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Abstract

Berge equilibrium offers an alternative to Nash equilibrium in game theory, emphasizing coop-
erative stability rather than individual optimization. Despite recent interest, a systematic study of
Berge equilibria in finite normal form games is still lacking, with fundamental questions like existence
remaining open. This paper characterizes Berge equilibria through a polynomial system of equa-
tions, enabling computational algebra and algebraic geometry methods to analyze them. Algorithms
based on Grobner bases determine the existence and computation of Berge equilibria. Furthermore,
we show that the set of games admitting completely mixed Berge equilibria is contained within a
determinantal variety, whose dimension we explicitly bound from above.

Keywords: Berge equilibrium, Algebraic Methods in Economics, Grébner Bases
JEL Subject Classification: C72, C02, C63

1 Introduction

The notion of Berge equilibrium is an interesting alternative to the prevalent Nash equilibrium in game
theory. Unlike Nash equilibrium, which is based on the idea that no player can unilaterally improve
their own payoff, Berge equilibrium focuses on cooperative stability in non-cooperative games. Berge
equilibrium captures a more altruistic or benevolent decision-making process, where each player supports
others rather than acting selfishly.

While the notion has found applications in various papers recently (e.g. Unveren, Donduran, and
Barokas (2023), Haller (2024), Graziano, Pesce, and Platino (2024)), a systematic study of Berge equilibria
in finite normal form games is lacking so far. In particular, even the basic issue of existence remains open.

In this paper, we characterize Berge equilibria in all finite games by a suitable polynomial system of
equations, making it amenable to methods from computational algebra and algebraic geometry.

Using methods from computational algebra, we provide algorithms for generic games that decide
whether a Berge equilibrium exists, and, if so, compute all Berge equilibria with the help of Grébner
basis techniques.

Using algebraic geometry, we demonstrate that the set of games capable of admitting completely mixed
Berge equilibria forms a subset of a determinantal variety. We compute the dimension of this variety,
providing an upper bound on the dimension of games possessing completely mixed Berge equilibria. For
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games with more than two players, completely mixed Berge equilibria exist only in a relatively low-
dimensional set of games. For N-player games with two actions per player, less than 50% of games admit
such equilibria.

Our paper contributes to the growing body of literature that applies tools from algebraic geometry
to game theory. Despite their potential, computational algebra methods are rarely utilized in economics.
Recently, Grébner bases theory has been fruitfully applied in different areas, such as in General Equi-
librium Theory for the analysis of the equilibrium conditions in markets (see Kubler and Schmedders
(2010)), in Econometrics to address the global identification problem in dynamic stochastic general equi-
librium (DSGE) models (see Kociecki and Kolasa (2023)) and in Game Theory for the computation of
all Nash equilibria in games with polynomial payoff functions (see Datta (2010)).

Over the past decade, the concept of Berge equilibrium has gained increasing attention as a plausible
alternative to Nash equilibrium for modeling diverse socioeconomic behaviors in strategic interactions
(Colman, Corner, Musy, and Tazdait (2011), Larbani and Zhukovskii (2017), Haller (2024)). Several
studies have sought to establish sufficient conditions for the existence of pure strategy Berge equilibria
(Abalo and Kostreva (2004, 2005); Nessaha, Larbani, and Tazdaitb (2007)). Notably, Colman, Corner,
Musy, and Tazdait (2011) show that in N-person games, Berge equilibria form a subset of Nash equilibria
that are common to all permutations of the game. Musy, Pottier, and Tazdait (2012) reformulate the
existence theorem from Colman, Corner, Musy, and Tazdait (2011) without relying on Nash equilibrium,
introducing the concept of best support from co-players and defining Berge equilibria as the intersection
of best support correspondences. Further developments include Courtois, Nessah, and Tazdait (2017),
which provides existence conditions and computational methods for two refinements of Berge equilibrium:
Berge—Vaisman and Berge—Nash equilibrium. From a computational standpoint, Corley and Kwain (2015)
proposes an algorithm using the disappointment matrix to compute all pure strategy Berge equilibria
in N-person normal-form games. The only known method addressing mixed strategy Berge equilibria is
presented in Sawicki, Pykacz, and Bytner (2021), which develops an algorithm for identifying all Berge
equilibria—both pure and mixed—in N-person games with two strategies per player. A comprehensive
literature review on Berge equilibria in static normal-form games can be found in Larbani and Zhukovskii
(2017). Our approach extends this line of research by establishing generalized existence conditions for
pure strategy Berge equilibria that encompass and go beyond the results in Corley and Kwain (2015) and
Nessaha, Larbani, and Tazdaitb (2007); see Remark 2.7.

The paper is structured as follows. The next section provides the polynomial characterization of Berge
equilibria. Section 3 outlines the algebraic techniques employed in our analysis and provides examples
that illustrate the application of Grobner basis methods. Section 4 introduces the concept of (Berge)
regular games, while Section 5 presents algorithms for computing all Berge equilibria, when they exist.
Within the class of all games, Section 6 characterizes the subset of a determinantal variety that contains
all regular games admitting completely mixed Berge equilibria. The last section concludes.

2 Polynomial Characterization of Berge equilibria

We consider a finite normal form game, following the notation of Datta (2010). The set of players is
denoted by I = {1,...,N}. Each player ¢ has a finite set of pure strategies S; = {sio,...,Siq,} with
|Si| = di +1 > 2. S = [];c;Si is the set of pure strategy profiles with cardinality Dg := |S| =
[l;c;(di +1). Player i has the payoff function u; : S — R. The game in normal form is written as
G= (-[7 (Si)iel ) (u’b)lel)

In the following we write [d;] = {0,1,...,d;} and set D = ), d;; in particular, it holds ), ; [Si| =
Zie[(di+1) =D+ N.

The set X; of mixed strategies of player i is the set of all functions o; : S; — [0,1] such that
Zdi:o 0i(s45) = 1. We write 0 = 0i(si;5). We let ¥ = [],.; i be the set of strategy profiles. We let
I_; =1\ {i}, X_; =][;c; ,0; and we call an element of ¥_; a (—i)-strategy profile. We denote by o_;

the image of o € ¥ under the projection m_; onto X_;; further, we let D_; = H?;Lj#[dj}. Player i’s



expected payoff from a strategy profile o = (1,...,0n) € ¥ is given by

ui(o) = Z Z wi($1,...,8Nn)01(81) - ... - oN(SN).

51€S51 SNESN

We also introduce the notation O"ii = 014 - 0414, 10i+1,ji41 - - - ONjy fOr the probability that the

coalition (—i) plays the profile s7 ; under o_;, and we write

ul(0s,57,) = Y wi(sig, 8 )oi(sis) = Y wilsi, 57 )0i, (1)
7:=0 7i=0
for the expected payoff of player ¢ when the coalition (—:¢) uses the pure strategies st ; =
(S1j1s+ -5 Sim1jim1s Sitljigrs - > SNjn )
A strategy profile o* = (o7,...,0%) is said to be a Berge equilibrium if for each player ¢ € I it holds

wi(or,0*,) > ui(o),0_;)

for each (—i)-strategy profile o_; € ¥ _;.

We characterize (mixed and pure) Berge equilibria as the nonnegative solutions to certain polynomial
systems (system (2) of Proposition 2.1 or system (7) of Proposition 2.4 below). As players of coalition —i
try to maximize player i’s utility, we start with a typical Kuhn—Tucker-like characterization of optimal
strategies.

Proposition 2.1 The strategy profile

o=(oy,...,0n) € RPN,
where
;= (0i0,--,0id,) for each i €1,

is a Berge equilibrium if and only if there exists
v=(v1,...,0y) ERY,

where v; = (Uf |7 € D_;), such that (o,v) satisfies the following system of polynomial equations

vf + y{(ai, 1) =02 +ud(e;,s°,) foreachi€l and j € D_;\ {0}

ol vl =0 foreachiel and j € D_; (2)

-1

Z?i:o oij =1 for each i €1,

and 045 > 0 and vlj >0 for each i € I and for each j € D_;.

All proofs can be found in the appendix. _

As one can see from the second condition in (2), the variables v are the complementary slackness
variables for the optimization of coalition —i given a possible —i-strategy profile j. In particular, they
characterize the support of the possibly (semi-)mixed equilibrium —i-strategy profile o7.

Preferences that admit an expected utility representation are invariant under positive affine transfor-
mations. It is thus no surprise that Berge equilibria are preserved by positive affine transformations of
payoff functions. We record this fact in the following remark.

Remark 2.2 Let u;, i € I, be the payoff functions of a given game G = (I, (Sivui)iel) and let o be a
Berge equilibrium of G. By Proposition 2.1, there exists v € R such that system (2) holds, and o > 0
and vzj > 0 for each i € I and for each 3 € D_;. We consider a new game G = (I, (Si,ﬁi)ie[) defined
by some affine transformations u; of the payoff functions u;, that is u; = a;u; + B;, where «;, 5; € R,



a; > 0, for each i € I. We prove that G and G have the same Berge equilibria. Let w; = a;v; > 0, for
each i € 1. 1t is straightforward to verify that (2) is equivalent to the following system

w] JrozZ J(o'v, J ) =w? + aud(e;,s°,)  foreachi €l and j € D_;\ {0}
0"7 awli=0 for eachie€ I and j € D_; (3)
Zj:o o =1 for each i€ 1.

In the game CNT', we consider the expected payoff of player i when the coalition —i uses the pure strategies
s, and the probability of s? , being played under o_;, that is

d;

ﬂ‘z (Uia 3]77,) = Z ﬂi(sijivs‘li)oijl aZuJ (O"La S, + BZ Z Oij;s (4)

Ji=0 Ji=0

for each i € I and j € D_;. Plugging (4) into system (3) we get

w? —i—ﬁ.(ol,szi) =w? +u?(04,s°;) foreachi€l and j € D_;\ {0}

O'J’LU =0 for eachi €I and j € D_;

E;—izo oij =1 for each i € I.

Applying Proposition 2.1, it follows that o is a Berge equilibrium of G.

Observe that according to Proposition 2.1, the computation of Berge equilibria requires solving an
overdetermined system with many more equations than free variables if there are more than two players.

Remark 2.3 We count the number of equations and unknowns of system (2). The first line of (2) yields
Zilil H;V:Lj#(dj +1) — N equations; the second line yields vazl Hj‘szj;éi(dj +1) equations; finally, the
third line leads to N equations. All in all, system (2) is made up of

2> I @+1 (5)

i=1 j=1,j#i

equations. Regarding the unknowns, the vector o has Z;V:l(dj +1) = Z;\Ll d; + N components, whereas

v is made up of Zfil H;‘V:Lj;éi(dj +1) elements, so that the number of variables involved in system (2) is

ST @+v+> di+N. (6)

i=1j=1,j7i Jj=1

For N = 2, the number of equations of system (2), which is 2(dy + do + 1) equals the number of its
unknowns. For N > 2, system (2) is overdetermined, having many more equations than unknowns;
indeed,

N N N N
2> I @+ = > ]I d—|—1+z Z > IT 4
i=1j=1,j%#i i=1j=1,j%#i i=1 \ k= OKC{l ..... NI\{i},|K|=k jeK
N N
> > I @+)+N+ (N —124
i=1 j=1,j#1
N N
> Z 11 d+1)+2dj+N.

.
Il

1j=1,j#i Jj=1



If each player has the same number of pure strategies, that is d; = d for each i € I, then from (5)
and (6) it follows that system (2) is made up by 2N(d + 1)V =1 equations in N(d + 1)((d + 1)N=2 +1)
unknowns. The difference between the number of equations and the number of unknowns is
=0 ifN=2

N(d+1)((d+1)N"2-1) {> 0 FN>2.

In the following, we provide alternative conditions to find Berge equilibria simply by solving a poly-
nomial system in the variables o, thus eliminating the complementary slackness variables.

Proposition 2.4 The strategy profile

o= (o1,...,05) € RPTN

where
;= (0i0, .-, 0id,) for each i €1,

is a Berge equilibrium if and only if the following conditions hold:

(i) o is a positive solution of the following system of polynomial equations

a{ip{(a) =0 foreachi€l andj e D_;
Z;.li:o oij =1 foreachiel,

where, for each i € I,

p?(a) = ZJ‘ED,i,j#O U‘lz(u‘z (ai’ S‘lz) - u?(au ng)) (8)

pl(a) = p(o)+ (ul(0ss2,) —ul(ois7,),  foreachj € D_;\{0},
are polynomial functions of degree N ;
(i1) p{(a’) >0 foreachie€ I and j € D_;.

Remark 2.5 We note that in the first block of (7) some of the equations are redundant. In particular,
for each i € I, recalling (8) and exploiting relation (26) (see Appendiz A) it holds

> dpie) = Y ol (o) + (e s — (i)

jeD_; jeD_;
= > A0+ D o wos%,) —ul(ois)))
JjeED_; JjeD_;
_ 0 0 _
= pi(o')_Pi(o')—0~ (9)

Consequently, from (7) and (9), we conclude that o is a Berge equilibrium of the game if and only if
Proposition 2.4 holds with system (7) replaced by

{ ol i) =0 foreachiel andje D_;\ {0} (10)

Z(;;o oij =1 foreachiel.
We conclude this section by characterizing Berge equilibria in pure and completely mixed strategies.

Corollary 2.6 A pure strategy profile s = (s11,,-.-,SNix) € S is a Berge equilibrium if and only if

i 3 —ii.,j4 >0 hiel. 11
jEDIEI\I%I*’i} (u (s) — ui(si, 3_1)> > for each i (11)



Remark 2.7 Corollary 2.6 recovers the main result of Corley and Kwain (2015), Theorem 3, where the
authors provide a condition for finding pure strategies Berge equilibria using the so-called disappointment
matrix. It is also equivalent to the conditions for the existence of pure Berge equilibria provided in
Nessaha, Larbani, and Tazdaitb (2007), Lemma 2.1 and Proposition 2.1.

Let us now come to the case of completely mixed Berge equilibria that has not been studied in detail
in the literature. As usual, we call a profile o completely mized if every player i plays each strategy j
with strictly positive probability, i.e. for all ¢ € I, j € [d;] we have 0;; > 0. Let ¢ € {1,..., N}. We order
the elements j; of the set D_; assuming that the first element is j; = 0.

Proposition 2.8 The strategy profile o = ((010,...,01d4,),- -+ (ON0s - - - s ONdy ) € RPTN s a completely
mized Berge equilibrium if and only if o; = (040, - . ., 0i4,) 1S a strictly positive solution of the linear system
AiO'i = bZ (12)

for each i € I, where A; € RIP=ilx(dit1) " yyitp

A ! yi=1 13
(lym) = wi (Si(mfl)as'ﬁi) — U; (Si(m,l),sgi) if2<1<|D_ ) (13)
foreachl=1,...)|D_;j] and m=1,...,d; + 1, and
1
0
b= . | eRP-l (14)
0

In mixed Nash equilibrium, the other players make player ¢ indifferent between all her pure strategies.
In Berge equilibrium, player ¢ mixes in such a way that all coalitions —i are indifferent among all pure
(—i)-strategy profiles they might consider in order to make him better off. This is the meaning of equation
(12).

3 Grobner basis techniques for existence and computation of
Berge equilibria

The main object of study of Algebraic Geometry and Commutative Algebra are algebraic varieties, which
are geometric entities defined as the solution sets of polynomial equations. The origins of the two disci-
plines are traced back to the 19th and the (early) 20th century. Throughout the 20th century the ties
between the two areas fastly grew up also driven by the emergence of important computational aspects,
primarily due to Buchberger’s contributions on algorithms for manipulating systems of polynomial equa-
tions. In particular, in 1965 the concept of Grobner bases was introduced by Buchberger (2006), who also
developed an algorithm to compute Grébner bases of given ideals, which allowed for the simplification
of polynomial systems. Then, in the late 20th century, with the advent of computers, software packages
(like CoCoA (1988), Macaulay2 by Grayson and Stillman (1993) and Singular by Decker, Greuel, Pfister,
and Schonemann (2024)) were developed, making Grébner bases computations doable to all researchers
and highly relevant for various disciplines (such as Robotics, Criptography, Combinatorics, Statistics,
Mathematical Optimization), thus establishing themselves as a fundamental tool to bridge theory and
application across diverse fields. Recently, in economics, Grobner bases theory has been fruitfully applied
in different areas, such as in General Equilibrium Theory for the analysis of the equilibrium conditions
in markets (see Kubler and Schmedders (2010)), in Econometrics to address the global identification
problem in dynamic stochastic general equilibrium (DSGE) models (see Kociecki and Kolasa (2023)) and
in Game Theory for the computation of all Nash equilibria in games with polynomial payoff functions
(see Datta (2010)).



Despite the wide range of applications, the main and best known task of Grobmner basis technique
is to provide a simplified representation of a set of polynomial equations, which enables to compute
its solutions. In the rest of this section we provide a brief introduction to Grébner basis and the main
algebraic/geometric objects involved when studying systems of polynomial equations. For a more detailed
introduction to the topic we refer the interested reader to Cox, Little, and O’Shea (2005, 2015) and
Kreuzer and Robbiano (2000). The definitions and results presented in this section are drawn from these
reference textbooks.

Formally, the set of all the solutions of a given system of polynomial equations fi(z1,...,z,) =
oo = fo(z1,...,2,) = 0 in n variables with coefficients in a field K is the affine algebraic variety
V(f1,.-., fs) CK" defined by

V(fi,..o, fs) :={(a1,...,an) € K" | fi(a1,...,a,) =0 forall 1 <i < s} CK",
which is the main geometrical object of Computational Algebraic Geometry. The set

Z(fry-- o fs) ={pfi+...+osfs|pi €Klzq,...,zp]) fori=1,...,s} CK[zy,...,z,]

is the ideal generated by f1,..., fs, one of the most important algebraic structures in polynomial rings.
The definition of Grobner bases of ideals is constructed upon monomial orders, which are defined as
follows.

Definition 3.1 A monomial order on K[zy,...,z,] is any relation > on the set of monomials x in
K[z1,..., 2] (or equivalently on the exponent vectors a € Z%,) satisfying:

(i) > is a total (linear) ordering relation;

(ii) > is compatible with multiplication in K[z1,...,z,], in the sense that if ® > x? and 7 is any
monomial, then x®zY = 7 > 2f+t7 = 2B27;

(#ii) > is a well-ordering, that is, every non-empty collection of monomials has a smallest element
under >.

Note that in the univariate case (n = 1) the only monomial order in the polynomial ring K|x] is
the degree order given by ... > 2™*! > 2™ > ... > 2? > z > 1, whereas polynomial rings in several
variables (n > 1) admit many different monomial orders. In this case, a choice on the ordering of
Z1,..., 2y is firstly required (usually the variables are ordered as follows: 1 > 29 > ... > ). Then,
based on the previous choice, there are still many possibilities to define a monomial order; for instance,
the lexicographic order, the graded lexicographic order, the graded reverse lexicographic order. Monomial
orders allow to introduce the leading term of a polynomial (see Definition 3.2) which is needed to define
Grobner bases (see Definition 3.3).

Definition 3.2 Let > be a monomial order on Klzi,...,z,] and let f =" cqx® be a polynomial in
Klz1,...,2,]. The leading term of f (with respect to >), denoted by LT~ (f) or simply by LT(f) if no
confusion arises, is the product cox® where x is the largest monomial appearing in f in the ordering >.

Definition 3.3 Fiz a monomial order > on Klzy,...,x,] and let T C K[z1,...,2,] be an ideal. A
Grobuer basis for Z (with respect to >) is a finite collection of polynomials G = {g1,...,g:} C T with the
property that for every nonzero f € I, its leading term LT(f) is divisible by LT(g;) for somei € {1,...,t}.

Grobner bases are characterized by many different properties, some of them being used to provide
alternative equivalent definitions. We recall here two fundamental facts: a Grobner basis G = {¢1,...,9:}
of 7 is a special kind of generating set of the ideal, that is Z(g1,...,9:) = Z, and Grébner bases exist
for all ideals in K[z1,...,z,]. Further, Grobner basis computation can provide a systematic method
for eliminating variables from systems of polynomial equations, as it can be used as a multivariate non-
linear generalization of Gaussian elimination for linear systems (see Lazard (1983)). The basic strategy
of elimination theory is provided by the following two main theorems: the Elimination Theorem, which
is based on the lexicographic monomial order, and the Extension Theorem. Note that, for the reader’s
convenience, the Extension Theorem is stated only for the case of eliminating the first variable x1, but it
can be applied as well when eliminating any number of variables.



Theorem 3.4 (The Elimination Theorem) Let 7 C K[z, ..., x,] be an ideal and let G be a Grébner
basis of T w.r.t. the monomial order > e, (with ©1 > xa > ... > x,). Then, for every 0 <1 < n, the set

G =6GnK[zi41,..., 2]
is a Grobner basis of the I-th elimination ideal T, = T NK[zj41, ..., zn]) C Klzpg1, ..., 24

Theorem 3.5 (The Extension Theorem) Let T = Z(f1,...,fs) € Klz1,...,2,] and let Ty = I N

Klza,...,z,] C Klza,...,x,]. For each 1 <i < s write f; in the form
fi=ci(za, ... ,xn)xiv‘ + terms in which x1 has degree < Nj,
where N; > 0 and c¢;(z2,...,2,) € Klza,...,x,] is nonzero. Suppose that we have a partial solution

(ag,...,an) € V(). If (az,...,an) € V(Z(c1,...,¢s)) and K is algebraically closed, then there exists
a; € K such that (ay,as,...,a,) € V(I).

If the ideal 7 is zero-dimensional, that is if the associated system of polynomial equations has a finite
number of solutions (note that again this can be tested by looking at the leading terms of a Grébner basis
of 7), the previous theorems provide a procedure to compute V(Z). Indeed, let G be a Grobner basis of
7 w.r.t. the monomial order >y,cx (with 21 > a2 > ... > x,); the last coordinate of a solution of the
associated polynomial system is a root a,, of the greatest common divisor of the polynomials G, _1, that
is the polynomials of the basis that depend only on the last variable. If the assumptions of the Extension
Theorem are satisfied, the substitution x,, = a, can be performed in G, and the second-last coordinate
of such solution is a root of the greatest common divisor of the polynomials in G,,_2 |{z,—a,}- Then,
the iterations continue till the first variable is considered, so that all elements of V(Z) are computed.
This approach describes an effective and quite simple solving process which is outlined in Algorithm
SolutionSet in Section 5 below.

4 Regular games

The algorithms that we develop below focus on the generic class of games that possess at most finitely
many locally isolated Berge equilibria. In this section, we specify the notion of regularity that will be
used throughout, adapting the notion that van Damme (1991) developed for Nash equilibria to the case of
Berge equilibria. The reader who is not interested in these technical details is invited to jump immediately
to Section 5 on algorithms.

In the setting of Section 2, let G(I,(S;)icr) be the set of all games with pure strategies spaces
S1,...,5n. Imposing a fixed ordering on the payoff functions, there is one-to-one correspondence be-
tween the space of all the games G(I, (5;)icr) and RNPs. In particular, each game T in G(I, (S;)icr) is
represented by its payoff vector

= (U,...,un) € RNPs,
Thus, the game I' € G(I, (S;)ier) can be simply denoted by w, and its (possibly empty) set of Berge
equilibria by B(w).

Inspired by van Damme (1991), we introduce the notions of isolated and strongly stable Berge equi-
libria. A Berge equilibrium is said to be isolated if there is no other Berge equilibrium of the game lying
arbitrarily close to it. A Berge equilibrium is said to be strongly stable if it undergoes continuous and
unique changes under small perturbations in the original payoff functions.

Definition 4.1 Let T € G(I,(S;)icr) be an N-person normal form game defined by w = (T, ...,Un) €
RNDPs | Let & be a Berge equilibrium of T'. Then:

(i) & is isolated if there exists a neighborhood Uz of & such that Uz N B(u) = {&};
(i) & is strongly stable if there exist neighborhoods Uy of @ and Uz of & such that:
(a) |B(u) NUz| =1 for each u € Us;



(b) the mapping b : Uz — Uz defined by b(u) = B(u) N Us is continuous.

In order to introduce reqularity, we recall that each Berge equilibrium is defined as a positive solution
of system (10) such that pz (o) > 0 for each ¢ € T and j € D_; (see Proposition 2.4 and Remark 2.5).
Henceforth, we find it convenient to explicitly denote the dependence of each p{ on the payoff functions u;,
that is we will write p{(a, u;). Welet F = (Fy, ..., Fy) : RPHN x RNPs — R3ier IP=il be the mapping
defined by system (10), where F; : RPN x RPs — RIP-il has the following components
Fi,o(O',Ui> = Zj:() 045 — 1

15
F,j(o,u) = o’ ,;pl(o,u;) foreach je D_;\ {0}, (15)

for each ¢ € I. Let VF(o,u) and V,F(o,u) be the Jacobian matrices of F' w.r.t. all the variables (o, u)
and w.r.t. o respectively. A game ' defined by the payoff function @ is regular if for any (real) solution
@ of the polynomial system (10) the Jacobian matrix V4 F (&, @) has full rank and the rank of VF (o, u)
is constant and equal to rank(V,F (&, @)) in a neighborhood of (&, @). The formalization of this concept
is provided in Definition 4.3.

Remark 4.2 We observe that the rank of Vo F(o,u) is at most D + N. Indeed, recalling that D =
vazl d; and Zf;l |D_;| = Zf\;l Hj—vﬂ,j#(dj + 1), it immediately follows that in the case N = 2 it holds

N
> ID_i|=D+N,
i=1
whereas for N > 3 we have
N N-1 N
SIDl> > (disa+ 1)+ (dy+1) =) (di+1)=D+N.
i=1 i=1 i=1

Definition 4.3 Let T € G(I,(S;)icr) be an N-person normal form game defined by w = (1, ...,uy) €
RNDs and Vg(w) € RPN be the (real) zero set of the polynomial system F(o,uw) = 0, where F is the
mapping defined in (15). The game T is (Berge) regular if for each & € Vg(w) the following conditions
are satisfied:

(i) rank(VoF(&,w)) =D + N;
(ii) there exists a neighborhood W of (&, w) such that

rank(VF(o,u)) = D+ N, YV (o,u) € W.

Remark 4.4 In 2-players games, (Berge) regularity simply corresponds to the nonsingularity of the Ja-
cobian matriz Vo F (T, w) for each & € Vr(w) (see Remark 4.2 and Definition 4.3).
In regular games, Berge equilibria are strongly stable isolated points.
Theorem 4.5 In (Berge) reqular games,
(i) every Berge equilibrium is strongly stable,
(ii) every strongly stable equilibrium is isolated. In particular, all Berge equilibria are isolated.

Finally, regularity has a remarkable implication on Berge equilibria: regular games admit at most one
completely mixed Berge equilibrium, regardless of the number of players or strategies. This stands in
stark contrast to the rapid growth of completely mixed Nash equilibria, as discussed in McKelvey and
McLennan (1997).

Proposition 4.6 (Berge) reqular games admit at most one completely mized Berge equilibrium.



5 Algorithms for Computing Berge Equilibria

Having transformed the problem of finding Berge equilibria into an equivalent algebraic polynomial system
(see Proposition 2.1) or an equivalent semi-algebraic system (see Proposition 2.4), we can use techniques
such as Grobner bases and elimination theory (see Section 3) to simplify and solve these systems. The
process provides a structured way to compute equilibria, offering insights beyond traditional equilibrium
analysis. Building on the results from Section 2 and the theory recalled in Section 3, this section introduces
algorithms for computing Berge equilibria. Specifically, Algorithm AllBerge is designed to compute
all Berge equilibria, while Algorithms PureBerge and CompletelyMixedBerge provide pseudocode for
computing pure and completely mixed Berge equilibria, respectively. From now on, we assume that the
games under consideration are regular (see Section 4). The algorithms presented in this paper have been
implemented using the CoCoA computer algebra system CoCoA (1988). The full source code is publicly
available in the GitHub repository: https://github.com/mltorrente/BergeEquilibria.git.

5.1 Pseudocode for computing all Berge equilibria

In Proposition 2.4 (and Remark 2.5) all Berge equilibria are characterized as the nonnegative solutions
to the polynomial system (10) satisfying some positivity conditions (see Proposition 2.4-item(ii)). Based
on such result, we introduce Algorithm Al1lBerge that, starting from any regular game with N-players,
sets of pure strategies S1, ..., Sy and payoff functions wuq,...,uy, performs the following steps. At first,
it constructs the polynomial set F' associated to the system (10) and the ideal Z(F"). Then, the solution
set S of the system F = 0 is computed by applying Algorithm SolutionSet (described below) to Z(F).
To this aim we recall that, by the regularity assumption, all real zeros of F' = 0 are locally isolated points
(see Corollary ??. Finally, Algorithm Al1Berge collects in the variable BE all the solutions z € S which
are both positive and satisfy the positivity condition p{ (z) > 0 for each i € I and j € D_;, and return
it. From Proposition 2.4, the returned set BE contains all Berge equilibria of the input game.

Algorithm 1 - Al1Berge: Computation of All Berge Equilibria

Require: Regular game defined by:
set of players I = {1,...,N}
sets of pure strategies S1 = {810+, S1ds }s--+» SN = {SNOs -+ SNdy }
payoff functions wuq,...,un
Ensure: Berge Equlhbna BE
:BE=10 {Initialize the set of Berge Equilibria}
(0’107 . lel) for each i € 1
= (
[ il =

ON) {Construct the set of variables}
D_;, = Hk 1 k#[dk] for each i € I

o1
{ .,d;} for each i € T
foralleIandgED do
(0,87 )) = Zj _oui(sij,, 80 ) o, {Compute all u? (0;,s7 )}
end for
for alli € I do ) _ )
p(o) = ZJGD_“HAO U—z(ug (04,87;) —uf(ai,52;)) {Compute all p] (o)}
for all j € D_;\ {0} do
p; (o) =pP(o) + (v)(0i,52;) — ui (o, 57;))
end for
end for
cF=0
for alli €I do
17: for all j € D_; \ {0} do
18: append aﬂpz( ) to F {Compute the polynomial set F'}
19:  end for
20:  append Z;‘to oij —1to F

o T e T S O SO
SR A S R
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21: end for

22: let S be the output of Algorithm SolutionSet applied to \/Z(F) {§ =W(V/I(F))}
23: for all z € S do_

24:  if z >0 and pl(z) > 0 for each i € I and j € D_; then

25: append z to BE
26:  end if
27: end for

28: if BE=() then

29:  print “Berge equilibria do not exist"

30: else

31:  print “The game admits Berge equilibria"

32: end if

33: return BE {Return the set of All Berge Equilibria}

Algorithm SolutionSet is designed to compute all the solutions of a given zero-dimensional ideal. It
is based on the Elimination Theorem and the Extension Theorem (recalled in Section 3, see Theorem 3.4
and 3.5). Starting from a given zero-dimensional ideal Z of the polynomial ring K[z1, ..., x,], Algorithm
SolutionSet first of all computes the Grobner basis G of Z w.r.t. the lexicographic monomial order
(>Lex) With 27 > @a > ... > x,. Then, it performs a stepwise computation based on the number of the
variables. The main for loop is indexed by the integer variable [ that ranges between n — 1 (starting
value) to 0 (final value). In particular, at the first iteration I = n — 1, the partial solution set is S,,_1 = 0)
and G,_1 = G NK][z,] is a Grobner basis of the (n — 1)th elimination ideal Z,,_;. The set S,_; is then
updated with all the common roots of the polynomials belonging to G,,_1, that are computed by simply
finding all the common zeros of the GCD of the elements of G,,_1. At the lth iteration, with 0 <[ <n—1,
the partial solution set is §; = 0, G, = G NK[z;41,...,Zn] is a Grobner basis of Z; and L; contains the
leading coefficients polynomials of G;, that is the nonzero polynomials ¢(xyo..,...,z,) € K[xjyo, ..., zy)
such that each f € G; rewrites in the form

f=c(Tig2.es ..., 2y)z}, + terms in which ;4 has degree < d,

where d > 0. Then, an inner loop applies. The for condition considers at each step one partial solution
s € Si41 at a time: if not all elements of £; simultaneously vanish at s, then the univariate polynomial
set H is constructed with the evaluations of all elements of G; at (x;41,...,2,) = s, that is H =
Gi l{(z141,....00)=s}- The set of all the common roots of the GCD of H is denoted by 7 and each t € T
is used to “extend" the partial solution s, that is the pair (¢,5) € K"~! is appended to S;. The outer
iterations continue till = 0 when the first variable is considered. Finally, Sy is assigned to the returned
variable & which, by Theorem 3.5 and 3.4, contains all elements of V(7).

Algorithm 2 - SolutionSet: Computation of the solution set of a zero-dimensional ideal

Require: Z C K[z1,...,z,] zero-dimensional ideal

Ensure: solution set S = V(7)
1: compute the reduced Grobner basis G of Z w.r.t. Lex with z, < ... <z
2. foril=n—-1,...,0do

3 S =10 {Initialize S; = (0}
4 G =6GNnK[xi41,. .., %) {Compute a Grobner basis of Ith elimination ideal}
5. if l=n —1 then

6: Sn—1 = RootsOf(GCD(G,,—-1)) {S,,—1 contains the common roots of G, _1}
7. else

8: L; ={LCP(f,x141) | f € Gi} {Compute the Leading Coefficients Polynomials of G;}
9: for all s € 541 do

10: if subst(c, [x142,...,2n],s) # 0 for some ¢ € L; then

11: H = {subst(f, [x142,-.-,2u],8) | f € Gi} {# contains univariate polys in x;;1}
12: T = RootsOf(GCD(H)) {T contains the common roots of H}
13: for all t € 7 do
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14: append (t,s) to S {8, contains the extensions of the partial solutions}
15: end for

16: end if

17: end for

18:  end if

19: end for

20: S = SO

21: return S {Return the solution set S}

Example 5.1 We consider the game Battle of the Sexes illustrated by Table 1.

| 1 11
I (21) (0,0
II | (0,0) (1,2)

Table 1: 2-player game Battle of the Sexes

This is a regular 2-player game in which each player has the two strategies I and II, hence N = 2,
dy =dy =1, 5 = {510,511} = {I, II} and Sy = {8207521} = {I, II} We apply Algorithm AllBerge
and follow its main steps. Algorithm AllBerge initializes the variables o = ((010,011), (020,021)) and
constructs the polynomial set F (see (10)), which is made up of 4 polynomials in 4 variables (see also
Proposition 2.4 and Remark 2.5):

F ={—(2010 — 011)020021, —010011 (020 — 2021), 010 + 011 — 1,090 + 021 — 1}. (16)

Then, Algorithm SolutionSet is applied to the (radical) ideal Z(F) to solve the polynomial system F =0
via the method of variables’ elimination (see Elimination Theorem and Extension Theorem). The reduced
Grobner basis G, w.r.t. the lexicographical ordering on the monomials of K[o| with 091 < 029 < 011 < 0710,
of Z(F) is computed

g1 =020+ 021 — 1
g2 =010 +0o11 — 1

G=14 g3=302(02 —1)(3011 — 2)
ga = (011 + 021 — 1) (011 — 021)
g5 = 5021(021 — 1)(3021 — 1).

The procedure of variables’ elimination starts. The set Go1 = GNKlo21] = {gs} is a Grobner basis of the
last elimination ideal Toy = T N K|oa1]. The unique solutions of the equation g5 = 0 are

1
o921 = 0, 021 = 5, 091 =1,
3
which are used to extend to all complete solutions of the polynomial system. At the end, Algorithm

SolutionSet returns the following 5 solutions:

70) 52 = (1;07170) 63 = (071707 1)
»1) 55 = (1/372/372/3a 1/3)

Control is then passed back to Algorithm Al1Berge which checks whether the condition of Proposition 2./
item (ii) is verified on the solutions. While &2, 3 and & satisfy the condition, & and &4 fail to meet it.
Algorithm AllBerge stops and returns two pure Berge equilibria 019 = 099 = 1 and 019 = 099 = 0 and
one completely mixed Berge equilibrium ((%7 %) , (%, %)) Note that this is one of the rare cases where
Berge and Nash equilibria coincide as we shall see below.
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Example 5.2 Our techniques allow to determine whether Berge equilibria exist. Consider the following
regular three player game (compare Sturmfels (2002), Section 6.2), with dy = do = d3 = 1 and where
player 1 chooses the row, player 2 the column, and player 3 the matrix.

( (0,12,11) (11,6,3) [ (6,7,11) (1,
Ol'( (6,10,0)  (6,8,2) ) OQ'(

We apply Algorithm AllBerge to this game. Algorithm AllBerge initializes the wvariables o =
((010,011), (020, 021), (030,031)) and constructs the polynomial set F (see (10)), which is made up of
12 polynomials in 6 variables (see also Proposition 2.4 and Remark 2.5):

031020(6010020031 + 11010021030 + 010021031 — 2011020031 + 2011021031 — 6010 + 20711),
030021 (6010020031 + 11010021030 + 010021031 — 2011020031 + 2011021031 — 110719),
031021 (6010020031 + 11010021030 + 010021031 — 010 — 2011020031 + 2011021031 — 20711),
031010(—=5010020031 + 2010021031 — 2011020030 + 2011021030 — 5011021031 + 5020 — 2021),
030011(—5010020031 + 2010021031 — 2011020030 + 2011021030 — 5011021031 + 2020 — 2021),

- 031011(—5010020031 + 2010021031 — 2011020030 + 2011021030 — 5011021031 + 5021),
021010(—8010021030 — 8010021031 — 11011020030 + 3011020031 — 9011021030 — 4011021031 + 8030 + 8031),
020011 (—8010021030 — 8010021031 — 11011020030 + 3011020031 — 9011021030 — 4011021031 + 11030 — 3031),
021011 (8010021030 — 8010021031 — 11011020030 + 3011020031 — 9011021030 — 4011021031 + 9030 + 4031),
o +o1—1,
o2 + 091 — 1,
030 + 031 — 1

Algorithm SolutionSet is then applied to the (radical) ideal Z(F) to solve the polynomial system F = 0.
The reduced Grébner basis G, w.r.t. the lexicographical ordering on the monomials of K|o] with 031 <
O30 < 091 < 090 < 011 < 010, of Z(F) is computed:

g1 =010 +011 —1
g2 =o11(011 — 1)
G = g3 = 020+ 021 — 1
ga4 = 021(021 — 1)
gs =030 + 031 — 1
g6 = 031(031 — 1)

The procedure of variables’ elimination starts. The set G313 = GNKoz1] = {gs} is a Grobner basis of the
last elimination ideal I3y = TNK][os1]. The unique solutions of the equation gs = 0 are 0 and 1, which are
used to extend to all complete solutions of the polynomial system. At the end, Algorithm SolutionSet
returns the following 8 solutions

& = (0,1,0,1,0,1) & = (1,0,0,1,0,1)
& = (0,1,0,1,1,0) & = (1,0,0,1,1,0)
& = (0,1,1,0,0,1) & = (1,0,1,0,0,1)
& = (0,1,1,0,1,0) & = (1,0,1,0,1,0).

Control is then passed back to Algorithm AllBerge which checks whether the condition of Proposition 2.4
item (ii) is verified. Since none of them meet it, Algorithm AllBerge terminates with the conclusion that
the game has no Berge equilibria.

5.2 Pseudocode for computing pure Berge equilibria

Based on Corollary 2.6, we introduce Algorithm PureBerge that, starting from any game with N-players,
sets of pure strategies S1, ..., Sy and payoff functions u1, ..., uy, finds all pure strategies Berge equilibria
as follows. Similarly to Corley and Kwain (2016) and Nessaha, Larbani, and Tazdaitb (2007), we consider
a transformation of all the player’s payoffs. For each pure strategy profile s € S and each player ¢ €
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the difference between the actual payoff u;(s) and the best payoff that the player ¢ could get by choosing
among all —i coalitions is computed. If such values are positive for each ¢ € I, then the pure strategy
s, which is a Berge equilibrium by Corollary 2.6, is appended to the variable PBE, that is returned by
Algorithm PureBerge once all pure strategies have been analyzed.

Algorithm 3 - PureBerge: Computation of Pure Berge Equilibria

Require: Game defined by:
set of players I = {1,...,N}

sets of pure strategies S1 = {810,--+,S1ds }s--+» SN = {SNOs .-+ SNdy }
payoff functions uq,...,uyn
Ensure: Pure Berge Equilibria PBE
1: PBE=1) {Initialize the set of Pure Berge Equilibria}

2: [d;] ={0,1,...,d;} foreach i € I
3: for all1=(Iy,...,ly) € [, [d] do

4 s=(S1y,..-,81y) €S

5. zero(N)=(0]ie€)

6: z=zero(N)

7. fori=1,...,N do

8: 2 = HliIljeDﬂ.\{lfi} (UZ(S) - ui(sili,sii))
9: end for

10:  if z > zero(N) componentwise then

11: append s to PBE

12:  end if

13: end for

14: return PBE {Return the set of all Pure Berge Equilibria}

5.3 Pseudocode for computing Completely Mixed Berge equilibria

The computation of all completely mixed Berge equilibria relies upon Proposition 2.8 and is implemented
in Algorithm CompletelyMixedBerge, whose input is any N-player regular game with sets of pure strate-
gies S1,...,Sn and payoff functions wuq, ..., uy. The algorithm’s main for loop is indexed by the integer
1, ranging from 1 to IV, representing the considered player. At each iteration, D_; is the number of —i
coalitions (as in our general setting), whereas A; € RIP-ilx(di+1) and p; € RIP-il*1 are defined as in (13)
and (14) respectively. The linear system A;o; = b; is solved and the (componentwise) strictly positive
solution is denoted by S;. By Proposition 2.8, in any completely mixed Berge equilibrium, player i plays
a strategy of the set S;. At the end of the for loop, if all S; are not empty, (Si,...,Sy) is the unique
completely mixed Berge equilibrium of the game (see also Proposition 4.6), which is returned by the
algorithm.

Algorithm 4 - CompletelyMixedBerge: Computation of Completely Mixed Berge Equilibria

Require: Regular game defined by:
set of players I = {1,...,N}

sets of pure strategies S1 = {$10,---,81d, }5---sON = {SNO,- -+, SNdy }
payoff functions wuq,...,uyn

Ensure: Completely Mixed Berge Equilibrium CMBE
1: CMBE = () {Initialize the set of Completely Mixed Berge Equilibria}
2: o; = (050,...,044,) for each i € I {Construct the set of variables}
3: [d;] ={0,1,...,d;} for each i € I
4 D_; = HkN:Lk#[dk] for each i € I
5. fori=1,...,N do
6:  construct A; € RIP-i1x(di+1) a5 defined in (13)

7. cosntruct b; € RIP-il as defined in (14)
8 let S; be the (componentwise) strictly positive solution of A;0; = b;
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9: end for
10: if S; = 0 for some i € I then
11:  print “The game does not admit completely Berge equilibria"

12: else

13:  CMBE = {(51,...,5n)}

14: end if

15: return CMBE {Return the Completely Mixed Berge Equilibrium}

Example 5.3 Consider the following reqular three player game with diy = do = d3 = 1 and where player
1 chooses the row, player 2 the column, and player 3 the matriz.

[ (0,2,7) (10,8,3) [ (10,8,3) (0,2,7)
Cl‘((m,s,s) (0,2,7)) 02'( (0,2,7) (10,8,3))'

Intuitively, in a completely mized Berge equilibrium, each player has to make the other players indifferent
in their concern about her payoff. We apply Algorithm CompletelyMixedBerge to this game. Algorithm
CompletelyMixedBergeconstructs the three linear systems:

Alo'l = bl, AQO’Q = b2 and A30’3 = bg,

where
1 1 1 1 1 1
10 —-10 6 —6 —4 4
Ar=1 95 19 A= 6 _g Ads=1 _4 4
0 0 0 O 0 O

and by = by = b3 = (1,0,0,0)t. Then, for eachi =1,...,3, the set S; of (componentwise) strictly positive
solutions of A;o; = b; is computed:

si=5 =5 ={(1.1)}.

The strategy ((%, %) , (%, ) , (%, %)) is returned as the unique completely mized Berge equilibrium of the

game.

D=

6 Games Admitting Completely Mixed Berge Equilibria

As discussed in Remark 2.3, the reader may already anticipate that Berge equilibria do not generally
exist, since their characterization involves solving an overdetermined system of equations. This intuition
is confirmed in the analysis that follows. We proceed to identify and characterize the class of games
that can admit completely mixed Berge equilibria. Our results show that, for games with more than
two players, this class forms a subset of significantly lower dimension within the space of all games.
Specifically, we describe the determinantal variety that encompasses all such games, providing a precise
geometric understanding of the structural constraints underlying the existence of completely mixed Berge
equilibria.

For simplicity, we consider the case of games with N players, each having the same number d+1 > 2
of pure strategies. We write [d] = {0,1,...,d}. The finite set of pure strategies of the ith player is
S; = {80, .., 8iq} and the set of strategy profiles is S =[], S; with cardinality Dg := |S| = (d + 1)V.
In this setting D = Nd, D_; = [d]¥~! and |D_;| = (d + 1)V~1, for each i € I. For each player i, we
consider S_; = [[,¢; ;4 5j, that is the set of pure strategies of the (—i)-coalition. Using the notation of
Section 4, we recall that each game in G(I, (S;);cr) is identified by its payoff vector w € RN@DY 4nd
that RN(@d+D"Y represents the space of all games in G(I, (S;):icr).

Let i € I. Recalling the notation of Proposition 2.8, we order the elements j; of the set D_; assuming
that the first element is j; = 0. It is convenient to reorganize the payoff functions of the the game as
follows. For each i € I, we let

i ( % N _
g = (51, . 7£d+1) c R(d-‘rl) (d+1)7
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where

N-1_4q

&= (s> Elar1yn 1 ) € RETD Vme{l,...,d+1}

and

§Z7m = U (Si(m—l)v sﬁl) — U; (Si(m—l)v Sgl) eR Vie {2, ey (d + I)Nfl},V m < {1, coo,d+ 1}

The space of coordinates of the ith player is denoted by Z; := REHDY=(d+1) and the space of payoff
functions of all players is Z := Hf\il Z;. In such a space, we aim to characterize the payoff functions such
that the associated game admits a completely mixed Berge equilibrium. It is trivial to note that, having
imposed a fixed ordering on D_;, each game is uniquely represented as the point

E:= (..., 6N ez (17)
Further, we introduce the set of variables for player i:
z' = (z},... ,ZZ+1),
where
PAREES (zéﬁm,...,deH)N_l’m) Vmed{l,...,d+1},
and

2 = Wi (Sitm—1), 875) — Wi(Sigm_1y,8%;) V1€{2,...,(d+ )N}V me{l,....d+1}. (18)

Let P’ := R[z] be the polynomial ring in the variables z’ with real coefficients. The following result
holds.

Theorem 6.1 (The class of games with completely mixed Berge equilibria)

(i) The affine variety

<
I
.zz
=
N
N

s
Il
-

where
Vi=V(l)C 2z

and I; := (G;) is the ideal generated by the polynomials set

Gi={fl [l=(2 ... lay2) and2< 1l < ... <lgpa < (d+ 1)V} (19)
with,
Ziy . ZZQ(d+1)
fi :=det : e P, (20)
Z?d+21 . zlid+2(d+1)

contains the set of all games that admit completely mized Berge equilibria.
(i) The payoff functions in Z\'V give rise to games that do not have completely mixed Berge equilibria.

(iii) The dimension of the set of games that admit completely mized Berge equilibria is at most Nd(d +
N1,
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(iv) For each i € I we consider the affine variety

where _
Ji = <{ng | L=(lo,...,lgr1) and 2 <y < ... <lgy1 < (d+ 1)N71}>

and

1 .. 1

) 21 (e ,
gy = det ; 2(,+ ) € P (22)
Zfd+11 zl’d+1(d+1)

It holds W; C'V; and, letting

Ti =V \ W, (23)

it follows that V; = W; UT;. Further, the set

T = T.CV

—

i=1

contains the set of games that admit at most one completely mixed Berge equilibrium.

(v) The payoff functions in V\'T give rise to games that have none or infinitely many completely mized
Berge equilibria. Further, if the game is reqular then it has no completely mixed Berge equilibria.

(vi) In the above setting, we consider a game represented by € = (£1,...,&N) € Z (see (17)) and assume
that & € T. For eachi € I, let V' = (I,...,l}, ) be such that 2 <1y < ... <l}, < (d+1)N~" and
Gi.(€)) £ 0. Let

(=1 hqiy-¢ (£)

Oit = . >0, foreachted{0,...,d}, foreachic€l, (24)
9 (€")
where
zli21 . zli2t ZliQ(t+2) . Zlig(d-i-l)
h([z’)—t = det . . .
led+11 Z;{H—lt zlzd+1(t+2) to led+1(d+1)
If
it >0 for each t € {0,...,d}, for each i€ I, (25)
then
g — (0'10’---701d7--~7UNO7--~7UNd)

is the unique completely Berge equilibrium of the game. Otherwise, the game admits no completely
mixed Berge equilibria.

Theorem 6.1 provides a characterization of games according to their location in the space of payoff
functions of all players. Recalling that each game is identified by the point & = (¢1,...,&N) € Z, the
main results of Theorem 6.1 can be summarized as follows: if € € Z\ V then the game has no completely
mixed Berge equilibria; if £ € T then the game admits at most one completely mixed Berge equilibrium
(and conditions for its existence are provided by (25), which can be used to define a semi-algebraic subset
of T); finally, if £ € V' \ T then the game may admit none or infinitely many completely mixed Berge
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equilibria. In this last case, assuming that the game is regular, we can conclude that no completely mixed
Berge equilbrium exists.

The result shows that the set of games admitting completely mixed Berge equilibria is a null set of
substantially lower dimension within the class of all games. Relative to the dimension of the space of all
games, we have a ratio of

Nd(d+ 1)N-1 o d
N[ d+1)N —(d+1)] d+1

for large N.

7 Conclusion

This paper presents a novel algebraic framework for analyzing Berge equilibria in finite normal-form
games. By characterizing Berge equilibria as solutions to systems of polynomial equations, we bring
powerful tools from computational algebra and algebraic geometry — particularly Grébner basis techniques
— into the study of strategic interactions. Our approach provides a systematic method for determining
the existence of Berge equilibria and computing them explicitly, both in pure and mixed strategies.

In addition to the theoretical formulation, we have developed algorithms capable of identifying all
Berge equilibria in regular games, including completely mixed equilibria. We also show that the set of
games admitting such equilibria lies within a determinantal variety, and we provide an explicit com-
putation of its dimension. This insight clarifies the structural rarity of Berge equilibria, especially in
multi-player games, and contributes to a deeper understanding of their geometric properties.

Beyond these technical achievements, our work lays the foundation for a richer algebraic treatment
of alternative solution concepts in game theory. One promising avenue for future research is to explore
the relationship between Berge equilibria and strong Nash equilibria. Both concepts involve stability
against deviations by coalitions rather than individuals, yet they rest on fundamentally different princi-
ples—benevolence in the case of Berge, and mutual self-interest in the case of strong Nash. Investigating
formal connections or identifying conditions under which the two coincide could deepen our understanding
of strategic cooperation and coalition-proof stability.

Moreover, the algebraic framework developed here may be extended to dynamic games, stochastic
settings, or games with continuous strategy spaces, potentially linking to equilibrium refinements in
broader economic and strategic contexts. In sum, this paper not only contributes a new computational
and structural understanding of Berge equilibria but also opens several directions for advancing the
interplay between game theory and computational algebra.
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A Proofs

A.1 Proof of Proposition 2.1

Proof. We rewrite the expected payoff to player i as follows:

Z Z ui(sl,...,SN)O'1(81)...O'N($N)

51€S51 SNESN

= > Y wilsisi)oi(s1) ... on(sw)

s_;ES_; 5;,€8;

= Z 01(51)---O—i—l(si—l)o—i+1(5i+l)---UN(SN) Z ui(si,s_i)ai(si)

ui (0, 0_;)

s_;€S_; S;€S;
d;
= Z 0’1(81) e 0'7;,1(8¢,1)O'i+1(8i+1) P O’N(SN) Z ui(siji, Sfi)ai(siji)
S_iE€S_; 7i=0
= > o1(s151) - Oim1(Sim1,5, )it (Sit1gia) - ON (SN ) -
3=(31,--sJi—1,Ji+1,--,IN)ED—;
d], .
'EE: wi(sij,, s25)0i(s45,)
3i=0
= Z 01]'1 "‘O—ifl,ji71ai+1,ji+1 ...JNjN .
F=1ssdim1,dit1,--IN)ED _;
d;
Z uz(SszSJ i)oi(sij,)
Ji=0
= > Oy« Oi1,js 1 Oitljigy - - - ONjw Ui (075 8%;)

F=(J1ssJim1:Jit1,--IN)ED

Note that for each 5 € D_; the function uf (o4, 7 ;) is a polynomial with real coefficients of degree one
in the variables oy, ..., 04,

Assume that o is a Berge equilibrium. In particular, it holds Uij.z 0 and Z;li:o 0;j =1foreachi el
and for each j = 0,...,d;. For each i € I and for each j € D_; let v? := u;(e") — u? (04, s ;); then v? > 0.
The quantities v + u] (0'1, s0 ;) are all equal to u;(o) for each j € D_; and so they are all equal to each
other. Recall that 07, = 01j, ... 04-1,j,_,0i41,jis1 - - - ONjn; We consider the quantity o? v}
ol vl = o (ui(o) —ul(oi,8,)) — ui(o Z o uk (o, ")

keD_;

= ok uf (o3, 8%) | — (1 =0l )ui(o)
kED ik#J
= oF k(o s%,) | -
kGD ik#J
dit1 dn .
Z"lkl" Z Ticihiy D Oitlkir - D ONky — 0 | ui(o)
k1=0 ki—1=0 kiy1=0 kn=0
= Z o®, (uf(ai, sk, — ui(o)) <0.

keD_; k#j
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Since U{ivf > 0 then it follows that azivg =0 for each ¢ € I and for each j € D_;.

Viceversa: suppose that o;; and vf are nonnegative and satisfy (2). Let o be the strategy profile
defined by o(s;;) = 0;. Fix a player ¢ and consider, for each k # 4, mixed strategies o. Recall that

dg o \dk r_ .
D in=0Okjx = D_jr—00kj, = 1 for each k; then

dy
— E ) — E - SO 1 s T s . R E J
1= H Okjn | = Oljy "o+ " Oic1,ji_y " Oitl,jips -+ ONjny = oL,

(26)
k#t \Jjr=0 jeD_; jeD_;
d .
1= H Z O’;cjk = Z a’ljl - ~a;_1,j7’71 'Uz/'+1,j1:+1 L O';VjN = Z (U’)J_i.
k#i \Jr=0 jeD_; jeD_;
Then
Z ((01)];1 - UJ—z) =0,
JeED_;
hence there exists some j such that (0/)? , — o7, > 0. W.Lo.g. we suppose (¢/)°, — 09, > 0.
We consider
ui(o) —ui(oi,0) = Y (ol = (o) )ul(oisT,)
JjeD_;
= Z (02, = ()L (i, s2,) — U?(Uiv 591‘) Z (02, = ("))
JjeD_; jeD_;
= Y = @) (o) — (e s)
JjED_;
= Y - (-
JED_;,j#0
S DR AR COIOT D DIERT PR DGO R
Jje€D_i,j#0 jeD_i,j#0 jeD_i,j#0
= ()%= @2+ > (@l >0,
jeD_;,j#0
therefore o is a Berge equilibrium.
A.2 Proof of Proposition 2.4
Proof. From System (2) it holds
vl = + (u?(ai, s2,) —ud (o, s{l)) for each i € I and j € D_; \ {0}, (27)
where uf (o4, st ;), defined in (1), is a linear function in the variables oy, ..., 04q4,, for each i € I and

J

j € D_;. Further, again from system (2), we have o
for each ¢ € I, it follows that

_ Jj ,J
0 = E ol,v;.

jeD_;
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Using (27) in (28) we get

_ Jj ,J
0 = E ol,v;

jeD_;
_ 0,0 J 0 0 0 J J
= o0_v; + § o, [Ui + (Uz (0i,82;) — uj (Uivs—i))}
JED_;,j#0
_ J 0 J o/ .0 J(. oI
= E ol o)+ E o (Uz (0,52;) — uj (‘717540
jeD_; jeD_;,j#0
Since
N dye
E i _ E ' N
oL, = H ok | =1,
jeD_; k=1k#i \j=1
then (29) becomes
_ 0 2: ] 0 0 J J
0 = vy + U—i(ui (Uivsfi) —u; (0’2‘,871-)),
jeED_;,j#0

from which, using (8) and (27), it follows

= p%o) foreachiel
= pl(o) foreachielandje D_;\{0}.

S o
ST

(29)

Consequently, each vf is a polynomial function of degree N of o, and solving system (2) reduces to solve
(7). Thus, we conclude that o is a Berge equilibrium if and only if conditions (i) and (ii) simultaneously

hold.

A.3 Proof of Corollary 2.6

Proof. Letl = (Iy,...,ln); the pure strategy s = (S11,,...,Sniy) € S is represented by the strategy

profile
E(l) = (g(l)lov e 7£(l)1d1, o ag(l)N()v s 7£(l)NdN) € RDJrN
such that
1 ifj=1
£y = o l for each i € I.
0 ifj#l
Since
§(l){l _ 0 lfj 7 li, for each i € [ and 7 € D_;,
1 ifg=1""

it follows that
£ 7€) =0 foreachie Iandje D_;\ {17}
and
SO pt (€W =t (€W
If 1 = 0, from (8) and (30) it follows

PUEO) =) = Y ol (Wit — uEWisty)) = 0

jeD_;,3#0
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otherwise, if =% # 0, using again (8) and (30) we have

= pP(E@) + (P (W50 — b (€W s))
S (W e s - udEW)i %)

JjeD_;,j#0

+ (0@, 82—t
- S -

JED_;,j#0,jAl~"

(1 =€) (u0(E @, 52) — k(€W st))
= 0.

(€Wt

By combining (32), (33) and (34) it follows that

Lt Ew) = 0.

Finally, from (31) and (35), it follows that £(I) is a positive solution of the polynomial system (7), so
that condition (i) of Proposition 2.4 is satisfied.

Regarding condition (ii) of Proposition 2.4, we first observe that pﬁ_i(ﬁ(l)) = 0 for each ¢ € I (see
(33) and (34)). We evaluate p? (£(1)) for each i € I and j € D_; \ {I7%}. If 1% = 0 then

If 1= 0 then

and

AGO)

= PEW) + (w0 (W s — ul (€W, )

= U?(E(l)ivsgi) —uj (f(l)usj,z)

dm dz

= D wilsij s2)ED)i, — Y wilsi, 5L )EWD),

Ji=0 Ji=0

= wisi,, %) — uisa,, 57,

= wi(s) — wi(sa,, 87 ;)

for each i € Tand j € D_; \ {I™"}

S e (€T - u(EW) )

JjeD_;,j#0

= Ué_i(g(l)i, Sl__1) —ud(€(1);,5°,)

PPEW) + (w0 (€W, s2,) — ud (€W, sL))
uf (6005 — ul (€0 s20) +ud(EW): ) — ud (€W s )
uf (€W s'y) — ul (€W s1)

g

i(s) — wilsi,, s7), for each i € I and j € D_; \ {I""}
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As a consequence of (36) and (37), and since pff(ﬁ(l)) = u;(s) — uz(slhsCZ) = 0 condition (ii) of
Proposition 2.4 is satisfied if and only if condition (11) holds. Finally, applying Proposition 2.4 the result
is proved.

A.4 Proof of Proposition 2.8

Proof. The strategy profile o is completely mixed if and only if od ;, >0foreachieland j € D_;.
Further, by applying Proposition 2.4, a necessary and sufficient condition for o to be a completely mixed
Berge equilibrium is that it is a solution of the following system

pf(o') =0 for each i € [ and j € D_; (38)
Z?":O oiyj =1 foreachiel
By using (8), system (38) becomes
w (0,57 ) —u®(6y,5°;,) =0 foreachielandje D_;\ {0}
dito0ij =1 for each i € I,
and, recalling the definition of u? (see (1)), system (39) is equivalent to the linear systems:
d;
2o ik =1 (40)
ZZ;O (ui(sik, s, — wi(sik, sgi)) oir =0 for each j € D_; \ {0},

for each i € I. System (40) is made up by |D_;| equations in d; + 1 unknowns and, by exploiting the
ordering on elements of D_;, it can immediately be rewritten in matrix form as formula (12).

A.5 Proof of Theorem 4.5

Before providing the proof of Theorem 4.5, we state the following result, which is a generalization of the
classical Implicit Function Theorem (see for instance Rudin (1964), Theorem 9.28) to the overdetermined
case.

Theorem A.1 Let k,m,n be three strictly positive integers such that k > n. Let F be a C'-mapping of
an open set E C R™ x R™ into R*, such that F(a,b) = 0 for some point (a,b) € E. Let VF(x,y) be the
Jacobian of F and V3 F(x,y) be the matrixz of first order derivatives of F' w.r.t. the variables x. Assume
that

rank(VgF(a,b)) =n (41)
and that there exists a neighborhood W C E of (a,b) such that
rank(VF(z,y)) =n vV (x,y) € W. (42)

Then there exist an open set W C R™ x R™ with (a,b) € W, and a neighborhood V.C R™ of b, having
the following properties:

(i) to every y € V corresponds a unique x such that

(x,y) €W and F(z,y)=0;

(ii) © = G(y), where G is a C-mapping from V into R", G(b) = a and

F(G(y),y)=0 VyeV.
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Proof.  From assumption (41) it follows that there exists a neighborhood W; C FE of (a,b) such
that the matrix V,F (x,y) contains n linearly independent rows. W.l.0.g. we assume that the first n
rows of V4 F(x,y) are linearly independent for each (x,y) € Wi. Then, by assumption (42), for each
(x,y) € Wy = W1 N W, the last k — n rows of VF(x,y) are linear combination of the first n rows of
VF(x,y). Let 7 : R* — R™ be the projection map on the first n components and let f : E — R"
be defined by f = mo F. Then, f is a C'-mapping from E to R", f(a,b) = 7(F(a,b)) = 7(0) = 0 and
V fz(a,b), being the submatrix of V,F(a,b) made up of its first n rows, is invertible. By applying the
Implicit Function Theorem to f at the point (a,b) it follows that there exist open sets W3 C R™ x R™
and V C R™, with (a,b) € W3 and b € V, such that to every y € V corresponds a unique @ such that
(z,y) € U and Fy(z,y) = ... = F,(z,y) = 0. Further, x = g(y), with g is a C-mapping from V into
R™ ¢g(b) = a and

Fi(g(y),y) =...=Fu(g(y),y) =0 VyeV (43)

Let I' : V. — W3 be defined by I' : y — (g(y),¥y); then, I is continuous. Let W = W, N W3; notice

that (a,b) € W. Let V be a neighborhood of b such that V' C T'"'(W) and let G = g|y>. Notice
that Graph(glyy) € W. We aim to show that F,1(G(y),y) = ... = Fi(G(y),y) = 0 for each y € V.
Condition (43) yields

VFi(G(y),y)< Viﬁ” ) =0 VyeV,Vie{l,...,n} (44)

Since V is convex, by applying the Mean Value Theorem and recalling that Fy,,1(G(b),b) = F,11(a,b) =
0 we have:
0 # Foa(G(),9)
= Fn+1(G(y)>g) - Fn+1(G<b)a b)

= [vr G (Y5 )| @ (45)

where y; = ty + (1 — t)b € V for a suitable ¢t € (0,1). Recalling that in W5 the last k — n rows of
VF(x,y) are a linear combination of its first n rows, we write

n

VFur1 (G(ye),ye) = Y N (9)VE (Glys), i) (46)

=1

for some scalars A} (y;), ..., AL (y;). Plugging (44) and (46) into (45) we get F,,11(G(Y,y)) = 0, that is

r '

a contradiction. Repeating the same argument for the cases Fj, 1o, ..., F} the theorem is proved.

We are now ready to give the proof of Theorem 4.5.
Proof.

(i) Let T = (I,(Si)ier, @) be a regular game with payoff functions @ = (uy,...,uy). Let @ be a
completely Berge equilibrium of I'. From Proposition 2.4 and Remark 2.5, it holds F(&,w) = 0,
where F is the C'-mapping defined in (15). Further, since & is completely mixed, then pf (,m) :=
pg = (0 for each i € I and j € D_;, where pf is defined in (8). From Remark 4.2, it follows that
Zilil |D_;| > D + N. Further, from regularity (see Definition 4.3) it holds

rank(VoF(o,u)) =D+ N
and there exists a neighborhood W of (&, %) such that

rank(VF(o,u)) =D+ N  V(o,u)eW.
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Applying Theorem A.1 to F at the point (&,u), it follows that there exist an open set W C
RPN x RNPs  with (&,uw) € W, a neighborhood V' C R¥Ps of & and a C'-mapping G from V
into RP+Y such that to every u € V corresponds a unique o such that (o, u) € W and F(o,u) = 0.
Further, G(uw) = & and

F(G(u),u) =0 VueV.

W.l.o.g. we may assume V small enough so that G(u) > 0 for each w € V. Hence, G(u) € B(u)
for each w € V (note that for completely mixed strategies condition (ii) of Proposition 2.4 is
automatically satisfied). Let Uz := {o | (o7, u) € W} It is simple to show that Uz is a neighborhood
of & containing the unique Berge equilibrium G (u) for each u € V, that is

|IBu)NUs| =1 YueV,

so that Definition 4.1, (ii), condition (a) is proved. Further, since the mapping v — G(u) is
differentiable, condition (b) is also satisfied, leading to the conclusion that the equilibrium & is
strongly stable.

Now, we consider the case in which & is a semi—mixed Berge equilibrium of I", that is a type of
mixed strategy where some players randomize their actions while others play a pure strategy. We
note that a semi—mixed equilibrium corresponds to a completely mixed equilibrium of a restricted
version of the original game, where only a subset of the original pure strategies are available. The
proof simply follows by repeating the above discussion in the setting of the restricted game.

(ii) It immediately follows from Definition 4.1, (i) and (ii).

A.6 Proof of Proposition 4.6

Before passing to the proof of Proposition 4.6, we present the following technical lemma which shows that,
in the case of completely mixed Berge equilibria, the Jacobian matrix V,F (&, %) can be decomposed
into the product of two suitable matrices, each depending only on one of the two inputs & and w. As
a byproduct, the regularity of the completely mixed equilibrium o reduces to a simple condition on the
rank of a matrix that only depends on the payoffs of the game.

Lemma A.2 Let T € G(I,(Si)icr) be an N-person normal form game defined by @ = (uy, ..., un) €
RNDPs and & be a completely mized Berge equilibrium of T'. Let

Ai(Ty) 0 0
Am) = 9 Ap(mz) : € REL: ID-ix(D+N)
: 0
0 0 An(un)
(o) 0 0
S@) = 0 B € RSN D)X (S, D))
S .
0 0 EN(E)
B@) 0 0
BE) = 0 B@) - € REEY D)X (Y, D)
. * . * O
0 0 BN(E)
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where A;(u;) € RIP=i1x(dit1) s defined by (13),

1 0 ... 0
0 5.72 .. :
@)= € RIP-xID=l, (47)
: . : 0
and
0 0 0
o -1 vl
B@)=| 0 & -1 .. o € RID-iIxIDi| (48)
(T |
Then
V,F(7,u) = %()B(e)A(u). (49)
and

rank(VoF (o, w)) = rank(A(w)).
Proof.  From system (10), since 7;; # 0 for each ¢ € I and j € {0,...,d;}, this is equivalent to
pl(,u;) =0 for each i € I and j € D_;. Further, Proposition 2.8 yields A;(u;)o; = b; and
uz(ﬁi, 8'7_1) —ud(7;,5°,) =0 foreachicIandjc D_;\ {0}, (50)
see also (39). Let ¢ € I; from (15) we compute

OFyy _ _ 0 ifk#£1
( 7ui):

—_— 51
0oy 1 ifk=4, (51)

for each [ € [dy]. Now, we fix § € D_; \ {0} and let k € I and [ € [dy]. We consider two cases: k # i and
k=1i. If k # i, using (1) and (8) we first compute

op? ~op d o 0 g g
0wy (0" Uz) = 0wy (0'7 uz) + aTkl(ul (O'z’ S—i) —u; (O'z’ 371))
a m m m
= Z Jor [0 (uf™ (04, 8™) — u (00, 82,))] +0
meD_\{o} ~ "

o_
= > “(uf (04, 87) — g (04, 52,)),

g
meD_;\{0}, op1|c™

from which, using (50), we get

apl
Using (15), we compute
J;i . : oI . .
OF; ; N (;M pl(o,u;) + oj_iaf;l (o,ui) ifop |0
Oid () = b ol (52)
M L i 7e (0, ) if op [0,
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apj

from which, since pg (,u;) = Do (7,u;) = 0, we get
oF; . _

: s Ug) = 0. 53

(o) (53)

Now, we consider k = i; using again (15), we have

’ i) = i (O ). 54
0oy (0,u) =0 l@O'il(o-u> (54)
Using (1) and (8), we compute
] py o , .
8(273; (o,ui) = 85; (o, ui) + Do (u (o, 82;) —ul(0,5°,))
0 ) o
- Z o7 Doy (uf™(0i, s™%) — (00, 52,)) + Jom (u?(ai,sgi) —ul (Ui,SJ,Z-))
meD_\{0}
- Z o (uilsin, sT5) — wilsa, s27)) — (“i(sz‘h s7,) — ui(sa, s(li)) : (55)
meD_\{0}

Coupling (55) with (13), where A; = A;(u;), it follows that

ap?
0ol

(O',UZ‘): Z O'T;Al(m,l)—Al(_],l)

meD_;\{0}

By evaluating (53) at (&, %;) and using the former expression we obtain

i) - o, Yoo TA(m, 1) - A5 D). (56)
oy
meD_;\{0}

From (51), (53) and (56) it follows that the Jacobian matrix V, F(&,a;) € RIP-iX(PHN) of F wrt. o
is a block matrix with the following structure

Vorma- (G | | L | BER@AE | LD | ) o
di+1 di—1+1 dip1+1 dn+1

where ¥;(7) € RIP-iXIP-il B,(7) € RIP-ilXIP=il "and A;(w;) € RIP-il*(di+1) are defined by (47), (48)
and (13), respectively. From (57) and the block structure of the matrices A(w), B(¢) and 3(7), formula
(49) easily follows.

Since @ is completely mixed then det(¥;(7)) # 0, hence det(3(7)) = [[;; det(X:(F)) # 0 and X(7)
is invertible. In order to show the B(&) has full-rank, we fix ¢ € I and consider a linear combination of

the columns of the matrix B;(o) with scalars A1,...,A|p_,|. By some computations, it follows that such
linear combination is trivial if and only if Ay =0, Ao = ... = A\p_,| and
|D—;| ]
A 1= | =0
k=2
Since ZLD:?‘ 9% < 1, it follows that Ay = 0 for each k € {1,...,|D_;|}, so B;(&) is a full-rank matrix.

Consequently, the matrix B(&) is invertible. Then, from (49) and the nonsingularity of ¥(&) and B(&),
it follows that

rank(VoF (o, w)) = rank (X(o)B(7)A(u)) = rank(A(w@)),

which concludes the proof.
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We are now ready to provide the proof of Proposition 4.6.

Proof. Let T' € G(I,(S;)icr) be an N-person normal form (Berge) regular game defined by uw =
(U1, ..., uy) € RVPs and let & be a completely mixed Berge equilibrium of I'. The regularity assumption,
Lemma A.2 and Remark 4.2 yield

rank(Al(ﬂl)) = dz + 1,

that is A;(w;) is invertible, for each i € I. By Proposition 2.8, we conclude that & is the unique completely
Berge equilibrium of the game.

A.7 Proof of Theorem 6.1

Proof. Using notation (18) and Proposition 2.8, the strategy o = (¢10,.--,01d,---,0N0,---,ONd) IS &
completely mixed Berge equilibrium if and only if o; = (040, - .., 0:4) is a strictly positive solution of the
linear system A;o; = b; for each i € I (see (12)), where

1 1 1
4 291 299 ce Zg(d+1) c R(d+1)N—1X(d+l)
Zlaq)N11 Fd41)N12 o a4 N-1(d4)

and b; € RE+DY ™ g given by (14). A necessary condition for the existence of solutions of the linear

system A;o; = b; is that the rank of the augmented matrix

1 1 e 1 1
24 24 . P 0
(A | by) = N ” DT | er@ @ (g
(d+1)N=11  P(d41)N=12 =+ F(d+1)N-1(d+1)

is at most d 4+ 1. The set of payoff functions such that rank((A; | b;)) < (d + 1) is an affine variety of Z;
defined by the vanishing of all the (d 4+ 2) x (d + 2) minors of (A4; | b;). Since the number of columns of
(A; | b;) is exactly (d 4 2), all such minors are given by the determinant of all the submatrices of (A; | b;)
constructed by selecting (d + 2) rows, that is

det((Ai\bi)lmHELand 1§m§d—|—2)

where
Li={li,...,lap2} C {1,...,(d+ 1N}

such that 1 <1y < ... <lgy2 < (d+1)V~1. From (58), it is immediate to observe that if /; > 1 then the
corresponding minor is equal to 0. Hence, we only consider the case [; = 1 and, by an easy computation,
we find that G; (see (19)) is the set of all nondegenerate minors of (A;|b;) of order (d+2). Consequently,
recalling that I; = (G;), inside the affine variety V; = V(I;) C Z; the rank of (4; | b;) is at most (d + 1),
which is a necessary condition for the linear system (12) to admit solutions. By applying Proposition 2.8
statements (i) and (ii) follow.

Now, we prove item (7). We consider player i € I. We compute the dimension of the coefficient ring
P?/I; by applying a classical result on determinantal ideals (see Hashimoto (1994), Corollary 1.4, and
Hochster and Eagon (1971)). In our setting, the parameters of Hashimoto (1994), Corollary 1.4, read
m=(d+1)N"! —1and n =t =d+ 1, hence:

dim(P*/L;) = (d+D¥ ' =1)(d+1) = ((d+ )V ' =1 (d+ 1)+ 1)((d+1) = (d+ 1) + 1)
d+1DN —(@d+1) = (d+ DN+ (d+1)
= dd+1)N!
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From Bruns and Vetter (2006), Theorem 2.10, it follows that I; is prime, hence radical. Consequently,
I(V;) = /T; = I; and dim(V;) = dim(P?/I;) = d(d + 1)V~ for each i € I. Finally

N
dim(V) = dim (H %) = Nd(d+ 1)V,

so item (744) follows.

We prove item (iv). A necessary condition so that the game admits a unique completely mixed Berge
equilibrium is that for each i € I the linear system A;o; = b; has unique solution. This is equivalent
to select inside V; C Z; the set of payoff functions such that rank(A;) = d + 1. A sufficient condition
is that there exists I = (lo,...,lg11), with 2 < Iy < ... < lgp1 < (d + 1)V~1, such that gi # 0.
Recalling the definition of W; and T; (see (21) and (23)), for each payoff function in 7; it holds that
rank((4; | b;)) = rank(4;) = d + 1, hence system A;o; = b; admits unique solution. Consequently, the
payoff functions in 7 are such that all linear systems A;o; = b;, for each i € I, admit unique solution
(with no information about their positiveness). By Proposition 2.8, we conclude that the associated
games admit at most one completely mixed Berge equilibrium. Now, we show that W; C V;. We consider

a multi-index m = (my,...,mg11) such that 2 <m; < ... <mgy < (d+ 1)V and let
1 o 1 1
o Zhi e zfnl(dﬂ) zﬁ,?ll
zfnd“l . Zindﬂ(d-s-l) and+11

By some computations, using (20) and (22), we get:

0 = det(B™)
1 i
Zmil Cr Py (d+1)
= (=1)%3det :
i i
Fmapil 0 Fmgy(d4l)
1
i i
21 e Zp (1)
d+1 o o
t+d+3 i ° v
+ E (-1) Zmodet [ Zm, g1 o Zmy(dg)
— 7 1
t=1 th+11 e th+1(d+1)
i i
Fmapil 0 Pmgi(d41)

_ _1)\d+3 i = 1\t Lt %

where
m = (Mg, My, Mg, M) for each t € {1,...,d+ 1}.

From (59) it follows that fi = fill(fl)tﬂzfntlgfn,,,, for each m = (my,...,mgy1) such that 2 <
mp < ... < mgy1 < (d+ 1)N*1, hence I; C J;, which implies that W; C V;. In addition, we show
that I; C J;. The polynomial set G; (see (19)) is the reduced Grébner basis, w.r.t. the standard graded
lexicographic monomial ordering, of the ideal I; of P (see Caniglia, Guccione, and Guccione (1990) and
Sturmfels (1990)); further, G; is made up of homogeneous polynomials of degree d 4+ 1. Consequently, all
polynomials of I; have degree > d + 1. On the other hand, each polynomial g € J; has degree d, and so
gf ¢ I;. We thus conclude that I; C J;.
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We prove item (v). From item (iv) we recall that T; is characterized by payoff functions of player ¢ such
that rank((4; |b;)) = rank(A;) = d+1. Consequently, the payoff functions in V'\ 7 are such that for some
1 € I the corresponding linear system A;o; = b; either admits no solution or infinitely many solutions.
Hence, the associated game may exhibit none or infinitely many completely mixed Berge equilibria. In
the special case of regular games, since only isolated Berge equilibria are possible, it immediately follows
that no completely mixed Berge equilibria exist.

Finally, we prove item (vi). If £ = (¢!,...,6N) € T, then from item (iv) the linear system A;o; = b;
has unique solution. Since gi(£%) # 0, solution (24) immediately follows. Finally, if condition (25)
holds then o; = (040, ..., 0i4) is the strategy of the i-th player of a completely mixed Berge equilibrium,
otherwise no completely mixed Berge equilibrium exists.
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