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An energy-efficient train trajectory corresponds to the speed profile of a train between two stations that minimizes
energy consumption while respecting the scheduled arrival time and operational constraints such as speed limits.
Determining this trajectory is a well-known problem in the operations research and transport literature, but has so
far been studied without accounting for stochastic variables like weather conditions or train load that in reality
vary in each journey. These variables have an impact on the train resistance, which in turn affects the energy
consumption. In this paper, we focus on wind variability and propose a train resistance equation that accounts for
the impact of wind speed and direction explicitly on the train motion. Based on this equation, we compute the
energy-efficient speed profile that exploits the knowledge of wind available before train departure, i.e., wind
measurements and forecasts. Specifically, we: (i) construct a distance-speed network that relies on a new non-
linear discretization of speed values and embeds the physical train motion relations updated with the wind
data, and (ii) compute the energy-efficient trajectory by combining a line-search framework with a dynamic
programming shortest path algorithm. Extensive numerical experiments reveal that our “wind-aware” train tra-
jectories present different shape and reduce energy consumption compared to traditional speed profiles computed

regardless of any wind information.

1. Introduction

The global transport emissions have kept increasing over the last 20
years, with the transport sector accounting for 24% of direct CO5 emis-
sions from fuel combustion (IEA, 2019). Despite railways being one of the
most energy-efficient transport modes, reducing energy consumption is
considered as a major challenge and priority in modern railway trans-
portation. In fact, the energy consumed by trains represents one of the
largest costs incurred by railway operators. Moreover, there is large
pressure on operators due to societal and environmental targets to in-
crease the sustainability of railway transportation by improving effi-
ciency and cutting emissions (Wang et al., 2011; Railenergy, 2016; UIC,
2019). Consequently, energy efficiency has emerged as a prominent
subject within railway operations in both industry and academia. For
example, 28 European railway operators have committed to reduce CO,
emissions per passenger kilometer and per tonne kilometer by 50% by
2030 (UIC, 2019). These efforts are also signaled by public web pages of
many railway operators (see, e.g., FS, 2019, NS, 2019; and SBB, 2019)
and by the increasing amount of scientific literature on the topic (Liu and
Golovitcher, 2003; Gunselmann, 2005; Howlett and Pudney, 2012;
Gonzalez-Gil et al., 2014; Lu et al., 2014; Yang et al., 2016; Scheepmaker
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et al., 2017; De Martinis and Corman, 2018). In addition to improve-
ments in vehicle technology (Gunselmann, 2005), infrastructure and
building design (Gonzalez-Gil et al., 2015), and loading of freight trains
(Lai et al., 2008), one important option to improve energy-efficiency in
railways is adopting driving strategies that minimize the energy con-
sumption of individual trains while satisfying the timetable and addi-
tional operational constraints such as speed limits. A driving strategy is
typically represented in the form of a speed/distance profile and will be
called a train trajectory or simply a speed profile hereafter. Determining
an energy-efficient train trajectory can lead to a potential energy saving
in the range 5-20% (Hansen and Pachl, 2014), hence, it is an attractive
option for railway companies to reduce energy consumption as it does
not require infrastructural changes or major investments. In practical
train control, enforcing these speed profiles is possible with the support
of automated driver advice systems (DAS), which are being implemented
by a growing number of railways around the world. A DAS can indeed
monitor the train movement and provide updated information to the
driver about target arrival time as well as control advices to achieve this
target using energy-efficient driving (Panou et al., 2013).

In the scientific literature, computing energy-efficient speed profiles
is usually referred to as the train trajectory optimization problem. In its
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simplest setting in which a train runs on a flat track under a single speed
limit, the optimal trajectory can be characterized analytically as a
sequence of four driving regimes: (1) maximum acceleration, (2) speed
holding, also called cruising, (3) coasting, and (4) maximum braking, in
this order. However, in more realistic settings involving varying speed
limits, slopes, and possibly other constraints, analytical derivations are
generally not available and finding the optimal train trajectory is a
challenging problem (Albrecht et al., 20164, b). Therefore, a multitude of
solution approaches have been developed in the literature, which, at high
level, can be grouped into three categories:

1. The “indirect” methods formulate the problem as a continuous
boundary value problem using differential equations (Cheng and
Howlett, 1992; Howlett, 2000; Liu and Golovitcher, 2003; Howlett
and Pudney, 2012; Albrecht et al., 2016a, b).

2. The “direct” methods formulate and solve the problem by means of
mathematical programming techniques (usually mixed-integer or
non-linear; Wang et al., 2013; Wang and Goverde, 2016a, b; Ye and
Liu, 2017; Luan et al., 2018a, b).

3. The dynamic programming (DP) approaches rely on constructing a
network using discrete distance, time, or speed quantities, and
executing indeed a dynamic programming algorithm (Franke et al.,
2000; Ko et al., 2004; Lu et al., 2013; Ghaviha et al., 2017; Haahr
et al., 2017; Zhou et al., 2017). These papers mainly differ regarding
the specific constraints considered and the way the underlying
network is constructed. For instance Haahr et al. (2017) rely on a
distance-speed network while Zhou et al. (2017) use a
distance-speed-time network. The solution methodology that we
develop in this paper adds to this line of work.

The extant literature we are aware of has studied the train trajectory
optimization problem in an environment which is independent from the
specific journey-dependent conditions. In other words, speed profiles are
computed based on the timetable and available running time, i.e., static
information published in advance. In reality, there are factors such as
wind, rain, line voltage, train load, and resistances, that vary across
journeys on the same track and may affect energy consumption and the
optimal driving strategy (Powell and Palacin, 2015; De Martinis and
Corman, 2018; Wang et al., 2020). Our intuition is that if we were able to
measure or forecast these factors and somehow account for them proac-
tively before computing a train trajectory, then the optimal trajectory
would potentially be more energy-efficient because it would adapt to
more information compared to the timetable alone. For example, one
would expect the shape of an optimal train trajectory to be altered in the
presence of strong winds, e.g., by holding a lower speed or by starting
coasting earlier or later. Thus, our research questions is the following:
Can we exploit the short term knowledge of journey-dependent variables,
such as weather data available before train departure, to proactively
compute more energy-efficient speed profiles?

To address this question, in this paper we focus on the example of
wind and propose a train resistance model that explicitly accounts for the
effect of wind speed and direction on the moving train. In general, the
train motion is governed by well-established physical equations (see e.g.,
Hansen and Pachl, 2014, or Wang and Rakha, 2018 for a recent study on
train dynamics) and there exist simple models from the academic and
practitioner literature to describe the effect of aerodynamic drag on
railway vehicles (Peters, 1990; Schetz, 2001; Tian, 2009). This paper
builds on this literature by proposing a more detailed and flexible wind
resistance model that decomposes the impact of wind speed and direction
with respect to the train into a traversal and a longitudinal component.
We show that our model is consistent with the simpler models from the
literature in case of pure headwind or tailwind, i.e., in case there is no
cross-wind. Although additional empirical research may be needed to
validate this model, our focus is on studying the impact of wind on train
resistance in the context of train trajectory optimization, which has not
been done before to our knowledge.
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An optimal (energy-efficient) train trajectory that exploits wind in-
formation is henceforth referred to as a wind-aware trajectory. While
determining this trajectory we assume that wind speed and direction are
function of the location and known in advance (before departure), and
that the train does not recover energy while braking. Finding this tra-
jectory requires solving a bi-objective problem with objectives being the
energy consumption and the travel time. We tackle this problem by
proposing a method that combines a simple line search approach with a
DP shortest path algorithm in a distance-speed network with arc costs
adjusted for the wind state. Our distance-speed network relies on a novel
non-linear discretization of speed values that results in a more balanced
network and might therefore improve the quality of the trajectories.
Moreover, despite the fact that dynamic-programming based solutions
exist for train trajectory optimization, our algorithm that combines
solving shortest paths with line search is new and computationally very
efficient. From a multi-objective optimization theory perspective, our
method is an application of the weighted sum scalarization technique,
which is not guaranteed in general to reach all Pareto-optimal solutions
(Boland et al., 2015; Ehrgott, 2006). However, we show by experimen-
tation that this method is suitable for solving the train trajectory opti-
mization problem by approximating the energy-time Pareto frontier and
showing that it is very dense of points, i.e., it shows no big holes that
would hint the possibility of unreachable points due to non-convexities.

We perform a numerical study with realistic train data and different
wind scenarios, and show that our wind-aware trajectories deviate from
classical trajectories computed independent of wind and can be more
energy-efficient. Specifically, our wind-aware trajectories lead to an en-
ergy saving that: (i) is related to the wind speed and impact angle, and (ii)
can be up to 10% under strong headwinds and about 0-2% under low
winds. By analyzing the shape of wind-aware trajectories, we derive in-
sights on how the speed profile changes depending on the wind. In
particular, we notice that the coasting phases can vary significantly in
both shape and starting location. With our results, we show that there
may be a practical benefit in including information (measurements,
forecasts) about external factors such as wind speed and direction in the
computation of train trajectories. Our next step could be to extend this
model to a pervasive description of uncontrollable externals factors in
railway networks (like people onboard, friction coefficients, energy
conversion efficiency, etc.), allowing to classify their relative effect and
opportunities.

To summarize, the contributions of this paper to the train trajectory
optimization and railway operations literature are the following: (i) we
extend the simple train resistance equations from the literature to
incorporate more flexibly the effect of wind speed and direction on train
motion, (ii) we introduce a new non-linear discretization of speed values
resulting in more balanced distance-speed networks, (iii) we develop a
simple yet powerful optimization scheme that allows to obtain energy-
efficient trajectories in seconds by combining line search with dynamic
programming, and (iv) we show that accounting for wind data (or in
general, journey-dependent conditions, uncontrollable conditions that
can be known with limited knowledge at some specific time only) when
optimizing speed profiles might have a significant impact on the train
energy consumption.

The rest of the paper is structured as follows. In Section 2, we review
the classic train dynamics and present our train resistance equation that
embeds the effect of wind. In Section 3, we describe our approach to
build the distance-speed network and our method to optimize the train
speed profile. In Section 4, we introduce the setup of our numerical ex-
periments and present our results. We conclude in Section 5 and provide
directions for future research.

2. Wind effect on train motion
In Section 2.1, we present the standard physical model of train dy-

namics. In Section 2.2, we introduce a new train resistance equation that
is grounded on the literature on aerodynamic drag and incorporates the
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effect of wind speed and direction. Units are reported in square brackets.

2.1. Classical train dynamics

The motion of a railway vehicle is governed by the following well-
known differential equations (Hansen and Pachl, 2014):

dV(S) f(S) - Rline(s) - lein(").

ds p-m-v(s) ’ (1a)
di(s) 1
77\)(3')7 (D)

where s is the distance traversed by the vehicle [m], v(s) is the vehicle
speed [m/s], t(s) is the time [s], f(s) represents the traction force when
positive and braking force when negative [N], and Ry (s) and Ryqin(v) are
the line and train resistances [N], respectively. The parameter m is the
train mass [kg] and p the rotating mass factor [—].

The line resistance term Ry (s) in (1a) is caused by curve resistance,
tunnel resistance, and gravitational pull due to track slopes (Wang et al.,
2011; Vardy and Reinke, 1999). The gravitational pull is usually
considered as the predominant component in Ry (s) (Pachl, 2002) and is
computed as m g sin(q(s)), where g ~ 9.8 m/s? is the gravitational ac-
celeration constant and q(s) [radians] is the slope angle as a function of s.
Many papers accounting for line resistance in train trajectory optimiza-
tion consider indeed the gravitational pull component alone (Haahr
et al., 2017; Wang and Goverde, 2016a). We refer to Pachl (2002) and
Wang et al. (2011) for more detailed discussions on the other line
resistance components.

The train resistance Ryqin(v), is composed by frictional, mechanical,
and air resistances and is commonly expressed as a quadratic function of
train speed (Rochard and Schmid, 2000; Pachl, 2002; Tian, 2009; Wang
et al., 2011; Hansen and Pachl, 2014):

Ryan(V)=c1 + ¢y v +c3 0%, 2

where ¢; > 0, co > 0, and c3 > 0 are vehicle-dependent constant scalars
with unit [N], [N (s/m)], and [N (s/m)z], respectively. Based on this
general formula, several railway companies have established different
approximations to model resistances in their own types of trains (Pachl,
2002). As discussed in Section 1, the train resistance in practice is not
only a function of speed but is also affected by external variables like
wind and rain that change from journey to journey, even when consid-
ering the same train running between the same pair of stations. There-
fore, in the next section we will discuss how to incorporate some of these
variables into Equation (2) to obtain a more precise and
journey-dependent description of the actual resistance.

In addition to Equation (1), the train movement is constrained by
upper bounds on the power generated by the engine f(s) v(s) <pMAX [W],
on the traction force f(s) < fM4X, and on the speed v(s) < vMAX(s), where
YMAX(5) is the speed limit enforced at location s. We use distance instead
of time as independent variable in Equation (1) because the speed limit is
indeed a function of the location s, as is the line resistance. Moreover, the
acceleration is bounded both from below and from above by aV <
dv(s)/dt(s) < a¥X to ensure sufficient riding comfort to passengers.
Notice that a¥!V is negative and corresponds to the maximum decelera-
tion. Time windows at passage points could be enforced as well (Wang
and Goverde, 2016a).

Finally, the energy consumed between any two locations s; and s, can
be computed as the integral of the force exerted by the train in this in-
terval:

B2 = / " max{f(s), 0} ds. 3)

Notice that, given a constant and uniform train acceleration a =
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a(s) = dv(s)/ds between two locations s; and s,, the energy consumption
varies as a function of the train resistance. In fact, as can be seen in
Equation (1a), when the resistance increases, the force f(s) needed to
hold a constant acceleration has to increase too. Thus, the resulting en-
ergy consumption increases as a result of Equation (3). As a special case,
this consideration is also true when the acceleration is equal to zero, i.e.,
the train is holding a constant speed.

2.2. A new train resistance equation

In this section, we focus on the impact of wind on the resistance of a
train and propose a formal description of this relation. We denote by V'
the vector representing the train speed relative to the track/ground and
by W the real wind vector, i.e., the wind speed relative to the ground.
These vectors have length v and w, respectively. The angle between them
0 € [0, 2x] [radians] is called the impact angle of wind. Fig. 1 provides a
visual representation of v, W, and 6.

Next, we denote by V4 the vector representing the speed of the train
relative to the air. This vector can be defined as the vector difference of 7'
and w, that is, V4 := Vv — W. Its opposite W = — V4 represents the
relative wind speed as experienced by the train in motion and is usually
referred to as the apparent wind, while the angle y between V" and V' is
known as the yaw angle (Schetz, 2001; Bomhauer-Beins, 2019). We
illustrate vectors V', and W, and the resulting yaw angle y in Fig. 2.

Following Bomhauer-Beins (2019), we can express y and the magni-
tude of V4, i.e. v4 = wa, as a function of v, w, and 6 based on simple
trigonometric relations, as follows.

va=va(v,w,0) = \/(v —wcos 0)° + (wsin 0)°, (4a)
. (wsin 8
y=y(v,w,0) :arcsm< . > (4b)
A

We relegate the details of this simple derivation to the appendix.

It is commonly assumed in the literature that wind affects the
quadratic term (i.e., the air resistance, or aerodynamic drag) in Equation
(2) and that the impact of wind on a moving train depends on the two
parameters v4 and y (Peters, 1990; Schetz, 2001; Tian, 2009), which
ultimately are functions of v, w, and # as shown by Equation (4). A simple
model in the literature (Peters, 1990; Schetz, 2001) that does not account
for cross-winds, i.e., it is only applicable to tailwinds or headwinds par-
allel to the train direction (0 = 0 or = r), states that

Rtra[n(v7 VA) :Rzr'ain(v7 w, 9) =cit+cavte V§~ (5)

The only difference between (2) and (5) is that v in the quadratic
component of the former equation has been replaced in the latter equa-
tion by v4, which isequal tov4, = v — wif @ = 0 (tailwind) orv4 = v + wif
6 = z (headwind). Although Equation (5) is generally acknowledged by
academics and practitioners, literature that considers the effect of cross-
winds on train resistance is quite scarce. Peters (1990) and Schetz (2001)
model cross-winds by making the drag coefficient c; dependent on the
yaw angley as ¢;(y) =cs-(1 + 0.02[7]), where7 is the measure in degrees
of y and c; is the same drag coefficient that appears in (2) and (5), i.e., the

<y

Fig. 1. Stylized train viewed from above with an illustration of train speed
vector (black arrow), wind speed vector (red arrow), and impact angle 6. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the Web version of this article.)
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Fig. 2. Illustration of V4, Wa, and 7.

baseline coefficient without cross-wind.

In this paper, we follow in spirit the approach of the aforementioned
papers by making the drag coefficient c3 wind-dependent. However, we
propose a richer model for this coefficient that factors the impact of the
apparent wind on the longitudinal and traversal surfaces of the train. To
do this, we start by approximating the train by a parallelepiped with
length L, width [, and height h. This means that the lateral sides of the
train are described by rectangles with dimensions L x h whereas the front
and back surfaces by I x h rectangles. Assume y # 0, that is, the train is
exposed to cross-wind, and consider the lateral side of the train which is
hit by wind through the apparent wind vector w,. The surface that this
vector actually sees is determined by projecting the lateral rectangle onto
a plane orthogonal to Wa, resulting in a smaller (or equal) rectangle with
area L h |siny|. In particular, when the angle y is close to zero, then
L h |siny| is also close to zero. In contrast, when y is close to z/ 2, then
L h |siny| is close to the original area L h. To better illustrate this pro-
jection, we use the examples in Fig. 3 to show the lateral area of the train
and its projections under yaw angles of 20 and 60°. For instance, if L =
100 mand h = 4 m, i.e. the lateral train area is 400 mz, then the area of
the resulting projected rectangle is approximately 137 m? and 346 m?,
respectively, for the examples in Fig. 3(a) and (b).

Similarly, to determine the wind effect on the longitudinal train
component, we consider the surface among front and back that is hit by
Wa, and project it onto a plane orthogonal to the direction of this vector.
The resulting rectangle has an area of [ h [cosy|. We use cos(y) instead of
sin(y) here simply because the orientation of the front/back and lateral
surface differs by /2.

We now use the projected train surfaces to define a wind-dependent
drag coefficient

Ca(y) s =75 (& 1 [cosy|+& h Lsiny]), ©

where &; and &, are positive parameters [—]. To build some intuition, we
can think of (6) as the sum of a traversal and a longitudinal wind effect.
The traversal component is related to the force that wind exerts on the
lateral side of the train, hence it is proportional to the projected area
L h |siny| orthogonal to the apparent wind. Similarly, the longitudinal

(b) v = 1.047 (60 degrees).

(a) v = 0.3491 (20 degrees).

Fig. 3. Stylized train and projected lateral area under different yaw angles. The
black and red arrows represent respectively the true train speed V' and the
apparent wind w. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)
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component is related to the force that wind exerts on the front/back of
the train and is proportional to [ h |cosy|. The parameters £; and &, are
introduced in (6) to provide a more flexible balance between the
traversal and longitudinal component of the effect and can also be used to
model the specific train shape. For instance, the improved aerodynamic
design of high speed trains can be associated with lower values for &, and
&,. Our final expression of train resistance is defined by

R’,m[n(vy Va, }') :R’Ira[n(vy w, 0) =c+ov+ C’S(Y) Vf\‘ (7)

In the special case in which & =1 and y = 0, i.e. there is no cross-
wind, in (6) we have |siny| = 0, |cosy| = 1 and hence ¢’5(y) = ¢ thanks
to the scaling coefficient c3/(h ). Consequently, (7) reduces to (5), that is,
our model is consistent with and extends the existing model in the
literature.

To illustrate, in Fig. 4(a) and (b) we display, respectively, the value of
v4 and y depending on the wind impact angle 6 € [0, 2z], given v = 20
m/s and w = 10 m/s. Moreover, in Fig. 4(c) we show the corresponding
resistance values R’gpqin(v,w,0) when further assuming the following
parameters: L =138 m, [=3.2m, h=4.4 m, ¢c; = 5.8 kN, ¢, =0.072
kN s/m, ¢ = 0.013 kN (s/m)>?, £, =1, and three different values for &, €
{0, 0.025, 0.05}. Clearly, the relative effect of traversal and longitudinal
impact depends on the value of £ and &,. As shown in Fig. 4(c),
increasing &, does not affect the resistance when 6 = 0 or § = z but it
does affect the resistance for other wind directions that involve cross-
wind. Finding the actual values for £; and &, would require calibrating
(6) and (7) from empirical measurements, which are unavailable in this
study. Intuitively, one would expect a value for £; that is closer to 1 and a
much smaller value for &,. In our numerical study in Section 4, we
perform a sensitivity analysis where we test different values for these
parameters.

3. Trajectory optimization including wind

In this section, we discuss our methodology to optimize train trajec-
tories in the presence of wind. As mentioned in Section 1, computing the
energy-efficient optimal trajectory in continuous time, distance, and
speed is hard (regardless of wind) and can be done analytically only in
very simple settings. To overcome this challenge, in this paper we
develop an algorithm that relies on discrete distance and speed quantities
and falls in the class of dynamic programming. In particular, in Section
3.1, we construct a distance-speed network that incorporates wind data
and is based on a new non-linear discretization of speed values. In Section
3.2, we present a speed optimization method that combines a dynamic
programming algorithm with line search. Although the network we
define in Section 3.1 uses wind information, the solution method that we
develop in Section 3.2 is not specifically wind-related and can be used to
solve the standard train trajectory optimization problem.

3.1. Distance-speed network

We define our distance-speed network as a directed acyclic graph
< = (/°, %), where ./" is the set of nodes and ./ the set of arcs (i.e.,
directed edges). Nodes n € ./" and arcs b € ./ in this graph represent,
respectively, distance-speed pairs and feasible train movements between
consecutive locations. We describe these sets in details in the following.

3.1.1. Node set

To construct./’, we start by discretizing distance and defining a finite
set of I + 1 locations named . = {so < ... <s§; < ... < 57}, where so =0
corresponds to the departure station and s; = S to the arrival station (S
denotes the total distance between the two stations). In our numerical
experiments we use a uniform discretization of distance, meaning that
siy1 —si=As=S/I for all i = 1, ..., 1. However, the method that we
develop in Section 3.2 to optimize trajectories works independently of
the discretization used.
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*7"'/4 — with wind, & =0
. 5 — with wind, & = 0.025
21 [— train speed relative to air with wind, & = 0.05
— - train speed relative to ground - - baseline (no wind)
0 —/2 0
0 0.5 7T 1.5m 2T 0.57 m 1.5m 27 0 0.5 T 1.57 2T
0 [Radians] 0 [Radians] 0 [Radians]

(a) Relative train speed.

(b) Yaw angle.

(c) Train resistance.

Fig. 4. Illustration of relative train speed v, yaw angle y, and train resistance R’y as functions of wind impact angle 6 for fixed values of v and w.

To discretize speed, we consider the maximum speed limit over the
entire track, which is VX = max{yM4X(s),s < [0,S]}, and define a set of
J+ 1speed points 7" ={vy < ...<v;< ...<vy},wherevy =0andv; =
VMAX | Again, we could specify these points using a uniform discretization
(the methodology is not affected by the speed discretization choice). We
notice however that, given two consecutive locations s; and s;;; and an
initial speed v; at location s;, the range of speed values v, that can be
reached at s varies substantially depending on the initial speed v;.

To elaborate, consider the example in Fig. 5 where the interval As is
equal to 100 m, minimum and maximum accelerations are @™ = — 0.8
m/s? and a”X = 0.6 m/s?, and the track slope is zero.

If the initial speed is v; = 40 km/h, then the train is able to speed up
to 56 km/h or to decrease speed to 0 km/h, i.e. to stop, before arriving at
siy1. Instead, if the initial speed is v; = 100 km/h, then in the same
distance the train can only increase or decrease speed, respectively, by 7
and 11 km/h. Therefore, the range of reachable speed values in km/h is
[0, 56] in the first case, while in the second case this range is just [89, 107],
i.e., it is more than three times smaller than the former interval. This
observation is somehow intuitive because the higher the speed, the
shorter the time needed for the train to run a given distance, the smaller
the flexibility to change speed. As a consequence, choosing a uniform
speed discretization entails a number of reachable speed points that
quickly decreases as the speed increases, resulting in limited flexibility to
adjust the train trajectory in the portions of the distance-speed network
where the speed is high. To resolve this issue, we make use of a non-linear
discretization based on a simple power function
vt =) V" v ji=0,...,J, (8)
with ¢ € (0,1]. When ¢ = 1, Equation (8) corresponds to the uniform
discretization. As we reduce ¢, the density of our J 4+ 1 points increases
for high values of speed and decreases for low values of speed. In other
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Fig. 5. Range of reachable speed values between two consecutive dis-
cretized locations.

words, decreasing ¢ results in speed points that concentrate more and
more towards VMAX, For instance, the parameter ¢ could be set such that
a similar number of reachable points is obtained from any initial speed v;,
resulting in a network that is more balanced in the sense that the number
of feasible controls is similar at any node. To the best of our knowledge,
no previous research has employed non-linear discretization techniques
in train trajectory optimization.

Recall that speed limits are location-dependent. Once the set 7" is
constructed according to Equation (8), we define location-dependent
speed-point sets 7;, for i = 0, ..., I, each being the subset of 7" that
satisfies the respective speed restriction at location s;. Formally, 7; =
{vie 77 vy < vMAX(s)} U YMAX(5;). We added v/MAX(s;) to this set to
allow the train to reach (and hold) precisely the maximum permitted
speed. Thus, we can define the nodes n € ./" in our network as distance-
speed pairs n = (s;,vj) €. x 7.

Finally, notice that some of the nodes close to the points where the
speed limits change will never be reached by feasible trajectories. To
illustrate, consider the portion of a distance-speed graph in Fig. 6, where
the continuous red line represents the speed limit vM4X(s).

Nodes in regions R; and R4 of this graph (i.e., directly exceeding the
limits) have been excluded from ./" already due to our definition of 77;.
Moreover, when the speed limit increases from 70 to 160 km/h ats = 1
km, the train would need some time and space to reach a speed matching
the next higher limit. Therefore, we determine the maximal acceleration
profile between these two speed values starting at s =1 km, which
corresponds to the dashed blue line in the figure. Nodes above this curve
(i.e. in region R,) are not reachable as they would imply an acceleration
higher than a”4X and are thus discarded from ./". Similarly, the dotted
green line represents the maximal deceleration profile from 160 to 50
km/h computed so that the train reaches 50 km/h exactly when such
limit is enforced at s = 4 km. Nodes in R3 can be deleted from ./ because
the train cannot reduce speed fast enough to meet the next speed limit. In
conclusion we construct, for the locations on the track with a speed limit
variation, a set of partial speed profiles using a"X or a“V as in Fig. 6,
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Fig. 6. Unreachable distance-speed regions due to speed limits.
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and delete points that lie above such profile from./". This enables further
reducing the size of our distance-speed network 7 without losing
feasible train trajectories (about 4% fewer nodes and arcs in the network
used in our numerical study).

3.1.2. Arc set

We construct the arc set .o/ as follows. For each pair of nodes n;, ny €
', we add the arc b = (n;,ny) to ./ if and only if: (i) n; and ny corre-
spond to consecutive locations, respectively s; and s;.1, and (ii) the latter
node is reachable from the previous node when taking into account all
physical constraints on train motion. These constraints include not only
the maximum acceleration and deceleration, as shown in Fig. 5, but also
the maximum traction force and engine power. We refer to Section 2.1
for more details on these constraints. In other words, an arc b € .o/ in our
graph represents a feasible train movement (hence a control) between
two distance-speed points in consecutive locations.

In the following, we assume a uniform train acceleration over indi-
vidual arcs, which seems a reasonable assumption when the distance
discretization is sufficiently fine. Suppose that arc b € ./ connects node
ny = (s;,vj) withny = (sj41,v4). From our assumption it follows that each
arc b € &/ can be associated with a unique travel time t, [s], an accel-
eration a [m/sz], a force f, [N], and the energy e, = Eg*' [Wh]
consumed while traversing the arc. We compute these quantities using
the standard equations of the uniformly accelerated motion, as well as, a
discrete version of the train Equation (1). Specifically, time and accel-
eration of arc b are calculated with

2(sip1 — i) Vi + v
ty=—-—">, = 9
b v+ vy ap lh ©

and are not affected by the train resistance since distance and speed are
fixed points in the network. Instead, the force f, and consequently the
energy e, needed for the train to change its speed between two target
values in a given distance interval depends on the train resistance, hence
on the wind parameters w and 0 (see also our related discussion at the end
of Section 2.1). We state this dependency explicitly by writing f, =
fo(w,0) and e, = ep(w,0). In principle, the force is also a function of the
location s (i.e., it should be f, (s, w,8)) but we compute it as a constant
quantity over arc b as explained next. The wind (w, 6) is assumed to be
constant in each interval [s;,s;;1]. By replacing the uniform acceleration a,
into Equation (1), we have:

So(s,w,0) =p m @y + R yoin(v(5), W, 0) + Riine (5), Vs € [5:,5111], (10a)

- (it (8t Sin .

—ﬂmﬂb +R lmm( 2 7W¢0> +lee< 2 )7 VS € [SnsHl]a (10b)

=:f,(w,0), Vs € [si,8i11]- (10c)
Consequently, by applying (3) we obtain:

ep(w,0) = : max{f,(w,0), 0} ds (11a)

= (801 — ;) - max{fy(w, 0), 0}. (11b)

In (10b), the train and line resistances are determined, respectively,
using the average speed over the interval and the line information at the
midpoint (s; + si;1)/2. On one hand, in this equation we are introducing
an approximation because these resistances in reality change continu-
ously within the interval [s;,s;,1] due to the continuous change of speed
and possibly gradient and curvature of the track. (We expect the
approximation error to be small when using sufficiently small distance
intervals.) On the other hand, this strategy avoids the numerical
approximation of integrals which are potentially time consuming (these
integrals arise when combining (1a) with (3) and integrating over s). In
fact, as we see in the next section, the force and energy consumption in
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(10)-(11) have to be computed for the entire network many times in
order to obtain the desired energy-efficient trajectory.

3.2. Dynamic programming-based line search

Let us consider a wind scenario in which speed w and direction 6 are
constant in location and time, that is, wind conditions do not change
during the journey that we aim to optimize (we explain later how to
generalize this case). Our goal is to determine the speed profile that
minimizes energy consumption while respecting the arrival time and
accounting for (w,0). Enforcing the arrival time means ensuring the trip
takes less than a given amount of time that we call TS [s]. The main
challenge in tackling this problem is to handle jointly energy consump-
tion and travel time, which can be seen as two conflicting objectives.
Indeed, an early arrival time is usually associated with a higher average
train speed, hence a higher energy consumption. Vice versa, if the train
runs at low average speed, it will consume less energy but it will also take
more time to reach destination.

Suppose for a moment that we want to minimize travel time alone
without looking at energy. It is well known that finding the fastest train
trajectory in our graph ¢ is equivalent to solving a shortest path problem
from node ngyarr = (0,0) to ngxp = (S,0) (i.e., departure and arrival
stations with zero speed) with arc costs equal to the travel time ¢, = t;
computed as in (9), for all b € .o7. This shortest path can be determined in
@(|.7"] +|.7|) using a simple forward DP (Ahuja et al., 1993), i.e., more
efficiently than Dijkstra because ¥ is acyclic. If the timetable is defined
properly, a train following the fastest trajectory will take less than the
scheduled time T* to arrive at destination. However, this trajectory also
leads to high energy consumption because the train is never coasting, for
instance. Therefore, although it may be useful when the train has an
initial delay, choosing the fastest trajectory is not desired during normal
operations. On the other extreme of this trade-off, one could find the
trajectory that minimizes energy consumption regardless of time. To do
this, we assign arc costs equal to the energy needed to traverse the arc,
i.e. cp(w,0) = ey(w,0), following Equation (11), and solve a shortest path
problem as a DP analogously to the previous case. Obviously this tra-
jectory would be excessively slow (basically, driving at the minimum
speed all time) and will result in a large delay. How can we then deal with
both objectives? Notice that this challenge is not specifically
wind-related but also arises when solving the standard train trajectory
optimization problem.

One option to account for both objectives is to formulate our problem
as a resource-constrained shortest path problem (RCSP; see, e.g., Hassin,
1992 or Reinhardt and Pisinger, 2011). The RCSP is a variant of the
standard shortest path problem in which the consumption of an uncon-
strained resource has to be minimized while respecting an upper bound
on the consumption of a second constrained resource. In our case, energy
is the unconstrained resource and time the constrained resource. This
problem is well known in the operations research literature and can be
solved using a label-correcting algorithm (Irnich and Desaulniers, 2005).
In brief, this algorithm stores in each iteration a set of labels for each node
n €./, where a label is defined as a non-dominated (Pareto-optimal)
time-energy pair corresponding to a path from the origin node ngragr to
the current node n. In each iteration, a node is selected and its labels
extended to the successor nodes through a resource-extension function.
Labels that violate the bound on the constrained resource are infeasible
and hence discarded. The algorithm stops when no node can generate
new non-dominated and feasible labels. Unfortunately, the RCSP is
A" #-hard (Garey and Johnson, 1990) since the number of generated
labels grows exponentially with the size of the network. In practice,
solving an RCSP on large networks often requires excessive computa-
tional memory to store all the labels. To make the RCSP tractable, one
could discretize a resource, e.g., time, into H steps and consider times
falling within the same step to be equivalent. Under this assumption, the
number of non-dominated labels for each node is bounded by H and the
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problem becomes weakly ./".%-hard, i.e., solvable in pseudo-polynomial
time. However this approach introduces a potentially large approxima-
tion error when deleting dominated labels, with a magnitude that de-
pends on H.

In our solution approach we would like, at the same time, to avoid the
" #-hard complexity of the RCSP and also avoid introducing an addi-
tional discretization (since we already have discrete locations and speed
values). Moreover, we would like to exploit the favorable @ (|.7| +|./|)
complexity of the DP algorithm for solving standard shortest paths on
acyclic graphs. We account for these features by proposing an approach
that is new in train trajectory optimization and combines DP with a line
search framework. The procedure is outlined in Algorithm 1. The core
idea is pretty simple and consists in iteratively solving shortest paths on a
network with arc costs defined as weighted sums:

co(nw,0)=t,+n-e,(w,0), Vb € o/, (12)

i.e., linear combinations of travel time and energy consumption governed
by a trade-off parameter n > 0. If = 0, then c,(y,w,0) = t, and the
problem reduces to finding the fastest train trajectory. As # > 0 increases,
more and more emphasis is put on energy consumption until the train
will run late. The goal is hence optimizing the value of  such that the
trajectory resulting from the DP matches as close as possible the target
time TS. We find such 7 value using a line search scheme. Specifically, at
each iteration, we consider the current value for 7, update all costs in the
graph according to (12), and solve the corresponding DP. If the resulting
trajectory takes a time T, that is less than TS, then we increase 5 to put
more emphasis on energy; if it takes more time than T, then we decrease
7 to put more emphasis on travel time. The comparison between T, and
TS thus guides the direction of the search by increasing or decreasing the
value of n dynamically. After each iteration, the interval in which the
desired 5 value lies is halved. The algorithm stops when a maximum
number of iterations is reached or when a trajectory that matches T
within a given time tolerance ¢ is found.

Algorithm 1. Line search DP for train trajectory optimization.

Inputs: Graph G; Wind (w, 8); n*** > 0 (high value); Maximum iterations I; Arrival time
tolerance e.

Initialization: T(w,0) = +oc, E(w,0) = +oc, g™ = 0.

For iteration i = 1 to I do:
1. Set 1 := (" + ™) /2 and ¢y(n, w, 0) := t, + ney(w, ), Vb e A, obtaining graph
G =G(n w,b);
2. Solve shortest path as a DP on G(n,w, f), resulting in trajectory X, travel time T, and
energy Ey;
3. If ‘Tn - Ts‘ < ‘T(u,\ 0) — Tsl. update current best solution X (w,0) — X,

T(w,0) = Ty, E(w,0) = Ey;

4. If T, < TS, redefine n™™ — 7, else, redefine n*** — 7;

o

LI |T(w,0) — T9] < ¢, break.

Outputs: Optimized train trajectory X (w,#), time T'(w, ), and energy consumption
E(w, ) for wind scenario (w, 6).

From a multi-objective optimization theory perspective, the
mentioned RCSP approach and our proposed line search method exhibit
different properties. The RCSP belongs to the class of e-constrained
methods in which only one of the objectives is kept for minimization and
the others are turned into constraints. While e-constrained methods are
able to generate all Pareto-optimal (i.e., non-dominated) solutions, they
typically add complexity to the problem (Ehrgott, 2006). This is also the
case in our application since the RCSP is./"#-hard as discussed earlier.
In contrast, our line search method uses a trade-off parameter to combine
the two objectives into a single objective, which is a scalarization tech-
nique commonly referred to as the weighted sum method. Although this
technique is guaranteed to produce only Pareto-optimal solutions, it also
has a well-known drawback: it can only find nondominated points on the
convex hull of the nondominated set, meaning that if the Pareto frontier
contains non-convexities, then there exist nondominated solutions that
are unreachable by using a weighted sum of the objectives as a single
objective (Boland et al., 2015; Ehrgott, 2006). In our numerical study, we
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show that this drawback is not problematic in our application by
approximating the Pareto frontier and noticing that there are no big gaps
between consecutive points that would indicate the possibility
non-convexities, hence unreachable points. Therefore, we can say that
our algorithmic choice is not only supported by its computational effi-
ciency but also by its capability to approximate the Pareto frontier of our
bi-objective problem.

The described line search method can be extended to handle location-
dependent wind information or forecasts in a straightforward manner.
Assume that wind speed and direction are given as vectors w € R’ and
6 € [0, 2x]', respectively, where (w(i), 6(i)) is the wind in interval [s;,s;1].
For example, this vector could represent the current wind conditions
measured along the track and supposed not to change in the short term.
Alternatively, this vector could represent a forecast vector, where each
component (w(i),f(i)) is the wind forecast for the interval [s;, si;1] when
the train will cross that location, computed using the current wind in-
formation. Either way, the wind data (i.e., measurements or forecasts)
used in the algorithm is known in advance and is static in time. Handling
dynamic changes in wind and the related flexibility to adjust the tra-
jectory in real time is not the purpose of this paper. For each arc b € .77,
we compute travel time and acceleration as before using Equation (9).
Then, we compute the force f,(w(i), 6(i)) and consequent energy e, (w(i),
0(i)) following Equations (10) and (11) but using the specific wind in-
formation (w(i), 6(i)) available for that arc. At this point, Algorithm 1 can
be applied directly to the network.

We can evaluate the quality of a single wind-aware trajectory for a
given wind scenario (w, 6) by following these four steps:

1. Solve Algorithm 1 for scenario (w, 6), resulting in our wind-aware
trajectory X(w, §) with energy consumption E(w, ) [KWh];

2. Solve Algorithm 1 by setting (w, 6) = (0,0), resulting in the tradi-
tional “no-wind” trajectory X(0,0) with energy consumption E(0, 0)
[kWh];

3. Evaluate the no-wind trajectory X(0,0) on the actual wind condition
(w, 0), i.e., using the true arc energy consumption e,(w, 0), for all
b € .«/. This results in a different energy consumption for this trajec-
tory, denoted E(w,6) [kWh];

4. Compare E(w,6) with E(w,0).

It is important to compare E(w,0) with E(w, §) and not with E(0,0),
that is, the two trajectories should be evaluated on the same wind con-
ditions. Moreover, it is important to use a low tolerance ¢ on arrival time
so that the difference between the two consumption levels can be fully
attributed to the knowledge and optimization of wind information. To
further assess the quality of our trajectories in a statistically sound
manner, one could generate a set of K wind scenarios {(wx,6k),ke 7'}
and, for each k € .7, follow the steps mentioned above. This procedure
results in two energy consumption distributions {E(wy, 6k), ke %} and
{E(w,6;), ke .7}, that we will compare in Section 4.2.

4. Numerical study

In this section, we present our numerical experiments and findings.
We describe the instance and computational setting in Section 4.1. We
compute energy-efficient trajectories under different wind scenarios in
Section 4.2. Finally, we perform a sensitivity analysis on some of the most
relevant problem parameters in Section 4.3.

4.1. Instance and computational setup

In Table 1, we report the train characteristics that we use in our ex-
periments. Almost all of these parameters are taken from Wang and
Goverde (2016a) and refer to a local train from the Dutch railway: a
Sprinter. Since no empirical data is available to estimate the two scaling
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Table 1
Train and resistance parameters.
Name Value Unit Name Value Unit
m 220 t pMax 1918 kw
p 1.06 - fMax 170 kN
L 138 m c 5.8 kN
1 3.2 m 2 0.072 kN s/m
h 4.4 m c3 0.013 kN (s/m)?
aMAx 0.6 m/s? & 1.0 -
M —0.8% m/s? £ 0.01 -

parameters £, and &,, we select £; = 1 so that our resistance model is
consistent with the model from the literature (5) without cross-wind, and
a small value for & = 0.01. We will discuss in our sensitivity analysis in
Section 4.3 how the results change when varying the value of these
parameters.

We use a 20 km long synthetic track containing six different speed
limits displayed in Fig. 7. Line resistances (e.g., track slopes and curves)
can be handled by our method as discussed in Section 3.1.2 but we set
them to zero to better decouple the effect of wind on trajectories when
interpreting the results. This figure shows as well the discretization pa-
rameters that we choose. In particular, we use 201 uniformly distributed
locations so that the control intervals are equal to A s = 100 m, and 300
speed values generated according to Equation (8) with ¢ = 0.6. The
resulting graph 2 has approximately 46 000 nodes and 2.8 million
feasible arcs. When running Algorithm 1, we choose 74X = 10 because
we know from experiments that this value results in trajectories with
travel time longer than TS. In other words, is always larger than the
optimal trade-off value # in Equation (12) resulting from Algorithm 1
(usually between 3 and 3.5 in our tests), which is a condition needed for
the line search procedure to be executed. Then, we set I = 100 and ¢ =
0.5, that is, our trajectories are within 0.5 s from the target T5. This is
essential because, as mentioned, it makes sense to compare energy con-
sumption only for trajectories that exhibit the same (or very similar)
travel time. Otherwise, a different energy use could be a mere conse-
quence of the fact that slower trains consume less energy on average.

The algorithm was implemented in C++ and run on a standard laptop
equipped with a i7-8650U processor with 16 GB RAM. For a given wind
scenario (w,6), the running time needed to compute one train trajectory,
i.e., executing the full line search algorithm, was 5.5 s on average. More
specifically, solving one DP (single 5 value) took on average 0.4 s. This
time includes 0.32 s of preprocessing time to update all arc costs in the
network given 7, and 0.08 s to run the DP itself. The line search algorithm
converged on average in 13 iterations.

4.2. Results

We start by investigating whether our line search method is able to
approximate in a satisfactorily manner the Pareto frontier of our bi-

120
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objective optimization problem. We know in fact from Section 3.2 that
our method produces solutions which are guaranteed to be Pareto-
optimal, but it might not be able to obtain all Pareto-optimal solutions.
To investigate this potential shortcoming, we approximate three Pareto
frontiers corresponding to three different wind scenarios: (i) w = 0, i.e.,
the standard trajectory optimization problem without wind, (ii) w =7
m/sand § =0, and (iii) w = 7 m/s and & = 3/4x. We assume the wind is
constant throughout the duration of travel, i.e. (w(i),8(i)) = (w, 0) for all
i =0,...,] — 1. To approximate a frontier, we varied the scheduled trip
time TS from 840 to 1040 s with steps of 1 s, and run Algorithm 1 for each
of these T* values obtaining a collection of trajectories with given travel
time and energy consumption. The resulting frontiers reported in Fig. 8
present no large time/energy gaps between consecutive points. The
maximum gap between time values is 3.1 s, which decreases to less than
2 s when restricting to the interval TS € [870,920] around our reference
value of TS = 900. This analysis suggests that our line search approach is
particularly suitable to efficiently generate and approximate the Pareto
frontier in the train trajectory optimization problem, without requiring
more sophisticated bi-objective optimization techniques.

The frontiers in Fig. 8 also highlight the importance of exploiting the
available running time for the purpose of saving energy. For example, on
average across the three frontiers, optimal train trajectories based on
TS = 900 seconds reduce consumption by 6.8% (7.4 kWh) and 14.2%
(16.7 kWh), respectively, compared to the faster trajectories computed
for 880 and 860 s.

Next, we examine the impact of wind by determining the wind-aware
trajectories for different combinations of wind speed and direction.
Specifically, we consider 30 values of w ranging from 0 m/s to 15 m/s,
and ten values of ¢ in the interval [0, z]. We do not consider values of ¢
larger than 7 because the effect of wind is symmetric with respect to the
direction of the track, i.e., the trajectories computed for (w, 7 +6) and
(w, w —0) would be equivalent. In Fig. 9, we show for each (w,6)-pair the
energy saving achieved when accounting for wind information. Precisely,
each value in this graph corresponds to the percentage difference be-
tween the energy use in the classical no-wind trajectory E(w, §) and the
energy use in our wind-aware trajectories E(w,0). We denote this energy
saving [%] by &(w,0) : = [E(w,0) — E(w,6)]/E(w,6) - 100.

From the figure, it is noteworthy observing that the energy saving
& (w, 0) increases with the wind speed w. This behavior was somewhat
expected: the strongest the wind, the more relevant accounting for wind
information would be. For example, the average energy saving across
wind directions is 1.6% and 4.5%, respectively, for wind speeds of 7 m/s
and 14 m/s. The maximum energy saving achieved can be up to 10-11%
under strong winds. We believe that these saving figures are remarkable
considering that we are competing with trajectories which are already
energy-efficient and state-of-the-art, with the only difference of exploit-
ing wind information available before departure. Furthermore, the en-
ergy saving & (w,0) varies substantially with the wind direction. In
particular, the highest savings are achieved under headwinds or winds
hitting from a direction of 0 € [0, z /6], followed by 6 = z/4. For
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Fig. 7. Illustration of the track and discretization parameters.
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Fig. 9. Energy savings achieved with different wind speeds and directions.

0 € [3 /8r,x], the saving is smaller and does not exceed 3% even when the
wind is strong. This hints a relationship between the wind direction and
the flexibility to manipulate the trajectories to reduce energy consump-
tion. This relationship is however complex to disentangle as it involves
the equations of relative train speed and yaw angle (4), wind-dependent
drag coefficient (6), and resistance (7), all combined with the optimi-
zation process.

Winds of 12-15 m/s as in Fig. 9 are rather strong and might be un-
common in several regions. In most European countries, for instance,

average wind speeds range from 4 to 7 m/s (Global Wind Atlas, 2019).
Therefore, to obtain statistics on potential energy savings, we evaluate
the no-wind and wind-aware trajectories using K = 500 wind scenarios
generated as follows. Wind speed is modeled with a Weibull distribution,
which is a common choice in the wind energy literature (Hennessey Jr.,
1977). We choose shape and scale parameter of the Weibull equal to 2
and 6, respectively, resulting in the wind speed distribution displayed in
Fig. 10(a). Wind direction is sampled from a uniform distribution
0~ U|0,27]. For each scenario k, we compute the corresponding
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Fig. 11. Wind-aware train trajectories computed for the 500 wind scenarios
of Fig. 10(a).

wind-aware trajectories and report in Fig. 10(b) and (c) the histograms,
respectively, for & (w,6), i.e. the energy saving from wind-aware tra-
jectories, and their energy consumption.

The average energy saving from the distribution in Fig. 10(b) is 1.1%
(corresponding to 1.2 kWh), and 95% of the scenarios lead to a saving
below 2.5%. This is consistent with the results previously shown in the
left part of Fig. 9 because most scenarios have a wind speed lower then 8
m/s (see Fig. 10(a)). Even though these saving levels might seem a small
amount of energy, summing them up over all train trips on a network
during a day may result in a significant amount. The distribution shown
in Fig. 10(c) reveals that the energy consumption of a train is affected
substantially by the wind conditions. While the average energy con-
sumption is 105 kWh, the minimum and maximum across the 500 sce-
narios, respectively, are equal to 81 kWh and 140 kWh. This observation
further underscores the important role of wind on the energy consump-
tion of a train run.

In Fig. 11 we show the wind-aware trajectories corresponding to our
500 scenarios. The wind-aware trajectories deviate from the original
trajectory and, as expected, the deviations mainly occur for high train
speeds for which the air resistance is higher, and consequently the po-
tential impact of wind is higher. Furthermore, we notice that the new
trajectories mainly differ in the shape of the coasting profile and the
moment in which the coasting phases start, whereas the acceleration
profile is never altered. The reason for the acceleration profile not
changing is that, regardless of wind, it is always preferable to use
maximum acceleration and subsequently exploit coasting (where con-
sumption is zero) rather then keep accelerating the train at a slower rate.
This follows from the classical analytical results on train trajectory
optimization based on the Pontryagin’s principle (Cheng and Howlett,
1992; Howlett, 2000). The wind affects the resistance and hence the
optimal switching points, e.g., between maximum acceleration and
coasting, and also the shape of the coasting profile, but the aforemen-
tioned property related to maximum acceleration holds regardless of
wind.

Next, we show how our method handles location-dependent wind
information, i.e., the wind speed and direction vary in different track
locations. A key reason for wind to vary with location is that the direction
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of the track changes. For example, if the wind is from the north and the
track heads north and then north-east, the apparent wind direction will
change. Location-dependent wind data can be interpreted as wind mea-
surements along the track, or a forecast vector computed at the beginning
of the journey and describing the expected wind (see also the related
discussion in Section 3.2). To derive some qualitative insights on the
trajectories, we focus on a simple and illustrative example with two
distinct wind zones: the first part of the track [0, S] presents some wind
conditions (W, ¢*) while the second part (S, S] some different conditions
(w8, 68). Specifically, we assume that a strong wind of 10 m/s blows
according to the two scenarios shown in Fig. 12. We compute the wind-
aware trajectory for both scenarios and compare them with the no-wind
trajectory in Fig. 13.

In the first scenario in Fig. 12(a), the wind is initially opposed to the
train motion (i.e., resistance increases) but afterwards it becomes in favor
(i.e., resistance decreases). From Fig. 13, we can see that the corre-
sponding wind-aware trajectory (dashed green line) deviates from the
no-wind trajectory (continuous blue time), especially for high train speed
values. For example, in the first part of the trip, due to higher resistances
it is optimal for the train: (i) not to reach the speed limit but to hold
instead a slightly lower speed, and (ii) to start coasting later. In the
second part of the trip, the shape of the coasting profile changes since the
wind is favorable, hence the train speed during coasting decreases at a
slower rate. In the second scenario in Fig. 12(b), the wind conditions are
precisely the opposite and, again, the wind-aware profile (dotted orange
line) deviates from the no-wind one. The same observations made for the
first scenario holds for the second scenario too on opposite zones. The
energy saving is 3.8% on average across the two scenarios.

4.3. Sensitivity analysis

Although most parameters of our baseline instance in Table 1 refer to
a real railway vehicle, the scaling values £; and &, were introduced with
our model of train resistance (6)-(7). As discussed at the end of Section
2.2, one would expect that £; takes a value close to 1 for which, in the
absence of cross-wind, our resistance equation (7) reduces to the simpler
equation from the literature (5). Moreover, one would expect that &,
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Fig. 13. Wind-aware vs. no-wind train trajectories under the scenarios
in Fig. 12.

(a) Scenario 1

(b) Scenario 2

Fig. 12. Scenarios with location-dependent wind information (two wind zones).

10



A. Trivella et al.

takes a much smaller value than ¢; since the effect of the former
parameter on (6) scales with the train lateral surface, which is substan-
tially larger than the frontal surface. In this analysis, we assess the energy
consumption and saving of wind-aware trajectories for different choices
of £; and &,. Based on experiments, we consider 10 equidistant values for
£, and &, ranging, respectively, from 0.92 to 1.10 and from O to 0.027.
For each combination of them (i.e., a total of 100 combinations), we
compute the no-wind and wind-aware trajectory for the case of constant
wind of w = 10 m/s and € = n/4. We display the resulting energy con-
sumption values E(w, §) [kWh] and energy saving values & (w, ) [%] in
the form of heatmaps in Fig. 14

As expected, Fig. 14(a) shows that the energy consumption increases
approximately linearly when either &, or &, is increased. When &, is fixed,
increasing &, from 0.92 to 1.10 results in an increase in energy con-
sumption of 3.8 kWh on average (i.e., about 4%). Vice versa, when ¢; is
fixed and &, is increased from O to 0.027, the average consumption in-
creases on average by 8.5 kWh (i.e., almost 10%), which is significant.
The energy saving in Fig. 14(b) also depends on ¢; and &, and is generally
larger when these parameters are set to higher values. This behavior is
explained by the fact that higher & and &, values imply a stronger impact
of wind on train resistance, hence knowing wind information and opti-
mizing trajectories accordingly becomes more valuable. Overall, our
analysis suggests that the impact of wind on energy consumption and
saving of wind-aware trajectories can be significant, but future empirical
research estimating £; and &, from data might help obtaining more ac-
curate estimates of energy consumption and saving.

We also tested the robustness of our method and trajectories towards
different discretization choices. We considered 10 values for the number
of discrete locations |.7| ranging from 100 to 280, and 10 values for the
number of speed points | 77| from 125 to 350. This gives a total 100
different networks that we tested for the case of constant wind of w = 10
m/s and 0 = z/4. From the results, we can conclude that our method is
rather robust towards changes in the underlying network. In fact:

1. The wind-aware trajectory remains quite stable and the associated
energy consumption only varies between 87.0 and 90.2 kWh, with
variance 0.67 kWh.

2. The running time to execute the line search algorithm varies between
1.2 and 16.5 s. Therefore, the algorithm remains tractable and fast
when increasing the number of locations and speed points. Notice
that, for a fixed number of speed points | 7|, increasing the number of
locations |.7”| does not necessarily result in larger networks. Indeed,
for a given node at location s;, the number of reachable nodes at s;.;
(hence feasible arcs in 2) decreases when the distance s;;;1— s;

v > <o) N N Z M © o Q
LS T FTEFS
&

(a) Heatmap of energy consumption
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decreases, as can be seen from Fig. 5 by taking vertical sections of the
graph.

5. Conclusion

In this paper, we have developed a train speed optimization model
accounting for external uncontrollable variables that manifest differently
across journeys on the same track, such as weather conditions. In
particular, we considered wind variability and proposed a new train
resistance equation that is grounded on the literature on aerodynamic
drag but accounts for wind speed and direction more explicitly by
decoupling the effect of wind on the traversal and longitudinal surfaces of
the train. Using this equation, we optimized the train speed profile under
a given wind scenario by combining line search with a dynamic
programming-based shortest path algorithm defined on a distance-speed
network. Our network is based on a novel non-linear discretization of
speed values that makes it more balanced, and our solution approach is
also new in train trajectory optimization and computationally efficient.
We performed a numerical study where we tested the algorithm under
different wind conditions. The results revealed that our wind-aware
trajectories outperform classical trajectories computed without using
wind data before train departure but only the available running time
from the timetable. In particular, the energy saving depends on the wind
direction and is usually about 0-2% for low wind speed values but can
reach up to 10% for strong headwinds.

This paper is the first showing the benefit of designing static proactive
train speed profiles incorporating external factors that depend on the
specific journey conditions. If combined with a DAS, railway operators
may benefit from our model by using it: (i) on a tactical level, by rede-
fining the trajectory given an average wind profile, or (ii) in near real
time, i.e., right before the trip starts, to update the trajectory based on the
current or forecast weather, especially under strong winds.

This paper opens multiple avenues for future research. First, an
empirical validation of the proposed resistance equation and the cali-
bration using real data of the scaling parameters in this equation (¢; and
£,) would help obtaining more accurate estimates of the energy saving.
Second, it could be relevant to incorporate more external, journey-
dependent factors in the model such as rain conditions and train load.
Indeed we expect the energy saving to be larger when computing profiles
using more factors/information. Finally, despite handling location-
dependent wind data proactively, our trajectories are static in time and
computed at the beginning of the trip assuming that the wind measure-
ments or forecasts will not change in the short term. Therefore, an
extension of this work could be modeling wind as a stochastic process
that evolves dynamically over time, allowing the trajectory to adjust in
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Fig. 14. Heatmap of energy consumption and saving under different £, and £, combinations.
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real time. This extension is perhaps more relevant for longer train trips,
such as in high speed railways, in which wind conditions might change
more.
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Here we illustrate the steps to derive the relative train speed v4 and yaw angle y in Equation (4) from the train speed v, real wind speed w, and wind
impact angle 0. We consider the triangle with sides v, v4 and w as shown in Fig. 15. This figure also shows y, which is the projection onto v of the vertex
made by sides v4 and w, and the two segments v; and v, generated by this projection.

We know that v, can be computed from v; and y by va = 4/v2 + y2. Furthermore, it is easy to see thaty = wsind, v, =wcosf, andv; = v— vo. It

follows that v? = (v — weos6)?. Replacing the expressions for y and v, into the one for v, gives Equation (4a). Finally, the law of sines implies that (siny)/
w = (sinf)/va, which enables expressing y as function of the other quantities. This expression can be reformulated as in Equation (4b).

[N

Fig. 15. Derivation of v4 and y.
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