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ARTICLE INFO ABSTRACT

Keywords: The COVID-19 pandemic is unleashing crises of humanity, economy, and finance. Portfolio selection is widely
Optimization recognized as the foundation of modern financial economics. Therefore, it is naturally crucial and inviting
Operational research algorithms to utilize portfolio selection in order to counter COVID-19 in stock markets. We originate a counter-COVID
Robust optimization

measure for stocks, extend portfolio selection, and construct multiple-objective portfolio selection. Because of
the uncertainty in measuring counter-COVID, we perform robust optimization. Specifically, we analytically
compute the optimal solutions as a trail of an optimal portfolio due to the change of counter-COVID. We call
the trail as mean-parameterized nondominated path. Moreover, the path is a continuous function of the change, so
the portfolio relatively mildly varies for the change. In contrast, researchers typically still focus on 2-objective
robust illustrations and infrequently explicitly compute the optimal solutions for multiple-objective portfolio
optimization.

To the best of our knowledge, there is limited research for multiple-objective portfolio selection of COVID
and for the robust optimization of multiple-objective portfolio selection. In such an area, this paper contributes
to the literature. The implications to fight COVID are that investors minimize risk, maximize return, and
maximize counter-COVID in stock markets and that investors ascertain the multiple-objective portfolio selection
as relatively robust.

Multiple-objective portfolio selection
Counter-COVID measure
Mean-parameterized nondominated path

1. Introduction [3, p. 1041]), Markowitz [4, p. 83] formulates portfolio selection as
the following 2-objective optimization:

In this section, we briefly review portfolio selection and robust

optimization and accordingly highlight our originality.? Specifically,
we present models to clarify the review and our originality. Moreover,
we clearly separate this inclusive introduction into concise subsections.
We will further review the literature in Section 2.

1.1. Portfolio selection and the robust optimization

Nobel Laureate Markowitz [2, p. 6] emphasizes both risk and
return. As the birth of modern finance (as emphasized by Rubinstein

* Corresponding author.

min z; = x!' Tx 1)
max z, = X'y,

subject to x € S,

where for n stocks, ¥ is a covariance matrix of stock returns, u, is
a vector of stock expected returns, investors determine a portfolio by
its weight vector x, z; and z, respectively measure the variance and
expectation of the portfolio return, and S is a feasible region in R".>
The optimal solutions of (1) are called efficient frontier.
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2 Ehrgott et al. [1, p. 17] define robust optimization as generalized optimization under the presence of uncertain parameters.
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For instance, u, and pu; denote vectors; subscripts 2 and 3 specify which vector. Overall, we designate x for a portfolio-weight vector, designate z for a portfolio

in (zy, z,, z;) space, and match x-symbols with z-symbols (e.g., x; with z;.)
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Due to the uncertainty in measuring u,, Best and Grauer [5, pp. 322-
326] dissect the robust optimization for (1) in the following parametric—
quadratic-programming model:

min X7 Zx — X (y + 1, 4,), Ay > 0, (2

subject to x”1 =1,

where 1 is a vector of ones, 4, is a (scalar) parameter and can be
interpreted as investors’ risk-tolerance parameter to expected return,
t, is a (scalar) parameter for the uncertain amount, 4, is a fixed
vector for a specific direction, and #,4, dictates the uncertainty in
measuring u,. For given 1, and with 7, varying, Best and Grauer [5]
analytically compute a trail of an optimal portfolio with the varying of
t,. The trail stands as the solution of (2) and describes the portfolio’s
sensitivity with respect to t,. Best and Grauer [5, p. 324] call the trail
as mean-parameterized efficient frontier.

1.2. Multiple-objective portfolio selection

Markowitz [6, pp. 471 & 476] detects extra objectives in addition to
z, and z, of (1). Sharpe [7] also realizes the objectives and incorporates
them into utility functions. Fama [8, pp. 445-447] and Cochrane [9,
pp- 1081-1082] emphasize multiple factors for asset pricing and further
propose the factors’ risks as objectives.

Fama [8]; Steuer et al. [10]; Dorfleitner et al. [11]; Utz et al.
[12]; Qi et al. [13]; Qi and Steuer [14]; and Qi [15] extend (1) and
formulate the extra objectives by multiple-objective portfolio selection
as follows:

min z; = x! Tx 3)
max z, = X' p,

max z; = X' i3

max z, =X gy

subject to x € S,

where 5 ... u, are vectors of general stock expected objectives (e.g., cor-
porate social responsibility); z; ...z, measure the general portfolio
expected objectives.

Overall, Spronk and Hallerbach [16], Bana e Costa and Soares [17],
Steuer and Na [18], Zopounidis et al. [19], Masmoudi and Abdelaziz
[20], and Aouni et al. [21] offer surveys. In this paper, multiple
objectives mean three or more objectives.

1.3. Research limitation of robust optimization for multiple-objective port-
folio selection

Many researchers investigate multiple-objective robust optimiza-
tion (as surveyed by Ide and Schobel [22], Georgantas et al. [23],
and Ghahtarani et al. [24]). However, the researchers infrequently
explicitly compute the optimal solutions for multiple-objective port-
folio optimization. For example, Fliege and Werner [25, pp. 426—
428 & 430-432], Georgantas et al. [23], and Ghahtarani et al. [24]
still adopt 2-objective models. Pavlou et al. [26] still empirically fo-
cus on 2-objective models and one multiple-objective model. Xidonas
et al. [27] still review typically 2-objective models. Ehrgott et al. [1,
pp. 20-30], Bokrantz and Fredriksson [28, pp. 684-691], and Schobel
and Zhou-Kangas [29, pp. 786-792] still exploit 2-objective-model
illustrations.
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1.4. Theoretical originality and practical contribution: multiple-objective
robust optimization with analytical solutions and portfolio selection for
countering COVID

The COVID-19 pandemic is unleashing crises of humanity, economy,
and finance. With industry shutdown, loss of employment, and unimag-
inable death toll, the global economy is falling into recession. To make
things worse, the COVID-19 virus is still mutating and evolving, so the
humanity suffering is far from being over. Consequently, the suffering
brings huge volatility and uncertainty to financial markets and puts
financial stability at risk.

In order to counter COVID-19 in stock markets and thus stabilize fi-
nancial markets, investors naturally expect utilizing portfolio selection
but discover few academic clues. Consequently, we originate a counter-
COVID measure for stocks and integrate the measure into the following
model:

min z; = x! Tx 4
max z, = X' p,
max zy = x! p; counter-COVID

subject to x'1 =1,

where pu; is a vector of stock expected counter-COVID; z; measures
portfolio expected counter-COVID.

Ordinary optimization is based on only one objective function.
However, multiple objective functions are frequently involved in daily
decision making. Therefore, multiple-objective optimization extends or-
dinary optimization. For (4), investors simultaneously try to minimize
risk (measured by variance), maximize expected return, and maximize
expected counter-COVID. For risk alone, investors can minimize risk.
For risk, expected return, and expected counter-COVID simultaneously,
investors need to balance the three objective functions altogether and
consider the trade-off. The optimal solutions of (4) form an efficient
surface. The efficient frontier of (1) extends into the surface. We
depict the extension by a green arrow with text “extend to” in Fig. 1.
For (4), investors thus enjoy more freedom of choices by balancing
and selecting objectives (i.e., variance, expected return, and expected
counter-COVID).

Because of the inherent uncertainty in measuring counter-COVID,
we dissect the robust optimization for (4) in the following parametric—
quadratic-programming model:

min z; = x! Ix 6)
max z, = X' p,
max z; = X' (3 + 1345)

subject to xI1=1,

where 73 is a (scalar) parameter for the uncertain amount, A; is a
fixed vector for a specific direction, and 7;4; dictates the uncertainty
in measuring ps.

For a given optimal portfolio and with #; varying, we analytically
compute a trail of the portfolio with the varying of #;. The trail stands as
the solution of (5) and describes the portfolio’s sensitivity with respect
to t3. We call the trail as mean-parameterized nondominated path.

For instance in Fig. 1, investors begin with #; = 0 for (5) and obtain
an efficient surface with label ¢; = 0. Investors pinpoint a portfolio z,
on the surface. Due to the uncertainty in measuring counter-COVID,
investors substitute ; = 0.05 and 7; = 0.1 into (5) and obtain two
corresponding efficient surfaces with labels 13 = 0.05 and 7; = 0.1.
Investors detect the transformation from the surface with label 7; = 0 to
the surface with label 7; = 0.05 and then to the surface with label 7; =
0.1. Particularly during the transformation, investors witness the shift
of z, as a mean-parameterized nondominated path which is depicted as
a thick blue curve. The path’s equation is listed in Fig. 1.

Although the scenario is for countering COVID, our computation
functions for general multiple-objective portfolio selection and ‘“gen-
eral” means that the computation works for any p;.
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A: portfolio selection (1)

min z; = X' £x _gi -
max 2o =XT ”2 § /
subjectitox € S ;
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Variance z

B: multiple-objective robust optimization (5)

. r S mean-parameterized nondominated path
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%ted

counter-COVID z3

Variance z4

Fig. 1. The extension from an efficient frontier of (1) to an efficient surface of (4), three efficient surfaces for 1; =0 and #; = 0.05 and 7; = 0.1 of (5), and a mean-parameterized

nondominated path for a surface portfolio z,.

To the best of our knowledge, there is quite limited research for
multiple-objective portfolio selection for COVID. There is also limited
research for the robust optimization of multiple-objective portfolio
selection. In such an area, this paper contributes to the literature.

For operations research for pandemic, Corbett and Van Wassen-
hove [30] propose natural-drift hypotheses and discuss important
issues of operations research for crisis management. Altay and Green
[31] review the research of operations research in disaster manage-
ment and suggest future directions. Gupta et al. [32] review disaster-
management research from a Production-and-Operations-Management
perspective. Queiroz et al. [33] evaluate the role of supply chain
for COVID by a structured literature review. Choi [34] examines
operations-research literature for pandemics and proposes a future
research agenda. Ghorui et al. [35] locate COVID-spread risk by fuzzy
MCDM methodology. Kazancoglu et al. [36] appraise stakeholder en-
gagement for COVID-vaccine supply chains. Jain et al. [37] predict
COVID spread by machine learning methods.

The rest of this paper is organized as follows: We review multiple-
objective optimization, portfolio optimization, and robust optimization
in Section 2. We perform robust optimization for (5) in Section 3.
We incorporate interest rates as important economic factors into (5),
treat interest-rate uncertainty, and dissect the robust optimization in
Section 4. We originate a counter-COVID measure and justify it by
stakeholder theory in Section 5. We illustrate our analysis by the
30 component stocks of Dow Jones Industrial Average and obtain
affirmative results in Section 6. We conclude this paper in Section 7.

2. Multiple-objective optimization, portfolio optimization, and
portfolio selection

We review multiple-objective optimization, portfolio optimization,
and multiple-objective robust optimization and appraise portfolio se-
lection in this section.

2.1. Multiple-objective optimization

Scholars (e.g., Steuer [38], Miettinen [39], and Ehrgott [40]) for-
mulate multiple-objective optimization as follows:

max z; = f(x) (6)

max z; = f(X)

subject to x € S,

where x € R” is a decision vector in decision space, k is the number of
objectives, f;(x)... f;(x) are objective functions, z = [z1 zk]T is
an objective vector in objective space, .S C R” is the feasible region in
decision space, and Z = {z | x € S} is the feasible region in objective
space.

Definition 1. Thatz=|z, .. z " € Z dominates z = zZ, ..oz "e
Zis defined as z, > z,, ..., z; > z,with at least one strict inequality.

Definition 2. That z € Z is nondominated is defined as that there does
not exist a z € Z such that z dominates z.

Definition 3. That X € S is efficient is defined as that its objective
vector Z is nondominated.

One common approach to solve (6) is a weighted-sum method.
By the method, the following model with a weighting vector A =
A .. Ak]T > 0 is optimized:

max Ay f1(X) + - + 4 fr,(X) 7)
subject to x € S,

where 0 is a vector of zeros. Geoffrion [41] describes the relationship
between (6) and (7) in the following theorem:

Theorem 1. If x is the optimal solution of (7) with a 1 > 0, x is weakly
efficient of (6). For (6) with S as a convex set and with f,(x)... f,(x) as
concave functions, if x is weakly efficient of (6), there exists a A > 0 such
that x is the optimal solution of (7) with the A.

2.2. Portfolio optimization

Markowitz [2] calls the nondominated set of (1) as an efficient
frontier, while we instead utilize the term nondominated set and re-
spectively reserve “nondominated” and “efficient” for objective space
and decision space.

Nobel laureate Sharpe [42], Merton [43] inspect the following
model:

min z; = x’ 2x (8
max z, = X'y,
subject to x'1 = 1.

Merton [43] analytically computes the minimum-variance frontier as
the boundary of the feasible region Z. Although unlimited weights are
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allowed in (8), most results can be analytically computed. Sharpe [42]
further derives capital asset pricing models.

Qi et al. [13] explore (4) with general u; and apply an e-constraint
method to (4) as follows*:

min z; = x! Zx 9
subject to x” y, = e,
X' py = e
xT1=1,
where e, and e; are the parameters. With varying e, and e;, the
objective-vector [zl z) 23]T set of all optimal solutions of (9) is
called the minimum-variance surface of (4). The surface is the boundary
of the feasible region Z of (4). Qi et al. [13] analytically compute the
surface and prove it as a paraboloid as follows:
7y =dy) Zdyz3 +d3" 2dy 25 +2d," Zdyzyz5 + 2, Zx)2,

+2d;7 Zxyz3 + %7 Zxy, (10)
where x, d,, and d; are calculated and «a ... f are introduced as follows:

Xy = —=((be — cd) ="ty + (be — ae) =~ s + (ad — bb)='1)

~c
d, = ﬁ ((@f —e)Z7 py + (ce = bf)Z™ pz + (be — cd) Z7'1)
d; = ﬁ ((ce=b)Z" py + (af = co)Z7 s + (be — ae)=7'1)
a b ¢ W' E 'y w2 ey 17y,
C=|b d el=|\w'=ny w"Z'py 1727y, an
c e f ITZ‘_I;JZ 1T2_1y3 17711 G
a>0 d>0 f>0. (12)

Qi et al. [13] thus prove the nondominated set as a paraboloidal
segment.

Due to the complexity of robust optimization, we introduce numer-
ous symbols and clearly define them in this paper. This paper’s set of
symbols is distinct from the set of symbols of Qi et al. [13].

2.3. Multiple-objective robust optimization

For the concept, researchers extend robust optimization from 1-
objective optimization to multiple-objective optimization. For exam-
ple, Ehrgott et al. [1] extend the concept of minmax robustness and
call the extension robust efficiency for uncertain multiple-objective
optimization. Ide and Schobel [22] survey and inspect different con-
cepts of robustness for uncertain multiple-objective optimization and
broaden the concepts of robust efficiency. Botte and Schobel [44]
suggest multiple-scenario efficiency for multiple-objective robust opti-
mization and compare several robust concepts. Groetzner and Werner
[45] enrich the concept of regret and launch multivariate relative
regret.

Then, researchers scrutinize methods and conditions for detect-
ing robust solutions of multiple-objective optimization. For exam-
ple, Bokrantz and Fredriksson [28] prove necessary and sufficient
conditions for multiple-objective robust efficiency and investigate the
necessary conditions for convex functions. Schmidt et al. [46] employ
min-ordering methods and max-ordering methods to probe multiple-
objective robust optimization and extend the analysis to multiple-
objective uncertain combinatorial optimization. Schobel and Zhou-
Kangas [29] quantitatively compare minmax and lightly robust and
nominal efficient solutions, demonstrate the effectiveness of lightly
robust efficient solutions, and suggest two strategies to support decision
making. Shavazipour et al. [47] modulate classic shallow lake problems
and secure feasibility and robust efficiency for the solutions.

4 The analysis also works for (5) with fixed t5.
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Inspired by Markowitz [4], researchers naturally deploy robust opti-
mization for multiple-objective portfolio selection. For example, Fliege
and Werner [25] consider uncertainty, perform robust optimization for
general convex parametric multiple-objective optimization, and illus-
trate the analysis by portfolio optimization. Pavlou et al. [26] compare
the robustness of three 2-objective models and one multiple-objective
model and detect that (1) provides relatively robust results in out-of-
sample performance. Xidonas et al. [27] categorically review robust
portfolio optimization and emphasize future directions.

The researchers substantially expedite the research for robust op-
timization but infrequently explicitly compute the optimal solutions
for multiple-objective portfolio optimization. For example, Fliege and
Werner [25, pp. 426-428 & 430-432], Georgantas et al. [23], and
Ghahtarani et al. [24] still adopt 2-objective models. Pavlou et al.
[26] still empirically focus on 2-objective models and one multiple-
objective model and verify (1) as quite robust in comparison to other
2-objective models. Xidonas et al. [27] still review typically 2-objective
models and offer a categorized bibliography for portfolio optimiza-
tion. Ehrgott et al. [1, pp. 20-30], Bokrantz and Fredriksson [28,
pp. 684-691], and Schobel and Zhou-Kangas [29, pp. 786-792] still
exploit 2-objective-model illustrations.

2.4. Appraising portfolio selection

2.4.1. The disadvantage
Many researchers criticize portfolio selection in the following as-
pects:

» Jobson and Korkie [48], Michaud [49] emphasize the weak prac-
ticability.

Black and Litterman [50], Jagannathan and Ma [51], DeMiguel
et al. [52], and DeMiguel et al. [53] highlight the formulation
insufficiency.

Best and Grauer [5], Chopra and Ziemba [54] discover that
portfolio selection is sensitive to the parameters.

DeMiguel et al. [55], Ledoit and Wolf [56] concentrate on the
parameter estimation.

Rockafellar and Uryasev [57] prove some weakness of variance
and propose CVaR. Kara et al. [58] dissect robust CVaR models
under parallelepiped uncertainty and enhance stability of portfo-
lio allocation. Kalayciet al. [59] formulate mutual relevance of
finance and investor sentiment by stochastic differential equa-
tions and employ multivariate-adaptive-regression-splines mod-
els. Schottle et al. [60] associate Black-Litterman models with
Bayes models and extend both groups of models for robust port-
folio optimization.

More generally, Savku and Weber [61] focus on models of de-
layed Markov regime-switching jump diffusions, conduct the suf-
ficient and necessary conditions, and prove the unique existence
of the adjoint equations. Alp and Korn [62] affix jump diffusions
to continuous-time portfolio selection and display implications
for stock-price drifts. Korn and Miiller [63] instigate worst-case
portfolio models and enrich indifference frontiers.

2.4.2. The advantage
Nevertheless, portfolio selection enjoys some advantage as follows:

« Portfolio selection is unanimously viewed as the birth of modern
finance (as proclaimed by Rubinstein [3, p. 1041]). Therefore,
portfolio selection is universally described in classic finance text-
books (e.g., those of Ross et al. [64], Back [65], Campbell [66],
Brealey et al. [67], and Bodie et al. [68]).

» Under quadratic utility function or independent multivariate nor-
mal distributions for individual stocks (as outlined by Huang and
Litzenberger [69, p. 611]), portfolio selection is consistent with
the principle of maximizing expected utility (as initiated by Von
Neumann and Morgenstern [70]). The principle is exceedingly
fundamental in economics and finance.
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« Portfolio selection is computationally readily solved by parametric—
quadratic programming or just quadratic programming. Specif-
ically, Markowitz [71] and Markowitz and Todd [72, p. 176]
prove that efficient frontiers are typically composed of piece-wise
hyperbolic segments. Markowitz and Todd [72, pp. 301-338]
fashion a parametric-quadratic-programming algorithm and the
software. Qi [73] maneuvers the software and reports intricate in-
formation by the piecewise-segment structure. Hirschberger et al.
[74] also commence their parametric—quadratic-programming al-
gorithm and software. Efficient frontiers can also be calculated by
quadratic programming which is a common function of Microsoft
Excel or Matlab. Steuer et al. [75] document comparative issues
in large-scale portfolio optimization.

Portfolio selection provides a natural background for the capital
asset pricing model (CAPM) of Sharpe [42]. Although CAPM
does not comprehensively withstand empirical tests, CAPM is
widely included in finance textbooks due to its insight. Moreover,
testing CAPM implicitly requires independent and identical dis-
tributions. The requirement is infrequently met in the empirical
tests. Furthermore, Roll [76] even questions the testability.

3. Performing robust optimization for (5)

We perform the robust optimization first, because (5) operates for
general u;. Specifically for (5), we compute the mean-parameterized
nondominated path indirectly (i.e., computing the path with #;) and
further compute the path directly in (z;,z,,z3) space (i.e., dropping
13). We will belabor the scenario of u; for counter-COVID in the next
section.

We inherit and revise the following assumptions from Qi et al. [13]:

Assumption 1. X is invertible and thus positive definite.

Assumption 2. Vectors u,, ys3, 4z, and 1 are linearly independent.
3.1. Computing mean-parameterized nondominated paths indirectly with t,

We utilize a weighted-sum method to (5) and obtain as follows:

min X7 Zx — X7 py — A3X7 (3 + 1345), 4, >0, 43 >0 13)

subject to x'1 = 1.

In finance, 5 can be interpreted as investors’ risk-tolerance parameter
to expected counter-COVID. Moreover, with —x” Zx+4,x" py+A3x7 (uz+
1;4;) as the expected utility, (5) maximizes the expected utility. We
apply a Lagrange-multiplier method to (13) as follows:

L(x,0) =X ZX — MoX! py — X" (5 + 1345) + £(x7 1= 1),

where ¢ is a Lagrange-multiplier scalar. Because X is positive definite
by Assumption 1, x is the optimal solution of (13) if and only if the
following two partial-derivative equations hold:

‘;—i = 2EX — Aty — A3tz + 1345) + £1= 0
oL _ ¢

9L _yM-1=0.

a

We premultiply the first partial-derivative equation by X~! and obtain
the following x:
X = %(/122-1,42 + 4327 s + At Z7M Ay — 22710, 14

We next substitute (14) into the second partial-derivative equation,
utilize (11)-(12), and obtain as follows:

1T%(422—1y2 + R Z T+ 27 A -2 ) =1
e+ e+ 17714, —2f =2

= %(/lzc + Ae+ A3t517 2714, - 2).
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We then substitute # back to (14) and obtain as follows:
1 _ _ _
X(Ay, A3, 13) = 5(,122 Yy + 2327 s + A3t 2714
- %(/lzc + ze + A3t317 271 Ay - 2)2711)
1 1 C -1 1 —1 € -1 ) R
==L - S+ AT - S D+ -2
2 2 2 f 2 3 3 f f
17274,

1 _
+ S han(Z A, - Tz .

We use symbol x(4,, 43, 13) instead of x in order to specify that x(4,, 45, 13)
depends on 4,, 43, and f3. To clearly see the structure of x(4,, 45, 13), we
introduce symbols h,, and h; as follows:

1, o _ 1, o _ .
hy = 54,(2 1,42—?2 11)+§/13(): ‘,43—§2 11)+72 1

1,1 c 1 e 1
=3 Nz — D+ 2 A3(u; — =D+ —1 (15)
(2 2(H2 7 37 H3 7 7 )
hy = L4574 x4 >l
3= 5 3 3 f
=314 —1T2_1A3 1) 16)
- 5 3\43 f .

h,, is the optimal solution of (13) with #; = 0 and the optimal solution
of the weighted-sum method of (4). We then reexpress x(4,, 43,3) as
follows:

x(Ay, 43,13) = hy + t3h5. a7
Moreover, we substitute (17) into (5) as follows:
2,(Ay, A3,13) = (hy + t3h3)T 2 (hy + 13hy)

= h] Zh, + 2(h! Zhy)t; + (h] Zhy) (18)
23(Ay, A3, 13) = (g + 13h3)" iy

=h{ py + (] py)t (19)
23(Ag A3, 13) = (g + 1305)7 (5 + 13.45)

=h 3 + (W) iy + ] At + (W] 413 (20)

We summarize the computation above into the following theorem and
corollary:

Theorem 2. For given 4,, A3, and t3, (18)—-(20) describe one nondom-
inated objective vector of (5) with the given t;. For given t; and with A,
varying and with A; varying, (18)—(20) describe the nondominated set of
(5) with the given t; by (13). For given 4, and A; and with t; varying,
(18)—(20) describe a trail of one nondominated objective vector of (5) with
the varying of t;. The trail stands as the solution of (5) and describes the
nondominated objective vector’s sensitivity with respect to t;.

Proof. The results rest on the relationship between (6) and (7) in
Theorem 1. Specifically, Qi et al. [13] prove that the efficient set of
(5) equals the weakly efficient set of (5) for fixed t5. Therefore, for the
fixed t; and with A, varying and with A5 varying, (18)-(20) describe
the nondominated set of (5). [

The trail is called mean-parameterized nondominated path.

Corollary 1. (18)-(20) are all continuous with respect to t3.

Proof. (18)-(20) are all elementary functions with respect to #; and
thus continuous. []

Therefore, minute #; results in relatively small change of (z;, z,, z3)
of (5).

3.2. Computing mean-parameterized nondominated paths directly in
(zy, 25, z3) space

In this subsection, we compute coefficients of (18)—(20), accordingly
transform (18)-(20), drop t; during the transformation, and directly
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compute mean-parameterized nondominated paths for case #,, # 0 and
case 7,; = 0. We evidently stage the steps in subsections.

3.2.1. Computing coefficients for tg of (18)—(20)
We discover a relationship between the coefficients for tg of (18)
and (20) (i.e., hg h; and h3TA3) in the following lemma:

Lemma 1. For the coefficients for t§ of (18) and (20), the following
relationship holds

A
T 3,7
h3 Eh3 = 7}1343

Proof. By utilizing (11) and (15)-(16), we compute the coefficients as
follows: (i.e., hg Zh, and h3TA3) as follows:

1 17274 R~ ] 17374
h Thy = (271 S 454y - ——— 1) R(EI 44y - ———D)
1 AT z71A4)? 2.l AT z71A,)?
2 f 374 f2

| P 2 T y—11y ;2
=Z(A3E A3)i5 — 1 Z7 D4

-1 2
_ 1l o rsa o 1aTZ7M4)?
_Z(ASZ Amrzf@
-1 2
1, 7 e arx-'a,)
1 172714, 7
WA, = (271244, - ——1
345 = ( 7 43(4; 7 )
1 B (1T£7143)2
=§(43T2 1A3——f )43

We multiply the second expression by %3 and then obtain the result of
this lemma. []

3.2.2. Computing coefficients for t; of (18)-(20)

In order to check the possible relationship ZhKEh3 = %(hgm +
hOTA3) on the basis of Lemma 1, we further compute the coefficient
G.e., h§2h3) for 3 of (18) and the coefficient (i.e., h3T;43 + th3) for
13 of (20) in the following lemmas:

Lemma 2. For the coefficient for t; of (18), the following relationship
holds

1 c _ 1 e -
hl xh, = 2h2As (= ?1)Tz "4, + Zg% - 71)Tz 14,.

Proof. By utilizing (11) and (15)-(16), we compute the coefficient as
follows:

T
h! Thy = (Z’l(%lz(yz - %1) + 1,13(,43 - ?1) + %1))

175" A31))

17x714, c
— i -=DTz1
4f 2/43\H2 f

17x714

+= /12(,4 —fprzip - = 53
7 af

17x71A

T i |
25" : 212

1 c _
= hads(uy = ?1)Tz "4, -

\X(E\I A3(45 —

1 c -

= hads(uy = ?1)Tz 4, -
e —

Aluy = 20" 2T

LK1z

1

Y] € T -1 1
+Z/13(ﬂ3—71) 1A, -

Ty 4
= A, - 32
+2f3 3 2f 3

1 c _ 1 e _
= sy = ?I)TZ YA + Z/lg(y3 - 71)Tz "4, O
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Lemma 3.
holds

For the coefficient for t; of (20), the following relationship

1

- 1 _ -
h§ﬂ3+th3:z3(ﬂ3-§1)Tz IA3+§,12(,42—%1)T2 1A3+71TZ 14,

Proof. By utilizing (11) and (15)-(16), we compute the coefficient as
follows:

173714
hl s+l Ay = (27! ,13(Az T31)) s
1 e 1 T
z! /1 ~SD+ S-S+ 1)) 4
+ ( = G+ 3hala = S0+ 21)) 4
1 _ 17x714, _
= §ﬂ3A Z TJGITE l[l3

1 c _ 1 e _
+ E,12(,42—71)T2 1A3+§A3(ﬂ3— 71)Tz A,
|y -
+ =173714
f 3
= as(y = ST Ay + Sy — S1)T 2714
S 2 f
1751
+-1"27"4;. O
f 3

We thus negate the possible relationship Zhg Zh; =
in the following lemma:

A
5 (I py+hi A;)

Lemma 4. For the coefficients for t; of (18) and (20), 2h0TZh3 and
hT 3 + hY Ay do not satisfy 2hT Thy = 2 (h! u; + hl 4y); that is,

/13
2hg Thy = = (hy ps + hy 43) # 0.

Proof. On the basis of Lemmas 2-3, we negate the possible relation-
ship.
O

3.2.3. Transforming (18)-(20) and dropping t5
In order to drop f; and clearly present (18)-(20), we introduce the
following symbols by Lemma 1:

z1(4g, A3, 13) = myg + 113 + /12 n 13 @D
23(49, 43, 13) = tap + M1 13 (22)
23(dp, A3, 13) = M3g + M3y 13 + M1 (23)
Mo = h! Zhy, my = 2] Zhy) 24
o =hl u, iy =hl (25)
130 = h{ ps 31 =hlpy +hi A n3 =hj 4. (26)

We next utilize Lemma 1, compute (21) (23) in order to cancel the

t% term, and obtain as follows:

A ~ R )
z1(4g, 43,13) = 723(/1% A3, 13) =myg +nyt3 + = Mal3 = 5 M0 27)

A3 )
5 il = 3

A3 A3
=(nyp - 7'130)4'('111 - 7’731)’&

Moreover, by Lemma 4, (24), and (26), we know that the coefficient
for 13 of (27) is not zero as follows:

A
M = S = 200 Thy) = S0y + b As) #0. (28)

(22) and (27) are linear functions of t5; (23) is a quadratic function of
t;. We solve #; from one linear function and substitute 75 into the other
functions. Technically, we compute a consequential coefficient #,, for
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(22) by (11), (16) and (25) as follows:
1774,
f

1 _ c _ 1 _ c
= 5/13(43Tz Yu, — ?1Tz '4,) = §A3A§2 Y, - 71). (29)

1 T
My = h3Tﬂ2 =(z l5/13(43 - D)

For (29), we know u, — %1 # 0 because u, and 1 are independent by
Assumption 2. We thus know X~ (u, — ?1) # 0 because X is invertible

by Assumption 1. However, AZE_](Mz — £1) can be 0. Moreover, /;
can be 0. Therefore for (29), we have two exhaustive cases: 1y # 0 and
#,; = 0. We then directly compute mean-parameterized nondominated
paths for the two cases. For directness and simplicity reasons, we notate
z1(Ay, A3, 13) @S 2y, 25(Ay, A3,13) @S 2, and z3(4,, 43,13) as zz during the
computation.

3.2.4. Case ny; #0
Theorem 3. For n,, # 0, the mean-parameterized nondominated path of

(5) is a curve in (z,, z,, z3) space as the intersection of (30) and (31) as
follows:

2my1 21 =201 = A3n31)20 =11 A3 23 = 1y (2019—A3n130)— (2 1 = A3n3 iy (30)

2 2 2 2
My123 = N3225 + (1131 — 2moN32) 20 + (15,130 — MaoMaifiz1 + Myphizn). (31D

Proof. By (22), we compute 5 as follows:

z, —
1= 2o (32)
M
We next substitute (32) into (27) as follows:
A3 A3 A3 zZy—my
-5 B= (19 — 7'130)+ (1 — 7'131)7-

We reorganize the expression above and obtain (30). By (15)-(16),
(24), (25), and (26), all the coefficients of (30) do not depend on f;.
Moreover, with one z; term, z, term, and z; term, (30) is a plane in
(21, 29, z3) Space.

We also substitute (32) into (23) as follows:
2 — "o 2.

2y — Mo z
23 = 30 + 7131 ( p )+ 132( ;
21 21

We reorganize the expression above and obtain (31). By (15)-(16),
(24), (25), and (26), all the coefficients of (31) do not depend on f;.
Moreover, with one z, term, z% term, and z; term, (31) is parabola in
(25, z3) subspace and thus a degenerate paraboloid in (z;, z,, z3) space.
Here, “degenerate” means that the coefficients of both the z; term and
the zf term are 0. [J

Geometrically, (30) is a plane in (z;, z,, z3) space; (31) is a degen-
erate paraboloid in (z;, z,, z3) space or a parabola in (z,, z3) subspace.
We have already depicted a mean-parameterized nondominated path
(i.e., (30) and (31)) in Fig. 1.

3.2.5. Case n,; =0

Theorem 4. For n,; = 0, the mean-parameterized nondominated path of
(5) is a curve in (z,, z,, z3) space as the intersection of (33) and (34) as
follows:

23 =M (33)

4;132zf + Agnnzg — 423132, 23

+(@nn3; — 213'151 + 443130132 — 8110M132)21
(A + 20501 13y — 25m30m3, + 4A310M30) 23
+4’7f1'130 = 23m11m30M31 — Aot + 2/137110’7;

+A§’7§0’132 + 4'7fo'732 — 443110130132 = 0. (34)
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Proof. With 5,; =0, (22) becomes simpler as follows:

2y = + 013 = 1.

(33) is a plane which passes through (0, #,y,0) and is perpendicular to
z, axis in (z,, z,, 23) space. By (28), we solve 5 from (27) as follows:

43
2

(221 — A3z3 + (A3m39 — 27110)).

A3 A3
2= 523 = (o = m30) + Oy = )t
o1
2nyy — A3z

We substitute 73 into (23) and obtain as follows:

1
z3 =130 + 131 = T (221 = 4323 + (A3m30 — 2m49))

— 43131

2
+13 (22 = 4323 + (A3m39 — 2m19))

2nyy = A331)?
@n?, = 4A3mymyy + 503 ))zs = (4, — 4d3my 031 + A3n3 o
+(@ny1m3; — 2/13'151)11 + U%'l?. = 2A31111131)23

+Q2nym31 — is'l?. Y(Asnzg — 2m10)

+3 (4zf + }%zg + (A3m39 — 27]10)2 —443z,23

+4(A3130 — 2M10)21 — 2(A31130 — 210) A3 23)

41132zf + A§n32z§ —4A3m3p2123

(A 3y — 2A3m3, + Ad3maonzy — 8MoN3)Z)

2 2 2
Ay + Adgny sy — Borg + Ay — 223113

—203m30130 + 443M10M132) 73

+4’7%1’130 — 4431111301131 +7~§77?U’452$
+2431111M30731 —75'77?0‘4;— Anonnag + 213’110’@1
+)~§’7§0’732 + 471120’732 —4A3n10Mm30n32 =0

4'1322% + /1571327% —4d313221 23

+(@nyn3; — 2/13’751 + 443130132 — 8110M132)21
+(—4'7121 +243n111m31 — 2/15'730’732 +423110M32)23
+471f1'130 = 2A3m111m301M31 — ANz + 2/13'110'l§|
+A3M3y M0 + 432 — 4Asmiongsy = 0.

By (15)-(16), (24), (25), and (26), all the coefficients of (34) do
not depend on t;. Moreover, with one zf term, z§ term, z,z; term,
z; term, and z; term, (34) is a quadratic curve in (z;,z3) subspace.
Therefore, (34) is a degenerate quadratic surface in (z,, z,, z3) space.
Here, “degenerate” means that the coefficients of the z% term, the cross
terms for z,, and the z, term are all 0. []

Geometrically, (33) is a plane in (z;, z,, z3) space; (34) is a degen-
erate quadratic surface in (z|, z,, z3) space.

3.3. Generalization

The models (4)-(5) and analysis do not rely on special properties
of COVID. Therefore, investors can harness the models and analysis
for general 3-objective robust optimization (e.g., for other disaster
management).

3.4. Normative methodology vs. positive methodology

Markowitz [71], Markowitz and Todd [72] inspect a general port-
folio-selection model (1) and orchestrate parametric-quadratic pro-
gramming to solve (1). Sharpe [42, p. 426] and Markowitz [77, p. 99]
call this general-model methodology as normative methodology.

In contrast, on the basis of (8), Sharpe [42, pp. 433-434] assumes
investor homogeneity and originates his profound CAPM (capital asset
pricing model). Although (8) and investor homogeneity are too sim-
plistic, Sharpe [42, p. 434] justifies his methodology by arguing for
CAPM'’s insights. Sharpe [42, p. 425] and Markowitz [77, p. 99] call
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this methodology of simplistic assumptions but profound insights as
positive methodology.

We principally pursue positive methodology by extending (8) but
analytically instigating robust optimization.

In the future, we will impose practical constraints in the form
of inequality to (4)-(5), but we will lose the analytical solutions.
Hirschberger et al. [78], Jayasekara et al. [79] propose parametric—
quadratic programming to solve a general multiple-objective portfolio-
selection model (3). We will try to exploit the numerical solutions
(rather than the analytical solutions).

4. Traditional capital allocation by a risk-free asset and the exten-
sion for robust optimization of multiple-objective portfolio selec-
tion

Investments textbooks (e.g., that of Bodie et al. [68, p. 159]) empha-
size the importance of interest rates and prescribe capital allocation to
both a risk-free asset r, and a risky asset. In this section, we extend
the capital allocation for multiple-objective portfolio selection (4). In
addition, we contemplate robust optimization for both z; = x'(u; +
1345) of (5) and rre

4.1. Traditional capital allocation

Bodie et al. [68, p. 277] assumes a line which passes through r,
and is tangent to an efficient frontier at z, (as depicted in Panel A of
Fig. 2). Bodie et al. [68, pp. 168-170] exhibit the process of building
portfolios of r, and z,, call the process as capital allocation, and call
the portfolios as capital allocation line.

Bodie et al. [68, pp.161 & 188-190] delineate the fundamental
principle of maximizing expected utility and assume the following
expected-utility model:

max E(r)) = z, — Az, (35)

where r is portfolio return, z; and z, are calculated in (1), and A
stands for investors’ risk-aversion coefficient. Bodie et al. [68, p. 175]
deliberate the tangency between an indifference curve z, — Az; = a of
(35) and the capital allocation line of r 7 and z, (as depicted in Panel
B of Fig. 2). Bodie et al. [68, p. 175] locate the tangent portfolio z, as
the optimal portfolio of (35). That is, z, achieves the optimal balance
between r, and z,.

4.2. Extending capital allocation for multiple-objective portfolio selection
(C))

We have already depicted the nondominated set of (4) as a surface
with label #; = 0 in Panel B of Fig. 1. Please note that all the horizontal
axes of Fig. 2 are standard deviation (instead of variance). We redraw
the nondominated set in Panel C of Fig. 2. By following Bodie et al. [68,
p. 2771, we assume a plane which passes through r, and is tangent to
the surface at z,. We depict the plane as yellow in Panel C of Fig. 2.

(4) extends (1) in max z; = X! p5. z; = X! p; is a linear function of
x. Hence, we can readily extend the traditional capital allocation (as
presented by Bodie et al. [68, pp. 168-170]) into multiple-objective
capital allocation. The capital allocation line in Panel B of Fig. 2 extends
into a capital allocation plane in Panel C of Fig. 2.

For (4), we extend the utility function u(r) into u(r,c) where c is
portfolio counter-COVID. We also implement the fundamental principle
of maximizing expected utility, extend (35), and assume the following
expected-utility model:

max E(u(r,c)) = z, — Az| + Bz, (36)

where B stands for investors’ risk-aversion coefficient; z; is calculated
in (4).

By following Bodie et al. [68, p. 175], we assume the tangency
between an indifference surface z, — Az; = a of (36) and the capital
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allocation plane of r, and z,. We depict the tangency in Panel D of
Fig. 2. By following Bodie et al. [68, p. 175], we locate the tangent
portfolio z, as the optimal portfolio of (36). That is, z, achieves the
optimal balance between r, and z,.

We follow standard finance principles and envision the extension.
However, the specific mathematical accomplishment is nontrivial. For
example, we need the analytical expression of the nondominated set of
(4) in order to compute the tangency in Panel C of Fig. 2. The analytical
expression of the tangency will be convoluted, because the nondomi-
nated set is a portion of the paraboloid (10) and the paraboloid’s six
coefficients are all complex. For instance, Qi et al. [13, p. 169] report
the following coefficients:
d,"zd, = ﬁ(adzfz —2adé® f + ae* — bPd f> + b2’ f
+2bedef —2bce® — 2d> f + c2de?)

1
IC|?

+2abede — ac*d* = 2b%ce + b* f + b2c2d),

x)T Zxy = (@Pd>f — a*de* — 2ab*d f + ab*e®

where a to f and C are introduced in (11).

4.3. Further extension for robust optimization of multiple-objective portfolio
selection by pj +t34; of (5) and risk-free rate r, +1,

We extend (5) in this subsection by appending the risk-free asset to
(5) and investigating uncertainty (i.e., r r+t f) of risk-free rate.

4.3.1. First robust optimization by (5)
First, we still deploy (5) and have illuminated the analysis in
Section 3.

4.3.2. Recognizing uncertainty for the risk-free rate and setting r; +1,

During COVID, the Federal Reserve substantially revises monetary
policies and adjusts the risk-free rate from 1.75% on January 30,
2020, to 0.25% on March 16, 2020, to 1.75% on June 16, 2022.° We
recognize the uncertainty for the risk-free rate and set r, + 7, for the
risk-free rate (instead of r 7 alone), where ¢ r is a (scalar) parameter for
the uncertain amount. Therefore, we resolve robust optimization for
both u; +1;4; of (5) and r; +1,.

4.3.3. Second robust optimization by risk-free rate r; +1,

We experiment with four cases (i.e., 13 =0 or#; =0.05 and 7, = 0 or
t; = 0.01) in order to obtain intuition. We start from a relative simple
case of t; = 0 and 7, = 0. For this case, we have already depicted the
nondominated set of (5) with#; =0, r s the tangent portfolio z,, and the
capital allocation plane in Panel C of Fig. 2. We also have depicted the
tangent portfolio z, between an indifference surface z,—~ Az, +Bz; =«
of (36) and the capital allocation plane of r 7 and z, in Panel D of
Fig. 2. We duplicate the capital allocation plane, indifference surface
zy — Az + Bzz = «;, and tangent portfolio z, in Panel E of Fig. 2. z,
achieves the optimal balance between r, and z,. We attach label #; = 0
and 7, =0.

For the case of 3 = 0 and 7, = 0.01, we depict a plane which passes
through r ++0.01 and is tangent to the nondominated set of (5) with
t; = 0 in Panel E of Fig. 2. The plane is the capital allocation plane
of r; +0.01 and the tangent portfolio z,. We also depict the tangent
portfolio z, between an indifference surface z, — Az + Bz3 = ay( of
(36) and the capital allocation plane. z, achieves the optimal balance
between r, +0.01 and z,. We attach label 1; = 0 and 7, = 0.01.

For the case of t; = 0.05 and ¢, = 0.01, we depict a plane which
passes through r, +0.01 and is tangent to the nondominated set of (5)
with 73 = 0.05 in Panel E of Fig. 2. The plane is the capital allocation

5 Data source: the Federal Reserve, https://www.federalreserve.gov/, July
2, 2022.
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Fig. 2. Traditional capital allocation, the extension for robust optimization of multiple-objective portfolio selection, and the mean-parameterized nondominated path.

plane of r+0.01 and the tangent portfolio z,. We also depict the tangent
portfolio z, between an indifference surface z, — Az, + Bz; = a5 Of
(36) and the capital allocation plane. z, achieves the optimal balance
between r, +0.01 and z,. We attach label #; = 0.05 and 7, = 0.01.

For the case of t; = 0.05 and ¢, = 0, we depict a plane which passes
through r 7 and is tangent to the nondominated set of (5) with #; = 0.05
in Panel E of Fig. 2. The plane is the capital allocation plane of r, and
the tangent portfolio z,. We also depict the tangent portfolio z, between
an indifference surface z, — Az, + Bz; = qj 5 of (36) and the capital
allocation plane. z, achieves the optimal balance between r, and z,. We
attach label #; = 0.05 and ¢, = 0.

We then connect the z, of the four cases and of other cases. The
connection forms a surface as depicted in Panel F of Fig. 2. The surface
is the mean-parameterized nondominated path of robust optimization
of multiple-objective portfolio selection by u;+1;4; of (5) and risk-free
rate rp +1;.

5. Originating a counter-COVID measure by stakeholder theory

We propose a counter-COVID measure, justify it by stakeholder
theory, report the rating of the 30 component stocks of Dow Jones
Industrial Average, and discuss the implications.

5.1. Originating a counter-COVID measure
Under the sub-prime mortgage crisis, Yiannaki [80] appraises firms’

risk management through categories responsibility, finance, supervi-
sion and resource development, technological networking advance, and

innovation and radical change. Morgan Stanley Capital International,
Inc. (MSCI) measures ESG (environmental, social, and governance) by
setting categories and setting binary variables under the categories.®
Therefore, We originate a counter-COVID measure for stocks as follows:

By stakeholder theory, we set categories managers, fund providers,
products, employees, media, and society. We then set 25 binary
variables under the categories. We depict the categories and
variables in Fig. 3.

We search firm performance through firm websites, industry as-
sociations, government agencies, etc.

For financial variables (e.g., return on equity), if a firm’s per-
formance is better than that of industry median, we assign the
variable as 1. Otherwise, we assign the variable as 0. We ob-
tain the firm data and industry median through East Money
Corporation.”

For other variables, we directly rate the variables as 1 with
supportive proofs or as 0 without supportive proofs.

We sum the 25 variables as the counter-COVID measure.

We list the variables and brief variable descriptions in Table 1. For
example in the second row, variable management ability measures
emergency response mechanism for COVID.

6 Data source: database MSCI ESG KLD of Wharton Research Data Service,
https://wrds-www.wharton.upenn.edu, December 21, 2020.
7 http://global.eastmoney.com, May 27, 2021.
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Fig. 3. The categories and variables for the counter-COVID measure.

Table 1

The variables and variable descriptions for the counter-COVID measure.

Variables

Variable descriptions

management ability
management change
management warning
return on equity

total debt ratio

quick ratio

total-assets growth
product innovation
business digitization
cooperative relationship
cost management
profit margin
operating-income growth
staff communication
health and safety
humanistic care

salary and welfare
firm image
information quantity
information quality
thematic setting

social contribution
medical activity
employment assistance
social promotion

emergency response mechanism for COVID
management adjustment for COVID

warning COVID risk in reports
net_income

equity
total liabilities
total assets

current assets - inventory

current liabjljties
total “assets of this year - total assets of last year

total assets of last year

new product development for COVID
online marketing, business support, and customer service

good relationships with suppliers and customers
operating cost
operating_income
net_income
sales . . M-
operating income of this year - operating income of last year
operating income of last year

remote working and training for employees
practice to reduce health and safety incidents
good employee relations

employees’ basic salary and related benefits
positive evaluation for corporate image
sufficient information disclosure

fast and effective information disclosure
topics or websites specifically for COVID news
provide social contributions such as donations

medical equipment donation or institution cooperation
assistance to unemployed persons for COVID
publicize knowledge and precautions of COVID prevention

5.2. Justifying the counter-COVID measure

Freeman and Reed [81, p. 89] and Freeman et al. [82] define
stakeholder as “those groups without whose support the organization
would cease to exist. The list of stakeholders originally included share-
owners, employees, customers, suppliers, lenders, and society”. For
crisis management, Ulmer [83] and Coombs [84] emphasize strong
communication between corporations and stakeholders. Sheth [85]
suggests the purpose of business as to nurture its stakeholders. Verma
and Gustafsson [86] contend that COVID-19 has pushed businesses to
rapidly operate in newer and more resilient ways. Therefore, we set
categories managers, fund providers (i.e., shareowners and lenders),
products, employees, media, and society.

Specifically, for category managers, James et al. [87] contend that
managers play important roles in crisis management. Seetharaman
[88] and Cortez and Johnston [89] argue that firms should develop
capabilities to counter COVID. Therefore, we set variables management
ability, management change, management warning.

For fund providers, Jensen [90] argues that lenders are concerned
about loan safety. Amankwah-Amoah et al. [91] warn the danger of
excessive corporate debts. Mirza et al. [92] report that COVID threatens
the liquidity and solvency of business in Europe. Therefore, we set
variables return on equity, total debt ratio, quick ratio, and total-assets
growth.

For category products, Vial [93] prices the importance of digi-
tization. Chesbrough [94] suggests that innovation plays important
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roles during COVID crises. Seetharaman [88] suggests that COVID
actually presents opportunities to firms for digitization or online ser-
vice. Crick and Crick [95] propose collaborative business-to-business
marketing strategies for COVID. In practice, MSCI combines customers
and suppliers of stakeholder of Freeman and Reed [81, p. 89] into
products. Therefore, we set variables product innovation, business
digitization, cooperative relationship, cost management, profit margin,
and operating-income growth.

For category employees, Mazzei et al. [96] emphasize the impor-
tance of employee relationships and internal communication during
corporate crises. Cortez and Johnston [89] suggest that firms reduce
distractions and alleviate family tension. Therefore, we set variables
staff communication, health and safety, humanistic care, and salary and
welfare.

For category media, Veil et al. [97] review the research for social
media in crisis communication. Claeys and Cauberghe [98] stress the
importance of crisis response and crisis timing strategies. Cortez and
Johnston [89] report that using social media during COVID crises can
be very effective. Therefore, we set variables firm image, information
quantity, information quality, and thematic setting.

For category society, Sheth [85] stresses that business and society
are closely interconnected. He and Harris [99] examine the relationship
between COVID and corporate social responsibility. Therefore, we set
variables social contribution, medical activity, employment assistance
and social promotion.
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Rating counter-COVID for the 30 component stocks of Dow Jones Industrial Average of the first quarter of 2020.

Variables

AAPL AMGN AXP BA CAT CRM CSCO CVX DIS DOW GS HD HON IBM INTC JNJ JPM KO MCD MMM MRK MSFT NKE PG TRV UNH V VZ WBA WMT

management ability 1 0
management change 1
management warning 1
return on equity 1
total debt ratio 0
quick ratio 0
total-assets growth 0
product innovation 1
business digitization 1
cooperative relationship 1
cost management 1
profit margin 1
operating-income growth 1
staff communication 1
health and safety 1
humanistic care 1
salary and welfare 1
firm image 1
information quantity 0
information quality 1
thematic setting 0
social contribution 1
medical activity 1
employment assistance 1
social promotion 1
sum, counter-COVID 20
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5.3. Rating the 30 component stocks of Dow Jones Industrial Average

Hence, we rate the 30 component stocks of Dow Jones Industrial
Average for the first quarter and second quarter of 2020 and list
the rating in Tables 2-3. We have deposited the 30 stocks’ rating in
Mendeley Data.® For example for Apple (AAPL) for the first quarter,
the rating of management ability is 1 in the second row of Table 2; the
counter-COVID is 20 in the last row.

Moreover, we compute the sample mean vector of the 30 stocks’
counter-COVID of the two quarters, assume the vector as u;, and report
p3 in Table 4. For example for AAPL, we compute (20 + 17) +2 = 18.5.

5.4. Enrichment and implications of the measure

The counter-COVID measure is exploratory and thus unpolished.
Many measurement details need to be further explored. For exam-
ple, Greco et al. [100] systematically review the weighting, aggregat-
ing, and robustness of composite indicators. Greco et al. [101] further
initiate robust non-compensatory approaches for composite indicators
by PROMETHEE methods. We will deploy the methodologies.

Then, multiple-objective optimization, multiple-criteria analysis,
risk management, and other operations-research methodologies can
be utilized on the basis of the measure. For example, Drnovsek et al.
[102] propose a multi-criteria risk evaluation model to identify COVID
patients. Then, counter-COVID can be included in the multi-criteria
risk evaluation model. Nikolopoulos et al. [103] utilize machine learn-
ing to predict the growth rate of COVID. Then by machine learning
and big data, counter-COVID database can be established to support
government decision-making.

6. Illustrations by Dow Jones Industrial Average and its compo-
nent stocks

In this section, we illustrate our computations for Section 3. We
first select four component stocks and present full computations. In the
next subsection, we will report the more meaningful and stronger result
of the 30 component stocks but skip some 30-vector computations
which are too long to be reported. We have deposited the 30-stock
computation in Mendeley Data.’

8 http://dx.doi.org/10.17632/¢3dn7mzvhb.1, June 13, 2021.
9 http://dx.doi.org/10.17632/g3dn7mzvhb.1, June 13, 2021.

6.1. Full computations for 4 component stocks

6.1.1. Sampling

We select four component stocks of Dow Jones Industrial Average
as follows: Apple (AAPL), Amgen (AMGN), American Express (AXP),
and Boeing (BA). We collect the stocks’ monthly returns and monthly
prices from January 1, 2020 to June 30, 2020.%°

6.1.2. Estimating portfolio-selection parameters

We follow [104, p. 87], compute the returns’ sample covariance
matrix and sample mean vector, and adjust them into quarterly data
by following [68, pp.121 & 135]. We next assume them as X and pu,
and report them as follows:

0.0318 00148 0.0298 0.0470 0.1287 185
0.0148 0.0253 0.0073 0.0007 0.0079 2
“10.0298 00073 00373 0.0524] #27 | —0.1065| #3 7| 18
0.0470 0.0007 0.0524 0.1372 ~0.1874 17

We retrieve uj for the four stocks from Table 4 and report u; above.

6.1.3. Computing a price-weighted stock-market index as a benchmark

As a benchmark, we compute a price-weighted stock-market index
(as described by Elton et al. [104, p. 21]) by the average monthly prices
(75.4132, 219.3351, 99.9822, and 201.8013 with the sum 596.5318)
as follows:

75.4132
596.5318
219.3351 0.1264 0.0344
< = | 65318 [ _ [0-3677 2 = | —0.0621
! 99.9822 0.1676 i . .
596.5318 19.1957
201.8013 0.3383
596.5318

We substitute x; into (4), compute z;, and report z; above.
6.1.4. Dominating the stock-market index z; as the benchmark
We compute (10) as follows:
z; = 0.109722 +0.002422 + 0.01652, 23 — 031572, — 0.0977z3 + 1.0183.

Qi et al. [13] prove the expression above as a paraboloid. Therefore
with z;, = 0.0344, we obtain the intersection of plane z; = 0.0344 and
(10) as an ellipse as follows:

0.109722 +0.002422 +0.01652, 23 — 0.31572, — 0.0977z5 + 1.0183 = 0.0344.

10 Data source: https://finance.yahoo.com/, September 25, 2020.
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Rating counter-COVID for the 30 component stocks of Dow Jones Industrial Average of the second quarter of 2020.

Variables

AAPL AMGN AXP BA CAT CRM CSCO CVX DIS DOW GS HD HON IBM INTC JNJ JPM KO MCD MMM MRK MSFT NKE PG TRV UNH V VZ WBA WMT

management ability 1 0
management change 1
management warning 1
return on equity 1
total debt ratio 0
quick ratio 0
total-assets growth 0
product innovation 1
business digitization 1
cooperative relationship 1
cost management 1
profit margin 1
operating-income growth 1
staff communication 0
health and safety 0
humanistic care 0
salary and welfare 1
firm image 1
information quantity 0
information quality 1
thematic setting 0
social contribution 1
medical activity 1
employment assistance 1
social promotion 1
sum, counter-COVID 1
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Table 4

Computing the sample mean of the counter-COVID for the 30 stocks of the first and second quarters of 2020 and assuming the mean as ;.

AAPL AMGN AXP BA CAT CRM CSCO CVX DIS DOW GS HD HON IBM

INTC JNJ JPM KO

MCD MMM MRK MSFT NKE PG TRV UNH V vz WBA  WMT

u3 185 220 180 17.0 16.0 240 145 190 75 180 21.0 21.5 19.0 185

20.5 185 20.0 21.5 220 21.0 235 160 175 18.0 21.0 16.5 21.5 18.0 215

Qi [105] configures portfolios on the ellipse to dominate the stock-
market index z; in sample. We follow the configuration and choose the
following portfolios which dominate the index z;:

z,, = (0.0344,-0.0621,23.2712)
z,5 = (0.0344,0.1924,21.6188)

z,;, = (0.0344,0.0652,22.5972)
z,, = (0.0344,0.3197,19.3739).

We follow Qi [106, pp. 142-144] and compute (4,, 43) for z,,, Z,5, 243,
and z,, as follows:

(0.0547,0.0125) for z,,
(0.0833,0.0088) for z,5

(0.0715,0.0114) for z,,

(0.0741,0.0001) for z,,. (37)

6.1.5. Computing the mean-parameterized nondominated path indirectly
For the four stocks, we expect that the counter-COVID of Apple and

of Boeing will gradually improve, that the counter-COVID of Amgen

will gradually worsen, and that the counter-COVID of American Express
will remain the same. Therefore, we take 4; as follows:

o= -1 0 1"

We compute (15)-(17) as follows:

[ 29.5325 —126.7724| [-0.4890
o | 101638 92.8664 0.8000
07~ 721 _14.7361 3 8.4089 0.6423
—-4.6326 25.4971 0.0467
[ 3573616
—152.7205
hs =431 1607231
—43.9180

X(Ay, A3, 13) = hy + 13h5.
We compute (18)-(20) as follows:

z) = 116.54102315 — (194.141743 — 0.000043 — 35.0637 45 43t
+3.078743 + 141291143 — 2125634, 43 + 0.00004, — 0.00004; + 0.0177
2z, = 35.0637 4515 + 6.15754, — 21.256345 — 0.1338

z3 = 233.08214515 + (35.06374, — 388.2834 43 — 1.2423)1

—21.2563 4, + 282.5823 45 + 20.9087.

6.1.6. Computing the mean-parameterized nondominated path directly
We compute 7,; = 35.0637 # 0 by (22)-(25). We compute (30) as
follows:

70.1277 A3z, — (388.283443 + 2.4845 A3 — 0.00004, 43)z, — 35.0637 42z,
= 215.903943 A3 — 745.3237 4,43 + 0.00004, 43
+0.000043 — 733.136143 + 1.2386 4.

We compute (31) as follows:

1229.461843z3 — 233.08214323

—(18.797243 — 3705.7270A2 — 1640.9347 1, 3)z,

= 13426.519943 43 — 164001.20024, 43 — 4997.92234, A5 + 663352.801243
+43941.034043 + 102.2374 ;.

6.1.7. Checking the domination with t; = 0.05

We specifically scrutinize the sensitivity for z,;, z,,, 2,3, and zy,
with 73 = 0.05. Please note that z;, z,, z,,, Z43, and z,, all change with
t; = 0.05. We compute the new values by (18)-(20) and (37) and check
the domination in Table 5. On the basis of Corollary 1, the change of
Zg1> 22> 243, and z, is mild; z;, and z,, still dominate z;.

6.2. Computation results for Dow Jones Industrial Average and the 30
component stocks

We similarly compute for the 30 component stocks of Dow Jones In-
dustrial Average. One technicality is that the sample covariance matrix
is singular, so we utilize the shrinkage-estimate method of Ledoit and
Wolf [56] with shrinkage-estimate coefficient 0.5. By the instruction
of Elton et al. [104, p. 21], z; is Dow Jones Industrial Average. In
Table 6, We report z,,, z,,, 2,3, and z,, which dominate z; in sample.

In order to verify the effectiveness of multiple-objective portfolio
selection (especially (4)), we choose four out-of-sample periods (as
reported in Table 7) and compare z;; vs. z; as Dow Jones Industrial
Average, z,, VS. Z;, Z43 VS. Z;, and z,, vs. z;. At this moment, we cherish
only the counter-COVID for the first two quarters of the year 2020
and cannot test hypothesis for counter-COVID. However for returns, we
then test the following hypothesis for z;, vs. z;:

H, : expected return of z,;; = expected return of z; (38)
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Table 5
New values of z;, z,,, z,,, z,3, and z,, with 1; =0.05 and the status of dominating z, for the four stocks.
Portfolios z; Z 24 Z3 Zyy
z 0.0344 0.0341 0.0346 0.0349 0.0344
z) -0.0621 —-0.0402 0.0851 0.2078 0.3199
z3 19.2005 23.0701 22.4467 21.5374 19.4390
dominate z;? yes no no yes
Table 6
z; as Dow Jones Industrial Average, z,,, z,,, Z,3, and z,, for the 30 stocks in sample.
Portfolios z; Z, Z Z;3 Zyy
z; 0.0295 0.0295 0.0295 0.0295 0.0295
z, -0.0198 —0.0058 0.0010 0.0079 0.0147
Z3 19.5125 20.8821 20.8040 20.6196 20.0331
Table 7

For four out-of-sample periods in 2020, the sample means of the daily returns of z, as Dow Jones Industrial Average, z,,, z,,,

z,5, and z,,, and the hypothesis result.

Periods zZ; Z,, Z, Z3 Zyy
August 25 to August 31 —0.0043 0.0065** 0.0068*** 0.0071** 0.0071**
September 16 to October 1 —0.0083 —0.0001* —0.0000* 0.0000* 0.0000*
November 25 to December 7 —0.0099 0.0001* 0.0001* 0.0001* 0.0001*
December 21 to December 29 —0.0040 0.0003* 0.0005* 0.0006* 0.0006*

Symbols *, **, and *** denote 0.10, 0.05, and 0.01 levels of significance, respectively.

H, : expected return of z;; > expected return of z;

We operate paired #-tests (as described by Anderson et al. [107, pp. 481-
484]) for (38) for list the result in Table 7. z;, z,,, 24, 243, and zy,
are listed in the first row. In the second row, August 25, 2020 to
August 31, 2020 is taken an out-of-sample period. For the period,
the sample means of the daily returns of z; and z, are —0.0043
and 0.0065, respectively. The p-value for (38) is less than 0.05 (as
symboled by **). We reject H,, and accept H, of (38) and conclude that
z,, significantly outperforms Dow Jones Industrial Average. In similar
format, the hypothesis result of z,, vs. z;, z,, Vs. z;, 2,3 VSs. Z;, and z,, Vs.
z; for the four periods are listed. z,;, z,,, z,3, and z,, all significantly
outperform Dow Jones Industrial Average in all the four periods.

We compute (18)-(20) as follows:

z) = 1242234315 — (24.511245 + 067534543 — 0.000043)15

+0.090143 + 143.632843 + 2.9427 4, 43 — 0.00004, — 0.00005 + 0.0242
2y = =0.67534513 + 0.18034, + 2.94274; — 0.0287

23 = 24.8445 515 — (0.6753 4, +49.0225 5 — 0.0955)t5

+2.94272, + 28726565 + 19.1521.

We compute (30) as follows:

—1.350643z) — (49.022543 — 0.190945 — 0.00004543)z; + 0.675343 2,
= 0.000043 43 + 0.00004, 43
—0.00224, 3 — 0.000043 + 13.21424% — 0.03544;.

We compute (31) as follows:

0.456043z5 — 24.8445 1323 — (1.363843 — 113.116943 — 8.5007 A1 43)z,
= 11655433 + 68.51454, 43 +2.0167 4y A3 + 917.002543
+37.013843 — 0.35124;.

We specifically examine the sensitivity for z,;, z;,, z,3, and z,, with
t; = 0.05. We compute the new values and check the domination in
Table 8. z,, z;,, 2,43, and z,, all still dominate z;.

13

7. Conclusions
7.1. Future directions

For counter-COVID, we can further consider categories managers,
fund providers, products, employees, media, and society. We extend
(4) by considering the categories and correspondingly construct the

following model:
min z; = x’ Ix

(39

max z, = X' g,

max z, = X' g, managers
max zs = X! us fund providers
max zg = X! pg products
max z; = x' u; employees
max zg = X! pg media

T

max zg = X' Hg society

subject to ATx = b,

where pu, ... uy are vectors of stock expected objectives for the cat-
egories of counter-COVID (i.e., managers, fund providers, products,
employees, media, and society), z, ... zy measure the portfolio expected
objectives, A is a constraint matrix, b is the right-hand-side vector,
constraint A”x = b extends constraint x’1 = 1 of (4).

Moreover, because of the uncertainty in measuring the categories,
we perform the following robust optimization:
min z; = x! 2x (40)
max z, = X',
max zy = X! (py + t444)
max zs = X' (s + t54s)

max zg = X' (g + tgAg)

max z; = X! (7 + t744)
max zg = X! (g + t3Ag)
max zg = X* (Hg + g Ag)

subject to ATx = b,
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Table 8

New values of z;, z,,, 2,5, Z;3, and z,, with 7; = 0.05 and the status of dominating z, for the 30 stocks in sample.
Portfolios z; z, Zy, Z3 Zyy
z 0.0295 0.0294 0.0294 0.0294 0.0295
z, —-0.0198 —0.0060 0.0009 0.0077 0.0147
z3 19.5156 20.8722 20.7942 20.6108 20.0284
dominate z;? yes yes yes yes

where ¢, ... 14 are (scalar) parameters for the uncertain amount, 4, ... 4¢ [7] Sharpe WF. Optimal portfolios without bounds on holdings. Graduate School

are fixed vectors for specific directions, and 7,4, ...194, dictate the
uncertainty in measuring py ... go.

Qi and Steuer [14] resolve the general model (39). We could
enhance the research and resolve (40).

7.2. Concluding remarks

For the implications, investors can develop counter-COVID mea-
sures and treat them as additional objectives in portfolio selection.
Hence, efficient frontiers extend to efficient surfaces. Investors thus
enjoy more freedom of choices by balancing and selecting objectives
(i.e., variance, expected return, and expected counter-COVID). Tenta-
tive empirical results demonstrate that investors can construct portfo-
lios to outperform Dow Jones Industrial Average in sample and out of
sample.

Because of the inherent uncertainty in measuring counter-COVID,
investors deploy robust optimization (5) and recognize mean-paramet-
erized nondominated paths as the analytical solution of (5) by Theo-
rem 2. Specifically, investors can readily exploit the solutions (e.g., (30)
and (31)) by Theorems 3-4. Moreover due to the continuity of mean-
parameterized nondominated paths, investors conclude the multiple-
objective portfolio selection (4) as relatively robust; that is, minute
13 results in relatively small change of (z;,z,, z3) of (5). Technically,
investors can pinpoint some portfolios of (4) in order to dominate
stock-market indexes and verify the domination by the 30 component
stocks of Dow Jones Industrial Average. Furthermore, the domination
basically still holds for minute 75 (e.g., 13 = 0.05).
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