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A B S T R A C T

To relieve human order pickers from unproductive walking through a warehouse, parts-to-picker systems
deliver demanded stock keeping units (SKUs) toward picking workstations. In a wide-spread parts-to-picker
setup, a crane-operated automated storage and retrieval system (ASRS) delivers bins with demanded SKUs
toward an end-of-aisle picking workstation and returns them back into the rack once the picks are completed.
We consider the scheduling of the crane that operates subsequent dual commands. Each dual command
combines a retrieval request for another SKU bin demanded at the picking workstation with a storage request,
where a bin that has already been processed and passed through the bin buffer is returned to its dedicated
storage position in the ASRS. This system setup in general and the resulting crane scheduling problem in
particular have been an active field of research for more than 30 years. We add the following contributions to
this stream of research: We finally prove that the crane scheduling problem is strongly NP-hard. Furthermore,
we show that, although only a single vehicle (namely, the crane) is applied, the problem is equivalent to the
traditional vehicle routing problem (VRP). This opens the rich arsenal of very efficient VRP solvers, which
substantially outperform existing tailor-made algorithms from the literature.
1. Introduction

In the wake of ever increasing e-commerce sales (e.g., see Statista,
2019), up-to-date warehouses more and more evolve into complex,
technology-enriched, and mission-critical fulfillment factories. Tradi-
tional picker-to-parts warehouses are often not efficient enough to
fulfill the ambitious service requirements of modern retailing. In these
traditional systems, human pickers walk (or drive on a picking cart)
from shelf to shelf when retrieving demanded stock keeping units
(SKUs). To avoid the resulting unproductive walking (or driving) effort
during order picking, which is frequently cited to account for 55% of
the total warehouse operating expense (e.g. De Koster et al., 2007),
parts-to-picker systems automate parts of the fulfillment process and
trade off wage costs with long-term invest costs for material handling
machinery.

Any parts-to-picker warehousing system consists of (at least) three
parts. The SKU supply subsystem stores SKUs in bins (or other containers)
and delivers them toward stationary pickers upon request. After pick-
ing, the bins are returned into the SKU supply system. Since retrieving
pieces of SKUs with varying dimensions, stability, and uneven surface
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structure from bins is still hardly automatable these days, at least
not with a competitive performance (Azadeh et al., 2019), human
order pickers located in picking workstations constitute the picking
subsystem of a parts-to-picker warehousing system. Furthermore, we
have a conveyor system in between both previous subsystems that also
serves as a bin buffer to uncouple the previous two subsystems.

We consider a basic and well-established parts-to-picker setup,
where a crane-operated rack system supplies an end-of-aisle picking
workstation. This basic setup is schematically depicted in Fig. 1. There
exist alternative ASRSs, such as compact Autostore systems (Zou et al.,
2018), carousels (Litvak and Vlasiou, 2010), and lift-and-shuttle sys-
tems (Azadeh et al., 2019). We, however, address the most widespread
setup, with a tradition dating back to the 1950s (Allied Market Re-
search, 2020). In a crane-operated racking system (see Fig. 1), a crane
(also denoted as storage and retrieval machine), which moves on rails
mounted to the floor and ceiling, services an aisle of racks to the left
and right (Boysen and Stephan, 2016). For retrieving a SKU bin (or
pallet or other container) from a shelf and returning it, the crane is
equipped with a shuttle having some fork or conveyor mechanism.
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Fig. 1. Basic setup of an end-of-aisle picking workstation supplied by a crane-operated ASRS.
Once retrieved, the crane moves the current bin to the input output
(IO) point, located at the front-end of the aisle. Here, the bin is placed
onto a horseshoe conveyor that connects the picking subsystem. To
reduce unproductive crane movement, so-called dual commands are
the preferred mode of crane operations. Instead of moving back empty
in order to fetch the next SKU bin, the crane loads another bin to be
stored back into the ASRS when returning from the IO point. Thus, a
dual command combines a storage and retrieval request between any
two subsequent visits at the IO point (Boysen and Stephan, 2016).

The conveyor transports a SKU bin toward the end-of-aisle picking
workstation, which is also denoted as the picking bay (Dallari et al.,
2009). The conveyor also operates as a bin buffer that uncouples
crane and picking workstation, so that neither of them has to wait
for any delay of the other subsystem. Within the bin buffer, SKU bins
successively move forward slot by slot until a SKU bin is activated and
loaded into the picking workstation. In parallel to the progression of
SKU bins, another kind of bin is loaded into the workstation. Such a
bin is initially empty and associated with a specific picking order. It
receives the demanded pieces of SKUs defined on its order’s pick list,
and we call this second kind of bins the order bins. Announced on a
monitor or indicated by a put-to-light display, the picker is informed
on the number of pieces of the current SKU demanded by the active
order bin. She receives the pieces from the SKU bin, puts them into
the respective order bin, and confirms the pick by pressing a button.
Once an order bin has received all demanded pieces, it progresses
onward to the shipping area and is replaced by the next order bin. SKU
bins that are no longer demanded also move onward and are added
to the queue of storage requests in front of the IO point, where they
are subsequently returned in a first-in-first-out (FIFO) manner by the
crane into the ASRS. In such a picking system, human order pickers
can process up to 1000 order lines per hour (De Koster et al., 2007;
De Koster, 2007), so that picking workstations are among the most
efficient picking devices (Füßler and Boysen, 2019).

Given this widespread parts-to-picker setup, this paper aims to
optimize the dual commands operated by the crane of the ASRS when
supplying the end-of-aisle picking workstation with demanded SKU
bins and returning them after the picks are completed. A SKU bin
that is retrieved from the ASRS and delivered toward the picking
workstation has to be stored back into the ASRS after passing the
fixed-length bin buffer of the picking workstation, so that storage and
2

retrieval requests are interdependent and cannot be combined without
restriction. By minimizing the empty crane travel while processing
the dual commands, the bin throughput of the ASRS, which due to
its high investment costs is often the bottleneck resource (Füßler and
Boysen, 2019), is increased. The end-of-aisle part-to-picker setup in
general (Bozer and White, 1990; Foley et al., 2004) and the resulting
crane scheduling problem in particular (Bozer and White, 1996; Ma-
hajan et al., 1998; Baardman and Roodbergen, 2016; Baardman et al.,
2021) have been under research for more than 30 years. In this paper,
we add the following research contributions to this stream of research:

• We finally settle the computational complexity of the crane
scheduling problem and prove that the problem is strongly NP-
hard. Note that Baardman et al. (2021) show that instances of
the end-of-aisle crane scheduling problem can be transformed into
instances of a special case of the multiple traveling salesman prob-
lem (mTSP). However, this merely demonstrates that the mTSP is
at least as hard as crane scheduling, which is unsurprising, given
the mTSP’s NP-hard nature, but does not prove NP-hardness of
our crane scheduling problem. A more detailed explanation of this
matter is given in the Appendix.

• In spite of this (on first sight daunting) result, we furthermore
show that the problem, although it applies only a single vehicle
(namely the crane), is a special case of the capacitated vehicle
routing problem (VRP). This transformation opens up the rich
arsenal of very efficient exact and heuristic VRP solvers developed
in decades of research by the vehicle routing community. By
applying a state-of-the-art VRP solver, we obtain high-quality
solutions to large instances a matter of seconds or minutes, vastly
outperforming previous heuristics from the literature in terms of
both speed and solution quality.

• Finally, solving much larger instances allows us to systematically
investigate the impact of differently sized bin buffers. Hence, we
can derive some decision support for warehouse managers having
to design an end-of-aisle picking system.

The remainder of the paper is structured as follows. Section 2 reviews
the related literature. Then, 3 defines our crane scheduling problem.
Computational complexity is investigated in Section 4, and equivalence
with the well known vehicle routing problem is shown in Section 5. In
Section 6, we benchmark our solution approach with those of previous
research. Finally, Section 7 concludes the paper.
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2. Literature review

We cannot provide an exhaustive survey on the research efforts
related to the SKU supply and the picking subsystems, because either
of them have attracted a considerable amount of papers. Instead, we
refer to existing survey papers on crane operated ASRS by Gagliardi
et al. (2012) as well as Roodbergen and Vis (2009), crane scheduling
in ASRS by Boysen and Stephan (2016), and picking workstations
by Boysen et al. (2019). In the following, we briefly characterize the
most important decision problems when setting up and operating an
end-of-aisle parts-to-picker system, survey important papers, and relate
them to our specific crane scheduling problem:

Layout:When setting up an end-of-aisle parts-to-picker system, the main
ecisions to be taken are the sizing of the ASRS (mainly regarding the
ength and height of the racking aisle, see also Roodbergen and Vis,
009), the sizing of the bin buffer along the horseshoe conveyor, and
he layout of the picking workstation. Regarding the latter, it has to
e decided whether a single order bin at a time is assembled or the
icker has access to multiple parallel orders. The latter is advantageous,
f multiple orders demand the same SKUs, so that SKU bin deliveries
an be saved (Füßler and Boysen, 2019). Existing decision support for
valuating a specific layout with regard to its prospective throughput
s based on simulation (Manzini et al., 2006; Andriansyah et al., 2010,
014), queuing models (Park et al., 1999; Claeys et al., 2016; Tappia
t al., 2019) or analytical closed-form expressions (Bozer and White,
990; Foley et al., 2004). We presuppose a given system layout consist-
ng of a bin buffer with a given bin capacity and a picking workstation
hat only processes one order bin at a time (see Fig. 1).

torage assignment: Ever since the seminal paper of Hausman et al.
1976), the main storage assignment policies within an ASRS (namely,
edicated storage, random storage, closest open location, full-turnover-
ased storage, and class-based storage, for details see Roodbergen and
is, 2009) have received considerable attention. These policies decide
here to store each SKU bin in the aisle of our ASRS. In-depth reviews
n this topic are provided by Roodbergen and Vis (2009) as well
s Gagliardi et al. (2012). In this paper, we assume a dedicated storage
olicy, where each SKU bin is retrieved from and stored back into a
iven shelf position in the racks.

rane scheduling: Erecting an ASRS is costly; Roodbergen and Vis
2009), for instance, report that an aisle costs $634,000. Moreover,
SRS are based on plenty fixed hardware, so that once erected they are
arely scalable. Therefore, the ASRS is often the bottleneck resource in
parts-to-picker system (see also Füßler and Boysen, 2019). Hence,

fficiently executing the storage and retrieval requests of the crane is
f utmost importance. In this context, our paper addresses an efficient
cheduling of the crane in the ASRS when executing a given set of
torage and retrieval requests. Important contributions providing exact
olution procedures with polynomial runtime in this field stem from Lee
nd Schaefer (1997), who optimally pair storage and retrieval requests
o dual commands with a front-end IO point, and Van den Berg and
ademann (1999), who determine dual commands for a fixed sequence
f storage requests and IO points at both ends of the aisle. The latter
esult is extended by Gharehgozli et al. (2017) for problems without
iven sequence of storage requests. Further polynomial-time algorithms
or special cases have been developed, e.g., by Dooly and Lee (2008)
nd Gharehgozli et al. (2021). For a tabular overview of related crane
cheduling problems and their complexity status, we refer to Baardman
t al. (2021, Table 1). An extensive review on these and other crane
cheduling problems in ASRS is provided by Boysen and Stephan
2016). These papers, however, neglect the interdependence of crane
cheduling with the picking subsystem. Storage and retrieval requests
annot arbitrarily be combined to dual commands, but a retrieval
equest delivered to the picking workstation becomes a storage request
3

fter completion and passing the bin buffer. This interdependence
is considered by Bozer and White (1996), Mahajan et al. (1998),
Baardman and Roodbergen (2016) and Baardman et al. (2021), who are
our predecessors to address the end-of-aisle crane scheduling problem.
Simple heuristics, such as nearest neighbor, are presented by Bozer
and White (1996) and Mahajan et al. (1998). They, however, only
address systems with a buffer capacity of two bins. Larger bin buffers
of arbitrary given size are investigated by Baardman and Roodbergen
(2016) and Baardman et al. (2021), who also extend the problem by
considering waiting times. They show that the problem without waiting
times is a special case of the multiple traveling salesman problem
(mTSP) and propose an exact branch-and-cut approach as well as a
simulated annealing heuristic tailored to the scheduling problem. With
these procedures, they are able to solve instances with up to 40 requests
and a bin buffer of 5. We build up on these predecessors, take up the
problem setting without waiting times defined there, and contribute by
settling the computational complexity, leveraging a reformulation as a
VRP to use state-of-the-art solution techniques that allow us to solve
instances with hundreds of requests within a few seconds or at most
minutes, and deriving insights into the design of end-of-aisle systems
with regard to the bin buffer.

Dwell point: Locating the dwell point where the crane waits for its
next request only occurs during idle time. Important contributions to
minimize the response time when relocating the crane toward a new
request that just popped up are provided by Egbelu (1991), Egbelu
and Wu (1993), Bozer and White (1984) and Van den Berg (2002).
In our setting, the ASRS is the bottleneck resource of the parts-to-
picker system, so that no idle time occurs. Instead, we assume a given
set of SKU bins that already wait to be delivered toward the picking
workstation and to be returned into the ASRS once the picks are
completed.

Order processing: The order bins and their SKU demands to be satisfied
in the end-of-aisle picking workstation heavily impact the sequence of
SKU bins to be retrieved from the ASRS. If a current order demands
pieces of multiple different SKUs, then the corresponding SKU bins
should be delivered in direct succession in order to quickly completing
this order. Intermixing this SKU delivery sequence with other (currently
not demanded) SKUs, only produces additional crane effort without
contributing to order completion. Furthermore, if a picking workstation
has multiple storage slots for processing multiple order bins in parallel,
then batching orders demanding the same SKUs can reduce the number
of SKU bin deliveries. An optimization approach for this problem is
provided by Füßler and Boysen (2019). Similar batch synchronization
problems for other parts-to-picker system are provided by Füßler and
Boysen (2017) and Boysen et al. (2017) for put-to-light and shelf-lifting
mobile robots systems, respectively. The end-of-aisle crane scheduling
problem only considers single-SKU orders where each pick list ex-
clusively consists of a single order line. These orders build the vast
majority in B2C online sales, where customer households tend to order
few pieces per order (Boysen et al., 2019). Bansal et al. (2021), for
instance, report on real-world order data from a large e-commerce
retailer, where more than 95% of all orders follow this structure. Single-
SKU orders allow that the SKU bins required by a given order set can be
brought to the picking workstation in arbitrary order. Note that, since
we follow the problem definition of our predecessors, this assumption
is also contained in their research but not explicitly elaborated there.

3. Problem definition

This section defines the end-of-aisle crane scheduling problem,
whose underlying setup is based on the following components. Note
that, for convenience, the mathematical notation is summarized in

Table 1.
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Table 1
Notation for the end-of-aisle crane scheduling problem.

Sets

𝑆0 Set of SKU bins in the buffer at the beginning of the planning run, 𝑆0 = {𝑠1 ,… , 𝑠𝑏}
𝑆 Set of SKU bins to be retrieved, 𝑆 = {𝑠𝑏+1 ,… , 𝑠𝑏+𝑛}

Parameters

𝑏 Size (in number of SKU bins) of the buffer
𝑛 Number of SKU bins to be retrieved
𝑑𝑠,𝑠′ Travel distance of the crane between the storage positions associated with SKU bins 𝑠, 𝑠′ ∈ 𝑆0 ∪ 𝑆

Variables

𝜋 Sequence with 𝑏+ 𝑛 elements, defining the order in which the SKU bins in 𝑆0 ∪𝑆 are delivered to the picking station; 𝜋𝑗 ∈ 𝑆0 ∪𝑆 is the SKU bin at sequence position 𝑗
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• SKU supply subsystem: We have a single crane that operates in
a single aisle with racks for SKU bins to the left and right. The
crane operates dual commands when retrieving homogeneous
SKU bins all containing multiple pieces of a specific SKU from
their dedicated storage positions and returning them back there
after picking.

• Picking subsystem: We have a single end-of-aisle picking worksta-
tion, where a single human picker removes demanded pieces from
SKU bins and puts them into subsequently active order bins. The
workstation only processes single-SKU orders, so that SKU bins
can be processed in any sequence.

• A bin buffer interconnects both previous subsystems. A horseshoe
conveyor constitutes a first-in-first-out buffer with a fixed number
of 𝑏 slots that are subsequently passed. One of these slots is the
storage position in the picking workstation, and when reaching
the final slot the bin is the next to be returned into the ASRS by
the crane.

Initially, we have a set 𝑆0 = {𝑠1,… , 𝑠𝑏} of 𝑏 SKU bins that have
already been retrieved from the ASRS and are left over from the
preceding planning run in the bin buffer. Derived from the given set
of picking orders, we also have an additional set 𝑆 = {𝑠𝑏+1,… , 𝑠𝑏+𝑛}
of 𝑛 SKU bins to be retrieved from the ASRS and delivered toward the
picking workstation during the current planning run. The last 𝑏 bins
of the current planning run then, again, are the leftovers 𝑆0 for the
next planning run, and so on. The crane operates dual commands when
delivering SKU bins, so that the retrieval of a SKU bin in the 𝑗th dual
command is combined with the storage request of the SKU bin delivered
during the (𝑗 − 𝑏)th dual command. Since we have a queue based first-
in-first-out bin buffer, each newly arrived SKU bin becomes the bin to
be returned back into the storage subsystem after successively moving
through the 𝑏 buffer positions.

In this setting, a solution is represented by a SKU sequence 𝜋 that
defines the sequence in which the 𝑏+𝑛 SKU bins of 𝑆0∪𝑆 are delivered
toward the picking workstation. Note that 𝜋𝑗 defines the SKU bin
delivered at sequence position 𝑗. The first 𝑏 sequence positions are
fixed with those given SKU bins already delivered during a previous
planing run and to be returned into the ASRS. Furthermore, we have
𝑛 free sequence positions, where a permutation of 𝑆 = {𝑠𝑏+1,… , 𝑠𝑏+𝑛}
defines the delivery sequence of all demanded SKUs. Note that such a
permutation ensures that each demanded SKU bin is delivered exactly
once and that each sequence position receives exactly one SKU bin.

Given this decision context, we aim to minimize the empty move-
ment of the crane when moving empty during a dual command between
the storage of a bin returned into the ASRS and the retrieval of the next
SKU bin summarized over all dual commands processed by the crane.
The loaded movement, where the crane transports a SKU bin either as
a storage or retrieval request, are inevitable once the sets of SKU bins
𝑆0 and 𝑆 are defined. Each of these bins has to be retrieved from its
dedicated storage position and returned to this position exactly once, so
that this part of the crane’s workload is fixed and cannot be influenced
by SKU sequence 𝜋. Thus, only the empty crane movement connecting
the pairs of storage and retrieval request per dual command can be
influenced. However, storage and retrieval requests cannot arbitrarily
4

C

e paired. Due to the queue based first-in-first-out bin buffer, it is
lways the storage move of SKU bin 𝜋𝑗 delivered within the (𝑗 − 𝑏)th
ual command to be paired with SKU bin 𝜋𝑗+𝑏 retrieved during the 𝑗th
ual command (𝑗 = 1,… , 𝑛). Thus, we seek a SKU sequence 𝜋, which

minimizes

𝑍(𝜋) =
𝑛
∑

𝑗=1
𝑑𝜋𝑗 ,𝜋𝑗+𝑏 , (1)

where 𝑑𝑠,𝑠′ defines the travel distance of the crane between the storage
positions dedicated to SKUs 𝑠 and 𝑠′. We dub this problem EOA-CSP
(end-of-aisle crane scheduling problem). Note that if potential sav-
ings of loaded crane travel were considered in our objective function,
unattractive SKUs from the rearmost storage positions would be left in
our bin buffer at the end of a SKU sequence. Their return, however,
cannot be avoided but is only deferred to the next planning run where
the leftover SKU bins constitute the initial bin buffer content 𝑆0 of
the next instance. Thus, over the long run, nothing can be saved, and
we exclude potential savings of loaded crane travel in the objective
function. Further note that crane travel in an ASRS typically follows
a Chebyshev (maximum) metric, i.e., the distance between two points
(𝑥0, 𝑦0) and (𝑥1, 𝑦1) in the plane is measured as max{|𝑥0 − 𝑥1|, |𝑦0 − 𝑦1|}.
or ASRS, this is often appropriate because crane and shuttle are pro-
elled by separate engines and can move simultaneously (see Boysen
nd Stephan, 2016).

xample: Consider the example of Fig. 2, where set 𝑆 = {𝐴,𝐸,𝐺,𝐾} of
KU bins is to be retrieved from an ASRS that stores all SKUs A to L in
edicated storage positions. The single end-of-aisle picking workstation
s fed by a bin buffer with 𝑏 = 3 slots, which is initially filled with
KU bins 𝑆0 = {𝐶,𝐷, 𝐹 } left over from the previous planning run.
hey have to be returned into the ASRS in the sequence ⟨𝐶, 𝐹 ,𝐷]. We
easure distances as the numbers of shelf spaces passed by the crane

ccording to the Chebyshev metric. Solution 1 represents SKU sequence
1 = ⟨𝐶, 𝐹 ,𝐷,𝐴,𝐾,𝐺,𝐸] and leads to an empty crane travel, indicated
y the red arrows, of 𝑍(𝜋1) = 2 + 1 + 1 + 1 = 5. Solution 2, instead,
ervices SKU bins in sequence 𝜋2 = ⟨𝐶, 𝐹 ,𝐷,𝐾,𝐺,𝐴,𝐸], which leads to
n objective value of 𝑍(𝜋2) = 2 + 1 + 3 + 2 = 8.

. Analysis of computational complexity

In this section, we show that EOA-CSP constitutes a complex op-
imization problem and is strongly NP-hard. Note that Baardman and
oodbergen (2016) and Baardman et al. (2021) show that EOA-CSP
an be reduced to a special case of the multiple traveling salesman
roblem (mTSP). This, however, is not sufficient to settle its complexity
tatus, because it only demonstrates that the mTSP is at least as hard
s the EOA-CSP (but not vice versa), which does not allow drawing
onclusions as to the EOA-CSP’s complexity.

emma 1. EOA-CSP with buffer size 𝑏 = 1 constitutes a special case of
he path version of the traveling salesman problem (TSP).

roof. For the most restricted case with buffer size 𝑏 = 1, EOA-
SP reduces to finding a minimum-distance schedule that starts with
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Fig. 2. Example for our end-of-aisle crane scheduling problem (EOA-CSP).
fixed SKU bin 𝜋1 and processes all retrieval requests 𝑗 ∈ 𝑆0 ∪ 𝑆 =
{𝑠1, 𝑠2,… , 𝑠𝑛+1} exactly once. Directly after the retrieval of SKU bin
𝜋𝑖 (𝑖 = 1,… , 𝑛), the crane proceeds with storing SKU 𝜋𝑖 back into
the ASRS again. This leads to an empty movement from the storage
location of storage request 𝜋𝑖 to the storage location of next retrieval
𝜋𝑖+1 during a dual command. Optimizing the empty movement is then
equivalent to solving the path version of a TSP with a given start
location. Thereby, the travel distances 𝑑𝑠,𝑠′ between the locations 𝑠, 𝑠′ ∈
{1, 2,… , 𝑛 + 1} to be visited follow the two-dimensional Chebyshev
(maximum) metric. □

Without loss of generality, we can assume all storage locations to
be visited having integer coordinates. EOA-CSP with buffer size 𝑏 = 1
is, thus, very similar to the path version of the geometric TSP (G-TSP)
with Manhattan distances.

G-TSP (path version) with Manhattan distances: Given a set
𝑃 of points with integer coordinates in the plane and two specified
points 𝑠, 𝑡 ∈ 𝑃 . Among all paths that start in 𝑠, visit every point in
𝑃 exactly once, and end in 𝑡, find one that has the minimum total
length according to Manhattan distances 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = |𝑥1 − 𝑥2|+
|𝑦1 − 𝑦2| for all (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑃 .

The only differences between G-TSP with Manhattan distances and
EOA-CSP with 𝑏 = 1 are the following:

• EOA-CSP employs the Chebyshev metric 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) =
max{|𝑥1 − 𝑥2|; |𝑦1 − 𝑦2|} instead of the Manhattan metric, and

• EOA-CSP does not presuppose a predefined endpoint of the crane
schedule.

By proving the following theorem, we show that the strong NP-hardness
result for G-TSP (see Papadimitriou (1977)) carries over to EOA-CSP
with 𝑏 = 1.

Theorem 1. EOA-CSP is strongly NP-hard, even if the buffer size is 𝑏 = 1.

Proof. Papadimitriou (1977) proves that the tour version as well
as the path version (i.e., with a given start and a given end point)
of G-TSP is strongly NP-hard when applying either discretized Eu-
clidean distances 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = ⌈

√

(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2⌉ or
Manhattan distances 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = |𝑥1 − 𝑥2| + |𝑦1 − 𝑦2| for all
(𝑥 , 𝑦 ), (𝑥 , 𝑦 ) ∈ 𝑃 . The proof remains valid when applying Chebyshev
5

1 1 2 2
distances 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max{|𝑥1 − 𝑥2|; |𝑦1 − 𝑦2|} instead, since
the Chebyshev and the Manhattan metric are equivalent under a
45◦-rotation (see Garey and Johnson, 1979). Moreover, in the transfor-
mation scheme of Papadimitriou (1977) for the path version of G-TSP
there is exactly one further node besides the given start point of the
path that has only one node in its direct neighborhood. This further
node is the only candidate node for being the end point of the path.
Consequently, even allowing for an arbitrary endpoint of the path does
not alter the complexity status of the path version of G-TSP. Thus,
EOA-CSP is strongly NP-hard even if 𝑏 = 1. □

Regarding the impact of the buffer size, Baardman et al. (2021)
show that any instance of EOA-CSP with any arbitrary buffer size 𝑏 ≥ 1
can be transformed to an instance of the multiple traveling salesmen
problem with equal visits (mTSPEV). While that alone does not settle the
complexity status of EOA-CSP, Theorem 1 demonstrates NP-hardness
of EOA-CSP with buffer size 𝑏 ≥ 1, as this is a generalization of the
𝑏 = 1 case. Note that in edge cases, if buffers are very large, EOA-CSP
becomes tractable. Specifically, if the buffer size equals the number
of requests (𝑏 = 𝑛), EOA-CSP becomes polynomially solvable as a
matching problem. We discuss the consequences of this further in our
numerical study in Section 6.

5. EOA-CSP is a special case of the vehicle routing problem

Our complexity analysis shows that EOA-CSP constitutes a challeng-
ing optimization problem. In this section, however, we show that we do
not have to start the development of tailor-made heuristics and exact
algorithms like our predecessors in this field. Instead, building on the
work of Baardman et al. (2021), we prove that EOA-CSP is actually
equivalent to a special case of the well-know vehicle routing problem
(VRP). This allows us to stand on the shoulder of giants and solve EOA-
CSP instances with the large arsenal of VRP solution methods derived
by previous research.

Lemma 2. For each 𝑘 ∈ {0,… , 𝑏−1}, the empty crane movement included
in all dual commands 𝑐𝑗 with 𝑗 mod 𝑏 = 𝑘 jointly build a path.

Proof. Due to the queue based first-in-first-out bin buffer of our
part-to-picker system, it is always the storage move of SKU bin 𝜋
𝑗
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(i.e., delivered during dual command 𝑐𝑗−𝑏) to be combined with the
retrieval move of SKU bin 𝜋𝑗+𝑏 to dual command 𝑐𝑗 (for all 𝑗 = 1,… , 𝑛).
Thus, after storing SKU bin 𝜋𝑗 , the crane executes an empty crane move
from the storage position of 𝜋𝑗 to the storage position of SKU 𝜋𝑗+𝑏 and
proceeds with the retrieval of 𝜋𝑗+𝑏. After storing SKU bin 𝜋𝑗+𝑏 again
(i.e., in dual command 𝑐𝑗+𝑏), the crane executes an empty crane move
from the storage position of 𝜋𝑗+𝑏 to the storage position of SKU 𝜋𝑗+2𝑏
and proceeds with the retrieval of 𝜋𝑗+2𝑏 (for all 𝑗 = 1,… , 𝑛 − 𝑏). The
empty crane move included in 𝑐𝑗+𝑏 (for 𝑗 = 1,… , 𝑛 − 𝑏), thus, starts
where the empty crane move included in 𝑐𝑗 ends. This, however, allows
for a merging of the empty crane movements contained in all dual
commands 𝑐𝑗 with 𝑗 ∈ {1,… , 𝑛} and 𝑗 mod 𝑏 = 𝑘 for a 𝑘 ∈ {0,… , 𝑏−1}
to one path. □

In the following, we show that EOA-CSP with buffer size 𝑏 is a
special case of a variant of the capacitated VRP. We dub this variant
VRP∗. Specifically, VRP∗ is defined as follows.

VRP∗: Given are a set 𝐶 = {1, 2,… , |𝐶|} of cities, a set 𝑉 =
{1, 2,… , |𝑉 |} of vehicles, and distances 𝑑(𝑐, 𝑐′) ∈ 𝑍+ for each pair of
cities 𝑐, 𝑐′ ∈ 𝐶. Moreover, for each vehicle 𝑣 ∈ 𝑉 , there is given a
capacity 𝑤𝑣 ∈ 𝑍+ and an initial start location 𝑠𝑣 ∈ 𝐶. The task consists
in defining exactly one open route (i.e., without a final return to the
start location) per vehicle in such a way that

• all cities 𝑐 ∈ 𝐶 are contained in a route,
• each vehicle 𝑣 ∈ 𝑉 starts its route at 𝑠𝑣,
• the number of cities visited by vehicle 𝑣 is not larger than 𝑤𝑣 for

all 𝑣 ∈ 𝑉 , and
• the total length of all routes is minimum among all solutions

meeting the previous constraints.

Note that the limited numbers of cities per route directly translate into
capacity constraints of the vehicles.

Theorem 2. EOA-CSP with buffer size 𝑏 is a special case of VRP∗ with 𝑏
vehicles moving according to the Chebyshev metric in the plane.

Proof. According to Lemma 2, a solution to EOA-CSP with buffer size
𝑏 decomposes into 𝑏 paths of empty crane movements. 1+(𝑛−1) mod 𝑏
of these paths consist of ⌈ 𝑛

𝑏 ⌉ arcs and in the case of 𝑛 mod 𝑏 ≠ 0 there
are 𝑏−1−(𝑛−1) mod 𝑏 paths consisting of ⌊ 𝑛

𝑏 ⌋ arcs. 𝜋1, 𝜋2,… , 𝜋𝑏 are the
starting points of these paths, whereas 𝜋1, 𝜋2,… , 𝜋1+(𝑛−1) mod 𝑏 belong to
paths consisting of ⌈ 𝑛

𝑏 ⌉ arcs. Next, we describe how EOA-CSP translates
nto VRP∗.

The set of storage positions {𝜋1, 𝜋2,… , 𝜋𝑛+𝑏} and the 𝑏 paths of EOA-
CSP translate into the set of cities 𝐶 and the routes for 𝑏 vehicles 𝑉 =
{1, 2,… , 𝑏} of VRP∗, respectively. Thereby, 𝜋1, 𝜋2,… , 𝜋𝑏 of EOA-CSP
serve as starting locations 𝑠1, 𝑠2,… , 𝑠𝑏 of VRP∗, respectively. Finally,
the maximum number of cities in routes 1, 2,… , 1 + (𝑛 − 1) mod 𝑏 of
EOA-CSP is ⌈ 𝑛

𝑏 ⌉+1 and the maximum number of cities in the remaining
outes 𝑉 ⧵ {1, 2,… , 1+ (𝑛−1) mod 𝑏} is ⌊

𝑛
𝑏 ⌋+1. Note that in a feasible

solution to the resulting VRP∗ instance, all routes must have exactly
these maximum lengths, which allows for retranslating the solution of
the VRP∗ instance into the solution of the EOA-CSP instance. Otherwise,
it would not be possible to visit all cities. □

Example: Consider set 𝑆 = {𝐴,𝐵,𝐸,𝐺, 𝐽 ,𝐾,𝐿} of SKU bins to be
retrieved from an ASRS. Again, our picking workstation is fed by a
bin buffer with 𝑏 = 3 slots, which is initially filled with SKU bins
𝑆0 = {𝐶,𝐷, 𝐹 } to be returned into the ASRS in sequence ⟨𝐶, 𝐹 ,𝐷] (see
Fig. 3). The solution represents SKU sequence 𝜋 = ⟨𝐶, 𝐹 ,𝐷,𝐴,𝐾,𝐺,𝐸,
𝐵, 𝐿, 𝐽 ] and results in 𝑏 = 3 paths 𝐷−𝐺−𝐿, 𝐶−𝐴−𝐸−𝐽 and 𝐹 −𝐾−𝐵
of empty crane moves. The empty crane travel in these paths equals the
tour length of three truck tours that amount to 2, 4 and 3, respectively.
Thus, the objective value of both EOA-CSP and its corresponding VRP
amounts to 𝑍(𝜋) = 9.
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Table 2
Parameters for instance generation.

Description Values

Gross slot size 1.2 × 1.5 m
Rack size 50 × 16 slots
Crane’s vertical speed 24 meters per minute
Crane’s horizontal speed 80 meters per minute
Number of open requests 𝑛 60, 120, 180, 240
Buffer size 𝑏 1, 2, 3, 5, 10, 20, 30, 60, 90, 120

6. Computational study

Before we elaborate on the results of our computational tests in Sec-
tion 6.3, we report on some preliminary work. First, Section 6.1 defines
our test instances, and then Section 6.2 reports on the application of a
state-of-the-art VRP solver and the competitors of our benchmark test.

6.1. Test data

To generate instances, we follow the scheme used in Gharehgozli
et al. (2017, 2021), among others. Since we want to show that our
VRP transformation allows to solve much larger instances than previous
research, we switch to this generation scheme instead of applying those
of our predecessors. We assume a unit-load ASRS with a storage rack
with 50 columns by 16 rows of storage slots for standard pallets. Slot
sizes, crane speeds, and other instance parameters are in Table 2. Given
this data, it is possible to calculate the Chebyshev travel time between
any two arbitrary slots in the rack. Note that, like the cited papers,
we disregard acceleration and deceleration times. Moreover, we do not
consider service times for (un-)loading the pallets because these times
can be assumed to be constant for a given request set. Also note that,
internally, we round all time values to tenths of a second.

From these 50 × 16 storage locations, we randomly draw ei-
ther 60, 120, 180, or 240 requests for set 𝑆 and an additional 𝑏 ∈
1, 2, 3, 5, 10, 20, 30, 60, 90, 120} storage requests that are initially in the

buffer 𝑆0. Thus, in an instance with, e.g., 𝑛 = 60 request we always have
to execute 60 dual commands, irrespective of the buffer size. Note that,
for industry application, very large buffer sizes (e.g., 𝑏 = 120) may be
impractical. Apart from the small buffers, we nonetheless also test these
large buffer values to gain insights into the algorithmic performance of
our solution approach in edge cases and the effect of (large) buffers on
system performance.

For each number of requests, we generate 20 random instances,
yielding a total of 4 ⋅ 20 = 80 sets of 𝑛 requests, each of which is
paired with ten different buffer sizes 𝑏. The instances as well as detailed
numerical results can be downloaded from https://doi.org/10.5281/
zenodo.4629978.

6.2. Benchmark solution methods

We compare four solution methods to solve our EOA-CSP: first
come, first served (FCFS), a matching-based heuristic based on Lee and
Schaefer (1997) (MBH), the simulated annealing approach proposed
by Baardman et al. (2021), and a vehicle routing heuristic to solve the
EOA-CSP as VRP*.

As a VRP heuristic, we use HGS-CVRP (Vidal, 2022), a state-of-the-
art open source implementation of the hybrid genetic search origi-
nally described in Vidal et al. (2012). As the authors remark (Vidal,
2022, p. 9), “HGS-CVRP stands as the leading metaheuristic in terms
of solution quality and convergence speed”. HGS-CVRP produces an
average gap of merely 0.11% over the best known solutions of bench-
mark library CVRPlib, which contains instances with up to 1.000
customers (Vidal, 2022). We use the code downloaded from https:
//github.com/vidalt/HGS-CVRP.

HGS-CVRP is geared toward solving the classic capacitated VRP
(CVRP). We transform an instance of VRP* to a CVRP instance by

https://doi.org/10.5281/zenodo.4629978
https://doi.org/10.5281/zenodo.4629978
https://doi.org/10.5281/zenodo.4629978
https://github.com/vidalt/HGS-CVRP
https://github.com/vidalt/HGS-CVRP
https://github.com/vidalt/HGS-CVRP


EURO Journal on Transportation and Logistics 11 (2022) 100085N. Boysen et al.
Fig. 3. Example for the equivalence of an EOA-CSP schedule and a capacitated VRP solution.
introducing a dummy depot 𝑣0 to the set of vertices 𝑉 ′ = 𝐶 ∪ {𝑣0}.
Apart from the edges and weights already present in VRP*, we also add
edges between 𝑣0 and 𝑗, ∀𝑗 ∈ 𝑆0, with weight 𝑑(𝑣0, 𝑗) = 𝑑(𝑗, 𝑣0) = 0.
The distance 𝑑(𝑣0, 𝑐), ∀𝑐 ∈ 𝐶 ⧵ 𝑆0, is prohibitively large. Finally, the
distance 𝑑(𝑐, 𝑣0), ∀𝑐 ∈ 𝐶, is zero.

The above transformation creates a complete graph where all ve-
hicles start from the same depot 𝑣0. From there, they can only go to
one of the vertices in 𝑆0 (because the distances to any other vertices
are prohibitively large), which stand for the requests that are initially
in the buffer or, in VRP* terminology, they are the starting locations
𝑠𝑣. Subsequently, the vehicles can freely visit the other locations and,
finally, return to the dummy depot without cost (because the distances
from 𝑐 ∈ 𝐶 to 𝑣0 are zero).

In VRP*, the capacity demand at every location in 𝐶 is 1. However,
the CVRP presupposes homogeneous vehicles, while in VRP*, vehicles
may have differing capacities. This can be adjusted by giving all vehi-
cles the same capacity ⌈

𝑛
𝑏 ⌉+1. Then, the first 1+ (𝑛−1) mod 𝑏 vertices

from ordered set 𝑆0 have demand 1 + ⌈

𝑛
𝑏 ⌉ − ⌊

𝑛
𝑏 ⌋, effectively lowering

the capacity of the vehicles passing through these vertices by 1 if 𝑛 is
not divisible by 𝑏. This ensures that all vehicles are loaded exactly to
capacity, as in the original VRP*.
7

As a second benchmark algorithm to solve EOA-CSP, we apply
the heuristic approach by Lee and Schaefer (1997), which is our first
competitor from the existing literature. We refer to this procedure as
the matching-based heuristic MBH, because it decomposes the overall
problem setting into subsequent planning runs, where the current
storage requests of the bin buffer are matched with the still remain-
ing retrieval requests by solving an instance of the linear assignment
problem. Specifically, MBH proceeds as follows:

1. Calculate the empty crane travel distance 𝛿𝑗,𝑗′ for each request 𝑗
in the buffer (𝑗 ∈ 𝑆0) if it is followed by open request 𝑗′ ∈ 𝑆. To
get a square distance matrix, we add |𝑆|− |𝑆0| dummy requests
that cause zero travel distance.

2. Solve a linear assignment problem to match the requests in the
buffer with open requests such that the total empty travel time
between the matched requests is minimal. Add the cost of the
assignment to the objective value.

3. The matched open requests become the new buffered requests,
replacing the requests in 𝑆0. Let 𝑆 ∶= 𝑆 ⧵ 𝑆0. If |𝑆| > 0, go to
step 4. Otherwise, end.
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4. If |𝑆0| > |𝑆|, i.e., there are fewer open requests left than there
are requests in the buffer, consider only the first |𝑆| requests in
𝑆0, i.e., 𝑆0 ∶= {𝑠1,… , 𝑠

|𝑆|}. Go to step 1.

Note that the linear assignment problem can be solved in polyno-
mial time; the classic improved Hungarian method, for instance, solves
it in cubic time (Frank, 2005).

We also implement the simulated annealing approach (SA) orig-
inally proposed by Baardman et al. (2021). According to the com-
putational study in that paper, SA is the most successful heuristic
for EOA-CSP. We re-implement it as faithfully as possible. Note that
while we do not use the exact same code as Baardman et al. (2021),
given that, by design, SA runs through 𝑂(𝑛5) iterations as well as the
computational results published in the original article, the CPU times in
our own numerical study are in line with expectations (see Section 6.3).

SA works on the sequence of requests 𝜋. Starting from a solution
obtained via a nearest neighbor constructive heuristic, a neighborhood
solution 𝜋′ is reached by randomly swapping two requests in the incum-
bent sequence 𝜋, where the first 𝑏 elements in the sequence are fixed
because they are initially in the buffer. If the neighborhood solution
is better than the incumbent, it is accepted. Otherwise, it is accepted
with probability 𝑒−(𝑍(𝜋′)−𝑍(𝜋))∕𝑇 (𝑡), where 𝑇 (𝑡) = 𝑛5∕(1 + 𝑒50⋅𝑡∕𝑛5−5) is the
temperature in iteration 𝑡 = 1,… , 𝑛5. After a total of 𝑛5 iterations, the
best found solution is returned.

Finally, the first come, first served (FCFS) priority rule simply fills
the first 𝑏 positions in the sequence vector 𝜋 with the given buffered
requests 𝑆0, and then adds the remaining requests in 𝑆 sorted by
their index (i.e., effectively randomly). FCFS emulates an approach
where no optimization at all is applied to steer the order fulfillment
process. Note that during their numerous site visits the authors met
such un-optimized systems surprisingly often.

We implemented solution methods FCFS, MBH, and SA in C# 8.0.
For VRP*, we used the publicly available C++ implementation of HGS-
CVRP in its default settings (single-threaded execution, which stops
after 20,000 iterations without improvement). All tests were run on an
x64 PC with an AMD Ryzen 5 3600 CPU with a 3.6 GHz base clock and
32 GB of RAM.

6.3. Numerical results

This section elaborates the results of our computational study. Ta-
ble 3 lists the overall results, averaged over the twenty instances per
number of requests 𝑛. These results suggest the following findings:

• Solution time: The first thing to note is that the CPU times of both
FCFS and MBH are negligible (at most a few milliseconds even
for the largest instances) and hence not printed in the table. The
SA from Baardman et al. (2021) takes about six minutes of CPU
time per small instance (𝑛 = 60). On larger instances (𝑛 ≥ 120), SA
does not terminate within one hour; we therefore do not run these
tests. This is in line with the findings of Baardman et al. (2021,
p. 1167), who report that solving instances with 𝑛 = 120 requests
“takes on average 9218 s”. HGS-CVRP working on VRP* can take
a few minutes to solve the largest instances with 𝑛 = 240, although
the runtime does not exceed four minutes for any instance, which
should still be acceptable for practical applications.

• Solution quality: We report the average total empty crane travel
summarized over all dual commands per instance in minutes.
First, we can conclude that not optimizing the dual commands
and simply matching them in an FCFS manner seems not a good
idea. Compared to our VRP*, FCFS produces between 4.5 times
(i.e., for 𝑛 = 60 requests and buffer size 𝑏 = 60) and twelve
times (i.e., for 𝑛 = 240 and 𝑏 = 30) more empty crane travel.
The disadvantage of MBH compared to our VRP* crane scheduling
is smaller yet still substantial (if 𝑏 < 𝑛): it ranges between 23%
(i.e., for 𝑛 = 120 and 𝑏 = 1) and 117% (i.e., for 𝑛 = 240 and 𝑏 = 30)
additional empty crane travel. The SA from the literature exhibits
an average gap of about 15% to MBH and about 55% to VRP* for
𝑛 = 60. We do not test it on larger instances.
8

Fig. 4. Comparison of three approaches: first come, first served (FCFS), matching-based
heuristic MBH, and our VRP* crane scheduling (𝑏 = 10).

We can conclude from theses tests that tailor-made heuristics of previ-
ous research cannot compete with the application of a state-of-the-art
VRP solver. These results are confirmed by Fig. 4, which graphically
compares FCFS, MBH, and VRP* for given buffer size 𝑏 = 10. Clearly,
simple FCFS scheduling is not appropriate at all for the EOA-CSP. Even
the still relatively simple and fast MBH reduces empty crane travel by
several orders of magnitude. Solving the VRP* reduces unproductive
crane movement time even more, by about another 35% on average
compared to the MBH solution.

Put another way, using a sophisticated optimization approach re-
duces unproductive crane travel by as much as about 1.5 h per 240
requests. As a comparison, note that the average loaded, productive
travel time is about 1.2 min per request in our instances (including
travel times for both retrieval and storage but disregarding service
times). This implies that, using an optimized schedule, the crane could
complete more than 310 requests in the same time in which a crane
with a naive FCFS schedule could only complete 240 requests – a
shortfall of 70 requests. The disadvantage of MBH is smaller, but our
VRP* crane scheduling still allows up to eight additional requests.

An interesting thing to note in this context is that the objective
values of the MBH and VRP* solutions match if 𝑏 = 𝑛. This is because in
these instances, every request in the buffer 𝑆0 is matched with exactly
one open request in 𝑆. A minimum cost matching (as per MBH) is
optimal in this case. HGS-CVRP is capable of also finding this optimal
solution, hence the objective values converge. Moreover, there seems to
be a roughly linear relationship between the number of requests and the
empty travel time. The reason is that more requests tend to add more
travel time to the schedule simply because more locations have to be
visited, although the increase is moderate for near-optimal schedules
(VRP*).

Using VRP* schedules, Fig. 5 looks into the effect of the buffer size
on empty crane travel. The graphs indicate that there is a sweet spot
for the buffer size of about 10 to 20 bins, where the total empty crane
travel is minimal. If the buffer is lower or greater, the crane utilization
becomes worse. This can be explained by the fact that both very
small and very large buffers limit the flexibility that the optimization
approach has.

For instance, consider a problem with three requests 𝑆 = {𝐴,𝐵,𝐵′},
where the slots associated with requests 𝐴 and 𝐵/𝐵′ are at opposite
ends of the shelf, but requests 𝐵 and 𝐵′ are close to each other. Now
assume the buffer size is 𝑏 = 1 with 𝑆0 = {𝐴0} initially buffered.
Assuming that request 𝐴 is close to request 𝐴 (and hence far from
0
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Table 3
Average total empty travel time of the crane in minutes.
# requests 𝑛 Buffer size 𝑏 FCFS obj. MBH obj. SA obj. SA CPU s VRP* obj. VRP* CPU s

60 1 24.05 5.1 5.15 384.85 4.10 2.9
60 2 24.05 5.5 5.75 384.3 4.05 5.6
60 3 23.5 5.6 5.85 384.45 4.00 6.8
60 5 24.35 5.95 6.35 386.05 4.05 7.6
60 10 24.1 6.85 7.8 389.25 4.00 7.45
60 20 23.95 7.1 8.0 388.05 4.25 8.2
60 30 24.1 6.4 7.65 391.4 4.60 8.4
60 60 23.85 5.3 7.35 397.2 5.30 11.85

Avg. 23.99 5.98 6.74 388.19 4.29 7.35

120 1 48.35 7.4 – – 6 6.45
120 2 49.1 7.8 – – 6 16.75
120 3 49.4 8 – – 6 22.4
120 5 48.75 8.95 – – 5.9 22.25
120 10 48.9 10 – – 5.85 19.85
120 20 49.1 11.95 – – 6 19.4
120 30 48.95 11.65 – – 6.3 21.5
120 60 48.4 9.95 – – 6.6 21.6
120 90 49.2 10.1 – – 6.8 28.3
120 120 48.4 8.25 – – 8.25 34.25

Avg. 48.86 9.41 – – 6.37 21.28

180 1 73.2 9.15 – – 7.15 12.45
180 2 74.75 10.05 – – 7.15 36.3
180 3 73.9 10.15 – – 7.05 50.5
180 5 73.7 11.05 – – 7.05 51.3
180 10 73.85 12.55 – – 7 51.85
180 20 73.9 14.75 – – 7.05 40.25
180 30 74.55 14.55 – – 7.15 36.05
180 60 73.55 14.5 – – 7.7 55.9
180 90 73.6 13.15 – – 8.5 50.95
180 120 74.85 12.4 – – 8.2 64.95

Avg. 73.99 12.23 – – 7.40 45.05

240 1 98.3 10.45 – – 8.25 21.95
240 2 98.15 10.9 – – 8.15 76.55
240 3 97.3 11.5 – – 8.1 84.9
240 5 98.25 12.45 – – 8.15 114
240 10 97.5 14.25 – – 8.05 90.2
240 20 97.35 17.35 – – 8.15 76.25
240 30 99.2 17.7 – – 8.15 64.5
240 60 97.8 17.85 – – 8.7 76
240 90 98.25 15.95 – – 8.75 83.5
240 120 98.85 14.55 – – 9.4 91.25

Avg. 98.10 14.30 – – 8.39 77.91
requests 𝐵 and 𝐵′), the optimal processing sequence would be 𝜋 =
⟨𝐴0, 𝐴, 𝐵, 𝐵′] (or possibly 𝜋 = ⟨𝐴0, 𝐴, 𝐵′, 𝐵]), which causes a long empty
crane move after storing bin 𝐴 and before retrieving bin 𝐵 (or 𝐵′). This
cannot be avoided. If the buffer size is 𝑏 = 2 with requests 𝑆0 = {𝐵0, 𝐴0}
initially buffered (where 𝐵0 is close to 𝐵), it becomes possible to utilize
the crane better: sequence 𝜋 = ⟨𝐵0, 𝐴0, 𝐵, 𝐴, 𝐵′] avoids any long empty
moves because the requests in both areas 𝐴 and 𝐵/𝐵′ can be matched
with suitable requests in the buffer. Finally, a buffer of size 𝑏 = 3
with 𝑆0 = {𝐵0, 𝐴0, 𝐴1} (where 𝐴0 and 𝐴1 are close to 𝐴) again forces
long empty crane moves because request 𝐴1 cannot be matched with a
nearby request.

Another way of looking at this is through the lens of the VRP*:
Having a large buffer in EOA-CSP is tantamount to forcing the use
of a large fleet of vehicles – possibly beyond what is optimal – in a
routing problem. In the worst case, if the number of vehicles is equal
to the number of customers (and every vehicle must be used, as is the
case in the VRP*), each customer must be visited separately, which is
almost always worse than combining at least a few nearby customers
on a tour (note the classic savings algorithm, Clarke and Wright, 1964).

This illustrates why medium-size buffers tend to offer the most
flexibility and best crane utilization. Note, however, that the choice
of reasonable buffer sizes is quite wide. In all our instance groups, if
the buffer size is somewhere between 𝑏 = 1 and 𝑏 = 60, the empty
crane travel time fluctuates only by about a minute over the whole
planning horizon. Given that there may be other issues that influence
9

Fig. 5. Effect of buffer size on empty crane travel.



EURO Journal on Transportation and Logistics 11 (2022) 100085N. Boysen et al.

F
s
t
r
h
t
V
w
t
f
c
e
m
i
i
a
f

D

c
i

buffer choice, e.g., space constraints or the necessity to smooth over
fluctuating pick times at the picking workstation, it may be helpful to
know that a size of somewhere between one and sixty bins is likely to
work well from the perspective of efficiently scheduling the crane.

7. Conclusions and future research

In this paper, we consider a crane scheduling problem that occurs
in wide-spread parts-to-picker warehousing systems. Storage bins filled
with SKUs have to be delivered from an ASRS to an end-of-aisle picking
workstation and need to be returned back into the ASRS after picking.
In this setting, the pairing of storage and retrieval requests to dual
commands is interdependent, and we present an efficient solution
method to solve this established crane scheduling problem. Specifically,
we show that this problem, although it contains merely a single vehicle,
namely, the crane, is equivalent to the capacitated VRP. This allows
us to employ existing state-of-the-art algorithms of the rich arsenal of
VRP solvers. Our computational study reveals the following take-home
messages:

• After 30 years of research on end-of-aisle picking, the result-
ing crane scheduling problem is finally proven to be strongly
NP-hard.

• Our transformation to the VRP allows to solve even large-sized
instances with 240 retrieval requests and large buffers in a short
time frame, substantially outperforming previous heuristics from
the literature.

• Previous research offers only simple heuristics to solve the end-
of-aisle crane scheduling problem. These tailor-made heuristics,
however, cannot compete with the solution quality obtainable
by a state-of-the-art VRP solver. This suggests that developing
problem-specific solution methods of end-of-aisle picking prob-
lems may fundamentally not be worthwhile unless they offer a
clear advantage over VRP tools.

• Not optimizing the processing of storage and retrieval requests,
e.g., by processing them according to the FCFS principle, is costly.
In the time a crane scheduled via FCFS operates 240 dual com-
mands, a properly optimized system accomplishes 310.

• Mid-size buffers with a capacity for between ten and 20 bins
perform best within our computational study when it comes to
optimizing ASRS throughput, but deviating from the best buffer
size is not overly costly.

uture research should investigate extended problem settings. For in-
tance, cranes with multiple shuttles as well as picking workstations
hat process multi-item orders and/or multiple parallel order bins
equire an adaption of the crane scheduling. Although the applied
euristic VRP solver, HGS-CVRP, works quite well for EOA-CSP in our
ests, there are other VRP solvers that may be even better suited to
RP*. In particular, Polten and Emde (2022) have shown that it can be
orthwhile to adapt an exact solver like VRPSolver (Pessoa et al., 2020)

o scheduling problems, which may also constitute a good starting point
or EOA-CSP. In the case of EOA-CSP, additional symmetry breaking
onstraints may be constructed exploiting the special structure of VRP*,
.g., that every vehicle visits almost the same number of nodes. Further-
ore, larger systems with many aisles and multiple workstations, all

nterconnected via conveyors, are even more involved. In these systems,
t must be considered that bins currently processed at one workstation
re not available at other workstations. A holistic scheduling approach
or these systems remains another challenging task for future research.
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Appendix. Why Baardman et al. (2021) present no valid NP-
hardness proof

In this appendix, we elaborate on the need for a proper NP-hardness
proof for EOA-CSP, which is provided by the paper on hand. Baardman
et al. (2021) state in their Theorem 1 that the problem is equivalent
to the multiple traveling salesman problem, which is equivalent to the
uncapacitated vehicle routing problem, with the additional restriction
that all salesmen visit an equal number of cities (dubbed mTSPEV) and
conclude strong NP-hardness of EOA-CSP. Their proof of equivalence,
however, is incorrect. In particular, they only show that every instance
of EOA-CSP can polynomially be transformed into an instance of mT-
SPEV in such a way that the optimal objective values of both instances
are equal. Instead, for a proper NP-hardness proof one would have to
show the opposite direction, i.e., that every instance of mTSPEV has a
counterpart in EOA-CSP. Otherwise, EOA-CSP cannot be proven to be at
least as hard as mTSPEV. Moreover, for a proper NP-hardness proof, it
is crucial to explicitly account for the Chebyshev nature of the distances
in EOA-CSP. Consequently, the mTSPEV with arbitrary distances is not
the right problem for developing a reduction scheme.

Example: Imagine an instance of mTSPEV with only 𝑚 = 1 salesman
(i.e., an instance of the traditional TSP) where all distances are either
1 or 2. Obviously, if this instance includes at least ten cities it is not
possible to reasonably translate the mTSPEV distances of either 1 or
2 into distances of EOA-CSP when it follows the infinity norm. Note
that the TSP remains strongly NP-hard if all distances are either 1 or
2 (see Garey and Johnson, 1979). Thus, there are intractable instances
of mTSPEV that have no counterpart in EOA-CSP.

It can be concluded that the paper of Baardman et al. (2021) lacks
a valid complexity proof and only our paper finally settles the strongly
NP-hard nature of EOA-CSP.
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