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The line-planning problem seeks to determine the set of fixed routes (or lines) a transit operator should run, along
with associated operation frequencies. We propose an optimization algorithm for the transit-line-planning
problem based on bi-level programming that exploits the problem’s structure in conjunction with the range
estimation of demands. The issue of conservativeness due to the range estimation is mitigated by adopting the
robust optimization approach. The model was inspired by a real-world application that leverages big data
available from telecommunications operators to estimate city-wide mobility patterns. Demand estimates from
such sources are based on large sample sizes (often orders of magnitude larger than those used in survey-based
approaches), and capture day-to-day variability in travel demand as ranges. The validity of the proposed algo-
rithm is demonstrated by using real-world data derived from 2.5 billion call data records from Abidjan, Cote

d’Ivoire.

1. Introduction

We present a robust bi-level program that addresses the transit-line-
planning problem with capacity constraints. The line-planning problem
seeks to determine a set of fixed routes on which an operator should run
along with the frequencies for each route. In real life, the travelers do not
just take the shortest path to their destination, as it often involves a long
waiting time for public transport such as buses and/or subways. In order
to reduce travelers’ total travel times, the operator needs to determine,
whilst taking resource limitations in to account, which public transport
routes to operate and how frequently they should operate, since the more
frequently the transport operates, the less waiting time is expected.

Line planning is one stage in the hierarchy of the overall transit-
planning process that transit operators conduct. Several recent texts
provide a context for this process, (Vuchic, 2017; Ceder, 2016) gives an
overview. The first stage is the design of a fixed route infrastructure
(stops, streets, tracks for rail/tram services). The second stage is the
transit operator’s determination of the lines that should run on that
infrastructure. A line is defined, in our context, as a fixed route to be
operated during a particular time of day. More specifically, a line is an
ordered sequence of stops. Each line has an associated frequency, which
denotes the number of services the travelers see every hour. The
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subsequent stages of transit planning involve timetabling and rostering of
crews and vehicles. In this paper, we focus on the line-planning problem
faced by operators who have a large number of routes to operate.

The travel-demand model used in this research is motivated by a real-
world application for estimation of mobility demand from big data
available from telecommunications operators. Demand estimations from
such sources leverage large sample sizes, typically orders of magnitude
larger than traditional surveys. In contrast to classical demand-
estimation methods that seek a point estimate between an origin-
destination (OD) pair for a specific time period, mobile-phone-based
estimates provide a distribution that captures inherent day-to-day un-
certainties in the travel-demand process.

Accurate estimation of travel demand can be problematic on two
counts. First, classical econometric demand-estimation methods based on
surveys can be prohibitively expensive for many cities in the growth
markets. Second, such surveys might not be timely, since cities are
growing so rapidly the changes in travel needs often outpace the fre-
quency at which travel surveys can be conducted. African cities, for
example, are growing at an annual rate of 3-5% (Kumar and Barrett,
2008).

This rapid urbanization has been accompanied by similarly rapid
mobile-phone adoption. The data obtainable from mobile phones can
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offer key insights into mobility patterns; moreover, it is infrastructure-
free and timely. Such data, representative of large user samples, can
provide rich characterizations of travel demand. Data resolution in space
and time typically enables activity-sequence reconstruction that allows
for a detailed assessment of movement patterns and captures day-to-day
variability inherent in the demand process. For example, the data can
reveal changes in OD flows on account of special events (Dong et al.,
2015) as well as people density estimation by location for security ap-
plications (Calabrese et al., 2015).

A key big-data insight from telecommunications data is that repeated
observations over a period of time allow for a richer characterization of
mobility-demand processes. Travel demand between two zones not only
can be considered as a point estimate (as a function of time of day), but
also as a random variable with a known distribution. This characteriza-
tion should then be exploited in the context of transit-network design
which requires a novel solution approach.

For optimization of the line-planning problem with respect to demand
uncertainties, there are two dominant approaches, namely stochastic
programming and robust optimization. In the stochastic programming,
uncertain demand is represented by probability distributions according
to certain estimated parameters. Based on these distributions, many de-
mand scenarios are generated and considered in order to achieve solution
robustness. Explicit consideration of several such discrete scenarios often
results in a very large optimization problem. To address this problem,
optimization algorithms such as Benders decomposition can be used,
though the number of required scenarios often grows too quickly with
the number of origin-destination (OD) pairs. By contrast, the other
approach to the line-planning problem, robust optimization does not
explicitly take each scenario into account. Rather, instead of discretized
scenarios, a set of all (infinitely many) possible realizations of demand
data, termed an uncertainty set, is defined. The goal, simply, is to protect
the solution from the worst-case realization of demand over the elements
of the uncertainty set. Using uncertainty sets is less computationally
demanding than the traditional scenario-based approaches, if the un-
certainty sets are defined carefully, which is a very advantageous prop-
erty, especially in real-world applications (Ben-Tal and Nemirovski,
2007; Bertsimas and Sim, 2004).

The worst-case realization may impact not only the feasibility of
constraints but also the objective function. When the coefficients of the
objective function are uncertain, the so-called objective robustness seeks
the best worst-case solution in the context of the max-min framework.
Nonetheless, the objective functions with uncertain coefficients defined
by the uncertainty set can be trivially reformulated to constraints by
adding auxiliary decision variables.

Several alternative measures for ensuring solution robustness to input
uncertainty are available. We propose a method that models the demand
uncertainty as a range. There are two reasons for using range estimates
and uncertainty sets to capture robustness. First, the proposed range-
based characterization allows us to exploit the I-parameterization
approach (Bertsimas and Sim, 2004), which enables control of the
conservatism of the solutions. For realistically sized networks, competing
approaches such as scenario-based approaches can result in intractably
large models. Second, the apportionment of an uncertainty budget across
various demand ranges generates a conservative solution that is valid for
all realizations from that set. Because it is unlikely that all demands are
simultaneously at their upper bound, the solution is robust against any
joint-demand realizations that are encountered.

Our solution approach is based on bi-level programming, because the
direct single-level formulation involves nonlinear constraints. In the bi-
level formulation developed, the operator’s line-planning (routes and
frequencies) decisions are considered at the upper level, while the pas-
sengers’ route choices are made at the lower level. For modeling of
passenger route choices, we adapt the more realistic optimal strategy
model originally proposed by Spiess and Florian (1989). We then extend
the model to include capacity constraints, specifically, by taking into
account the delays incurred from over-congested routes.
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This paper’s contribution to the literature is a capacity-constrained
robust transit-line planning model wherein demand estimation is avail-
able as a range. We first propose a mathematical formulation for the
problem by employing the robust optimization and the bi-level pro-
gramming approach, which yields a so-called flow-based formulation. To
address problem sizes arising in practice, the column generation method
is adapted in the context of the bi-level programming by decomposing
the flow-based formulation into many shortest path problems. The col-
umn generation based approach shows significantly better results in
terms of computational times than the original flow-based counterpart,
which enables us to tackle a real-world problem in Abidjan, Cote
d’'Ivoire. A Monte-Carlo simulation designed to show the value of the
robust approach is also presented.

The paper proceeds as follows. Section 2 reviews the existing litera-
ture on the line-planning problem, and Section 3 introduces the proposed
modeling approach and solution method. Section 4 presents the Abidjan
usage case, and Section 5 discusses the relevant computational experi-
ments. Finally, Section 6 draws conclusions.

2. Literature review

There is an extensive literature on the transit-planning process and,
more specifically, the line-planning problem. The problem has been
studied in several contexts and with a variety of considerations, both in
the objectives and constraints. Readers are referred to the review papers
on the subject (GuihaireJin-Kao, 2008; Guy and Hickman, 2007; Ibar-
ra-Rojas et al., 2015) as well as a recent survey on deterministic methods
(ZanjiraniFarahani et al., 2013). We focus herein on recent studies that
have considered strategic planning and/or robustness, used similar
structures of bi-level models, and exploited opportunistic sensing for
transit design.

All of the previous methods address one or more of the following
main challenges associated with transit planning: (a) computational
challenges associated with practical-sized networks leading to special
solution methods (Borndorfer et al., 2007), heuristic (Mauttone and
Urquhart, 2009) or meta-heuristic approaches (AsadiBagloee and Avi-
Ceder, 2011; Cipriani et al., 2012); (b) the large feasible search space for
network design (Borndorfer et al., 2007); (c) competing trade-offs be-
tween operators and users (Ceder and Wilson, 1986; Matisziw et al.,
2006); (d) the balancing of design attributes such as routes, frequencies,
travel directness, transfer penalties, and (e) models of user behavior and
responses to designs.

Bi-level formulations have been considered in several studies. At the
upper level, the design decisions are made, and at the lower level, the
passengers make service choices based on service offerings (e.g., routes
and operation frequencies). (Szeto and Jiang, 2014) formulated a model
with upper-level decisions relating to route structure and frequencies.
The lower-level problem typically models passenger route choice based
on optimal strategies (Spiess and Florian, 1989), and additionally ac-
counts for congestion and in-vehicle costs. (Constantin and Florian,
1995) proposed a bi-level program formulation based on the optimal
strategies model and conducted computational experiments for three
(small) real-world networks. (Goerigk and Schmidt, 2017) considers line
planning when passenger route choice is integrated. This contrasts with
classical approaches which impose sequence - design first and passenger
assignment second. The problem is formulated as a bi-level optimization
problem and solved with constraint generation. This approach is
conceptually similar to the one presented here. Some works have looked
to integrate all levels of transit planning (Schobel, 2017).

To the best of our knowledge, all of the previous approaches have
assumed that demand, as based on point estimation, is deterministic.
Other work has considered the lower-level assignment problem in the
context of variational inequalities and solved them using an agent-based
simulation (Ma, 2013).

Some studies have argued that solutions to line-planning problems
need to account for the uncertainty of key inputs such as travel times
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Fig. 1. Sample network with four OD nodes and routes. The waiting occurs at
the waiting nodes. The service links incur the travel time and delays if they are
over capacity. Each route is described by a (frequency, capacity) tuple. This
network gives the sets defined in Section 3.1 as follows: R = {1,2,3,4},V =
{(L,b,C,d}A,Aa = {(aaal>a (a:a2)}‘r '“aAzlw = {(aval)a (dadl)}a “'aAsl'v = {(aladl)}
and so on.

(Yan et al., 2013) and link failures (Marin et al., 2009). Other studies,
considering demand data to be wuncertain, have employed a
scenario-based demand-realization perspective. For example, (Amiripour
et al., 2014), studying seasonal demand variations, argued that transit
designs that are valid for flows during one season are likely to be
sub-optimal during others. Certainly, formulations are robust only to the
extent that the strategic design is valid for all scenarios considered.

Utilizing a bi-level model incorporating genetic algorithm based
meta-heuristics, (Ukkusuri et al., 2007) approached the problem of
long-term demand uncertainty by considering a discrete scenario set to
minimize the expected travel costs and the standard deviation. Unfor-
tunately, determining the scenario set is not straightforward for planning
applications that arise in practice, and moreover, the number of scenarios
needed to achieve a representative sample of demand uncertainty can be
quite large.

From the data mining perspective, there are extensive studies on
extraction of disaggregated and/or aggregate mobility patterns obtained
from opportunistic sensing. Some of those researchers have sought to
address transit-planning questions. For example, (Bastani et al., 2011)
used GPS trajectory data from taxis to suggest minibus routes. (Chen
et al., 2013) also used the same kind of data to derive OD matrices that
they then used to plan nighttime services. (Calabrese et al., 2010), having
conducted a detailed comparison of mobile-phone and vehicular data,
showed that the trip lengths of vehicles and movements suggested by
mobile phones are linearly related. (Alexander et al., 2014) compared
flows derived from mobile phones, on the basis of which they suggested
scaling based on census data for estimation of true demand processes.
(Calabrese et al., 2011) presented methods for extraction of OD flows
from mobile data and compared the respective results with gravity
models. (Berlingerio et al., 2013) utilized point estimates of demand from
mobile data to address the frequency-setting problem therein.

In contrast to these previous studies, the presented work aims to
leverage demand distributions as opposed to point estimates. These can
be estimated from big data sources like large mobile-phone data samples.
The subsequently derived robust optimization model, acknowledging the
inherent uncertainty associated with travel-demand uncertainty due to
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Fig. 2. An example optimal strategy of demand s — t. The optimal strategy is
essentially a union of three distinct routes.

day-to-day variability and any potential biases associated with the data
source, explicitly considers demand uncertainty as a range. To the best of
our knowledge, this is the first practical-solution algorithm for the
transit-network design that uses the robust optimization methodology.
The proposed algorithm is implicitly able to take into account infinitely
many demand scenarios (defined by an uncertainty set), and so it does
not suffer from the scalability issue that often appears when the uncertain
demands are considered according to a set of discrete demand scenarios.

3. Model

Given (a) a transit network of stops and arcs, (b) a set of current and
candidate routes to operate, (c) a fleet size constraint in terms of number
of vehicles, (d) estimated demand distributions for OD pairs, and (e) a
model of traveler behavior, we seek to determine the set of lines to
operate along with their frequencies such that the total of system-wide
travel times is minimized.

3.1. Notations

We consider a transit network G(V, A) that consists of a set of nodes V
and a set of arcs A. The passenger (traveler) demands set K is defined by
pairs of origin and destination nodes. The sets of origins and destinations
are denoted by SCV and TCV, respectively. For nodei € V, let Af (or A;)
be a set of arcs originating from (or entering to) i € V. The head and tail
of an arc a are denoted by head(a) and tail(a), i.e., head(a) =j and
tail(a) = iwhere a = (i,j). Each arc is associated with travel time (or cost)
cq. There is a subset of nodes VcV at which waiting occurs (stop nodes).
Any arc emanating from waiting node i € V to any nodes not in SU T is
called an access arc (or link). An access arc has an associated exit arc that
is parallel but opposite in direction to the access arc. We let A;CA;" be the

set of access links of a waiting node i € V. R represents a set of all routes
(lines), and each route’s operating frequency is denoted by f,. Each route
r € R passes an ordered set of stop nodes, while each stop node is con-
nected by the access and exit arcs to the corresponding waiting node of
the route. Any two consequent stop nodes for the same route are con-
nected with a service link. Let A, and A, be the sets of access and service
links, respectively. Sets of access links and service links for a route r € R

are denoted by A7 and A, respectively. Similarly, waiting nodes for a
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route r € R are denoted by V,. Any access or service link a € A, of route
r € R has operation frequency f, such thatf, = f;, i.e., fo =f foralla e
A,. Aservicelink a € Ay, also has a capacity h, (the capacity of the vehicle
operating on the arc). Let C denote the total number of vehicles available.
Fig. 1 illustrates an example network with various types of arcs and
nodes. Additional notations are defined in the relevant sections of the
text.

3.2. User behavior model

We assume that travelers employ the so-called optimal strategy in
navigating the transportation network (Spiess and Florian, 1989). The
idea behind the optimal strategy is that by considering multiple routes,
the waiting time can be reduced even if the routes in consideration are
not the shortest ones.

In the sample network shown in Fig. 1, consider a traveler from s to t whose
optimal strategy states that it is best to consider two routes (route 1 and route 2)
at the same time to reduce the waiting time at node s. If the traveler took route 2
at node s, (s)he should transfer to either route 3 or route 4 at node c to get to
node t. This optimal strategy is illustrated in Fig. 2, which is essentially a union
of three paths between s and t. The first pathiss — a - a; — d; — d — t; the
second is s > a - ay —» by = ¢y - ¢ > ¢c3 —» d3 » d — t, and the third is
s—a—ay— by —> ¢y —>c—cy > dsy - d— t. Itis important to note that
the optimal strategy might involve multiple paths that are not necessarily the
shortest in terms of travel time. Multiple paths can reduce the waiting time,
because the traveler can take whatever transport arrives first at the waiting
node.

Besides the waiting times, a traveler also needs to take into account
the capacities of routes. The travel time of an over-congested route can be
considerably longer, which results in a sub-optimal strategy. Therefore, a
traveler, in estimating the possible delay, makes an implicit assumption
about how many other travelers will share the same route. As it is
impossible for a traveler to precisely predict the congestion levels of the
routes, establishing the optimal strategy using a point estimation of the
traffic level might yield a strategy that will perform poorly under the
different realizations of traffic conditions. This motivates a need for a
robustly optimal strategy that is guaranteed to be optimal against fluctu-
ations in traffic demands. To derive the robustly optimal strategy, first we
need to formally characterize the demand uncertainty.

3.3. Demand characterization

We assume that the demand between any two nodes is estimated by
the following range.

Definition 1. Foranyse Sandte T, dy € [dy — dy, dy + ds), where

dy > dy

The underlying demand uncertainty and systematic biases from
opportunistic sensing are likely to cause some OD pairs to show greater
variance than others. For example, areas that include stadiums or large
institutional buildings like hospitals are associated with greater varia-
tions in demand, which can be modeled by a wider range. Examples of
this are shown in the box plot, Fig. 4, wherein changes in variability for
different OD pairs can be seen.

It is unrealistic to suppose that all demands are at the upper bounds
simultaneously; therefore, the model makes no such assumption. Rather,
a parameter I is introduced to account for the degree of demand vari-
ability. The possible demands as constrained by I' eventually determine
the degree to which the obtained solution should be robust; this explains
why the following definition is often called the budget of uncertainty
(Bertsimas and Sim, 2004). Note that the problem becomes a determin-
istic case when I' - oo because it implies that all demands are at the
upper bounds at the same time.
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Definition 2. Budget of uncertainty: For a given I', we want the solu-
tion to be guaranteed valid for any demand realization in a set

dsr = /d\:l + Es!y:n
> Y <T, (€Y

seSteT

-1 <y, <1,VseS8,teT

D:={deRI"

where dy; and dy; are the nominal and maximum deviation demands,
respectively.

3.4. Model development

Naturally the problem can be seen as a two-player game: operator vs.
travelers. The operator decides which lines to operate for a given fleet of
transports, where the number of vehicles operating and round trip time t,
on a given route r eventually determine the frequency of the route f;. A
transport can be a bus, subway, tram, or anything deployable for the
public transportation. Then the feasible set of frequencies for a given set
of routes R can be stated as

Iy <,
F:= fER‘f‘ ;6({7

I <hH<F

(03]
Vr € R.

The first constraint ensures that the total number of vehicles in travel
is not greater than the size of the fleet C. We assume that the frequency of

a transport should be within {L,f,} for anyr € R, which is guaranteed by

the second constraints. When f = f, = 0, it means the route r is not
operated at all. Therefore, the frequency setting f determines which
routes to employ and how frequently the routes in use will operate at the
same time.

We assume the operator is a public sector body interested in social
welfare and not profit maximization. The operator goal, in this case, is to
find the optimal frequency setting f € F that minimizes the system-wide
travel time. That objective function can be stated as

Fowa: =3 Ve + S | 453 e @
seS8 acA teT ie/\/\ acAy,
journey time delay

waiting  time-

The total travel time .7 (v,w, q) is the sum of the total journey time,
the total waiting time, and the total delay time due to over-congested
service links. The parameter p controls the trade-off between the travel
time and the congestion-incurred travel delay. Traffic volume v repre-
sents the fraction of flow from source node s to destination node t on arc
a. Other terms, for example those related to operational costs, can also be
included. However at this stage of transit planning, these costs are
generally not known precisely without full roster information on crews
and schedules. Note that the total journey time and total waiting time are
considered with the nominal demands. This study focuses on the impact
of demand uncertainty on the capacity because, without the capacity
constraints, the optimal strategy of the individual traveler remains the
same at higher demands. Moreover, the objective function implicitly
depends on the frequency setting: the waiting time w is a function of the
frequency setting because the frequency and optimal strategy uniquely
determine the waiting time at the nodes.

Then, the feasible set of flow v, waiting time w, and delay time q for a
given transport frequency f can be stated as
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7|+ (V][] +]An

A||S
¥y = {(v,w,q) € R
1, if i=s,

Dovi=> =< -1, if i=1,VieV,seSteT,

acA; AT .
i = 0, otherwise.

Zax,v;’ < 25: Wiaittay: 74 € Age, S €S,

el reR

ZZE”V;YV” < haZz‘S;f, + qa,Va € Ay}

seS reT reR

E E dvi! + max
seS teT Z»chETy\,:r-
0<y, <1VseSteT

where &), is 1 if a € A,, 0 otherwise. The above represents a traveler’s set
of feasible behaviors under a given operating frequency f. The first set of
constraints, which is often referred to as flow-balance, ensures that all
demand from the origins to destinations is served, i.e. no demand is lost.
The second set of constraints relates the waiting time for a demand s at a
node i to the frequencies of vehicles to ride. The last set of constraints
measures the delay time on arc a according to the total sum of flows and
the total capacity of the arc. Note that the capacity constraints are pro-
tected by the sum of worst-case demands defined by the budget of un-
certainty. Due to this protection term, the traveler’s behavior becomes
robust to the variation of demands. In other words, the traveler is guar-
anteed to travel the optimal strategy route with a delay time less than or
equal to g4, which yields the robustly optimal strategy.

It is well-known that the last set of constraints defining Yy can be
stated as below by using the reformulation trick from Bertsimas and Sim
(2004):

ZZQS,V;' + Ty, + ZZu;’ < ha25;ﬁ + 4., Va€A,,

seS teT seS €T reR

Yo+ u >dVY, Va€A,,seSteT,

yo >0, VacA,,
w!' >0, VacAg,,seSteT

which is a system of linear inequalities. We denote Y; as Yy with
replacing the last constraints with the reformulated ones presented
above. Let Py, and f’yf denote the polyhedra of Y; and Yy, respectively. It
is clear that the projection of ny onto the (v,w,q)-space is equivalent to
PYf.
Here, delays are assumed to grow linearly with link volumes. This
approach to handling delays is close to the “line-specific overload delays”
strategy proposed by Hing-Keung Lam et al. (1999), albeit in an equi-
librium setting. Several other alternative approaches to handling the
delays have been proposed in the literature, including: (a) a convex
optimization by changing the link cost to a function of the flows, i.e., ¢, =
ca(va) (e.g., (Spiess and Florian, 1989)); (b) making the waiting time
dependent on link flows (e.g., (De Cea and Fernandez, 1993) modeled
route sections and used waiting links for each route section); (c) the
“effective frequency” approach by which crowded buses have f — 0
(since it is harder for passengers to board them; when transports are
empty (low congestion) the effective frequency becomes the same as the
nominal frequency), and (d) deploying more advanced schemes, wherein
capacity constraints — higher delays — higher boarding/dwell times —
lower frequencies.
The optimal strategy under the given frequency f minimizing the
travelers’ travel times can be obtained by solving
min {7 (v,w,q)}. 4

(vw.q)€Yy
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3.5. Mathematical formulation

We now present two alternative formulations to solve the line-
planning problem. The first one aims to jointly determine frequencies
of services and flows, i.e., it makes the operator and traveler decisions
jointly. The second formulation is a bi-level program that naturally
separates those decisions.

3.5.1. Nonlinear programming formulation
The optimal line planning problem can be stated as:

(P0) min ) (anzzs,v; + wa) +BYCuda 5)

SES €A teT EAgy
s a v a€Ay,

1, if i=s,
SLY W=D =0, i =, VieV,seS,teT, (6)
acA; acA? 0, otherwise.

Ay <> Wi, VA€ Aw,s €S, %)
teT rer

SN A 4Ty + 30> w < h> 8fi+qe Va€A,, (®)
seS teT se§ teT rerR

Yot u >dvY, Va€A,,s€SteT, 9
Ya>0, Va €Ay, (10)
u!'>0, VacA,,seSteT, 1D

S o< a2

rer

[ <f <f.,VreR, 13)
vi>0,YacAsseSteT, (14)
w>0VieV,ses, as)
q,>0,Ya € A,,, (16)

where & is 1 if a € A, 0 otherwise. The objective minimizes the total
system travel time and is the same as Equation (3). Constraints (6)-(11)
are from the user-behavior model Yy with the reformulation presented in
the previous section. Constraints (7) relate the frequency of vehicles f
(operator decision) to the waiting time w (traveler-side decision). The
nonlinearity of these constraints makes solving the problem difficult. One
possible approach is using linearization techniques such as RLT (Sherali
and Shetty, 1980; SheraliAmine, 1992) and McCormick linearization
(McCormick, 1976). However, those reformulation techniques would
involve the adding of (possibly exponentially) many constraints and
variables, while still not being able to guarantee the optimality of the
solutions, because constraint (7) is not convex. Constraints (12) and (13)
ensure the frequencies are feasible as defined in (2).

3.5.2. Bi-level programming formulation
The two-player interpretation of the above problem makes the
following alternative, bi-level-programming-based formulation possible:

(P1)min (f)
st 7(f) =

min .7 (v,w,q).
(vw,q)€Yy ( q)
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Here, the optimal value function Z(f) is defined by an optimal so-
lution of a lower-level optimization problem from the user perspective.
The upper-level denotes the transit-operator-determined frequencies.
The lower-level problem asserts the given frequencies by evaluating the
total travel time and penalty for over-capacity on the link. Bi-level pro-
gramming problems are generally NP-hard (Colson et al., 2005; Chin-
chuluun et al., 2009). Hereafter, we denote the upper-level problem as
(P1)Y while the lower-level problem as (P1)L. The problem (P1) can be
seen as a decomposition of the problem (P0) so that both problems Y
and (P1)" are linear. Therefore, for the lower-level problem, the fre-
quency setting f € F should be given from the upper-level problem, and
the optimal solution of the lower-level problem would provide an eval-
uation of the goodness of the frequency setting to the upper-level
problem.

3.6. Solution approach for Bi-level programming formulation

The solution approach is summarized as follows. First, we set an
initial frequency setting fo; then, a gradient direction to reduce the total
travel time is identified by solving the traveler-side problem (P1)%, and
the frequency f is updated using the descent direction and step size. This
procedure is repeated until the frequency solution converges. It is note-
worthy that the most computationally demanding step is obtaining the
descent direction, which involves solving a large-sized user-behavior
problem for the robustly optimal strategy. We propose the column gen-
eration based approach, which enables us to benefit from demand-wise
decomposition and the use of very fast specialized algorithms for the
shortest path problem. More detailed explanations follow below.

Algorithm 1. Frank-Wolfe algorithm for (P1)
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problem miny, g)cv, 7 (v, W, q) is an LP satisfying the constraint qualifica-
tion, as shown in Still (2018) the directional derivative D, 2 (f) in the di-
rection o such that ", 62 = 1 at the point f is given as

0L (f,v,w,q,
D,Z(f)= min_ max_ Za,.—(ﬂ k| 7¢7”)~
(vw,q)€Ys(mpu)EZs reR 0f;

Note that ' (f,v,w, q,z,¢, ) can be seen as a function of f, which gives
the partial derivatives of < (f,v,w,q,x,¢,u). For any r € R, we have,

=N WawTh+ > et <

€S acAL, a€AL,

BJ(fquvﬂrﬁﬂ

because %, < 0 and ¢, < 0.
Now we consider a pair of primal and dual optimal solutions (V,w,q) €

?f and (7, $,7) € Zf. We claim that 6 € R‘f‘ defined as below is a descent
direction if o, # O:

8r L= a](f7i)\7 1//2};1\’ ﬁ’ (/}7;{\) == ZZ w;ail((1);z\; - Zh“&d’ VreR.

SES acAj, acAy,

Then, we need to show that

D-7(f)= min_ max Y3 LV Wambn)

(vw.q)eYs(nppu)eZs reR af’

which implies that ¢ is a descent direction. Due to (B), it is clear that
D~Z(f) < 0. Assume, for a contradiction, that D~ % (f) = 0. Then, there

must be 7 € R such that

Algorithm 1 Frank-Wolfe algorithm for (P1)

1: procedure FRANKWOLFE

2: fo« f
3: 1+ 0
4: repeat
5: l—1+1
6: Obtain: &
T Solve problem: f* « argmingcp {afT&}
8:
step.
9: FAL a4+ (1 —a*)f!

10 until G(f+) —G(f!) <e
11: end procedure

> Theorem 1
> Direction-finding step.

Solve problem: a* « arg ming<,<; {G(af* + (1 — a)f!)} > Step-length-finding

We consider Algorithm 1 to solve (P1). Let ¢ be a descent direction of

the optimal value function Z(f) at a given frequency f In order to use
Algorithm 1, the ¢ should be known for any f € F, which is given by
Theorem 1. For a given (or fixed) f, let &, ¢, and p be the dual variables
associated with constraints (7), (8), and the remaining constraints of the
problem (P1)%, respectively.

Theorem 1. Foranyf € F, letw and (7, @) be the primal and dual optimal
solutions of (P1)Y, respectively. Consider a vector.

Z Z Wzm[ (a) Zh ¢a

SES acAy, acAy, reR

Then, o is a descent direction if ¢ # 0. Moreover, the descent direction &
becomes the negative of the gradient, i.e. — V Z(f), if the primal an dual
optimal solutions are unique, where ¥V Z (f) is the gradient of Z(f) at f € F.

Proof. We let ?chf and Z ¢ denote the set of primal and dual optimal
solutions, respectively, of the problem min,  g)cv; -7 (v, W, q) for the givenf €
F.

For a given f € F, we consider the Lagrangian function < (f,v,w, q, 7, ¢,

w) for the problem miny, ey, 7 (V; W, q). Because, for a given f € F the

6.>0 and 7 =0, for some (7,¢,[) 62/,

which implies that i, = 0 for all s € S and a € Aq." such that Wy, > 0.

Note that /' (f,v,w, q, &, ¢, i) has terms

T\ D3 Wiy = D_ sy
rerR teT
forse S and a € A" Because 7 7, =0forallseSandac Aq’ such that
Wtazl > 0, there should be (7, qﬁ, i) € ?f such that /(f, v, ﬁl,q,ﬁ,&,ﬁ) <
Z(f, v, W, q, 1, ¢, ji), which means that (v, W, ) ¢ ?f. This gives a
contradiction.
Note that (A) becomes

(o= a“(] 7/1;7;\‘)7@’%7457;;
D,Z(f)=> o ¢ o )
reR r
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when the optimal solution (v, W, §, %, ¢, i) is unique, i.e., Z =1,

?f’ _

which implies that 6 = — VZ(f).

Theorem 1 implies that ¢ at any f can be obtained easily from the primal
and dual optimal solutions of (P1)". Note that the descent direction may
depend on the choice of a pair of primal and dual optimal solutions (V,w, q) €
?f and (%,,7) € Z ¢. For this study, we take the primal and dual optimal
solutions of the problem (P1)! solved by the dual Simplex method. Then, the
direction finding problem at f! can be stated as follows.

(DF) min - 5., a7)

rer

st Zé—&f, <c, (18)

reR

<5 <f,VreRr. (19)

The above is an LP problem that can be solved easily by LP solvers.
Moreover, the problem is also a variant of the fractional Knapsack problem
which can be solved in O(|R|log|R|) as shown in the following theorem.

Theorem 2. (DF) can be solved in O(|R|1og|R]|).

Proof. Since (DF) is a fractional Knapsack problem, an optimal solution is
obtained by selecting the maximum possible f, for each r € R in decreasing

order of &/%, where the sorting is done in O(|R|log|R|).
For the step length finding problem, using discretized values between 0 and

1 for a, we solved the problem

min ~ {Z(af" +(1—a)f')}, (20)

a€[0,0.1,0.2,...1]

whose optimal solution is denoted as o, where f is the optimizer of (DF). This
implies that we need to solve @P1E many times. Recall that problem (P1 Visto
find an optimal strategy with the capacity constraints under demand uncer-
tainty, which minimizes the total travel time, for a given frequency f. If there
are no capacity constraints, the problem (P1)" is separable by the source nodes
s € S, which results in |S|-independent problems for the optimal strategies. For
these problems, we may use a dynamic programming algorithm developed by
Spiess and Florian (1989), which is very fast. Unfortunately, the problem is
no longer separable with capacity constraints, so their approach cannot be
used.

On the other hand, the problem (P1 ) can be stated by removing (12)-(13)
and fixing f in (PO). According to the linear programming duality, the inner
maximization problem in constraints (8) can be reformulated (Bertsimas and
Sim, 2004). Then, we have the following formulation, called the “flow-based”
formulation.

(G) min(s)
st.(6),(7), (14), (15), (16),

SN d 4Ty + Yy ul <

seS teT seS teT

hay 8ify+da, Va €Ay, (21)
reR

Yo tu! >dv, Va€A,,s€SteT, (22)

¥.>0, YacA,, (23)

u! >0, VacA,,seSteT. 24

Note that (G) is a linear programming problem with a fixed f. However, the
size of the problem grows rapidly with the size of the network and especially
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with the number of demands. Specifically, each demand pair (s, t) increases
the size of the problem by |A| + |As|. A typical transit network should consider
a large number of demands; consequently the size of the problem may be too
large to solve as it is. To overcome this, we propose a column generation based
approach in the next section.

3.6.1. Column generation for solving (G)

For a given source and sink pair s — t, any feasible solution of (G) can
be represented as a union of paths between s and t due to the flow balance
constraints (6). Let Py be a set of all paths between s and t. Then it is
easily seen that the following relation

1_§ P st
Vi* o-aZ;ﬂ

PEPy

holds, where ¢4 = 1 if path p € P uses arc a, 0 otherwise. We introduce
new extended variables 0 < zls,‘ < 1 representing the fraction of demand

between s and t using path p. By using the above relation, we consider the
extended formulation.

(EG) min ) (anzdﬁZa{;z;’ + wa) +BY_cuda (25)

seS acA teT pEPy iE:/\ acAy,

stY 2'=1, VseSteT, (26)
PEPy

D d> 00 <D Wi Va € Aw, S €S, 27)

teT PEPy rer

DAY B ATy YDl <had 8f+ g, Va € Ay, (28)

SES teT  pePy seS reT reR
Yotul >dy Yy 00z,
PEPy

VacA,,s€S,teT, 29)
Ya >0, VaeA,, (30)
w'>0, Va€A,,seS,teT, (31)
>0, Va€eA,seSteT, (32)
w;>0, VieV,ses, (33)
4.>0, VYac€A,. (34)

Since there can be exponentially many paths, we incorporate the
column generation based approach. Consider a column generation mas-
ter problem with a limited set of paths. Let (5, 7,9, E) be the dual optimal
solution of the column generation master problem, where 6, , ¢, and A
are the dual variables associated with (26), (27), (28), and (29),
respectively. The column generation master problem is optimal if the
condition

&(Zcu— Soa- Yy Go+ o 3 Zj)—@s,zo,

acA(p) a€A(p)NAge acA(p)NAyy St acA(p)NAgy
Vp € Py,seS,teT,
holds, where A(p)CA is a set of arcs in path p.

Then, the column generation sub-problem for demand s — ¢ is given as
follows:



C. Lee, R. Nair
400_ T T T T T T g T ™
o i : ; 4
3 3501 ot + ]
5 S o N
g 300 R P gotho g .
c + + F + + -+
S + . * ot : s
< 250 T T+#+$¢*TII~| ,
£ 200 poiopm b g T b
2 [ L T E P 1
'g . | [ Lo T | N
8 150t D L @ .
= + 1 F +
S 100f +BQ QDQDQQ |Ql’f
@ T L1 11
g 50_§. ...... - l lJ‘ Lol L2 : 11 J_ lg$
0_;;:;%1 o
3AM  6AM 9AM 12PM 3PM 6PM 9PM 12AM

Hour of day

Fig. 3. Flow distribution for top 100 OD flows by hour of day.

(SP)é, =min > &, (35)
acA(p)
s.t.p € Py, (36)
where
Ca— T, if a€A,,
G=% ci— o+ @A:, if acA,,
st
Cas otherwise.

Note that ¢, is nonnegative for any a € A provided that ¢, > 0 since
7 < 0and 4 < 0. Anew path p" is added to the master problem if dy.&, <
§St, where p” is an optimizer of &,.

Since every cost of the graph for the column generation problem is
nonnegative, very fast shortest path algorithms such as Dijkstra’s can be
used. In practice, it is sufficient to solve the column generation sub-
problem |S| times, because the Dijkstra’s algorithm will provide all
shortest paths from a source to all destinations.

3.6.2. Early termination of column generation

Algorithm 1 entails solving (EG) many times. Specifically, at each
iteration, we solve problem (EG) twelve times by changing f (one for
obtaining V Z(f!) and eleven for the step-length search, since the step-
length problem is solved for discrete values in the unit interval). There-
fore, we keep all generated columns so that the subsequent column
generation will require only a small number of new columns. Moreover,
the column generation can be terminated early if the condition

Zio+ Y (duty—04) 2 2, 37)

seSeT

holds, where Zg; and Z are the objective value of the current column
generation master problem and the best objective value (i.e., incumbent
solution), respectively. The validity of the above condition is easily seen
from the so-called Lagrangian bound (i.e., the optimal value of a column
generation master < the current objective value of the column generation
master + the minimum of reduced costs).

4. The case of Abidjan, Cote d’Ivoire

The mobile-phone data, made available by Orange (2014), consisted
of 2.5 billion call-detail records (CDRs) for Cote d’Ivoire. A CDR is
generated each time a call or a text-message transaction occurs. Around
the city of Abidjan, this dataset consisted of anonymized CDRs for half a
million users over an arbitrary two-week period within a five month
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Top 100 OD pairs

Fig. 4. Box plot of passenger flow distribution for top 100 OD flows (inset
shows top 1000 OD flows).

interval.

Each CDR contains a time and location when and where a call/text
transaction occurred along with an associated ID. The spatial component
is encoded as the mobile-phone antenna that handled the transaction:
typically, but not necessarily, the closest antenna to the user. In the city of
Abidjan, a set of 407 antennas are considered. These towers, which are
analogous to Traffic Analysis Zones (TAZ), serve as the reference for
production and attraction zones for travel. Each individual in the dataset
therefore represents a sequence of time-space events between these
zones.

CDRs by themselves are mostly infrequent snapshots of disaggregated
behavior. (Berlingerio et al., 2013) demonstrated, for the same dataset,
how such infrequent snapshots can be transformed into (partial) activity
sequences. The main intuition presented therein, is that repeat observa-
tions at the disaggregated level allow for activity-sequence reconstruc-
tion, even if the constituent daily activity patterns are partial.

At the aggregate level, this variability detected in individual behav-
iors along with their likelihood, translates to demand, as a distribution,
between any two points on the network. The same OD matrix derived by
Berlingerio et al. (2013) is used here, with the exception that the range
values are specified. Readers are referred to their paper for the
data-extraction algorithms used. Fig. 4 shows the variability of the top
100 OD pairs during peak periods along with a box plot. As shown in
Fig. 3, the data during the peak periods have a higher spread.

In order to specify the random demand variable di, as a range, for
each of the 107,761 OD pairs derived from the CDR data, the median of

the CDR-based flows is considered as Hk and one standard deviation as dy.
In practice, some scale up of demand as a function of mobile operator
market share as well as population statistics such as those suggested in
the literature can be considered (Alexander et al., 2014).

From the supply-side, Sub-Saharan cities across Africa, with the
exception of Lagos, have seen organized public transport deteriorate over
the past few decades (Gwilliam, 2011). Due to cost inefficiencies and
higher fares, public operators have ceded ground to informal operators
who have the majority of the transport mode share. In Abidjan, a city
with 4.5 million citizens, the public operator SOTRA has a fleet of 439
buses. This is complemented by roughly 5,000 mini-buses and roughly
11,000 shared taxis (woro-woro).

Data on the 92 SOTRA routes were considered as the baseline
network shown in Fig. 5b. The frequencies of these services were
extracted from their public website. Additionally, a set of future potential
routes, called the candidate route set, were considered, as shown in
Fig. 5c. Roughly half of those routes were generated based on high-
density corridors as observed in the CDR data (Berlingerio et al.,
2013); the other half of the candidates were generated by a shortest path
algorithm between zones with high volume of passenger flows.
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(c) Candidate routes (d) Optimized routes with I = 200,C =
300, see Section 5 for details

Fig. 5. Abidjan mobile-phone towers and public transport network.

Table 1

Comparison of computational times of the proposed approach with those of two alternative methods for finding the gradient direction. (C = 300, = 1,h = 100)
it*=iterations.

K| r Column Generation Flow-based
FW it* CG it* Columns LP Time (s) SP Time (s) Tot. time (s) Tot. time (s)
100 0 12 469 1526 13.5 25.9 111.3 276.7
20 14 823 2800 105.6 45.1 270.0 205.5
500 0 8 933 9232 127.0 250.2 647.5 2371.3
100 9 1142 14961 1045.8 307.7 1875.9 7597.2
1000 0 14 1267 19128 289.7 659.3 1638.5 11841.2
200 11 1066 25747 2079.4 564.1 3666.9 29361.5
5. Computational results model presented in Section 3 and the computational aspects of the so-
lution procedure. A Monte-Carlo simulation was employed to demon-
Experiments were designed to demonstrate the solvability of the strate the benefit of the robust solution over the deterministic
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Fig. 6. Numbers of generated columns during the column generation iterations.
(K| = 1000,C = 300,I" = 200,h =100, = 1).

alternatives. All of the computational experiments were conducted on a
MacPro machine with a 3.5 GHz 6-Core Intel Xeon E5 and 32GB RAM.
The algorithm was implemented in Python, and CPLEX 12.6 was used as
the linear programming solver. The total number of ODs estimated from
the data was 107,761. Of these, roughly 15,000 ODs had non-negligible
flows; the rest were discarded. This large number of ODs rendered the
problem virtually impossible to solve. To address this, a clustering pro-
cedure was employed to yield aggregate demands of 100, 500 and 1000
OD pairs. The clustering was performed by merging geographically
proximate OD flows.

Table 1 compares the computation times of the proposed algorithm
with two alternative methods for finding the gradient direction (i.e.,
column generation, (EG), and the flow-based formulation, (G)). The
number of Frank-Wolfe iterations and column generation iterations are
reported in the columns “FW iterations” and “CG iterations”, respec-
tively. Recall that we need to solve (EG) many times by trying different f
(i.e., Frank-Wolfe iterations). It is noteworthy that “CG iterations,” rep-
resents the total sum of column generation iterations (not a single run of
(EG)). The column “time (LP)” represents the time spent in solving the
column generation master problem, while the column “time (SP)” in-
dicates the time spent solving the column generation subproblems. It is
clearly shown that the proposed column generation based approach is
significantly faster than the flow-based formulation, and that the per-
formance difference becomes more significant with the number of de-
mands (|K|). Another interesting thing to note is that with I" > 0, the time
for solving the column generation master problem (“time (LP)”) becomes
dominant, which is understandable if the increased size of the column
generation master problem is noted. We found that the CPLEX’s Python
library is not so efficient in retrieving the dual solution values of the
column generation master problem, which results in a large difference

300
—— (EG): Column Generation
250 (G): Flow-based
%\ 200
<3
g
2 150
()
£
= 100
50
0
1 2 3 45 6 7 8 9 1011 12 13
Frank-Wolfe iterations
(a) |K| =
100, 8 = 1
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Table 2
Reductions of total travel times from the baseline assignments. (|K| = 1000,I" =
200, = 1,h = 100).

Cc Total travel times Reduction (%)
Baseline Optimized

50 154,531,965.2 149,878,986.5 3.0

100 153,487,059.4 146,647,194.9 4.5

150 152,893,349.5 143,550,639.9 6.1

200 152,466,981.9 141,683,777.5 7.1

250 152,128,481.0 134,940,946.6 11.3

300 151,770,179.3 132,783,104.7 12.5

between the “total time” and the sum of “time (LP)” and “time (SP).” This
implies that a more efficient implementation with a native CPLEX
interface such as C or C++ would make the performance of the column
generation even more dominant.

Fig. 6 illustrates the numbers of generated columns during the column
generation iterations. It is clearly seen that in the early iterations, many
columns are generated. The progress of the column generation becomes
faster after the early iterations, which makes subsequent solving of (EG)
even faster. The “peaks” shown in the figure appear when the frequency
setting f was changed significantly. Since, during the Frank-Wolfe itera-
tions, we solve (EG) repeatedly by changing f, a considerably different f
would result in significantly different optimal strategies for travelers,
which would require many new columns.

Fig. 7 plots the computational time increments over the Frank-Wolfe
iterations. The left of the figure is obtained from a small-size problem
(|[K| =100), while the right is obtained from a large-sized problem (|K| =
1000). The stair-like behavior is due to the significant changes of f (i.e.,
step 9 of Algorithm 1). It is clearly seen that the column generation
outperforms the flow-based formulation, and that the benefit of column
generation increases with the progress of the Frank-Wolfe iterations. This
is due to (i) the fact that only a small number of new columns needs be
generated after the initial generation, and (ii) the frequent early termi-
nations of column generation.

Table 2 summarizes the reductions of total travel times obtained from
the proposed approach. The reduction is calculated from the baseline
assignment

_60xC

f,—}m ><l,-7 for all rek,

where R is a set of new candidate routes. Note that the baseline assign-
ment means that we distribute the vehicles evenly to all new routes. The
results show that, as expected, the reduction becomes larger as the

SLLLL - (EG): Column Generation

(G): Flow-based
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Fig. 7. Increments of computational time over Frank-Wolfe iterations.

10



C. Lee, R. Nair

—
1.4
1.2
E 1.2
% 1.0
[0]
£
3
2 1.0
8 os
by
>
&
3
+ 0.8
g 0o
®
=
0.6
0.4
0.0
1.8
2.0
=
1.6
X 18
[0]
£
3 1.4
S 16
+
>
(]
3
T 12
g 14
®
=
1.
0 1.2
30.0

r'=0

EURO Journal on Transportation and Logistics 10 (2021) 100034

T'=200
1.6

14

1.2

1.0

0.8

10.0 20.0

40.0

50.0

Increments of demands(%)

Fig. 8. Monte-Carlo simulations with varying demands. (K| = 1000,C = 300,h = 100, = 1).

number of new vehicles deployed increases.
Robustness of Solutions: To measure the robustness of solutions
obtained from the proposed approach, we conducted a Monte-Carlo

simulation test. From the nominal demands ak and maximum deviation
dy, we generated 100 random demand scenarios following a normal

distribution ,4/'(ak,ak) for each k € K. Then, we evaluated the deter-
ministic solution (I' = 0) and the robust solution (I' = 200) with all
demand scenarios populated.

It is noteworthy that each demand scenario has a theoretical low
bound of the total travel time that can be calculated by adopting the
assumption of infinitely many vehicles. Having infinitely many vehicles
means that there is no waiting time and no delays, which implies that the

11

total travel time is the sum of the shortest of all demands. For a given
demand scenario, we calculate this theoretical low bound and subtract it
from the optimal objective value, which yields the “inefficiency” measure
of the solution (i.e., the extent to which the objective value of the solution
is worse than the theoretical best outcome for the given demand sce-
nario). The inefficient measure consists of the waiting time, delay time,
and additional detour time of travelers to avoid waiting and/or delays.

Fig. 8 plots the results of the Monte-Carlo simulation, comparing the
deterministic solution (I' = 0) and the robust solution (I' = 200) for
different cases of increasing demand. When the demand is not increased,
the robust solution results in a slightly worse performance than the
deterministic solution. However, with increasing demand, the robust
solution performs better than the deterministic solution.
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6. Conclusion

A robust transit-network design model, designed for cases in which
travel demands are opportunistically sensed and estimated as ranges, is
presented. Using demand data obtained from mobile-phone CDRs, the
model is demonstrated for the city of Abidjan. The main results show an
improvement of system-wide journey times as functions of the uncer-
tainty budget and random realizations of demand.

The study has the following limitations. We make the assumption that
all demand sensed using such methods can potentially be served by
transit. The absence of a mode preference model (due to the absence of
socio-demographic information associated with the mobile phone tra-
jectories) can be assumed to increase the range uncertainty. This was not
specifically considered. A second limitation is the lack of demand elas-
ticity. The measured demand estimates are based on current supply
conditions and not on future offerings. The elastic demand case is not
considered here, since estimation of elasticity from such data is an open
problem. The budget of uncertainty I' should be carefully tuned, since
this impacts the range of demands for which the robust solution is valid.
The model currently assumes no change in waiting time and travel time
on account of demand changes, and only considers the impact on ca-
pacity constraints. Such considerations can be relaxed to include other
effects, but will make the model size even larger. Other sources of un-
certainties also need to be addressed. For example, the travel routes of
travelers might become dramatically different if the uncertainties of
travel time and/or the operation frequencies of vehicles are considered.
Any of these calls would serve as valuable future research directions.
Concerning the algorithmic aspects, one should note that the computa-
tional study conducted in this paper is heavily focused on analyzing the
real-world use case. This means the algorithm has been developed and
tuned to tackle a specific problem instance, so the results might not be
directly translated into other cases without further modifications and
improvements.

There is huge potential for big-data utilization in the field of urban
mobility. A more detailed characterization of demand processes under
this regime is necessary if these sources of information are to impact
mobility-resource decisions. Supply-side planning and the operational
models could then fully leverage such information.
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