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Abstract

Since shape optimization methods have been proven useful for identifying interfaces
in models governed by partial differential equations, we show how shape optimization
techniques can also be applied to an interface identification problem constrained by a
nonlocal Dirichlet problem. Here, we focus on deriving the second shape derivative
of the corresponding reduced functional and we further investigate a second-order
optimization algorithm.

Keywords Shape optimization - Second shape derivative - Nonlocal
convection-diffusion

1 Introduction

Nonlocal operators are typically integral operators and therefore allow interactions
between two distinct points in space. Moreover, the solution of a nonlocal problem
in general needs to satisfy less regularity requirements compared to the solution of a
system of partial differential equations. Thus, some physical phenomena like fracture
propagation in continuum mechanics [1, 2] or anomalous diffusion effects [3, 4] can be
modeled more accurately by nonlocal equations compared to their ‘classic’ description
by partial differential equations. Moreover, nonlocal models have been successfully
applied to image denoising [5, 6], neural networks [7, 8] or stochastic processes [9,
10], just to name a few.

Shape optimization techniques are mostly developed in the context of PDE-
constrained optimization problems and have been investigated in areas like aero-
dynamics [11, 12], acoustics [13—15], fluid dynamics [16, 17] and many more. In
[18], we havealready formulated the first shape derivative of an interface identifica-
tion problem that is governed by a nonlocal Dirichlet problem and we additionally
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1034 M. Schuster, V. Schulz

investigated a first-order shape optimization algorithm. In this work, we continue by
deriving a second shape derivative, which is then used in a Newton-like second-order
shape optimization approach.

The first-order shape derivative method of [18] was also employed for interface
identification constrained by an energy-based Local-to-Nonlocal coupling in [19].
Moreover, in the context of Peridynamics, a machine-learning approach to detect an
interface was tested in [20]. Here, Nader et. al. made use of finite differences to solve
a one-dimensional variable horizon Local-to-Nonlocal coupling, and a convolutional
neural network was trained to assign domain affiliations to nodes.

In the next section, we start by introducing nonlocal Dirichlet problems and shortly
discuss the well-posedness of the corresponding weak formulation. In Sect. 3, we
present the necessary basics of shape optimization. Then, we define an interface identi-
fication problem that is constrained by a nonlocal Dirichlet problem in Sect. 4 followed
by a description of the averaged adjoint method(AAM) in Sect. 5, which we will use
to compute the second shape derivative of the reduced functional corresponding to the
constrained interface identification problem. After that, we show in Sect. 6, that, under
natural assumptions, the prerequisites of AAM are satisfied. Lastly, we introduce in
Sect. 7 a second-order optimization approach that is partly a consequence of AAM
and which is employed in Sect. 8 in two numerical experiments.

2 Nonlocal terminology and framework

Let @ ¢ R? withd € Nbe a nonempty, open, bounded and simply connected domain.
In this work, we consider the nonlocal convection-diffusion operator

—Lu(x) := /Rd u(xX)yx,y) —uy)y(y.x) dy. (D

Here, the function y : R? x R — [0, 0o) is the so-called kernel, which plays a vital
role in the nonlocal theory. Moreover, problems involving the nonlocal operator (1)
have been extensively studied in the literature (see, e.g., [21, 22]). Further, we define
a nonlocal steady-state nonhomogeneous Dirichlet problem as

Find a function u s.t.
—Lu=f onQ ()
u=g onZ,

where we set the so-called nonlocal boundary (or nonlocal interaction domain) I as
I:={yeR"\Q :f y(X.y) + (. x) dx > 0},
Q

which contains all points outside of the domain €2 that interact with at least one point
inside of €2 through the kernel y. In this section, we will recall the basic theory on
problems of type (2). We start by deriving a weak formulation of problem (2). Given
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Second order shape optimization for an interface identification... 1035

appropriate spaces V(2 U Z) and V. (2 U Z), which are defined later in this section,
we multiply the first equation of (2), where we assume u € V(2 U Z), with a test
vector v € V. (2 UZ) and then integrate over €2, which yields

// v(x) X))y (X, y) —u(y)y(y.x)) dydx:/ f®v(x) dx.
QJQUT Q

Here, we can rewrite the left-hand side by using v = 0 on Z and by applying Fubini’s
theorem as follows

/ / v(x) (uX)y(x,y) —uy)y(y,x)) dydx
e Jauz
1
= E/ / (w(x) — v(y) W)y (X, y) — uy)y(y, x)) dydx.
QUT JQUT

This reformulation is numerically more stable for singular symmetric kernels, which
will be introduced later in this section. Now, before we present the definition of a weak
solution to (2), we define the bilinear form

1
A(u,v) === 3 / (wx) —v(y) Xy (x,y) —uly)y(y,x)) dydx
(QUT)?

and the linear functional
F(v) :=/ fX)v(x) dx.
Q

Then, we set the (semi-)norm ||| - ||| as

Hulll :== v Alu, u).

Additionally, we define the nonlocal energy space V (£2UZ) and the nonlocal volume-
constrained energy space V(2 U Z) in the following way:

V(QUI) = {ue LX(QUI) : |lullvuz = lllulll + llull .2@uz) < oo} and
V.(QUIL):={ueVQUI):u=0onZ}.

Definition 1 (Weak Solution of a Nonlocal Dirichlet Problem) Given f € L*($2) and
g e V(QUI),ifu € V.(QUTI) satisfies

A, v) =F() — A(g,v) forallv € V.(QUT),

then we call u := u + g € V(22U T) weak solution of the nonlocal Dirichlet problem

@.
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1036 M. Schuster, V. Schulz

For § > 0 we set Bs(x) := {y € R? : ||x — y|l» < 8}. Then, in this work, every
kernel y is assumed to satisfy:

(K1) There exists a constant § > 0 and a function ¢ : R4 x RY — [0, o0) such that

Y(X,¥) = (X, ¥) xB;x)(¥)-

(K2) There exist constants € € (0, §) and y > 0 with

y(X,y) > Zfor allx €e Qandy € B.(x).

Further, we consider two types of kernel classes:

e Integrable Kernels Set y*(x,y) = % (yx,y) +v(y,x)) and y*(x,y) =
% (y(x,y) — v(y,x)). Then, y = y* + y“ holds and we call y integrable, if the
following requirements are satisfied:

(1) There exist constants y*, ¥* > 0 such that
y’ = inf / y*(x,y) dy < oo and sup / @ xy)*dy = (7%
- xeQJouzr xeQ JQUT

(2) There exists constants Z“ € Rand ¢ > 0 with

y! = inf/ y“(x,y) dy and sup/ ly“(x,y)|l dy = y“.
QUT QUT

- xeQ xeQ
(3) The lower boundaries Z“ and Z“ satisfy

Zs+y“>0.

e Singular Symmetric Kernels
There exist positive constants 0 < y, < y* < oo and s € (0, 1) such that

ye Y& YIx—y[§7 < y* forallx € Qand y € Bs(x). 3)

Furthermore, the kernel y is symmetric.

In [21, 22], it is shown that ||| - ||| = ~/A(:, -) is indeed a norm on V(2 U Z) and
that there is a unique weak solution to the Dirichlet problem (2) if the corresponding
kernel satisfies (K1) and (K2) and additionally fits into one of those two categories.

Remark 1 In the volume-constrained space V. (2UZ) the norms || - || L2(QUT) and ||| ]|
are equivalent if we have chosen an integrable kernel. Thus, it holds that

e (Ve(QQUI), I -II) & u e (LAQUD), |-l 2ur)-
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Second order shape optimization for an interface identification... 1037

where Lg(Q UZ) :={u € L>(QUT) : u=0onZ}. On the other hand, if y meets
the requirements of a singular symmetric kernel, we get norm equivalence between
Il 11 and | - |zs(@uz) on Ve(Q U T) and

ue(Ve(QUDLI-ID © ue (H(QUI), |- |us@ur),

where the norm | - |gs(Quz) and the volume-constrained fractional Sobolev space
H?(2UZ) are defined as

HY(QUT) :={ue LAQUI) : |ulpsqur < oo} with

w(x) — u(y))?
|M|H?(QUI) f/QUI)Z |X _ y||d+25 dde

FOR the proof of these assertions, we refer again to [21, 22].

3 Basics of shape optimization

Here, we present basic notions of shape optimization and we refer to [23-27] for a
thorough introduction. In this work, only shapes that are elements of the following set
are considered:

Definition 2 (Set of Admissible Shapes) Given a nonempty, Lipschitz open domain
Q C €, then we set I'g := 92 and define the corresponding set of admissible shapes
A(Tp) as

A(To) := {T(Ty)| T : @ — Q invertible, T and T~ are Lipschitz continuous}.

Next, the notion of a shape optimization problem can be introduced:

Definition 3 (Shape Optimization Problem) Let A be a subset of A(T"y) as formulated
in Definition 2 and let J : A — R be a so-called shape functional, then we refer to

min J(T")
reA

as a shape optimization problem.

To define shape derivatives, we make use of a family of mappings {F;};¢[o, 71, where
F; : Q@ - R? Fo(x) = xforx € Qand T > 0 is supposed to be sufficiently small.
In this work, we apply the perturbation of identity:

Definition 4 (Perturbation of Identity) Given a vector field V € Cg (2, Rd), keN
and t > 0, the perturbation of identity is defined as

FY :Q— RY, FY(x) :=x+1V(x),

where C'g(Q, RY) .= {Ve Ck(Q2, R?) : V vanishes at the boundary}.
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1038 M. Schuster, V. Schulz

Here, V € CX(Q2, RY) vanishes at the boundary, if the set {x €  : [V (x)| > €} is
compact for all € > 0 and partial derivatives 3% := 9y, dxy ... dx w.r.t. multi-indices
o€ N‘é with 0 < || < k. If T is chosen small enough such that [|7 V|| 1.0 (g rey < 1
for all ¢+ € [0, T], then the function FY : @ — Q is a bijective function where FY
as well as the corresponding inverse (F,V)_1 are both Lipschitz continuous (see [25,
28, 29]). Now, we continue by formulating the definition of the first and second shape
derivative:

Definition 5 (First Shape Derivative) The Eulerian derivative of a shape functional
JatT' € A(I'g) in the direction V € C’g(Q, R9), where k € N, is defined as the
directional derivative

J(EY(D)) — J)

DJ(D)[V] := }i\% ;

If DJ(I')[V] exists for all vector fields V € C& (€2, R?) and if the function
DJ(T): CE(Q,RY) = R, Vi DJ()[V]

is linear and continuous, then we refer to DJ(I")[V] as the shape derivative at I in
direction V.

Definition 6 (Second Shape Derivative) Letk € N. If forall V, W ¢ C{;(Q, RY) the
semi-derivative

DJFY()[V]— DJ()[V]
t

D?*J(T)[V, W] := lim
N0

exists and the function
D?J(I) : CE(@, RY) x CE(Q,RY) — R, (V, W) > D>J(I)[V, W]

is bilinear and continuous, then D%J (IM[V, W] is called the second shape derivative
at I" in the direction (V, W).

The second shape derivative can also be characterized as

D>J(D)[V, W] = 4
dt

d

N (FY@EY ).
2

1\0

which indicates that the second shape derivative is computed by differentiating a
functional where the shape I is first perturbed along the vector field W and afterwards
along V as described in Definition 4.

Remark 2 1In the literature, the second shape derivative D?J () is sometimes called
the shape Hessian at I" (see, e.g., [30-32]).
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Second order shape optimization for an interface identification... 1039

In this work, as mentioned before, we only employ the perturbation of identity,
which is invertible if t > 0 is small enough. As shown in [31], interpreting shape
optimization as optimizing on a subset of {T|T : Q@ — Q} yields the linear second
shape derivative

d

J"(D)[V, W] := a4
dt |\ dt

J(dd +6W 4+ 1 V)(T)), 4
1 \0

which is symmetric, provides the basis of a Taylor series and thus justifies convergence
properties of shape Newton methods. In [30, 33, 34] and [23, Section 6.5], it is proven
that the classical shape derivative D>J(I")[V, W] can be expressed as

D?J(T)[V, W] = J"(T)[V, W] + DJ(D)[(DV)W]. 4)

Here, the second term DJ(I')[(DV)W] is only symmetric if (DV)W = (DW)V
holds. In Sect. 6, we first derive the classical shape derivative D?J(D)[V, W] by
making use of the so-called averaged adjoint method. By omitting the possibly
nonsymmetric part DJ(I')[(DV)W], we will then obtain the linear second shape
derivative, which we utilize in a Newton-like algorithm to solve the constrained
interface identification problem (6) introduced in the next section.

Remark 3 In this work, the nonlocal boundary Z will not be deformed since the
interface ' is supposed to be a subset of 2. Thus, we extend every vector field
Ve Cg (2, Rd) by zero to a function defined on the domain Q U Z, i.e., we only
consider vector fields that are elements of the set

CHQUI,RY) = (Ve CHQUZ,RY) : V=00nTand Vig € C5(Q,R?)).

As a consequence, the associated perturbation of identity FtV QUT > QUTZis
again a diffeomorphism since FtV =IdonZ and F,V| o ¢ 2 = Qisadiffeomorphism.
Furthermore, V € Cg(Q U Z, RY) is sufficient for the calculations in this work.

4 Interface identification constrained by nonlocal models

PDE-constrained interface identification is a well-researched shape optimization prob-
lem (see, e.g., [23,27]) and in the following, we will investigate interface identification
governed by nonlocal models.

Here, as illustrated in Fig. 1, we assume I" to be the boundary of a nonempty,
Lipschitz open domain ©2; C 2. Consequently, €2 is decomposed by I" into two open
sets 21 and Q7 := Q\ (21 UT). Further, we suppose that 21 and 2, are connected.
Then, we call " interface and we denote by Q2 (I') that 2 is decomposed according to
Iie., Q= (QUrUR,)°.
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1040 M. Schuster, V. Schulz

Fig.1 The interface I'

decomposes the domain €2 into

the blue subdomain 21 and the

gray subdomain 2. Further,

note that the nonlocal boundary Qs

T is depicted in red.

Now, given # € H>(R2), we define interface identification governed by a nonlocal
Dirichlet problem as follows:

min J(,T)
ueV,(QUZ),reA(ly)
s.t. — Lru=fr onQ,

6
u=0 onZT, ©

where

J@,T) == ju) + ajper (') with j(u) :=/ %(u —ﬁ)z dx and jper(T") :=/ 1ds,
Q r

—Lru(x) := ./Rd u(x)yr (x,y) — u(y)yr(y, x) dy with kernel @)
VD= Y ViX@ix@ + D ViTXQixT- @)
i,j=12 i=1,2

Here, y;j, vi1 : RYxRY — [0, o) are also called subkernels. For ease of presentation,
we only consider homogeneous Dirichlet problems. Therefore, we do not need any
assumptions on the behavior of yr on Z x © and we can choose w.l.o.g. yr = 0
on (Rd X Rd) \ (2 x (U Z)) in (8). However, the nonhomogeneous case can be
handled analogously. As we can see in (7) and (8), the operator —Lr is dependent
on the interface since the choice of kernel yr(x, y) varies depending on the location
of x and y. Furthermore, we suppose that the forcing term can be expressed as fr =
fixe,+faxq,, where f1, f» € H 2(£2). Then, we denote the corresponding variational
formulation of the Dirichlet problem (6) as

Ar(u,v) = Fr(v) forallv € V.(QUI), )

where the subscripts highlight that the kernel as well as the forcing term are dependent
on the decomposition imposed by the interface I". The objective functional consists of
two terms: The first one, which we refer to as j, is a tracking-type functional since we
aim to find the interface I" such that the solution to (9) approximates the given data u
as well as possible. The second integral of the objective function, which we denote by
Jper is called perimeter regularization, which is often used to avoid ill-posedness of
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Second order shape optimization for an interface identification... 1041

the problem (see [35]). Previously, as mentioned above, first-order shape optimization
algorithms for the interface identification problem (6) have already been investigated
in [18].

Remark 4 The first and second shape derivative of the perimeter regularization jpe,
can be formulated as

Djper(l“)[V]:/ dierds:/ divV—n'DVnds and
r r

D2 jper (D)[V, W] =/ divp Vdivp W — tr (DrVDrW) + (DrV) | n, (DrW) T n) ds,
r

where divpV  := divV — n'DVn is the tangential divergence and
DrV:= DV — DVnn' the tangential Jacobian. The formula for Dj . (I")[V] fol-
lows directly from [11, Lemma 3.3.4]. The derivation of D? Jper (T)[V, W] can be
found in [36, Section 3.1]. For ease of presentation, we exclude j,er (I'), Djper (I)[V]
and D? Jper (T)[V, W] in the calculations of Sect. 6.

5 Second shape derivative via the averaged adjoint method

Since for every suitable interface I" the nonlocal Dirichlet problem has a unique solu-
tion, the interface identification problem constrained by nonlocal models (6) can be
written as a reduced optimization problem

min J () (10)
reATy)

where J7¢4(T") := J(u(I"), I') and u(T") solves the variational formulation (9). In [18]
it was shown how the first shape derivative of (10) can be computed via the averaged
adjoint method(AAM) of [26, 37, 38]. Therefore, we refer for the first derivative to
[18] and continue by introducing the averaged adjoint method for a system of state
equations of [26], which we apply to develop a formula for the second shape derivative
of (10). The steps to develop the second shape derivative are quite similar to the steps
to compute the first shape derivative. Note that there also exist alternative approaches
to get a second shape derivative associated with problem (6) like, e.g., a material
derivative method [31, 36, 39, 40].

Asproven in [18], we can express the first shape derivative of the reduced functional
at the shape TV := FYV(T") in the direction V € C3(Q UZ, RY) as

DI TV = Jpw (@) = Frw 0T + Apw @ @), v M),

where the three components are the derivatives of the objective functional, the forcing
term and the bilinear form. Formulas for these derivatives are derived from (26) and
(27) of [18] with respect to Ftw and can be found below. Here, the functions u(FtW )
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1042 M. Schuster, V. Schulz

and v(l"lw) satisfy the equations

Apw w@TW), ) = Frw () for all € V.(F¥(2) UT) and
Arw (g, (W) = Frtw(u(r,w), ) forall g € V. (FV(Q) U T),
where frtw (u, p) ;= — nyv(Q) (u — u) ¢ dx. Notice that v(F,W) is the adjoint of the

first shape derivative at I" IW (see [18]). Additionally, we set V(x, y) := (V(x), V(y))—r
as well as

Py 3 5= Vw6 3) TV ) and Why | 5,3) 1= v (5, DAV V) +div V), (1)

T
where V yrw = (VX Yrws Vy VI‘,W) . Therefore, the three derivatives of objective,
forcing term and bilinear form are formulated in the following way:

Frw @) = / —(u(0 - 70) VI TV + @) — 7002 div V(x) dx.
Ty FV(Q) 2

t

Srw(v) = / v(x) V f(x)TV(x) + f(x)v(x) div V(x) dx and
! V(@)

1 1 1
Apw (. v) = 5 //(F,W(QUI))Z &) —v(y) (”(X)WF,W,V(X’ y) — u(y)‘l/FIW,V(y, X)) dydx

! 2 2
+3 f/(F,W(QuI»Z () —v(y) (u(X)lPFtqu(xy y) = u(y)‘llrtw’v(y, X)) dydx.
Then, we set the corresponding Lagrangian as

£t 1, v, 9, @) = Jrw () = Frw () + Apw (@, v) + Apw @, ¥) = Frw (¥)
+ Apw (. v) = Frw(u. ¢).
Thus, for the first shape derivative of the reduced functional holds
DI WIV] = £(t, uTY), v(T}Y), ¥, ¢) forany ¥, ¢ € V(YY) U D).
In order to avoid computing derivatives of u, v, ¥ or ¢ to derive the second shape
derivative, we use the perturbation of identity, which is a diffeomorphism, as a so-
called pull-back function. Due to this characteristic of the perturbation of identity,

we can find for any function u € VC(Q(FIW) UZ) a unique i € V.(Q U Z) with
u="uo (F}V)’l. Consequently, we can define an alternative Lagrangian as

G:[0,T] x Vo(QUD* - R,
&t u, v, 9, 9) i= Lt uo FY) L vo @)L yo®) L po@®™) ™.
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Second order shape optimization for an interface identification... 1043

Another advantage of this function space parametrization is that the function spaces
for u, v, ¥ and ¢ do not depend on ¢ anymore. Further, we set

1[0, T1 x Ve(QUT) — R, J(t,u) :=Jpw (o (B}) 7,
1[0, T1 x Ve(QUI) — R, F(t,u) :=Fpwwo B},
1[0, T1 x Ve(QUT)” — R, At u,v) :=Apw( o B) ™ vo B},
[0, TI % Vo(QUI)? > R, At u,v) = Apw(u o EV)~Lvo FV)™h,

o e R S W

110, T1 x Ve(QUT) —» R, Ft,¥) := Frw(¥ o (F)) 7)),

™

10, T x Ve(QUI)? - R, F(t,u,¢) = Frwo B) ™ g0 B,

Additionally, we denote the directional derivative of & w.r.t. u or v as follows

~ . 6 t, ~’ ) ) - @ t,u,v, )
D&, u,v, ¥, p)u] := 11\r5 (tutsu,0.9,¢) (tuv. ¥.9) and
N

N

t v — &(¢
DU, v, Y 0] = limg ST O 2 OO0 V)
N N

In order to apply AAM, the following assumptions need to be satisfied:
Assumptions:

(DO) Forallt € [0, T and u, ¥, %, v, v, 0, ¥, ¢ € V.(Q UZT) we assume

(1) &; : [0,1] - R,s — &(,u+ su,v,¥,¢)and G, : [0,1] > R, s —
&(t, u, v+ sV, ¥, @) are absolutely continuous.
(i) [0,1] > s = D&, u + su,v, ¥, @)[u]and [0,1] 3 s — D&, u,v +
s, ¥, @)[7] belong to L' ((0, 1)).
(i) ¥ — &(t,u, v, ¥, ) and ¢ — &(t,u, v, ¥, p) are affine-linear.

(D1) For all u, v, ¥, ¢ € V.(2 U T) the function

[0.T] = R, 1 = &, u,v, ¥, 9)

is differentiable.
(D2) For all ¢t € [0, T] we suppose that

— There exist unique solutions u’, v' € V.(22 U Z) to the (state) equations

At ul, ) = F(t,9) forall Y € V.(QUT), 12)
At, @, v') = F(t,u', ¢) forall g € V.(QUT). (13)

— There exist unique solutions ¥’, ¢’ € V.(QUZ) to the averaged adjoint equations

1
/ D& (t, su’ + (1 —s)u’, v', ¥', o")[ii] ds = 0 forall i € V.(QUT),
0

(14)
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1044 M. Schuster, V. Schulz

1
/ Dy&(t,u’, sv' + (1 — s, ¥, ")Vl ds = 0forall ¥ € V.(QUT).
0
(15)

(D3) For every sequence (s,)peny € [0, T1Y with lim,—o0 s, = 0, there exists a
subsequence (sp; )ken such that

lim 8,6, u®, 00,y gty = 8,60, 1, 00, w0, 0).

k—00,t

Theorem 1 (Averaged Adjoint Method for a System of State Equations) If the
Assumptions (D0)-(D3) are satisfied, we get for any ¥, ¢ € V.(Q UZ) that

d
—| @ u Vv, e) = 0,60, u’, 00, Y0, ¢0).
dt ~NO

Proof See [26, Theorem 4.5]. O

Corollary 2 If Assumptions (D0)-(D3) hold, the second shape derivative of the reduced
functional can be computed via

DZJred(F)[V’ W] — 3,@5(0, uo’ vO’ wo’ (po).

Finally, we would like to highlight the fact that the solutions u° and v° to the
state equations (12) and (13) for + = 0 are independent of V. However, since the
adjoint equations (14) and (15) involve the shape derivative at I" in the direction V, the
functions ¥° and ¢° need to be computed for every V separately. Therefore, we write
Y (I, V) and ¢(T", V) in Sect. 7 to explicitly express which adjoints are calculated
during the presented algorithm.

6 Deriving the second shape derivative for the reduced objective
function

Before we actually calculate the second shape derivative, we need to prove that the
Assumptions (D0)-(D3) hold.

Remark 5 In the following, we use the abbreviations

' (x) == u(F) (x)), V' (x) == (Vi) (F) (x)),
1@ = frw @Y (), V() = (V HEN ),
Y&y = yewEV . FY @), V) = (Ve EY ), B ),
V(%) = VEY (), Vi(x,y) = (V'®), V'y) .
W(x,y) = (W), W) ', £'(x) 1= det DF)¥ (x),

Ui(x,y) = Vy'(x, y) 'V (x,y) and
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Wi(x,y) =y (x, y)(div V! (x) + div V' (y)) for V, W € C3(QUZ, RY).

As aresult, \IJl.’ x,y) = qu‘,“’,v’ (Ftw(x), Ftw(y)) holdsforallx,y € QUZ andi =1, 2.
Analogously, we set

Hess(n)' (x) := Hess(ﬁ)(F}V(x)), Hess(f)"(x) := Hess(f) (F}V(X)) and
Hess(y)" (x, y) := Hess(y) (F)' (%), F}" (y)).

Lemma3 Givenanyt € [0, T] and u,u,u,v,v,0, ¥, ¢ € V(2 UZT), Assumption
(DO) is satisfied.

Proof (i) By using the linearity of A and 2 regarding the second and third argument,
we get

& (s) =D, &(t, u + sit, v, ¥, )[u]
=Du3(ts u + Sﬁ)[m + Ql(t» ;iv U) + A(tv ﬁ? W) - Duﬁ(tv u + Sﬁs 90)[5]1
®5(s) =Dy&(1, u, v + 5V, ¥, 9)[V] = —=F (1, V) + A(t, u, V) + At, ¢, ),

where § is also linear in the second argument and where we have

Dﬁ&m@@=—/%$ﬁmd
Q
DMS(t,u)[E]=f —F(VE)TVIE + (u — @i div V'E' dx.
Q

Thus, &1 and &, are continuously differentiable and therefore absolutely con-

tinuous. Lastly, note that Duf (t,u, p)[u] is independent of the choice of
u.

(i) By examining the computations in 1., we directly see that &/, is constant on

(0, 1). Further, the variable s can be found in only one integral of &} and we get
as a consequence of Fubini’s theorem

1 1
/ D& (t,u+su,v, ¥, @)l ds = / <u + Eﬁ_ u’) adivvie —avu) Vg dx
0 Q
+ (2, W v) + A, T, Y) — Dy F(t,u, v)[i)

= D30t u + I+ AT, )+ AG T )~ DF G, i

(iii) Direct consequence of the linearity of A, F' and F inthe corresponding argument.
O

Corollary 4 As seen in the proof of Lemma 3, the averaged adjoint equations (14) and
(15) can be formulated as

Find ¥, ¢' € V.(QUT) such that
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1046 M. Schuster, V. Schulz

~ 1 ~ ~ ~ ~
AT Y == D3, 5 '+ u®)IE) = A, ') + DuF (1, u®, ")) (16)
forall € V.(QUTI) and
A, @', D) =F(,T) — A, u®, D) forall ¥ € V.(QUT). (17)
Typically, (16) and (17) can each be interpreted as a variational formulation of a
nonlocal Dirichlet problem. Therefore, the operator 2((¢, -, -) needs to be continuous,
which is proven in Lemma 6 below. The remaining requirements of Theorem 1 are

satisfied if the following assumptions hold:
Assumption (S0):

(i) Forevery t € [0, T], there exist unique solutions u’, v € V.(Q UT) to the state
equations (12) and (13). Moreover, there are unique functions ', ¢’ that solve
(16) and (17), i.e., Assumption (D2) is satisfied.

(i) e If yr is an integrable kernel, we assume that there exists a constant C > 0
such that

At u,u) = Cllul)?, forallt € [0, T]and u € V. (QUT).

(QUT)

e If yr is a singular symmetric kernel, we suppose that there exists a constant
C > 0 such that

A(t,u,u) = Clulfys qug forall 1 € [0, T]and u € V(QUT).

Assumption (S1):
Each of the two kernel classes has to meet additional conditions:

e For integrable kernels it is assumed to hold
vij € WH(Q x Q,R), y;7 € W®(Q x Z,R) foralli, j = 1,2.

e Forn € N, define
d d 1
DEET — ((x,y) e R xR : |x — y|2 > -,

Then, for a singular symmetric kernel we assume y;;, ;7 € W2’w(D§dXRd) for
i, j = 1,2 and n € N. Additionally, we suppose that there exists a constant C > 0
such that

i NIx —yldt> < €, 1Vyixy) Ve plix -yl < c,
Iz PIX =y <€, | Vxyizx Y TVEIIx —yI§™ < C,
IV(x,y) " Hess(y;)) (x, ))W(x, y)|x — y[|¢7* < C and
82
V0 5z (x, YWl Ix - vl < ¢
hold forn € N, i, j = 1, 2 and almost every (X, y) € (Q UT)>.
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In the following, we also consider the sets D,, := D,I;Rd xRY (QUZ)2forn € N. As we
will see in Lemma 5, Assumption (S1) yields the well-posedness of certain integrals,
which are components of the second shape derivative. Moreover, the fact that vector
fields V and W vanish on 7 is already incorporated into the conditions w.r.t. y;7 in
(S1) in the case of singular symmetric kernels, i.e., we only have to differentiate y;7
regarding X.

Remark 6 Let yr be an integrable kernel and let (S1) be satisfied. Since the indicator
function is in general not weakly differentiable, we cannot conclude that

VFIW(Xa y) = Z vij (X, y)XFyV(Q[-)XF[W(Qj)(Xv y)+ Z viz(X, Y)XFIW(Q,.)XI(X, y)
ij=12 i=12

is (twice) weakly differentiable with weak derivatives in L*®°((2 U I) ). How-
ever, we derive ypw € W22 FWY(Q;) x FV(2;)) and Vrw € W2 FWY(Q;) x T)

fori,j = 1,2. Tt yr is a singular symmetric kernel and (S1) holds, we get
Vrw € W2’°°(D NEN Q) x FV(Q;))) and Vrw € W2®(D, N (FV(Q;) x I))
forl j = 1,2 and n € N. For ease of presentation, V)/Fw and Hess(yrw) are

understood as the weak first and second derivatives of the kernel on those subdomains
and we do not decompose integrals on (2 U Z)? or D, into the sum of integrals
on these subdomains in the following. The same convention will be also applied to
frw € H*(FWY(Q;)), where i = 1, 2.

We now examine a popular example of a singular symmetric kernel and show that
(S1) is satisfied under some additional assumptions:

Example 1 Let a symmetric function o := Zi,j:l,Z OijXQuxQ; T Diz1.2 TiITXQxT
be given, where 0;; : RY x RY — [0,00) and 0;7 : R x RY — [0, 00) for
i, j = 1, 2. Here, the functions oj; are supposed to be symmetric for i = 1, 2 and we
consider o2 (X, y) = 021(y, X) to hold for (x, y) € @ x Q. Additionally, we assume the
existence of constants 0 < o, < 0™ < oosuchthato, < o0;; <o*andoy < o;7 <o*
on R? x R forall i, j = 1, 2. Then, a popular choice of a singular symmetric kernel
is the function

or(X,y)
i,y = —” E=E XBs ) (Y)-
2

Due to the boundedness of o;; and o;7 from below and above as described before,
Assumption (S0)(1) is already satisfied since condition (3) also holds for perturbed
domains Q(I‘[W) U Z. Assumption (S0)(2) can also be easily proven. We now show
that Assumption (S1) is also valid if 0;;, 0,7 € W22 @R4 x R4, R) and if oj; ] and

o;7 are translation invariant for i, j = 1, 2. Therefore, we set Y (x,y) := e

lIx— yH
c1:= —(d +2s) and ¢ := 2(d + 2s) + (d + 2s)%. For ¥ we derive

9 9 d
—V(x,y) =y (X, y)—y and —y(x,y) = ——V(X,Y).
0x Ix —yli3 dy 0x

@ Springer
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Moreover, the second partial derivatives of J can be expressed as

32 - I 9 x-—yx-—y'
Y&y =ayXy)———+tayxy)——————,
E) ) Ix —yll5 Ix —yll5
2 2 2 2 2
Y ) = Y ) = — Y bl d Y ) = Y ) .
8Xayy(x y) 8yaxy(x y) axaxy(x y) an ayayy(x y) axaxy(x y)

Since oj; is translation invariant, y;; = o;;¥ and due to the Lipschitz continuity of V
and W, we can conclude
T d+2s
|V 56 TV, ) 1x =y

x—y) (VX — V()
Ix —yl3

Vx0T Hess () x, )W, )| I1x =yl

< |10 (X,y)

+ ‘V o,;,(x,y)TV(x, y)‘ < C < o0 and

= |(V(x) — V(y)>T<o,-,- (x,¥) <c1

2

ad X—Yy ad
2—oj;(x, i (X, W(x) — W
+ 8XU,(X y) Ix—yI2 + 8Xaxcf,(x y))( (x) ¥)

x—y)(x — y>T>

2 2 4
Ix —yl3 Ix —yll5

< C < o0,

for almost every (x,y) € 2 x Q and for some constant C > 0. The remaining
conditions on y;7 also hold, which can be proven analogously.

We continue by illustrating that the remaining requirements hold if Assumptions (S0)
and (S1) are satisfied. In particular, the existence of 9, & (¢, u, v, ¥, ¢) is shown in
Lemma 5. In the case of a singular symmetric kernel, the following remark is helpful
to illustrate that integrals involving y?, V ¥’ or Hess(y)" of 9,8z, u, v, ¥, ) are
finite:

Remark 7 Let yr be a singular symmetric kernel with |y;; (X, y)||Ix — y||‘21+25 < y*

forx,y € Q and |y;7(x, y)|IIx — y||‘21+25 < y*for (x,y) € Q x T for some constant

y* > 0.
Since V € C&(Q UZ, RY), there exists a Lipschitz constant Ly > 0 such that

Ix —yll2 < Ix =y + (V) — V)2 + tIV(X) — V()2
< IFYx) —FY(¥)ll2 +rLylx — yll2 forx,y € QUZ.

Let T > 0 be sufficiently small such that 1 — T Ly > 0. Then, we obtain

IFY(x) —FY (W2 > (1 —TLy)|x—yll2 forx,y e QUZ and € [0, T.
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With L := ﬁ, we derive for ¢ € [0, T] and almost every (x,y) € D), that

*

Y Ly* o Loytpdt2s

t \% \"%
yxy =y, x),F (x) < < y
o ' IEY (x) — FY (0192~ x — y||d+2

As a result, we obtain

ly'x, y|lx — y||‘2”2‘Y < Ly* forevery t € [0, T] and almost every (x,y) € (Q U7Z)?.

If Assumption (S1) holds, it can be shown in a similar way that there exists a constant
C > 0 with

IV % y) V ylIx—yl¢ < Cand
[V, y) " Hess(y)' (x. )W llIx — ylis ™ < €

for almost every (x,y) € (Q U 7)?% and for all ¢ € [0, T']. Note that £ (x) is bounded
from above for r € [0, T] and x € 2 U Z. Thus, integrals like, e.g.,

/ ) — u®) () — vy (x, YE WE ) dydx or

(QUT)?

* / (x) — u(y)(vx) — v(y) V' (x,y) V(x, )& ®)E () dydx

(QUT)?
are well-defined for functions u, v € H}(Q U T).

Lemma 5 IfAssumption (S1)holds, then foranyu, v, ¥, ¢ € V.(QUI)andt € [0, T]
the derivative 0;®(t, u, v, V¥, @) exists, i.e., (DI) is satisfied.

Proof Since the proof is quite lengthy, it can be found in Appendix A.1. O
In order to prove the weak convergences ¢’ —¢Yand '~ in Lemma 7, which

are helpful to show that Assumption (D3) is satisfied, we make use of the boundedness
of 2A:

Lemma 6 Let Assumption (S1) hold.

e Ifyr is an integrable kernel, then there exists a constant C > 0 such that
|Ql(t, u, U)| < C”u”LZ(Quz)”U”LZ(QUZ‘)fOrt € [0, T] and u,v e VC(Q U I)
o If yr is a singular symmetric kernel, then there exists a constant C > 0 such that

[24(¢, u, v)| < Clulgsup)lvlasur) fort € [0, Tland u, v € V.(QUI).
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Proof By utilizing the triangle inequality, we can directly deduce that

|4, u, v)|

=2
i=1,2

// (v(x) — v(Y) (U)W (x,y) — uly) V] (y, x)E (X)E (y) dydx|.
(QUT)?

Case 1: Integrable Kernel
First, we denote that £’ and div V' are continuous and bounded on Q U Z and
therefore

W (x, E ®E (Y) = v (x, y)(div V(%) +div V! ()8 ()& (y)

is bounded by a constant 51 > 0 for all ¢+ € [0, T] and for almost every (x,y) €
(2 UTZ)? due to Assumption (S1). Then, we can conclude the existence of a constant
C1 > 0 such that for the term regarding W, holds

‘ J[ 00 - venmwsmy - uw w8 e ) dydx
(QUI)?
<G // [(v(x) — v(Y)u)| + [(v(x) — v(y)u(y)| dydx
(QUT)?
< Cillullp2ury vz ur)-
Since also V y' is essentially bounded for all 7 € [0, T], the term
Wi (x, YE ®E(Y) = Vy' xy) V(X yEXE (Y

is essentially bounded by a constant 52 > 0 for all # € [0, T] and for almost every
x,y) € (QU I)Z. Consequently, we get for some Cp > 0 that

‘ / / (W) — V@) WOV (x, ¥) — @)W (v, 0)E (E (¥) dydx
(QUT)?
< / / a0 — v@u)] + E2l(0(x) — v(y)u)| dydx
(QUT)?
< Cllullp2up vl L2 Quz)-

Case 2: Singular Symmetric Kernel
Here, we can directly conclude the existence of a constant C; > 0 with

(W) (x, YE ®E W < ————5-xB,0(Y) =2 V(X Y)

Cy
Ix —yll5

@ Springer



Second order shape optimization for an interface identification... 1051

for almost every (x,y) € (2 U 7)? and for all t € [0, T] due to Assumption (S1)
(see also Remark 7) and the boundedness of V, divV and £’ on Q2 U Z. Therefore, we
derive

[0 = O 00— ) W5, 9 0 )y

< / / 0 — V@) @) — u@)|Fx, y) dydx
(QUT)?

1 1
< ( / / W® — V)P (X, y) dydx)2 ( / f @) — u@)PFx. ) dydx)2
(QUT)? (QUT)?

=< CilulgsQuz) vl o3 (QuUT)

where we obtain the last step by dropping xp;x). From Assumption

(S1), as indicated in Remark 7, follows the existence of a constant

C2 > 0 with |W{(x, 1)§" F" 1) = 2 X,00(¥) =2 P(x.) for almost every
2

x,y) € (QU I)2 and for all t € [0, T]. Accordingly, we derive

’/f (W(x) — ()W) —u) ¥ (x, y)& ®E (y) dydx
(QUT)?

1

1 1
< ( / / W) — V)T ) dydx)2 ( / f W® — u@)7x. y) dydx)z
(QUT)? (QUT)?

=< ColulgsQuz) vl Hs (QuUT)
where we again omitted the truncation x g, (x) in the last step. O

Before we prove that the conditions of (D3) are met under some natural assumptions,
we need the following weak convergence results.

Lemma 7 Suppose that Assumptions (S0) and (S1) hold. Then, we derive:
If yr is an integrable kernel, we obtain that the families of functions {u'}i[0.1],

{v'}ie0.71, (¥ }iero.1) and {¢'}iepo,1) are bounded with respect to || - || 2quz)-
Moreover,

u' =u®, v’ =0, 1//t—\1//0 and (p’—\(pofort N\ O in (L%(Q UTD), (- ) r2ur)-
If yr is a singular symmetric kernel, we get that the families of functions {u'},c[0.1),

{(v'}er0,71, (V' hero, 11 and {@'}iep0,1) are bounded regarding | - | s uz) and || -
”LZ(QUI)' Addltl()}’lally,

u' =1, v' =00 Y =y and '~ for t \ 0 in (H(QUT), (-, -) ysqur))-

Proof Due to its length, the proof has been moved to Appendix A.2. O

Lemma 8 If Assumptions (SO) and (S1) are satisfied, Assumption (D3) of the AAM
holds.
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Proof Since the proof is quite lengthy, it can be found in Appendix A.3. O

Now, we express D2J"¢¢(I")[V, W] according to the decomposition (5) as the sum
of the linear second shape derivative (J redy([')[V, W] and of the shape derivative
DJ 4 (I")[(DV)W]. First, note that (VdivV)TW = div(DV)W) — tr(DVDW)
(see, e.g., [31]). Additionally, we can formulate the terms V(\IJEV(X, y))TW(X, y) as
a sum of two parts. Therefore, we set

T, (x,y) =V(x,y) Hess(yr)(x, ) W(X, y),
Thr X, ¥) =V 7 (%, Y)(DV(x, Y)W, y),
T2 (x,y) =(div V(x) + div V() V yr(x, y) T W(x, y)
— yr (%, ) (tr(DV(x) DW(x)) + tr(DV(y) DW(y))) and
T2, (X, y) =yr &, ) (div(DV(x)WX)) + div(DV(y) W(y))).

Consequently, we derive

(VUL yxy) WK y) =T,y + T}, (x.y) and

(18)
(VUEyx.y) WK y) =T7, & y) + T, (X y).

Corollary 9 (Second Shape Derivative of the Reduced Functional) Let the functions

u®, v0 solve (12) and (13). Further, suppose that the functions y°, ¢° are the solutions

to (16) and (17). Additionally, the functions \Illl,v and ‘-IJI%’V are defined as in (11) and
their gradient terms can be written as indicated in (18). Then, the second shape
derivative of the reduced functional can be expressed as

D2 J"H D)V, Wi(= 3,80, u®, v°, y°, ) = J" D)V, W]+ DJ (D(DVIW],
where the first component is the linear second shape derivative

J"(MV, W

=/ VETWVE V—w® - (VT Hess (@)W + VETVdivW) dx
Q
1 2
+/ —w® —mvaE WdivV + 3 (u“ 7u) (— tr(DVDW) + div Vdiv W) dx
Q
+ / VT Hess(fr)Wo? + v f7 Vo0 div W dx
Q

+/ V g Wl divV + fro® (— t(DVDW) + div Vdiv W) dx
Q

2
! i i
D3 (f 09 = OV 5.9~ W 3.0 i

+ f / 0200 = @@ Wy x, y) — 1 W]y, ) div Wix) + div W(y) dydx)
(QUT)2
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2
1 i i
+ ;‘ 3 ( f /( aupp ¥ ® Y OOV ) a5 0) dydx)
2

1 i i
+ ;‘ 3 ( [ /( Uz 00 = OV %, y) — e @Y (3. 0) dydx)

—/ VfFTW¢°+fpw°didex+/(uo—ﬂ)w‘)divW—VETW(pO dx
Q Q

and where the second term is the shape derivative at T in direction (DV)W, which
can be written as

DJT)[(DV)W] = / - <u0 - ﬁ) v (DV)W + %(MO — D2 div(DV)W) dx
Q

+/ v 17 (oW + fro0 div((DV)W) dx
Q

2
1 i i
+ ; 3 / f( oz ® TV OO 0 Y) ~ Wy 7. 3) dydx

We now continue by putting the derived formula for (J” Ed)’ "(I[V, W] into numerical
practice.

7 Second order shape optimization algorithm

Second-order shape optimization methods have already been introduced and investi-
gated in, e.g., [30-32, 41, 42].

Here, we present a second order shape optimization algorithm where we follow
a Newton-like approach that incorporates first and second shape derivatives of the
reduced objective functional, which are derived by the averaged adjoint method.

As mentioned before, we follow [31] and optimize on a suitable subset of {T'|T :
Q — Q). Therefore, we omit the possibly nonsymmetric part of the second shape
derivative and only utilize (J"¢¢)”(I')[V, W]. Here, the objective functional also
includes the perimeter regularization j,.,, whose shape derivatives can be found in
Remark 4. Moreover, we apply the finite element method and approximate functions
by a linear combination of continuous, piecewise linear basis functions. In particular,
in every iteration k we will search for a deformation ng’h in the space of such linear
combinations of d-dimensional CG ansatz functions, which we denote as CG¢. For a
detailed description of how the finite element framework can be implemented in order
to solve nonlocal Dirichlet problems, we refer to [43].

However, if V = 0 on I', we derive FtV(F) =TI for ¢ € [0, T] and, consequently,
DJ" ed(F)[V] = 0. Therefore, deformations inside of €2; and €2, do not result in
a change of the objective functional value. Additionally, (J" edy! (Y V, W] = 0 if
V=0onT or W=0onT (see (4)) such that the linear second shape derivative
(J7ey(T)[V, W] has a huge null space, is not invertible and thus the corresponding
stiffness matrix in the finite element method is not positive definite. As a remedy, we
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set
Jreg(V, W) = /Q (V.W)s + (DV, DW) 5 dx

and apply a Newton-like approach by solving the following problem in every iteration
for a given constant € > 0:

Find Wi € G4 subject to

(D TRV WER] 4 € oo (VI WERY = — D g7ed (TR [VH] for all V! € CGY.
(19)

Then, there exists a unique solution to problem (19) and the associated finite element
stiffness matrix is positive definite. As shown in [31, Theorem 3.5], if € \ O the
corresponding solutions W’E"h converge to a solution that is derived by solving the
unperturbed problem (19) with ¢ = 0 by a Newton method based on the Moore-
Penrose pseudoinverse.

The complete optimization procedure is illustrated in Algorithm 1. Recall that in
order to compute DJ"¢(T'*)[V"] and (J7¢?)"(T*)[V", W"], we need to solve (12)
and (13) once in every iteration. However, the solutions Y (I'*, V) and ¢(I'%, V) to
(16) and (17) are calculated for every basis vector field of C G,

Algorithm 1 Second Order Shape Optimization Algorithm

while k < maxiter and [W5" || > tol do

Interpolate u onto current finite element mesh QF.

u(Fk), v(l“k) <« Solve state and adjoint equation.

Assemble shape derivative DJ" ed (1K) V"] for all basis functions V/ of CG¥.

Set DJ"ed(TK)[Vh] = 0 if supp(V") N Tk = p.

I[/(Fk, Vh), (p(Fk, Vh) <« Solve (16) and (17) for all basis functions Vi of cGH4.

Adssemble linear second shape derivative (Jre8) (T*)[V!, W] for all basis functions V', W of
CcG“.

k1 Get deformation by solving

7D TV WER + € jreg (VI WER) = =D (T IV!]
forall V! e CGY.

Update mesh:
Q1 = (1d +Whh (k)
k=k+1

end while

8 Numerical experiments

We now describe the implementation of the optimization procedure introduced in the
previous Sect. 7 and discuss two numerical examples.
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Fig.2 Example 1: Here we can see snapshots of the domains in different stages of the algorithm, where the
domain €2 is decomposed in the blue area €2 and the gray region €27. The nonlocal boundary is colored in
red. Additionally, the black circle can be interpreted as the target shape, i.e., we solve the nonlocal Dirichlet
problem given the integrable kernel 1, the parameters chosen as described in the text and the decomposition
of Q2 in 1 and Q27 according to the black circle. The solution is then used as the data u in the interface
identification problem where we start with the blue square as the initial shape of 2. After 29 iterations the
algorithm ends successfully.

As mentioned before, we apply the finite element method. For our experiments, the
underlying mesh is generated by Gmsh [44] and we assemble the stiffness matrix for
the bilinear nonlocal form Ar with the Python package nlfem [45]. Moreover, the first
and second derivatives of the nonlocal bilinear form Ar, which are components of the
first or the linear second shape derivative, are built by a customized version of nlfem.
The regularization function, the forcing term vector and the objective functional along
with their derivative are constructed by legacy FEniCS [46, 47].

For the first example, we choose an integrable kernel y; as follows

0.1c1xBsx)(y) ifx,y € Q,
Y1(X,¥) = { 10c1 xB; 0 (¥)  if X,y € Qo,
C1XBsx)(Y) else,

where ¢ 1= 6%. Additionally, we set @ = (0,1)2,8 = 0.1, =03, =2- 1073,
g = 0 as boundary data and fr = 10xq, — 10xq, in the forcing term. The set-up
and the results are shown in Fig. 2. In our experiments, the data u, which we would
like to approximate as well as possible, is computed by solving the nonlocal Dirichlet
problem where I' is the black circle that can be seen in all the pictures, i.e., €21 is
inside and 2; outside of I". Then, we start in a set-up where €21 is a square (see Fig.
2) and ideally this blue area should be deformed to a blue disk in the course of the
shape optimization algorithm. We stop after 50 iterations or if the L?(£2, R?)-norm
of the deformation W’E"h is smaller than 5 - 1073, which we again compute by using

@ Springer



1056 M. Schuster, V. Schulz

R
BmSaeEs
Bty

<K

S
RS
RO

i
s
o

v,

s

"AVA" NN T AVAVA TR
S EATANAVAYASS

Rk
v

v 5

QOISO

N

Start setup Iteration 5

SATaysavs
S
7

AR,

VAVAVAVAVAVAVLS)
TRV AYAT)

Iteration 10 Iteration 22

Fig.3 Example 2: In this picture, we can see snapshots of the domains at different points of the algorithm.
Here, €21 is the blue and €23 is the gray area. The nonlocal boundary Z is depicted in red. The black circle is
the shape that we try to reach. The given data u is the solution of the nonlocal Dirichlet problem where the
interface I' is the black circle and where we apply the singular symmetric kernel ;. Note that the algorithm
terminates successfully after 22 iterations.

FEniCS. As we can observe in Fig. 2, we derive roughly a circle after 15 iterations
and the algorithm terminates after 29 iterations.
In the second example, we apply the singular symmetric kernel

IOO”X_;WXBg(X)(y) ifX, y € Ql

(X, y) = 1-0”,(_;WXBM)(Y) ifx,y € Qo

S'OH)(—;W XBsx)(y)  else,

where ¢; = % and s = 0.6. Further, we sete = 0.02, ¢ =2-10"% and § = 0.1.

Again we have fr = 10xq, — 10xq, in the forcing term and g = 0 on the boundary.
The termination criteria as well as the target shape are also the same as in the first
experiment. The results are shown in Fig. 3, where we now start from a different shape
I". In this case, €2 has roughly the shape of the black circle after 5 iterations and the
algorithm ends after 22 iterations.

The development of the objective functional values are illustrated in Fig. 4 and the
history of the deformation ng 7 in the L2(€2, R%)-norm is depicted in Fig. 5. Here, we
also tested the integrable kernel y; with the same parameters as in the first example on
the second set-up. Analogously, we also used the singular kernel y, with the presented
parameters on the starting domain of the first experiment.

We would like to point out that Algorithm 1 is computationally costly since
¥ (T, V") and (T, V") are calculated for all basis functions V* € CGY. Thus,
we recommend using L-BFGS as in [18]. However, there are certainly some ways
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to improve and speed up Algorithm 1. Moreover, note that in our experiments, no
remeshing techniques were employed.

9 Conclusion

In this work, we investigated interface identification governed by a nonlocal Dirichlet
problem. Further, we developed the (linear) second shape derivative of the reduced
functional, which corresponds to this constrained interface identification problem, by
applying a version of the averaged adjoint method. The linear second shape derivative
was then used in a Newton-like second-order shape optimization algorithm, which
was successfully applied to two numerical examples in the previous section. Thus,
to the best knowledge of the authors, this is the first study of the numerical usage of
linear second shape derivatives for nonlocal problems.
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Appendix A: Proofs

Here, we first list some useful lemmata and remarks that are
utilized in the proofs of Lemmata 5, 7 and 8.

Lemma 10 (After [24, Proposition 2.32]) Suppose that V € CL(Q2,R?) and
f e WhE(Q, R) with k € N. Moreover; let T > 0 be sufficiently small such that the
perturbation of identity FtV : Q — Qis bijective forallt € [0, T]. Then, t — f o FIV
is differentiable in Lk(Q) with

(j_, . (f ° FY)) x) =V f(FY (%) V(x) forr € [0, T].

Proof See proof of [48, Lemma 3.2.11]. O

Moreover, we make use of the following “product rules” for Fréchet derivatives:

Lemma 11 The following differentiation rules hold:

(i) Let f1 : [0, T]1 — L*(Q), t — fi(t,-)and f> : [0, T]1 = L*(Q), t = fo(t, ")
be Fréchet differentiable in L*>(2) with derivatives fi(t,-) and f;(t,-). Then,
the product t — fi(t,-) f>(t, -) is Fréchet differentiable in L' (S2) with

(1) @, )= fitt,) frt, )+ fi@t, ) (2, ).

(ii) Givenk € N, let f1 : [0,T] — LK), t — f1(t, -) be Fréchet differentiable
in LX(Q) with derivative fl’(t, Jandlet fr 1[0, T] - L®(Q), t — fa(t, ") be
Fréchet differentiable in Lk(SZ). Then, the productt — f1(¢t, ) f>(t, -) is Fréchet
differentiable in L*(2) with

(1) @, )= fitt,) ot )+ fi@t, ) L2, -).

Proof See proof of [48, Lemma 3.2.9].
O

Remark8 Let f € WhI(Q)and h € C(l)(SZ), then fh is weakly differentiable with
derivative 0%(fh) = (3% f)h + f(0%h) for a multi-index o € Ng with |a| = 1
since there exists a sequence {h,},en € C @) with h, — h uniformly (see [49,
Appendix C Theorem 7]) such that for every ¢ € C°(Q2) we derive

f (0% Fhng dx = —f % (hpp) dx = —/ F(@%hp)p dx — / Jha(3%9) dx.
Q Q Q Q

As a consequence, V f TV and f divV are weakly differentiable if f € H?(Q) and
Ve CHQUI,RY).

In order to show Assumption (D3) we further make use of the following lemma and
the subsequent remark in the proofs of Lemmas 7 and 8:
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Lemma 12 (Afier [23, Chapter 10.2.4 Lemma 2.1]) Let V € C(Q,RY) and n € N.
Then, for f € L>(2, R"), we get

If o ¥ — fll2rm — Oand | fo F))™" = Fll2@pn — 0 fort N\ 0.

Proof See proof of [48, Lemma 3.2.20].
O

Remark 9 Let a sequence {t,},eN € [0, T]N with lim,,_, » ¢, = 0 be given. Moreover,
assume two families of functions { £ },cn and {h™ },cn with f, h'n € L%(S2) such
that f» — f%and h'» —~h" in L?(Q2) for n — oo. Further, we suppose that the family
{h"}nen is bounded W.rt. || - ||;2(q). Then, we derive

lim | A" f" dx = f hO £ dx. (20)
Q Q

n—o0

Of course, if i — h¥in L?(2), then (20) also holds. Now, let p € N and two families
of functions {f"},e[0.7] and {A'};cf0.7] with h € L°([0, T] x ©) and f' € LP(Q)
for ¢ € [0, T] be given. Further, we assume f' — fO and ' — A in LP(2). Then,
we obtain

fiht = fOh%in LP() for r N\ 0. (21)

In the following, (21) will mainly be used to show that products involving £’ € L>®(£2)
or E)ir s (E") € L*(R) still converge in LY(Q) or L%(Q). Note that &' converges
uniformly to £%(= 1) and % —; (§7) is also uniform convergent to div V for 7 \ 0,
which follows from the Leibniz rule for determinants and V € Cg(Q UZ,RY).

A.1 Proof of Lemma 5

Proof For the proof of the differentiability of A(¢, u, ¥), A(t, ¢, v) and F(z, ¢)
regarding ¢, we refer to [18]. It remains to show that 8t1?(t, u, @), 0;J(t, u), 9;5(t, v)
and 9,2(¢, u, v) exist. Because @ € H2(2) and &' = det DF}’V is continuously differ-
entiable in  on © as shown in, e.g., [26, Lemma 2.14], we get by applying Lemma 10
and Lemma 11 that

W F(t,u, ) = / (V") " Wee' — (u—u")p 4 (") dx.
Q dl" =t

r

Additionally, since f’ € H?(Q;) fori = 1,2 and V € C5(Q UZ,R?), we can
conclude by making use of Lemma 10 and by applying Lemma 11 that
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It u, v) = / viHTweva)TvEe dx
Q

—/ (u—7u') ((V’)T Hess@)'We! + (V') T DVIWE! + (vi!) TV! % (5")) dx
Q r=t
+/ ——w)(va)TWdivvie

Q

L —wy? ((v div VO TWe +divvi L (g")) dx and

2 dr|,—;
HF @, v) :/ VO T Hess(FHWE! + (V £ T DVIWuE! + (v £ TVl :7 (") dx
Q r=t

d
+/ vV FHTWodiv Vg + flo(VdivV) TWE + fludivV? CT‘ (&) dx.
Q L P

Case 1: Integrable Kernel
Since we assume V € C3(Q U Z,RY) and yrw € W2 FWV(Q;) x

F}’V(Qj)) and Yrw € W2’°°(F}V(Q,-) x 7) as a consequence of Assumption (S1),

we conclude by employing Remark 8 that \Ifllw v E W1’°°(F}’V(Q,-) X F}’V(Q i)
MR

and w;lw’v e WheEW(Q;) x T) with V ‘I’;,W,V = Hess(ypw)V + (V yl:';W DV)T.

Similarly, we get the weak derivatives

V Wiy (X, y) = ([div V() +div V() V ypw (X, Y)
+ Yrw x,y)(VdivV(x) + Vdiv V(y)).

Recall that \IJ,’{ x,y) = \Illlfw v (F}’V(x), F}V(y)) and thus ¢t +— \Illi (x,y) is Fréchet

differentiable in L>(2; x Q;) and in L*(; x Z) due to 10 for i, j,k = 1,2 with
essentially bounded derivatives. Consequently, we derive by utilizing Lemma 11 that
the partial derivative regarding the nonlocal operator can be expressed as

0, A(t, u, v)

1
=3[ 00— v (10 Y By Weey)
(QUT)2
—u@) VU0 TWE, 0 ) £ (08 )

d
+ W) — v @YX, y) — uy) V], X)) o

(E"()E"(y)) dydx
=t

1
5 [ w0 =) (10 ¥ Wy Wexy)
(QUI)?
—u(y) VW5, 0 W, %) £ (08" ()

d
+ (0(x) = V(Y @E) Wy (X, y) — u(y) V3 (¥, X)) o

(" ()& (y)) dydx.
t

r=

Case 2: Singular Symmetric Kernel
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We start by proving Fréchet differentiability of terms involving the subkernels y;;
and y;7. Therefore, fori, j = 1,2 we set

hi % y) = Vyijxy) V& Y), hizxy) = Vyzxy) VXY,
hlzj(x y) = (divV(x) + div V(y))y;; (X, y) and
h2(x,y) == (div V(x) + div V() yiz (X, ¥).

Note, that for k = 1, 2, we can now express

vy = > hEN O FY @)xeixe; )+ D K2 EY X0, Vg 1, y).
i,j=12 i=1,2

Stein’s extension theorem [50, Theorem 5.24] combined with Remark 8 yields
hllj, h2 wb-P(D,) for n € N with weak derivatives

V hj;(x,y) = Hess(yi))(x. )V, ¥) + (Vy;} (%, )DV(x,y)) | and
v hizj (x,y) = (divV(x) +divV(y)) V y;; (X, ¥) + ¥ij (X, ¥)(V div V(x) + V div V(¥)).

For every n € N, it can be shown that there exists an integer n; € N such
that (FW(X) Fw(y)) € Dy, for all (x,y) € D, and t € [0, T']. Further, we set
FV(x,y) := (Fw(x) FW(y)). Then, by utilizing Stein’s extension theorem [50,
Theorem 5.24] and Lemma 10 the function [0, T] > ¢ hfj o F}V is Fréchet dif-

ferentiable in L?(D,). Analogously, it can be shown that + — h;7 o flw is
Fréchet differentiable in L?(D,). Thus, we obtain the Fréchet differentiability of
t > Wl(x,y) in L2(D, N (R x ©;)) and L*(D, N (; x 1)) for i, j, k = 1,2.
Note that these Fréchet derivatives are again essentially bounded on the subdomains
[0, T] x (Dp N (2 x ;) and [0, T] x (D, N (Q; x I)) as illustrated in Remark 7.
By making use of Lemma 11 multiple times and due to Assumption (S1), which also
ensures the well-posedness of the integrals, we get the differentiability of 2 regarding
t with

> . A(t, u, v)
* = nli)moo E 2 //(U(X) — v Wx) — u)W] (x, y)E & (y) dydx
* —i-nl_)Oo dT 2 //(v(x) — v @x) — uy) W (x, y)E & (y) dydx

1
=5 // W& — V)@ —u@) V¥ y) W e ®E y)
(QUT)?

a
* + () — V() @) - u@)V] X, y) FP E" (" (y)) dydx

r=t
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1
+ 3 // ((x) — vy x) — u(y) VW, Y W, pE @& (y)
(QUT)2

a
+ (V) — v(y) @x) — u(y) 3 (X, y) o (" (0&" (y) dydx.

r=t

A.2 Proof of Lemma 7

Proof The proof for both assertions regarding {u’};cf0.77 as well as {v'},¢0,77 can
be found in [18]. We follow the same approach in order to show the statements for
{¢"}rer0.77 and {¥" }sep0,77. Thus, for both kernel classes, we first prove the bounded-
ness with respect to the above-mentioned norm and then use these results to show the
corresponding weak convergences.

For ease of presentation, we denote every subsequence of a sequence (#;),eN €
[0, 71N by (ts; )ken 1n the remaining part of this proof. However, technically they
could be different subsequences or a subsequence of a subsequence.

Case 1: Integrable Kernel

First, let yr be an integrable kernel that additionally satisfies Assumptions (S0) and
(S1). Then, we derive the existence of constants C{, C, > 0 with

9" 1172 U, < C1IAG @', D] = CiIF (1, ¢") — A, u°, ")

<Co| D0 (1 2@y + 1V Fliz2g) + 1l 2 | 16! l2@uz as follows:
i=1,2

We apply in the first step Assumption (SO) (2) and in the second that ¢’ solves
the averaged adjoint equation (17). Additionally, we used that there exists a
C > 0 with |%(¢.u° ¢ = Clu’ll2uz ¢’ l2@ur) (see Lemma 6) and
18 o < CYimin (1 2@ + 1Y frllz2@p) 19 11 12@uz) due to the bound-
edness of £ as well as V! € Cg(Q U Z,R?) and by utilizing the Cauchy-Schwarz
inequality for L2-functions. Combined with f* — f%in L2(Q;) and V f* — V f0
in L2(€2;, R?) due to Lemma 12, we get || f'[l 2,y | V f'll 2(q,) < C fori = 1,2
for some constant C > 0. Therefore, we can conclude that {lle"|] L2(QUT) }re[0.7] 18
bounded.

The boundedness of {||y7|| 12(QuT)lref0.7] can be proven analogously. Conse-
quently, we obtain for every sequence (t;),en € [O, T]N with lim, o #;, = O the
existence of a subsequence {f;, }xen and functions g1, ¢2 € Lg(Q U ) with ™ —q
and " —g, for k — oo. We now show that ¢; = ¢° and ¢» = ¥°. Therefore, we
need several convergences (see (22)). For the proof of A(t,, ™, V) = A, g1, )
and A(ty,, u, ¥'"x) — A(0, 1, q2) for k — oo we refer to [18]. Here, we show the
remaining convergences by making use of similar arguments.
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Since (V )TV +divV' )& — V IV +divV fr in L?(Q) due to Lemma
12 and observation (21), we obtain by utilizing (20) that

Sty D) = / (7 )T Vg™ 4 div Vi fiegn ) 3 d
Q

N / (VfrTV—i—divar)?fdx:S(O,iT) for k — 0.
Q

We now prove limy_, oo A(ty, u®, 7) = A(0, u®, V). First, we recall that y* and V !
are essentially bounded by a constant independent of ¢ € [0, T']. Hence, from Lemma
12 and observation (21) follows

Wi (x, PE ®E(y) = VY (x,y) | VI(x, y)E' (XE (y)
- Vy'xy) ' Vix,y) = ¥ (x,y)

in L2(QUTI)?) for t N\, 0. Then, for every sequence (#,),enl[O0, TN with

. . In

lim, ., = O there exists a subsequence (#;,)ren such that W, ks \IJ? almost
everywhere on (Q U Z)2. As a consequence of the dominated convergence theorem,
we get

1 ~ ~ n n
3 / / B — 5@ W™ (x, y) — @)W (v, ))& ()E™ (y) dydx

(QUT)?

Lol om0 W0 wr 00
* —> > / W) =v(y)u XV X, y) —u ()] (¥, X)) dydx.
(QUT)?

Moreover, Lemma 12 and (21) yield

(%, YE ME () = ' (%, y)(div V! (%) + div V! (y))&" 0§ (y)
— 7%, y)(div VO(x) + div VO(y)) = ¥ (x, y) in L*((Q UT)?).

By making use of the same argumentation as before, we conclude

1 ~ ~ n n
3 / f B — T O™ (x, y) — @)W (v, x))E™ ()E™ (y) dydx
(QUT)?

Y
- / / FE—F@) 0 WI(x, y) — ud )Wy, X)) dydx.
(QUT)?

Consequently, we get limy_, oo A(ty, , u?, %) = A0, u°, V) and therefore ¢; = ¢°
since the function ¢ is the unique solution to the averaged adjoint equation (15) for
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t = 0 due to

A(Ov ‘11 ’ :D) = kli?go A(tnka (plnk > ’17) = klilrolo S(tl’lkv :D) - Q[(tnk’ ulnk ’ :J)

= F(0,7) — A0, u°, D). (22)

Thus, we conclude ¢’ —¢° for £ N\ 0. Case 2: Singular Symmetric Kernel
If yr is a singular symmetric kernel that satisfies Assumptions (SO) and (S1), we
similarly derive for some C1, Co, C3 > 0 that

|§0t|%15(QU1') =C |A(t,(/)’,(p)|

<G ( > (1 2 +1Y Flli2,) + MOIHS(QUI)) ' |13 @uT) < C3l¢' s uT)

i=1,2

where we again used Assumption (S0) (2) for the first and Lemma 6 in the second step.
Thus, |¢'|gsuz) < C3 forallr € [0, T]. Asa result of [21, Lemma 4.2 and Lemma
4.3], we also draw the conclusion ||¢’ ||L2(QUI) < Cl¢* | s @uz) < C for appropriate
constants 5, C > 0, i.e., the family {¢"};<[0, 77 is bounded with respect to || - | HS (QUT)-

Note that the boundedness of {|| ¥ || s (@uT)}re0,7] can be shown analogously.

Consequently, we derive for every sequence (t,),enN € [0, TN with limy, o0y =
0 a subsequence {#,, }xen and functions g1, q> € HI(Q UZ) with @' —~g; and
Yl —q; for k — 00. As in Case 1, we need to show some convergences.

For the proof of A(t,, 9", V) — A(0, g1, V) and A(tn,, &, ¥'"x) — A(0, 1, q2)
for k — oo we again refer to [18]. The convergence limy— oo §(ty,, V) = F(0, V) can
be found in the proof of Case 1. In the following, we prove limy_, oo A(ty, , ul, V) =
A0, 10, 7).

On every set D, the kernel y and the corresponding gradient (V /) TV are essen-
tially bounded by a constant independent of ¢ € [0, T'] due to Assumption (S1) as
explained in Remark 7. Consequently, there exists a constant C > 0 such that for
t € [0, T'] and almost every (x,y) € D, we obtain

Wi (x, Y& ®E(¥) = (V¥ (x.¥) V' (x, y)E' )& (y) < C and
Wi (x, )& @& (y) = y' (x, y)(div V' (%) + div V' (y)§' ®)§' (y) < C.
With the same argumentation as in the case of integrable kernels, we derive for every

sequence (f;)neNn € [0, T]N with lim,_, ., = O the existence of a subsequence
(tnk)kEN and

Jim W (x, y)E" (0™ (y) = W (x, )

pointwise for almost every (x,y) € D, and fori = 1, 2. Then, by utilizing the domi-
nated convergence theorem in the second and the last step of the following calculation,
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we get

1 ~ ~ n
lim > > / / @) — (1) FE) — FE)NW;™ (x, y)&™ X)E" (y) dydx

k—o00 —
= Qur)?

] ~ ~ nj
= lim > > f / @Ox) — 10 (1) FE) — TE)W,™ (x, y)§™ ()& (y) dydx
Dn

k,n—00 |
i=1,2

1 ~ ~
= lim > / / @) = u ¥ T®) = TE) (W] (x,y) + W3 (x. y)) dydx
Dn

1 0 0 ~ ~ 0 0
=5 f @ @) —u ()W — o))V X y) + ¥Y;(x,y)) dydx.
(QUI)?2

Thus, limg— 0o At , u°, T) = A(0, u®, V) and equation (22) also holds for singular
symmetric kernels which results in ¢ = ¢°.

For both kernel cases, it can be shown quite analogously that ¢> = ° and therefore
Y=y 0 for t \( 0. However, for the convergence lim, o 2(t, @, v') = A(0, i, v°)
we additionally have to make use of v’ — 90 and observation (20). O

A.3 Proof of Lemma 8
Proof We show the statement by proving the convergence of each term

lim 8,6, u®, v°, Y, @'k
\Ot ( v @)

k—o00,t

30, u®) — 8,3, V) + 8,2z, u, v°)

= lim
k—o00,t

)
N
+ 0, A, ul, Yy — 8, F (1, Y ) + 0, A(t, ¢, 0°) — 8, F (2, u®, g,

The convergences

kqlgg}\o 3 A, ul, Yoy = 3,A0, u®, v°) and k_)gorg\o & F(t, y') = 8, F(0, v
have already been shown in [18]. Then, lim_ o 10 3; A(f, 9" , v0) = 3, A(0, ¢°, v*)
can be illustrated in a similar way. We start by showing the convergence for
8, F(t,u’, ¢*). Here, Lemma 12 and observation (21) yield &’ Vu' — Vu in
L3R, Rd) and i’ aa_r |r=t & — udivWin L*() for ¢t ¢ 0. Furthermore, due to the
boundedness of W, we have £/ (Vu')TW — V' W in L%(S2). Thus, by (20) we
conclude

~ 9
: 0 s : —\NT S, t 0 _ =ty S r
lim aF(t,u’, ) = lim v W'k " — — Tk dx
k—00,t\,0 PE (s, g k—>oo,t\0,/g( ) grs (u w)e ar r:té

= / VﬁTW<p0 — (uo — ﬁ)(po divWdx = Blﬁ(t, uo, <p0).
Q
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Now, we continue by proving the convergence with respect to 9,J(z, u”). Since
VeCHQUI,RY) and u € H*(Q), we have (Vu')'V! — (Vi) 'V in L}(Q)
as well as (V') ' DV! — (Vi) " DV and Hess(#)'V! — Hess(@)V in L2(Q2, RY)
as a result of Lemma 12. Combined with the boundedness of W & Cé(Q UZ, Rd)
we get (V)T Hess(@)'W — VT Hess(@)W and (Vi')T DVIW — (Vi) T (DV)W
in L2(Q). Further, notlce that the functions (7, x) — (V div V/(x)) TW(x)&’ (x) and
(t,X) — div V/(x) 3 |r - "(x) are bounded on [0, T'] x Q and converge in L*()
for r N\ 0. Consequently, by applying (20) and (21), we have

: ~ 0 . —t\ T —t\ Tyt &t
- v \%
tim 2,3, 1) }{%/ﬂ( ) TWV ) TVIE dx
* — f u® — ﬁ’)((V’)T Hess (1) WE'
Q

+(Vu) T (DVHWE' + (Vi) V!

9
— (é")) dx
r=t

or

* +/ —@® —u")(Vu')"WdivV'g’
Q

1 2 9
% 4= (uo — af) <(v div VO TWE! +div V! — s’) dx
2 or|,—;

=/ Vi'WV#'Vdx
Q
. — / W — ) (VT Hess(@W + V| (DV)W + ViV div W) dx

|
*+f —u® —u)VuTWdlvV—i—z(u —u) ((VdivV)TW+diVVdivW> dx
Q

Further, fr € H2(Q;) fori = 1,2 and with the same arguments as before, we derive
lim 8, (t, %)
N0
=1 V[ TH lw Ot
* Il\%/ﬂ( ) Hess(f) Wuv'§
(&") dx
r=t
(s’)) dx

= / VT Hess(fr)Wo? + V 17 (DVIW +V ;I Vil divw + v £ Wl divy
Q

+ vV HT(DVHWLE + (v 1TV 387

3
+/ v HTwl div VIE! + 10 (wdivvf)ng’ +divvi —
Q

r=t

x + fro° ((VdivV)TW—f-dideivW) dx

it remains to show 9,%21(z, u%, 0% — 9,20, u°, v°) for N\ 0.
Case 1: Integrable Kernel
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First, we denote that the term

VWi (x,y) W pE ®E (y) =V (x,y) T Hess(r) (x, ))W(x, )& (0 (y)
#+ Vy xy)  (DV (x, Y)W y)E ®E ()

is essentially bounded for ¢ € [0, T] and (X,y) € (R U 7)%. Moreover, observation
(21) and Lemma 12 yield

VW (x, pE ®E (y) - VW (x,y) in L2(QUT)2, RY) and
W, nE ®E @) =Vy xy VE e e - Vy0xy  Vxy) = vy

in L2((QU )2, R).
Thus, for every sequence {f;},en € [0, T]N with lim, ., = O there
exists a subsequence {f,,, }xen such that \Ili"k (X, )& (X)E" (y) — \I!?(x, y) and

v \Ili"" (x, Y)E" (X)E" (y) — V W(x,y) pointwise almost everywhere. By making
use of the dominated convergence theorem we derive

/ / W) — @) 000 V" (x, ) TW(x, y)

(QUT)?
x —ul(y) v ‘I';nk (v, x) " W(y, x))&m (x)&" (y) dydx

— / / W) — ()@ x) V¥ (x, y) TW(x, y)
(QUT)?
—u%(y) V¥ (y, )W(y, x)) dydx for k — oo.

Moreover, since & is continuously differentiable, the derivative §7|r=; &" is also
essentially bounded and div V! — div V pointwise as a composition of continuous
functions. Combined with arguments from above, the following integrands are essen-
tially bounded by a constant independent of ¢ € [0, T'] and again for every sequence
{tu}nen € [0, TN with lim,,_, o0 7, = O there exists a subsequence {f;, }xeN such that
the integrands converge pointwise almost everywhere. Thus, dominated convergence
yields

[ 60— (o9} oy
(QUT)?

n a
— ¥ (v %) ol E s ) dydx

r=ip,

- / / @@ — P @W)x, y) — 1 @)Wy, ) (div W) + div W(y)) dydx
(QUT)?
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and we also conclude

/ / @200 = 01 0% V Uy (x, 1) TW(x, y)
(QUI)?

— u0y) V Wk (y, %) TW(y, x))E" ()& (y) dydx

- / / W& — @)@’ VeI y) TWx, y) — u0y) V(. x) T W(y, x)) dydx.
(QUI)?

For the last term, we derive by applying the dominated convergence theorem

n n a
/ / (1200 = "W k. y) — WU 3.0) 5| (¢ 08" ) dydx

r=ty
(QUT)? K
0y .0 0 0 0 0 . .
— // @7 X) = v ()@ (X)W, (X, y) —u (Y)Y5 (y, X)) (div W(x) + div W(y)) dydx.
(QUT)?

As aresult, we obtain 9;21(t,, u0 00 — 9,2(0, u%, v%) for k — oo and
32U, u®, %) — 8,20, u®, v°) forr \, 0.

Case 2: Singular Symmetric Kernel
On the sets [0, T'] x D,, the functions

a1, x.y) ==V W%, 9) W nE 0§ @)
= (V' 9 T Hess()' (5, 1) + Vv (.0 T DV (x,1)) Wix, 1)8' (08" (1),

(E'®E ()

r=t

d
(E'®E W) =Vy'xy) Vi y) o

d
ar(t,x,y) == ¥](x,y) >

r=t
a3(t,x,y) == VW (x,y) T W(x, y)&’ @& (y)
= (div V! (®) +div V! (y) V' (x, y) T W(x, )& 0 (v)
+y (%, y)(Vdiv V! (x) + Vdiv V! (y) TW(x, y)&' ()&’ (y) and

(5" ®E )

r=t

a
as(t,x,y) = Wh(x,y) o

0
= y'(x, y)(div V! (x) + div V' (y)) > (E"®E ()

r=t

are essentially bounded as a result of Assumption (S1) (see also Remark 7). With
the same argumentation as in the case of integrable kernels, for every sequence
(t)nen € 10, T1N with lim,,_ o #, = O there exists a subsequence (f, )xeN such that
a;(ty,, X, y) — a;(0, X, y) pointwise almost everywhere on D, fori =1, ..., 4. Thus,
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we derive by making use of the dominated convergence theorem

4
> Jim / ') = v )@ ®) = u’(¥))ai (X, y) dydx

i= (QUIT)?

4
=) lim / f ') = v )@ ®) = u’($))ai (X, y) dydx
i=1" D,

i=1

4
=3 tim [[0%60 )0 ~ e 0.x.y) dyax
n Dn
4
=> / / @) — v’y @’ (%) — u’(¥)ai (0, x, y) dydx.
=1 qQury

Consequently, we get 9,A(z,, , u, vo) — 9,2(0, ul, vo) for k — oo and thus

32, u®, v°) = 9,20, u®, v°) for r \ 0.
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