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ARTICLE INFO ABSTRACT

Keywords: The presented paper considers the pricing and lot-sizing decisions for a manufacturer who produces and
Pricing sells a single product in different selling channels i.e physical stock, website, mobile, etc. The objective is
LUtiSIZ}‘l“g ' to find the production plan and prices of each channel to maximize the total profit defined from difference
Multichanne

between the revenues and the productions, holding and setups costs. The consumers’ demand in each channel
is represented by attraction demand models which include the multinomial logit (M N L), multiplicative
competitive interaction (M CI) and linear demand models. The addressed problem is formulated as a non-
convex mixed-integer nonlinear program (M IN LP). Based on properties of attraction functions, an efficient
reformulation which transforms the initial non-convex problem into a convex one is presented. Therefore,
an optimization approach based on the outer approximation algorithm is presented to solve the problem.
Numerical tests based on large benchmark of real inspired instances show the efficiency of the proposed

Attraction demand models
Nonlinear programming
Outer approximation

approach to solve the addressed problem compared to the initial non-convex model.

1. Introduction

Lot-sizing problems are classic problems of the industry with objec-
tive to determine the quantities to produce or to supply such that the
different costs (storage, production, ...) are minimized. Karimi et al.
[1] stated that good lot-sizing decisions affect directly the performance
of the system and its productivity which are necessary elements that
allow companies to remain competitive in the market.

Pricing is one of the critical elements that presents challenges for
the companies. The earliest work on the practice of pricing dates
back to service industries such as hotels [2] and airlines [3]. Initially,
researchers and companies were interested in pricing alone to improve
profits. However, in production industries, coordinating pricing deci-
sions with other supply chain decisions such as production is not only
useful, but essential. Coordinating these decisions optimizes the whole
system rather than individual elements [4]. According to the review of
the academic literature, there is a lack of decision support systems that
truly integrate production-inventory and pricing decisions, particularly
in the multi-product and multi-market context. Tang [5] attributes
this gap to lack of efficient algorithms for general, multi-period and,
multi-product models.

By the emergence of internet, sellers have embraced the multi-
channel selling process using websites, mobile apps, etc. Thus, the same
product can be sold on several sales channels with different prices.
Consumers for their part have shown different behaviors towards this
new mode of interaction with sellers. A portion of consumers still prefer
to buy in store, while some of them prefer to buy directly online with
cheaper prices. Others prefer to visit physical stocks in order to touch
the products, then buy online [6].

Motivated by the challenge of the coordination of pricing and lot-
sizing decisions and by the emergence of multi-channel selling, in this
paper, joint pricing and lot-sizing in the multi-channel environment
is presented. The problem studied considers a manufacturer who pro-
duces a single product and sells it in different channels (physical store,
online website, ...) over a finite and discrete horizon divided into a
set of periods. The demand in each channel is modeled using attraction
models. The price is fixed for each period and may change between pe-
riods. The problem is formulated as a M I N L P which is non-convex in
the space of prices. The objective is to find the production’s quantities
and prices in each period such that the profit is maximized for all the
horizon.

The contribution of this paper can be summarized as follows:

* Corresponding author at: Computer Science and Digital Society Laboratory (LIST3N), Université de Technologie de Troyes, 12 rue Marie Curie, CS

42060 10004 Troyes CEDEX, France.
E-mail address: yassine.ouazene@utt.fr (Y. Ouazene).
1 Authors contributed equally to the different steps of this research.

https://doi.org/10.1016/j.0rp.2023.100269

Received 27 October 2022; Received in revised form 3 February 2023; Accepted 6 February 2023

Available online 15 February 2023

2214-7160/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/orp
http://www.elsevier.com/locate/orp
mailto:yassine.ouazene@utt.fr
https://doi.org/10.1016/j.orp.2023.100269
https://doi.org/10.1016/j.orp.2023.100269
http://crossmark.crossref.org/dialog/?doi=10.1016/j.orp.2023.100269&domain=pdf
http://creativecommons.org/licenses/by/4.0/

M. Terzi et al.

» Based on attraction models, a joint pricing and lot-sizing model
under multi-channel selling is presented.

« Using the attraction functions properties, a convex reformulation
of the problem is proposed by considering demand variables.

+ Proposition of an optimization approach based on outer approxi-
mation technique to solve the problem.

The reminder of this paper is organized as follows: In Section 2 a
literature review of the works that belong to the scope of the studied
problem is presented. Section 3 describes the assumptions and the
mathematical formulation of the problem. In Section 4, the equiva-
lent and convex reformulation of the problem is detailed. Section 5
describes the outer approximation approach to solve the problem.
Section 6 presents the numerical results on real inspired instances. A
conclusion is to be found in Section 7.

2. Literature review

The literature review is divided into two sub-sections; in the first
section, an overview of the demand functions is presented. Section 2.2
reviews the literature works related to the addressed topic in this paper.
Specifically, this section focuses on the joint pricing and lot-sizing with
discrete-time and finite horizon since the same assumptions on the
horizon of decision are considered in this paper.

2.1. Demand function

Pricing is a critical topic that presents challenges for companies.
An important element to consider in a pricing problem, in particular
pricing and lot-sizing problem is the demand function which depends
on firms’ marketing and operational activities. A variety of mathe-
matical functions have been proposed to characterize the demand in
different markets. Huang et al. [7] surveyed the commonly used models
of demand by considering six factors which include: (i) price (ii) rebate,
(iii) lead time, (iv) space, (v) quality, and (vi) advertising. They stated
that two of the commonly used functions to model the demand are
the linear and iso-elastic. Besides, they noticed that the most of the
proposed models of demand belong to the categories (i) and (v).

The linear demand function assumes a linear relation between the
demand and market factors such as the price p (d(p) = a — bp). Several
works on joint pricing and lot-sizing are based on this function [8-
20]. One of the advantages of the linear function is its simple form
which leads in general to closed-form solution. However, it shows some
drawbacks, in particular, it requires an upper bounds on prices to avoid
negative demand. Furthermore, it is not applicable for all markets.
For instance, Lus and Muriel [21] concluded that applying the linear
demand to study the effect of product substitutability leads to highly
unrealistic results.

The iso-elastic function also called the constant elasticity demand
considers a non-linear relationship between demand and prices. The
main advantage of this demand is that it does not require an upper
bound on the price since the demand is positive for all prices. However,
it represents some drawbacks, for instance the demand approaches
infinity when prices are closed to zero which in unrealistic since the
number of consumers in the market is finite. Different literature works
like [22-26] that coordinate decisions on pricing and lot-sizing are
based on this demand.

Another widely used model to estimate the demand in the context of
cross-products substitution are the attraction models which are discrete
choice models that characterize the market share of products in com-
petitive markets [27]. Based on the attractiveness function, they are
used to model consumers’ choice in economics, marketing [28] and in
operation management [29]. The commonly used function to model the
attractiveness are the Multinomial logit M N L [30], and Multiplicative
Competitive Interaction, MCI [31]. Papers of Aydin and Porteus [32],
Dong et al. [33], Zambrano-Rey et al. [34], Harsha et al. [35] are an
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examples of literature works on pricing that used the attraction models
to characterize the demand.

Aydin and Porteus [32] considered joint inventory and pricing
decisions of substitute products in a newsvendor model using attraction
models. They studied the problem assuming M N L and M CT attractive-
ness function, and showed that the profit function is unimodal in the
prices’ space. Authors in [33] studied dynamic pricing and inventory
control of substitute products for a retailer using M NL model of
consumer choice. They developed a stochastic dynamic programming
formulation and derived the optimal dynamic pricing policy. They also
compared the performance of three restricted pricing strategies: static,
unified dynamic, and mixed dynamic pricing. Zambrano-Rey et al.
[34] considered a retail store location and pricing in a competitive
environment under constrained multinomial logit (CM N L). They pre-
sented a particle swarm optimization (P.SO) that determines the price,
store locations and demand segmentation. They showed through theirs
numerical tests the closed relationship between price and location
decisions. Recently Harsha et al. [35] studied the omnichannel pricing
(OCP) problem of nonperishable products using attraction and nested
attraction models. They showed that the initial model is non-convex
and used linearization technics to obtain a M I P which is solved using
commercial CPLEX. In the presented paper, a joint pricing and lot-
sizing problem in a multi-channel selling environment is studied using
attraction models to characterize the substitution between channels.

2.2. Joint pricing and lot-sizing

The single item lot-sizing problem (SILSP) is a production plan-
ning problem for a single product. The objective is to find the quantities
to produce such that the market demand is satisfied and the different
costs (productions, setups, inventory holding, etc.) are minimized [36].
The Economic Order Quantity (EOQ) which is a continuous time model
with infinite horizon is the ancestor of the STLS P [37]. When the pro-
duction quantity is limited, the problem is called capacitated SILSP.
It has been proven that the capacitated SILSP is NP — Hard [38,39].
Authors in [36] surveyed the different classes and solutions methods
for the STILSP.

The first works that deal with joint pricing and lot-sizing deci-
sions date back to the papers of Whitin [40] and Thomas [41]. The
first studied the problem in the EOQ context, while the second intro-
duced pricing decisions in the SILSP model to maximize revenue.
Since then, many works have been published to solve different vari-
ants of this problem such as shortage-backlogging [42,43], product
deterioration [17,44-46] both shortage-backlogging and product dete-
rioration [47-49], integrated promotion [50], inventory age-dependent
demand [51], stock dependent demand [52], advance-cash-credit pay-
ment [53], rebate [54], quantity discount [11], etc. All these works
considered different demand functions that depend on various param-
eters (price, stock-level, rebate, etc.). However, the attraction models
have not been yet explored for the topic of joint pricing and lot-sizing
decisions.

The presented work relates to joint pricing and lot-sizing decisions
with discrete-time and finite horizon. A variety of production systems
have been studied with the same assumptions. From the perspective
of production systems with single product, Thomas [41] is one of the
earliest paper that incorporated prices in lot-sizing problem. Authors
assumed discrete values of prices and demand, and derived an optimal
policy to maximize the profit. Shao and Ke [8] investigated a problem
in which multiple operation system provides selling a make-to-order
product to customer. They developed an analytical model by incorpo-
rating time and price sensitive in the demand. The paper of Dao-ming
et al. [10] proposed a polynomial algorithm for coordinated pricing and
lot-sizing model with backlogging. Lanquepin-Chesnais [13] addressed
the profit maximization version of the dynamic economical problem
with the presence of cost per price change. They proposed a O(n?)
heuristic to solve the problem. Li and Thorstenson [12] considered a
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firm which produces a single product subject to capacity constraints
and backlogging. They incorporated a stochastic demand to the prob-
lem and proposed a multi-phase heuristic. Liu and Liu [18] proposed
a mixed-integer second order conic programming formulation for joint
pricing and lot-sizing with limited capacity. Zouadi et al. [19] inves-
tigated a joint pricing and lot-sizing problem in a single production
line where operation of manufacturing and re-manufacturing are hold.
They formulated the problem as a M I P and proposed a heuristic and
a memetic algorithm to find a near optimal solution.

Joint pricing and lot-sizing decisions for production systems with
multiple items has also captured the intention of the researchers. Hau-
gen et al. [9] studied a capacitated lot-sizing problem with pricing
decisions. Their model generalizes the work proposed in [41] since
it deals with multiple items. Authors in [55] studied the problem
assuming a general demand. They proposed an item-by-item heuristic,
which they tested on a special case with linear demand. The work
of Bajwa and Sox [14] studied a profit maximization problem for a
firm that produces and sells multiple items. They proposed a MIN LP
mathematical model that coordinates the prices, advertising money
and productions decisions. They demonstrated that by the coordina-
tion of marketing and operational decisions, firms can increase theirs
profits. Authors in [23] proposed a joint pricing and lot-sizing model,
allowing lost sales for a manufacturer which has a limited production
capacity. They showed that determining prices and production plan
simultaneously may lead firms to higher profit. Ouazene et al. [16]
studied the problem in which the items are sold in multiple markets.
They formulated the problem as a MIN LP and solved it using outer
approximation approach. They also compared the dynamic and static
pricing strategies. Couzon et al. [24] studied joint pricing and lot-sizing
problem with variable capacity. In addition to the prices and pro-
ductions quantities, they incorporated the capacity into the decisions
variables and proposed a heuristic based on Lagrangian multipliers to
solve the problem. The same authors in [25] proposed an improved
mathematical formulation of the model presented in [23]. They re-
duced the search space by introducing new lower and upper bounds and
they proposed a constructive heuristics to solve the model. The work
of Liu et al. [26] formulated a joint pricing and multi-item capacitated
lot sizing with backlogging as a MIN LP. By using some optimality
properties of the problem, authors provided a tighter M I N L P model.
Furthermore, they introduced a model based heuristic and a genetic
algorithm to solve the large instances. Terzi et al. [20] proposed a
model for joint pricing and multi-item lot-sizing that incorporates the
effect of substitution and complementarity between products. They
provide some theoretical results related to the convexity of the model
and they showed through theirs experimental results that even when
the problem is convex, it remains intractable for large instances.

All papers cited above for joint pricing and lot-sizing with discrete-
time and finite horizon did not incorporate the multi-channel selling
process in their studies. In addition, for the majority of them, the
demand is linear or isoelastic with price as a factor. Table 1 resumes the
demand function used in these works. Note that the list in the table is
not exhaustive; however, it gives an overview of the demand used in the
literature when dealing with joint pricing and lot-sizing problem with
discrete-time and finite horizon. Column demand parameters contains
the market parameters that are included in the demand function. SP
elasticity and SP sensitivity measure the changes in demand according
to changes in prices. LT sensitivity and ADV sensitivity measure how lead
time and budget spent on advertising impact the demand, respectively.
The last column demand factors contains the different factors such
as (prices, lead time etc,.) which in general are introduced as decisions
variables. Table 1 shows the contribution of this paper to the literature.
We propose a mathematical model to solve the single item and multi-
period joint pricing and lot-sizing problem in the multi-channel context,
using attraction models to characterize the demand. To the best of our
knowledge, none of the literature works considers joint pricing and
lot-sizing with the attraction models.
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Table 1
Summary of the used demand functions.
Authors Demand Demand parameters Demand factors
1. Liu et al. [26]
2. Couzon et al. [25] Iso-elastic SP elastl.mty p
3. Couzon et al. [24] seasonality
4. Bajwa et al. [23]
1. Terzi et al. [20]
2. Zouadi et al. [19]
3. Liu and Liu [18]
4. Ouazene et al. [16] SP sensitivity Sp
5. Bajwa and Sox [14] Linear seasonality*> ADV®
6. Lanquepin-Chesnais [13] ADV sensitivity® LT
7. Li and Thorstenson [12] LT sensitivity'°
8. Dao-ming et al. [10] Maximum demand
9. Haugen et al. [9]
10. Shao and Ke [8]
1.Dai et al. [55
2 ;}:;n; [E‘ 1]] General SP sensitivity SP
) Attraction e
This paper Model SP sensitivity SP

Note: SP: price, ADV: Advertising, LT: Lead time.

3. Problem description and formulation

The current study addresses a joint pricing and single item lot-sizing
with capacity constraints and setups costs. Specifically, the addressed
problem considers a company that manufactures and sells a single
product over a discrete-time and finite horizon divided into T periods.
Consumers can interact with the company through multiple channels
i.e. they can buy directly from physical stock or use other channels like
online website, mobile application, etc. At each period, the firm has to
make decisions on: (i) the quantity to be produced, (ii) the quantity
to be stocked and (iii) the price in each channel to maximize its total
profit over all the horizon. The following assumptions are considered
in this study:

The production capacity is finite for each period and may change
between periods.

Inventories at the beginning and the end of the horizon are equal
to zero.

The price in each channel may change between periods.

For each period, three costs are incurred: (i) unit production cost,
(ii) setup cost and (iii) unit inventory cost. The first two are
incurred when production occurs in that period. The last one is
the cost of holding a unit of the product in the inventory from
period ¢ to t + 1. These costs are variable and may change from
period to period.

No shortages are allowed.

3.1. Notations

The following sets and constants are to describe the initial model:

« H = {1,2,...,T}: The discrete set of periods that composed the
time horizon;

M ={1,2,...,|M|}: The set of selling channels, and M U {0} the
set of all selling channels and the no-purchase option;

¢,: Production cost in period #;

h,: Holding cost in period f;

a,: Setup cost in period f;

b,: Available production capacity at period .

a™: A positive value between 0 and 1 and corresponds to the
minimum sales per channel.

* pni: Lower bound of price in channel m during period .

* Pme: Upper bound of price in channel m during period z.
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Table 2
Attraction functions used in the current study.

Attraction function Expression
Multinomial logit (M N L) Sy = €l
Multiplicative Competitive Interaction (M CI) S = am,pi;j’
Linear St = @ + by Pt

+ S = ZL b,: Available production capacity for all the horizon. It
is used in the setup constraints;

The decisions variables are as follows:

* X,(= 0): Production quantity in period #;

+ I,(> 0): Inventory level at the end of period 7;

* py(> 0): Price in channel m during period 7;

* p; =1y Poss ---» Pyps): The prices vector during period t;

* D,,(> 0): Demand in channel m during period 7

* Y,: A binary variable, equals to one if X, is greater than zero.

Except for the last variable Y,, which is binary, the rest of the
variables are continuous.

3.2. Attraction demand model

As mentioned before, the attraction models which are discrete
choice models are used to represent the customer demand for each
channel and period (Eq. (1)). These models characterize the market
share of channel m € M during period t € H, which corresponds to the
share of total sales (in quantities sold) for that channel during that pe-
riod (author in [27] discussed the relation between different attraction
functions and the market share). The attraction models in Eq. (1) are
adopted from [7]. 7, is the market size of period ¢ which represents the
total number of consumers interested in the product during that period.
S depends on the channel’s attributes (price, lead-time, service, etc.)
and measures the attractiveness of the channel m at period ¢. With the
attraction models, the demand is the product of the market size and
the probability to choose the channel. This latter is the portion defined
from the channel attractiveness and all the alternatives (channels)
attractiveness, including the no-purchase alternative for which without
loss of generality the attractiveness is normalized to one. Functions
Sfmi(Ppe) have the property that f,,(p,,) >0 and %’"; < 0, which means
that when the price in a channel increases, the attractiveness in that
channel drops, as a result, the channel share of the product reduces,
and it is distributed among other channels. These attraction models
characterize the cross-channel substitution (i.e., switching) behavior of
consumers between all sales channels and the no-purchase option.

The presented study considers a Multinomial logit (M N L), Multi-
plicative Competitive Interaction (M CI) and a linear attraction func-
tions that depend on the price in the considering channel (Table 2).
Parameters a,,(> 0) and b,, can be interpreted respectively as the
constant influence and the price sensitivity of the channel m at period
t. Note that b,, < 0 to ensure that the attractiveness of the channel
drops when its price increases. Furthermore, for the M CI model, b,,, <
—1. Parameters a,, and b,, may vary from channel to channel since
they represent the heterogeneous behaviors of consumers towards the
channels attributes (in particular, price for the presented study).

fmt (pmt)

D, p)=ti—— 77— (€Y
e "1+ Zm/eM St 1)
3.3. Initial model
The initial model denoted P, is detailed as follows:
T T
max;r:Z Z pm,Dm,—thX,+h,1,+a,Y, (2)
t=1 meM t=1
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such that:
fmt(pmt)

D, (p)=1,—="2" _____ YieH,meM 3

e ! 1+ Zm’eM fm’t(pm’t)
Dy 2a"( Y Dy, Vi€HmeM 4)

meM

X,<b, VieH ()
Y D+l =1 —X,=0, t€f{2,...T-1) (6)
meM

Y Dy +1 =X, =0 )
meM

Y Dyr— I = Xp =0 )
meM
X,-S5Y, <0, VteH 9
Pt < Pt S Ppt» VIEH meM (10)
X,1,>20, VieH an
Ppi»Dpy 20, Vt€Ee HmeM 12)
Y, e (0,1}, VieH 13)

Eq. (2) is the objective function to maximize. Eq. (3) define the
attraction demand for each channel and each period. Constraints (4)
bound the minimum presence per channel. Constraints (5) limit the
quantity to produce in each period by the production capacity. Con-
straints (6), (7), and (8) are the inventory balance equations. Con-
straints (9) consider the setup cost for the production periods. Con-
straints (10) bound the values of the price in each channel and period.
Constraints (11) and (12) ensure the non-negativity of the continuous
variables. Finally, constraints (13) are the binary variables constraints.

3.4. Convexity of the problem

P, is a Mixed Integer Non-Linear Programming (M IN LP) owing
to the objective function, constraints (3) and (13). In addition, binary
variables are involved only in linear constraints. If P, is convex i.e. the
objective function is concave in the continuous and relaxed binary
variables and constraints (3) are convex, then the production planning
and prices’ policy that maximize the profit function in Eq. (2) can be
returned efficiently by M TN LP approaches like generalized benders
decomposition [56,57], branch and bound [58] and outer approxi-
mation [59]. However, in general, the objective function as defined
in (2) is not concave (Example 1), which implies that P, is a non-
convex MINLP. As a result, classical MINLP approaches do not
guarantee to reach the global optimum of Py. In the next section, an
equivalent reformulation which transforms P, into a convex MIN LP
in the demand space is presented.

Example 1. In the case where there is one period and two channels
i.e (H = {1} and M = {1,2}) with the M N L attraction function. Pro-
duction, holding, and setup costs are fixed to 1 and r; = 5. Attraction
functions are given as follows: f;;(p;;) = €* P11 and f,,(py;) = el P21,
Prices bounds are 0 < p;; <30 and 0 < p,; < 30.

The objective function is equal to:

m=p Dy +pyDy - X -1 -Y 14
After replacing the demand by its expression from Eq. (1), x is equal
to:
_5(py €271 4 pyje! TP

= 1 + €201 + el-p21 Xi=h-% as
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7 = R(py1,py) + Costs(Xy, 1, Y)) (16)

The function Costs(X,, I;,Y;) is concave in variables X, I; and the
relaxed Y| since it is the sum of linear terms. However, the revenue
function R(p;;,p,;) is not concave in prices space (see Appendix for
proof). As a result, = is not concave in the continuous and relaxed
binary variables.

4. Mathematical reformulation

In this section, the equivalent model of P, denoted P, will be
presented. This model is called the Demand — based formulation model
and its convexity will be proved based on properties of the attraction
functions.

4.1. Demand-based formulation model

As the initial model P, is a non-convex problem in prices space,
a new equivalent model P, in the demand space is presented, i.e. de-
cisions variables are demands and prices are a function of demands.
This equivalent reformulation is possible since functions f,, are strictly
decreasing.

First, from constraints (3), a new constraints is defined as follows:

t,=Dy+ ) D, tEH a7)
meM
As the demand D,,, captures the number of consumers that decide
to purchase from the channel m during period ¢. The new variable D,
corresponds to the no-purchase option i.e. the number of consumers
that decide to not purchase from any channel during period ¢ and it is
equal to:

fmt(pmt)
Dy, =1, — D, =1—-1 _— 18
0 K Z ot Z 1+ Zm’eM fm’t(pm’t) as)

meM meM
Lty ZmEM fmt(pmt) -7 ZM’EM fm’t(pm’t)

1+ Zm/eM fm’t(pm’r)
T

1+ Zm'eM Sttt )

Dy, =

Dy, = a9

Proposition 1. By considering constraints (17) and (18), the model P,
can be formulated and is equivalent to the following M I N LP noted P,.

T T
D
dem = Z Z szgmr<D_Zt> - ZCZXI +hd +a,Y, (20)
t=1 meM 4 =1
such that:
Dy+ Y D=7, VteH 21)
meM
Dy 2a"( Y D), Vi€EHmeM (22)
meM

X,<b, Vi€eH (23)
Y D+l =1 —X,=0, t€{2,...T-1) 24)
meM

Y Dy +1 =X, =0 (25)
meM

Z Dyr —1Ir_y =Xy =0 (26)
meM
X,-SY, <0, VreH 27)
fm,(p_m,)<'r, -y Dm,,> <D,, YEHmMEM (28)

meM

Dy, < fm,(@)<r, - z D,,,/,>, vie HmeM (29)

meM
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X, I,>0, VieH (30)
D, >0, Yte HmeM 3D
Dy 20, VteH (32)
Y,€{0,1}, VteH (33)

Proof. The objective behind the reformulation is to explore the de-
mand D,, and the new variable Dy, as defined respectively in (1)
and (18) to replace prices by demands. Since constraints ((4)—(9),
(11), and (13)) do not incorporate prices variables, they remain the
same and they are expressed in P, by constraints ((22)-(27), (30), and
(33)). Constraints (31) and (32) ensure the positivity of D,,, and D,
respectively. Finally, constraints (21) correspond to (17).

Now, the relationship between prices and demands variables is
considered. From Eq. (19), Dy, > 0, as a result:

D,y
= = S Pr) (€D)]
Dy, t\Pmt

As mentioned before, f,,, can take the M NL, MCI and linear form
with b, < 0. Under these assumptions, f,, is strictly decreasing. This
means that f,, is invertible and the expression of p,, is given as follows:

Dm Dm
=1 (52) = (32) e

A direct outcome from Eq. (35) is that the objective function defined
in (2) will be equal in the demand space to:

T T
D t
max ., = Z Z Dm,gm,<—D'; ) - Z X, +h1, +aY, (36)
t=1 meM =1
Now, prices bounds constraints are considered. They are expressed
as:
Pt < Pt < P (37

Since functions f,,, are strictly decreasing:

St @) < St o) < St (38)
As 14+ en furi@r) >0 and 7, > 0:
1S i Pont) TSt (Pnt) Trfmr(%)

1+ Zm’eM fm’t(pm’t) T+ Zm’eM fm’t(pm’t) T+ Zm’eM fm’r(pm’t)
39

As a result, prices bounds constraints in P, are expressed in the
demand space as follows:

St @) Doy < Dy < fmr(lﬁ)Dor (40)

Finally, by replacing D, from its expression in (18), prices bounds
constraints are expressed as (28) and (29).

4.1.1. Convexity of the demand-based reformulation model

The problem P, is a MIN LP since the objective function (20) is
nonlinear and constraints (27) include binary variables. As for Py, the
convexity of P, is considered. Since P, is a maximization problem and
all its constraints are linear, its convexity depends only on the concavity
of the objective function (20) in the continuous and relaxed binary
variables.

Proposition 2. The objective function as defined by Eq. (20) is concave in
the continuous and relaxed binary variables and P, is a convex MINLP.
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Proof. From Eq. (36), the objective function of P, is equal to z,,, =
R + Costs such that:

T
R=)" 3" Ry (Dy, Dy (41)
t=1 meM
. . _ Dmr
with : Rmt(DOt’ Dmt) - Dmtgmt D_
("
and:
T
Costs=—Zc,X,+h,1t+atY, (42)

=1

To prove the concavity of z,,,, one can prove the concavity of R
and Costs separately. As Costs is the sum of linear terms, it is concave
in variables X,, I, and the relaxed Y,. Now, the first double sum R
which corresponds to the total revenue is considered. One way to prove
its concavity is by proving that each term R,,(Dy,, D,,) in the sum is
concave. To do that, it is sufficient to show that the Hessian matrix Hp |
of each R,,(Dy,, D,,) is semi-definite negative. i.e the quadratic form
V'H R,V <0 forall V in R2. In the following, we demonstrate that
Hg is semi-definite negative for the MNL, MCI, and linear cases.
This means that each term R, (D, D,,) is concave.

» Case 1: M N L attraction function

From Table 2, the expression of f,, in the MNL case is f,,,(p,) =
e +bwmiPmt | By replacing f,, by its M N L expression, the equality in (34)
becomes:

% = eaml+bm1pmr (43)
Dy,

As stated before, f,, is invertible and the expression of p,, in the
M N L case is equal to:

=L 1o % —a | = % (44)
Pt = bmr g DOt mt| = &mt DOt

As a result, R, is expressed as:

R D D _ Dmt l Dmt
mi(Dog> D) = —— |log Do — Ay (45)

b mt 0t

To compute Hy , it is necessary to compute at first the gradient VR,
which is equal to:

1 _Dmt Dmt
VR, = — Jdog( =™ ) —a,, +1 46
" bmt < DO[ o8 DOt ot “e)

Hp  is computed from VR,, and it has the following expression:

b Dy =Dw
D} D?
R = 0 0t (] 47)
mt Dmtbmr D 1
Dg, DOI
Let V = (x,y)" € R%:
Dzm _Dml
D D D2
VIHg V= (x y)| o o <"> (48)
" Dmtbmr Do 1 y
Dé, Doy
D, D? 2
Pt U <x2D—'§” —ZXY% + Dy_)
D,y by 0r or or
2
(%)
=—[(xZ -y (49)
Dmtbmt DOI

2
Since D,,, > 0, b,, < 0, and <x% - y> > 0, the quadratic form
0r

VTHg V <0, VV € R Consequently, Hg is semi-definite negative
and R, is concave for the M N L attraction function.
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+ Case 2: M CI attraction function

After replacing the attraction function f,, by its MCI expression in
Table 2, the equality in (34) is expressed as:

D
B = ) (50)
01

Since f,, is invertible:

1
D mt b”T D, mt

= = s 51
P (amtDOt > gmr( Dy, G

As a result:

1
D, bt
Rmt(DOI’ Dmt) = Dmt D (52)
A Dot

As for the MNL case, the gradient VR,, is computed initially.
Then, the Hessian matrix Hy _is computed. They are given by the two
following equations.

1 1
- D By 1 D bt
VR, = a"”( m ) ' ,<1+L>< ms > ' (53)
byt \ @y Doy [ Ay Doy

and:
2
D2 1 Dmr —Dy
b, 3 2
H = Mﬁ 14 L mt D(Jr DOz (54)
Rt = b, D? b =D 1
mt Dy, mt S L
Dg, Dy,

Let V = (x,y)T € R2. The quadratic form V7 H r,,V is equal to:

2 Dﬁlf Dmt
a 1\ 2w D} D? X
vig, v=-m_0(, 2 or 0 (55)
Rt by 2, by ( Y ) =D,y 1 y
D%I Dy,
D? = 2
a,,; Dy, 1>bm,<21) Dy y2>
= — 1+ — X°—H _Dxy—a 4+ =
b D2, (45 D T
1
= 2
=%&<1+L)bmr <x%—y) (56)
bmt D,Zn, bmt DOt

2 2
1 D, D i
Terms ( 1+-— ) , a,,, =2, and | x=% —y | are positive. However,
bt Dm, Dy,

the term bl < 0 which means that VT Hy rV <0, VV € R2. As a result,
. mt .. . . "
Hp  is semi-definite negative and R,, is concave.

+ Case 3: Linear attraction function

With the linear attraction function f,,, is equal to a,, + b,,;p,;. As a
consequence, the equality (34) is expressed as:

D,, _
= = Gy DDt (57)
DOz
The expressions of g,, and R,, are given as follows:
1 ( D mt > < D mt )
P = (T = ) = | 58)
mt bmt DO, mt mt DOt
and:
D, D,
R, (Doy» Dpyp) = b_m <D_W - amt) (59)
mt 0t

The gradient VR,, is equal to:

D, \* 2D
VRmt = L _<ﬂ> » o At (60)
bmr DOz DOt

Hp  has the following expression:

2 | b} D?
H., = o 01 1
I 1 61)

D (2)1 Do



M. Terzi et al.

[ Original MINLP P,

Initialize the variables
i=1Y vt

Solve for Y, vt

Operations Research Perspectives 10 (2023) 100269

| DL Di&LB

1 .
1 4
1
1 g .
1
i l !
¢ 1
1 :
1 !
r \
i !
1
1
1
1

Update the lower
bound LB

wa|qoid |ewlld

'| Update and add new
cuts

Stopping
criteria

Yes Stop & report
solution

met ?

I

wa|qoid
19)SB|\| PRONpay

1
1
!
i li:iJrl
1
;
1
1

Solve for Y& UB ] —_— [

Update the upper
bound UB

Fig. 1. Flow chart of the outer approximation approach.

Let V = (x,y)" € R? and the quadratic form VT Hp V given by:

2

mt —Dyy
2 D} D? x
VIHR V=" (x or o 62
R by ( y) D L <J’> ©2)
D(er Dor
2 2 D21 D Yz
= — [ x*L _Dxy—L 4 2
byt ( Df)z y D(z)r Dos
D 2
-2 <x_mr _ y> ©63)
by Dor \ Doy
From the last equation V7 H, V < 0 since —=— < 0 and Do _
mt by Doy Doy

2
y) >0.Asaresult, Hy is semi-definite negative and R, is concave
mt

for the linear attraction function.

Finally, as R, is concave for the M NL, MCI, and linear attraction
functions. The total revenue function R as defined in (41) is concave.
Since the objective function of P, on its part is equal to 74, = R+
Costs, it is concave. As a result, the equivalent problem P, is a convex
M IN LP for the three attraction functions.

5. Solution approach

This section describes the optimization approach for the resolution
of P,. Before proceeding further, some key features of P, are under-
lined: (i) the continuous and the binary variables are separable in the
objective function and constraints, (ii) the binary variables affect the
objective function linearly, (iii) the revenue function is concave and (iv)
all constraints are linear.Duran and Grossmann [59] compared different
resolution approaches for this class of problems. They showed that the
outer approximation algorithm yields a tighter formulation and has bet-
ter convergence properties when compared to the Generalized Benders
Decomposition algorithm. In the following, the outer approximation
algorithm will be detailed to solve P,.

The outer approximation algorithm is an iterative process where at
each iteration a non-linear programming (N LP) and a mixed-integer
linear programming (M I LP) sub-problems are solved. The N LP sub-
problem is called a primal problem and it is a restriction of P,. The
MILP is called a master problem and it is a relaxation of P;. Solutions
obtained by the primal and master problems present a lower bound

(LB) and upper bound (U B) of the solution of P;, respectively. These
two sub-problems are solved iteratively where the solution of one sub-
problem is an input for solving the other. The algorithms stops when
the two bounds converge and returns the optimal solution for P.
Duran and Grossmann [59], Fletcher and Leyffer [60] showed that the
algorithm does not cycle and converges in a finite iterations number.
Fig. 1 presents the flow chart of the solution approach.

5.1. Primal problem

The primal problem at iteration i is obtained by fixing the setup
variables to 0 and 1 which corresponds to a specific production setups
configuration Y’ = (Y[,...,YTf). The resulting problem is a convex
NLP which is a restriction of the original MINLP. The resolution
of the primal problem gives a lower bound of the problem P,. At each
iteration i, a new primal problem is solved by fixing the setup variables
to a new configuration Y*. The current lower bound is compared to the
returned solution. If this latter gives a higher profit, the lower bound
is updated. This process gives arise to a set of non-decreasing lower
bounds. Next, the master problem for P, is formulated by considering
the MNL, MCI and linear attraction functions.

5.2. Master problem

The master problem is a M I L P obtained by the linearization of the
objective function (20) in suitable continuous points for outer approx-
imation. This linearization provides an overestimation of the original
objective function of P,. More specifically, for all feasible setups Y/,
the related primal problem is solved and the solution returned is used
as outer approximation points in the master problem. Authors in [59]
showed that the resulting master problem and the problem P, have the
same optimal solution. Instead of solving the master problem which in-
cludes a very large number of outer approximations, the reduced master
problem which corresponds to the relaxation of the master problem is
solved. This reduced master problem accumulates the different linear
approximations of previous iterations by introducing at each iteration i
a new additional cuts. These new linear cuts are added at the point that
corresponds to the solution returned by the primal problem. Note that
the reduced master problem is a relaxation of P, which means that its
solution gives an upper bound for the solution of P,. As the execution
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proceeds, more cuts are added to the reduced master problem, which
tightens the formulation and generates a set of non-increasing upper
bounds for P,. Before the presentation of the reduced master problem,
some new notations are introduced:

* D = Dy, Dors Dyys oo s Dypgpis - » Dyps oo Dypgyr): The vector
of lost sales for each period and all demands in each channel.

. Dk = k  pk k k ko).
D (Dm"' s Dgps Dy - D|M\1""’D1T""’DM|T)' The vector
of lost sales for each period and all demands in each channel
returned after resolving the primal problem of iteration k in outer

approximation.
The reduced master problem at iteration i is formulated as follows:
T

n— Y X, +hl +aY, 64

t=1

i -
max ”dem .

subject to constraints (21)—(33)

And:
T k
Dy, — D
n< YD Ry(DS, DE)+ VR, (DS, D )( ' ‘;’>;
t=1 meM D,, - Dmr
Vke{1,2,...,i—1} (65)

Eq. (64) is the objective function of the reduced master problem of
iteration i. Constraints (65) correspond to a collection of hyperplanes
defined from the primal solutions of iterations {1,.., i — 1}. The right
hand of these constraints is the linearization of the revenue function
defined by Eq. (41) at the point D* that corresponds to kth primal
problem solution. This linearization is equal to the total revenue for
D = D* and is greater than the total revenue for D # D¥. Note that
the term # can be considered as an upper bound of the total revenue
function. The rest of this sections details the constraints (65) for the
MNL, MCI and linear attraction functions.

» Case 1: M N L attraction function

With the M N L attraction function, R,, (D, D,,;) and VR,,, are defined
by Egs. (45) and (46) respectively. As a results, constraints (65) are
explained as follows:

T k k
(D()x - Dy,) DX,
= lmeM byt bt DS:

(D, — m,) [ D¥
lo, (—'m> a,. + 1] (66)
bmt g D(,;t mt
I -Dy) DX, D Dk
Z Z o k +—mr[log<—'zz>—am,+l]——mr
1=1 mt D bmt DOt bmt
T k Dk
2 2 [ DOI)_+Dmt[10g< Dm ) mt+1] mr]

t Ot 0r

67)
» Case 2: MCI attraction function

From Egs. (52) and (53), constraints (65) with the MCI attraction
function are equal to:

=3 30

t=1 meM

k 1

Dk 1
7 a D —+l1
( mtk )bm, _Ym ( mtk )b,,,, (D()t _ DS{)-{-

bt X g Dy,
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D D¥ e
_ mt < mt )bm, (68)
b Ny Dl(;r

» Case 3: Linear attraction function

According to Egs. (58) and (60), constraints (65) under the linear
attraction function is equal to:

W<ZZ

k

k
1 D} \2
( i _am,) - b—(D—'Z’) (Do, — D)+
1

t=1 meM byt mi or
k
L [2Pm D,, — DX 69
b_ . Ay ( mt rm‘) ( )
! Ot
T k k k
D D 1
123y DBy )L (B, ot
t=1 meM byt Do; b 0r
k k k k k
L[, |, - 2t [2m ] %[D_]
k mt mt k mt k
bt Dy, b or b Dy,
T 1 k Dk
t k t k t
'752 Z b_|i_(D_r:) (D()t D()t)"'[ :, _amt]Dmt_Dmt D_'Z]:|
t=1 meM ~mt Ot 0t

(70)

6. Experimental study

In this section, the numerical tests carried out to evaluate the
proposed approach are presented. Models P, and P, are implemented
on Pyomo which is a Python-based open-source software package that
supports a diverse set of optimization capabilities for formulating, solv-
ing, and analyzing optimization models [61,62]. They are then solved
using the MindtPy toolbox which uses the decomposition methods to
solve the convex and non-convex MIN LP problems. All numerical
tests are performed by setting the strategy to ‘OA’ which corresponds
to the Outer Approximation algorithm. A computer with an Intel(R)
Core(TM) i7-10810U CPU, 1.1 GHz processor, a RAM of 16 Go and
Ubuntu 20.04 environment was used for all the conducted numerical
tests.

6.1. Benchmark design

To analyze the performance of the proposed approach, a bench-
mark composed of different instances inspired from the literature is
addressed. As the studied problem considers the pricing and lot-sizing,
instances data can be divided into two sets called Logistics data and
Market data. The first characterizes the production system (production
capacity, holding costs, etc.). The second set describes the market
(market length, demand parameter, etc.).

The Logistic data are generated based on the same pattern as
in [63]. Two parameters denoted sc and cap are used for the setup
costs and production capacity, respectively. First, they are fixed to
(se¢ = 100, cap = 250) and (sc = 900, cap = 250). Then, for each tuple
(sc, cap), the setup cost g, and the production capacity b, are generated
uniformly from [0.5sc, 1.5sc] and [0.5¢cap, 1.5¢cap], respectively. Finally,
the production cost ¢, and the holding cost 4,, are sampled uniformly
from [4,6] and [0.5, 1.5], respectively.

The Market data contains prices bounds p,, and p,,, the market
length 7, and the attraction function parameters a,, and b,,. Prices
bounds are distributed uniformly from [15,50] and [75, 110] while the
market length follows the distribution U[0.5b,,1.5b,]. Regarding the
attraction function f,,, only the M NL model is considered in our
tests. Parameters a,, and b,, are generated using the same method
as in [64]. The MNL demand is a discrete choice model based on
the utility theory. The utility derived from each choice (channel in
our case) is equal to U,, = V,, + ¢, and the utility of no-purchase
option is given by U, = ¢,. V,, is deterministic and depends on factors
that characterize channels. The current study considers only the price
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Table 3

Numerical results on (7 = 32, sc = 100, cap = 250) instances.
M| =2 Po_os; Tp, () Py, Tp (8) gap (%) |M| =4 Py_os Tp, (s) P_; Tp (s) gap (%)
Instance 1 305086 1 330987 1 —8.00% Instance 1 372142 2 375539 3 -1.00%
Instance 2 285771 1 316603 1 -10.00% Instance 2 361838 2 372299 3 —3.00%
Instance 3 261304 2 304085 7 -14.00% Instance 3 347839 2 361058 3 -4.00%
Instance 4 294293 1 317653 2 -7.00% Instance 4 337310 2 346349 3 —3.00%
Instance 5 274557 1 303327 2 —9.00% Instance 5 374098 2 376504 4 -1.00%
Instance 6 316201 1 346164 2 —-9.00% Instance 6 370097 2 381770 2 —-3.00%
Instance 7 310014 1 339471 1 —9.00% Instance 7 343385 2 355912 6 —4.00%
Instance 8 316100 1 356936 2 -11.00% Instance 8 357634 2 375281 2 —5.00%
Instance 9 302690 1 336810 1 —-10.00% Instance 9 353524 2 365618 2 —-3.00%
Instance 10 325646 2 341922 1 -5.00% Instance 10 346712 2 354148 3 —2.00%
avg - 1 - 2 -9.20% avg - 2 - 3 -2.90%
M| =3 Py oy Ty () Py Ty, () gap (%) M| =5 Py T, () P, T, (5) gap (%)
Instance 1 364691 2 380394 2 -4.00% Instance 1 348597 4 348684 28 —0.03%
Instance 2 352236 2 363747 2 —3.00% Instance 2 374840 3 374840 3 0.00%
Instance 3 374995 3 385318 2 —-3.00% Instance 3 363887 3 363887 2 —-0.01%
Instance 4 370600 2 381203 2 -3.00% Instance 4 384405 3 384405 3 0.00%
Instance 5 349593 1 361644 2 —-3.00% Instance 5 335912 3 335942 5 0.00%
Instance 6 344797 3 350061 2 —2.00% Instance 6 334912 3 334912 3 0.00%
Instance 7 335081 2 341702 2 —-2.00% Instance 7 375258 3 375258 2 0.00%
Instance 8 333358 1 343843 2 —-3.00% Instance 8 364533 3 364533 3 0.00%
Instance 9 326040 1 336022 2 -3.00% Instance 9 367277 3 367277 3 0.00%
Instance 10 308245 1 327280 2 -6.00% Instance 10 343515 3 343515 3 0.00%
avg - 2 - 2 -3.20% avg - 3 - 6 0.00%

Table 4

Numerical results on (T = 32, sc = 900, cap = 250) instances.
M| =2 Poob; Ty, (s) Pi_op; Tp, (s) gap (%) M| =4 Poobj Tp, (s) Pi_op; Ty, (s) gap (%)
Instance 1 249172 1 324884 2 —23.00% Instance 1 270765 2 343075 3 —21.00%
Instance 2 162364 1 301378 2 —46.00% Instance 2 263752 2 334364 6 —21.00%
Instance 3 174905 1 297069 2 —41.00% Instance 3 279105 2 344390 4 —-19.00%
Instance 4 190378 1 294252 3 —35.00% Instance 4 249716 2 338725 5 —26.00%
Instance 5 204101 1 313906 3 —35.00% Instance 5 369232 2 370633 3 0.00%
Instance 6 178633 1 322473 5 —45.00% Instance 6 237959 2 333639 5 —29.00%
Instance 7 203989 1 325821 4 —37.00% Instance 7 359644 3 363387 3 —-1.00%
Instance 8 221327 1 299897 2 —26.00% Instance 8 342621 3 345361 4 -1.00%
Instance 9 206146 1 305447 2 —33.00% Instance 9 249594 3 351732 21 —29.00%
Instance 10 187358 1 287847 3 —35.00% Instance 10 307738 2 366544 4 -16.00%
avg - 1 - 3 —-35.60% avg - 2 - 6 -16.30%
M| =3 Py Tp, (5) Py Tp, (s) gap (%) |IM| =35 Py Ty, (s) Py, Tp (s) gap (%)
Instance 1 260049 2 332441 6 —22.00% Instance 1 334778 4 336511 6 -1.00%
Instance 2 209982 2 309235 10 —32.00% Instance 2 332817 5 335679 16 —-1.00%
Instance 3 253969 2 305414 3 -17.00% Instance 3 259534 2 331221 5 —22.00%
Instance 4 238682 2 315874 3 —24.00% Instance 4 288252 2 365298 8 —21.00%
Instance 5 241513 1 342190 4 —29.00% Instance 5 290121 2 336472 8 —-14.00%
Instance 6 247838 2 339157 2 —27.00% Instance 6 318507 4 319658 7 0.00%
Instance 7 241507 2 304865 2 —21.00% Instance 7 326112 3 327557 5 0.00%
Instance 8 245314 2 316059 4 —22.00% Instance 8 264882 2 325959 7 —-19.00%
Instance 9 220296 2 318034 3 —31.00% Instance 9 299873 2 352025 4 —15.00%
Instance 10 236870 1 334349 3 —29.00% Instance 10 279009 2 332358 6 -16.00%
avg - 2 - 4 —25.40% avg - 3 - 7 -10.90%

as factor. The random components ¢,, are independent and follow a
standard Gumbel distribution. The linear form of V,,,(p,.;) = @, + b, Pyt
is used to generate parameters a,, and b,,. For each channel, at each
period, V,,(p,,) and V,,(p,,) are chosen uniformly from [2¢,40] and
[—40, 201, rcspectively, with ¢ = £ is the standard deviation of

the standard Gumbel distribution. Then, q,, and b,, are computed by
solving the linear system V(p,,,) = a,,; + b, Py a0d V(D) = @y + b, Dy -

The last generated data are the number of periods and channels
denoted T and |M|, respectively. Two values for the former, T €
{32,52} and for values for the latter, |M| € {2,3,4,5} are considered.
For the periods number, if one period presents a week, then 7" = 32
presents a production plan for about two-thirds of a year and 7' = 52
corresponds to a production plan of one year.

For each combination (T, M, sc, cap), 10 instances are generated. As
a result, the total number of the generated instances is 2x4x2x1x10 =
160 which are grouped according to (T', M, sc, cap).

6.2. Numerical results

The objective of the conducted tests is to compare the performances
of the initial model P, and the reformulation P, solved with the outer
approximation approach. To do that, the gap (Eq. (71)) is defined
in percentage and corresponds to the relative difference between the
objective functions returned by P, and P, which are denoted Py_,;
and P,_,,;, respectively. In addition to the objective functions and the
gap, columns Tp and Tp are given in seconds and correspond to the
computational times of P, and P;, respectively. The following tables
show the obtained results on all the generated instances.

Poobj = Pi—op;

gap = (71)

Py_p;

Tables 3 and 4 correspond to the results on instances with 7" = 32
periods. Analyzing the column rpd of the Table 3, one can observe that
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Table 5

Numerical results on (T = 52, sc = 100, cap = 250) instances.
M| =2 Po_os; Tp, () Py, Tp (8) gap (%) |M| =4 Py_os Tp, (s) P_; Tp (s) gap (%)
Instance 1 471764 4 530838 24 -11.00% Instance 1 602505 3 617514 6 —2.00%
Instance 2 479695 2 549108 3 -13.00% Instance 2 559195 3 579916 20 -4.00%
Instance 3 512447 2 562103 3 —-9.00% Instance 3 622561 3 654545 11 —5.00%
Instance 4 513710 2 539619 2 -5.00% Instance 4 581711 4 586020 6 —-1.00%
Instance 5 549825 2 586787 3 —6.00% Instance 5 571469 6 577361 20 -1.00%
Instance 6 505346 2 534604 3 —-5.00% Instance 6 607316 3 616771 4 —-2.00%
Instance 7 488204 2 527788 8 -7.00% Instance 7 580938 3 594650 6 —2.00%
Instance 8 489662 2 517900 2 —5.00% Instance 8 590561 3 610254 6 —3.00%
Instance 9 487934 4 532622 17 —8.00% Instance 9 607391 4 618594 5 —2.00%
Instance 10 556446 1 581355 2 —4.00% Instance 10 571657 3 591453 8 -3.00%
avg - 2 - 7 —-7.30% avg - 4 - 9 -2.50%
M| =3 Po_on; Tp, (s) Py, Tp, (s) gap (%) IM| =5 Po_ov; Tp, (s) Py, Ty, (s) gap (%)
Instance 1 566271 2 584832 3 —-3.00% Instance 1 630315 5 630315 5 0.00%
Instance 2 562249 4 571335 17 —2.00% Instance 2 595898 5 595898 4 0.00%
Instance 3 618553 2 629727 5 —2.00% Instance 3 572711 5 572711 15 0.00%
Instance 4 576050 2 584381 4 -1.00% Instance 4 636065 5 636065 6 0.00%
Instance 5 553291 3 557045 17 -1.00% Instance 5 626996 4 626996 4 0.00%
Instance 6 559286 6 575960 14 —3.00% Instance 6 651608 5 651608 4 0.00%
Instance 7 554967 7 578483 4 -4.00% Instance 7 585876 5 588069 5 -0.37%
Instance 8 579977 3 587200 3 -1.00% Instance 8 631693 4 631693 5 0.00%
Instance 9 553245 6 568215 9 -3.00% Instance 9 591798 5 591842 12 —0.01%
Instance 10 519875 4 562037 9 —8.00% Instance 10 645248 5 645248 4 0.00%
avg - 4 - 9 -2.80% avg - 5 - 7 —0.04%

Table 6

Numerical results on (T = 52, sc = 900, cap = 250) instances.
M| =2 Py_osj Tp, (5) Pi_o; Tp, (s) gap (%) M| =4 Po_osj Tp, (5) Pi_o; Tp, (s) gap (%)
Instance 1 309364 6 503176 52 —39.00% Instance 1 519358 3 571551 7 —9.00%
Instance 2 277187 4 483479 9 —43.00% Instance 2 519676 3 608177 8 -15.00%
Instance 3 355134 2 493090 9 —28.00% Instance 3 551773 14 555934 17 -1.00%
Instance 4 319336 5 520540 24 —39.00% Instance 4 544089 3 612008 6 -11.00%
Instance 5 354132 2 539637 7 —34.00% Instance 5 541745 3 589632 7 —-8.00%
Instance 6 393759 5 533361 6 —26.00% Instance 6 483295 3 584406 12 -17.00%
Instance 7 317209 6 523901 67 —39.00% Instance 7 408713 5 540253 24 —24.00%
Instance 8 314462 21 505898 60 —38.00% Instance 8 481432 3 558620 7 -14.00%
Instance 9 349400 3 516430 17 -32.00% Instance 9 475656 4 592869 6 —20.00%
Instance 10 315060 3 505404 22 —38.00% Instance 10 431037 67 545903 18 —21.00%
avg - 6 - 27 —35.60% avg - 11 - 11 -14.00%
M| =3 Po_ovj Tp, (5) Pi_) Tp, (s) gap (%) M| =5 Po_obj Ty, (s) Pi_) Tp, (s) gap (%)
Instance 1 427232 4 531924 9 —20.00% Instance 1 542357 47 543320 108 0.00%
Instance 2 389882 6 533053 44 —27.00% Instance 2 447325 11 538249 37 -17.00%
Instance 3 382277 5 532254 25 —28.00% Instance 3 571623 19 578848 43 -1.00%
Instance 4 463323 3 564398 7 —18.00% Instance 4 545823 51 547869 27 0.00%
Instance 5 433338 5 554791 10 —22.00% Instance 5 570057 5 571089 8 0.00%
Instance 6 460374 3 563251 7 —18.00% Instance 6 540363 7 543446 43 -1.00%
Instance 7 429109 3 566247 7 —24.00% Instance 7 551664 33 555445 45 -1.00%
Instance 8 413027 5 516455 9 —20.00% Instance 8 511013 4 574467 14 —-11.00%
Instance 9 459004 3 556806 9 —18.00% Instance 9 469690 10 555175 27 —15.00%
Instance 10 407670 11 545605 10 —25.00% Instance 10 490978 22 585177 30 -16.00%
avg - 5 - 14 —22.00% avg - 26 - 37 —6.20%

P, solved to optimality with outer approximation reaches better results
compared to the initial model P,. However, the same column shows
that for some instances, the rpd = 0%, which means that the optimal
solution is returned for these instances by P, even if, in general P,
cannot theoretically guarantee the convergence to the optimal solution
since it is a non-convex M IN LP. Now, looking to the gap values in
Table 4, the same observation can be made regarding the two models.
Results obtained by P, which returns the optimal solutions are better
than the ones returned by P, on all instances with (T = 32,s¢ =
900). The gap between these two models increases to reach in average
—35.60%, —25.40%, —16.30% and —10.90% on instances with |M| = 2,
|[M| = 3, IM| = 4 and |[M| = 5, respectively. Finally, regarding the
computational times, both P, and P, take less than 30 s on all instances
with T = 32 periods.

Tables 5 and 6 show the results on instances with 7" = 52 periods. As
in Tables 3 and 6, the gap values in Tables 5 and 6 show the superiority
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of the model P, which returns the optimal solution compared to the
model P,. Except for some instances that belong to the groups (T =
52,M = 5,sc = 100, cap = 250) and (T = 52, M =5, sc = 900, cap = 250)
for which both P, and P, returns the optimal solution, for the rest
of instances with T = 52 periods, the gap between the two models
increases to reach in average —35% and —22% on (T = 52, M = 2,s¢c =
900,cap = 250) and (T = 52,M = 3,s¢ = 900,cap = 250) groups,
respectively. Regarding the computational times, from Table 5, one can
notice that By and P, are solved in less than 25 s for all instances with
sc = 100. However, computational times from Table 6 show that P,
needs more time than P, on instances with sc = 900. Nevertheless, this
computational time does not exceed 2 min.

Results in Tables 3-6 show the efficiency of the model P, solved
to optimality with outer approximation compared to the initial model
P,. The same tables reveal that, if one period of production planning
corresponds to one week, then the best production plan and the best
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pricing policy for of about one year can be obtained in one minute with
the model P,.

7. Conclusion

The presented work studied the problem of joint pricing and lot-
sizing decisions in multi-channel context. Selling through multiple sales
channels is the approach that sellers have adopted with the emergence
of internet to target as many customers as possible in the market.

As the first contribution, the paper used the attraction models to
characterize the demand in each channel and formulated the profit
maximizing problem as non-convex M IN LP in prices space. The use
of attraction models to deal with pricing and lot-sizing decisions is
rarely studied in the literature when compared to other models that
characterize the demand.

As the second contribution, an equivalent and convex reformula-
tion of the initial problem is proposed to get the optimal production
plan and the pricing policy. This reformulation is denoted P, and its
convexity has been proved based on properties of attraction models.
Then, as the third contribution, an optimization method based on outer
approximation is proposed to solve P,. The optimality of the returned
solution is theoretically guaranteed since P, is a convex MINLP.
Finally, the conducted numerical tests on a set of real inspired instances
showed the efficiency of the proposed approach compared to the initial
non-convex model. Numerical results reveal that under the assumption
that one period is equal to one week, the proposed approach is able
to find the production plan and the pricing policy that maximize the
profit of about one year in only one minute of computational time.

As the presented study considers both pricing and lot-sizing, its
extension can be viewed through two different perspectives. The first
concerns the pricing side, a possible extension is the incorporation
of other factors such as (lead time, advertising, etc..) in attraction
functions to achieve a more accurate representation of the market. A
second extension is the addition of the assumptions concerning the
segmentation of the market by considering the different behaviors of
consumers [6]. From the lot-sizing point of view, the problem can be
extended to deal with the case of multiple products. Other hypotheses
can be added, in particular the authorization of backlogging and the
presence of manufacturing and re-manufacturing operations.
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Appendix. Proof of non-concavity in Example 1

The revenue function R(p;;,p,;) in Example 1 is equal to:

5(py€¥ P11 + py el i)
1 + e2=Pi1 4 el=p2
To proof that R(p;;,p,;) is not concave in the prices space, it is
sufficient to show that its Hessian matrix noted Hy is not negative
semi-definite matrix for a couple (p,, p,;) such that (p,,,p,;) satisfies
the prices bounds constraints (10).

(A1)

Rp11,p21) =
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First, the gradient VR is calculated, which is equal to VR

JdR  OR :

=, =) with:
<0P11 9p11

OR 59p21+2((P11 - 1)(_eml+1721) + Pt (—py +pyy + D) + eﬂ21+2)
opy; (ePll+P21 +epritl 4 eP21+2)2

1 2 1

R SeP11t (ep21+ (p“ —py + 1) — (pyy — DePuitpa 4 epuit )

opy (epn+1’2| +ePnitl 4 el’21+2)2

Then, Hy is calculated from VR and it is equal to:

2R 2R
op? op11P21
H, = 11 A2
R 2R PR (A2)
9p21 P11 011%[
With:

2R _ 10e2P11 (e2-P11 _plleZ*ml)
6p%] (1 + e2=P11 4 el=p2)2
1064—21711([)1192—1711 +p21e1‘P21) 582—1711(,,“32—1711 +p2162—p21)
(1 + €271t + el=Pu )3 (14 &2-P11 + el=ra1)2
aZR aZR Se]_PZI(ez_Pl] _p“ez_Pll)
opiipar PPt (142 4 el=pa)2
52111 (el =21 — pyjelTre)
(14 e2Pi1 4 el-pru)2
10e37P11=P21 (py 2711 4 4-p, el P21)
(1 + e27P11 4 el-r21)3
%R _ 10e!=P21 (el =P21 _p21€1_p21)
op3, (1 + e Pi1 4 el=p21)2
10e2*2P21(p11e2*P11 +P2131*P21) ~ 561*1721(1;“632*1711 +p2161*1721)
(1 + e2=P11 4 el=p21)3 (14 e2=Pu1 4 el-r2)2

5(=2e*7P11 + pyye?Pu1)
(1+ e2-ri 4 el=ra)

5(=2e!7P21 + pyjel=rar)
(1 + 2P 4 el=r2)

Let the couple (p;; = 2,py 3.5) which satisfies the prices
constraints of Example 1. Then, Hy(2,3.5) is equal to:

—-2.41077 0.12335
Hy(2.3.5) = ( 0.12335 o.os73501> A-3)
The :;—ZR = 0.0573501 > 0 and the determinant of Hy(2,3.5) is equal

to: —2.421|1077 % 0.0573501 —0.12335 x 0.12335 = —0.153 < 0, which means
that Hg(2,3.5) is not negative semi-definite, as a result R(p,;, p,;) is not
concave in the prices space.
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