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Abstract

With the increasing impact of global warming and climate change, governments must
take actions to reduce CO; output and to encourage more environmentally friendly
industrial processes. As the use of climate scenarios is the common method in illus-
trating possible consequences of the climate changes, we assume that it will also be
the basis for political decisions with respect to future sustainability requirements on
companies and thus (directly or indirectly) for sustainability constraints for life insur-
ance companies and pension funds. Hence, we assume that bonus/malus measures
by the government will already be laid out conditioned on the finally realized climate
scenario. We will therefore present a corresponding framework for optimal investment
under agreed government measures for the realization of future climate scenarios. This
framework is particularly suited for strategies of large institutional investors such as
life insurances. It will also be illustrated by explicit examples.

Keywords Sustainable investment - Large investors - Climate scenarios - Conditional
political actions - Portfolio framework

1 Introduction

In [4], we considered the optimal investment problem for a life insurer (or more
general, a fund provider) that is facing a demand for sustainable investment by its
customers. Here, we pick up this problem, but consider the biggest possible customer,
the state/government in its particular role as provider of regulations and requirements.

To cope with the increasing impact of global warming and climate change, govern-
ments must take actions to reduce CO; output and to encourage more environmentally
friendly industrial processes. By looking at so-called climate scenarios (i.e. hypothet-
ical future evolutions of climate parameter sets, see [6] for an introduction on their
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2 R. Korn

relevance in the insurance business), possible consequences of the climate changes can
be illustrated and form the basis for political and public discussions. They should there-
fore also be the basis for decisions with respect to future sustainability requirements on
companies and thus (directly of indirectly) for sustainability constraints for life insur-
ance companies and pension funds. Hence, we assume that bonus/malus measures by
the government will already be laid out conditioned on the realized climate scenario.
They could be directly placed on the companies, its dividends or—indirectly—on
funds and products offered for old age provision.

As one of our main contributions, we will present a framework for optimal invest-
ment under agreed government measures for the realization of future climate scenarios.
This framework is particularly suited for strategies of large institutional investors such
as life insurers. Its main advantages are

e the possibility for explicit solutions of portfolio problems under sustainability
constraints;

o the transformation of the estimation of the drift parameters b of the stocks to the
conditional sustainability requirements of the government;

e a conceptual approach to avoid the consideration of transaction costs in the port-
folio problem.

We will recall the basic setting and results from [4] in the next section. This will
be followed by a section that discusses various conceptual issues such as climate
scenarios, conditional political decisions and the specific characteristics of the port-
folio problem of a large, institutional investor. Section4 will then contain our finally
suggested framework, the solution of the portfolio problem and an explicit example.
Finally, Sect.5 summarizes our intentions and hints at future aspects of research and
applications.

2 Mathematical setting and the portfolio framework
Our model framework will be based on the one introduced in [4], i.e. we consider an

investor who wants to maximize the expected utility from wealth at a terminal time
T. We assume that the market contains a money market account with price evolution

dB(t) =rB(t)dt, B(0) =1
and d stocks with price dynamics given by
d
dsS;(t) = S;(t) | bidt + ZO‘,’dej(l) , Si(0)=si,i=1,...,d.
Jj=1
Here, W(t), t € [0, T] denotes a standard d —dimensional Brownian motion. Further,
we assume the matrix oo’ to be positive definite and the initial stock prices s; to be

positive. In addition to the usual setting, the investor has to satisfy a sustainability
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A framework for optimal portfolios with sustainable assets... 3

constraint of the form
D(t) < R™ (1)

where the portfolio sustainability rating for the portfolio process 7 (¢), ¢ € [0, T'] is
defined via

d
R™(t) =Y mi(t)Ri(t) + (1 — (1) D Ro(1)

i=1

with R(t) := (R (?), ...., R4 (¢))’ being the vector containing the sustainability ratings
R; (1) of the stocks. Ry (#) denotes the sustainability rating of the money market account
or—specifically for a life insurer—the actuarial reserve fund for which every year a
constant return will be declared. Of course, we assume R;(¢) € [0,1],i =0,1,....d
with 1 being the highest possible sustainability rating. Further, the higher the rating,
the more sustainable is the company deemed underlying the stock. Finally, we denote
the demand for sustainable assets expressed in percentage of the wealth at time ¢ by
D(1).

As shown in [4], we have a lot of explicit solutions for various tasks when choosing
the log-utility function and considering the portfolio problem under sustainability
requirements of the form

max Ko, (In(X™(T))) s.t. D(t) < R*(1) Vi € [0, T]. (1)
w()eA(x)

One could also generalize our setting to a geometric Lévy process framework
when using the log-utility function and still get relatively explicit solutions for the
unconstrained portfolio problem (see e.g. [1]). However, we do not consider such a
generalization here as we are more interested in conceptual issues than in the most
possible generality. For this reason, we also do not consider regime-switching models
here that could also be a promising framework. !

Constant asset ratings As we will in the following not need the time dependence of the
ratings of the securities explicitly, we will drop it for notational simplicity and restrict
ourselves to constant sustainability ratings for the assets and the actuarial reserve fund,
i.e. we assume

Ri(t)=R;, i=0,1,...d,t €[0,T].

Further, this is also not far from practical applications as the ratings of stocks are not
updated quite often.? Here, as in [4], we also assume that the max-offer condition

D(r) < R* := max {Ry, ..., Ry} Vit €[0,1] 2)

11 thank an anonymous referee for pointing out the two alternative modelling settings.

2 1 thank an anonymous referee for pointing this out.
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4 R. Korn

will be cared for by the sales coordination, i.e. the demand will only be satisfied until
D(t) = R* is reached. In later sections, we assume this condition to be satisfied in
the form that the government’s regulation requirements on sustainability also respects
the max-offer condition.

Results regarding the optimal portfolio process under sustainability constraints are
then typically of the following form (see [4]):

Proposition 1 [f under the assumption (2) the bond/actuarial reserve fund possesses
a sustainability rating Ry > 0, then the optimal portfolio process for problem (1) is
given by
t (00") " (b—r1),if Ro+ (R — Ro) (00') ™ (b—rl1) > D (1)
op _
) = _ e (h_ ! N—Lp_
g (1) (00") 1 [(b 1)+ DW—Ro=(b=r1) (00) ' R=RoD) o _ Rol):| else

(R—Rol) (c0") ' (R—Ro1)

Remark 1 (Some comments)

(a) Of course, the use of the logarithm as utility function results in a simple solution
method of the portfolio problem as the use of the HIB-Equation of stochastic
control can be avoided. However, we would also point out that the log-optimal
strategy in the unconstrained problem is even asymptotically path-wise optimal
(see [2] or Chapter 6 of [3] for details on the definition of asymptotic optimality).

(b) Various numerical examples in [4] illustrate the influence of the sustainability
constraint on the form of the optimal portfolio process. It can be best understood
in the case of independent asset returns, i.e. a diagonal volatility matrix oo’. Then,
we see that in the second case (i.e. when the sustainability constraint is active) only
those asset positions will be increased where the asset has a higher sustainability
rating than the actuarial reserve fund. The others will be decreased.

(c) We further look at the case of just one stock and constant sustainability ratings for
the actuarial reserve fund (the money market account) and the stock. Then, if the
unconstrained log-optimal portfolio does not satisfy the sustainability condition
the optimal sustainable portfolio is given by

D(t) — R

() =
Ry — Ry

i.e. either the portfolio process will be increased (in the case of Ry > Ry) or
decreased (in the case of Ry < Rp) only as much such that the sustainability
constraint is satisfied. For this, the volatility of the stock plays no role. This,
however, is slightly different in the multi-asset case.

3 Climate scenarios and political measures—consequences for the
financial market

Political decisions about a (future) strategy to influence the climate evolution in a

positive way are highly likely to affect the industry and should then also have conse-
quences for the financial market, in particular through the evolution of the underlying
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A framework for optimal portfolios with sustainable assets... 5

stock prices. We will now look at the necessary ingredients to model this chain of
actions and their impact.

Climate scenarios As the evolution of global warming and climate change are highly
complicated processes that live on a long term scale, it is hard to describe them via
a simple stochastic process of the (jump-) diffusion type as those being popular in
financial markets.’

An alternative look into the future consists of so-called climate scenarios (see [6]
for an introduction to climate scenarios for actuaries). A climate scenario consists of
fixing some key quantities such as e.g. the temperature or the CO; output at the end of
a given period. Conditional on those assumptions, one tries to predict consequences
for the living conditions, the occurrence of catastrophes or the impact on flora and
fauna.

For our considerations, we assume that for each scenario the governments have

already agreed on consequences such as e.g. highly taxing high-CO;-output companies
or subsidizing companies for introducing measures or production methods that avoid
a certain percentage of their carbon footprint. As an example for climate scenarios, we
will in Sect.4 consider two possible scenarios for the global warming K (¢) in 2030,
i.e. if it will be above or below 1.5 C.
Conditional political decisions We will assume that the government of the financial
market that is relevant for our investor has already announced its decisions conditioned
on the occurrence of scenarios SCy, ..., SC,,. We further assume that there is a real-
valued random variable K () that is observable and that scenario SC; is described by
the event {K (T') € I;} with

Ii = (@i, Bil, —c0o<a; <fBi <ajy1 <Biy1 <00, i=12,...m—1. (3)

Conditioned on the occurrence of scenario SCy, we assume that the political require-
ments for a life insurer are to hold a portfolio with a sustainability rating of (at least)
Dy, k =1, ..., m. Typically, we assume Dy to form a strictly increasing sequence.

Remark 2 (Probability of occurrence of the different scenarios) As we have already
said that the dynamics of the climate evolution are hard to predict, we should leave it
to experts to predict probabilities of the occurrence of the different scenarios. We will
later give a simplified example for the evolution of global warming K (¢) explicitly,
but this will be more for illustrative purposes.

Modelling assumptions We have assumed that K (¢) is publicly observable. One can
think of e.g. the (average) temperature at a fixed place. As thus, we model its influence
on the stock prices in the form of

dsSi(r) = Si(@) | bi(t, K(1)dt + Zoidej(t) » Si(0) =i,
j=1

3 Still, we will do this in Sect. 4 for illustrational purposes.
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6 R. Korn

leading to a wealth equation of
dX™ () = X" () ((r+ 7@ (b(t, K@) —rl))dt + (1) cdW (1)), X7(0)=x

if the portfolio process 7 (), ¢t € [0, T'] is followed. Although the drift parameter may
be stochastic, the wealth equation still is linear in X” (¢) and can be solved explicitly.
Of course, we make the usual assumptions on the portfolio process to be a.s. square
integrable and progressively measurable. Note, however, that the underlying filtration
now also has to incorporate the information on K (¢), t € [0, T'].

Consequences for large investors In [4], it was possible to switch from one portfolio
to any other one without causing transaction costs. Thus, in this setting it might still
be optimal to ignore the conditional measures of the government until just before the
moment when it becomes clear which climate scenario actually will be realized. If
we would use the model without climate effect in the drift parameter, then this would
directly lead to the fact that the investor can follow the same strategy as in [4] until
time 7 and then at this time instant switch to the optimal one in the climate scenario
that turns out to be realized.

However, institutional investors and in particular life insurers have huge portfolios.
Thus, a significant shift of their proportions in different assets will lead to enormous
liquidity discounts to be accepted if a position has to be reduced and to liquidity premia
to be paid if a position has to be increased. Thus, we can assume that a life insurer
will already make suitable adjustments of the different positions well ahead and in a
smooth way to avoid those losses caused by a discontinuity in the portfolio positions.

For guaranteeing appropriate measurability requirements, we have to make partic-

ular assumptions on the form of b(¢, K') and on the randomness behind the dynamics
of K (t) itself. This will be detailed when we look at specific choices for b(¢, K) and
K (1) in the next section.
Transaction costs Referring to the above stated large investor problem, one could
argue for the explicit introduction of transaction costs. While there is nothing to say
against that from a conceptual point of view, portfolio problems under transaction
costs are notoriously hard to deal with. In particular, explicit solutions only occur
in very rare cases. And even the numerical treatment is by far not easy due to the
curse of dimensionality, i.e. the originally one-dimensional portfolio problem (the
state of the investor without transaction costs is fully described by the current wealth
of the investor) turns into a (d+1)-dimensional problem (the state now depends on the
different amounts of money invested in the d+1 assets).

Although not visible at first sight, the introduction of climate dependent drift param-
eters is a kind of way out of this dilemma. In Sect. 4, we will give an example of climate
dependent drift parameters that lead to an optimal portfolio process where the final
wealth satisfies the sustainability constraints and large re allocations of funds can be
avoided.

@ Springer



A framework for optimal portfolios with sustainable assets... 7

4 Log-utility, conditional political measures, diffusion dynamics for
the temperature

In this section, we will give an explicit example to demonstrate how our framework
can be applied. This serves to set the scene for more detailed sophisticated frameworks
to be developed in future research. We will comment on some resulting challenges in
the second part of this section and in the conclusion.

4.1 An explicit example: a diffusion framework

In addition to the requirements in the standard model of [4], let us assume the following
setting:

e All companies in our financial market have a constant sustainability rating R;,
i=1,..,d.

e Let the variable K (¢) be a publicly available and continuously observable temper-
ature index (such as a running average temperature for a certain month).

e The conditional political decisions are based on given intervals /;, j = 1, ..., m,
(as described in (3)) for the temperature K (7') at the decision horizon 7: If we
have K (T) € I; then the life insurers have to satisfy

R*™(T)>=DjVj=1,...m “4)

withO < D| < --- < D,,.
e As a model for the evolution of K (#) we use a geometric Brownian motion of the
form

dK (1) = K1) (adt + BdWas1(1)), K(0) = Ko

with given parameters @, 8 € R and W,,(¢) a one-dimensional Brownian
motion which—for simplicity—is independent of those driving the securities
market. I.e. we now consider a (d+1)-dimensional Brownian motion W(¢) =
(W1(t), ..., Wy41(2)) with the corresponding Brownian filtration which we still
denote by Fr.

Note first that now our admissible portfolio processes w € A(x) have to be progres-
sively measurable with respect to the new, enlarged Brownian filtration. Further, we
only require the sustainability constraint at the final time instant 7. Thus, we are not
yet in the exact situation of [4].

Remark 3 (Scenario requirement and implicit taxation/subsidies) Note that from the
view of a life insurer having an actuarial reserve fund with a sustainability rating of
Ry, the required sustainability condition (4) can be interpreted as an implicit taxa-
tion/subsidy vector of the form

Dj — Ry — (R—Rol) (66") " (b —rl)

FU) . .
o (R — Rol) (")~ (R — Rol) (R = Rol) (5)

@ Springer



8 R. Korn

that has to be added to the original drift vector such that the corresponding optimal
strategy for the life insurer would be automatically admissible with regard to the
sustainability requirement. To see this, simply solve the representation of the optimal
constrained portfolio for b (see [5] for more details on this aspect).

Still considering the log-utility function U (x) = In(x), the usual sustainability con-
straint with some progressively measurable D (¢) that will be specified later, and b(z, k)
being a bounded measurable function, we can parallel the combination of the w-wise
optimization with elementary Lagrangian considerations as in [4] to obtain:

Proposition 2 Under the assumption (2) and the above stated requirements on b(t, k)
and on K (t), the portfolio problem (1) admits the optimal portfolio process

(00")™ (bt K1) —r1),
if Ro+ (R (1) = Rol)' (00") ™" (b(t. K1) = r1) = D)
2 (1) = { (00)”" [(b(r, K@) —rl)

D(®)—Ro—(b(t.K(1))-r1) (00') "' (R®)—RoD) _ ]
+ (R(t)—RoD)'(o0")~ (R(t)—RoD) (R(®) = RoD) |,

else

Thus, what remains is to choose the exact forms of the drift coefficient b(z, k), the
sustainability constraint D(¢) and to justify their use.

Remark 4 (Suggestion for the choice of the drift parameter and for D(t).) Atfirst sight,
it seems a bit strange that we are going to suggest a form of the drift parameter in
dependence of the the evolution of global warming. Drift parameters are determined
by supply and demand at the stock market, by announced dividends and by the perfor-
mance of the underlying company. However, what we have to keep in mind is that on
one hand we are considering a life insurer, i.e. a big investor, and on the other hand the
sustainability rating of a particular stock investment is a kind of performance index
that we have to keep in mind, too.

As an institutional investor, a life insurer will not be able to make sufficiently large
sales and purchases at or just before the time 7 when the final decision about the
political consequences (i.e. its exact form) of the value of K (T') are revealed. Thus,
for an institutional investor it is mandatory to predict the final value of K (7") (or at
least the interval /; that contains K (7'))) as good as possible.

With the introduction of

b — b4 B

(see (5) for the definition of 5/)) and the conditional probabilities of K (T') € I; given
K(t) =k as

pj(t, k)= P(K(T) e€l;|K(t) =k)

o (m (Bi/k) — (@ — 1B (T —t)) o (m (i /k) — (@ - g (T —z)) |

IBINT —1t

@ Springer



A framework for optimal portfolios with sustainable assets... 9

our final choice will be to use the subjective drift functions

m

bt k) =Y b pi(t, k).

Jj=1
It remains to specify sustainability constraints*
RTt)>D@), 0<t<T

to be able to apply Proposition 2. The choice that is compatible to our desire to end
exactly in the unconstrained optimal portfolio related to the appearing scenario at time
T is

D)= EDIF) =Y Dypjt, K@), 01 <T,
j=1

i.e. the corresponding unconstrained optimal portfolio in our artificial market is admis-
sible and it is given as

75(1) = (00’) " (b, K(t)) —r1).

Note also that these sustainability conditions only have the purpose to finally reach the
optimal unconstrained portfolio in the appearing scenario. They are now not related to
temporal sustainability demand of the customers, but are only present as an artificial
aid for making use of the method in [4].

Example 1 Let us for simplicity look at the case of d = 1, i.e. one stock (or stock
index), a fixed interest rate (declaration) of r = 0.02, b = 0.05, 0 = 0.3, Ry = 0.1,
Ry = 0.4, T = 6 (i.e. our decision time is the year 2030). In the unconstrained case
and having thus all »/) = b, this would yield

n* =1/3, and thus R* = 0.2.

We consider the following two global climate scenarios given by>:

e We assume a global warming in 2024 of K (0) = 1°C.
e Scenario SC1: K(6) > 1.5°C, Scenario SC2: K(6) < 1.5°C.

As conditional consequences, the government has requested each pension provider to
hold portfolios that have to fulfill

0.3 if scenario SC1 occurs,
0.2 if scenario SC2 occurs.

D(T) = {

4 A careful reading and a resulting question by an anonymous reviewer has lead to the reformulation of
this section.

5 The chosen parameters only serve illustrational purposes and are not taken from any source.
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10 R. Korn

Fig.1 A path of the evolution of
the global warming K () over

the next 6 years .

1,6
1,4

1,2

0,8
0,6
0,4

0,2

For the choice of the parameters in our example this yields the requirements that the
considered pension provider has to hold a portfolio of 7(T) = 7' = 2/3 in case
that scenario SC1 materializes, while for SC2 the portfolio of 7 (T') = 7@ =1/3
coincides with the actually held optimal portfolio. To see this, simply solve the relevant
equation

D(T)=01-(1-=n(T))+04-7(T)

in the two scenarios SC1 and SC2. Looking at the corresponding drift coefficients, we
realize that for the optimal unconstrained portfolio in scenario SC1 to equal 2/3, it
needs implicit drift coefficients of b1 = 0.08, and b, = 0.05 for the optimal uncon-
strained portfolio satisfying the sustainability constraint (i.e. no drift change at all as
the originally unconstrained portfolio already satisfied the sustainability requirement
for SC2).

We further assume the following global warming dynamics

dK(t) = K()[0.1dt + 0.1dW441(1)], K(0) =1
which in particular yield

E(K (1) = ™',

B _(In(K(®)/1.5) +0.95(6 — 1)
P(SC1IK(t)) = P(K(T) > 1.5|K(t)) = ® ( AW ) ,

K@) = 5o [0.03 1003 <h‘ (K <’>/01-15> : 0356~ t))}

To illustrate this strategy, we give a path of the temperature evolution in Fig. 1
together with the evolution of the optimal portfolio process in Fig.2. Note that the
very moderate increase of global warming in the first three years—which is well
behind its mean—Ieads to a decrease of the initially high portfolio value. However,
the crossing of the 1.6°C-level in the first half of the last year lets the portfolio increase

@ Springer



A framework for optimal portfolios with sustainable assets... 1

Fig.2 The corresponding path
of the optimal portfolio process
7*(t) over the next 6 years 0,6

0,7

0,5
0,4
0,3
0,2

0,1

strongly and pretty close to its maximum level already half a year before the decision
time.

4.2 Challenges for the practical application

We will of course not hide that we have made some simplifying assumptions to obtain
explicitresults. Thus, we want to point out some challenges for the practical application
of our framework and the corresponding optimal portfolios.

Optimal portfolios as an orientation We have motivated our choice of the climate-
dependent drift parameters by the fact that an institutional investor—such as a life
insurer—has to be prepared in time for the consequences of new regulations as the large
investor will otherwise suffer from liquidity discounts on the sell side and liquidity
premia on the buy side.

However, this argument is also a valid one for the change to our initially optimal
portfolio process. But in contrast to the final time, the regulations are not yet in charge.
There is no need to switch initially to the optimal portfolio process in our offered
framework. The institutional investor can take the optimal portfolios as an orientation
and can change swiftly over time towards them and thus avoids huge position shifts.
Constant interest rate r Note that our actions of managing the actuarial reserve fund in
the investment period [0, T'] under consideration do not affect the declared interest rate
r as this has its reason in past performance. So, assuming that there is an opportunity
for achieving a constant rate of return is justified for the coming year.

However, on its end, a new declaration of the constant interest rate takes place.
Thus, if we look at a longer horizon than just one year, we have to assume a model for
the declaration of interest rate. On the other hand, as the duration of the dominating
bond component and of the illiquid investment part in the actuarial reserve fund is
quite long, the order of the size of the declaration is much better predictable than the
evolution of the bond market.

@ Springer



12 R. Korn

5 Conclusion and further aspects

As the use of climate scenarios is the state of the art in discussing and predicting global
warming and its consequences, we have given a framework for optimal investment of
an institutional investor such as a life insurer that is suited for dealing with climate
scenarios and its possible regulatory consequences.

To avoid being forced to make big and costly re-allocations of funds at the time when
the actual scenario materializes, we have suggested to introduce climate dependent
drift parameters that ensure that the optimal portfolio under sustainability constraints
will eventually be reached.

Although we have given an example with explicit solutions, there remain issues
that have to be dealt with when applying our framework in practical applications such
ase.g.

e modelling the future declaration of interest rate for the actuarial reserve fund,

e finding a strategy how to close the initial gap over time between the optimal
portfolio fractions and the actual fractions held by the life insurer,

o fitting a realistic stochastic process to the climate scenarios or—at least—a stochas-
tic process for the evolution of the conditional probability of the scenarios to finally
happen.

A further challenge is to include a management strategy for the actuarial research
fund with respect to both its annual declaration of interest rate and its sustainability
rating.
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