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Backward Stochastic Differential Equations Driven by
G-Brownian Motion with Double Reflections

Hanwu Li* Yongsheng Song!

Abstract

In this paper, we study the reflected backward stochastic differential equations driven by G-
Brownian motion with two reflecting obstacles, which means that the solution lies between two
prescribed processes. A new kind of approximate Skorohod condition is proposed to derive the
uniqueness and existence of the solutions. The uniqueness can be proved by a priori estimates
and the existence is obtained via a penalization method.

Key words: G-expectation, reflected backward SDE, approximate Skorohod condition
MSC-classification: 60H10

1 Introduction

Given a filtered probability space (Q,F, (F¢)ie[o,r], P), Pardoux and Peng [21] first introduced the
following type of nonlinear backward stochastic differential equations (BSDEs for short):

T T
thzg_’_/ f(SaYSvZS)dS_/ stB.97
t t

where the generator f(-,y,z) is progressively measurable and Lipschitz continuous with respect to
(y,2), € is an Fp-measurable and square integrable terminal value. They proved that there exists a
unique pair of progressively measurable processes (Y, Z) satisfying this equation. The BSDE theory
attracts a great deal of attention due to its wide applications in mathematical finance, stochastic
control and quasilinear partial differential equations (see [9], [22], etc).

One of the most important extensions is the reflected BSDE initiated by El Karoui, Kapoudjian,
Pardoux, Peng and Quenez [7]. In addition to the generator f and the terminal value &, there is
an additional continuous process S, called the obstacle, prescribed in this problem. The reflection
means that the solution is forced to be above this given process S. More precisely, the solution of the
reflected BSDE with parameters (¢, f,.5) is a triple of processes (Y, Z, L) such that

T T
Y;:£+/ f(SaYS7ZS)dS+LT_Lt_/ stBsa
t t

T
Y; > S, t €]0,T], and / (Ys — Ss)dLs =0, P-as.,
0
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where L is an increasing process to push the solution upwards. Besides, it should behave in a minimal
way, which means that L only acts when the solution Y reaches the obstacle S. This requirement
corresponds to the mathematical expression fOT(YS — Ss)dLs = 0, called Skorohod condition. The
reflected BSDE is a useful tool to study problems of pricing American options, the obstacle problem
for quasilinear PDEs as well as the variational inequalities (see [I], [7], [8]).

Building upon these results, Cvitanic and Karaztas [3] studied BSDEs with two reflecting obstacles,
which means that the solution Y is forced to stay between a lower obstacle L and an upper obstacle
U. This can be achieved by the combined actions of two increasing processes: one is to push the
solution upwards, the other is to push it downwards and both of them act in a minimal way when
Y tries to cross the obstacles. They also established the relation between the solution of the doubly
reflected BSDE and the value function of Dynkin game. For more details about this topic, we refer
to the papers [2, [0, 10, 11} 12, 26].

Note that the classical BSDE and reflected BSDE theory can only deal with financial problems
under mean uncertainty, not volatility uncertainty, and can give probabilistic interpretations for quasi
linear PDEs, not fully nonlinear ones. Motivated by these facts, Peng (|23], [24]) systematically
established the G-expectation theory. A new type of Brownian motion B, called G-Brownian motion,
whose increments are stationary and independent, was constructed. Different from the classical case,
the quadratic variation process (B) is not deterministic. The basic notions and tools, such as the
stochastic integral with respect to G-Brownian motion B and G-It6’s formula, were also established.

A few years later, Hu, Ji, Peng and Song [I3] established the well-posedness of BSDEs driven by
G-Brownian motion (G-BSDEs for short) as the following:

T T T
Yi— e+ / F(s,Ya, Z)ds + / o5, Ve, Z,)d(B), / Z.dB, — (Kr - K)),
t t t

where the generators f, g are Lipschitz continuous with respect to (Y, Z). Under conditions similar
to the classical case, applying the Galerkin approximation technique and the PDE approach, they
proved that there exists a unique solution (Y, Z, K) to this equation, where K is a decreasing G-
martingale. Besides, in the accompanying paper [I4], they also obtained the comparison theorem,
Girsanov transformation and the nonlinear Feynman-Kac formula.

Li, Peng and Soumana Hima [16] first studied the reflected G-BSDE with a lower obstacle. Due
to the appearance of the decreasing G-martingale, the Skorohod condition was replaced by a mar-
tingale condition in order to get the uniqueness of the solutions. The existence was proved by the
approximation method via penalization. Li and Peng [I5] also considered the upper obstacle case.
However, in order to pull the solution down below the upper obstacle, one needs to add a decreasing
process L in the G-BSDE. Hence, the main difficulty is that the process L — K is not monotonic as in
the lower obstacle case. Although they did not obtain the uniqueness, they showed that the solution
constructed by a penalization method is a maximal one by a variant comparison theorem.

In this paper, we investigate the doubly reflected BSDE driven by G-Brownian motion with two
obstacles (L,U). As in the classical case, there should be two increasing processes A*, A™: one aims
to push the solution upward while the other is to pull the solution downward, and both processes
behave in a minimal way such that they satisfy the Skorohod condition. Besides, there will also be a
decreasing G-martingale K as in the G-BSDE, which exhibits the uncertainty of the model. Therefore,
it is natural to conjecture that a solution to this doubly reflected G-BSDE should be a 5-tuples of
processes (Y, Z, K, AT, A7) with L; <Y, < U, satisfying

T T
Y;=§+/ f(s,Ys,Zs)ds—/ Z,dB, — (Kr — I;) + (AF — A}) — (A7 — A7),
t t

T T
/ (Y, — L,)dAT = / (U, — Y,)dA7 = 0.
0 0



However, the processes AT, A~ and K here are mixed together, and the above Skorohod condition is
not applicable. In this paper, we write A for AT — A~ — K and replace the Skorohod condition by a
new kind of Approximate Skorohod Condition, which turns into the martingale condition when there
is only one obstacle.

The uniqueness of the solutions is obtained by a priori estimates requiring some delicate analysis.
In order to prove the existence, we consider the following G-BSDEs parameterized by n =1,2,-- -,

T T
Vi =6t / (s, Y7, Z7)ds — / Z0dB, — (K — KI) + (AT — AP) — (Al — A7),
t t

where AT = fot n(Y — Ls)~ds, A}"” = fot n(Y — Us)tds.

The objective, similar to the classical case studied by Cvitanic and Karaztas [3], is to show that the
sequence (Y™, Z" A™), where A" = A"+ — A"~ — K™ converges to a triple of processes (Y, Z, A), and
that (Y, Z, A) is a solution to the doubly reflected G-BSDE. To this end, the dominated convergence
theorem and the property of weakly compactness played crucial role in Cvitanic and Karaztas [3].
However, these tools are not available under the G-expectation framework.

Our proof is divided into two stages.

Stage 1. We establish the uniform estimates for Y™ under the norm || - ||se, and prove that
(Y"—U)* and (Y™ — L)~ converge to 0 under the norm || -||se. These properties hold true under the

assumption that the upper and lower obstacles belong to the space Sg(O, T') and they are separated by
some generalized G-1t6 process (see (A3’). The latter implies that the limit Y (if exists) lies between
the upper and lower obstacles.

Stage 2. We show that the sequences A;ﬂ"“, A™, K} (resp. Z™) are uniformly bounded under
the norm || - || (resp. || - |mg). For this purpose, we prove that (Y — U)* converges to 0 with the
explicit rate %, which requires that the upper obstacle is a generalized G-1t6 process.

Based on the above analysis, we obtain the convergence of (Y™, Z", A™), and consequently the
existence of the doubly reflected G-BSDE.

Recall that, the G-expectation can be represented as the supremum of the linear expectation under
the probability P over all P € P, where P is a collection of mutually singular martingale measures.
Therefore, the G-expectation theory shares many similarities with the quasi-sure analysis by Denis
and Martini [5] and the second order BSDEs by Soner, Touzi and Zhang [28] and Matoussi, Possamai
and Zhou [I§]. Compared with these works, one advantage of the G-expectation framework is that the
solution to the G-BSDEs is a (generalized) G-Itd process, and that the decomposition of (generalized)
G-It6 processes is unique. This amounts to say that the derivatives d;u, d,u and the second order
derivative 92u of a function u(t,x) are all well defined in the G-expectation space, which is crucial
to give the probabilistic representations for (path dependent) fully nonlinear PDEs. In other words,
the solutions of G-BSDEs have strong regularity and can be universally defined in the spaces of the
G-framework, which enhances the results in [28] and [I8].

The problem considered in this paper is closely related to Matoussi, Piozin and Possamai [17], which
studied the second order BSDEs with general reflections, but it is formulated in a quite different way.

1) The solution (Y, Z, A) to the doubly reflected G-BSDE is defined in the G-framework, in which
the processes have strong regularity and remarkable properties. As is mentioned above, in the G-
framework, the unique decomposition of It6 processes implies that the derivative 02u is well defined,
which embodies the advantages of the G-expectation compared to the linear expectations.

2) In [I7] and the corrigendum [19], the process V (corresponding to the process A in this paper) is
defined and characterized by the Skorohod condition individually for each probability P in P. In this
paper, the process A and the corresponding approximate Skorohod condition are given universally
with respect to all probabilities P in P.

This paper is organized as follows. In Section 2, we present some notions and results on G-
expectation and G-BSDEs as preliminaries. In Section 3, we first state the definition of solution



to doubly reflected G-BSDE and establish some a priori estimates from which we can derive the
uniqueness of the solution. We then introduce the penalization method to prove the existence of the
solution in Section 4.

2 Preliminaries

In this section, we review notations and results in the G-expectation framework, which are concerned
with the G-I1t6 calculus and BSDE driven by G-Brownian motion. For simplicity, we only consider
the one-dimensional case. For more details, we refer to the papers [13], [14], [23], [24], [25].

Let Q = Cy(]0,00);R), the space of real-valued continuous functions starting from the origin, be
endowed with following norm,

1,2 —i 1 2 1,2
, = E 2 ma - A 1], fo ,w” € Q.
plw, w?) 2 [(tE[O,)z;] lw; —wi]|) A 1], for w',w

Let B be the canonical process on 2. Set
Lip(Q) :=={p(By,..., B, ) : n€N, t1,--- ,t, €[0,00), p € Cp ip(R™)},

where Cp 1ip(R™) denotes the set of bounded Lipschitz functions on R"™. Let (Q,Lip(Q),]]:]) be the
G-expectation space, where the function G : R — R is defined by

14 1
G(a) := §E[CLB%] = 5(62a+ —ca%a™).
In this paper, we always assume that G is non-degenerate, i.e., 0> > 0. In fact, the (conditional)
G-expectation for £ € L;,(2) can be calculated as follows. Assume that £ can be represented as
f = @(Bthtzv e ;Btn)-
Then, for t € [tx—1,tk), k=1,---,n,

Et[@(Bt1aBt2a"' ’Btn)] = uk(tht;Btu"' 7Btk~—1)7

where, forany k =1, ,n, ug(t,x; 21, - ,xx—1) is a function of (¢, x) parameterized by (x1, -+ ,xg_1)
such that it solves the following fully nonlinear PDE defined on [tx_1, ) X R:

Oruy + G(c’)ﬁuk) =0
with terminal conditions
ug (b, 321,  Tp—1) = Upa1 (e, T3 21, -, Tp—1,2), k< n
and up (tn, T;21,++ ,Tn—1) = @(x1, - ,xn_1,2). Hence, the G-expectation of £ is I@Io[f].

For each p > 1, the completion of L;,({2) under the norm [|£|[zr, = (E[|€]P))1/7 is denoted by

L?,(2). The conditional G-expectation E¢[-] can be extended continuously to the completion L7, ().
The canonical process B is the 1-dimensional G-Brownian motion in this space.

For each fixed T' > 0, set Qp = {w.ar : w € Q}. We may define L;,(Qr) and LY, (Qr) similarly.
Besides, Denis, Hu and Peng [4] proved that the G-expectation has the following representation.

Theorem 2.1 ([4]) There exists a weakly compact set P of probability measures on (2, B(8)), such
that
E[¢] = sup Ep[¢] for all § € L5(Q).
PeP

P is called a set that represents E.



Let P be a weakly compact set that represents [E. For this P, we define the capacity

¢(A) := sup P(A4), A€ B(Q).
pep

A set A € B(Qr) is called polar if ¢(A) = 0. A property holds “quasi-surely” (q.s.) if it holds outside
a polar set. In the following, we do not distinguish the two random variables X and Y if X =Y, g.s.
For § € L;ip(Qr), let £(§) = E[sup,co,r E¢[¢]] and & is called the G-evaluation. For p > 1 and

¢ € Lip(Q), define |[£],.e = [E(]€P)]*/P and denote by LZ(Qr) the completion of L;,(Qr) under
Il - lp,e- The following theorem can be regarded as Doob’s maximal inequality under G-expectation.

Theorem 2.2 ([29]) For any o > 1 and 6 > 0, LgH(QT) C Lg(Qr). More precisely, for any
l<y<B:=(a+9)/a, v <2, we have

a * « a+d
€18 <7 {IENTmss +14Y7Cap €507 VE € Lip(S2),

Letre
where Cp .y =300 i7P/7, v* =~/(y - 1).
For T > 0 and p > 1, the following spaces will be frequently used in this paper.

o ME(O.T) = {n : ni(w) = X}50" & (@)l 00 (1), where & € Lip(S), to < -+ < ty is a
partition of [0, 7T]};

MZE(0,T) is the completion of M2 (0,T) under the norm [l arz, == (fE[fOT |n5|Pds])/P;

HE(0,T) is the completion of Mg(0,T) under the norm||n|| gz, := {I@[(fOT Ins|2ds)P/2]}1/P;

Sg(O,T) = {h(t, Btll\ta ey Btn/\t) . tl, e ,tn S [O,T], h S Cb’Lip(Rn+1)};
* 5%(0,T) is the completion of S (0,T) under the norm |5 gy, = {IAE[supte[()’T] |7 [P} 1/P.

We denote by (B) the quadratic variation process of the G-Brownian motion B. For two processes
n € ME(0,T) and ¢ € HE (0, T), Peng established the G-1t6 integrals [, n.d(B), and [, (;dB;. Similar
to the classical Burkholder—Davis—Gundy inequality, the following property holds.

Proposition 2.3 ([14]) If n € H&(0,T) with o > 1 and p € (0,a], then sup,¢cp; 7 | [} nedBs|P €
L () and
. T R u . T
oreil( [ InPdsy?) < B sup | [ ndB) <G| Infds) )
t uelt,T] Jt t

where 0 < ¢, < Cp < 00 are constants.

We now introduce some basic results of G-BSDEs. Consider the following type of G-BSDE

T T T
Y, =¢ +/ f(s,Ys, Z4)ds +/ 9(s,Ys, Zs)d(B)s —/ ZsdBs — (Kp — Ky), (2.1)
t t t
where
fw,y,2), glt,w,y,2) : [0, T] x Qr x RxR =R
satisfy the following properties:

(H1) There exists some 8 > 1 such that for any y,z € R, f(-,-,y,2), g(-,",y,2) € Mg(O,T);



(H2) There exists some L > 0 such that
|f(t,y,2’) - f(tay/azl)| + |g(t7y72’) - g(t7y/77«”)‘ < L(|y - y/| + |Z - Z/|)

For simplicity, we denote by &2(0,T’) the collection of processes (Y, Z, K) such that Y € S&(0,T),
Z € H(0,T), and K is a decreasing G-martingale with Ky = 0 and Kr € L%(Qr). Hu et al [13] [14]
established the existence and uniqueness result for Equation (2.1)) as well as the comparison theorem.

Theorem 2.4 ([13]) Assume that £ € Lg(QT) and f,gi; satisfy (H1) and (H2) for some 8 > 1.
Then, for any 1 < a < 3, Equation (2.1) has a unique solution (Y,Z,K) € 6%(0,T). Moreover, we

have
d

T
V" < CRE + [ 170,007+ Y Igis,0.0)[*ds)
t

i,7=1

where the constant C' depends on o, T, o and L.

Below is a generalization of Proposition 3.5 in [13].

Theorem 2.5 Let f satisfy (H1) and (H2) for some B > 1. Assume

T T
Yt=s+/ f(s,Ys,Zs)dS—/ ZudBy — (Kr — K)) + (Ar — Ay),
t t

whereY € S&(0,T), Z € H&(0,T), K, A are both decreasing process with Ag = Ko =0 and A, Kr €
L&(Qr) for some B> o> 1. Then there exists a constant Co := C(, T, 0, L) > 0 such that

]E[(/OT |Z,|2ds) %] < CQ{E[t:[%PT] Y3|*] + <]E[t€s[%%] |Yt|a}> 3 ((E[(/OT f;]ds)a])% n (mﬁ,K)lﬂ) }7

where f = |f(s,0,0)], mg" = min{E[|Az|*], E[|Kr[*]}.

Proof. Applying Ité’s formula to |Y;|?, we have
T T T T
IYo|2+/ |Z[?d(B) = I£\2+/ 2Y;f(s)ds—/ 2YSstBS—/ 2, (dK, — dA,),
0 0 0 0
where f(s) = f(s,Ys, Zs). Then
([ 1z.pam < c{ier vl [ vireali 4 [ vzasiie [vas e [ vaags)
0 0 0 0 0
By simple calculation, we can obtain
T T 2 & 1Y 3 ™ any i o an) i i T 0 al) i
E[( ; 1Zs|"ds) 2] < Caq IYll5g + [Vl 3 |(EIK2|*])2 + (E[|A2|*])2 + (E[( ; feds)®])z | ¢. (22)
On the other hand, noting that

T T
KTzﬁ—Yw/ f(s)ds—/ Z.dB, + Ar.
0 0

we get

T T
E[Kﬂﬂsca{yggm[( / |zs|2ds>“/21+ﬁ[</0 f’.?ds)"‘HEHATI“]}- (2.3)



Suppose that E[|K7|*] > E[|Ar|*]. By (2.2) and ., we have

E[( /OT|ZS|2ds>%]gca{z@[tesg%}mm(E[ts[%pﬂm ) (@ / f2as)))* + (@l ) |

By symmetry of K and A, we get the desired result. ®

-

Theorem 2.6 ([14]) Let (Y}, Z, K})i<7, | = 1,2, be the solutions of the following G-BSDEs:

T
_§ +/ f S7Y;laZl d5+/ gll‘j(SaYsl7Zl)d<Bi7Bj>s+VT€_Vvtl_/ ZidBé_(Ké"_Ktl)a
t

where processes {V{ }o<i<r are assumed to be right-continuous with left limits (RCLL), q.s., such that
E[supye o) |V/|?] < o0, f', gl; satisfy (H1) and (H2), ¢' € Lg,(Qr) with B> 1. If¢" > €2, 1 > f2,
gilj > gfj, fori,j=1,---,d and V;} — V2 is an increasing process, then Y, > Y;2.

Compared to the classical BSDE, there appears, in the BSDE driven by G-Brownian motion, an
additional nonincreasing G-martingale K, which exhibits the uncertainty of the model. The difficulty
in the analysis of G-BSDE mainly lies in the appearance of this component. Song [30] proved that, the
nonincreasing G-martingale could not be form of {fot nsdt} or {fg vsd(B)s}, where n,v € ML(0,T).
More generally, he proved the following result.

Theorem 2.7 ([30]) Assume that fort € [0,T], f(f ¢sdBs + fot nsds + Ky = Ly, where ¢ € HL(0,T),

n € ML(0,T) and K, L are nonincreasing G-martingales. Then we have fot (sdBs = 0, fg nsds = 0
and Kt = Lt.

Remark 2.8 A process of the following form is called a generalized G-Ité process:
t t
U = Up + / nsds + (sdBs + Kq,
0 0

where n € ML(0,T), ¢ € H5(0,T) and K is a non-increasing G-martingale. Theorem shows that
the decomposition for generalized G-Ito processes is unique.

3 G-BSDE with two reflection barriers

In this section, we give the formulation of the doubly reflected BSDE driven by G-Brownian motion.
Particularly, the approximate Skorohod condition is introduced to guarantee the uniqueness of the
solutions, which will be proved via some a priori estimates given later.

3.1 Formulation of doubly reflected BSDE driven by G-Brownian motion

We formulate the doubly reflected BSDE driven by G-Brownian motion in details. For simplicity, we
only consider the case of 1-dimensional G-Brownian motion. But our results and methods still hold
for the case d > 1. We are given the following data: the generators f and g, the lower obstacle process
{Lt}+e0,1), the upper obstacle process {U; }+cjo,7] and the terminal value &.

Here f and g are maps

fltw,y,2),9(t,w,y,2) : [0,T] x Qr x R - R.

Below, we list the assumptions on the data of the doubly reflected G-BSDEs.
There exists some 8 > 2 such that



(A]-) for any y, z, f(a ',y,Z), g(a 'ayaz) € Sg(OaT)7
(A2) |f(t,w,y,2) = f(t,w, ', 2")|+|g(t,w,y,2) — g(t,w,y,2")| < k(ly —y'| + |z — 2'|) for some £ > 0;

(A3) {Li}icio, ) {Utliepon € S’g((),T)7 Ly < U, t €10,T], g.s. and the upper obstacle is a general-
ized G-It6 process of the following form

t ¢
Ui =Uy+ / b(s)ds + / o(s)dBs + K,
0 0

where {b(t) }1ep0,17, {0 (t) }refo,m) € Sg(O, T), K € Sg(O,T) is a non-increasing G-martingale;
(A4) €€ LY(Qr) and Ly < € < Ur, ¢.s.

Remark 3.1 Notice that the Assumptions (A1)-(A4) are quite similar to the ones in [3] since the
non-increasing G-martingale K is equal to 0 when G reduces to a linear function.

We call a triple of processes (Y, Z, A) with Y, A € S&(0,T), Z € H&(0,T), for some 2 < a < 3, a
solution to the doubly reflected G-BSDE with the data (¢, f, g, L, U) if the following properties hold:

(S1) Ly <Y, < U, t € 0,T);

(S2) Yo =&+ [ f(s.Ye, Z)ds + [ g(s.Ys, Z)d(B)s — [, Z,dB, + (A — Ay);
(S3) (Y, A) satisfies Approximate Skorohod Condition with order o (ASC,).

Condition (ASC,): We say a pair of processes (Y, A) with Y, A € S&(0,T) satisfies the approximate
Skorohod condition with order « (with respect to the obstacles L,U) if there exist non-decreasing
processes { A"}, en, {A™ }nen and non-increasing G-martingales { K™}, ey, such that

. IAE[|A§?+|O‘ + |A7T|* + | K] < C, where C' is independent of n;

o B[ sup |4, — (APt — AP™ — K1)|*] = 0, as n — oo;
t€[0,T]

o lim E[| [ (Y, — Ly)dA?+|/?] = 0;

n—oo

o lim EJ fOT(Us — Y, )dA" /2] = 0.

n—oo

Below is the main result of this paper, which gives the wellposedness of the doubly reflected
G-BSDE.

Theorem 3.2 Suppose that &, f, g, L and U satisfy (A1)-(A4). Then the reflected G-BSDE with data
(&, f,9,L,U) has a unique solution (Y,Z, A). Moreover, for any 2 < o < 3 we have Y € S&(0,T),
Z € H2(0,T) and A € S&(0,T).

Remark 3.3 Recall that, in the classical case (see [3]), the Skorohod condition below is required
to guarantee the uniqueness of the solution (Y, Z, A) to the doubly reflected BSDE with parameters
& f,LU): fOT(YS —Ls)dAY = fOT(US —Ys)dA; =0, where AT, A~ are two non-decreasing processes
and A= AT — A~.

Therefore, a more natural definition of the solution to the G-RBSDE (&, f,g,L,U) is a triple of
processes (Y, Z, A) satisfying (Si), (Sii) and the following Skorohod condition.
Condition (SC): The process A is decomposed as A = A — K with A a finite variation process and
K a non-increasing G-martingale, such that



T R T ~
| = pad; = [ .- vaai; <o,
0 0
where AT, A~ are two non-decreasing processes and A = AT — A~

Since the Skorohod condition is stronger than the approximate Skorohod condition, it follows from
Theorem that the solution satisfying Condition (SC) is unique. The existence of the solutions
satisfying Condition (SC) is equivalent to prove the decomposition of the process A in Theorem :

A=A — K, where A a finite variation process satisfying the Skorohod condition and
K a non-increasing G-martingale.

The existence and uniqueness of this decomposition are both interesting problems, which will be
considered in future.

Remark 3.4 Suppose that U = oo, i.e., the doubly reflected G-BSDE is reduced to the reflected G-
BSDE with a lower obstacle. We can show that A € S&(0,T) is non-decreasing and satisfies the
martingale condition, that is, {— fOt(Ys — Ly)dAs}ieo,r) s a non-increasing G-martingale, which is
the definition of solution to reflected G-BSDE with a lower obstacle (see [10]).

In fact, let {A™" }nen, {A™ ™ bnen and {K"}nen be the approzimation sequences for A. It is clear
that A™~ =0 for any n € N. Note that {A™T — K"} is non-decreasing and

lim E[ sup |4, — (AP — K)|°] =0,

then A is non-decreasing. Since Y < L and K™ is a non-increasing G-martingale, it follows that
{- fot(YS — Lg)dK7 }iepo,1) 95 @ non-increasing G-martingale for any n € N. It suffices to show that

t T
lim E[ sup | —/ (Ys — Lg)d A —/ (Ys — Ls)dK[] = 0.
n=e0 te(0,T) 0 0

It is easy to check that

t T
E[ sup | _/0 (Y; - Ls)dAs _/0 (Ys - Ls)dK:”

t€[0,T]
t t
<E[ sup | [ (Vo= Lo)d(As— AD)[|+E[ sup | [ (Yi— Ly)dAT™]],
te[0, 7] Jo te[0, 7] Jo

where A™ = A"t — K™ Applying Lemma below yields the desired result.
By a similar analysis as above, if L = —oo, the definition of solution to doubly reflected G-BSDE
can be reduced to the one of the upper obstacle case studied in [15].

Remark 3.5 For some results, we will replace the Assumptions (A1), (A8) by the following weaker
ones.

(Al,) For any y, z, f(7 '7yaz)7 g(7 '7yaz) € Mg(OaT):

(A3’) {Li}icio,r) {Uthicpon € Sg(O,T), L, <U,tel0,T], q.s. and there exists a generalized G-Ité
process I such that L < I < U, where

t t
I, =1 +/ bI(s)ds+/ ol(s)dBs + K/,
0 0

with bl € Mg(O,T), ol e Hg(O,T), Kl =0 and K € Sg(O,T) a non-increasing G-martingale.

Remark 3.6 Since the generator g plays the same role as f, in the following of this paper, we only
consider the case that g = 0.



3.2 Some a priori estimates

In this subsetion, we give a priori estimate for the solution of the reflected G-BSDE, which implies
the uniqueness of the solution to doubly reflected G-BSDE. In the following of this paper, we denote
by C' a constant depending on «, T, k, g, but not on n, which may vary from line to line.

Let us denote by Vard'(A) the total variation of a process A on [0,T]. We first introduce the
following lemma.

Lemma 3.7 For o> 1, let A, {A"},en C S&(0,T) be processes such that E[|Varg(A")|“] <C and

lim E[ sup |A; — A7[%] =0,
n=0o0 tel0,T)

where C is independent of n. Then, we have E[|Varl (A)|*] < C. Moreover, if Y € S%(0,T), with
p = -2y, we have
t
lim E[ sup | | Yid(As — A})|] = 0.
n—o0 tE[O,T] 0

Proof. We first show that A is a finite variation process. Let

n—1
A= aily, 4, ()]lail =1,0 <ty < -+ <t, =T,n € N},
=1

Since sup;e(o, 1) [Ae — Af| converges to 0 under the norm || - || 11, we may choose a subsequence, still
denoted by A", such that sup,co 71 |A: — A}'| converges to 0, q.s. It follows that, for any a € A

T T
lim a(s)dAL = / a(s)dAs.
0

n—oo 0

Then we have

T T
Varl (A) = sup/ a(s)dAs = sup lim inf/ a(s)dAY
acAJo a€A " 0

T
< lim inf sup/ a(s)dA" = liminf Varl (A™).
n acAJo n

Hence, it follows from the assumption that E[|Vard (A)|*] < C. It remains to prove that for any
Y € S2,(0,7), with p = -2, we have

a—17

¢
lim E[ sup | [ Yid(4s — A")[] =0.
n—o0 tE[O,T] 0

In fact, for each m € N, let f’tm = Z:r;_ol Yt;"I[t;",tﬁl(t)a where t7* = L =0,1,--- ,m. Set

m

t t
I= sup | [ Y™d(As—AY)|, I1= sup | [ (Y, —Y)d(As — A7)
tel0, 7] Jo tef0, 7] Jo

10



By simple calculation, we have

m—1

< ST sup V(4B — A, |+ |43 — A}
i—0 s€1[0,T]

<(E[ sup [Y;[7))'/” Z{ = Agy, DY+ E AR — A [*DY Y,

s€[0,T]

E[IT] <(E[ sup, Ys — le”])l/p{( [Varg (A")|*DY* + (B[ Varg (4)]*)*}.

Letting n tend to infinity yields that E[I ] — 0, for any m € N. Then, letting m approach to infinity,
we obtain that E[I1] — 0 by Lemma 3.2 in [I3]. The proof is complete. m

Proposition 3.8 Let (&', f',L,U) and (
assumptions (A1)-(A4). Let (Y’ Zt AY) be
1 = 1,2, respectively. SetY; = v,! Yf,é
such that

€2, f2,L,U) be two sets of data each one satisfying all the
e a solution of the reflected G-BSDE with data (&, f*,L,U),
£L—¢€2. Then there exists a constant C := C(a, T, k,0) > 0

T
Tl < CRE" + [ 1AdJ°ds)
t
where Ay = |fi(s,Y2,Z%) — f2(s, Y2, Z2)|.
Proof. Set Z, = Z} — Z?, A, = A} — A2. By the G-It6 formula, we have
dYi|? = =2Vi(f(t, Y}, Z}) — f2(t, Y2, Z2))dt + 2Y: Z,d B, + Z2d(B); — 2Y:dA,.
For any r > 0, applying G-Itd’s formula to Hta/Qe”t = (|V3]?)*/2e", we have
) T T, R
HY et + / re" He/?ds + / S € HI 2N (Z,)%d(B).
t t
~ o T ~ ~ T ~ A
=l v a(1=G) [ et HIP AL AB), - [ et m a3
t t
T T o
+/ e He 271 (f (s, YL, Z1) — f2(s, Y2, Z%))ds +/ e HY271Y dA,.
t t
From the assumption of f!, we have
T
| B Y2 20— (s V2, 22
t
T a—1 ~
S/ aeHy* {|fH(s, Y], Z;) = (s, Y2, Z3)| + A Yds
t
T a=1 ~ ~ ~
g/ A HET {n(|Va| + | Z]) + Asds
t
T T
1 .
Sf‘/ ersH;)z/2ds + Ol(a4 ) / ersH;;y/2—1(Zs)2d<B>s
t t

T
+ / e HO2712 ) |ds,
t

11



where 7 = ak + m Then by Young’s inequality, we obtain

T R T T
/ ae™ HY 272 ) |ds < (a — 1)/ e"H'?ds +/ e’ As|ds.
¢ ¢ ¢

Let {A"™F )}, en, {A%™ " }en and {K5"},,cn be the approximation sequences for A%, i = 1,2. Set
Abn = Abmt AT KB j = 1,2, Tt is easy to check that
T T T
/ e Ho 271y dAL = / ae™ H 271y d(AL — AL + / e Ho2=1y d AL
t t t
T

<|/ aersHa/Q IYd(Al Aln)|+/ OéersHa/2 1( )erAanr

t

T T
+/ aemHa/Q 1( ) dAl n,— _/ OzeTsH?/Q_l(K)_FdK;’n.
t t
By Lemma [3.7] we have for any ¢ € [0, 7]

T
lim I@H/ ae" HYP 'Y d(AL — AL™)|) = 0.
¢

n—oQ

Note that Y{ > L, for any s € [0,T] and i = 1,2, which implies that Y, <Y} — L,. Hence, we have
(Y,)* <Y}! — L,. By simple calculation, we obtain that

T T
E[/ aersHa/Q 1( )+dA1n+] < C]E[ sup (|Y1‘ + |Y2|)a 2/ (A )+dA1n+}
t te[0,T]

< C(B[ sup (Y[* + [¥2|*)) = |/ Y.)taAlnt ),

t€[0,T)

Recalling the definition of approximate Skorohod condition, we have

: rs rra/2—1

nlgr;oﬂﬂ/ e H (Ys) ]=0.
Similar analysis as above yields that

lim 1E|/ ae™ He 2=y, ~dAY™ | =0,

n—oo

lim ]E|/ e Ho2= N (Y, TdAZ™ || =
limE|/ ae" HPH(Y,)~dAZ™ || =

Set My = [T aer H* (Vo Z,dB, + (Vo) TdKL™ + (Vo) "dK2™), n > 1. By Lemma 3.4 in [I3],
M™ is a G-martingale. Let r = 7 + . Combining the above inequalities, we get

H{?ert 4 (M2 — M)

T 2 T
<Efert s [ et hufeds + 301 [ act B YA - A
t i=1 t

T T
+ / aersHa/2 1( )er(Al n,+ + A2 n,— ) / aersHoc/2 1( ) (Al T,— Ag,n,Jr)
t t

12



Taking conditional expectations on both sides and letting n — oo, there exists a constant C' :=
C(a,T,L,0) > 0 such that

T
V| < CRIE" + / 15[ ds].
t

The proof is complete. =

4  Proof of the main result

In this section, we will focus on the penalization method in order to get the existence of solutions to
doubly reflected G-BSDEs. For n € N, consider the following family of G-BSDEs

T T T T
Y=t / (s, Y, Z0)dstn / (Y7 —L) ds—n / (Y7 U, ds— / 27dB—(K}—KD). (4.1)
t t t t

Now let A}~ = nfOt(YS" —U,)*tds, AT = nfot(YS” — Ly)~ds. Then {A}"*},c0.1 are nondecreas-
ing processes. We can rewrite G-BSDE (4.1)) as

T T
Yr—c+t / F(s, Y, Z0)ds — / Z0dB, — (KJ — K7) + (AT — APF) — (A" — AP7). (4.2)
t t

4.1 Uniform estimates of Y

Under the weaker Assumptions (A1’), (A2), (A3’), (A4), we show that {Y"}>2 ; are uniformly bounded
under the norm || - |

a.
S

Lemma 4.1 For 2 < «a < f3, there exists a constant C independent of n, such that

E[ sup [Y**] < C.
t€[0,T]

Proof. Let I; = Ip + fot b (s)ds + fg ol(s)dBs + K[ be the generalized G-Ito6 process such that

L7 S I S U. Set 5@” = }/;n - It, ZZL = Ztn - O'I(t), Ht = ()7;”)27 Ut = Ut - Ita I’t = Lt - It7 and
fi = f(t, Y™, Z*) + bl (t). G-BSDE ([4.1)) can be rewritten as

T T T
Y =€~ Ir +/t f(s)ds+n/t (Y — Lg) ds — n/t (Y —U,)tds
T —
- / Z'dB, — (K — K}') + (K[ — K{).
t

For any r > 0, applying It6’s formula to Hta/ze”7 we get

T T
Hf‘/26rt+/ re’“SH‘f‘/2ds—|—/ %BTSHS”‘/PI(Z‘?)Qd(B)s
t t
« T — =
= ¢ = Ir|%e™ +a(l - 3) / e HI TV (Z)) A(B)s
t
T B B B T B B B
- / ae™ H > Iny (Y™ — U,)*ds +/ e Ho 2 InY MY — L)~ ds
t t
T o T o B B
+ / ae" HY* 71y fods — / ae" HY*" YY" Z'dB, + Y'dK" — Y'dK!).
t t

13



Noting that —Y*(Y* — Us)" < 0 and Y (Y™ — L)~ <0, we get

, T T, B
Hta/ et +/ Te”H;"/2ds+/ EGTSH?/Q*I(Z;LPd(B)s
¢ ¢

T
< |£ _ ITlaerT +a(1 _ %)/t erng/2—2(}7Sn)2(Zn

T
+/ e HO27Y2| f | ds — (Myp — M),
t

)?d(B).

where ,
M= / ae” HY/* Y (Y] Z,dBs + (V') T K] + (Y))dK])
0

is a G-martingale. From the assumption of f, we have
T —
/ aersH§/2_1/2|fs|ds
t

T
S/ ae™ HYP 12| £(5,0,0) + b7 ()] + K[V + |22 + | L] + o (s)[]}ds
t

ak? T ala—1) [T -
< rsHoz/Qd / rsHa/Q—l mn 2d B)s
<lant ) [ ermptass SO [ etz pan)
T
* / ae™ HYP712( £(5,0,0)| + [b ()] + K| L] + |07 (5)])]ds.
t
By Young’s inequality, we obtain
T
/ ae™ H*7H2] f(5,0,0)| + [V ()] + £(|Us| + |0 (5)])]ds
t
T T
<ia - 1)/ e HO/2qs +/ e (5,0,0)[% + b (5)| + KL | + 5|0 (5)[*]ds.
t t

Combining the above inequalities, we get

T T

@ N\ s -1) ., 1,5

Ht /Qert+/ (r—a)e”Hg/2ds+/ %6”,&’542 I(Z;L)2d<B>S+(MT_Mt)
t t

T
<|¢ = Ir[*e"™ +/ e"*[1£(5,0,0)* + b (s)|* + £¥|L|* + Ko (5)|*]ds,
t

where & = 4(a — 1) + ak + #’{1) Setting » = & 4+ 1 and taking conditional expectations on both
sides, we derive that

T
H et <By[lg - Ir|*e™™ + / e"*[1f(5,0,0)|* + b7 (5)|* + K[ L|* + k%[0! (5)]*]ds].
¢
Then, there exists a constant C' independent of n such that
- R T
[Yi"|* < CEfI§ — In[* +/ [1£(5,0,0)[* + b7 ()|* + |0 ()| + | L5|*]ds].
¢
Noting that [Y;*|* < C(|Y*|* + |I;|*) and applying Theorem we finally get the desired result. m
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4.2 Convergence of (Y" —U)" and (Y" — L)~

Under the Assumptions (A1’), (A2), (A3"), (A4), we show that (Y™ — U)" and (Y™ — L)~ converge
to 0 under the norm || - [[sg. First, we prove a simple lemma.

Lemma 4.2 For S € Sg(O,T) with B8 > 1, define f; e~"dS, = e ™S, — eS8, + f; nSye~"Ydu,
and set i, (t) = | ftT e (=148, |*] for some 1 < a < B. Then, as n — oo, we have,

E[ sup |in(t)|] = 0.
t€[0,T)

Proof. Notice that the mappings D™ : Sg(O, T) — S5(0,T) by D™(S) = i,, are uniformly continuous
with respect to n, i.e.,

ID™(S) = D"(8") |53, < 3] sup Eq[ sup |S, - Si| sup [S7]*7]]
t€[0,T s€[0,T] s€[0,T]

§3a0z(fE[ sup K[ sup |SS—S;“]}>Q(IAE[ sup K[ sup |Sf|a]]> o

t€[0,T) s€[0,T] t€[0,T) s€[0,T

where S% = 0S5 + (1 — )5’ for some 6 € [0,1]. By Theorem it suffices to prove this lemma for
a dense subset of Sg(O,T). For a G-1t6 process Sy = So + fot bs )ds + fo s)dBs + fo )d(B)4

with b9, ¢%, 0% € M2(0,T), we have
N T
|’Ln(t)| <C, <Ef |:|/ efn(sft)(|bs( )‘ + |c d5| :| |:|/ e —n(s—t) S(S)dBJ°{|>
t

.
< (2) v v (2) 5 o]

So, we get ]I:Z[supte[o,T] lin(£)|*] = 0 as n goes to co. m

Lemma 4.3 Let Y™, M" € S4(0,T) and fre ME(0,T) for some 1 < a < 3 satisfy
~ T T T
V= [ Frodsen [ (7 <L) ds—n [T - U s - (31 - 1)
t t t
Assuming that M™ is a martingale under a time-consistent sublinear expectation E, we have

T T
(V)" = U)* < |Eq / e fr(s)ds + / e”“”dUs}‘, (4.3)
t t

T T
(V7 — L)~ < |B| / en(=0 r (5)ds + / e”<“>cu:s1\. (4.4)
t t

Proof. For S € Sg(O,T), setting Y, = fft” - S, U, =U,— S; and L, = Ly — S;, we have
— T ~
e—ntY'tn _|_/ e—ndeg
t
T — — — —
g5+ [ nee (¥ (7 - 0+ (7 - L) Jas
t

T ~ T
+/ e " f(s)ds +/ e "%dS;.
¢ ¢
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(1) If S; = Uy, we have £ — Sy =& — Up <0, and

So, we have

T T
Y - )"t < Et[/ e f(s)ds —l—/ e_"(s_f’)dUs}‘.
t t

(2) If S; = Ly, we have § — S =& — Ly > 0, and

So, we have

_ T _ T
< By / e Y 7 (5)ds + / e”(St)dLs}‘.
t t

Lemma 4.4 Assume that (A1°), (A2), (A3’) and (A4) hold. Asn goes to oo, for any 2 < a < 3, we
have

B[ sup |(Y;" = U)T|*] = 0, B[ sup |(Y;* = L)7|*] — 0. (4.5)
t€[0,T] te[0,T]

Proof. For each given € > 0, we can choose a Lipschitz function I(-) such that I;_. . < I(x) < I[_sc 2]
Thus we have

f(sast7 Z;L) - f(37Y;n7 0) = (f(57}/snv Z;L) - f(87}/sn7 0))l(Z;L) + az,nzg = m?n + ai,nzg7

where a5 = (1 = 1(Z)(f(s, Y, Z7) — f(s,Y,0))(27) 1 € MZ(0,T) with |a5™| < k. It is easy to
check that |m%™| < 2ke. Then we can get

f(8, Y Z8) = f(s, Y, 0) + aZ" 23 +mg™.
Now we consider the following G-BSDE:
T T
Yo" =¢6+ / aS"ZS"ds — / Ze"dBs — (K3™ — K;™).
t t
For each & € LY, (Q) with p > 1, define
E?n[g] = Yts’nv
which is a time-consistent sublinear expectation. Set B = B; — fg at"ds. By Theorem 5.2 in [14],

{Bf”} is a G-Brownian motion under EE"[]
We rewrite G-BSDE (4.1)) as the following

T T T
Y =¢ +/ fom(s)ds — / n(Y" — U,)tds +/ n(Y — Ls)"ds
o ! ! (4.6)
- [z - g - ),
t
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where f€"(s) = f(s,Y",0) +mS". Since K" is a martingale under E="[.] by Theorem 5.1 in [14], it
follows from (4.3)) in Lemma that

B T T
E?n[/t e—n(s—t)fs,n(s)ds +/t e—n(s—t)dUS]

By Theorem for 2 < o < 3, it follows that

(Y = U)* <

[ sup K&?lvn*|a1gﬁ[ sup
te[0,T] t€[0,T

Ef’n[/ e—n(s—t)fe,n(s)ds + / efn(sft)dUs}
t t

T T
/ efn(sft)fe,n(s)ds + / efn(sft)dUs
t t

which converges to 0 as n goes to oo by Lemma[4.2] Similarly, we can prove

lim B[ sup |[(Y* — L;)~|%] = 0.
T

n— oo t€[07

|
)

(4.7)

<C,E { sup Et[
t€[0,T]

4.3 Uniform estimates of 7", K", A~ and A™™"

In this subsection, we give the uniform estimates for Z™, K™, AT and A™~ under the Assumptions
(A1)-(A4). To this end, we prove that (Y™ — U)* converges to 0 with the explicit rate <, which
requires that the upper obstacle to be a generalized G-It6 process.

Lemma 4.5 For 2 < a < 3, there exists a constant C' independent of n, such that
" n a C
E[ sup |(Y)" - U] < —.
te[0,7) n

Proof. Now U, = Uy + [y b(s)ds + [, o(s)dB, + K, with b, o € S5(0,T), and K € S(0,T) a

non-increasing G-martingale. Below, we employ the notations in the proof of Lemma [£.4]
We rewrite U; as

t t
Uy =U+ / b= " (s)ds + / o(s)dBS™ + Ky, (4.8)
0 0

|

where b°"(s) = b(s) + a0 (s). By (4.7), we have, for 2 < a < 3,

~ T T
]E?n[/t €_n(s_t)fs’n(8)d8+/t e—n(s—t)dUs]

1. R
§CQO(E{ sup E;[ sup |f5’"(s)+b5’”(s)|a]}.
n t€[0,T) s€[0,T

I@[ sup |(Y," —Uy)"|%] SfE[ sup
t€[0,T]

T
Eﬂ[e%W%Wwﬂ+wwmm1

By Theorem it follows that

E7"[ sup |7 (s) + 07" (s)]]

N 1 »
B sup (047~ U)* ") <LE ] sup
s€[0,T)

te[0,T] TN | tefo,1)

Since E SUPye(o,7] E, [supseqo,r [F57(s) + b5"(5)|‘¥]] are uniformly bounded, we get the desired result.
(]
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Lemma 4.6 For 2 < «a < f3, there exists a constant C independent of n, such that
~ ~ ~ ~ T o
BIKH") < C. B4 < €. BA ) < CL and B( [ 1Z3Pas)? <
0
Proof. By Lemma [L.5] there exists a constant C' independent of n such that
R T
By |7 =Bl (v~ U ds)?) < C.
0
Then, it follows from Theorem (2.5 that E[( fOT |Z"|2ds) %] are uniformly bounded. Noting that
T T
K- Ayt —e-vp o+ [ v znas— [ zrasos 4y
0 0

we conclude that E[| K — A%7|%] are uniformly bounded. Since K7 and —A%™ are non-positive, the
proof is complete. =

4.4 Proof of Theorem [3.2]

In this subsection, we prove that Y, Z" and A" = A™T — K™ — A™~ n > 1 are Cauchy sequences

with respect to the norms || - [[se, || - [|#e and || - ||se, respectively, and that their limits are a solution
to the doubly reflected G-BSDE.

Lemma 4.7 For 2 < a < 3, we have

T
lim E[ sup [Y"=Y;™|®] =0, lim fE[(/ |Zn—Z7%ds)3] =0, lim K[ sup |AT—AT|%] =0.
0

n,m—=00  “yeio T n,M—00 n,M—=00  yerg ]
Proof. For any » > 0, and n,m € N, set

Y=Y -y, Zy =7y - 27, Ky = K — K",
A;L:A?’+_AT’+’ A;:A?’i_A;nﬁv fe= @Y, Z0) — (6" 2.

Denote H; = |Yt\2 Applying Ito’s formula to Hg/Qe”, we get
) T T, R
H;%ert +/ re"H/%ds +/ S¢ H PN (Z) (B,
t t

T T
=a(l - %)/ e HY*2(Y,)?(Z.)?d(B)s +/ ae" HYP Y, d(Af — A7)
t t

T T
+ / aerng/271Y/sfsd5 - / OéersHsa/Qil(Y/sZAsst + }}sdke)
t t
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Noting that A"~ = nfo tds, APt = nfo — Ls)~ds, we have
T A A ~
/ ae™ HO?7 1y, d(AF — A7)
¢

S

T
t

S

T -
— / e HO2TH (YR —U,) — (Y — Us)] (dAY ™ —dAY™)
t

T
< [ aermm [(Y L) AT (Y - LsrdAzﬂ
t

S

T
w [ ez v v - vt - o
¢ L
Therefore,
, T T, R
Hta/ e”—|—/ reTSH;"/st—F/ ge”H?/Q*l(Zs)Qd(B)s
¢ t
o (T R R T o
<ol - 5)/ €T HY?=2(Y,)2(Z,)%d(B), +/ e HY271Y, fods
t t
T
+/ Agds — (Mr — My),
t
where M; = baers HY P! Y, ZsdBs + (Y,)TdK™ + (Y,)~dK™) is a G-martingale. Applying the
0 s s

Holder inequality, we have

2

T T T
az1 ak ala—1) 2-1/5 12
ae™Hs? |fslds < (ak + 7)/ e"HY ?ds + 7/ €T HY*Y(Z,)2d(B)s.
/t a?(a—1)" J, 4 t
Letting r =1+ ax + #’{1), we have

T
HYM?ert + (My — M) < / Ayds.
t

Taking conditional expectation on both sides of the above inequality, it follows that

a/2T§ /Ads

E[ sup [V;]*] <E[ sup [ A ds]]. (4.9)
te[0,T] te€[0,T

Consequently, we have

By symmetry and Theorem it suffices to prove that there exists some y > 1, such that

T
lim fE[(/ H?=Y(yr — L)~dA™ )] = 0. (4.10)
n,m—0o0 0
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For 1 <~v < f/a,
R T
BI( | HE Yy - L) dArty)
0

S]E[ sup |§A/s|(a_2)’7 sup ((Y"—LS)_)W(A?JF)W]

S

s€[0,T) s€[0,T]

n O oy = n —\ Y o m,+\ov L
<(B1 sup 7:1) 7 (BLswp (00 - £07)™1) B2

s€[0,T] $€[0,T]

which converges to 0 as n goes to oo by Lemma [£.1] Lemma [£.4] and Lemma [£.6]
By a similar analysis as in the proof of Theorem 5.1 in [16], for some 2 < a < 3, we get that

T
H:3[(/ |Ze[2dt) %] < C{E[ sup [Vi|*] + (B[ sup [Vy[])"/?},
0 te[0,T] te[0,T]
A ~ A A A T A
E[ sup [A|*] < C{E[ sup [V3|"] +]E[(/ |Z,[2dt) %]}
te[0,T te[0,T] 0
The proof is complete.
Now, we prove our main result.
Proof of Theorem [3.2]
First we prove the uniqueness. Suppose that (Y?, Z% A%), i = 1,2 are solutions of the reflected
G-BSDE with data (¢, f,,L,U). Proposition yields that Y! = Y2. Applying G-Itd’s formula to
(V' — ¥?)? = 0 and taking expectation (we may refer to Equation (3.1)), we get

T
ol / 2} — Z2Pd(B).)*"?) = .

It follows that Z' = Z2. Then it is easy to check A' = A2,
Now we are in a position to show the existence. By Lemma there exist ¥ € S&(0,7),
Z € H&(0,T) and a finite variation process A € S&(0,T) such that

T
E[ sup |Y* —Yi|*] =0, I@[(/ |ZI — Z,|?ds) 2] — 0, B[ sup |A? — A;|%] = 0, as n — oo,
t€[0,T) 0 t€[0,T]

where A7 = A" — K" — A", By Lemma7 we derive that Ly <Y, < Uy, for any ¢ € [0,7]. It
remains to show that A satisfies the approximate Skorohod condition with order . We claim that
{A™ "} en, {A™ bnen and {K"™},en are the approximation sequences. It is sufficent to prove that

T
lim K[| / (Yy — Lg)dA™+|*/2] = 0.
0

n—oo
In fact, it is easy to check that
T T T
|- poaart = [Foymaast+ [0 - Lon(vy - L) ds < sup (Y- VAR,
0 0 0 te[0,T]
It follows that
T
IEH/ (Vs = Ly)d AL |*?) < (B[ sup [V, — ¥} |*]) /2B AZT )2
0 te[0,T]

Hence, the claim holds. The proof is complete. =
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Remark 4.8 The analysis for the penalization method above can also be used for the single obstacle
case, which will extend the results in [16] and [I5] to a more general setting. More precisely, suppose
that L € S’g(O,T) is bounded from above by some generalized G-Ito process I satisfying (A3’). Then
the reflected G-BSDE with a lower obstacle whose parameters are given by (€, f,g, L) admits a unique
solution, where (f,g) satisfies (A1’), (A2) and & € Lg(QT) such that & > Ly. The reflected G-BSDE
with an upper obstacle whose parameters are given by (€, f,9,U) admits a unique solution, where
(f,9,U) satisfies (A1)-(A3) and & € Lg(QT) with £ < Urp.

By the construction via penalization, we obtain the following comparison theorem for doubly
reflected G-BSDEs.

Theorem 4.9 Let (&, %, L}, U?) be two sets of data satisfying (A1)-(A4), i = 1,2. We furthermore
assume the following:

(i) 51 S 527 qs’
(i) fl(ty,2) < f2(ty,2), Yy, 2) € R
(iii) L} < L7, U <UZ,0<t<T, qs.

Let (Y, Zt, AY) be the solutions of the doubly reflected G-BSDE with data (¢, f',L},U%), i = 1,2,
respectively. Then
YP<Y? 0<t<T gqs.

Proof. For i = 1,2, consider the following G-BSDEs parameterized by n =1,2,-- -,
Y =g 4 / fis, Y Z0™)ds — n/ (Y —UHTds +/ n(Y2™ — L)~ ds
t t t
- / ZindB, — (KL — K™,
t

By Theorem for any ¢t € [0,7] and n = 1,2,---, we have ¥, < Y>". Letting n go to infinity,
we get the desired result. m
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