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LOWER SEMICONTINUITY OF MONOTONE FUNCTIONALS IN
THE MIXED TOPOLOGY ON (,

MAX NENDEL

ABSTRACT. The main result of this paper characterizes the continuity from below
of monotone functionals on the space Cj of bounded continuous functions on an
arbitrary Polish space as lower semicontinuity in the mixed topology. In this partic-
ular situation, the mixed topology coincides with the Mackey topology for the dual
pair (Cy, ca), where ca denotes the space of all countably additive signed Borel mea-
sures of finite variation. Hence, lower semicontinuity in the mixed topology of convex
monotone maps Cj, — R is equivalent to a dual representation in terms of countably
additive measures. Such representations are of fundamental importance in finance,
e.g., in the context of risk measures and super hedging problems. Based on the main
result, regularity properties of capacities and dual representations of Choquet inte-
grals in terms of countably additive measures for 2-alternating capacities are studied.
In a second step, the paper provides a characterization of equicontinuity in the mixed
topology for families of convex monotone maps. As a consequence, for every convex
monotone map on C taking values in a locally convex vector lattice, continuity in
the mixed topology is equivalent to continuity on norm bounded sets.

Key words: Risk measure, monotone functional, Choquet integral, continuity from
below, lower semicontinuity, mixed topology, Mackey topology

AMS 2020 Subject Classification: Primary 91G70; 46A20; Secondary 28A12

1. INTRODUCTION

In this paper, we study continuity properties for monotone maps C;, — R, where
Cp = Cy(2) denotes the space of all bounded continuous functions on a Polish space 2
with values in R. Monotone functionals C, — R appear in many applications. Special
instances of such maps, in the context of finance and actuarial science, are

e risk measures or nonlinear expectations, cf. [10, 14, [21],

e super hedging functionals, cf. [6] (7],

e robust expected utilities or loss functions, cf. [8, (9],

e Choquet integrals, e.g., in the context of insurance premia, cf. [24].

In order to obtain dual representations of convex monotone functionals in terms of
countably additive measures, additional continuity properties are usually required. The
two most prominent continuity properties in this context are continuity from above and
continuity from below, cf. [14]. For convex monotone functionals, continuity from below
is usually a weaker requirement than continuity from above, see, for instance, [7].

In the field of mathematical finance, these continuity properties have been studied in
many contexts in the past decades. For risk measures, continuity from above is (up to
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2 MAX NENDEL

a different sign convention) related to the Lebesgue property, whereas continuity from
below is closely tied to the Fatou property. The Fatou property or, more generally,
Fatou closedness is a fundamental ingredient in no-arbitrage theory, see, e.g., [5] and
[I7]. Fixing a reference measure and working on L it is well-known that continuity
from below of convex risk measures is equivalent to a dual representation in terms of
countably additive measures, cf. [14, Theorem 4.33] and, if the risk measure is also law-
invariant, continuity from below is automatically satisfied if the underlying probability
space is assumed to be atomless, cf. [1§].

On the other hand, monetary risk measures are closely linked to nonlinear expecta-
tions and the topic of model uncertainty in finance. In this context, risk measures, which
are not dominated by a single probability measure that deems events to be negligible
or not, play a crucial role. An example for such a risk measure is the G-expectation,
cf. [10] and [2I]. Working, however, on the space By of bounded measurable functions
without fixing a reference probability, continuity from below alone is not sufficient in
order to guarantee a dual representation of convex monotone functionals in terms of
countably additive measures despite the fact that it implies sequential lower semiconti-
nuity of such functionals in the weak topology (B, ca) of the dual pair (By, ca). In [I1]
Example 3.6], an example for a coherent risk measure, which is continuous from below
on By but does not have a single countably additive minorant, is given. On the other
hand, continuity from above of a risk measure on the space of bounded measurable
functions already implies the existence of a dominating reference measure, see, e.g.,
[11, Remark 3.3].

One way out of this dilemma is to restrict the attention to continuous claims. Choos-
ing the space Cj, of bounded continuous functions as an underlying function space, it is
well-known that continuity from above, for a convex monotone functional Cy — R, is
a sufficient but not necessary condition for a dual representation in terms of countably
additive measures, see, e.g., [7]. However, the question whether such a representation is
equivalent to the weaker notion of continuity from below on general Polish state spaces
has been unanswered for almost a decade, as discussed in the introduction of [§]. In a
series of papers [8,[9], this question has been answered positively and, as a consequence,
convex monotone functionals on Cp, which are continuous from below, are lower semi-
continuous in the Mackey topology 1(Cy, ca) of the dual pair (Cj, ca), where ca denotes
the space of all countably additive signed Borel measures with finite variation. From
a mathematical perspective, this is a remarkable result, since the Mackey topology
1(Cp, ca) is not metrizable and continuity from below is a requirement for sequences,
so that nonmetrizability poses a major problem. Therefore, in [8 9], another path is
chosen, and the proofs therein rely on compactification methods, more precisely, on the
fact that every Polish space can be embedded as a G5 into a compact metric space.

The present paper generalizes the main result of [9] and proves that, for any mono-
tone functional C, — R, continuity from below is equivalent to lower semicontinuity
in the Mackey topology 1(Cp,ca), which is also known as the mixed topology in this
setting, cf. Theorem Moreover, Theorem shows that, for monotone functionals
Cy, — R, upper or lower semicontinuity in the mixed topology are equivalent to se-
quential upper or lower semicontinuity in the mixed topology, respectively, despite the
fact that the mixed topology is not metrizable. Since the Mackey topology u(Cy,ca)
is the finest topology leading to the dual space ca of countably additive signed Borel
measures with finite variation, it is a natural choice for duality theory on Cj. In par-
ticular, Theorem implies that every convex monotone functional on C% admits a
dual representation in terms of countably additive measures, cf. Corollary Using,
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however, the explicit representation of a local base of the origin of the mixed topology
allows to further characterize continuity from below in terms of proximity on compact
sets, see Theorem

In Corollary 2.6l we turn our focus on capacities and Choquet integrals. In a first
step, we characterize the regularity of general capacities, defined on open sets, in terms
of continuity from below of the Choquet integral on the set L; of all bounded lower
semicontinuous functions 2 — R and the capacity along sequences of open sets. In
a second step, we characterize 2-alternating capacities, for which the related Choquet
integral admits a dual representation in terms of countably additive measures on Ly,
in terms of continuity from below along sequences of open sets and regularity of the
capacity, partially extending the results from [I].

Another question that we address in this paper is a characterization of continuity
of convex monotone maps in the mixed topology. Continuity in the mixed topology
is of fundamental importance in many situations in robust finance. In the context of
super hedging, it has been studied in [6]. In the context of dynamic risk measures and
semigroups related to stochastic processes under model uncertainty, it has appeared in
[3, [16] and, with a different language, it is also used in the analysis of large deviations
principles based on max-stable risk measures, cf. [20]. Building on Theorem 2.2 we
discuss the equicontinuity of families of convex monotone maps in the mixed topology
in Theorem 2.7l There, a characterization of equicontinuity in terms of continuity from
above and uniform equicontinuity on supremum norm bounded sets is given.

From a mathematical perspective, the mixed topology has two striking features. On
the one hand, unless €2 is compact, it has no neighborhood of zero, which is bounded
with respect to the supremum norm. On the other hand, it has the intrinsic property
that, for linear operators taking values in an arbitrary locally convex space, continuity
is equivalent to continuity on supremum norm bounded sets. Corollary 210, which is
a consequence of Theorem [2.7] extends this intrinsic property showing that, for convex
monotone maps taking values in a locally convex vector lattice, u(Cj,ca)-continuity
is equivalent to p(Cy,ca)-continuity on supremum norm bounded sets. A particular
instance of a locally convex vector lattice is Cj itself, endowed with the mixed topology,
which, in a financial context, corresponds, for example, to the case of conditional risk
measures or conditional nonlinear expectations.

The rest of the paper is organized as follows. In Section 2] we state the main results
and their corollaries. Section B contains all proofs. In the Appendix [A] we prove an
auxiliary result for capacities and Choquet integrals and, in the Appendix Bl we prove
an auxiliary result on locally convex vector lattices.

2. MAIN RESULTS

Throughout, let 2 be a Polish space and C, = C,(Q2) denote the space of all bounded
continuous functions {2 — R. We consider the local base

V2 .= {{ge Chy | l9lloo <7‘}‘7‘>0}

of 0 € C}, for the topology induced by the supremum norm || - ||, and the local base

ARE {{g € Cy

sup |g(z)| < r} r>0,CcCQ compact}
zeC
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of 0 € C for the vector topology of uniform convergence on compacts. Let V denote
the system consisting of all sets

U Zn:(v,j nkV?)

neN k=1
with (V! )ken C V! and V2 € V2, where kV? := {kg|g € V?} for all k € N and

> V= { > o
k=1 k=1

for nonempty subsets Vq,...,V,, of C} and n € N.

Then, V is a local base of 0 € (} for a Hausdorff locally convex topology 3, which
is known as the mized topology. We refer to [26] for a detailed discussion on the mixed
topology in a more general setting. Clearly, the mixed topology [ is finer than the weak
topology o(Cp,ca) of the dual pair (Cy, ca), where ca denotes the space of all countably
additive signed Borel measures of finite variation. A well-known fact, which we will not
make use of, is that the mixed topology § coincides with the Mackey topology of the
dual pair (Cy, ca). Moreover, 3 belongs to the class of strict topologies, cf. [25]. We also
refer to [I5] and [23] for additional fine properties of mixed or strict topologies.

We say that a functional U: C, — R is monotone if U(f) < U(g) for all f,g € C,
with f < g, where, for functions 2 — R, the relation < and all other order-related
objects refer to the pointwise order.

For a sequence (f,)neny C Cp and f: Q — R, we write f,, / fasn — ocoif f,, < fr41
for all n € N and f(x) = limy, o fn(z) for all 2 € Q. Analogously, we write f,, \, f
as n — oo if f, > fni1 for all n € N and f(z) = limy,—00 frn(x) for (fn)neny C Cp and
f ey

Definition 2.1.

a) We say that a monotone functional U: C, — R is continuous from below if
U(f) = limy—00 U(fy) for all sequences (f)neny C Cp and f € Cy with f, N f
as n — oo.

b) We say that a monotone functional U: C, — R is continuous from above if
U(f) = limy—00 U(fy) for all sequences (f)nen C Cp and f € Cy with f, N\ f
as n — oo.

glemu"'agnevn}

Theorem 2.2. Let U: C, — R be monotone. Then, the following statements are equiv-
alent.

(i) U is continuous from below.
(ii) U is lower semicontinuous in the mized topology [3.
(iii) U is sequentially lower semicontinuous in the mized topology [.
(iv) For all f € Cy, e >0, and r > 0, there exist 6 > 0 and a compact C C Q such
that
U(f) <U(f+e)+e¢

for all e € Cy with |le]|loo < 1 and sup,co |e(z)] < 9.

Considering, for an arbitrary monotone function U: C, — R, its conjugate function

U: Cy — R, given by U(f) := —U(—f) for all f € Cj, we obtain the following corollary.

Corollary 2.3. Let U: C, — R be monotone. Then, the following statements are
equivalent.

(i) U is continuous from above.
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(ii) U is upper semicontinuous in the mized topology 5.
(iii) U is sequentially upper semicontinuous in the mized topology .
(iv) For all f € Cy, e >0, and r > 0, there exist 6 > 0 and a compact C C Q such
that
U(f+e) SU(f)+e¢

for all e € Cy with |le]|loo < 1 and sup,co |e(z)] < 9.

A combination of Theorem and Corollary 23] leads to the following characteri-
zation of continuity in the mixed topology for monotone functionals.

Corollary 2.4. Let U: C, — R be monotone. Then, the following statements are
equivalent.

(i) U is continuous from above and below.

(i1) U is continuous in the mized topology 5.

(iii) U is sequentially continuous in the mized topology [.

(iv) For all f € Cy, e >0, and r > 0, there exist 6 > 0 and a compact C C Q such

that
U(f+e)-U(f)l <e

for all e € Cy with |le]|lo < 1 and sup,cc |e(z)] < 9.

As a direct consequence of Theorem [2.2] we obtain the main result in [9]. We denote
by cas the set of all positive elements of ca, i.e., the set of all finite Borel measures.

Corollary 2.5. Let U: Cyy — R be convex and monotone. Then, the following are
equivalent.
(i) U is continuous from below.
(i1) U is lower semicontinuous in the mized topology [3.
(i11) U is lower semicontinuous in the weak topology o(Ch, ca).
(iv) There exists a nonempty set M C cay and a function a: M — R such that

U(f)= sup </Qfdu—a(,u)> for all f € Cy. (2.1)

HEM

We apply Corollary to the case of Choquet integrals. In the sequel, let O denote
the set of all open subsets of 2, i.e., the topology on €2, and L; the set of all bounded
lower semicontinuous functions  — R. A capacity (on O)is a map c¢: O — [0, 00) with

c(@) =0 and ¢(By)<c(By) forall By, By € O with By C Bs.

For a capacity ¢: O — [0,00), we define the Choquet integral with respect to ¢ as

o0 0
/Qfdc::/o c(f>s)ds+/ (c(f > s)—c(Q))ds forall f € Ly.

By definition, the Choquet integral is positively homogeneous, i.e., fQ()\f) de= A fQ fde
for all f € Ly and A > 0, and constant additive, i.c., [,(f+m)dc = [, f dec+mc(Q) for
all f € Ly and m € R. A well-known fact is that the Choquet integral is subadditive,
ie., fQ(fl + fa)de < fQ fide+ fQ fodc for all f1, fo € Ly, if and only if the capacity c
is 2-alternating, i.e.,

¢(B1UB3y)+c¢(B1NBy) <c(By)+c(By) forall Bi,By € O.

For the reader’s convenience, we provide a proof of this statement in the Appendix [Al

Another consequence of Theorem and Corollary is the following result con-
cerning the regularity of general capacities and dual representations of Choquet inte-
grals in terms of countably additive measures for 2-alternating capacities.
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Corollary 2.6. Let c: O — [0,00) be a capacity. Then, the following statements are
equivalent.

(i) For every sequence (Bp)nen C O with B,, C Byy1 for allm € N,
c< U Bn> = nh_)n;o c(By).
neN
(ii) The Choquet integral is continuous from below on Ly, i.e.,

/ fde= lim fndc
Q Q

n—o0

for all f € Ly and any sequence (fn)nen C Ly with fp, 2 f asn — oo.
(iii) The capacity c is regular, i.e., for all B € O,

¢(B) = sup inf (Al (2.2)

c
R AcO
CeB A%C

If ¢ is 2-alternating, the statements (i) - (i1i) are equivalent to the following statement:

(iv) There exists a nonempty set M C cay with () = ¢(Q) for all p € M and
/fdc: sup / fdu  forall f € Ly.
Q Q

neM

We conclude this section with various characterizations of continuity in the mixed
topology for convex monotone maps. We start with the following theorem, which is the
second main result.

Theorem 2.7. Let I be a nonempty index set and (U;);er be a family of conver and
monotone maps Cp — R with

sup (Us(r) — U;(0)) < oo for all constants r > 0. (2.3)
el
Then, the following statements are equivalent.
(i) For every sequence (fp)nen C Cp with fr, \(0 as n — oo,

lim 5161? (Ui(fa) — Us(0)) = 0.

(ii) For every r >0 and every € > 0, there exists some V € V with

sup sup|Ui(f+e) —Ui(f)| <e foralleeV.
| flloo<r i€
(iii) For everyr >0 and every € > 0, there exists a compact C' C 2 and a constant
M > 0 such that

sup [U(f1) = Us(f2)| < M sup [fi(z) — fa(x)[ + ¢
i€l zeC

for all f1, fo € Cy, with max{||f1||oo, ||f2||oo} <r.

Theorem 2.7 leads to the following characterization for continuity of convex and
monotone maps on Cj, taking values in a locally convex vector lattice (L, T), i.e., a vector
lattice L together with a locally convex topology 7 on L, which is generated by a family
of lattice seminorms. Recall that, for a vector lattice L, a seminorm p: L — [0,00) is
called a lattice seminorm if p(u) < p(v) for all u,v € L with |u| < |v|. We refer to [22]
for a detailed study of locally convex vector lattices. For the reader’s convenience, we
provide an auxiliary result on locally convex vector lattices in the Appendix Bl

Here and throughout, we write C' € B if C C B C 2 and C is compact.
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Corollary 2.8. Let (L,7) be a locally convex vector lattice and U: Cy, — L be convex
and monotone. Then, the following statements are equivalent.

(i) U is p-T-continuous.
(ii) For every nonnegative T-continuous linear functional \: L — R and every se-
quence (frn)nen C Cp with fr, \ 0 as n — oo,

Tlim A(U(fn)) = A(U(0)).
(iii) For every nonnegative T-continuous linear functional \: L — R, the map
Cy =R, f=XNU(f))

s sequentially upper semicontinuous in the mized topology (.
(iv) For every T-continuous lattice seminorm p: L — [0,00), every constant r > 0,
and all € > 0, there exists some V €V with

sup p(Ui(f+e)—Ui(f)) <e foralle€cV.
lflloo<r

(v) For every T-continuous lattice seminorm p: L — [0,00), every constant r > 0,
and all € > 0, there exists a compact C' C Q0 and a constant M > 0 such that

p(U(f1) = U(f2)) < Msgg!fl(x) — fa(z)[ +€

for all f1, fo € Cp with max {Hflﬂoo, ”fg”oo} <r.

Choosing L = R with the topology induced by the absolute value | - |, we obtain the
following corollary.

Corollary 2.9. Let U: Cp, — R be convex and monotone. Then, the following state-
ments are equivalent.

(i) U is continuous from above.

(ii) U is sequentially upper semicontinuous in the mized topology [3.
(iii) U is continuous in the mized topology f3.
(iv) For every r > 0 and every ¢ > 0, there exists some V €V with

sup |U(f+e)—U(f)|<e foralleeV.
lflloo<r

(v) For every r > 0 and every € > 0, there exists a compact C C Q and a constant
M > 0 such that

U(f1) =U(f2)] < Msgg [f1(@) — fa(x) + ¢

for all f1, fo € Cp with max {Hflﬂoo, ”fg”oo} <r.

Now, let ©y be another Polish space, Cp(€)y) the space of all bounded continuous
functions Q9 — R, and [y denote the mixed topology on Cy(€). In order to avoid
confusion, we write C(Q2) instead of C} in the following corollary.

Corollary 2.10. Let U: Cyp(Q2) — Cp(Q) be convexr and monotone. Then, the following
statements are equivalent.

(i) U is B-Bo-continuous.

(ii) For every w € Qg and every sequence (fn)nen C Cp(Q) with fr, \, 0 as n — oo,

lim (U (f)) (@) = (U0)) ()
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(iii) For every compact K C Qq, every constant r > 0, and all € > 0, there exists a
compact C C ) and a constant M > 0 such that

sup |(U(f1))(w) — (U(f2))(w)| < M sup |f1(z) — fao(a)| + €
weK zeC
for all f1, fa € Cp(Q) with max {Hflﬂoo, ”fg”oo} <r.

3. PROOFS

Before turning our focus on the proof of Theorem 22 we collect some well-known
facts on the connection between pointwise monotone convergence, uniform convergence
on compacts together with uniform boundedness, and convergence in the mixed topol-
ogy for sequences in Cp.

Remark 3.1.

a) Let (fn)neny C Cp with f,, /' f € Cp as n — oo. Since f, /7 f as n — oo, it
follows that (f, — f)nen is uniformly bounded, i.e.,

sup || frn = flloo < 00, (3.1)
neN

and, by Dini’s lemma, (f,, — f)nen converges uniformly on compacts to 0 € Cy,
i.e., for all compacts C' C €,

sup | fn(z) — f(z)] = 0 asn — occ. (3.2)
zeC
b) Let (fn)nen C Cp and f € Cp, with (B.1) and (B:2)). Moreover, let V' € V. Then,
there exist (V;!)gen C V! and V2 € V2 such that

V=] f:(v,j NkV?).

neN k=1

By (B0, there exists some k € N with f, — f € kV? for all n € N. Moreover,
by ([B.2), there exists some ng € N such that f, — f € Vi for all n € N with
n > ng. Hence, f, — f € Vk1 NkV? C V for all n € N with n > ng. This shows
that f, — f as n — oo in the mixed topology (.

Proof of Theorem[Z2. Let d: Q x © — [0,00) be a metric that is consistent with the
topology on Q such that (2,d) is a complete separable metric space. Moreover, let
(x:)ien C 2 be a sequence such that D := {x; |i € N} is dense in Q.

We start with the proof of the implication (i) = (ii). To that end, assume that U is
continuous from below. We show that U is lower semicontinuous in the mixed topology
B, i.e., for all f € Cy and € > 0, there exists some V € V such that

Uf)<U(f+e)+e foraleecV.

In order to do so, fix f € C, and € > 0. Since U is continuous from below, there exists
some ¢ > 0 such that

U(f) SU(=8)+5.

In a first step, we adapt the main idea from the proof of Ulam’s theorem, cf. [12]
Proof of Theorem 7.1.4] to our setting, and recursively construct families of finite sets
D C D and continuous functions ¢}*: € — [0, 1], which are indexed by k,m € N with
k < m and satisfy the following three properties:
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(P1) For all k,m € N with & <m,

ppcoytc U B<a:, ;) —: B,
j=k meDi
(P2) For all k,m € N with £ <m and z € Q\ B}, it holds ¢}*(x) = 0.
(P3) For all m € N,

m

m(m + 1) m €
U(f—5)§U<f—5—#+k§::lk<pk>+§.

In order to simplify notation, let 1(0) := 1 and set

m(m + 1
froo= o= ML,
Now, let m € N and define

wf;m(:c) = (1 —mdist (z, {z1,...,2;} N Bzz—l)) V0

enl:=1, and B?':=Q forallmeN.

forallz € Q, k € {1,...,m}, and | € N. Since B,T_l is open, @?_1 >0, and ¢}*(z) =0
for all v € @\ B* ! for all k € {1,...,m}, it follows that
gpz"b_lwé’m St as ] — 00

forall k € {1,...,m}. Using the continuity from below of U, there exists some [(m) € N
with {(m) > I(m — 1) and

- m— - m— m),m €orm
U<fm+zlwk 1) < U<fm+zksok L™ ) +527
k=1 k=1
and we define

op = gpfkn_lz/)z(m)’m and Dy = {x1,...,2ypm) 1 N B,T_l. (3.3)

We verify that the sequence constructed this way satisfies the properties (P1) - (P3).
By definition, D" C B;’l_l and since

B = B"'n < U B(=, %)>,
zeDy

it follows that DI C By for all m € N. Since I(m) < I(m + 1) and BJ* C B;*"!, we
find that

DI = DP OB = {21, imy} N B C o1, iy} 0 B = D
for all m € N. By (8.3)),
wé(m)’m(a:) = (1 — mdist(z,Df")) VO
forall x € Q, k € {1,...,m} and m € N. Hence,
op(z) = H?,Z)ﬁc(j)’j(x) =0 forallz e Q\B}", ke{l,...,m}, and m € N.
j=k

m

Moreover, setting fo := f — & and using the fact that ! = 1, it follows that

m—1 m m
§ m— E m— j; m €rm
U<fm_1 i k=1 k:(’pk 1> N U<fm i k=1 k:(’pk 1> = U<fm i k=1 k:(’pk > * 52
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for all m € N. Inductively, we obtain that

1 m
U(f—cS)gU(f—é— m(m + Zl ) % for all m € N.
We have therefore verified the properties (P1) - (P3), and define
Cy = ﬂ U F(JE, %) for all k € N,
j=k xED{,

where, for x € Q and r > 0, B(z,7) := {y € Q|d(x,y) < r}. Then, Cj, is a closed
and totally bounded subset of a complete metric space, hence compact for all k£ € N.
Observe that

ﬁBk_ﬂﬂUB ﬂUB (,4) CCp forallk €N,
m=k m=k j= kxEDJ j= kxEDJ

so that, by Property (P1), D;* C Cj, for all k,m € N with & < m.
Using the sequence (Cy)ren of compacts, we define

Vkl = {e ey

sup |e(z)| < Z_ké} for all k € N
zeCl

and V2 := {g € C4(Q) | ||lgllec < 1}. Then,

vie=U Zn: (Vi NEV?)

neN k=1
is a neighborhood of 0 € (' in the mixed topology.
We show that
Uf)<U(f+e)+e foralleecV.

To that end, let e € V, i.e., there exist n € N and ¢, € Vkl NkVZ2fork € {1,...,n} such
that e = Y p_ ex. Let & := sup,cq, |ex(z)]. Since e, € V!, it follows that & < 2754
forallk € {1,...,n}. AsCy,...,C, are compact, there exists some m € N with m > n
such that

lex(y) — ex(z)] < 27%6 — &

for all k € {1,...,n}, x € C, and y € Q with d(z,y) < % Since D' C Cy, for all
k€ {1,...,n}, this implies that

len(y) <27%6 forall ke {1,...,n} and y € U B(z,+
zeD

Hence, by Property (P2), it follows that
k4 kol < —k+ (k+ep)el +27F5 <ep+27%5 forall ke {l,...,n},

where, in the first step, we used the fact that |eyp}"| < 2755 and, in the last step, we
used the fact that k + e, > 0 for all k € {1,...,n}. On the other hand, —k + k¢}* <0
for all k € {n+1,...,m}. Therefore,

m

+Zk m<f o 6+Z ex +27F0) <f—|—Zek—f—|—e

k=1 k=1

f—06— M
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Using Property (P3), it follows that
€ mm+1) <
U(f)SU(f=08)+5<U f—5—#+2k<pk +e<U(f+e)+e.
k=1
This proves that U is lower semicontinuous w.r.t. the mixed topology .
Next, we prove that (ii) implies (iv). To that end, let f € Cp and & > 0. Then, there
exist (V;)gen C V! and V2 € V2 such that

Uf)<U(f+e)+e
forall e € V i= ey ope1 (Vi NkV?). Let 7 > 0. Then, there exists some n € N such

that
{9 € Chlllglloo <7} CnV>

Moreover, there exist § > 0 and a compact C' C §2 such that
{g € C’b| sup |g(z)| < 5} c vl
zeC

Hence, for every e € Cj with |le|lc < 7 and sup,cc|e(z)| < 4, it follows that e € V
and therefore U(f) < U(f +e€) +e.

Clearly, (ii) implies (iii), so that it remains to prove the implications (iii) = (i) and
(iv) = (i). To that end, let (fn)nen C Cp with f, 7 f € C, as n — oo. Then, due to
the monotonicity of U

lim U(fn) = sup U(fn) < U(f)

n—oo neN

Since f, / f as n — oo, by Remark 3] a), it follows that the sequence (f, — f)nen
is uniformly bounded and converges uniformly on compacts to 0 € (. Moreover, by
Remark 311 b), it follows that f,, — f as n — oo in the mixed topology S.

Hence, if U satisfies (iii) or (iv), it follows that

U(f) <liminf U(f,) = lim U(fp).
The proof is complete. O

Proof of Corollary 220 The equivalence of (i) and (ii) follows from Theorem By
standard duality theory in locally convex Hausdorff spaces, cf. [13], (ii) is equivalent to
the fact that U admits a dual representation of the form
U(f) = sup (uf —a(p)) forall feC,

HeM
with a set M of S-continuous linear functionals on Cj and a function a: M — R. Let
uw e Mand f € Cy, with f > 0. Since U is monotone, it follows that

%(u(—)\f) —a(p) < U(_)\)\f) < UE\O) for all A > 0.
Hence,

which shows that every linear functional in M is positive. The remaining equivalences,
in particular, the dual representation (2.I]) now follow from the fact that, by Theorem
and the Daniell-Stone theorem, cf. [4, Theorem 7.8.1], a positive linear functional
u: Cp — R is continuous in the mixed topology g if and only if it belongs to cay. O
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Proof of Corollary [2.60. We first prove the implication (i) = (ii). Let (fn)nen C Lp and
f € Ly with f, " f as n — oco. Then, for all s € R,

nli_)n(f)loc(fn > s5) =c(f > s).

Using the monotone convergence theorem, it follows that

lim /fndc— lim </Oooc(fn>s)ds+/0 (c(fn>s)—c(Q))ds>

n—00 n—00 oo

:/ (f>8)d8+/_000(c(f>s)—c(Q))ds:/Qde- (3.4)

0
For the implication (ii) = (iii), first observe that

¢(B) > sup 1nf c¢(A) forall BeO.
CCBAff1 ¢

In order to show the converse inequality, let B € O and € > 0. In a first step, we
consider the case B = . Then, by Theorem [2.2], there exist § > 0 and a compact set

C cC Q such that
/1dc§/gdc—|—6
Q Q

for all g € Cp, with ||g|lc <1 and sup,cq |g(z) — 1] < 6. Now, let A € O with A D C.
Since A is open, there exists some m € N such that g: Q — R, given by

g(z) :==sup (1 —md(z,y)) VO forall z €,
yeC

satisfies g(z) = 0 for x € Q\ A. Since 0 < g <1 and g(z) =1 for all x € C, it follows
that

:/ 1de < / gdc+e < / lade+e=c(A) +e.
Q Q Q
We have therefore shown that

() < flngo c(A) +e¢
ADC

Taking the supremum over all C' € Q and letting € — 0, Equation (2.2]) follows.
For general B € O, the statement now follows from the fact that B, endowed with
the subspace topology

Op:={ANB|Ac0O}={Ac€O|AC B} CO,
is again a Polish space together with the observation that a subset of B is compact in
the subspace topology Op if and only if it is compact in the original topology O.
Next, we prove that (iii) implies (i). To that end, let (By)nen C O with B,, C By41
for all n € N and € > 0. Then, there exists some compact C' C |J,,cny Bn =: B with
<
¢(B) < Arelg c(A) +e.
ADC
Since C' is compact, C C B = |J,,cy Bn, and By, is open with B,, C By, for all n € N,
there exists some ng € N such that C C B,,,. Hence,
] <
nf c(A) < e(By),
ADC
and it follows that
supc(By,) < ¢(B) <supc(By)+¢e = lim ¢(B,) +e.

neN neN n—00
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Letting ¢ — 0, it follows that ¢(B) = lim, o0 ¢(By,).
Now, we assume that the capacity c is 2-alternating. In order to prove that (iv) = (i),
let (Bp)neny C O with B,, C B4 for all n € N. Then,

c< U Bn> = sup u< B ) = sup sup u(By,) = sup sup pu(B,) = lim ¢(B,).

neN HEM neN HEM neN neN pe M n—00

In a last step, we prove that (ii) implies (iv). By Corollary 2.5 there exists a set
M C cay and a function a: M — R such that

/fdc: sup </ fd,u—oz(,u)) for all f € C,,.
Q HEM Q

Since the Choquet integral is positively homogeneous, it follows that

/fd ——: <//\fd,u—a ) /Afdc—/fdc

for all f € Cp, p € M, and A > 0. Letting A — oo, it follows that

sup/fd,ug/fdc for all f € C,.
Q

HEM JQ
On the other hand,

—oz(,u):/Od,u—oz(,u)g/Odc:O for all u € M.
Q Q

Hence,

sup/fd,ug/fdc:sup </fdu—a ><sup/fd,u for all f € .
HEM JQ Q HEM Q HEM

In particular,
w(Q) = / 1dp < / 1de=¢(2) for all p e M.
Q Q

Since the Choquet integral is constant additive, it follows that

0= () + /Q (~1)de > () + /Q (—1)dp = o(Q) — u(9)

for all 4 € M. We have therefore shown that p(Q2) = ¢(2) for all u € M. Now, for
every f € Ly, there exists a sequence (f)nen C Cp with f,, /7 f asn — ooE so that

fdc—sup/fndc:supsup/fnd,u:supsup/fndu:sup/fdu,

neN neN pemM neEM neN HEM JQ

where, in the first equality, we used ([B.4]) and, in the last equality, we used the monotone
convergence theorem. U

Proof of Theorem [2.7. First, observe that, by convexity of U; for all ¢ € I and (2.3)),
su}) (Uz(fl) — Uz(fg)) < su? (Uz(fl) + Ui(—fQ) — QUZ’(O)) < 2$U}3 (U,’(T) — Ui(O)) < 00
1€ 1€ 1€

(3.5)
for all » > 0 and f1, fo € Cp with max {Hflﬂoo, ”fg”oo} <r.

Define, for z € Q and n € N, fn(z) := infycq (f(y) + nd(z,y)) with a metric d that is consistent with
the topology on €.
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The implication (iii) = (i) follows from Remark B.] a). In order to prove that (i)
implies (ii), we first show that, for every f € C, and every € > 0, there exists some
V €V with

sup|U;(f +e) —Ui(f)| <e foralleeV.
el
To that end, let f € Cp and consider the monotone maps Uf, Us: Cp — R, given by

Uy(g) == sup (U(f +9) —Ui(f)) and

Uyslg) = sup (Ui(f) = Ui(f — g)) forall g € Gy,

Observe that, by B3), Uy and U 7 are well-defined and
Us(—g) = S}l? (Ui(f) = Ui(f +g)) forall g € Cy.
1€

Moreover, for any V € V, e € V if and only if —e € V. Hence, the auxiliary statement
follows from Corollary 2.3 once we have shown that, both, Uf and U, are continuous
from above. To that end, let g € Cy, and (gp, )nen with g, \, g as n — co. Moreover, let
e>0,n€eN, and A € (0,1). Then, using the fact that U; is convex for all i € I,

U(om) = Tslo) < sup (Uif + ) = Uil + 9)) < Asup [Ui(g" = 9) - Ui<o>]

+Awp@M®—IMf+m)+G—ANW{M<£iﬁ>—Lﬂf+w]

icl i€l 1—A
and
Uy(gn) —Uy(g) < sup (Ui(f —9) = Ui(f —gn)) < sup (Ui(f =29+ gn) = Us(f — 9))
< )\52161? [Ui<gn)\_ g) — Ui(O)] + )\Szlel? (Ui(0) = Ui(f — 9))
f—y
+(1=A) Sup [M(m) - Ui(f - 9)} :

Since the maps
R =R,y sup (Ui(0(f %)) ~ Uil +9))
are convex and therefore continuous,
Asup (U0) = Ui(f ) + (1= Nsup |0 ($24 ) - 7 £.9)] <
for A € (0,1) sufficiently small. Moreover, by assumption,

Asup [Ui<g";g> —Ui(O)} <

iel

€
2

N ™

for n € N sufficiently large, since 222 \, 0 as n — co. We have therefore shown that
0<Upg(gn) —Us(g) <e and 0<Ugs(gn) —Uylg) <¢

for n € N sufficiently large, so that both U s and U are continuous from above. We have
therefore proved the auxiliary statement and are now ready to prove the implication
(i) = (ii). For i € I and f € Cy, let U; s: Cy, — R be given by

Uir(9) == Ui(f +9g) —Ui(f) forall g € Cy.
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Then, U; ¢ is convex and monotone with U; ¢(0) = 0 for all i € I and f € Cj,. Moreover,
forall A € (0,1), i € I, and f,g € Cp,

Uislo) < A(Ui (4)- UZ-(f)) +1-) (Ui (55) - U,~<f>>

5A<m<§>—mw0—th¢¢»—mmD

F(1-2) (Ui (55) - Ui<f>>,

where, in the second inequality, we used the fact that U;(0) — U;(f) < Ui(—f) — U;(0)
for all i € I. Let 7 > 0, (gn)nen C Cp with g, \, 0 as n — oo, and € > 0. Then, by

B3), the map

R—R, v+~ sup sup (Ui(vf) — Ui(f))
[ flloo <r i€l

is convex and well-defined. Therefore, it is continuous and it follows that

MU(=f) = Ui(0)) + (1 = X) <Uz<%> - Uz’(f)) < %

for A € (0,1) sufficiently small. Hence,

sup supU; ¢(gn) < Asup U@(Q_n) - Ui(0) | + - <e
oo <r i€1 €\ \A

for n € N sufficiently large, and we have shown that

lim sup supU;f(gn) =0.

O fllo<r i€l
Using the auxiliary statement for the convex monotone functions U; ; with 7 € I and
f € Cy with || f|loo < 7, there exists some V € V such that

sup sup|U;(f+e) —Ui(f)|= sup sup|U;s(e)] <e foralleeV.
el

[flloo<r i€l [ flloo<r i€
It remains to prove the implication (ii) = (iii). Let » > 0 and € > 0. Then, there exists
some V' €V such that

sup sup|U;(f+e)—Ui(f)|<e foralleecV.
1 flloo<r i€
By definition of the local base V, there exists some compact set C' C €2 and some § > 0
such that

{eGC’b

sup e(2)| < 6} N {e € Gy [lefloo < 27} C V.
zeC

Now, let f1, fo € Cy with max{||f1||oo, ||f2||oo} < r. Then, by the triangle inequality,
| f1 — falloo < 2r. If sup,co | fi(z) — fa(x)| < 9, then

sup [Ui(f1) — Ui(f2)| <.
el

On the other hand, if sup,cq | fi(x) — fo(x)| > 6, then, by (B.0), it follows that
sup [Us(f1) = Ui(f2)| < M sup [ f1(z) — fa(x)]
el zelC

with M := 2sup;c; (U;(r) — U;(0)). The proof is complete. O
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Proof of Corollary [2.8. Since (L,7) is a locally convex vector lattice, (iv) implies (i).
The implication (i) =- (iii) is trivial and, by Corollary 23] (ii) and (iii) are equivalent.
By Theorem 2.7 and Lemma [B] (ii) = (iv) and (ii) = (v), since (ii) together with
Dini’s lemma implies that, for every convex and weak™ compact set K of nonnegative
T-continuous linear functionals, the map

Uk: Cp — R, f s sup p(U(f) —U(0))
pekK

is convex and satisfies lim,, o, Ux (f5,) = 0 for every sequence ( f,)nen C Cp with f,, N\, 0
as n — oo. Since, for every nonnegative 7-continuous linear functional A: L — R, there
exists a 7-continuous lattice seminorm p: L — [0,00) with |Au| < p(u) for all u € L,
(v) implies (ii) by Dini’s lemma. O

APPENDIX A. CAPACITIES AND CHOQUET INTEGRALS

The setup and notation in this section follows the one of the main part. The following
lemma is sort of a folklore theorem, cf. [I9, Properties 11.8 and Theorem 11.11]. For
the reader’s convenience, we nevertheless provide a short proof.

Lemma A.1. Let ¢: O — [0,00) be a capacity. Then, the following statements are
equivalent.

(i) For all By, By € O,
C(Bl U Bg) + C(Bl N Bg) < C(Bl) + C(Bg).

(ZZ) For all f1, fo € Ly,

/Q(fl+f2)d0§/gf1d6+/ﬂf2dc.

Proof. We first prove the implication (ii) = (i). To that end, let By, Bo € O. Then,

c(BluBg)—l—c(BlﬂBg):/(lBl—|—132)dc§/131 dc—i—/132 de
Q Q Q
= C(Bl) + C(Bg).

We proceed with the proof of the implication (i) = (ii). In a first step, we prove by an
induction over n € N that

/ > 1pde< > ¢(B;) forall By,...B, €O, (A1)
Q=1 i=1

For n = 1, the statement is trivial. Therefore, assume that (A.T]) is proved for some
n € N, and let By,... Byy1 € O. Then,

n+1 n
Z lp, = 1U?:+11 B T Z 1(Uf:1 Bi)NBjt1
k=1 k=1
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Using (Al and (i), we obtain that

n+1 n+1 n
/QZ 1p,dec = c< U Bi> + o Z 1(u§:1 B;)NBpy1 de
i=1 =1

k=1
n+1 n k
< C< U Bl> + ZC<< U Bl> ﬂBk-ﬁ-l)
=1 k=1 =1
n+1

i=1

Now, let f1, fo € L. Since the Choquet integral is constant additive, we may w.l.o.g.
assume that f1 > 0 and fy > 0. Let 7 := max {|| filloc, | f2lloc} < 7. Fori=1,2, n €N,
and k =1,...,2", define Bﬁn :={fr > k27"r}. Then, for i = 1,2,

2n
; — 27"l
fz Z sz,n
k=1

Since, by positive homogeneity of the Choquet integral and (A.T]),

on on
27 (1 +1 de=2"" 1 +1 d
/Q; T( Bf, Bg’n) ¢ r Q;( Bf, B;n) ¢
27L

<27y (e(B,) +e(BS,) )
k=1
27L 27L
e Z 2_n7‘1B]19 dC + / Z 2_n7"1B§: dC,
Q 1 n ,n

Qp—1

<27 =0 asn—oo.

’ [e.9]

it follows that

/Q(f1+f2)dc§/ﬂf1dc+/ﬂf2dc.

APPENDIX B. LOCALLY CONVEX VECTOR LATTICES

Thoughout this section, let (L,7) be a locally convex vector lattice, i.e., a vector
lattice L together with a locally convex topology 7 on L, which is generated by a
family of lattice seminorms. Let Ly := {u € L|u > 0} and L’ be the topological dual
space of L, i.e., the space of all continuous linear functionals L — R. Moreover, let

L/Jr = {)\ GL/|VUGL+: )\uzo}
be the set of all positive continuous linear functionals on L. For u € L, we use the
standard notation uy := uV0and u_ := —(uA0). Then, u = uy—u_ and |u| := up+u_
for all uw € L. The following lemma can be deduced from [2, Theorem 8.24 and Corollary
8.25] together with the fact that every linear functional that is bounded by a lattice

seminorm is order bounded. For the sake of a self-contained exposition, we provide a
short proof.

Lemma B.1. Let p: L — [0,00) be a continuous lattice seminorm.
a) For every X\ € L' with |Au| < p(u) for all u € L, there exists Ay, \_ € L with

M= Au—Au and max{Ai|ul,\_|u]} < p(u) foralluec L. (B.1)
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b) There exists a convex and weak® compact set K C L, with

max |pu| < max plu] = p(u) < 2max |pu|  for all u € L.

peK neK peK
Proof. We start with the proof of part a). Since p is a lattice seminorm, it follows that
p(u) = p(v) for all u,v € L with |u| = |v|. In particular,

p(u) = p(|u]) for all u € L. (B.2)
Let A € L' with [Au| < p(u) for all u € L, and define
Afu i=sup {)«u | vely,v< u} for all u e L.

Since p is a lattice seminorm, 0 < Ay u < p(u) and Ay (qu) = alyu for all u € Ly and
a > 0. Let uy,ug € Ly. Then, for v1,ve € Ly with v; < wu; and vy < ug,

AV + Avg < )\(Ul + ’Ug) < )\+(U1 + ’LLQ).

Hence, Ayuj + Ayuz < Ay (u1 + u2). On the other hand, for v € Ly with v < ujy + ue,
let

vii=@w—u2)T>0 and wei=v—vi=v+ (uz —v) A0 =vAuy < us.

Moreover, v; < uq since uq > 0 and v = v Ausg > 0 since v > 0 and us > 0. Hence,
Av = Avy + Avg < Apug + Agus.
We have therefore shown that Ay (u; + u2) = Apuy + Apug. For u € L, define
Apu = ALup — Apu_.
Let u,v € L. Then,
(u+v)y —(utv)- =u+v=uy —u_+vy —v_,
so that
Ap(u+0)y +Au + Ao = A (w+v)p +us +oo) =M ((w+v)- +up +oy)
= A(u+v)— + Apugp + Apvy,
which implies that Ay (u + v) = Ayu + Ayv. Moreover, for all u € L and a > 0,
Ap(ou) = Agp(au)+ — A (au)— = A (auy) — A (au_) = adyu.

Since, by definition, (—u)+ = —u_ and (—u)— = —uy for all u € L it follows that
Ay: L — R is linear and, by (B.2),

Avul < Apful < p(lul) = p(w),

which implies that A_: L — R is continuous. Now, defining A_u := ALu — Au for all
u € L, we find that

Au=sup{Av—u)|ve Ly, v<u}=sup{A—w)|we Ly, w<u}=(-A)tu
for all u € Ly. Using the fact that A_ is linear and replacing A by —J, it follows that
[Aul < Aful = (=A)+]u| < p(u).

In particular, A\_ is continuous, and the proof of part a) is complete.

In order to prove part b), let V := {u € L|p(u) < 1}. By the Banach-Alaoglu
theorem, the set V° := {\ € L' |Vu € V: A < 1} is convex and weak* compact. By
(B.2) and the Hahn-Banach theorem,

= for all L.
p(u) )I\IelE‘L/}g|)\’LL| orall u €
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Since the set L, :=(,¢z, {\ € L[ Au > 0} is convex and weak” closed, it follows that

K:

= V°N L, is convex and weak* compact. By (B.2),

max |pu| < max plul < p(lu]) = p(u) for all u € L.
peK neK

By (BI), forall A€ V° and u € L,

—A_|ul < Au| < Apjul and max{)\+]u\,)\_\ul} < p(u).

This shows that A;,A_ € K and |A|u|| < max {A{|u], A_|u|} for all X € V°. Hence, by

B.2),

p(u) = p(jul) = max |Aul| < sup max{Ay ful, A-ful} < max plu]

We have therefore shown that p(u) = max,cx p|u| for all w € L. On the other hand,

(1]

p(u) = max |Aul < max (Arul +|A-ul) < 2mex|pul.
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