behavior in the Lévy GARCH models. This surprising
performance of simple models might be explained by two factors. One
is the connection between expected utility maximization and mean-
variance theory, stating that expected utility maximization can be
well approximated using mean-variance theory, i.e., by the first two
moments [17]. The quality of this approximation in other settings,
Fig. 10. Values of the optimal strategy z; in the VG model and the corresponding e.g., with a disappointment-averse investor [28] could be subject to
re-calibrated HN-GARCH and homoscedastic model, dependent on the length of the further research. This highlights the importance of matching the first
time horizon, for T €[1,5-252]. The parameters are given in Table 4. two moments of the wealth distribution. Secondly, the frequency of re-

balancing in a discrete-time setting leaves little room to take advantage

of sudden jumps. This latter factor might be crucial for our results, con-

sidering the many studies of the impact of jumps on optimal portfolios

10
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(a) Values of 7§ dependent on R.

Fig. 11. Values of the optimal initial allocation z;

The time horizon is one year with 252 trading days, the parameters are given in Table

(a) WEL dependent on 6, up to an absolute increase
by a factor of 10.

4.

Operations Research Perspectives 13 (2024) 100312
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(b) WEL dependent on R.

and of wealth-equivalent losses in the VG model, dependent on the investor’s level of relative risk aversion R =1 -y €[1.1,5].

x10~4

(b) WEL dependent on S, up to a decrease by a factor
of 10.

Fig. 12. Values of the wealth-equivalent losses, dependent on the jump parameters in the VG model. For each grid point, both the HN-GARCH and the homoscedastic model are
re-calibrated using the methodology in Section 4.2. The time horizon is one year with 252 trading days, and we consider an investor with y = —1.

in a continuous-time context, for instance by Das and Uppal [29] or,
more recently, Yang et al. [30]. In the discrete-time GARCH framework,
our analysis therefore shows that correctly calibrated jump-free models
could diminish the necessity of modeling jumps for investors.

CRediT authorship contribution statement

Marcos Escobar-Anel: Writing — review & editing, Writing — orig-
inal draft, Visualization, Validation, Supervision, Software, Project
administration, Methodology, Investigation, Conceptualization. Ben
Spies: Writing — review & editing, Writing — original draft, Visual-
ization, Software, Methodology, Conceptualization. Rudi Zagst: Writ-
ing — review & editing, Writing — original draft, Visualization, Vali-
dation, Supervision, Resources, Project administration, Methodology,
Investigation, Conceptualization.

Declaration of competing interest

The authors report that they have no conflict of interest to declare.
Data availability

No data was used for the research described in the article.
Appendix. Proofs from Sections 2 and 3
Proof of Proposition 2.1. We know that the innovations z,,; and y,,

are contemporaneously independent and that for z,.; ~ N (0,/_,,;),
we have

E, [exp {az.yy + 52}, }]

1=26h; 1)

azhz,H-l 1 log

> (A1)

(1 - 2ﬂhz,t+l) } .

11

Using (A.1) in the last step, we prove Proposition 2.1:

I}I(Rr+]shz,r+2’hy,t+2) (u, Uz, Uy l P’)
=E, [exp {u ‘R +v, - hz’,+2 +v,- hy,r+2}]
=E, [exp {“ [rH—l + (/lz - fz(l)) hypp + (ly - 5y(1)) hyppr + 20 + Yt+1]
+0 h o+, hy,H-Z}]
exp {u [ryy + (A = E (D) by + (4, = E,(D) hy ] }
x E, [exp {u (zZip1 + Yig1)

4

+ v, [wz +bh, .y +
hz,1+l

(zr+1 —cho )2]

a 2
+u, [wy +byhy i+ h—y (Zx+1 - Cyhz,t+l) ] }]
z,t+1

exp{u-rq +v, 0,40, ®

y
+ [u- (=& D) + v, - (b, +a.c?) + Uyaycﬁ] g

+ [“' (Ay - Zfy(l)) Ty by] : hy,t+l}

X E, [exp {u Vi1 T [u —2v,a,c, — ZUyaycy] CZiyg
9, ay 2
vy 2]
y

. .7
z hz,1+1 hz,r+1 i+
+ [u~ (A= EM) + v, - (b, +a.c?) + Uyaycﬁ] “hoi

= exp {ur,y; + v,0, + 0,0
+u- (Ay =&, (D) +vyb, + 5y(”)] By

v

+

2
y”ycy)

2[1-2(v,a, +v,a,)]

(u—2v,a,c, =20

1 log

5 (1-2(v.a, +v,a))

zt+1 T

justifying (6) together with the definitions in (7). This completes the
proof of Proposition 2.1. []

Proof of Theorem 3.1. We use Bellman’s principle in order to maxi-
mize via backwards induction and use the optimal solution at time 7+ 1
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for our approach at time 7. This results in the calculations below, where
for the terminal step at time r = T — 1 we just work with

br (W) =U (v2) = Jexp (W2},

resulting in Dry = EZ . = EJ. . = 0. We obtain:

II}[ax E, [¢t+1 (I’Vt+1»hz,r+2»hy,t+2)]
1
1 *
=m”ax E, ;exp {Dt+1,T(”'}+1) +yWi
1

+Etz+1,T(”x*+1) “hoppa + E;V+LT(71':‘+1) “hy }]
1 £
=max - exp {Dyy 7 (r), )}
Ty
X E, [exp {}’ : [VVt + 7 Ry
1 2
+§ (7 —m7)- (hz,t+l +hy "f;l(o)) +(1-m) ’t+1]
HEL () hopa + Bl () By }]
1
= max y P {D’“T(”r*ﬂ) +(1=7) yrg +1W,
1

14

2 (m = 72) - (e + By -6/ O) }

x K, [eXp {y”thH +EL ) e + Bl () o }]

1 £
=rr}rax ;exp {Dr+1,T(”,+1) + (1 71',) vr YW,
t

2 (= 72) - (e + By -6/ ©) }

. y *
X ,{I(R1+lvhz.r+2vhy,r+2) (7”” EtZJrl,T(”t*H)’ E7+1,T(”t+1) | Ff)
1
=max - exp { D)+ YW, 4 Bz - g + By -y |
(A2)

where we used the multivariate generating function from the proof of
Proposition 2.1 in the Lévy GARCH setting and the definitions from
Egs. (13) in the last step. We seek to maximize (A.2) with respect to the
single variable z,. Thus, we approach this step by taking derivatives,
setting the first derivative to zero while having a negative second
derivative at this point (or globally in case of concave functions).
Concerning the first of the above-mentioned steps, note that, given
some y # 0, the first derivative is equal to zero if and only if

Di,r(”x>+( ) () - hzr+1+< ) () hy1 =0, (A.3)
which, according to (13), is equivalent to
s+ A B B s 1) oy
+ [% —rm+ %B (7”1’ ER. T’ Ezy+1 rhit 1) ' 7] e (A-4)
+|go- (— —ym, ) + %c (rme B pitt +1) 7] -y =0,
where E lT is short for E;‘HT( x+1) with x € {y,z}. Now, using

Deﬁmtlons (7), we note that the first line reduces to zero. Dividing by
y yields

7

1 rI - 2Et+1T —2E L 19y

__ﬂt+}'z_§z(l)+ ¥ 'hzt+1

2 1-2E** - 2Ey’ a ’
1,792 +1.7%

+ [5;’(0)(% )+ (A -

Exploiting the Gaussian distribution of z, we further use &,(1) = 1/2
to obtain

&) +&, (rm)| - Ay =0,

Z,% Pk
2Et+1T 26z _2Et+lT yCy
A, —m + “hyi
' 1 —2E” -2E a "
+1,74 t+1,1%Y (A.5)

o3

izr,>+(

a,- :y(l)) + & (rm)| - By = 0.
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Remember that the two multiplicatively separable parameters of the
cumulant exponents are assumed to be linearly dependent, i.e.,

hyy1r =Ahy (A.6)
holds for some A € R. This yields the single equation
K Yok
A—x 4 Y7 _2Etz+1 17922 2Er+1T yCy
z M Z,% Yk
1-2E7, ra: —2E/], ra, (A7)

A- [5;,(0) (% - 7[,) + (4, —&,D) +§; (y”’)] =0

How easily the resulting equation can be solved for 7, now largely
depends on the shape of ¢, i.e. on the explicit distribution of the Lévy
jump innovation y. In order to ensure that the solution to (A.7) is
actually a maximum, we require (15). This concludes the proof. []

Proof of Corollary 3.4. If we require (15) with strict inequality for all
7;, then the continuous function on the left-hand side in the optimality
Eq. (24) is strictly decreasing in z,. Furthermore, using that y < 0,
we obtain that the left-hand side goes to +oo if 7;, — Foo. Using
the intermediate value theorem, the existence of a unique solution
follows. [
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