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A B S T R A C T

Proper prepositioning of emergency supplies can dramatically improve the efficiency of emergency response
work. However, the uncertainties of emergency demands and road conditions bring difficulties to the
prepositioning of emergency supplies. This paper proposes a two-stage robust model to locate emergency supply
points and preposition the corresponding storage amount of emergency supplies, in which we presented two
budget sets to describe the uncertainties of demands and road conditions, respectively. The innovative use of
variables in the model to limit road capacities addresses the representation of different road interruption
scenarios. We proposed an algorithm based on Benders decomposition by transforming the second-stage
model into a binary linear programming model. Computational experiments based on the Sioux Falls network
demonstrate the validity of the model and algorithm. We conducted sensitivity analyses for some important
parameters in the model, such as two uncertainty control parameters, unit transportation cost, budget for the
construction of emergency supply points, etc. We find that the uncertainty of road disruptions has a greater
impact on the model than the uncertainty of demands. In addition, when the control parameter of the road
disruptions exceeds a certain threshold, its influence on the model remains essentially constant.
1. Introduction

Over the past two decades, frequent natural disasters (e.g., hurri-
canes, earthquakes, floods, and tsunamis) have caused huge casualties
and damages or loss of properties. Total global disaster losses from
2002 to 2021 exceeded $5271 billion [1]. It has been recognized
from the practice of responding to disasters that the implementation
of scientific disaster management strategies is essential to reduce the
impact of disasters. Among the various disaster management strate-
gies, emergency supply planning plays an important role in providing
timely emergency supplies for post-disaster relief through pre-disaster
preparations.

Proper prepositioning of emergency supplies can dramatically im-
prove the efficiency of emergency response. However, the uncertainty
of both emergency demands and road conditions poses a great difficulty
in pre-disaster emergency supplies prepositioning. For the former, since
the degree of losses caused by different disasters varies greatly, it is
almost impossible to accurately estimate the demands of emergency
supplies at different points before a disaster. Moreover, due to the low
frequency nature of some disasters, historical data are not sufficient to
derive the probability distribution of emergency demands. For the lat-
ter, the uncertainty of road disruptions makes it difficult to predict the
structure of the transportation network available after a disaster. At the
same time, it is almost impossible to obtain probability distributions for
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specific road disruptions because the mechanisms inherent in disasters-
induced road disruptions are not known. Therefore, the uncertainty of
both emergency demands and road disruptions can only be expressed
in the form of intervals in many cases.

By using two budget sets to describe the uncertainty of demand
and road conditions, this paper proposes a two-stage robust model
to locate emergency supply points and preposition the corresponding
storage amount of supplies. Since the unit transportation cost between
point pairs is closely related to the structure of available transportation
network after a specific road disruption, the cost of transporting emer-
gency supplies after a disaster cannot be determined using traditional
transportation models. This difficulty is solved by using a network flow
model with uncertain capacity constraints on the edges in our proposed
two-stage robust model.

In this study, we make the following main contributions:
∙ The innovative use of binary variables to limit road capacities

addresses the representation of different road disruption scenarios.
∙ The network flow model is used to solve the problem of uncer-

tainty in the path between supply and demand points due to road
disruptions.

∙ The designed Benders decomposition algorithm can find the exact
solution of pre-disaster prepositioning of emergency supplies and give
the distribution plan under the worst-case scenario.
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The remainder of the article is organized as follows. Section 2 gives
a review of related literature. Section 3 presents the mathematical
formulation of our two-stage robust model. Section 4 provides the
algorithm based on Benders decomposition by linearizing the second-
stage model. Section 5 reports the computational experiments with
sensitivity analysis results on some important parameters and some
valuable management insights. The final section provides concluding
remarks and discusses some future work.

2. Literature review

Numerous studies of emergency supply planning have shown that
integrating pre- and post-disaster operations allows for better prepo-
sitioning of emergency supplies. To deal with the uncertain effects of
disasters, stochastic programming and robust optimization are the two
most common approaches in the relevant literature.

Most articles using stochastic programming describe uncertainty
by defining a set of scenarios and assuming that the occurrence of
each scenario conforms to some random distribution, or directly giving
the corresponding probability. Paul and Zhang [2] developed a two-
stage stochastic programming model for hurricane preparedness by
using probability distributions to estimate the impact of hurricanes.
The goal of the model is to determine the location of distribution
points, medical supply levels, and transportation capacity in the first
stage, and transportation decisions in the second stage. Jiang and
Ouyang [3] formulated a mixed-integer nonlinear program to solve the
positioning and allocation of emergency resources by considering the
probabilistic risk of station disruptions. Sütiçen et al. [4] proposed a
scenario-based two-stage stochastic programming to study the stochas-
tic interdependent infrastructure reinforcement and repair problem.
Wang and Nie [5] incorporated the effects of traffic congestion into
the problem of emergency supplies prepositioning and post-disaster
transportation. They formulated the problem as a mixed-integer non-
linear programming model and solved by a generalized Benders de-
composition algorithm. Wang and Nie [6] further incorporated network
mitigation decisions and dynamic factors after disasters with the traffic
congestion effects in the emergency supplies pre-positioning problem.
Shehadeh and Tucker [7] proposed three new stochastic optimization
models to study the problem of location and inventory prepositioning
of relief supplies, they addressed the uncertainty and distributional
ambiguity of important random factors. Sanci and Daskin [8] proposed
an integer L-shaped algorithm to solve the two-stage stochastic pro-
gramming model, which is formulated to optimize the number and
locations of the emergency response facilities and restoration resources.
Wang et al. [9] proposed a two-stage stochastic model for emergency
supply planning to facilitate cooperation and coordination in a regional
healthcare coalition. Kizito et al. [10] proposed a multi-stage stochastic
program to optimize the reliability and resilience of the microgrid
during a week-long power outage.

The above assumptions about uncertainty in stochastic program-
ming methods are not realistic for certain disasters, such as earth-
quakes, tsunamis, etc. The corresponding probability distribution in-
formation for these disaster-related uncertainties is difficult to obtain
due to reasons such as scarcity of data or unclear mechanisms involved.
Robust optimization (RO) is a methodology to solve optimization prob-
lems that contain uncertain parameters. RO avoids the difficulty of
obtaining the parameter probability distribution by assuming that the
values of the uncertain parameters lie in some user-defined set of un-
certainties. Soyster [11] first proposed a mathematical model of robust
formation with interval data uncertainty. Ben-Tal and Nemirovsky [12]
addressed the issue of over-conservatism in Soyster’s model by defin-
ing the ellipsoid uncertainty set, but their robust counterpart model
does not conserve the complexity of the original problem. Bertsimas
and Sim [13] presented a robust formulation that leads to the same
complexity of the original problem while maintaining the flexibility to
2

adjust the degree of conservativeness in the solutions.
In the field of emergency management research, robust optimization
methods have been widely used to deal with various uncertainties.
For example, Liu et al. [14] applied the robust optimization approach
to cope with the uncertainties in demand and transportation time
and deduced the robust counterpart of the proposed model. Rahmani
et al. [15] proposed a scenario-based robust optimization approach
to sweep away the uncertain parameters in the design process of
humanitarian relief supply chains. Paul and Wang [16] incorporated
various uncertainties, such as facility damage, casualty by severity, and
travel time, for optimizing the location and capacity of distribution
centers in the earthquake preparedness stage. Two types of robustness
are modeled in their paper: parameter uncertainty within a scenario
and relative regret between scenarios. Yu [17] developed a two-stage
model to determine the location of warehouses and storage of emer-
gency commodities before disasters. In this paper, both randomness
and uncertainty are considered in the preparation stage. Sun et al. [18]
developed a robust optimization model for a combination of facil-
ity location and casualty transport in the presence of uncertainty in
the number of casualties. Yang et al. [19] studied the multi-period
dynamic prepositioning of emergency supplies considering the static
pre-disaster stage and dynamic post-disaster stage. They proposed a
distributionally robust optimization model to handle the time-varying
uncertain demands in the post-disaster stage. Sun et al. [20] devel-
oped a scenario-based robust bi-objective optimization model to decide
medical facility location, casualty transportation, and relief commodity
allocation. Zhang et al. [21] proposed a distributionally robust op-
timization model for the emergency rescue network design problem,
where the objective function is the sum of the preparation cost and the
expected penalty cost of demand shortage. Hafezalkotob et al. [22] pro-
posed a linear robust formulation to study the collaborative behaviors
among human resource allocation problem. In their model, information
uncertainty is considered the right-hand side parameters.

Table 1 summarizes the uncertain parameters, representation meth-
ods and solution strategies in the above literature. The first half of the
table is modeled by stochastic programming, while the second half is
modeled by robust optimization.

We find that most of the literature proposing robust models for
emergency management focuses on the uncertainty of demand or ca-
sualties, while very little research has been done on the uncertainty
of transportation network conditions. This may be caused by the diffi-
culty of representing the post-disaster conditions of the transportation
network with a suitable uncertainty set. After representing road disrup-
tions as decision variables, our model implicitly allocates emergency
material flows between supply and demand points using road capacity
constraints, thus avoiding the difficulty of explicitly calculating unit
transportation costs under a large number of post-disaster network
structures.

3. Model formulation

Pre-positioning emergency supplies is an important strategic deci-
sion that can increase preparedness for natural disasters. The problem
can be divided into two stages. In the first stage (pre-disaster stage),
decision makers decide where to establish emergency supply points
and the corresponding storage levels. In the second stage (post-disaster
stage), based on the available road network after the disaster and the
actual requirements at each demand point, decision makers decide on
the emergency supplies distribution plan from supply points to demand
points. If some demands cannot be fully met by pre-stored emergency
supplies at the supply points, it is assumed that these unmet portions
of demands can be compensated by other, more costly means. In this
paper, we consider an undirected graph 𝐺(𝑉 ,𝐸) with node set 𝑉 =
{1, 2,… , 𝑛} and edge set 𝐸 = {(𝑖, 𝑗)|𝑖, 𝑗 ∈ 𝑉 }. Where 𝑉𝑑 ⊆ 𝑉 denotes
the set of demand points (DP), and 𝑉𝑠 ⊆ 𝑉 denotes the set of candidate

locations of emergency supply points (SP). A subset 𝐸1 ⊆ 𝐸 of the edge
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Table 1
Uncertain parameters, representation methods and solution strategies in literature.

Literature Uncertain parameters Representation methods Solution strategies

Paul and Zhang [2] Casualty, Supply, Cost, Time Scenarios-based Cplex
Jiang and Ouyang [3] Station disruption Probability Approximation
Sütiçen et al. [4] Infrastructure disruption Scenarios-based Genetic algorithm
Wang and Nie [5] Traffic flow, Supply, Demand Scenarios-based Exact algorithm
Wang and Nie [6] Time, Supply, Demand, Arc capacity Scenarios-based Exact algorithm
Shehadeh and Tucker [7] Supply, Demand, Road capacity Probability Approximation
Sanci and Daskin [8] Demand, Damage rate, Repair time Scenario-based Exact algorithm
Wang et al. [9] Supply, Demand, Cost Scenario-based Gurobi
Kizito et al. [10] Power output, Power demand Scenario-based Exact algorithm

Liu et al. [14] Demand, Transportation time Interval Cplex
Rahmani et al. [15] Demand, Facility disruption Scenario-based Exact algorithm
Paul and Wang [16] Casualty, Facility damage, Time Scenario-based Cplex
Yu [17] Demand, Supply, Facility damage Interval,Probability Exact algorithm
Sun et al. [18] Casualty Interval Cplex
Yang et al. [19] Demand Interval Approximation
Sun et al. [20] Casualty, Cost Scenario-based, Interval Cplex
Zhang et al. [21] Demand Interval, Probability Matlab
Hafezalkotob et al. [22] Referral, Treatment time Interval Game theory
set 𝐸 consists of edges representing roads that are at risk of disruption.
The following notations are used for the development of the model:

Parameters:
𝑓𝑖: Fixed cost of establishing a emergency supplies point at SP point

𝑖,∀𝑖 ∈ 𝑉𝑠, and set 𝑓𝑖 ∶= +∞,∀𝑖 ∈ 𝑉 ∖𝑉𝑠;
𝐶𝑖: Capacity of potential SP point 𝑖 to store emergency supplies,

∀𝑖 ∈ 𝑉𝑠, and set 𝐶𝑖 ∶= 0,∀𝑖 ∈ 𝑉 ∖𝑉𝑠;
𝑑𝑖: The unit procurement cost of emergency supplies at potential SP

point 𝑖 in the pre-disaster stage, 𝑖 ∈ 𝑉𝑠;
𝑠𝑖: The unit compensation cost for unmet demand component at DP

point 𝑖 in the post-disaster stage, 𝑖 ∈ 𝑉𝑑 ;
[𝛽𝑖, 𝛽𝑖 + 𝛥𝑖]: The interval in which uncertain demand of DP point 𝑖

lies, ∀𝑖 ∈ 𝑉𝑑 , and set 𝛽𝑖 ∶= 0, 𝛥𝑖 ∶= 0,∀𝑖 ∈ 𝑉 ∖𝑉𝑑 ;
𝑐𝑖𝑗 : The unit cost of transporting emergency supplies along edge

(𝑖, 𝑗) ∈ 𝐸;
𝛤1: The parameter is used to control the uncertainty of the total

number of disrupted roads;
𝛤2: The parameter is used to control the uncertainty of the total

demand at DPs;
𝐺: The total budget for the construction of emergency supply points

in the pre-disaster stage;
𝑀 : A large positive number;
Variables:
𝑥𝑖: The amount of emergency supplies stored at node 𝑖 in the

pre-disaster stage, 𝑖 ∈ 𝑉 ;
𝑓𝑖𝑗 : The flow of emergency supplies on road (𝑖, 𝑗) in the post-disaster

stage, (𝑖, 𝑗) ∈ 𝐸;
𝑥̂𝑖: The amount of emergency supplies provided by SP point 𝑖 in the

post-disaster stage, 𝑖 ∈ 𝑉 ;
𝑧𝑖: The amount of unmet demand at DP point 𝑖 (i.e., the amount of

compensation) in the post-disaster stage, 𝑖 ∈ 𝑉𝑑 ;
𝑦𝑖: If the potential SP point 𝑖 ∈ 𝑉𝑠 is selected as supply point, then

𝑦𝑖 = 1, otherwise 𝑦𝑖 = 0;
𝑟𝑖𝑗 : If the edge (𝑖, 𝑗) is disrupted in the post-disaster stage, then

𝑟𝑖𝑗 = 1, otherwise 𝑟𝑖𝑗 = 0, (𝑖, 𝑗) ∈ 𝐸1;
𝑡𝑖: The proportion of 𝛥𝑖 in the demand 𝛽𝑖 + 𝑡𝑖𝛥𝑖 for DP point 𝑖,

0 ≤ 𝑡𝑖 ≤ 1, 𝑖 ∈ 𝑉 .
The purpose of the model is to determine the location of supply

points and the amount of emergency supplies stored at each supply
point to minimize the total operating cost: procurement cost of prepo-
sitioned emergency supplies before the disaster, transportation cost
and compensation cost of emergency supplies after the disaster. The
corresponding constraints are that the construction cost of emergency
supply points does not exceed the given budget, and the storage level of
emergency supplies at each selected point does not exceed its capacity.
3

Since it is impossible to predict before the disaster which scenario will
occur after the disaster, the decision in the pre-disaster stage takes
into account the operating costs of the worst-case scenario in the post-
disaster stage. Therefore, the decision problem in the first stage can be
modeled as follows:

min𝑍 =
∑

𝑖∈𝑉𝑠

𝑑𝑖𝑥𝑖 +𝑄(𝑥, 𝛤1, 𝛤2) (1)

(FM) 𝑠.𝑡.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∑

𝑖∈𝑉
𝑓𝑖𝑦𝑖 ≤ 𝐺 (a)

𝑥𝑖 ≤ 𝐶𝑖𝑦𝑖,∀𝑖 ∈ 𝑉 (b)
𝑥𝑖 ≥ 0, 𝑦𝑖 ∈ {0, 1},∀𝑖 ∈ 𝑉 (c)

(2)

The first item in the objective function (1) is the procurement cost of
emergency supplies in the pre-disaster stage. Given the the amount
of emergency supplies stored at each supply point in the first stage
(𝑥𝑖) and two robust control parameters (𝛤1, 𝛤2), the second item of the
objective function (1) represents the optimal objective function value
corresponding to the second stage model. Constraint (2)(a) indicates
that the total fixed cost for constructing emergency supply points
cannot exceed the budget 𝐺. Constraints (2)(b) mean that the amount
of emergency resources available at each supply point is limited by its
capacity.

In this paper, we assume that there is uncertainty in the amount
of emergency supplies required at each demand point and whether a
specific road in the transportation network is disrupted after a disaster.
To better express these two types of uncertainties, we first define two
budget uncertainty sets as follows:

𝑇1 ∶=

{

𝑟𝑖𝑗 ∈ {0, 1},∀(𝑖, 𝑗) ∈ 𝐸
|

|

|

|

|

∑

(𝑖,𝑗)∈𝐸1

𝑟𝑖𝑗 ≤ 𝛤1,
∑

(𝑖,𝑗)∈𝐸∖𝐸1

𝑟𝑖𝑗 = 0,

}

(3)

𝑇2 ∶=

{

0 ≤ 𝑡𝑖 ≤ 1,∀𝑖 ∈ 𝑉
|

|

|

|

|

∑

𝑖∶{𝛥𝑖>0,𝑖∈𝑉 }
𝑡𝑖 ≤ 𝛤2

}

(4)

The uncertainty set (3) indicates that the total number of disrupted
roads does not exceed the control parameter 𝛤1, and the uncertainty
set (4) implies that for those demand points with uncertainty, the total
fluctuations does not exceed the parameter 𝛤2. Thus, the demand for
emergency supplies at point 𝑖 ∈ 𝑉 after a disaster can be expressed as
𝛽𝑖 + 𝑡𝑖𝛥𝑖, here 𝑡𝑖 ∈ 𝑇2.

𝑄(𝑥, 𝛤1, 𝛤2) denotes the required transportation costs and compensa-
tion costs under the worst-case scenario obtained from the combination
of the two uncertainties. Once the specific values of the two uncer-
tainties are clarified after a disaster, optimal decisions can be made
to minimize transportation costs and compensation costs. Thus, the
second-stage problem can be modeled as maximum–minimum model

that uses the decision of the first-stage model and two robust control
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parameters as its input parameters. For any given scenario, We model
the problem of determining transportation and compensation decisions
as a network flow problem rather than a traditional transportation
problem. This is due to the fact that road disruptions can be directly
represented in the network flow model using the edge capacity limit
constraints. Conversely, if a transportation model is used, the unit trans-
portation costs between supply and demand point pairs are difficult
to represent as a function of disrupted roads. According to the robust
modeling method proposed by Bertsimas and Sim [13], the problem of
transportation and compensation of emergency supplies in the second
stage can be expressed as follows:

𝑄(𝑥, 𝛤1, 𝛤2) = max
𝑟𝑖𝑗∈𝑇1 ,𝑡𝑖∈𝑇2

min

(

∑

(𝑖,𝑗)∈𝐸
𝑐𝑖𝑗𝑓𝑖𝑗 +

∑

𝑖∈𝑉𝑑

𝑠𝑖𝑧𝑖

)

(5)

SM) 𝑠.𝑡.

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∑

𝑗∶(𝑖,𝑗)∈𝐸
𝑓𝑖𝑗 −

∑

𝑗∶(𝑗,𝑖)∈𝐸
𝑓𝑗𝑖 = 𝑥̂𝑖 + 𝑧𝑖 − (𝛽𝑖 + 𝑡𝑖𝛥𝑖),∀𝑖 ∈ 𝑉 (a)

0 ≤ 𝑓𝑖𝑗 ≤ 𝑀(1 − 𝑟𝑖𝑗 ),∀(𝑖, 𝑗) ∈ 𝐴 (b)
0 ≤ 𝑧𝑖 ≤ 𝛽𝑖 + 𝑡𝑖𝛥𝑖,∀𝑖 ∈ 𝑉 (c)
0 ≤ 𝑥̂𝑖 ≤ 𝑥𝑖,∀𝑖 ∈ 𝑉 (d)

(6)

he two items in the objective function (5) are the transportation cost
f emergency supplies and the compensation cost of unmet demands,
espectively. The maximum–minimum form of the objective function
ndicates that the aim of the second-stage model is to find the worst-
ase scenario among all scenarios represented by 𝑟𝑖𝑗 ∈ 𝑇1, 𝑡𝑖 ∈ 𝑇2.
(𝑥, 𝛤1, 𝛤2) denotes the minimum cost of transportation and compen-

ation in the worst-case scenario of the post-disaster stage, given the
ecision 𝑥 in the first stage and the values of the parameters 𝛤1, 𝛤2.
onstraints (6)(a) mean that the flow balance condition is satisfied for
ach node 𝑖 ∈ 𝑉 . From the definition of 𝑟𝑖𝑗 , it is clear that 𝑟𝑖𝑗 = 1
ndicates that the road (𝑖, 𝑗) is disrupted, so constraints (6)(b) restrict
he flow on the edge (𝑖, 𝑗) with 𝑟𝑖𝑗 = 1 to 0. Conversely, the flow
n the edge (𝑖, 𝑗) corresponding to 𝑟𝑖𝑗 = 0 has no capacity limit.
onstraints (6)(c) indicate that the number of compensated emergency
upplies does not exceed the actual requirement at each demand point.
onstraints (6)(d) imply that the amount of emergency supplies shipped

rom each supply point does not exceed the amount pre-stored at that
oint.

. Model linearization and the algorithm

The maximum–minimum form of 𝑄(𝑥, 𝛤1, 𝛤2) is difficult to solve.
ince the minimization part (i.e. the network flow problem) is a linear
rogramming, we can obtain its dual problem, which is a maximization
roblem and can be merged with the maximization over 𝑟𝑖𝑗 ∈ 𝑇1, and
𝑗 ∈ 𝑇2, the results are as follows:

heorem 1. 𝑄(𝑥, 𝛤1, 𝛤2) equivalent to the following model:

ax
∑

𝑖∈𝑉

[

−(𝛽𝑖 + 𝑡𝑖𝛥𝑖)(𝜋𝑖 + 𝜔𝑖) − 𝑥𝑖𝜃𝑖
]

−
∑

(𝑖,𝑗)∈𝐴
𝑀(1 − 𝑟𝑖𝑗 )𝑢𝑖𝑗 (7)

.𝑡.

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜋𝑖 − 𝜋𝑗 − 𝑢𝑖𝑗 ≤ 𝑐𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐴 (a)
−𝜋𝑖 − 𝜔𝑖 ≤ 𝑠𝑖,∀𝑖 ∈ 𝑉 (b)
−𝜋𝑖 − 𝜃𝑖 ≤ 0,∀𝑖 ∈ 𝑉 (c)
∑

(𝑖,𝑗)∈𝐴1

𝑟𝑖𝑗 ≤ 𝛤1 (d)
∑

𝑖∶{𝛥𝑖>0,𝑖∈𝑉 }
𝑡𝑖 ≤ 𝛤2 (e)

𝑢𝑖𝑗 ≥ 0, 𝑟𝑖𝑗 ∈ {0, 1},∀(𝑖, 𝑗) ∈ 𝐴 (f)
𝜔𝑖 ≥ 0, 𝜃𝑖 ≥ 0, 0 ≤ 𝑡𝑖 ≤ 1,∀𝑖 ∈ 𝑉 (g)

(8)

roof. For given 𝑟𝑖𝑗 ∈ 𝑇1, 𝑡𝑖 ∈ 𝑇2, the minimization part of 𝑄(𝑥, 𝛤1, 𝛤2)
s the following linear programming:

in

(

∑

𝑐𝑖𝑗𝑓𝑖𝑗 +
∑

𝑠𝑖𝑧𝑖

)

(9)
4

(𝑖,𝑗)∈𝐴 𝑖∈𝑉
.𝑡.

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∑

𝑗∶(𝑖,𝑗)∈𝐴
𝑓𝑖𝑗 −

∑

𝑗∶(𝑗,𝑖)∈𝐴
𝑓𝑗𝑖 − 𝑥̂𝑖 − 𝑧𝑖 = −(𝛽𝑖 + 𝑡𝑖𝛥𝑖),∀𝑖 ∈ 𝑉 (a)

𝑓𝑖𝑗 ≤ 𝑀(1 − 𝑟𝑖𝑗 ),∀(𝑖, 𝑗) ∈ 𝐴 (b)
𝑧𝑖 ≤ 𝛽𝑖 + 𝑡𝑖𝛥𝑖,∀𝑖 ∈ 𝑉 (c)
𝑥̂𝑖 ≤ 𝑥𝑖,∀𝑖 ∈ 𝑉 (d)
𝑓𝑖𝑗 ≥ 0,∀(𝑖, 𝑗) ∈ 𝐴 (e)
𝑧𝑖 ≥ 0, 𝑥̂𝑖 ≥ 0,∀𝑖 ∈ 𝑉 (f)

(10)

Denote the dual variables of constraints (10)(a)–(10)(d) as 𝜋𝑖, 𝑢𝑖𝑗 ,

𝑖, 𝜃𝑖, respectively. Then the dual problem of the linear programming
s:

ax
∑

𝑖∈𝑉
[−(𝛽𝑖 + 𝑡𝑖𝛥𝑖)𝜋𝑖 − (𝛽𝑖 + 𝑡𝑖𝛥𝑖)𝜔𝑖 − 𝑥𝑖𝜃𝑖] −

∑

(𝑖,𝑗)∈𝐴
𝑀(1 − 𝑟𝑖𝑗 )𝑢𝑖𝑗 (11)

.𝑡.

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜋𝑖 − 𝜋𝑗 − 𝑢𝑖𝑗 ≤ 𝑐𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐴 (a)
−𝜋𝑖 − 𝜔𝑖 ≤ 𝑠𝑖,∀𝑖 ∈ 𝑉 (b)
−𝜋𝑖 − 𝜃𝑖 ≤ 0,∀𝑖 ∈ 𝑉 (c)
𝑢𝑖𝑗 ≥ 0,∀(𝑖, 𝑗) ∈ 𝐴 (d)
𝜔𝑖 ≥ 0, 𝜃𝑖 ≥ 0,∀𝑖 ∈ 𝑉 (e)

(12)

Now this maximization problem can be merged with the maximiza-
ion part ( max

𝑟𝑖𝑗∈𝑇1 ,𝑡𝑖∈𝑇2
). From the definitions of 𝑇1 and 𝑇2 we can get that

(𝑥, 𝛤1, 𝛤2) is equivalent to model (7)–(8). ■

Although 𝑄(𝑥, 𝛤1, 𝛤2) has been transformed from max–min to max-
mization, solving the model is still difficult because the objective
unction (7) is nonlinear. In order to linearize the objective function (7),
e need to make a reasonable assumption on the control parameter 𝛤2.
ince the parameter 𝛤2 represents the total fluctuation of post-disaster
emands, it is convenient to take the number of demand points at which
emand reaches its upper limit as the value of 𝛤2. Therefore, based on
he assumption that 𝛤2 is an integer, we give the following linearization
esult for the solution of 𝑄(𝑥, 𝛤1, 𝛤2).

heorem 2. If 𝛤2 is an integer, then the following model can give the
optimal solution to 𝑄(𝑥, 𝛤1, 𝛤2):

𝐹 (𝑥, 𝛤1, 𝛤2) = max
∑

𝑖∈𝑉
[−𝛽𝑖(𝜋𝑖 + 𝜔𝑖) − 𝛥𝑖𝑣𝑖 − 𝑥𝑖𝜃𝑖] −𝑀

∑

(𝑖,𝑗)∈𝐴
𝑘𝑖𝑗 (13)

.𝑡.

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜋𝑖 − 𝜋𝑗 − 𝑢𝑖𝑗 ≤ 𝑐𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐴 (a)
−𝜋𝑖 − 𝜔𝑖 ≤ 𝑠𝑖,∀𝑖 ∈ 𝑉 (b)
−𝜋𝑖 − 𝜃𝑖 ≤ 0,∀𝑖 ∈ 𝑉 (c)
∑

(𝑖,𝑗)∈𝐴1

𝑟𝑖𝑗 ≤ 𝛤1 (d)
∑

𝑖∶{𝛥𝑖>0,𝑖∈𝑉 }
𝑡𝑖 ≤ 𝛤2 (e)

𝑣𝑖 ≤ 𝑀𝑡𝑖,∀𝑖 ∈ 𝑉 (f)
−𝑣𝑖 ≤ 𝑀𝑡𝑖,∀𝑖 ∈ 𝑉 (g)
𝜋𝑖 + 𝜔𝑖 − 𝑣𝑖 ≤ 𝑀(1 − 𝑡𝑖),∀𝑖 ∈ 𝑉 (h)
−(𝜋𝑖 + 𝜔𝑖 − 𝑣𝑖) ≤ 𝑀(1 − 𝑡𝑖),∀𝑖 ∈ 𝑉 (i)
0 ≤ 𝑘𝑖𝑗 ≤ 𝑀(1 − 𝑟𝑖𝑗 ),∀(𝑖, 𝑗) ∈ 𝐴 (j)
0 ≤ 𝑢𝑖𝑗 − 𝑘𝑖𝑗 ≤ 𝑀𝑟𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐴 (k)
𝑢𝑖𝑗 ≥ 0, 𝑟𝑖𝑗 ∈ {0, 1},∀(𝑖, 𝑗) ∈ 𝐴 (l)
𝜔𝑖 ≥ 0, 𝜃𝑖 ≥ 0, 𝑡𝑖 ∈ {0, 1},∀𝑖 ∈ 𝑉 (m)

(14)

Proof. First, we prove the following result: If 𝛤2 is an integer, then
there is a optimal solution (𝜋∗, 𝑟∗, 𝑢∗, 𝜔∗, 𝜃∗, 𝑡∗) of model (7)–(8) such
that 𝑡∗ ∈ {0, 1},∀𝑖 ∈ 𝑉 .
𝑖
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Define the following polytopes:

𝛺 ∶= {(𝜋, 𝑟, 𝑢, 𝜔, 𝜃) ∈ 𝑅|𝑉 |×𝑅|𝐴|×𝑅|𝐴|×𝑅|𝑉 |×𝑅|𝑉 |

|

|

|

∀𝑖 ∈ 𝑉 , (𝑖, 𝑗) ∈ 𝐴} (15)

.𝑡.

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜋𝑖 − 𝜋𝑗 − 𝑢𝑖𝑗 ≤ 𝑐𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐴 (a)
−𝜋𝑖 − 𝜔𝑖 ≤ 𝑠𝑖,∀𝑖 ∈ 𝑉 (b)
∑

(𝑖,𝑗)∈𝐴1

𝑟𝑖𝑗 ≤ 𝛤1 (c)

−𝜋𝑖 − 𝜃𝑖 ≤ 0,∀𝑖 ∈ 𝑉 (d)
𝜔𝑖 ≥ 0, 𝜃𝑖 ≥ 0,∀𝑖 ∈ 𝑉 (e)
𝑢𝑖𝑗 ≥ 0, 𝑟𝑖𝑗 ∈ {0, 1},∀(𝑖, 𝑗) ∈ 𝐴 (f)

(16)

nd

∶=

{

𝑡 ∈ 𝑅|𝑉 |

|

|

|

|

|

∑

𝑖∶{𝛥𝑖>0,𝑖∈𝑉 }
𝑡𝑖 ≤ 𝛤2, 0 ≤ 𝑡𝑖 ≤ 1,∀𝑖 ∈ 𝑉

}

(17)

From the definitions of 𝛺 and 𝛷, we know that the model (7)–(8) is
bilinear programming, therefore the optimal solution of model (7)–(8)
an be taken at a vertex of 𝛺×𝛷 [23]. That is, there is a optimal solution
𝜋∗, 𝑟∗, 𝑢∗, 𝜔∗, 𝜃∗, 𝑡∗) of model (7)–(8) such that 𝑡∗𝑖 ∈ {0, 1},∀𝑖 ∈ 𝑉 . In
ther words, 𝑡∗𝑖 can be considered as binary variables.

Second, we deal with the nonlinear items in the objective function
7). Let 𝑣𝑖 ∶= 𝑡𝑖(𝜋𝑖 + 𝜔𝑖), we have:

𝑡𝑖 = 0 → 𝑣𝑖 = 0 (a)
𝑡𝑖 = 1 → 𝑣𝑖 = 𝜋𝑖 + 𝜔𝑖 (b)

(18)

herefore, we can use the following four linear inequalities to express
he relationship between the above variables.

𝑣𝑖 ≤ 𝑀𝑡𝑖 (a)
−𝑣𝑖 ≤ 𝑀𝑡𝑖 (b)
𝜋𝑖 + 𝜔𝑖 − 𝑣𝑖 ≤ 𝑀(1 − 𝑡𝑖) (c)
−(𝜋𝑖 + 𝜔𝑖 − 𝑣𝑖) ≤ 𝑀(1 − 𝑡𝑖) (d)

(19)

Similarly, let 𝑘𝑖𝑗 ∶= (1 − 𝑟𝑖𝑗 )𝑢𝑖𝑗 , we have:

𝑟𝑖𝑗 = 1 → 𝑘𝑖𝑗 = 0 (a)
𝑟𝑖𝑗 = 0 → 𝑘𝑖𝑗 = 𝑢𝑖𝑗 (b)

(20)

hen the relationships of (20) can be expressed as the following lin-
arized constraints:

0 ≤ 𝑘𝑖𝑗 ≤ 𝑀(1 − 𝑟𝑖𝑗 ) (a)
0 ≤ 𝑢𝑖𝑗 − 𝑘𝑖𝑗 ≤ 𝑀𝑟𝑖𝑗 (b)

(21)

The model (13)–(14) is obtained by replacing 𝑡𝑖(𝜋𝑖 + 𝜔𝑖) and (1 −
𝑖𝑗 )𝑢𝑖𝑗 with 𝑣𝑖 and 𝑘𝑖𝑗 in the objective function (7), respectively, and
ombining constraints (19) and (21) into constraints (8). ■

Since the proposed model is in the min–max form, we propose an
lgorithm based on Benders Decomposition [24,25] to solve it. The
lgorithm is as follows:
Algorithm:
Step1. Initialization: Given parameters 𝛤1 and 𝛤2, randomly gener-

te 𝑥𝑖, 𝑦𝑖 satisfying constraints (2)(a)–(2)(c). Then solve the subprob-
em 𝐹 (𝑥, 𝛤1, 𝛤2), let (𝜋1

𝑖 , 𝜔
1
𝑖 , 𝑣

1
𝑖 , 𝜃

1
𝑖 , 𝑢

1
𝑖𝑗 , 𝑘

1
𝑖𝑗 ) be the optimal solution of

̂ (𝑥, 𝛤1, 𝛤2), set 𝑈 ∶= +∞, 𝐿 ∶= 0, 𝑘 ∶= 1, 𝑥𝑏𝑒𝑠𝑡 ∶= 𝑥;
Step2. For given (𝜋𝑘

𝑖 , 𝜔
𝑘
𝑖 , 𝑣

𝑘
𝑖 , 𝜃

𝑘
𝑖 , 𝑢

𝑘
𝑖𝑗 , 𝑘

𝑘
𝑖𝑗 ), solve the master problem:

in
∑

𝑖∈𝑉
𝑑𝑖𝑥𝑖 + 𝜉 (22)

.𝑡.

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

𝜉 ≥
∑

𝑖∈𝑉
[−𝛽𝑖(𝜋𝑘

𝑖 + 𝜔𝑘
𝑖 ) − 𝛥𝑖𝑣

𝑘
𝑖 − 𝑥𝑖𝜃

𝑘
𝑖 ] −𝑀

∑

(𝑖,𝑗)∈𝐴
𝑘𝑘𝑖𝑗 (a)

𝑥𝑖 ≤ 𝐶𝑖𝑦𝑖,∀𝑖 ∈ 𝑉 (b)
∑

𝑖∈𝑉
𝑓𝑖𝑦𝑖 ≤ 𝐺 (c)

(23)
5

⎩

𝑥𝑖 ≥ 0, 𝑦𝑖 ∈ {0, 1},∀𝑖 ∈ 𝑉 (d)
enote the optimal solution of the master problem as (𝑥𝑘, 𝑦𝑘, 𝜉𝑘), update
∶= max{𝐿,

∑

𝑖∈𝑉
𝑑𝑖𝑥

𝑘
𝑖 + 𝜉𝑘}.

Step3. For given 𝑥𝑘, solve the subproblem 𝐹 (𝑥𝑘, 𝛤1, 𝛤2), let the op-
imal value be 𝐹 𝑘+1 and the optimal solution be (𝜋𝑘+1

𝑖 , 𝜔𝑘+1
𝑖 , 𝑣𝑘+1𝑖 , 𝜃𝑘+1𝑖 ,

𝑘+1
𝑖𝑗 , 𝑘𝑘+1𝑖𝑗 ). If there is 𝑈 >

∑

𝑖∈𝑉
𝑑𝑖𝑥

𝑘
𝑖 + 𝐹 𝑘+1, update 𝑈 ∶=

∑

𝑖∈𝑉
𝑑𝑖𝑥

𝑘
𝑖 + 𝐹 𝑘+1

nd 𝑥𝑏𝑒𝑠𝑡 ∶= 𝑥𝑘, otherwise keep 𝑈 and 𝑥𝑏𝑒𝑠𝑡 unchanged.
Step4. If 𝑈 ≤ 𝐿 + 𝜖, stop and output the optimal solution 𝑥𝑏𝑒𝑠𝑡,

therwise add the following constraint to the master problem:

≥
∑

𝑖∈𝑉
[−𝛽𝑖(𝜋𝑘+1

𝑖 + 𝜔𝑘+1
𝑖 ) − 𝛥𝑖𝑣

𝑘+1
𝑖 − 𝑥𝑖𝜃

𝑘+1
𝑖 ] −𝑀

∑

(𝑖,𝑗)∈𝐴
𝑘𝑘+1𝑖𝑗 (24)

pdate 𝑘 ∶= 𝑘 + 1, return Step2.
Note: Because the unmet demands are already compensated for in

odel (5)–(6), the problem under study is always feasible, so there is
o need to include feasible cuts in the algorithm.

. Computational experiments

.1. Generation of test instance

The Sioux Falls network has been used by numerous researchers
o test kinds of models and algorithms. In this paper, we use a sim-
lified Sioux Falls network to test the proposed model. Among the 24
odes in this simplified network, 8 nodes serve as emergency resource
emand points (𝑉𝑑 = {4, 8, 10, 12, 13, 14, 17, 21}). The remaining 16
odes are considered as candidated locations of emergency supply
oints. The set of roads at risk of disruption 𝐸1 consists of 10 of
he 38 edges, that is, 𝐸1 = {(3, 4), (4, 5), (3, 12), (4, 11), (10, 11), (13, 24),
(14, 23), (16, 17), (17, 19), (21, 24)}. Fig. 1 shows the structure, road dis-
tances (numbers near links, unit: miles), demand points (orange nodes),
and possibly disruption roads (red dotted lines) of the simplified Sioux
Falls network.

Table 2 lists the parameters of the candidate locations for the emer-
gency supply points, and Table 3 lists the parameters of the demand
points.

5.2. Experimental results

The problem is programmed in MATLAB R2018a platform and run
on a 64-bit Intel i7-1065G7 portable computer with 1.30 GHz CPU
and 16 GB RAM. The commercial solver Gurobi 9.1.1 is used to solve
the subproblem in the proposed algorithm. Let 𝛤1 = 4, 𝛤2 = 5, 𝐺 =
300(×104), and the transportation cost of unit emergency resource 𝑐𝑖𝑗
set to be 𝑐 times the distance of edge (𝑖, 𝑗), here 𝑐 = 10. Table 4
shows the optimal location of emergency supply points, the amount of
emergency supplies stored at each selected supply point, and the worst-
case transport and compensation plan. The optimal objective function
value is 𝑍∗ = 1.8664 × 106 while the operation cost 𝑄(𝑥∗, 𝛤1, 𝛤2) =
1.2796×106. In the penultimate line, 𝑧∗𝑖 represents the number of unmet
emergency resources at demand point 𝑖 (i.e. the compensation amount).
The last row of Table 4 shows the actual demand for each demand
point in the worst case scenario, where the underline indicates that
the corresponding demand point reaches the upper boundary of the
corresponding demand interval.

As can be seen from Table 4, candidate points 6, 11, 16, 19, and
22 were selected as emergency supply points, with 6 and 16 having
emergency supplied stored below their capacity. The emergency sup-
plies required at points 4, 13, and 17 cannot be fully met by supply
points and must be supplemented by compensation.

If decision-makers ignore the parameters’ uncertainty, it is equiva-
lent to thinking that the robust control parameters 𝛤1 = 𝛤2 = 0, then the
optimal location scheme of emergency supply points and the allocation
of emergency supplies are shown in Table 5.

If the optimal allocation scheme obtained from the deterministic

model is applied to the uncertain environment, it can be found that
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Fig. 1. The simplified Sioux Falls network.
Table 2
Parameters of the candidate locations for the emergency supply points.
𝑉𝑠 1 2 3 5 6 7 9 11 15 16 18 19 20 22 23 24

𝑓𝑖(×104) 130 70 50 60 60 70 50 60 60 50 40 40 100 50 60 50
𝐶𝑖(×102) 14 20 15 15 16 18 12 17 15 12 10 11 23 15 17 15
𝑑𝑖 140 120 110 90 80 90 110 100 120 90 80 80 120 90 120 100
Table 3
Parameters of the demand points.
𝑉𝑑 4 8 10 12 13 14 17 21

𝛽𝑖 1500 880 1290 1000 1320 1370 1450 1020
𝛥𝑖 300 176 258 200 264 274 290 204
𝑠𝑖 200 200 240 240 200 220 220 220
Table 4
The allocation scheme for the worst case scenario when 𝛤1 = 4, 𝛤2 = 5, 𝐺 = 300.

Selected location Demand points Allocated

4 8 10 12 13 14 17 21 quantity (𝑥∗𝑖 )

6 880 122.9 106.6 1109.5
11 542.6 1093.4 64 1700
16 1167.1 1167.1
19 1100 1100
22 480 1020 1500
𝑧∗𝑖 1257.4 1584 1740

Demand quantity 1800 880 1290 1200 1584 1644 1740 1020
the total operating cost will exceed the optimal decision requirement
of the robust model when facing the worst-cast scenario. For example,
if the deterministic optimal allocation scheme shown in Table 5 (here
we denote it as 𝑥∗𝑑) is applied to the uncertain environment of 𝛤1 =
4, 𝛤 = 5, the post-disaster transportation and compensation costs can
6

2

be obtained by solving the subproblem 𝑄(𝑥∗𝑑 , 𝛤1, 𝛤2) ∶ 1.2424 × 106.
Therefore, the total operating cost is equal to the above costs plus the
prepositioning cost of emergency supplies (

∑

𝑖∈𝑉𝑠

𝑑𝑖𝑥
∗
𝑑𝑖 = 766, 000), and

the total is 2.0084×106. Obviously, this cost is greater than the total
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Table 5
The allocation scheme when ignore parameters’ uncertainty 𝛤1 = 0, 𝛤2 = 0, 𝐺 = 300.

Selected location Demand points Allocated

4 8 10 12 13 14 17 21 quantity (𝑥∗𝑑𝑖)

3 500 1000 1500
6 720 880 1600
11 640 1060 1700
18 650 350 1000
19 1100 1100
22 170 310 1020 1500
𝑧∗𝑖 280 1150

Demand quantity 1500 880 1290 1000 1320 1370 1450 1020
Fig. 2. Location-allocation scheme (𝛤1 = 4, 𝛤2 = 5, 𝐺 = 300).
operating cost of the optimal decision (shown in Table 4) derived from
the robust model 𝑍∗ = 1.8664 × 106. According to the above analysis,
when parameters are uncertain, it is better to use robust model than
deterministic model for decision-making.

Fig. 2 visualizes the location of the emergency supply and de-
mand points and the supply relationship between them, as well as
the worst case scenario of road disruption. In Fig. 2, blue squares
represent emergency resource supply points, dots represent demand
points (where red dots represent demand points that reach the upper
boundary of the corresponding demand intervals), black dashed lines
indicate distribution relationships, and red dashed lines denote the
disrupted roads in the worst-case scenario.

5.3. Sensitivity analysis

The parameters 𝛤1 and 𝛤2 play an important role in controlling
the uncertainties of the total demand for emergency supplies and the
disruption of roads, respectively. We therefore first test the impact of
7

parameters 𝛤1, 𝛤2 on the location scheme of emergency supply points
and the disruption of roads in the worst-case scenario. Now, we keep
𝛤2 = 5 and 𝐺 = 300 unchanged, and let 𝛤1 change from 0 to 10,
the location scheme of supply points, the disrupted roads and the
corresponding operating costs (𝑍∗) are shown in Table 6. Note that
these results are calculated based on the worst-case scenario among
possible scenarios that satisfy constraints with the given parameters 𝛤1
and 𝛤2.

As can be seen from Table 6, operating costs 𝑍∗ first increase as
𝛤1 and remain constant as 𝛤1 increases further. According to different
values of 𝛤1, there are 5 different location schemes for the emer-
gency supply points. It can be found that for different values of 𝛤1,
(6, 11, 19, 22) are selected as emergency supply points, which indicates
that these candidate points are well adapted for various road disruption
scenarios. Another interesting phenomenon is that when 𝛤1 reaches a
certain level, further increases in its value will no longer affect the
location scheme of emergency supply points and the corresponding
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Table 6
The location scheme in the worst-case scenario when 𝛤2 = 5, 𝐺 = 300.
𝛤1 Location scheme Disrupted roads 𝑍∗(×106)

𝛤1 = 0 (3,6,11,18,19,22) – 1.6451
𝛤1 = 1 (6,11,16,18,19,22) (17-19) 1.6930
𝛤1 = 2 (6,11,18,19,22,24) (13-24) (17-19) 1.7573
𝛤1 = 3 (13-24) (16-17) (17-19) 1.8235
𝛤1 = 4 (6,11,16,19,22) (4-5) (13-24) (16-17) (17-19) 1.8664
𝛤1 = 5

(6,11,16,18,19,22)
(4-5) (13-24) (14-23) (16-17) (17-19) 1.8750

𝛤1 = 6 (4-5) (4-11) (13-24) (14-23) (16-17) (17-19) 1.8752
𝛤1 ≥ 7 (3-4) (4-5) (4-11) (13-24) (14-23) (16-17) (17-19) 1.8753
Table 7
The location scheme in the worst-case scenario when 𝛤1 = 4, 𝐺 = 300.
𝛤2 Location scheme Disrupted roads 𝑍∗(×106)

𝛤2 = 0

(6,11,16,19,22)

(4-5) (4-11) (16-17) (17-19) 1.6037
𝛤2 = 1

(4-11) (13-24) (16-17) (17-19)
1.6675

𝛤2 = 2 1.7275
𝛤2 = 3 1.7803
𝛤2 = 4 (4-5) (13-24) (16-17) (17-19) 1.8253
𝛤2 = 5 1.8664
𝛤2 = 6

(6,11,16,18,19,22)
(13-24) (14-23) (16-17) (17-19) 1.8996

𝛤2 = 7 (4-5) (13-24) (16-17) (17-19) 1.9260
𝛤2 = 8 1.9428
operating costs. When 𝛤1 ≥ 7, the set of disrupted roads in the worst-
case scenario contains the following results: (3−4), (4−5), (4−11), (13−
24), (14 − 23), (16 − 17), (17 − 19).

Next, keep 𝛤1 = 4 and 𝐺 = 300 unchanged, and let 𝛤2 change from
0 to 8, the location scheme of supply points, the disrupted roads and
the corresponding operating costs (𝑍∗) are shown in Table 7.

In Table 7, the increase in 𝑍∗ with increasing 𝛤2 is a predictable
result. For different values of 𝛤2, there are only two different location
schemes, indicating that 𝛤2 has less influence on the location scheme
than 𝛤1. Furthermore, we find that while the value of 𝛤1 remains
constant, the set of disrupted roads corresponding to the worst-case
scenario still varies with 𝛤2. This phenomenon suggests that the degree
of uncertainty in aggregate demand affects the set of disrupted roads
in the worst-case scenario.

To test the adaptability of a given optimal solution (in the case
of 𝑥∗ in Table 4) to random scenarios with different parameters, we
first hold 𝛤2 = 5 constant and let 𝛤1 change from 1 to 10. Then we
generate 100 random scenarios satisfying the conditions of each case
(that is, we randomly generate 100 sets of demand data to satisfy total
fluctuation of no more than 𝛤2, and randomly select 𝛤1 edges from
𝐸1 as disrupted roads). The mean and variance of the operating costs
(including procurement costs, transportation costs, and compensation
costs) for each scenario are shown in Fig. 3. Note that when 𝛤1 =
4, 𝛤2 = 5, the operating cost of the optimal solution 𝑥∗ in the worst-case
scenario (𝑄(𝑥∗, 𝛤1 = 4, 𝛤2 = 5)) is shown in the figure as a comparison
standard.

As can be seen in Fig. 3, the mean of operating cost increases
with 𝛤1, while there is no significant correlation between the variance
of operating cost and 𝛤1. The former is due to the fact that as 𝛤1
increases, the number of disrupted roads also increases, thus increasing
the corresponding transportation costs. When 𝛤1 ≥ 8, the operating cost
in some cases exceeds 𝑄(𝑥∗, 𝛤1 = 4, 𝛤2 = 5) = 1.2796×106, which means
that as 𝛤1 increases, some post-disaster scenarios are worse than the
worst-case scenario corresponding to 𝑥∗.

Now hold 𝛤1 = 4 constant, let 𝛤2 vary from 1 to 8, and generate 100
random scenarios that satisfy the conditions for each case. The mean
and variance of the operating costs are shown in Fig. 4.

The mean value of operating costs in Fig. 4 increases with 𝛤2, and
the increasing trend of the curve slows down significantly when 𝛤2 ≥ 5.
For any value of 𝛤2, the operating cost under all random scenarios is
lower than 𝑄(𝑥∗, 𝛤1 = 4, 𝛤2 = 5) = 1.2796 × 106. This means that the
optimal solution 𝑥∗ can be adapted to all scenarios corresponding to
different values of 𝛤 when 𝛤 is held constant. Comparing the impact
8

2 1
Fig. 3. Operation costs under random scenarios (different 𝛤1).

Fig. 4. Operation costs under random scenarios (different 𝛤2).
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Table 8
The impact of transportation cost per unit distance.
𝑐 𝑐 = 5 𝑐 = 10 𝑐 = 15 𝑐 = 20

Location scheme (6,11,16,18,19,22) (6,11,16,19,22) (6,9,11,15,22) (6,9,11,16,22)
Disrupted roads (4-5)(13-24)(16-17)(17-19) (4-5)(4-11)(14-23)(16-17) (4-5)(3-12)(13-24)(16-17)
𝑍∗(×106) 1.6526 1.8664 1.9879 2.0805
Fig. 5. The relationship between different costs and budgets.

of 𝛤1 and 𝛤2 on operating costs in Figs. 3 and 4, it can be seen that road
disruptions have a greater impact on operating costs than demand.

Since the unit transportation cost 𝑐𝑖𝑗 is set as 𝑐 multiplied by the
distance of the road (𝑖, 𝑗), we can test the impact of 𝑐 on the location
scheme of supply points and the worst-case scenario of disrupted roads.
Keeping other parameters constant, let 𝑐 vary from 5 to 20 in steps of
5. The results are shown in Table 8.

As can be seen from Table 8, different values of 𝑐 affect not only the
location scheme of the emergency supply points, but also the worst-case
scenario disrupted roads.

Finally, we analyze the effect of budget 𝐺 on the objective function.
Let 𝐺 vary from 100 to 500 in steps of 50. The procurement cost,
transportation cost, compensation cost of emergency supplies, and the
total cost of these three items are shown in Fig. 5.

As can be seen from Fig. 5, the total cost first decreases as 𝐺
increases and remains essentially constant when 𝐺 exceeds a certain
threshold. Of these three costs, compensation costs essentially decrease
as 𝐺 increases, while procurement costs show the opposite trend. This
is because as 𝐺 increases, more emergency supply points can be es-
tablished, which increases the procurement cost of emergency supplies
while reducing unmet demands (i.e. lowering the compensation costs).

5.4. Management insights

Some valuable management insights can be drawn from the preced-
ing test case and sensitivity analysis.

First, when decision makers are faced with uncertainties about road
disruptions and emergency demands, the former has a greater impact
on the prepositioning of emergency supplies, so they need to make
more accurate judgements about the possible set of road disruptions
and the control parameter for the total number of disruption roads.

Second, for the total number of disrupted roads is large, decision
makers can appropriately reduce pre-positioned quantity of emergency
supplies, while considering different ways to compensate for emergency
supplies in order to reduce compensation costs.
9

Third, if it is difficult for decision makers to decide the value of
the control parameter 𝛤1 (i.e. the total number of the disrupted roads),
different values of 𝛤1 can be used to find out the common locations of
emergency supply points. Decision makers can first establish emergency
supply points at these locations and then determine the next decision
options based on subsequent information obtained.

Finally, the construction cost of emergency supply points is one-time
fixed investment, while the operating cost is a long-term investment
for each possible disaster. As long as the budget for construction costs
reaches a certain threshold, it will basically not affect the subsequent
operating costs. Therefore, decision makers need to budget enough for
the construction costs of emergency supply points.

6. Conclusion

In this paper, we proposed a two-stage robust optimization model
to determine the location of emergency supply points and the corre-
sponding storage levels of emergency supplies. The model describes two
types of uncertainty, possible road disruptions and requirements for
emergency supplies, using interval data. Since the different available
road network conditions after a disaster affect the unit transporta-
tion cost of emergency supplies, the tradition location-transportation
model faces the difficulty of solving the unit transportation cost under
different network structures. These available road network structures
are scenarios obtained by combining different disrupted roads, so the
number of possible network structures grows exponentially with the
number of disrupted roads. The novelty of this paper is that the location
and transportation of emergency supplies is modeled as a network flow
problem, which utilizes the capacity constraints of edges to incorporate
the uncertainty of potentially disrupted roads into this problem.

The second-stage model is transformed from the original maximum–
minimum to the maximum form using duality theory. An algorithm
based on Benders decomposition is proposed after linearizing the ob-
jective function of the second-stage model. Finally, computational ex-
periments demonstrate the validity of the model and algorithm, and
give some valuable management insights through sensitivity analysis
of different parameters.

The idea of this paper can be further extended to the possibility of
candidate supply points being damaged by a disaster, and future work
can take into account factors such as the urgency of post-disaster relief
and equity between different demand points.
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