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In this paper, we develop a supply chain optimization model for the preparation, provision, transportation,
and execution of swab tests during COVID-19 pandemic. The proposed approach is based on a multi-tiered
network consisting of manufacturing companies of reagents, processing laboratories (where the swab kits are
prepared and some swab tests are analyzed), landing stations for UAVs and test centers. As innovations in
the supply chain, the sharing of reagents between processing laboratories and the use of UAVs, using 5G

technology, are contemplated in the management of the COVID-19 Pandemic. To obtain the optimal solutions
of the underlying optimization problem, we provide a variational formulation problem for which results of
existence and uniqueness will be provided. Finally, some numerical simulations are examined to validate the

effectiveness of our approach.

1. Introduction

The COVID-19 pandemic, which broke out in China at the end of
2019, has certainly revolutionized our habits. The sudden and uncon-
trollable spread of infections has forced the entire population to periods
of quarantines and restrictions and normal daily activities were closely
monitored in order to ensure a slowdown in the spread of infections.
Face-to-face education was suspended, giving rise to distance learning;
work activities, when possible, was converted into work from home
activities. On March 11, 2020, after assessing the levels of spread and
severity of the SARS-CoV-2 infection, the World Health Organization
(WHO) declared that the COVID-19 outbreak recorded over the past
months can be characterized as a pandemic (see [1]), but, despite
that, it can still be controlled. On 30 January 2020, following a sec-
ond meeting of the Emergency Committee, the WHO Director-General
had already declared the international SARS-CoV-2 outbreak a Public
Health Emergency of International Concern (PHEIC), as defined in
the International Health Regulations (IHR, 2005), [2]. Authors in [3]
determined the criteria to be used in the decision of admission of
COVID-19 patients to the intensive care units, while many researchers
studied the future trend of the pandemic (see, for example, [4], where
a hybrid reinforcement learning based algorithm is designed or [5],
where a regression-based Robust Optimization (RO) approach to effi-
ciently predict the number of patients with confirmed infection caused
by the COVID-19 is developed).

Despite the initial uncertainties, the use of masks and protective
devices has become one of the most important means in countering
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the spread of the virus [6]. The mandatory use of Personal Protective
Equipment (PPE) was associated with an integrated surveillance system
for the spread of COVID-19 [7], which continuously and systematically
collected, compared and analyzed information on all cases of SARS-
CoV-2 infection, confirmed by molecular diagnosis performed in public
and private health facilities and in diagnostic and analysis laborato-
ries (also the Computer Tomography scan images can be suitable for
COVID-19 detection, see [8]).

It was, and still is, a necessary and useful observation tool both for
informing citizens about the impact and evolution of the pandemic and
for offering decision support for public health responses from health
authorities. This surveillance system is based on the election of a sam-
ple of the respiratory tract. Generally, this sample is collected from the
upper respiratory tract through a rhino-pharyngeal and oropharyngeal
swab. According to the American Centers of Disease Control and Pre-
vention (CDC), anterior nasal swab and turbinate nasal swab med can
also be used. From the sample of biological material, transported to the
laboratory at a controlled temperature, the extraction and purification
of RNA is performed for the subsequent search for viral RNA using a
rapid molecular method called Reverse Real-Time PCR (rRT-PCR) [9].

To perform the diagnostic tests, it is necessary to use specific
reagents, which, in some phases, especially in the phases of peaks of
infections, are difficult to produce, to find and store (see [10,11]).
Moreover, also the production and provision of swab kits and swab
tests encountered delays due to the huge demand. The difficulties
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in finding PPE, swab kits and tests and reagents, due to the large
and not expected number of requests, dictate the need to provide
suppliers and companies involved in the supply chain with optimization
models, based on mathematical models, in order to avoid delays and/or
shortages in supply (see [12] for a mathematical model devoted to
design a sustainable mask Closed-Loop Supply Chain Network (CLSCN)
during the COVID-19 outbreak in which the locational, supply, produc-
tion, distribution, collection, quarantine, recycling, reuse, and disposal
decisions are taken into account).

For these reasons, in this paper we provide a network-based supply
chain optimization model for the execution of swab tests and the
provision of reagent needed to execute a swab test (see [13] for a supply
chain network with inclusion of labor, [14] for a reverse supply chain
which consists of a pharmaceutical manufacturer and a retailer, [15]
for a stochastic optimization of supply chain operations under ripple
effect caused by pandemic and [16] for an integer programming formu-
lation to maximize the number of swab tests during a pandemic). We
assume that the manufacturing companies produce reagents and sell
them to processing laboratories, where the swab kits are prepared, and
some swab tests are performed on people and analyzed. As innovation,
we suppose that some processing laboratories can self-produce some
kinds of reagents and send them to other laboratories, to guarantee
a fluidity in the management of a large number of requests for the
execution of swabs.

An absolute novelty that for the first time is taken into consid-
eration in an optimization model that concerns the provision and
supply chain of reagents, and the execution of swabs is to consider,
as a means of transport, in addition to the usual ones (cars, trucks,
...), the Unmanned Aerial Vehicles (UAVs), managed and orchestrated
through innovative communications infrastructures, such as 5G Net-
works. UAVs, recently, have been proposed as an alternative in order
to overcome the limitations and shortcomings of current practices
(see [17] for an extensive and comprehensive review of papers dealing
with the use of UAVs in engineering transportation and [18] for the use
of fleets of Multi-access Edge Computing UAVs in 5G environments).
The great potential of their use in transportation and delivering has
been observed by the engineering community, although today some
limitations are present.

In [19], the author emphasizes the multiple possibilities of using
UAVs in improving and facilitating transport problems, in addition to
the possibility to use them in the planning, designing and monitoring
of transport and other infrastructure. Particularly, their use could be
of fundamental importance in transportation of goods, in medical sup-
ply, in civil and transportation engineering and in traffic engineering
problems. There are many examples of UAVs used in the delivering
of medical items. For instance, in 2019, the government of Malawi
set up drone corridor networks to serve the East African country of
nearly 20 million people that has an inadequate health infrastructure.
Starting with childhood vaccines for malaria, TB and rotavirus, the
drone network quickly expanded to warehouse or ‘beehive’ pharma-
ceuticals for delivery on-demand. Similarly, thanks to their ability to
fly over the country’s dense rainforest, the Democratic Republic of the
Congo decided in 2021 to active an Ebola vaccine project with the aim
of vaccinating people in remote locations using bi-directional medical
delivery drones, which drop-off the Ebola vaccine and then collect bio-
metric data from vaccines, together with other health reports. Finally,
since 2011, Zipline company delivers whole blood, platelets, frozen
plasma, and cryoprecipitate along with medical products, including
vaccines, infusions, and common medical commodities in Nigeria, Cote
d’Ivoire and Kenya. Despite the obvious benefits and advantages of
using UAVs in medical items delivering, however, it is clear that we
must take into account the engineering limitations of UAVs, first of all
the need to recharge their batteries.

Therefore, in this framework, we consider a network with five levels
in which, at the highest level of the network, manufacturing companies
produce reagents and sell them to processing laboratories, placed in the
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second level of the network. Processing laboratories purchase reagents
from manufacturing companies, prepare the swab kits, analyze/process
the swab tests and can execute swab tests directly on people. We also
take into account the possibility for processing laboratories to self-
produce some kinds of reagent and to exchange reagents with each
other. The third level of the network consists of the landing stations
that can be used (or not) by drones for the delivery of the swab kits to
the test centers, that constitutes the fourth level of the network. Here,
the test centers receive the swab kits from the processing laboratories
(through the traditional transportation or via UAVs), execute the swab
tests directly on people, representing the last level of the network, and
analyze them or send them to the processing laboratories for the tests.

We emphasize that the use of UAVs as means of transport is sup-
ported by a 5G infrastructure through which all requests (for both kits
to be sent and swabs to be collected), the geographical position of the
people, the type of swab requested, the type of means of transport to be
sent, the results of the swabs analyzed etc, are transmitted. It is known,
in fact, that the recent development of such an innovative technology
allows a secure and fast transmission of information which is therefore
shared in real-time. On the other hand, assuming that geographically
difficult to reach areas can be also considered, the combination of
UAVs-5G infrastructure (which do not require physical connections
with the ground) is considerably advantageous (see [20]).

In a system optimization point of view, this mathematical model
aims to determine the optimal flow of reagents, swab kits and swab
tests in order to maximize the quantity of executed swab tests and,
simultaneously, to maximize the profits of laboratories. Moreover, a
multitude of linear and non-linear constraints, in terms of capacity,
execution times and conservation of flows, must be satisfied. To the
obtained constrained optimization problem, we associate a variational
formulation, for which results in terms of existence and uniqueness of
the solution are provided. In addition, the duality theory is examined
to guarantee an alternative variational formulation more tractable in
computational terms.

The rest of the paper is organized as follows. In Section 2, we
describe in a more detailed way the multi-tiered network on which our
optimization model is based, that we describe in Section 3. Section 4
is devoted to the variational formulation of the model and, finally, in
Section 7 we provide three numerical simulations to validate the effec-
tiveness and the potentiality of our model. Particularly, we show how
the sharing of reagents among laboratories and the use of UAVs through
5G technology as means of transport is of fundamental importance (and
suitable in terms of objective function) in the supply chain of medical
items, and, specifically, of reagents, kits and swab tests. We also show
how our model is able to capture the most important objective, that is
the maximization of the swabs analyzed, while maximizing the profit
at the same time.

2. Network description

In this section we describe the topology of the network on which the
model proposed in the following section is based (see [21] for another
optimization model on the management of reagents and swabs, based
on a multi-level network).

As already mentioned above, it is well known that a large number
of people require to undergo COVID-19 swab tests for various reasons
(such as to know if they are positive following contact with a positive
person or before a particular event, for work reasons, to be able to
travel, and so on).

There exist different types of tests that can be used for COVID-19
detection, including diagnostic tests that look for active coronavirus
infection in mucus or saliva using a swab (which is inserted into the
throat and the nose). Some swab-tests, the antigen tests, are generally
quick and cheap and for this reason are called rapid tests; they look
for a piece of the coating of the virus. Other types of swab-tests, the
molecular tests, are often called Real Time-Polymerase Chain Reaction
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(RT-PCR) tests for the lab technique used to detect the nucleic acid
(such as RNA) belonging to the coronavirus, and they are considered
the most sensitive and highly accurate swab-tests. Since there exist
different types of swab-tests, in this paper we consider S types of
swab-tests and denote by s the generic one.

Furthermore, preparing a swab-kit, running a swab-test and reading
its results requires particular equipment but especially one or more
reagents, that are specific chemicals without which it is not possible
to obtain the necessary results and are often in short supply because
of the high number of requests. Moreover, each type of swab-test and
kit requires different quantities of each type of reagent. Therefore, we
denote by 1, ...,r, ..., R the different types of reagents.

People can be grouped into G groups (1, ..., g, ..., G), distinguished
both by geographical area and by category: minors or adults (for
which there are different prices established by the Government or sales
policies), people who can swab for a fee or for free of charge (for the
latter it is the National Health Service that pays, so the laboratory or
the test center that execute the swab test get a different contribution
than that received when a person pays directly), people who move or
stay “at home” (for the latter the price is increased by the travel costs,
also based on the geographical area of residence). Note that the model
we present in the next section is generic, hence, different and/or other
categories of people can be assumed.

People can get any type of swab-test by going (or contacting,
for home execution) to one of the H test centers, such as hospitals,
pharmacies, analysis laboratories, local health centers, dedicated hubs,
etc. In the generic test center h, after swabbing people, the swab tests
can be analyzed there or sent to a processing laboratory, depending
on the type of swab test to be analyzed and the available equipment.
The processing laboratories are specific laboratories, accredited by
the National Health System, in which all types of swab tests can be
analyzed. We denote such processing laboratories with 1,...,p,..., P.
Furthermore, we assume that these laboratories deal not only with
analyzing the swab tests received from the test centers (or executed
on people who decide to go directly to these processing laboratories),
but also with the preparation of the swab kits to be sent to the test
centers. Moreover, each processing laboratory buys the reagents from
the manufacturing companies (1,...,a,...,A) or could auto-produce
one or more types of reagents. In this paper we also assume that
each processing laboratory could buy or sell reagents from or to other
laboratories.

One of the innovative aspects of this paper, as mentioned in the
previous Section, concerns the possibility to use some UAVs as a means
of transporting swab tests to be performed or analyzed. Therefore,
in Fig. 1 the network topology is depicted, where continuous links
and dashed links indicate traditional means of transport and through
UAVs, respectively. Moreover, we suppose that the test center could be
reached using the traditional means of transport or through UAVs. The
UAVs can directly reach the test centers or stop at the landing stations
1,...,0,..., L.

We now explain the network in detail. It consists of five levels. The
highest level of the network is composed by the manufacturing com-
panies (1,...,aq,..., A) which produce the reagents (1,...,r,..., R). The
reagents are purchased by the processing laboratories (1,...,p, ..., P),
which could also self-produce some kinds of reagent and which are
mainly concerned with preparing the swab kits and analyzing/
processing the swab tests (if the test centers do not do it). In addition,
processing laboratories can also swab the test directly on people.
Therefore, the second layer of the network consists of the combination
between the processing laboratory and the swab tests. Note that the
links between the processing laboratories refer to the purchase and sale
of reagents.

The intermediate level of the network consists of the landing sta-
tions (1, ...,/,..., L) that can be used (or not) by UAVs to transport the
swab Kits to the test centers.
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The combination of test centers and swab tests constitutes the fourth
level of the network. Each test center receives the swab kits from the
processing labs (through the traditional transportation or via UAVs),
gets the swab tests (on people) and then analyzes them or sends them
to the processing laboratories for the test analysis.

The lowest level of the network consists of the groups of people (as
previously described) requiring the swab tests.

We specify that:

« the transaction of reagents between companies and processing
laboratories takes place only through the traditional method
(black continuous links), while between laboratories the trans-
action can take place both through the traditional method and
through UAVs (black continuous links and blue dashed links,
respectively);

the transport of swab kits and swab tests between the second
(the processing laboratories) and the third layer (landing stations)
takes place only via UAVs (blue dashed links);

the transport of swab kits and swab tests between the third
(landing stations) and the fourth layer (test centers) takes place
only via the traditional transportation means (black continuous
links);

the transport of swab kits and swab tests between the second (the
processing laboratories) and the fourth layer (test centers) can
take place both through the traditional method and through UAVs
(for simplicity we denoted them with gray dashed links, but each
of them represents a pair of parallel links to indicate both modes
of transport); moreover, note that these links connect nodes of the
same swab-type;

people could reach (or be reached by specialized personnel from)
the test centers or directly the processing laboratories (black
continuous links).

We underline that the main extension, respect to the paper in [21]
(where a multi-period resource allocation model is analyzed, with the
objective of simultaneously maximize the quantity of all performed
swabs and minimize the time required to obtain the swabs result),
consists in using some UAVs as a means of transporting. Therefore, also
the intermediate level of the network, which consists of the landing
stations (that can be used, or not, by UAVs to transport the swab
kits to the test centers) represents a crucial innovation of this paper.
Furthermore, in this paper we assume that the processing laboratories
deal not only with analyzing the swab tests received from the test
centers (or directly executed on people), but also with the preparation
of the swab kits to be sent to the test centers. On the contrary, in [21]
the swab kits are not taken into account. Moreover, here we are
supposing that each laboratory could sell or buy reagents (not swab
tests) to or from other laboratories and that the test centers are also
able to analyze some types of swab test. Finally, the models deal with
different aspects: both of them aim to determine the optimal flow of
reagents and swab tests in order to maximize the quantity of executed
swab tests, but in this paper the optimal flow of swab kits are also
established and the laboratories’ profits are maximized.

3. Optimization model

In this section we describe the optimization model which allows
us to determine the optimal flow of reagents, swab kits and swab
tests in order to maximize the quantity of executed swab tests while
maximizing the labs’ profits and ensuring that capacity, time and
processing capacities constraints are met.

We firstly introduce the used notation (variables, parameters, cost
and time functions) and then we propose a mathematical formulation.
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Fig. 1. Network Topology.

Table 1
Variables of the model.
Variable Description
Varp Quantity of reagent r purchased by the processing laboratory p
from the company a
y;’r”*’ Quantity of reagent r self-produced by the processing laboratory p
;;'2 Quantity of reagent r sent by the processing laboratory p to p in
mode m, where m = | means that the traditional transportation is
chosen, while m =2 means that the transport by UAV is used
x(:ls) Quantity of s-type swab tests sent from the processing laboratory
p to the landing station / (via UAV)
(L‘C”)l Quantity of s-type swab tests sent from the processing laboratory
p to the test center s through mode m
x‘p’; ; Quantity of s-type swab tests requested by group g of people and
processed directly by the processing laboratory p
Zpsth Quantity of s-type swab tests (coming from the processing
laboratory p) sent from the landing station / to the test center h
(through the traditional transportation mode)
Wy Quantity of s-type swab tests requested by group g of people at
the test center h
3.1. Notation

The main purpose of the model is to maximize the number of

swab

tests obtained and analyzed, taking into account that particular

reagents are required for each swab. The variables of the model are
reported in Table 1, in which the used notation and the description of
each variable are shown.

The mathematical model includes two types of functions: the cost
functions, denoted by c(-), and the time functions, denoted by #(-). All
the functions are defined as follows. Let:

cg’fp“) be the cost for the processing laboratory p to buy reagent r
from company a and we assume that such a cost is a function
of the amount of purchased reagent: cfzpr) = cflpr)(ya,p), Va =
1,...,A, Vr=1,...,R, Vp=1,..., P;

cl(,fR) be the cost that the processing laboratory p has to pay

to auto-produce reagent r and we assume that such a cost is
a function of the amount of self-produced reagent: c;fR) =
ARG Yp=1,..., P, Vr=1,...,R;

fﬁifm) be the cost that the processing laboratory p has to pay to

receive reagent r by the processing laboratory j in mode m and we
assume that such a cost is a function of the amount of transported

c

. (SR _ (SR (SR) P —
reagent: Coprm = Spprm (yﬁprm), Vp,p=1,...,P, Vr=1,...
1,2;

c;f) be the cost to prepare an s-type swab kit in laboratory

p (to send at the test centers, directly or through the landing

stations, or to get it on a person) and we assume that such
(K)

a cost is a function of the amount of prepared kits: ¢, =

Cg) (ZIL=1 x;ﬁls) + an:l Zf:l xg;f,i + Z§=1 ngz;)’ Yp = 1,.... P,
Vs=1,...,8;

cl(,f ") be the cost to process the swab test s in laboratory p and we
assume that such a cost is a function of the amount of swab tests
processed by p (we will define this quantity later);

c;fls ) be the cost to send a UAV from p to the land station |/,
transporting the s-type swab kits and we assume that such a cost

is a function of the amount of transported swab tests: ¢!v% =

psl
(LS) ( (LS) — — — .
G O VP =1 P Ys = 1 S V=1 L

cghcn: be the cost to transport the s-type swab kits from p to the test
center 4 in mode m and we assume that such a cost is a function of
the amount of transported swab tests: Cgf,i = cghcn),(ngri), Vp =
L,...,P,¥s=1,...,8, Vh=1,...,H, Vm = 1,2;

cl(}iH ) be the cost to transport the s-type swab kits from / to h
and we assume that such a cost is a function of the amount of
transported swab tests: c,(isH) = cl(}ffl)(zps,h), Vi=1,...,L, Vh =
1,....,H, Vs=1,...,5;

t;‘;”’f) be the time to transport reagents from the processing lab-
oratory p to p and we suppose that such a time is a function
of the total amount of reagents transported between p and j:

(SR) _ (SR) R (SR) ~ _ .
(5B = (S (Zrzlypﬁrm>, Vpp=1,...P, ¥m=1,2;

tg'i) be the time to transport swab kits from the processing
laboratory p to the test center 4 in mode m and we suppose
that such a time is a function of the total amount of swab Kkits
transported between p and h: t;:i) = ti}ii) (Zle xﬁlﬁi) Vp =
1,...,P,Vh=1,...,.H, Vm=1,2;

l(;s ) be the time to transport swab kits from the processing
laboratory p to the landing station / (via UAV) and we suppose
that such a time is a function of the total amount of swab Kkits
transported between p and I: t;ILS ) = t;ILS) (Zle xffﬁ)
1,...,P,Vl=1,...,L;

t;, be the time to transport swab kits from the landing station / to
the test center i (through the traditional mode) and we suppose
that such a time is a function of the total amount of swab Kkits
transported between / and h: 1, = t, (E,};l Zf:] zps,h), vl =
1,...,L,Vh=1,...,H;

, Vp =
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. t;? be the time to transport swab kits from the processing labora-
tory p to the group of people g and we suppose that such a time is
a function of the total amount of swab kits transported between

pand g: 10 = P (Zf:] xﬁ,Q), Vp=1,..,P,Ve=1,...G

We now describe all the parameters used for the formulation. Let:

. pps) be the revenue obtained by the processing laboratory p from
the group g of people for the s-type swab test; it includes the kit
preparation, swabbing the patient, the possible transport (which
depends on the category of g) and the analysis of the swab test;
p(TC) be the revenue obtained by the processing laboratory p from
tﬁe test center & for the s-type swab test and it refers only to the
prepared Kit;
p(p}: ;Tc) be the revenue obtained by the processing laboratory p
from the test center & for the analysis of an s-type swab test (we
underline that the processing laboratory p receives such a revenue
only if the test center 4 is not able to analyze the s-type swab test
and sends it to p);
p(pfl’,f ) be the revenue obtained by the processing laboratory p for
a prepared s-type swab kit sent to the landing station / for the test
center h (observe that p(TC) and p(LI’Z ) are analogous but we are
assuming that they could be dlfferent for sales strategies; clearly
nothing prevents them from being equal);

(p": " hLH ) be the revenue analogous of p(P rTC)
landing station /;

C,,. be the overall amount of reagent r produced by the company

obtained using the

» be the maximum quantity of reagent r that the processing
laboratory p is able to self-produce;
f Y(,K) be the quantity of reagent r needed to prepare an s-type swab
test kit;

(P’) be the quantity of reagent r needed to analyze/process an
- type swab test;
D,, be the quantity of s-type swab tests required by the group g
of people;
b(plf ) be the processing resources required by the processing labo-
ratory p to prepare an s-type swab test;
b;,f " be the processing resources required by the processing labo-
ratory p to analyze an s-type swab test;
bff) be the processing resources required by the processing labo-
ratory p to get an s-type swab test;
b(hf) be the processing resources required by the test center 4 to
get an s-type swab test;
b(h}; ") be the processing resources required by the test center A to
analyze an s-type swab test;
B, be the maximum processing capacity available for the pro-
cessing laboratory p, it represents the productivity efficiency and
depends on machinery, on time, but above all on the workforce
available at p;
B, be the maximum processing capacity available for the test
center h;
B,, be the maximum quantity of s-type swab tests that the pro-
cessing laboratory p is able to analyze (note that such a quantity
could be zero if p cannot analyze s-type swab tests);
B, be the maximum quantity of s-type swab tests that the test
center h is able to analyze (note that such a quantity could be
zero if 4 cannot analyze s-type swab tests);
@;1;)" be the maximum reagents transportation capacity in the link
between the processing laboratories p and j in mode m (this is the
maximum capacity of the used transport mode);
@g:ﬂ be the maximum swab tests transportation capacity in the
link between the processing laboratory p and the test center 4 in
mode m;
@(“f D be the maximum swab tests transportation capacity in the
link between the processing laboratory p and the landing station
I (this is the UAV’s maximum capacity);

Table 2

Parameters of the model.
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Parameters

Description

() (TC) (PrTC)
Posg> Posh > Ppsn >

Revenues obtained by the processing laboratory p for

P p(PrLH) the kit preparation and/or test analysis

psth > Ppsih

Cars Cpr Amount of reagent r produced

F&, Quantity of reagent r needed to prepare a kit or
analyze a test

D Quantity of s-type swab tests required by the group g

S8

of people

h(plg()’ h(p’:’), h(pl;'),
(E) 1 (Pr)
bh: 2 bh:

Processing resources required to prepare a kit or
analyze a test

B,, By, B

ps>

By

s

Maximum processing capacity available at p or A and
maximum quantity of s-type swab tests that p or 4 is
able to analyze

oR @& gBL
»l

pim> © phm>

Maximum reagents or swab tests transportation capacity

T, T,

Maximum allowed reagent or swab tests transport time

dpsm

The roundtrip parameter

« T, be the maximum allowed reagent transport time, so that the
reagent r does not deteriorate;

T, be the maximum allowed swab kit and test transport time, so
that the s-type swab test or kit does not deteriorate;

dp,sm be the “roundtrip” parameter. Such a parameter is equal to
1 if the test center A is able to analyze the s-type swab tests,
and, hence, the swab kits do not come back to the processing
laboratory. On the contrary, if the test center /4 cannot analyze the
s-type swab tests, the “roundtrip” parameter is equal to 2 because
the swab kits have to come back to the processing laboratory to
be analyzed. Note that the “roundtrip” parameter d,,, also has
the index m because in some cases the transportation means have
to return to the laboratory. Indeed, in this paper we will assume
that the drone always returns, however, the traditional vehicle
(equipped cars, vans, helicopters, etc.) returns only if some swabs
have to go back (to be processed in the laboratory).

For further clarity, all the parameters of the model are summarized in
Table 2.

3.2. Mathematical formulation

The main aim of our model is to maximize the amount of the ana-

lyzed swab tests because, as previously discussed, it is very important to
know who the positive (infected) people are, to prevent the contagion
from increasing more and more. At the same time, the model is able
to determine the optimal distribution flows that allow us to maximize
the profit of each processing laboratory, that is maximize the revenues
while minimizing the sum of costs.

Therefore, since the model involves more than one objective func-
tion which must be maximized, we have a multi-objective programming
problem and we use the weighted sum method that combines and
converts all the objective functions into a single-objective composite
function. Let a, # € [0, 1] two weights, then the problem becomes:

m{ a2 3|3

p=1s=1 |LI=1

M=
[;4»

G
(P) 4 (P)
[ Ppsg*psg
g

L H
zzumumw

2 H
(LS) (TC) (P)
psl + z z xpshm + z xI”g:|

(TC) (PrTC) (TC)
+ Z Z ( psh + (dh“ - l)ppsh ) pshm+

=1 m=1

(PrLH)
l)ppslrh )zpslh] -

R P R 2
(BR) (AR)/ . (AR) SR), (SR)
iy Gary) + 20050+ 3 2 X G
r=

=1 r=1 m=1
#p
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S 2 H
> (4 (B 2;x;ff;+zx;f;) o
12

s=1 I=1

L H 2
P, (TC) P (TC)
) (z S s~ Do+ 3, Sl - D7) + zx;;) (

<T, Vpp=1,...,P,¥r=1,..,R, Vm=12 (16)

N
Z
M=
<
3G
3=

M

EXA

£ %
\/ N N—— —

IA

el

1=1 h=1 m=1 h=1 s=1
H 2 - - -
(TC) 70 (LS) (LS) Vp=1,...,P,Vs=1,...,8,Vh=1,....H, Vm = 1,2 a7
Z d’“m pshm pshm) +2 2 psl p_vl P S
=1 m= (LS) (LS)
h=1m=1 <2x (ZZZN,)ST‘
L H p=1s=1
dps1 ¢z 00 @
;; hstTps Zpsth Vp=1,..,P,Vs=1,..,8,VI=1,....,L,Vh=1,....H  (18)
Ky
subject to: (P) (P) T - — -
P me <T,, Vp=1,...,P,Vs=1,...,5,Vg=1,....,G, (19)
= = (SR) _(LS) (TC)
zyarp SC“” Va=1,...4,Vr=1,...R @ yﬂ’P’y,(a/:R)’ypﬁrm’xpsl ’xpshm x;”; p:lh’whsg 20,
Va=1,...,A, Vr=1,...,R, Vp,p=1,...,P, Vm=1,2, Vs =1, ..., S,
y<AR>5c,, vp=1,...,P, vr=1,...,R 3)
vi=1,...,L,Vh=1,...,H, Vg=1,...,G (20)
P 2 P 2
Z ;iffz < Z Yarp + y(AR) + Z Z y}iﬁj , The objective function (1) consists of two main terms: the total
=t m=l f;;]a m=1 amount of analyzed swab tests, multiplied by the weight a, and the total
profit, multiplied by g. The first term, that is the total amount of ana-
Vp=1...P Vr=1...R “ lyzed swab tests is given by the sum of (all types of) swab test kits sent
z f(K) 2 @s i i TC) i ) by all processing laboratories to all the test centers (using or not the
X . ;P S L (L) P S 2 H (TO)
pst P f] pstm = *psg landing stations: },_, ¥, ¥, X,y and PIRDINED IRD IE o
s L H 2 H respectively) and the tests performed directly on people (ZgG E,’;;)
Z £ <Z Z(dhsl - Dz + Z Z(dhél 1>ng,3, Observe that all the swab test kits sent by the processing labs are
5= I=1 h=1 m=1 h=1 executed and analyzed (at the test centers or return at the labs). The
G A P 2 R P 2 R latter sentence is justified from realty, since the number of requests
2 ;,f; < z Yarp T y(AR) Z 2 Voirm Z 2 Vsprm> of swab tests from people is very high and the case of swab test kits
g=1 a=1 =1 m=1 =1 m=1 repared, sent and ready but not used is excluded. On the contrary, it
#p #p prep y Iy
Vre 1 R Vo1 P ) may happen that customer requests cannot be met due to a lack of swab
" T=hen B =1 tests (or rather, reagents needed for the analysis of the swab tests).
Z Zyn = x<L1S)’ Vp=1,. P Vs=1,..S Vi=1,.. L ®) .The second term of the objectllve t."unctlon ), fnultlphed by the
= ps weight g, represents the total profit, given by the difference between

P L the revenues and the costs. Specifically, the overall revenue is obtained
z Wheg = z Z *TO 4 z Z Zpp VA=1,.. H, Vs=1,..5 (7) summing the following terms:

pshm
p=1 m=1 p=11=1
. Z;;l Zil Zg_l p;};; E,fg, the total revenue obtained by the pro-
Z Whyg + z x;f; <D, V¥s=1,..,8 V¥g=1...G 8) cessing laboratories from the people for the executed swab tests

(including the kit preparation, swabbing the patient, the possible

H 2 transport and the analysis of the swab test);
(K) (LS) (Trc) P LvP v OvH Y2 (TC) (PFTC)\ _(TC)
Z b <Zx + Z Z xmhm + Z X g) z:p=l z:s=1 Zh.=1 Zrn:l (ppsh + (th l)p ).xpshm’ the total
h=1m=1 revenue obtained by the processing laboratorles from the test

S L H 2 H centers for both the prepared and sent swab test kits and the
P T0) P

2 b( " (Z Z(dhsl = Dzpsi + Z z(dhslfl)xpghm Z ;:é) possible (if done by the processing labs) analysis of the swab tests;

=l ==t m=th=l we remind that dj;; = 2 (= (dj,; — 1) = 1) if the swab test has

@
|

ZS: i ) ( P) <B, Wp=1 p © to come back to the processing laboratory where it is analyzed,
S5 ps P=tees while d;;; =1 (= (dy, — 1) = 0) if the swab test is analyzed at
G the test center (hence, in the latter case, the processing laboratory
&S z Z (TC) Z (P) does not obtain any revenue for the swab analysis);
+ x + x> <B
psl pshm psg — T pS’ P s L H LH PrLH
= &=l DY EDINED IR i (p;slh) + (dpst = l)ﬂ;S;h )) Zpsip» the  total
Vp=1 P oVs=1 S 10) revenue ol?talned by .the processing laboratories from the test
s ¢ centers, using the landing stations, for both the prepared and sent
z Z[b;,? +2- dhsl)bﬁ,ﬁ”] W < By, Vh=1,....H, 1) swab test kits and the possible (if done by the processing labs)

analysis of the swab tests.

©
I

o
l

The overall cost is obtained summing the following terms:

Ma

Whsg < Bpye Vh=1,.. H, ¥s=1,..,85, (12)

o
LK

- Z[’;l Ele YR cBR( Yarp)» the cost for the processing laboratories

r=1 -arp
to buy reagents from companies;

R AR (AR)
the cost for the processing laboratories to

Y Xy <OR. Vpp= 1. P Ym=1,2 13) praprars ) P &

/ pb pbm self- produce reagents
prn
s Z,, | ho - Zr | Zm | Lir’f: ;‘Z r’:), the cost for the processing lab-

TC S

z Xj,sh,,), < ,(,;,2,,’ Vp=1,...,P,Vh=1,....H, Vm=1,2 (14 oratorles to receive reagents from other laboratories; note that we

©
Il

are assuming that only the laboratory that receives the reagents
pays, moreover, this cost refers to the cost of transport (since the

<ol wp=1,..,P, VI
x P=ten purchase cost vanishes in the objective function);

psl

M

I
—_

L (15)

@
Il
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Zp— ZA 1 fuf) <Z1L=1 x;I;IS) + an:l Zf:l x%ﬂ + Z§=1 xg;), the
cost for the processing laboratories to prepare all the swab test
kits;
Zp— ZS 1 I(Jfr) (Zf:l Z}Il{:](dhsl - Dzpgp + 2,2,,=1 Z/[,i](dhsl -1
(f}f’r)’ +Y¢ el ;fg) , the cost for the processing laboratories to
analyze all the swab tests; note that these costs are functions of
the amount of swab tests processed by each lab (hence, the total
quantity of the swab tests coming back from the test centers to
the labs summed to the swab tests performed on people);
- Zf;l Zle Zhﬂ=1 anzl dhsmc;:piz( ;}Z]’?lr)l)’ the cost to transport all
the swab tests from the processing laboratories to the test centers;
we underline that these costs are multiplied by the round trip
parameter d,, that equals 2 or 1 if the transportation means
come back or not to the laboratory, respectively;
ZZP_ ZS 121 . ;fls ) ;ﬁls )), the cost to transport all the swab
tests from the processing laboratories to the landing stations; we
underline that these costs are multiplied by 2 because these routes
are traveled only by UAVs, which must always return to the
starting point (with or without the swab tests to be analyzed);
Z[I;I Zle Zf:] Z,’L] dhxlcl(pﬁ;H)(zPSIh)’ the cost to transport all the
swab tests from the landing stations (and coming from the labs)
to the test centers; clearly these costs are multiplied by the round
trip parameter d,,;, where m = 1 because the used transportation
means for these routes (from the landing stations to the test
centers) are the traditional ones which come back only if any
swab tests have to be analyzed at the processing laboratories.

We now explain all the constraints.

Constraints (2) and (3) represent the capacity constraints, according
to which, each company cannot send more reagent than produced
(see constraint (2)) and, analogously, at each processing laboratory the
maximum quantity of each reagent that it is possible to self-produce
must not be exceed (see constraint (3)).

Constraint (4) refers to the sharing of reagents among the processing
laboratories. Indeed, it establishes that the amount of each reagent that
each laboratory could share with (that is, send to) other laboratories
(through the traditional mean of transport and through UAVs) must
not exceed the total amount of reagent possessed, that is the sum of the
quantity of reagent purchased by all the manufacturing companies, the
quantity of reagent self-produced and the quantity of reagent received
from other laboratories.

The relation between the swab tests and the amount of reagents
needed to prepare and analyze them is expressed by constraint (5).
It guarantees that, for each processing laboratory, the amount of each
reagent needed to:

- prepare the swab test kits to send at the landing stations, at the
test centers and to use directly on people and

- analyze the swab tests received from the test centers (using or not
the landing station) and performed on people

must be less than or equal to the total amount of such a reagent owned
by the laboratory. Particularly, the owned reagent is determined by the
sum of the amount purchased by all the manufacturing companies, the
quantity of reagent self-produced and the quantity of reagent received
from other laboratories, minus the quantity of reagent sent to other
laboratories.

Constraints (6) and (7) represent the conservation laws, according
to which in each landing station and each test center, respectively, the
inflows and outflows must be equal. Specifically, the quantity of each
swab test type sent by a processing laboratory to a landing station must
be equal to the sum of swab tests sent by the landing station to all the
test centers; analogously, the quantity of each swab test type sent by
all the processing laboratories and landing stations to a test center must
be equal to the swab tests executed by the test center to all groups of
people.
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Clearly, the number of requests from people cannot be exceeded, as
ensured by constraint (8).

Each processing laboratory has a maximum processing capacity,
depending on the machinery, the time and the workforce, as deter-
mined by constraint (9). Moreover, constraint (10) establishes whether
a processing laboratory is able to prepare (and analyze) a swab test
type: if the parameter B,; = 0, then the processing laboratory p is not
able to create the s-type swab tests, otherwise p can create and send
them.

Constraints (11) and (12) are the analogous constraints of (9) and
(10) for each test center. We underline that in constraint (11) the
multiplication of b;f; " by 2 - dpg) allows us to add such processing
resources usage only if the (s-type) swab tests are analyzed in the test
center 4 (and they are not sent back to the laboratories). Furthermore,
in realty constraint (12) is fundamental since it allows us to formulate
the case in which a test center is able or not to get some type of swab
tests.

The space capacities of each transport mean used for the links
between the laboratories, between laboratories and test centers, and
between laboratories and landing stations are guaranteed by constraints
(13), (14) and (15).

It is well known that each reagent, each swab test kit and swabbed
test have a shelf-life, that is the maximum allowed transport time.
Therefore, constraints (16)-(19) ensure that the shelf-life of each
reagent and each swab test is not exceeded.

Finally, constraint (20) represents the domain of the variables of the
model.

4. Variational formulation

In this section, we provide a variational formulation of the proposed
model presented in Section 3. This alternative formulation allows us
to use the well-known variational inequality theory, which provides,
under appropriate hypotheses, results of existence and uniqueness of
the solution. Moreover, the variational inequality formulation allows
also the rigorous computation of the optimal solutions, as described in
the next section.

First, we assume that all the cost and time functions involved in the
objective function (1) are continuously differentiable and convex.

Theorem 4.1. The optimal solutions to the maximization problem (1); (3)—
(20) are equivalent to the solutions to the variational inequality problem
given by: determine (xS, x(TO x(Pyx yi ARy (SR yyx 24y e K,
satisfying:

9ell) (x(L9), XTOr (P) acl® (x;f,s)*)
+2p —-a

s )
p=1 s=1 I=1 ox ox,

x (x(LS) _ x(LS)*)
psl psl

M-~
M«
M=

P S H 2 (K) ((LS)s (TCy (P)x Pr (((TC) (P)x
+2 2 0cp5 (x ,X ,X ) +ﬂ6cpj (x ,xU* 7 )
F) (TC) p) (TC)
p=1s=1 h=1 m=1 X pshm X pshm

9cTO (x(TC)*)

pshm \ ™" pshm (TC) (PrTC) Te) _ (TO)+
4 ———rs —a—ﬂ(pm Wy = D) [x (300 = 0 )
X pshm
PLS G et (xS, XTOx (P
ps ’ _ _ (P)
+ZZZ[ axP) a=Pp
p=1 s=1 g=1 Xpsg
9elPr) (xTO x(P)e 7+
s % (xu’) _ x(P)*>
5X(pf§ psg  psg
A R P | QcBR (y* )
arp arp
w333 )
a=1 r=1 p=1 Yarp
P de (AR) (y(AR)*)
pr
(AR) _ (AR
+ﬂ2 2 ayAR) X (¥ Y )
Yor

=1 r=1

~
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2 3o ()
(SR) _ (SR)*
+ﬂ Z Z Z F) (SR) X (yﬁprm yﬁprm )
=l p=1 m=1 Y sprm
i
P S L H 9cPr (x(TC)* X (P) z*)
ps ’ ’ (LH) (PrLH)
FEEE R 1)
p=1 s=1 I=1 h=1 pslh
(LH)
+pd Pt _Cpn) X (z z* )
hst ™ 3 sth ™~ Zps
§ aszlh ps pslh
VS xTO_((P) ) AR (SR 1) 7y e K, 21)

where

K := {(x(LS),x(TC),x(P), y, yAR SR ) 2y e Rf 1 (3)-(20) hold} s
(22)
and where N = PLS+2PSH+PSG+ARP+RP+(P—1)PRM+PSLH.

Proof. It follows by results presented in [22]. [

For easy reference in the subsequent discussions, we put variational
inequality (21) into standard form (see [22-25]), that is: determine
X* € K satisfying:

(F(X*),X-X")>0, VX€ERX. (23)

We set X = (x(I9 xTO xB) ySB z) F(X) = (FI(X))—;.. 7> with the
generic (p, 1, s)-th component of F!(X) given by:

(LS) (L (LS)
| ot e o) 0P (1) y
Fy(X)=|p s -2p s 9 nls
X 0x

psl pls

@4

the generic (p, s, h, m)-th component of F2(X) given by:

dc;f) (x(LS) X(TC)’x(P)) ac;’sr (x(TC)’ xP), z)
pshm(X) B ox (TC) +h ox (TC)
pshm pshm
de (TC) (x(TC)>
pshm pshm TC PrTC
+ﬂdhsmT —a—f (P(psh) + (dps1 - 1)/1(”; )) ,
p_vhm
Vp,s, h,m,
(25)
the generic (p, s, g)-th component of F3(X) given by:
, acl(]f) (x(LS) x(TC)’x(P)) acﬁr (X(TC),X(P)’Z)
F(X)=|p ) +5 )
ox psg 0x pAg (26)
—a— ﬂpi,fg] . Vps.g
the generic (a, r, p)-th component of F*(X) given by:
(BR)
dc, Y,
FYX) = ﬂM . Va.r.p. (27)
0yarp
the generic (p, r)-th component of F3(X) given by:
AR) [ (AR
o[ o )
F(X)= ﬂT , Vp,r, (28)
OYpr
the generic (, p, r, m)-th component of F(X) given by:
5 (150
pprm pprm -
,,p,,,,(X) = ﬂT . Vp,p,r,m, (29)
yﬁprm
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and the generic (p, s,1, h)-th component of F7(X) given by:

e LH) (=
Iha ( slh)

9Zpsin (30)

dc ;fr) (X(TC)x x(P), *)

Fl,(X) =\ + fdyg

aZpslh

LH PrLH
- ﬂ (p(pslh) + (dhsl - I)P;Slrh )>] 5 Vp,s,l,h,

and £ = K. Therefore, variational inequality (21) can be rewritten
into standard form (23). We observe that in the variational inequality
problem in standard form (23), the feasible set K is closed and convex,
properties guaranteed by the nature of constraints (3)-(20) and the
assumption of continuously differentiability of all the time functions,
and that the function that enters the variational inequality, F, is con-
tinuous, property that follows from the continuously differentiability of
the all cost functions involved in the previous formulation. Hence, the
existence of a solution to variational inequality (23), or equivalently,
(21), is guaranteed from the classical variational inequality theory
(see [26]).

Finally, following [22,26], we can state the following uniqueness
result.

Theorem 4.2. The uniqueness of the solution to the variational inequality
(21) or, equivalently, to the variational inequality (23) is guaranteed if the
function F(X) is strictly monotone on K, that is:

(FXH = FX?, x'=x% >0, vxL,x*ek, x'+Xx>2 31

The following result ensures a sufficient condition to the strictly
monotonicity of the function F.

If the cost functions c(BR)( 2, (AR)( D, ¢ (SR) (K)( 2,

arp pprm’
(+) are strictly convex with respect to

Proposition 4.3.

P TC LS LH
ey T, B5), and ot

thelr own variables, c;,f)() are additive with respect to x\LS), xTO and
xP) and levr@ are additive with respect to xTC), xP) and z, then F(X) is
a strictly monotone function according to (31).

Proof. Let X', X2 € K be two feasible vectors such that X! # X2. We
evaluate the following quantity:

(F(xXhH - F<X2>> =
P S |:ac(l() (x(LS)l x(TC)I X(P)l)

DHH

9cK) (x(LS).Z x(TO)2 X(P),Z):|
ps B )

(LS) (LS)
p=1s=1I=1 9x 0%,
% (X(L§),1 (LS)Z)
pls Xpls

Ix (LS) Ix (LS) pls pls
pls pls

~
i

i
T

o3 ko () e (47 o aes
(LS),1 _ (LS),
+2p Z 2 z X (x X )

s H 2 K) (4 (LS, ((TOL1 (P)] K) (L2 ((TC2 (P2
3cK) (LM xTOL xPI) o) (192, (TO2 (P2
+ﬁ2 Z Z Z oxT0) - 9xTO)
p=1 s=1 h=1 m=1 X pshm X pshm

P s H 2 Pr ((TO).1 (P11 1 Pr((TO2 (P2 ,2
Z 2 Z 2 ek (xTOL x(PML 1) ek (x ,x(Pr2 7 )
+p 9 (TC) - F) (TC)
p=1 s=1 h=1 m=1 X pshm X pshm
Te)y1 _ _(TO)2
X (xp:hm - xp.shm )
roaz [oo (o) o (o)
+h Z 2 Z Dhsm 9570 - 0xT©)

X pshm X pshm

(TO),1 (TC),2
X (xp.rhm _xp.shm )

P S G |:ac(K) (X(LS),I ) x(TC),l R x(P),l) ac(K) (X(LS),Z’ x(TC),Z’ X(P),Z) :|
s s

(P) (P)
0X g4 0X g4
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P S G [gc®Pn (x(TC)l x(P). Zl) acl(’fw (x(TC),Z’x(P),z, zz)
+p 2 Z z oxP P
p=1 s=1 g=1 pxg psg
(P).1 _ ((P)2
x (xpsg Xpsg )
A R P |ogcBR (yl ) 9cBR) (yz )
arp arp arp arp . 5
+‘BZZZ 0y - ay X(yarp_yarp)
a=1 r=1 p=1 arp arp
P R | gc4B (y(AR),l) Je(AR) <y(AR),2)
pr pr r or
— (AR)1 _ (AR)2
D) 9, AR 5, AR x (ypr or )
p=lr=l1 Vpr Vor
2 2 & | %t () 2 ()
_ (SRLI _(SR).2
+P Z Z Z (SR) (SR) X (yﬁprm 5prm )
=1 p=1 m=1 yﬁprm yﬁprm
P
P S L H (Pr) ((TO).1 (P.1 2 (Pr) ((TC)2 (P2 2
+ﬁzzzz 06,”’ (x , X ,Z)_acpsr (x L X ,z)
p=1 s=1 I=1 h=1 I 0z,
1 2
X (Zmlh Zpslh)
P S L H (LH) (1 ) (2
S YT dy | ) e Cpd |y
hsl - pslh - pslh |
p=1 s=1 I=1 h=1 azpsfh dzps/h

We observe that each of the addends of the previous expression is
strictly positive since, for assumption, each of the cost functions cf,ﬁ,R)(-),

AR SR) (K P TC LS LH
e 0, ety e (s ety o), P, and ¢f() s strietly
convex and the cost functions c(K) and c(P " are additive. Therefore,

function F is strictly monotone accordmg to Definition (31). [

5. Duality theory and an equivalent formulation of the variational
inequality

In this Section, we want to derive an alternative formulation to vari-
ational inequality (23) by means of the Lagrange multipliers associated
with the constraints defining the feasible set K (see [25,27,28]). First
of all, we observe that constraints (3)-(20) can be rewritten as follows
(we will write only the constraint (3) for simplicity of notation; for all
constraints with a minor sign we will perform the same operation):

D Varp=Car <0, Va=1,..., A (32)

Moreover, variational inequality (23) can be equivalently rewritten
as a minimization problem. Indeed, by setting

(LS) { (LS
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We want to prove that the Lagrange multipliers that appear in the
Lagrange function (33) exist and that the system of KKT conditions (34)
is equivalent to the variational inequality (23). More specifically, we
will demonstrate that if X* is a solution to variational inequality
(23), then KKT conditions (34) hold and vice versa, that is from KKT
conditions (34) variational inequality (23) follows. To this aim, we will
prove that the following theorem holds true.
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Finally, the strong duality also holds true, namely,
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Proof. See [28] or [25] for the proof. []
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Through KKT conditions (34), together with conditions (35)-(42), it
is possible to derive an alternative variational formulation of the pre-
vious one provided in Section 4 (see [29-31] for a similar procedure).
The advantage of using this new formulation lies in relaxing all the
constraints present in the feasible set £ within the objective function by
using the associated Lagrange multipliers. Particularly, this advantage
is essential to better manage the non-linear time constraints (16)—
(19), which, otherwise, could create difficulties in the computation
of the optimal solution. Thereby, it is legitimate for us to use the
computational procedure described in [32].

6. Numerical examples

In this section we provide two numerical simulations in order to
clearly express the potentiality of our model. Particularly, we show a
first simulation where we suppose that no sharing of reagents is allowed
and also where UAVs are not used. Then, we compare the results of this
first simulation with those obtained from a second simulation, in which
we assume that sharing of reagents and use of UAVs are allowed.

For both the numerical examples we used the same contest, where
the network, depicted in Fig. 2, consists of:

+ A =2 manufacturing companies, each of which produces one type
of reagent (so we have R =2 types of reagents);

S =2 types of swab-tests (each of which needs one type of reagent
for preparing and processing), rapid tests and RT-PCR tests;

+ P = 2 processing laboratories and we assume that both could
prepare and analyze both types of swab tests; moreover, we
assume that the second processing laboratory can self-produce the
second type of reagent;

L =1 landing station (because we are assuming to simulate only
one geographical zone);

H = 3 test centers (the first one represents a small laboratory that
processes only swabs of the second type; the second is a COVID-
19 hub, that is a local center usually managed by the Local or
National Health Service; the last represents a pharmacy, where we
assume that only swab tests of the first type could be analyzed);
G = 4 groups of people (the first group represents the people who
do not directly pay for the swabbing, as in reality, the National
Health Service pays the hub center for them; the second and
third groups are composed by adults and minors, respectively. We
divided them because the prices for swab tests are different; the
last group includes people who stay at home, hence they pay also
the travel costs).

Note that in Fig. 2 we indicated with a light color the links of the
network which are absent in our considered context (such as the output
links from the first company refereed to the second reagent, or the links
connecting the second swab-type test of the third test center).

We assume that the quantities D,, of swab test types required by
the groups of people are as follows:

Dy =0, Dy, =45, Dj3 =25, D1y =0, Dy = 10,
Dy, =15, Dy =20, D,y = 15.
Therefore, the total amount of required swab tests is 130.
As previously described, each group of people pays different prices

for swab tests (based not only on the different type of swab test, but
also on the type of people constituting the group):

Pog Py = pigy =10, A5y =4 oy =10,
Pl = 12 pi5y =35, £ = 12, pygy = 35,
Pty =6 Al =17 2515 = 6. pgy = 17,

A =17, 8, =50 47 = 17 4%, = 50.
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The other revenues obtained by the processing laboratories from the
test centers (for the provision of swab kits and/or the processing of
swab tests) are the following:

o A =200 =10, Vp= 1,2, Vh=1,2,3;

pon 1 =8, o0 =15, vp=1,2, VR =1,2,3;
P Aoy =200 =10, Vp=1,2, 1 =1, Vh=1,2,3;
e o =8, P =15, Vp = 1,2, 1= 1, VA =1,2,3.

We also suppose that the overall amount of reagents produced by
the manufacturing companies, C,,, are C;; = 150 and C,, = 100, while
C|, = C,; =0 since we assumed that each company produces only one
type of reagent. Furthermore, the reagent r = 1 is not self-produced
by any laboratory (it is produced only by the first company) and the
processing p = 2 does not self-produce any type of reagent, while the
maximum quantity of reagent r = 2 that the processing laboratory p = 2
is able to self-produce is C,, = C;, = 50.

The quantities of reagents needed to prepare the swab Kkits ( ff))
and to analyze/process the swab tests (f") are: i K = =/ %) = =/ Pr) -
f(P') =1, f(K) f(K) f”’” f<P') =0, 1ndeed we assumed that
each type of swab test needs only one type of reagent for preparing
and processing (s = 1 needs r = 1, while s = 2 needs r = 2).

The processing resources required to prepare the kits or get or
analyze the tests are the following:

b;]§>=1vp,s= 1,2;

(Pr) . p(Pr) _ (Pr) _ (Pr) _ (Pr) _ 5.
I I A A N N
bBE = B =1, Vps=1,2, Vh=1,2.3;

B =1, Vh=1,23 s=1, 6" =2 vh=123 s=2
s hs

Hence, to analyze the second type of swab requires more resources than
preparing or getting any type of swab kit or swab tests and analyzing
the second type of swab test. Moreover, to analyze the second type of
swab at the first processing laboratory requires more resources than
somewhere else. However, in the simulations here proposed we assume
that the available maximum processing capacities are large enough to
process all swabs.

Furthermore, in these simulations we assume that each test center
h is able to analyze each type of swab test s, except for » = 2 and
s = 2, hence, we impose that d;,,,, = 1, Vh = 1,3, Vs = 1,2, dy;,, =
1, dyy,, =2, Vm = 1,2, according to which the second type of swab kits
at the second test center (the COVID-19 hub) have to come back to the
processing laboratory to be analyzed.

Finally, we assume that all the cost functions have a generic
quadratic expression with a null constant term. It is clear that all
these assumptions could be modified according to the specific pandemic
situation.

The optimal solutions of the proposed numerical simulations are
computed via the Euler Method (see [32] for a detailed description)
using the Matlab program on an HP laptop with an AMD compute cores
2C+3G processor, 8 GB RAM.

6.1. Simulation 1: without sharing and UAVs

As previously mentioned, the first simulation consists in determin-
ing the optimal flows, imposing that both the sharing of reagents and
the use of UAVs for the transport of reagents or swab tests are forbidden
(or, better, that they are not contemplated): yE;; ,R"z =0, Vp,p,r,m=1,2,

X =0, Vps = 1,20 = 1, X000 = 0, Vp,s = 1,2, Vh = 1,2,3 and
Zyan =0, ¥p,s = 1,21 = 1,Vh = 1,2.3.
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Fig. 2. Network Topology for simulation.

Table 3
Optimal solutions: reagent flows
laboratories (Simulation 1).

from companies to processing

Varp p=1 p=2

s 1 42.90 42.89

r=2 21.93 28.07
Table 4

Optimal solutions: swab test flows from processing laboratories to test
centers through the traditional transportation mode (Simulation 1).

ngl)* h=1 h=2 h=3
p=1,s=1 0 10.04 10.04
p=1,s=2 3.76 4.08 0
p=2s=1 0 17.07 17.07
p=2,s=2 16.24 5.92 0
Table 5

Optimal solutions: swab test flows from processing laboratories to people
groups (Simulation 1).

Xt g=1 g=2 §=3 =4
p=1ls=1 0 11.41 0 0
p=1s5=2 0 15 0 15
p=2s=1 0 4.38 0 0
p=25=2 0 0 0 0

Observe that, since no UAVs can be used, all the input and output
flows to and from the landing station are null.

The optimal solutions are reported in Tables 3-6. Furthermore, the
quantity of reagent r = 2 self-produced by the processing laboratory
p = 2 is equal to the maximum quantity it is able to self-produce:

(AR)* _ —
YAR* = €y = 50.

6.2. Simulation 2: with sharing and UAVs

The second example allows us to explore what occurs when reagents
sharing and UAVs could be used. The optimal solutions are reported
in Tables 7-13. Also in this case, the quantity of reagent r = 2 self-
produced by the processing laboratory p = 2 is equal to the maximum

quantity it is able to self-produce: y(z’;R)* = C,, =50, while the quantity

12

Table 6
Optimal solutions: swab test flows from test centers to people groups
(Simulation 1).

wju_g g=1 g=2 g=3 g=4
h=1s5=2 0 0 20 0
h=2,s5=1 0 14.61 12.5 0
h=2,5=2 10 0 0 0
h=3,5=1 14.61 12.5 0
Table 7

Optimal solutions: reagent flows
laboratories (Simulation 2).

from companies to processing

Varp p=1 p=2
=1 36.56 36.79
r=2 24.42 25.58

Table 8

Optimal solutions: swab test flows from processing laboratories to the
landing station / = 1 (Simulation 2).
(LS)x

sl s=1 s=2

p=1 9.31 1.65

p=2 6.52 4.88
Table 9

Optimal solutions: swab test flows from processing laboratories to test
centers through the traditional transportation mode (Simulation 2).
(TC)x

pshl h=1 h=2 h=3
p=1Ls=1 0 3.26 3.26
p=1,s=2 0 0.57 0
p=2,s=1 0 4.88 4.88
p=2,s=2 4.88 1.88 0

of reagent r = 2 sent by the processing laboratory p = 1 to p = 2 in
mode m = 1 (that means that the traditional transportation is chosen)
is y(é;)* = 1.42, in mode m = 2 (that is, when the transport by UAV is

used) is y(l“;fz)* =527.
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Table 10
Optimal solutions: swab test flows from processing laboratories to test
centers through the UAVs (Simulation 2).

(TC)*

psh2 h=1 h=2 h=3
p=1Ls=1 0 7.02 7.02
p=1,s=2 0 1.64 0
p=2,s=1 0 10.25 10.25
p=2,5=2 10.24 4.25 0
Table 11

Optimal solutions: swab test flows from processing laboratories to people
groups (Simulation 2).

X0 g=1 g=2 g=3 =4
p=1s=1 0 3.35 0 0
p=1s=2 0 15 0 15
p=2s=1 0 0 0 0
p=2,s=2 0 0 0 0
Table 12

Optimal solutions: swab test flows from the landing station (by
processing laboratories) to test centers (Simulation 2).

z;;,h h=1 h=2 h=3
p=1ls=1 0 4.66 4.66
p=1,s=2 0 1.65 0
p=2,s=1 0 3.26 3.26
p=2,5s=2 4.88 0 0
Table 13

Optimal solutions: swab test flows from test centers to people groups
(Simulation 2).

w;’”g g=1 g=2 g=3 g=4
h=1,5=2 0 0 20 0
h=2s5=1 0 20.83 12,5 0
h=25=2 10 0 0 0
h=35=1 0 20.83 125 0
Table 14

Optimal solutions: reagent flows
laboratories (Simulation 3).

from companies to processing

Varp p=1 p=2
=1, 1 36.65 36.65
=2,r=2 24.32 25.24

Table 15

Optimal solutions: swab test flows from processing laboratories to the
landing station / = 1 (Simulation 3).
(LS)*

s=1 s=2
ps1
p=1 5.48 5.62
p=2 5.48 4.98

6.3. Simulation 3: with only the maximization of the analyzed swab tests

The third example aims at exploring the solutions obtained with
only the first objective function considered. Therefore, in this simula-
tion we take into account only the objective of maximizing the number
of the analyzed swab tests. We, hence, ignore the objective of maximiz-
ing the profit of each processing laboratory. The optimal solutions are
reported in Tables 14-20. In this case, unlike the previous simulations,
the quantity of reagent r = 2 self-produced by the processing laboratory
p = 2 is not equal to the maximum quantity it is able to self-produce,
but it is about half: y(z’;‘R)* = C,, = 24.32. Moreover, in this simulation,
we obtain no difference on the used transportation mode, m = 1 (that
means that the traditional transportation is chosen) or m = 2 (that is,
when the transport by UAV is used), to send reagent r = 2 by the

processing laboratory p=1to p=2: yg;)* = y(éf;* =1.92.
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Table 16

Optimal solutions: swab test flows from processing laboratories to test

centers through the traditional transportation mode (Simulation 3).
(TC)*

pshl h=1 h=2 h=3
p=1ls=1 0 7.22 7.22
p=1,s=2 9.58 3.18 0
p=2,s=1 0 7.22 7.22
p=2,s=2 8.66 1.34 0
Table 17

Optimal solutions: swab test flows from processing laboratories to test
centers through the UAVs (Simulation 3).

X h=1 h=2 h=3
p=ls=1 0 7.22 7.22
p=1ls= 9.58 3.18 0
p=2,s=1 0 7.22 7.22
p=2s 8.66 1.34 0
Table 18

Optimal solutions: swab test flows from processing laboratories to people
groups (Simulation 3).

x;fg* g=1 g=2 g=3 g=4
p=1ls=1 0 0.65 0 0
p=1s=2 0 0.37 2.59 0.37
p=2,s=1 0 0.65 0 0
p=2,5=2 0 0 0.55 0
Table 19

Optimal solutions: swab test flows from the landing station (by
processing laboratories) to test centers (Simulation 3).

Zn h=1 h=2 h=3
Ps
p=1ls=1 4.96 2.74 2.74
p=1ls=2 0 0.66 0
p=2s=1 0 2.74 2.74
p=2s= 4.68 0.30 0
Table 20

Optimal solutions: swab test flows from test centers to people groups
(Simulation 3).

w;lg g=1 g=2 g=3 g=4
h=1s5=2 0 14.63 16.85 14.63
h=2s5=1 0 21.85 12.5 0
h=2s5=2 10 0 0 0
h=3,5s=1 0 21.85 12.5 0

6.4. Analysis and comparison of the results

From the obtained results we can observe that in all the numerical
examples (with and without sharing and UAVs, with a single objective
function or multi-objective), all requests are satisfied. Indeed, since in
emergency situations (such as a pandemic situation), having the results
of the swabs is necessary and urgent, satisfying the greatest number of
requests from end users is the main objective of this work. Therefore,
in our model we have chosen a value of the weight « greater than g.

Furthermore, we can note that with sharing, the second processing
laboratory p = 2 buys fewer reagents from the manufacturing com-
panies (see Tables 3 and 7), because it can receive (and, actually, it
receives) the reagents also from the first processing laboratory p = 1.
We also underline that, if present, both landing stations and UAVs are
used for the transport of reagents and swab kits and tests. Indeed,
it is noted that it is more convenient to use UAVs more than the
traditional method of transport (see Tables 9 and 10). In Simulation 2
(with sharing and UAVs), the direct flows of swab tests from processing
laboratories to people groups are smaller than those of Simulation 1
(see Tables 5 and 11); this is motivated by observing that in Simulation
2 the people groups receive more swab tests from the test centers
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Table 21
Comparison between the terms of the objective function.

Simulation 3

130
-1097.6

Simulation 2

130
651.39

Simulation 1

130
396.19

T1
T2

(where the swab tests arrive also using the landing station and the
UAVs; see Tables 6, 13 and 12). Comparing the optimal solutions
obtained by Simulation 2 and Simulation 3, we can observe how the
total quantity of swab tests send from processing laboratories to test
centers through the traditional transportation mode in Simulation 3
is much higher than in Simulation 2 (see Tables 9 and 16). On the
contrary, the total swab test flows from processing laboratories to
people groups in Simulation 3 is less than that in Simulation 2 (see
Tables 11 and 18).

We now analyze and compare the terms of the objective function
(1). Table 21 shows the optimal values that the two terms of the
objective function assume in the numerical examples (without or with
sharing and UAVs and with only the first objective function), where
T1 is the total amount of analyzed swab test and T2 is the total profit
(given by the difference between the revenues and the costs):
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We highlight that, as previously observed, since all the requested
swab tests are satisfied, the first term 7'1 of the objective function (the
total amount of analyzed swab tests) are the same for all the simu-
lations. Therefore, the difference between the three simulations refers
only to the second term T2. Particularly, when we aim to maximize
only the number of executed swab tests (Simulation 3), we obtain the
same 7'l value (that is, the same number of analyzed swab tests of
the other simulations), and a negative T2 value. The latter means that
the total cost is higher than the total revenue. Indeed, in Simulation
3, the total revenue is 1898.1, while the total cost is 2995.8 (we
remind that the total profit T2 is given by revenues minus the costs).
Furthermore, it is important to underline that using our extended model
(Simulation 2) we obtain a considerable benefit, that is a percentage
increase, with respect of both, Simulation 1 and Simulation 3: PI; =

(% 100) % =6441% and PI; = (% 100) % = 159,35%.
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7. Conclusions

The severity of a pandemic, such as that of COVID-19, which
emerged at the end of 2019 and is still ongoing today, can lead
to devastating consequences. In recent years, unfortunately, we have
witnessed millions of deaths and infected people around the world
(6,405,080 deaths and 578,142,444 confirmed infected people as of
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August 4, 2022, see the WHO Health Emergency Dashboard, [33]) and
these numbers continue to grow. Therefore, it is clear that a correct
management of all means to limit the infection as much as possible
is of fundamental importance. One of the means that the population
has to limit the infection consists in the detection of the infected,
through swabs. Indeed, if, due to the positivity to COVID-19, a person
(even asymptomatic) is in contact with other people, could infect them.
Instead, knowing if a person is infected with COVID-19 or not, leads to
a monitoring that guarantees greater safety to the whole population: a
person who, through the swab, certifies (or discovers) his/her positivity
is isolated, avoiding infecting other people with direct contact.

One of the biggest issues in performing swab tests on people is
the lack of reagents needed for the preparation of swab kits and the
analysis of swab tests. For these reasons, in this paper we focus on the
management of reagents, swab kits and swab tests during the COVID-19
pandemic. Therefore, we propose a supply chain optimization model,
based on a multi-level network, that allows us to establish the optimal
flow of reagents, swab kits and swab tests in order to maximize the
quantity of performed swab tests and, simultaneously, to maximize the
profits of laboratories (note that the maximization of profits allows a
greater number of swabs performed, indeed, if, due to an incorrect
management of the flows, the costs exceed the revenues, no laboratory
could perform the swabs).

The main innovative aspects (in addition to the use of an optimiza-
tion model for the management of reagents, kits and swabs) refer to the
sharing of reagents among laboratories and to the possibility to use the
UAVs through 5G technology for transporting reagents, kits and swabs.
We provide the associated variational formulation with existence and
uniqueness results and examine the duality theory. Finally, we validate
the effectiveness of our model through three numerical simulations that
show how the use of UAVs and the sharing of reagents is much more
convenient.

The proposed model could be used for different situations or con-
texts, such as the provision of medical items, vaccines, medications,
medicines, organs, blood bags, but also perishable products, and so on.

For future works we intend to take into account the deterioration of
the reagents, tending to minimize it also by minimizing transport times.
Moreover, considering that during the COVID-19 pandemic there was
a strong competition between suppliers for the supply of reagents or,
more generally, of PPE, it may be interesting to take into account this
feature through a Nash Equilibrium framework.
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