A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Thielen, Clemens; Weinschenk, Philipp

Article — Published Version

Analyzing the effects of minimum wages: a microeconomic

approach

Economic Theory

Provided in Cooperation with:
Springer Nature

Suggested Citation: Thielen, Clemens; Weinschenk, Philipp (2024) : Analyzing the effects of minimum
wages: a microeconomic approach, Economic Theory, ISSN 1432-0479, Springer, Berlin, Heidelberg,

Vol. 79, Iss. 3, pp. 945-991,
https://doi.org/10.1007/s00199-024-01607-3

This Version is available at:
https://hdl.handle.net/10419/323260

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

-. http://creativecommons.org/licenses/by/4.0/

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1007/s00199-024-01607-3%0A
https://hdl.handle.net/10419/323260
http://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Economic Theory (2025) 79:945-991
https://doi.org/10.1007/s00199-024-01607-3

RESEARCH ARTICLE

n

Check for

updates
Analyzing the effects of minimum wages: a microeconomic
approach

Clemens Thielen' . Philipp Weinschenk?

Received: 18 October 2022 / Accepted: 9 September 2024 / Published online: 22 November 2024
© The Author(s) 2024

Abstract

We use a microeconomic approach to analyze the effects of minimum wages. Agents
are allowed to have different productivities at different principals as well as different
costs of working. We obtain several new and interesting effects. Minimum wages could
influence the generated surplus when leaving employment unaffected, and destroy jobs
that generate relatively high levels of surplus when affecting employment. Further-
more, minimum wages could harm agents even if these stay employed, while principals
could benefit from them. We provide a complete characterization of the effects and
show that these hold independently of the specific bargaining procedure and informa-
tion structure.

Keywords Minimum wages - Principal-agent model - Costs of working - Welfare
effects

JEL Classification C78 - D21 - J31 - J38 - K31

1 Introduction

The insight that workers’ occupational decisions depend not only on monetary com-
pensation, but also on nonmonetary job characteristics, is widely accepted.! Employers
might take these nonmonetary characteristics into consideration when making wage

! This insight—already conceived by Smith (1937)—is, for example, the key assumption in the literature on
compensating wage differentials and has recently gained much attention, cf. Kaplan and Schulhofer-Wohl
(2018).
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offers.” Still, these aspects have not been fully considered when analyzing minimum
wages, which is one of the most controversial, yet important topics in economics.> We
contribute to closing this gap by considering a simple microeconomic model where an
agent (interpreted as a worker) can not only have different productivities at different
principals (potential employers), but also different costs of working to which principals
can adjust their wage offers. Agents are thus allowed to have preferences regarding
their employment, and these preferences can be taken into account by principals when
offering wages. This is important since job opportunities usually differ in their non-
monetary characteristics, e.g., how satisfying, demanding, engaging, hazardous, and
flexible they are, and what commuting costs they cause.

Our model replicates the standard results we know from the existing literature in
case each agent faces the same costs at all principals: Minimum wages redistribute
income from principals to agents, such that principals suffer, while agents who stay
employed benefit, and the efficiency is only affected if employment is decreased.
Accordingly, the effects of minimum wages are a simple trade-off between efficiency
(which is only affected if employment is lowered) and redistribution (directed from
employers to workers).

This is illustrated in the following example.> Consider a situation with two prin-
cipals and one agent. Let the agent A have productivity §; = 11 when working for
principal P;, and productivity 8o = 9 when working for principal P,. The agent’s
costs ¢ are 5 at both principals. Principals can make offers to the agent, who can

Py 0 =11

Py 6

Il
©

2 Despite the fact that truck drivers earn well above the national average salary, the U.S. truck industry
has problems finding drivers (CNN 2015; CNBC 2018), which indicates that relatively low-skilled workers
also care for nonmonetary job characteristics. As a reaction, Walmart has increased truck driver salaries to
$87,500 a year on average (CNBC 2019).

3 According to the (International Labour Organization (ILO) 2017), 90% of ILO member states have
minimum wages. In the U.S., for example, there is a controversial debate not only about the minimum wage
at federal level, but also about the minimum wage in states and cities (New York Times 2021a,b,c). There
is also a discussion in the UK about the potential rise of the minimum wage and living wage (Financial
Times 2022).

4 Bonhomme and Jolivet (2009) empirically show that the type of work, the working conditions, the working
times, the job security, and the distance to work are indeed important job characteristics for workers. Card
et al. (2018) show that allowing workers to have idiosyncratic tastes for different workplaces is helpful to
understand many well-documented empirical regularities on labor markets.

5 In this example as well as in the main part of the paper, we examine the single-agent case. As we show in
Appendix C, our results carry over to the multi-agent case with an arbitrary number of agents if there are
no (binding) capacity constraints for the principals, and the observed effects of minimum wages still arise
when capacity constraints are considered.
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Analyzing the effects of minimum wages 947

then accept one of the offers or rejects all offers. For simplicity of exposition, we do
not model the agent as a strategic player, but assume the agent to accept the utility-
maximizing offer.® In the Nash equilibrium without a minimum wage, the agent works
for P; for a wage of w = 9, which results in utility w — ¢ = 4 for the agent and a sur-
plus of 8] — ¢ = 6. Every binding minimum wage w that leaves the agent employed,
ie., w € (9, 11], increases the agent’s utility (to w — 5) while leaving the surplus
unaffected. Higher minimum wages w > 11 cause the agent to become unemployed
and lower the surplus.

The assumption that each agent faces the same costs at all principals—which might
belong to different economic sectors or regions—is strong and generically violated.’
We, therefore, allow agents to have different costs and obtain new results that, in
particular, invalidate the simple trade-off perspective on minimum wages. The main
results are the following.

First, a minimum wage can adversely affect the generated surplus even if the
employment level is unchanged. This effect arises in our model since a minimum wage
could destroy job opportunities with relatively high levels of surplus while simultane-
ously maintaining opportunities with relatively low levels of surplus. These welfare
losses may be hard to detect for outside observers (e.g., politicians or econometri-
cians), since employment levels stay constant and wages increase. We can thus speak
of “hidden costs” of minimum wages.

Second, an agent can also suffer from a minimum wage when remaining employed.
There are two different reasons for this effect to emerge: (i) the minimum wage could
force an agent to relocate to another principal, which we show to decrease his® utility
generically, or (ii) the minimum wage could allow an agent to stay at the same principal,
but cause a reduction of the wage payment. This shows that minimum wages—which
are usually intended to help agents—can actually harm agents also when they stay
employed.

Some of the basic results are illustrated in the following example (see figure on the
next page), which is identical to the previous example except that the agent’s costs
are different (e.g., due to different commuting costs or working conditions). Without
a minimum wage, the agent works for P, for a wage of 7,” which results in the utility
w — ¢z = 4 and the surplus 6, — ¢ = 6. Any minimum wage w € (9, 11) causes the
agent to stay employed (by relocating to P;), but lowers the agent’s utility to w — 7
and the surplus to ) — ¢; = 4. Interestingly, not only agent’s utility lowers, but also
aggregate profits.

Relaxing the seemingly innocent assumption that each agent has identical costs
at all principals thus drastically changes the effects of minimum wages. The results
are robust and hold in a variety of different settings; see Sections 5 and 6 and the
appendices for numerous extensions and robustness checks. Our analysis provides
further robust effects.

% In case of indifference, we let the agent behave according to natural tie-breaking rules that, as we show
in Appendix A.1, exactly model the agent’s behavior in any subgame-perfect Nash equilibrium.

7 Sorkin (2016, 2018), for instance, documents that nonpay characteristics differ substantially between
economic sectors.

8 We follow the standard convention and talk about female principals and male agents.

9 Py will offer a wage of 11 so that P, has to offer at least 7 to attract the agent.
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948 C. Thielen, P. Weinschenk

Py 0 =11
c1 =7
A
/
Py 0) =9

First, wages may overshoot. That is, equilibrium wages may increase strictly above
the imposed minimum wage.

Second, principals may benefit from minimum wages. This effect arises when the
minimum wage (i) forces an agent to relocate to another principal or (ii) shrinks the
set of competing principals if no relocation occurs. Case (i) arises in the example
above, where P benefits from any minimum wage w € (9, 11). Case (ii) arises in the
example if the agent’s cost at P is changed to ¢; = 4. Here, the agent works for P; for
a wage of 10 without a minimum wage, but any minimum wage w € (9, 10) decreases
the wage paid by P; to w since P, will no longer compete.

Third, when causing unemployment, minimum wages may destroy jobs that gen-
erate relatively high levels of surplus. Accordingly, the jobs that are lost due to a
minimum wage are not necessarily the ones that generate only marginal levels of
surplus, and the effect of minimum wages on efficiency is not only of second order.

Fourth, minimum wages can cause an increase in equilibrium productivities by relo-
cating agents from low to high productivity jobs. The productivity gains are, however,
generically overcompensated by higher costs. Thus, the productivity gains caused by
minimum wages are generically accompanied by efficiency losses.

We start our analysis with the basic bargaining procedure where the principals
make offers. This simple procedure is standard in the principal-agent literature but
quite specific. Therefore, we also consider alternative bargaining procedures as well
as stable outcomes, which abstract from how parties bargain and what they know.
We show that the set of stable outcomes is given by the convex combinations of the
outcome obtained when principals make offers and the outcome when agents make
offers. Interestingly, except for the boundary case corresponding to the situation where
agents make offers, the effects of a minimum wage on stable outcomes are qualitatively
exactly the same as in the case where the principals make offers.!? Therefore—and this
is important—all effects of minimum wages we identify when principals make offers
are the consequence of stability and not the consequence of the specific bargaining
procedure or information structure.

1.1 Related literature

The empirical literature on minimum wages is extensive; see (Neumark and Wascher
2008; Manning 2021) for overviews. Early studies summarized by Brown et al. (1982)

10 For the boundary case where the stable outcome coincides with the case where agents make offers, the
same effects arise as in case where the principals make offers, except that agents can never benefit from a
minimum wage.
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Analyzing the effects of minimum wages 949

mainly found negative employment effects of minimum wages. This view was chal-
lenged by the famous study of Card and Krueger (1994), who find no indication for a
reduction of employment. The debate on the employment effect of minimum wages
is ongoing and there is still no consensus (Neumark 2019; Neumark et al. 2014b, a;
Allegrettoetal. 2011, 2017; Dube et al. 2010; Clemens and Wither 2019; Fang and Lin
2015; Addison et al. 2013; Liu et al. 2016; Thompson 2009; Muravyev and Oshchep-
kov 2016; Meer and West 2016; Wolfson and Belman 2019; Kreiner et al. 2020;
Caliendo et al. 2018; Cengiz et al. 2019; Harasztosi and Lindner 2019; Aaronson et al.
2018). In the conclusion, we identify several factors that influence the employment
effects of minimum wages, which might help us to understand the large variety of the
empirical findings.

There is also a rich theoretical literature on minimum wages; see Neumark and
Wascher (2008); Flinn (2010) for overviews. The traditional view is based on the
supply-demand model, also referred to as the neoclassical competitive model (Mankiw
2017; Card and Krueger 1995). In its basic form, a unique equilibrium wage obtained
at the intersection of the labor supply and demand curves is paid to all workers.
A minimum wage is only effective if it is above this equilibrium wage. Such an
effective minimum wage lowers employment (due to a decreased labor demand),
causes unemployment (since labor demand falls short of labor supply), and lowers the
generated surplus (by causing a deadweight loss). However, only the jobs that generate
the lowest levels of surplus are destroyed. Since only marginal workers lose there jobs,
a minimum wage has only a second-order effect on efficiency (Lee and Saez 2012,
page 739). Overall, a minimum wage benefits workers who stay employed, but harms
employers and workers who become unemployed.

Another class of models takes into account that employers could have market power.
As explained by Robinson (1933) and Stigler (1946), a monopsonist optimally chooses
an employment level below the competitive equilibrium in order to reduce its total wage
payment. A minimum wage removes the monopsonist’s incentive to keep employment
artificially low and, thus, increases the wage (to the minimum wage) and the employ-
ment. This is beneficial for the workers and the generated surplus (since the deadweight
loss is reduced) but harmful for the employer. In the related setting of monopsonistic
competition studied by Bhaskar and To (1999), a minimum wage also increases firm-
level employment, but may at the same time cause an exit of firms, thus leading to
ambiguous effects on the aggregate employment level.

A third class of models is based on search theory. In these models, the wage offer
distribution emerges as the equilibrium of a noncooperative wage search and wage
posting game between workers and employers, and a minimum wage changes the
game. See Flinn (2010) for a comprehensive overview. In a seminal paper, Burdett
and Mortensen (1998) show that a minimum wage increases employment and shifts the
equilibrium wage offer distribution to the right. Hence, the common result of the exist-
ing literature, according to which employed agents benefit from a binding minimum
wage, also holds here. This type of model is typically referred to as “dynamic monop-
sony” since search-related frictions induce monopsony-like behavior (see Neumark
and Wascher (2008, Chapter 3.2.2)).

Heterogeneous preferences over job characteristics are considered by Bhaskar et al.
(2002); Bhaskar and To (1999, 2003) to analyze minimum wages. These authors
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950 C. Thielen, P. Weinschenk

assume that firms are unable to make individual offers to workers that depend on the
workers’ specific preferences. Moreover, their work focuses more on the aggregate
firm and industry employment effects of minimum wages, while our paper distinctly
emphasizes the potential heterogeneity of wage, employment, and welfare outcomes.
In our model, depending on the specific scenario, a (higher) minimum wage may lead
to agents continuing to work for the same principals and accruing a higher or lower
utility, relocating to different principals and experiencing a lower utility, or ending up
out of work entirely—and these effects might be heterogeneous among agents. Thus,
minimum wages can have arich set of effects in our model, and we provide a complete
characterization of them.

2 Model description

We now introduce our model for the case of a single agent, which is extended to
multiple agents in Sect. 6. Consider an agent (interpreted as a worker) who can work
for one of n principals (interpreted as potential employers). If the agent works for
principali € N = {1, ..., n}, his utility is

uj =wj = ci,

where w; is the wage paid by principal i and ¢; is the agent’s cost when working
for i.!! The cost depend on the job characteristics at principal i, e.g., commuting
costs, type of work, working conditions, working times, and job security. If the agent
does not work for any principal, we say the agent is unemployed and his utility is
uo = 0.12 The cost ¢; is thus the agent’s opportunity cost, i.e., the payment for which
he is indifferent between working for principal i and not working. We analyze both
the case of unrestricted wages and the case of restricted wages, where a minimum
wage w requires that w; > w. We underline all variables in case of restricted wages.
The profit of principal i if the agent works for her is

mp =6 —wj,

where 6; is the agent’s productivity'? at principal i, while the profit is normalized to
zero if the agent does not work for her. We consider only principals for which the

11 We can also allow for non-linear utility functions u(wj, ¢;) = h(w;) — ¢; (or some monotone trans-
formation of it). This is equivalent to the case u; = w; — ¢; when transforming the productivities via .
Interestingly, if the utility function is concave in w;, some of the possible negative effects of a minimum
wage on the agent’s utility and on the surplus might become even stronger.

12 The case where the agent has a nonzero reservation utility is equivalent to the case with zero reservation
utility and all costs increased by the initial reservation utility.

13 The productivity 6; can be interpreted as principal i’s gross profit if the agent works for her. In case
productivity is stochastic, 6; is interpreted as expected gross profit. Similarly, if the agent’s cost is stochastic,
¢; can be interpreted as expected cost.
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Analyzing the effects of minimum wages 951

productivity exceeds the cost (i.e., 6; > ¢; for all i )]4 and let Oyax := max; 6; denote
the maximum productivity.
The surplus generated when the agent works for principal i is

Si =m +u; =60; —c.

If the agent does not work for any principal, the surplus is so = 0.

We call the principal the agent works for the winning principal and let i* denote
her index. If the agent does not work for any principal, we set i* = 0. The remaining
principals N \ {i*} are referred to as the losing principals. The maximum surplus is
Smax ‘= max; s; and Npax := {i € N : s; = smax} 1S the set of principals where this
surplus can be generated.

In case of a minimum wage, we denote the principals who can afford the minimum
wage without making alossby N := {i € N : §; > w}. The maximum surplus among
these principals is s, := max{0, s; : i € N}. The set of principals who can afford
the minimum wage and yield this surplusis N, :={i € N :5; = 5,...)-

Recognize that different combinations of productivity and cost may not only stem
from principals who are possibly located in different geographic regions or indus-
trial sectors, but also from the possibility of choosing working hours, investments in
working conditions, or efforts; see Appendix D.2. In all these scenarios, a higher pro-
ductivity is naturally associated with a higher cost, but not necessarily with a higher
surplus.

3 Basic bargaining procedure

We start by considering the basic bargaining procedure where the principals make take-
it-or-leave-it offers. This procedure is predominant in the agency literature (cf. Laffont
and Martimort (2002)) and allows for a simple and intuitive characterization. As we
show later, the effects of minimum wages we obtain by using this procedure are robust.

The procedure is as follows: First, each principal i offers a wage w; € R to the
agent or makes no offer. In case a minimum wage w is imposed, the offered wages
must satisfy w; > w. After receiving all offers, the agent either accepts one of the
offers or rejects all offers, and the payoffs are realized.

We assume that the principals know the parameters of the model, which enables
each principal to determine her best response to the other principals’ offers. This
assumption is not needed when interpreting the equilibrium of the basic bargaining
procedure as the result of ascending offers made by principals (cf. Appendix A.5). It
is not needed either when examining stable outcomes (cf. Appendix B.2), where one
abstracts from how the parties bargain and what they know.

For simplicity of exposition, we do not model the agent as a strategic player that
acts after the principals have made their offers. Instead, rationality of the agent is
modeled by assuming that he always accepts an offer that maximizes his utility or
no offer if all offers provide negative utility. In case of indifference, we let the agent

14 Principals i for which 6; < ¢; are redundant since employing the agent can never yield a positive
profit/utility for one of the two parties without yielding a negative utility/profit for the other party.
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952 C. Thielen, P. Weinschenk

behave according to the following tie-breaking rules that, as we show in Appendix A.1,
exactly model the agent’s strategic behavior in any subgame-perfect Nash equilibrium
of the extensive form game. First, in case of indifference, the agent prefers to work,
i.e., accept an offer instead of no offer. Second, if several offers maximize the agent’s
utility, he chooses one that maximizes the surplus among these offers. Third, if several
offers maximize the agent’s utility and the surplus, the agent chooses an offer according
to an arbitrary deterministic tie-breaking rule. We concentrate on Nash equilibria in
undominated strategies.'>

For some results, we require the tie-breaking rule used in case that several offers
simultaneously maximize the agent’s utility and the surplus to satisfy the property of
independence of irrelevant alternatives:

Definition 3.1 A tie-breaking rule satisfies independence of irrelevant alternatives if
the following holds for any two subsets N” C N’ C N: If the tie-breaking rule selects
principal j among the principals in N’, it also selects j among the principals in N”
whenever j € N”.

We next characterize the pure-strategy Nash equilibria both for unrestricted and
restricted wages and then analyze the effects of minimum wages.

3.1 Unrestricted wages

The following proposition establishes the existence of a Nash equilibrium. In the
specified equilibrium, the principals where the maximum surplus can be generated
offer wages equal to the second-highest surplus plus the agent’s cost,'® while the
remaining principals offer wages equal to the productivity.

Proposition 3.1 For unrestricted wages, the strategy profile

Wi — max{0,0; —cj:je N\{i}}+c¢ for i€ Npax
L Y for i ¢ Nmax

constitutes a Nash equilibrium yielding the maximum surplus Smax.

Proof Observe that, for all i € Nyax and all i’ ¢ Npax, the offers in Proposition 3.1
yield

up=w; —¢; =max{0,0; —c;: je N\ {i}} =0y —cyy = wyr —cir = uyr.

Hence, u; > 0i € Nnax and the agent cannot do better than accepting an offer from
a principal i* € Npax such that the maximum surplus smax is generated.

It remains to show that no principal can improve by changing her offer. Each
principali ¢ Npax—i.e., each principal where the agent cannot generate the maximum

15 Weakly dominated strategies are discussed in Appendix A.2.

16 1n case of n > 2 principals, an alternative interpretation is that each principal i where the maximum
surplus can be generated offers a wage equal to the wage offered by a best competitor j (i.e., a principal
with the second-highest surplus) plus the cost differential ¢; — c;.
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Analyzing the effects of minimum wages 953

surplus—currently has profit zero since the agent works for a principal in Npax. No
wage w; < w; = 6; can make the agent work for i, either. Any wage offer w; > w; =
0; yields a nonpositive profit and is, thus, weakly dominated by w; = 6;.

For the principals in Np,x, first consider the case where |Nyax| = 1. Then, i*’s
current profit satisfies 7+ = 0p —w;+ = 0;x —c;» —max{0,6; —c; : j € N\{i*}} > 0.
Since all other principals offer wages of w; = 6;, the current utility of the agent is

upr = wix — ¢ =max{0,0; —c; : j e N\ {i"}} =max{0,u; : j € N\ {i*}}.

Hence, if principal i * lowers her wage offer, the agent either works for another principal
or for no principal at all. If i * increases her wage offer, her profit reduces.

In case |Npmax| > 2, all principals in Np,x have profit zero since principal i*’s
current profit is mwjx = 6j+ — wi = Op+ — ¢;» —max{0,0; —c¢; : j € N\ {i*}} =0.
Moreover, we currently have u; = max{f; —c; : j € N} foralli € Npax. Hence,
if a principal i € Npax reduces the offered wage, the agent will accept the offer of
another principal in Npax, Which cannot increase i’s profit. Increasing the offered
wage to w; > w; leads the agent to accept i’s offer, but yields a negative profit for
principal i. O

The next proposition shows that the Nash equilibrium is essentially unique, in the
sense that all Nash equilibria yield the same utility, profits, and surplus.

Proposition 3.2 For unrestricted wages, every Nash equilibrium satisfies:

(I) The agent accepts the offer of a principal i* € Npax and the surplus is sjx =
Smax-
(II) The paid wage is wi+ = max{0,6; —c; : j € N\ {i*}} + ¢;=.
(III) Theagent’s utility is u;+ = max{0, 0;—c; : j € N\{i*}}, whichis nonnegative
8 ty i—Cj ] 8
and independent of the choice of i* from Nyax.
(IV) The profit of principal i* is wix = 0j — ¢j» —max{0,0; —cj : j € N\ {i*}},
which is nonnegative, and equal to zero whenever |Npmax| > 2.

Proof (I) Since not making an offer yields profit zero for any principal, the
equilibrium profits of all principals must be nonnegative. Suppose contrary
to our claim, that the agent works for principal i* ¢ Npax. Then a surplus of
only smax — € for some € > 0 is generated. The agent’s utility is then at most
Smax — €. Hence, any principal i € Npax could make the agent work for her
and increase her profit to § > 0 by offering a wage of w; = 6; — 5. Thisis a
contradiction. Consequently, in any Nash equilibrium, the agent must work
for a principal in Npax and the surplus spax is generated.

(I)  Assume for the sake of a contradiction that w;» # max{0,6; —c; : j €
N\ + o =t 0.
Case 1: wi > w. If |[Npmax| = 1, principal i* could increase her profit by
offering w, since no other principal i offers a wage larger than 6;. If | Nypax| >
2, then w;* > W = ;+, so w;= < 0, which cannot hold in equilibrium.
Case 2: w;x < w. If w = ¢+, then w;* < ¢;+, which cannot hold since the
agent would then obtain a negative utility when working for i*. If @ > c¢;x,
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954 C. Thielen, P. Weinschenk

then max{6; —c; : j € N\ {i*}} > 0, and we let i denote a principal such
that ; — c; = max{f; —c; : j € N\ {i*}} > 0. The current utility of the
agentis then w;x —cjx < W—cj+ =max{0,6; —c; : j € N\{i*}} =6; —¢;.
Hence, principal i could win and obtain a positive profit by offering a wage
of wj = 6; — e forsome 0 < € < (6; — ¢;) — (wix — cj*).

() & V) Directly from (I) and (I). O

Proposition 3.2 shows that a surplus-maximizing allocation is implemented in any
Nash equilibrium. This surplus is shared among the winning principal and the agent.
The agent receives a share equal to the second-highest surplus (and thus realizing a
positive utility) if there are at least two principals, while his share is zero if there is
only one principal.

3.2 Restricted wages

Suppose wage setting is restricted by a minimum wage. We first establish that a Nash
equilibrium still exists. In the specified equilibrium, principals who cannot afford the
minimum wage make no offers; principals where the maximum surplus s, can be
generated offer wages equal to the maximum of the minimum wage and the sum of the
second-highest surplus and the agent’s cost; and the remaining principals offer wages

equal to the productivity.

Proposition 3.3 With a minimum wage w, the strategy profile in which the principals
in N \ N make no offers and the principals in N offer

. max{w, max{0,60; —c; : j e N\ {i}}—l—ci}fori € Noax
0; fori e N\ N«

w:

i

constitutes a Nash equilibrium yielding surplus s ..

Proof A principali € N \ N cannot increase her profit since making an offer requires
to offer a wage w; > w, which can never yield a positive profit for principal i. This
proves the claim in the case where N = (. In the case where N # (J, the rest of the
argumentation is the same as in the proof of Proposition 3.1 except that the offered
wages w; cannot fall short of w. O

We next show that the Nash equilibrium is also essentially unique for restricted
wages. In order to avoid a tedious case distinction in the special case where N # ¢
and 6; = w foralli € N (i.e., when all principals who can generate surplus s,
have productivities exactly equal to the minimum wage) we assume that at least one

of the principals in N, makes an offer.

Proposition 3.4 With a minimum wage w, every Nash equilibrium satisfies:

M If N = O, no principal makes an offer and the agent does not work for any
principal, i.e., i* = 0.

(D If N # &:
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(1) The agent accepts the offer of a principal i* € N .. and the surplus is S =

£[1’12].)('

(2) The paid wage is w;x = max{w, max{0,0; —c; : j € N\ {i*}} —i—ci*}.

(3) The agent’s utility is u» = max(w — ¢;+, max{0,0; —c; : j € N\ {L*}}},
which is nonnegative and independent of the choice of i* from N ..

(4) The profit of principal i* is v = min{@i* —w, O —cx —max{0,0; —c; :

| > 2.

Jj e N\{i*}} } , which is nonnegative, and equal to zero whenever [N .. | >

Proof (I) If N = ( and some principals offer wages, then the winning principal i*
obtains a profit of 7 ;+ = 6;x —w;» < 6;x —w < 0. Thus, this principal can increase
her profit by not making an offer.

(II) For any principal i € N \ N, making an offer (which would have to exceed the
productivity 6; as 6; < w) is weakly dominated by not making an offer. Hence,
no principal in N \ N makes an offer and the game played by the principals in N
reduces to a game between the principals in N. Claims (1) and (2) then follow
exactly as (I) and (II) in the proof of Proposition 3.2 except that the paid wage w;«
cannot fall short of w. Claims (3) and (4) then follow directly from (2) by plugging
in the wage w;. O

4 Effects of minimum wages

We now analyze the effects of minimum wages by comparing the equilibria with
restricted wages to those with unrestricted wages. Note that an increase of an existing
minimum wage has the same effects as the introduction of a minimum wage, as we
show in Appendix A 4.

The next corollary, which follows from Proposition 3.4, characterizes when the
agent becomes unemployed due to a minimum wage.

Corollary 4.1 The agent gets unemployed with a minimum wage w (i.e., i* = 0) if and
only if N = 0, which is equivalent to w > Omax. In this case, the agent’s utility, the
principals’ profits, and the surplus drop to zero.

Corollary 4.1 has two interesting implications. First, a minimum wage could cause
agents who work in high-surplus jobs to become unemployed, while leaving agents
with low-surplus jobs unaffected. This holds true since the relevant condition (w >
Omax) is about productivities and not surpluses. Second, also minimum wages slightly
above the initial equilibrium wage can cause substantial losses of surplus.!” Hence,
the effect of minimum wages on efficiency is not only of second order.

We next study the effects of a minimum wage for the case where the agent stays
employed, i.e., when w < 6 holds.

17 The simplest example is the case of two identical principals, where any minimum wage above the initial
equilibrium wage destroys all surplus.
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4.1 Effects on the generated surplus

Theorem 4.1 characterizes the effects of a minimum wage on the generated surplus.

Theorem 4.1 Suppose there is a minimum wage w < Opyax.

D If w < maxjen,,, 0, the generated surplus remains unchanged: Six = Six.
(D If w > Max jen,,, 0), the generated surplus decreases: s;« < six.

Proof (I) If w < max en,,, 0}, at least one principal from Ny is contained in N,

which directly implies that N .. € Nmax. Accordingly, by Propositions 3.2
and 3.4, the agent keeps working for a principal where the maximum surplus
Smax 1S generated.

(II) fw > Max jen,, 0, then NN Ny = ¥,s0also N, . N Nmax = @, whichimplies
that the agent cannot keep working for a principal where the maximum surplus
Smax 1S generated, i.e., i* ¢ Npax. Consequently, by Propositions 3.2 and 3.4, the

generated surplus lowers, 8+ = Smax < Smax = Si*. O

Theorem 4.1 shows that the minimum wage can lower the generated surplus even if
the agent stays employed. The intuition is that, with heterogeneous costs, a minimum
wage can destroy the employment opportunity with the highest surplus and thereby
force the agent to work for another principal where only a relatively low level of
surplus is generated. See the second illustrative example in the introduction.

If the tie-breaking rule satisfies independence of irrelevant alternatives or there
are no ties requiring such a tie-breaking rule (which holds generically), we obtain
another relevant insight: The minimum wage increases the agent’s productivity and
cost whenever he relocates to another principal.!® By Theorem 4.1, however, the
productivity increase always falls short of the cost increase. The productivity gains
caused by minimum wages are thus generically accompanied by efficiency losses.

4.2 Effects on the paid wage

We next characterize how a minimum wage affects the paid wage.

Theorem 4.2 Suppose there is a minimum wage w < Onmax.

(I) If w > w;x, the paid wage increases, w; > w;x.
(D If w = w;x, the paid wage increases weakly, w;« > wjx. If the tie-breaking
rule satisfies independence of irrelevant alternatives, w;» = w;x.
. . . . >
(D) If w < wi=, the effect on the paid wage is ambiguous, i.e., W;x = wix. If the
tie-breaking rule satisfies independence of irrelevant alternatives, w;» < w;=.

Proof (I) Follows since w > w;+ and the minimum wage requires that w;+ > w.
(ID&(III) The relation w;+ > w;+ in (II) follows from w = w;» and w;« > w. The
ambiguity in (III) follows since w < w;« impliesthati* € N, . and N .

18 The agent relocates to another principal if and only if N . N Nmax = @. Accordingly, 0;« < w < 6;x,
which implies ¢;x < ¢;* since §; = S;ax < Smax = Sj*. -
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Nmax, 0 any combination of i*,i* € N, .. 1is possible if the tie-breaking
rule does not satisfy independence of irrelevant alternatives, which might
lead to different wages with and without the minimum wage if [N | > 2.
Hence, (II) and (IIT) follow if we show that w < w;» and a tie-breaking
rule satisfying independence of irrelevant alternatives imply w;« < w;«.
Suppose contrary to this claim that w;+ > w;«. Observe thatw < w;« implies
i* € Ny and N C Nmax as seen above, which, by independence of
irrelevant alternatives, implies that i* = i*. Using w < w;* < w;« and
Propositions 3.2 and 3.4 yields that B

Wi = max{w, max{0,6; —c;j : j € N\ {i*}} +Ci*}

IA

max{0,60; —c; : j € N\ {i"}} + ¢
max{0,60; —c;j: j € N\ {i*}} +cj» = w;» O

A minimum wage above the initial equilibrium wage thus either leads the agent to
become unemployed or to an increase of the paid wage. Interestingly, the paid wage
might increase strictly above the minimum wage.

Example 4.1 Consider a situation with three principals, where 8; = 13, 6, = 12,
03 =9and c¢; =7, ¢ = 8, ¢c3 = 2. Without a minimum wage, we have i* = 3 and
wi+ = 8. With a minimum wage of w = 10 > w;*, however, we have {* = 1 and
wis = 11> w."

This phenomenon, which we refer to as wage overshooting, is defined as follows.?’

Definition 4.1 A minimum wage w > w;* causes wage overshooting if the agent stays
employed and the paid wage increases to w;+ > w.

Propositions 3.2 and 3.4 yield the following characterization of wage overshooting.

Corollary 4.2 A minimum wage w causes wage overshooting if and only if w < Omax
and

max{0,6; —cj:je N\ {i*}} + ¢ >w >max{0,0; —c; : j € N\ {i*}} + ¢;=.
(WOS)

Thus, a minimum wage leads to wage overshooting when it forces the agent to
relocate to a principal where the cost ¢;« is rather large.?! Intuitively, the principal

19 Note that this wage overshooting effect and all other effects occurring in this example (which will be
discussed in the following) are robust with regard to small changes of the values, in the sense that they also
arise if all productivities and costs are independently perturbed by +e for some 0 < € < 1/8.

20 Empirically, it has been documented that the introduction of a minimum wage changes the aggregate
earnings distribution also above the minimum wage (Neumark and Wascher 2008), which is in line with
the effects of wage overshooting.

21 van den Berg (2003) provides an alternative mechanism for wage overshooting, namely the existence of

multiple equilibria and the selection effects caused by minimum wages.
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must compensate the agent for a high cost by paying a relatively high wage. The
necessary wage could lie above the minimum wage, i.e., cause wage overshooting.

While a minimum wage that exceeds the initial wage (w > w;*) can cause wage
overshooting, another interesting phenomenon can arise if the minimum wage falls
short of the initial wage (w < w;+). The minimum wage can then lead to a decrease
of the paid wage. This holds even if the tie-breaking rule satisfies independence of
irrelevant alternatives (or there are no ties requiring such a rule). We formally char-
acterize the conditions for a wage decrease in the next corollary, which follows from
Propositions 3.2 and 3.4.

Corollary 4.3 A minimum wage leads to a decrease in the paid wage (i.e., w;+ < w;x)
ifand only ifw < wi» andmax{0, 0 —c; : j € N\{i*}}+¢;+ < max{0,0;—cj: j €
N\{i*}}+cj*. If the tie-breaking rule satisfies independence of irrelevant alternatives,
then i* = i* and the second condition simplifies to

max{0,0; —c; : j € N\ {i*}} <max{0,6, —¢; : j € N\ {i*}}.  (EBC)

To gain the intuition, we concentrate on the case where the tie-breaking rule satis-
fies independence of irrelevant alternatives (or there are no ties requiring such a rule).
From Corollary 4.3 we see that a minimum wage lowers the wage payment whenever
the minimum wage falls short of the initial wage and the minimum wage eliminates the
winning principal’s best competitor(s). This is formally captured by the elimination of
best competitor condition (EBC). This is intuitive: If a principal’s best competitor is
eliminated by the minimum wage since the competitor cannot afford it, the principal
lowers her wage offer. See Example 4.2 below.?> Minimum wages, which are com-
monly intended for redistribution from principals to agents, can thus have the opposite
effect, i.e., lead to a redistribution from agents to principals.

Example 4.2 Consider a situation with two principals, where 6; = 14, 6, = 8 and
c1 =9, ¢ = 5. Without a minimum wage, we have i* = 1 and w; = 12. With a
minimum wage of w = 10, we still have i* = 1, but wx =10 < wj.

Figure 1 summarizes the effects of a minimum wage on the paid wage if the tie-

breaking rule satisfies independence of irrelevant alternatives (or there are no ties
requiring such a rule).

4.3 Effects on the agent’s utility

We next determine the effects of a minimum wage on the agent’s utility.

22 Note that this effect does not occur in the extreme scenario where the principals have no bargaining
power and the agent makes offers to the principals since the equilibrium offer then guarantees that the
agent receives the whole surplus. See Sect. 5 for a brief overview and Appendix B for a detailed analysis.
Remarkably, in all intermediate cases (i.e., when both sides have some bargaining power), the effects are
qualitatively identical to the case where the principals make the offers.
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(I ‘v "Wy L)

Wis < Wi Wix =Wjx  Wipx =W>Wijx Wi >W> Wi

Fig. 1 Effects on the paid wage

Theorem 4.3 Suppose there is a minimum wage w < Onmax.
M Ifi* =i*and

(1) w > wjx, the agent’s utility increases, i.e., Uy« > Ujx.
(2) w = wjx, the agent’s utility remains unchanged, i.e., u;+ = uj.
(3) w < wjx, the agent’s utility decreases weakly, i.e., u;« < u;x.

() Ifi* # i*, the agent’s utility decreases weakly, i.e., uy < uj=.

When the tie-breaking rule satisfies independence of irrelevant alternatives, Case (1)
applies if and only if w < 6;x, and Case (Il) applies otherwise.

Proof (I) (1) Follows since w > w;* and Wix = w such that W > wix as well as

i =i*

2) ify = w;, then w — ¢;+ = w;* — ¢;*. Since i* = i* and, by Proposition 3.2,
wix — ¢+ = max{0,0; —c; : j € N\ {i*}}, this yields
w—cpx =max{0,6; —c;:jeN\{i*}}.

Because the maximum is no smaller than max{0,6; —c; : j € N\ {i*}},
max{g—ci*,max{o, Oj—cj:je M\{i*}}} =max{0,0;—c; : j € N\{i*}}.

By Propositions 3.2 and 3.4, this is equivalent to u;+ = u;.
(3) If w < w;~, the same argumentation as in the proof of (2) shows that

w—cix < max{O, 9]‘ —Cj ] € N\{l*}}

Since max{0,60; —c; : j € N\ {i*}} < max{0,0; —cj : j € N\ {i*}},
Propositions 3.2 and 3.4 imply that u;« < u;x.
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(I1) Proposition 3.2 and i* # i* yield
ui= =max{0,0; —cj : j € N\ {i"}} = O —cj» > wpr — ¢j» = Uy,

where the second inequality follows since the paid wage w;+ cannot exceed 6;+.
The claim that, when the tie-breaking rule satisfies independence of irrelevant alter-
natives, Case (I) applies if and only if w < 6;+, while Case (II) applies otherwise,
follows directly from the definition of independence of irrelevant alternatives and the
fact that i* € N, if and only if w < 6;=. o

Theorem 4.3 shows that a minimum wage increases the agent’s utility when the
minimum wage exceeds the initial wage and there is no relocation. Otherwise, the
agent’s utility decreases at least weakly. This also implies that the agent can never
benefit from wage overshooting, i.e., the wage increase can never compensate the
agent’s cost increase. We show next that a minimum wage could cause a strict decrease
of the agent’s utility.

Corollary 4.4 Suppose there is a minimum wage w < Opax.
() Ifi* = i*, the agent’s utility decreases (i.e., u;x < u;=)if and only if w < w;» and
(EBC) holds. B
() Ifi* # i*, the agent’s utility decreases (i.e., u;« < u;+) if and only if
|V,

max

| =1ori* ¢ argmax{f; —c;j:j e N\{i*}}. (UD)

Proof (I) Since i* = i*, the agent’s cost stay constant such that the agent’s utility
decreases if and only if the paid wage decreases. By Corollary 4.3, this happens if
and only if w < w;+ and max{0,6; —c; : j € N\ {i*}} +¢; < max{0,60; —c; :
Jj € N\ {i*}} 4 ci*, where the latter condition reduces to (EBC) since i* = i*.

(II) A decrease in the agent’s utility occurs if and only if at least one of the two
inequalities in Case (II) of the proof of Theorem 4.3 is strict, which happens
exactly if [N .| = lori* ¢ argmax{f; —c; : j € N\ {i*}}. O

max

A minimum wage can thus reduce the agent’s utility for two reasons. First, when
the minimum wage allows the winning principal to lower the wage payment, which
arises whenever the minimum wage eliminates the principal’s best competitor(s). See
Example 4.2 for an illustration. Second, when the minimum wage causes the agent
to relocate to another principal and condition (UD) holds, which is generically true.
This is illustrated in Example 4.1, where the minimum wage lowers the agent’s utility
from 6 to 4.7 Intuitively, the agent’s utility generically suffers if he relocates because
the higher cost overcompensates the higher wage payment.

Summarizing, even if the agent stays employed after the introduction or increase
of a minimum wage, his utility may suffer—no matter whether he switches to another
principal or not. If he switches, the agent’s utility generically decreases, and this holds
even if the minimum wage exceeds the previously paid wage. See Figure 2 for the
overview.

23 In this example, for all minimum wages between 9 and 12, condition (UD) is only violated in the
non-generic case where 8] — ¢ = 6 — ¢3.
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Fig.2 Effects on the agent’s utility

4.4 Effects on the principals’ profits

By comparing Propositions 3.2 and 3.4, we directly obtain the effects on the profits.

Theorem 4.4 Suppose there is a minimum wage w < Onmax.

(I) Principali’s profit decreases if and only if either (a)i = i* # i* and | Nyax| =
Lor(b)i =i* =i* and w > w;x.

() Principal i’s profit increases if and only if either (a) i = i* # i*, w # 6;x,
and [N .x| =1, 0or(b)i =i* =i* w < wjx, and (EBC) holds. B

Theorem 4.4 shows that a principal can benefit from a minimum wage for two
reasons. First, if the minimum wage forces an agent to relocate, the principal who is able
to attract the agent now generically earns a positive profit. See Example 4.1. Second, if
the minimum wage shrinks the set of competing principals when no relocation occurs
and the minimum wage falls short of the initial wage. See Example 4.2. Interestingly, a
minimum wage can simultaneously lower the agent’s utility and the aggregate profits,
as Corollary 4.4 and Theorem 4.4 reveal. See the second example in the introduction
for an illustration.

5 Alternatives to the basic bargaining procedure

In Appendix B, we examine alternative bargaining procedures. First, we let the agent
propose wages to the principals. Second, we abstract from how the parties bargain
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and what they know by examining stable outcomes. We show that the set of stable
outcomes is given by the convex combinations of the outcome obtained when the
principals make offers and the outcome when the agent makes offers. Remarkably, for
any fixed bargaining power of the agent except for the boundary case corresponding
to the situation where the agent makes offers, the effects of minimum wages for stable
outcomes are always qualitatively identical to the effects observed when the principals
make offers. That is, if a minimum wage increases [decreases, does not change] the
surplus, the wage, the agent’s utility, or the principals’ profits for stable outcomes, the
same holds true when the principals make offers (and vice versa). This implies that
all effects of minimum wages we have identified before for the procedure where the
principals make offers are the consequence of the stability requirement, and not the
consequence of the specific bargaining procedure or information structure.

6 Multiple agents

In Appendix C, we show that the model is readily generalized to the case where
multiple agents interact with multiple principals. An important insight we obtain is
that, in the situation where the principals have no (or no binding) capacity constraints
that limit the numbers of agents they can employ, the principals compete for each
of the m agents independently of the presence of the other agents. Accordingly, the
situation decomposes into m single-agent problems, to which the analysis from the
previous sections applies. In the absence of binding capacity constraints, all results
shown for the single-agent case thus fully carry over to case with multiple agents. The
same holds true if each principal has a capacity of one and the multi-agent model is
generated by a duplication of a single-agent model. For the general case of capacity
constraints, we prove the existence of stable outcomes via an algorithmic approach
and show that the previously obtained effects of minimum wages still arise.

7 Conclusion

This paper uses a microeconomic approach to study the effects of minimum wages.
We allow that agents can have different productivities at different principals as well
as different costs of working. We identify a rich set of effects. We inter alia show that
minimum wages may also lower efficiency when leaving employment unaffected, and
destroy jobs that generate high levels of surplus when affecting employment. Minimum
wages could harm agents even if these stay employed, while principals could benefit
from minimum wages. Our analysis further reveals that the productivity gains caused
by minimum wages are generically accompanied by efficiency losses.

We provide a complete characterization of the effects of minimum wages and show
that all effects are robust. The effects are the consequence of stability, and not the
consequence of specific bargaining procedures or information structures.

The results are policy-relevant. Suppose, for instance, that a government executes
a minimum wage reform, and the unemployment rates stay unchanged. Our insights
imply that we then cannot conclude that the reform necessarily helps workers and
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leaves efficiency unchanged. Another important issue is that we have to distinguish
between the productivity effects and the efficiency effects caused by minimum wages.
If we observe that a minimum wage reform increases workers’ productivities, these
gains should not be taken as evidence of a positive efficiency effect.

The model also provides testable implications. First, an important mechanism in the
model is that minimum wages may cause the relocation of workers to other employers
where they suffer from higher costs. One could test whether minimum wages affect
key components of workers’ costs, e.g., increase commuting costs/distances.2* Second,
the model predicts that minimum wages reduce employment to a lesser extent (a) in
environments where parties have more information,2 (b) in more diverse economic
environments,”® and (c) when better transportation technologies are available.?” Since
the information and transportation technologies have improved substantially over the
last decades, the model predicts that the employment effect of minimum wages should
be weaker nowadays than in the past. This is precisely the pattern meta studies find.®
Finally, the model might also help us to understand the variety of the empirical findings
in given time periods, which is a notable puzzle of the empirical literature on minimum
wages (cf. the brief overview in the introduction). Some of the variety of the empirical
findings could be due to differences in the afore-described factors (a)—(c) among the
different studies.

Appendices
A Discussion of the bargaining procedure and equilibrium concept

In this section, we discuss and substantiate the basic bargaining procedure and equi-
librium concept used in Sects. 3 and 4. In Sect. A.1, we justify the tie-breaking rules
used in this bargaining procedure. Sect. A.2 shows the effects of allowing weakly
dominated strategies to be played by the principals, while Sect. A.3 considers the gen-
eralization of the equilibrium concept to mixed-strategy Nash equilibria. Section A.4
shows that the effects observed when introducing a minimum wage carry over to the
case where an existing minimum wage is increased. Finally, Sect. A.5 analyzes an

24 Dustmann et al. (2022) document that the introduction of a minimum wage in Germany has increased the
commuting distances of low-wage workers by 1.5 km (or 8%) relative to high-wage workers. Moreover, as
predicted by our model, the minimum wage has led to a relocation of low-wage workers to more productive
firms. These observations can also be explained by the model of Bhaskar and To (1999), who also note that
some workers might have to accept less preferred jobs after the introduction of a minimum wage.

25 Formally, more information leads to more employment opportunities, which expands the set N and,
thus, causes an agent to remain employed for a larger set of minimum wages.

26 A more diverse economic environment can be captured by a mean-preserving spread of the productivities,
which causes an agent to remain employed for a larger set of minimum wages.

27 Lower transportation costs lead to an expansion of the set of principals for whom an agent can profitably
work and, thus, to a larger set of minimum wages for which the agent stays employed.

28 In their review, Brown et al. (1982) establish a much-cited consensus that the employment elasticity of
minimum wages was between —0.3 and —0.1. Wolfson and Belman’s meta-analysis (Wolfson and Belman
2019) uses more recent data and establishes that the range has shifted to —0.13 and —0.07.
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alternative bidding procedure in which the principals make ascending offers to the
agent.

A.1 Justification of the tie-breaking rules

We now discuss the tie-breaking rules used in the basic bargaining procedure by
showing that, in the natural two-stage game where the principals first make their
offers and the agent then either chooses one of these offers or rejects all offers, he
always behaves according to these rules in any subgame-perfect Nash equilibrium.
While we concentrate on the case of unrestricted wages in the following discussion,
the arguments readily carry over to the case of restricted wages.

The first proposition shows that, in any subgame-perfect Nash equilibrium of the
two-stage game, the agent always chooses an offer maximizing the surplus if several
offers maximize his utility:

Proposition A.1 Suppose that the principals’ offers are suchthati’, i” € argmax; .y w;
—c; with sy > sin. Then the agent choosing principal i” does not constitute a subgame
-perfect Nash equilibrium.

Proof If w;» > 0;», then 7;» = 0;» — w;» < 0, so principal i” can increase her profit
to zero by reducing her offer to ;. If w;» < 6;», then u;» = wir — cjp < Oin — cjp =
sin < sp = Oy — cir. Consequently, principal i’ can increase her profit by offering
0;r — € for some 0 < € < 6 — ¢;s — s;» (which makes the agent accept the offer
of i'). O

The next proposition shows that, in any subgame-perfect Nash equilibrium, the
agent always accepts an offer instead of no offer in case of indifference:

Proposition A.2 Suppose that the principals’ offers satisfy max;ey w; —¢; = 0. Then
the agent choosing to reject all offers does not constitute a subgame-perfect Nash
equilibrium.

Proof If the agent rejects all offers, the assumption that 6; > ¢; for all i implies
that any principal i € N can increase her profit by offering w; = ¢; 4+ € for some
0 < € < 0; — ¢; (which makes the agent accept i’s offer). O

Our last assumption on the agent’s behavior states that he always chooses an offer
according to an arbitrary deterministic tie-breaking rule (e.g., choosing the offer of the
principal with the lowest index) in case that several offers simultaneously maximize
both his utility and the surplus. While using a stochastic tie-breaking rule in this case
would make the winning principal and (possibly) the paid wage stochastic, it would
not influence the agent’s utility, the generated surplus, or the principals’ profits.

A.2 Allowing for weakly dominated strategies

In the analysis of the basic bargaining procedure, we concentrate on equilibrium strate-
gies that are not weakly dominated. If weakly dominated strategies are allowed, Part (I)
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of Proposition 3.2 and Parts (I) and (II), (1) of Proposition 3.4 still hold by the same
argumentation as in the original proofs. Consequently, the winning principal and the
equilibrium surplus remain unchanged and are still uniquely determined. However,
the wage and, hence, the distribution of the surplus between the winning principal
and the agent are, in general, not unique anymore even for a fixed winning princi-
pal i* € Npax. We now demonstrate this for the case of unrestricted wages — the case
of restricted wages in similar. Specifically, we now show that, for unrestricted wages,
any wage w;x € [max{0,0; —cj : j € N\ {i*}} + ¢;, 6;+] can be obtained in a
Nash equilibrium if weakly dominated strategies are allowed. This holds since the
following strategy profile constitutes a Nash equilibrium: principal i* € Npax offers
wix € [max{0,0; —c; : j € N\ {i*}} + ¢+, 6;+], at least one other principal
J € N\ {i*} offers w; = w;x + ¢; — ¢+, and each of the remaining princi-
palsk € N\ {i*, j} offers a wage wy weakly below w;+ + cx — ¢;+. Note that agent j’s
wage offer w; exceeds the productivity 6;—and is, thus, weakly dominated—unless
j eargmax{f; —c;:j e N\{i*}} and w;x = max{0,6; —c;j: j e N\ {i*}} +c;=.

Two remarks are in order. First, an equilibrium in which weakly dominated strate-
gies are played requires an implausibly high degree of coordination among players.
At least one principal j who plays a weakly dominated strategy must exactly match
the utility offered to the agent by the winning principal i* € Npax, despite the fact
that there is a continuum of possible utilities the agent could be offered by i*. Simul-
taneously, principal j takes the chance of a loss if coordination fails, i.e., if she offers
a slightly higher utility. This is why equilibria in weakly dominated strategies are
usually ruled out. Second, it is interesting to recognize that, although Nash equilib-
ria in weakly dominated strategies are implausible in the basic bargaining procedure
where the principals design the offers, the set of possible equilibrium wages that can
result from these equilibria is identical to the set of wages in stable outcomes; cf. the
characterization of stable outcomes in Sect. B.2.

A.3 Mixed-strategy nash equilibria

We next show that, for both unrestricted and restricted wages, the generated surplus, the
agent’s utility, and the principals’ profits in any (mixed-strategy) Nash equilibrium are
asinevery pure-strategy Nash equilibrium with probability 1. Consequently, the effects
of aminimum wage on the surplus, utility, and profits do not depend on whether pure- or
mixed-strategy equilibria are considered. With respect to the paid wage, this also holds
if either we are in the generic case where | Nyax| = [N .« | = 1, of [Nmax|, [N | < 2
and a deterministic tie-breaking rule is used in case that several offers simultaneously
maximize both the agent’s utility and the surplus. If | Nyax| > 3 or [N, | > 3, the
equilibrium wage can be stochastic in some mixed-strategy equilibria.

max

Theorem A.1 Suppose that the wages are unrestricted and |Nmax| = 1, i.e., there is a
unique principal imax € Nmax. Then every (mixed-strategy) Nash equilibrium satisfies:

(I) With probability 1, principal imax offers a wage of W, := max{0,6; —c; : j €
N\ {imax}} + Cipgy -
(I) With probability 1, the winning principal is i* = imax and wix = ;.
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966 C. Thielen, P. Weinschenk

Consequently, with probability 1, the agent’s utility, the principals’ profits, and the
generated surplus are as in every pure-strategy Nash equilibrium (cf. Proposition 3.2).

Proof (I) Since no principal i ever offers a wage w; > 6;, principal imax Wins with

probability 1 when offering w;_, = w;,,, . so offering a higher wage could only
decrease her expected profit. Consequently, we must have w; . < w;_ . Wwith
probability 1 and it only remains to show that also w;, . > w;,,,, With probability 1.
Suppose for the sake of a contradiction that principal ipax offers a wage lower than
Wi, With positive probability. If |[N| = 1, i.e., if imax is the only principal, we
have ;. = i, meaning that imax offers a wage lower than the agent’s cost
with positive probability. This is a contradiction since offering a wage below the
agent’s cost yields profit zero for principal ip.x Whereas she can obtain positive
profit by offering w;,. = Wi, .. = Cimax < Gimnax -
For the case where |N| > 2, we let supp; denote the support of i’s mixed strategy
fori € N. Then, since imax offers a wage below w;, . with positive probability,
we have inf (supp; ) < w;,,,,and we claim that the offers of the other principals
satisfy

max{w; —¢; 11 € N \ {imax}} > inf(supp; ) (A.D)

- Cimax

with probability 1. Note that if this was not the case, we would in particular have
inf (supp;/) — ci < inf(supp; ) — Ci,,, for any principal i’ argmax; ;- Sj, SO
she has offers in her support that make her lose with probability 1 and, consequently,
yield expected profit zero. For any 0 < € < w;,, — inf(supp; ), however, an
offer of w;s := 0;; — € would make principal i’ win with positive probability and,
thus, yield a positive expected profit, which is a contradiction.
Consequently, (A.1) holds with probability 1, which means that there exist offers
in supp;  for which principal imax loses (and obtains profit zero) for sure. This
yields a contradiction since principal imax can obtain positive profit by offering
Winax *= Wipnay -

(IT) Since no principal i ever offers a wage w; > 6; and principal imax offers w; . with
probability 1, it follows directly that i* = i, and w;+ = w;,, with probability 1.

]

Theorem A.2 Suppose that the wages are unrestricted and |Nmax| > 2. Then every
(mixed-strategy) Nash equilibrium satisfies:

(I) At least two principals i € Nmax offer wages of w; = 6; with probability 1.
(II) With probability 1, the winning principal i* belongs to Nyax and w;ix = 0;x.

Consequently, with probability 1, the agent’s utility, the principals’ profits, and the
generated surplus are as in every pure-strategy Nash equilibrium (cf. Proposition 3.2).

Proof (1) We first show that at least one principal i € Npax offers w; = 6; with
probability 1. Suppose for the sake of a contradiction that no principal i € Npyax
offers a wage of w; = 6; with probability 1. Then, since no principal i € Npax
ever offers a wage w; > 6; in equilibrium, we must have inf (supp;) < 6; for all
i € Nmax, so min{6; — inf(supp;) : i € Nmax} =: € > 0.
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We now distinguish two cases:

Case 1: argmax{6; — inf(supp;) : i € Nmax} & Nmax.

Consider any principal ip € argmax{6; — inf(supp;) : i € Nmax}. Because
argmax{0; — inf(supp;) : i € Nmax} & Nmax, there exists a subset of supp;
with positive probability mass such that all offers in this set make principal ig lose
with probability 1 and, thus, yield expected profit zero for iy. However, denoting
the difference between the maximum surplus and the second-highest surplus by

€ = smax — max{0,s; : i € N\ Nmax} > 0, principal iy can win with positive
probability and obtain a positive expected profit by offering w;, = 6;, — %,

which is a contradiction.

Case 2: argmax{6; — inf(supp;) : i € Nmax} = Nmax. We distinguish two sub-
cases:

Case 2.1: For some principal i € Nmax, the offer w;; = inf(supp;, ) has probabil-
ity O (i.e., there is no mass point at inf (supp; )).

Letip € Nmax \ {i1} be arbitrary. Then, as in Case 1, offering w;, = 0;, — %“/}

yields a positive expected profit for principal ip, which we denote by 7;,. Since
the probability of principal i} offering w;; = inf(supp;, ) is zero, however, princi-
pal io’s probability of winning tends to zero as wj, approaches inf (supp;,). Thus,
since principal iy’s profit obtained from any offer is upper bounded by s, also
principal io’s expected profit tends to zero as her offer approaches inf(supp;).
Consequently, there exists a subset of supp;, with positive probability mass such
that all offers in this subset yield an expected profit lower than 7;, for principal ig,
which is a contradiction.

Case 2.2: Every principal i € Npax offers w; = inf(supp;) with positive proba-
bility (i.e., there is mass point at inf (supp;) for every i € Nmax).

Then, with positive probability, all principals in Npyax offer w; = inf(supp;)
at the same time. If some principal ip € Nmax had expected profit of zero in
this situation (and hence, also unconditional expected profit zero from the offer
wj, = inf(supp;,)), this principal could again obtain positive expected profit by
offering w;, = 6;, — %“/} (where €’ is as in Case 1), which is a contradiction.
Consequently, all principals in Npax must have positive expected profit in this
situation and, in particular, each one must have a positive probability of winning.
Thus, each principal in Npyax must also have a positive probability of losing when
all principals i € Nnmax offer w; = inf(supp;). This yields a contradiction since
each principal in Ny« could then improve her (unconditional) expected profit by
slightly raising her offer.

Hence, in all cases, at least one principal i € Ny offers a wage of w; = 6;
with probability 1. Now suppose that only one principal ip € Npyax offers a wage
of w;, = 6;, with probability 1. Then, inf(supp;) < 6; for all i € Npax \ {io}
and, thus, € := min{; — inf(supp;) : i € Nmax \ {io}} > 0. Then, offering
wi, = bi, — %“,} for €’ as in Case 1 above yields positive expected profit for
principal ig whereas ig’s current offer of w;, = 6;, yields expected profit zero,
which is a contradiction. Consequently, at least two principals i € Npyyx must
offer wages of w; = 6; with probability 1 as claimed.
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(II) Since no principal i ever offers a wage w; > 6; and at least two principalsi € Npax
offer wages of w; = 6; with probability 1, it follows directly that i* € Np,x and

wijx = O;» with probability 1.
O

Theorem A.3 When a minimum wage w is imposed, every (mixed-strategy) Nash equi-
librium satisfies:

(D If N = 0, then, with probability 1, no principal makes an offer.
(D) IfN # 0:

(1) If IN x| = 1, i.e., there is a unique principal i eN

—max —max’

then, with prob-

ability 1, principal i

max Olfers a wage ofwimax = maxyw, max{0,0; —c; :

j € N \ {l—mdx}} + cimax} and L* = Lmax'

(2) If N ax| = 2, then, with probability 1, at least two principals i € N .. offer
wages of w; = w; = 6; and the winning principal i* belongs to N ...

Consequently, with probability 1, the agent’s utility, the principals’ profits, and the
generated surplus are as in every pure-strategy Nash equilibrium (cf. Proposition 3.4).

Proof (I) If N = { and some principals offer wages with positive probability, then
at least one principal’s expected profit will be negative, so she could improve by
never making an offer.

(II) For any principal i € N \ N, all mixed strategies in which i makes an offer with
positive probability are weakly dominated by the strategy in which i never makes an
offer. Hence, the principals in N \ N never make offers with positive probability
and the game reduces to a game between the principals in N. Then, Claim (1)
follows since either |[N| = 1, in which case the only remaining principal i

max
offers a wage of max{w, ¢; }=1w; ,or|N|> 2,in which case one can argue
as in the proof of Theorem A.1 exérengt that the offered wages cannot fall short
of w. Similarly, for Claim (2), one can argue as in the proof of Theorem A.2 (again
taking into account that the offered wages cannot fall short of w).

O

A.4 Increasing an existing minimum wage

Another natural question is whether the effects observed in our model when introducing
a minimum wage carry over to the case where an existing minimum wage is increased.
To this end, consider an instance in which an initial minimum wage w™™% already
exists and is increased to w"V > winitial [ et yinital .— ; ¢ N . g; > winitial} gpq
N™V :={i € N : 6; > w"®"} denote the set of principals for which the productivity
weakly exceeds the initial/new minimum wage, respectively. Moreover, let N }Eg)‘(al =
argmax;  inidal ;. We claim that the instance can be transformed into an equivalent
instance in which no minimum wage exists initially.

For the construction of the transformed instance, we distinguish two cases:

Case 1: |[NNtal| > 5 op | NNl — 1 and ¢; > w8 for jy,, e Nintial
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In this case, Proposition 3.4 shows that the minimum wage w1 is not binding
(i.e., it does not affect the equilibrium) in the bidding game between the principals
in N™Mtal iy the original instance. Hence, when defining the set of principals in the
transformed instance as N" := Nnitial apnd Jeaving all productivities and costs for
the principals in N as in the original instance, Propositions 3.2 and 3.4 show that
the sets of possible winning principals and the paid wage (and, thus, also the surplus,
utility, and profits) are the same in the original instance with minimum wage w4 and
in the transformed instance without any minimum wage. Consequently, increasing the
minimum wage from w1 to w"*¥ in the original instance is equivalent to introducing
a minimum wage of w™" in the transformed instance.

Case 2: |[NMtal| — 1 and ¢; < wi’?it_ia} for the unique principal ipma, € Nnital,

In this case, the minimum wage w2 can be binding in equilibrium in the bidding
game between the principals in N™12! in the original instance. Therefore, we define
the set of principals in the transformed instance as N := Ninital |, 4 1} where the
productivity and cost of the new (dummy) principal n + 1 are given by 6,1 := wta!
and ¢,41 := ¢, The remaining principals have the same productivities and costs
as in the original instance. Intuitively, the dummy principal n + 1 ensures that princi-
pal imax pays a wage of at least w'™ in equilibrium in the transformed instance even
when no minimum wage is imposed. When a minimum wage of w™" is imposed,
however, the dummy principal no longer influences the equilibrium since the produc-
tivity 6,41 = w™@ falls short of the minimum wage w"®". Propositions 3.2 and 3.4,
thus, imply that increasing the minimum wage from w™1 to w"Y in the original
instance is equivalent to introducing a minimum wage of w™" in the transformed
instance.

We can, thus, conclude that the effects observed when introducing a minimum wage

carry over to the case where an existing minimum wage is increased.

A.5 Alternative bidding process: ascending offers

An alternative bidding process consists of letting the principals provide ascending
offers to the agent, who states which offer he prefers. For unrestricted wages, the
bidding process then stops once a principal with maximum surplus offers the agent
a utility equal to the second-highest surplus. For restricted wages and N # 0, the
process stops once a principal in N offers a utility equal to the maximum of this value
and the difference of the minimum wage and the cost. Thus, this alternative bidding
process results in exactly the same outcome as the originally considered process. When
considering the alternative bidding process, however, the principals need not know all
parameters of the model.

B Analysis of alternative bargaining procedures
In Appendix B.1, we let the agent propose wages to the principals. In Appendix B.2, we

examine stable outcomes. Note that we do not study the (generalized) Nash bargaining
solution due to the conceptual problems that would arise in our multi-player game.
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B.1 Wage proposal by the agent

In the basic bargaining procedure considered so far, the principals offer wages to the
agent, who can only choose among these offers, i.e., the agent has no bargaining power.
Even though, historically, minimum wages were mainly created to compensate work-
ers’ lack of bargaining power (cf. Neumark and Wascher (2008)), we now examine
the case where the agent has all bargaining power. Formally, this means that the agent
can choose a principal to whom he proposes a wage, and the principal can then either
accept or reject this proposal. By individual rationality, the principal accepts the pro-
posed wage if and only if this leads to a nonnegative profit (in particular, each principal
prefers to employ the agent at a wage equal to the agent’s productivity instead of not
employing the agent). The agent chooses the principal to propose to and the wage
in order to maximize his utility. If a minimum wage w is imposed, the agent must
propose a wage of at least w or make no proposal.

In the following analysis of this alternative bargaining procedure, we distinguish
the relevant variables from the corresponding variables in the original bargaining
procedure by using hats. The agent optimally proposes w;, = 65, to a principal
i* € Nmax, who then accepts, which yields a utility equal to the whole maximum
surplus for the agent. Any other proposal would either be rejected or yield a lower
utility.?’

Proposition B.1 [fthe agent has all bargaining power and the wages are unrestricted,
there exists a Nash equilibrium and every Nash equilibrium satisfies:

(I) The agent proposes w;, = 6, to a principal i* € Niax, who accepts the offer,
so that a surplus of smax is generated.
(L) The paid wage is 121;.* = 0:. = Smax + Cju-
(IIl) The agent’s utility is i3, = Smax, which is independent of the choice of i* from
Nmax~ R
(IV) The profit of principal i* is 7t;, = 0.

In case a minimum wage w is imposed, the agent optimally proposes @le* =0 to

a principal i* € N,.x aslong as N # 0, i.e., as long as there is some principal who
can afford to pay the minimum wage. If N = #J, any proposal respecting the minimum

wage will be rejected.

Proposition B.2 If the agent has all bargaining power and a minimum wage w is
imposed, there exists a Nash equilibrium and every Nash equilibrium satisfies:

D IfN =0, ie, w > Omax, the agent does not work for any principal, i.e.,
i =o0.
D) If N #0, i.e, W < Omax-

(1) The agent proposes Q;.* = 6 10 a principal i* eN

max> Who accepts the

offer; so that a surplus of s

max 1S generated.

29 The Nash equilibrium is unique if some deterministic tie-breaking rule is applied if | Nmax| > 2.
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(2) The paid wage is Qi* = 02* = Simax + ¢

(3) The agent’s utility is Q;* =5 independently of the choice of i*

—max”’
f rom Mmax .

(4) The profit of principal i* is Tz = 0.

Proposition B.2 reveals that, as in the basic bargaining procedure where the prin-
cipals make the offers, the agent becomes unemployed if and only if w > 6Opax.
Since this is a condition on productivities and not surpluses, the insight that minimum
wages may destroy jobs generating relatively high levels of surplus also holds in this
alternative bargaining procedure.

We next concentrate on the case where the agent stays employed.

Theorem B.1 Let the agent have all bargaining power and suppose there is a minimum
wage W < Omax. Then:

A . . o
(LD Ifw < maxjep,,, 0;, the agent proposes Wy = Gf* toaprincipali € N, <
Nmax, Who accepts the offer, and the generated surplus and the agent’s utility
remain unchanged, i.e., 8 = Smax = Smax = S« and Qz* = U3

(1.2) If w > maxjen,,, 0, the agent proposes Q;.* = 0:« to a principal i* € Noaxr
who accepts the offer, where N .. N Nmax = ¥, and the generated surplus
and the agent’s utility decrease, i.e., s+ = $,,« < Smax = Sp. and iz < iz,

ALl Ifw > uA);.*, the paid wage increases, i.e., Qz* > 121;.*.

(1.2) Ifw = 1;., the paid wage increases weakly, i.e., Wy > ;.. If the tie-breaking
rule satisfies independence of irrelevant alternatives, then s+ = ..

I3) Ifw < 12);.* and the tie-breaking rule satisfies independer;ce of irrelevant
alternatives, the paid wage remains unchanged, i.e., Q;* = zi)lc*.

(IIl) The winning principal’s profit remains zero, i.e., T3, = iz* =0.

Proof
@ As in the proof of Theorem 4.1.
(IL.1) Follows since w > 1, and @le* > w.

(I1.2) & (I1.3) That Q;* > 12);.* in I1.2) is obvious. The rest of the statements follows

since i* = i* in both cases by independence of irrelevant alternatives,
and zb;.* = 6;. and Q;* = 6;.* by Propositions B.1 and B.2.
(I11) Follows directly from Propositions B.1 and B.2.

O

By Theorem B.1, the insights that a minimum wage could adversely affect the
generated surplus as well as the agent’s utility even if the agent remains employed
also hold when the agent has all bargaining power. To be precise, the theorem reveals
that the generated surplus as well as the agent’s utility decrease weakly due to a
minimum wage. Both decreases are strict if and only if the minimum wage exceeds the
agent’s maximum productivity at the principals where the maximum surplus could be
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generated. Furthermore, the minimum wage leaves the principals’ profits unchanged
at zero. A minimum wage can thus never be beneficial for any party, i.e., it may
only cause a Pareto deterioration of utility and profits. Intuitively, the agent’s utility
decreases weakly while the principals’ profits remain zero due to the fact that the
agent already receives the whole maximum surplus without any minimum wage, and
a minimum wage only imposes an additional restriction on the wages the agent can
propose.

The following corollary, which follows directly from Propositions B.1 and B.2,
shows that wage overshooting can also arise when the agent has all bargaining power.

Corollary B.1 If the agent has all bargaining power, a minimum wage w causes wage
overshooting, i.e., Qi* > w > Wy, if and only if w < Omax and s, + e > w >
Smax + Chse

B.2 Stable outcomes

We now determine the set of stable outcomes of the model. Hence, we no longer
model the bargain process and what parties know, but instead impose a natural a
posteriori condition on the outcome. Formally, an outcome consists of a pair (i *, w;+)
(or (i*, w;+)) of a winning principal’s index i* € N and a paid wage w;+. Stability of
an outcome is defined as follows:

Definition B.1 For unrestricted wages, an outcome (i*, w;«) is called stable if it is
individually rational, i.e., 7+, u;+ > 0, and u;x > s; holds for all principals j €
N\ {i*}. Correspondingly, if a minimum wage w is imposed, an outcome (i*, w;) is
called stable if it respects the minimum wage, i.e., w;+ > w, is individually rational,
ie,m«, u;x > 0,and u;» > s holds for all principals j € N \ {i*}.

Hence, an outcome is stable if and only if (it respects the minimum wage and) both
the winning principal’s profit and the agent’s utility are nonnegative and there exists no
other principal j € N \ {i*} (or j € N \ {i*}) who can offer a wage that increases the
agent’s utility, while at the same time yielding a nonnegative profit for principal j.>

We now show that, as for the Nash equilibria arising for the bargaining procedures
considered before, the winning principal in any stable outcome has to belong to the
set Nmax in case of unrestricted wages, and to N, . in case of restricted wages.
Interestingly, the equilibrium wages that arise in the situation where the agent has
no/all bargaining power yield exactly the lower/upper boundary, respectively, of the
interval of wages in stable outcomes.

B.2.1 Unrestricted wages
Proposition B.3 For unrestricted wages, an outcome (i*, w;+) is stable if and only if

i* € Nmax and max{0,6; —c; : j € N\ {i*}} 4+ ¢+ < wi+ < Oj«. In particular, every
stable outcome (i*, wix) generates a surplus of Smax-

30 Except for the special case in which 6; = w, principal j can actually obtain a strictly positive profit
in this case. Hence, except for this case, the common distinction between weak and strong stability (see,
e.g., Irving (1994)) is meaningless in our model.
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Proof If the outcome (i*, w;+) is stable, then u;« > s; forall j € N\{i*}and ;= > 0.
Adding these two inequalities yields that s;+ = u;+ 4+ 7;x > sj forall j € N\ {i*},
which shows that i* € Nyx.

It remains to show that, for i* € Np,x, the outcome (i*, w;+) is stable if and only
if max{0,6; —c; : j € N\ {i*}} + ¢i» < w;* < 6;+. To this end, note that, if
wix > O, then m;+ = O+ — w;= < 0, so the outcome is not stable. Similarly, if
wix < max{0,0; —c; : j € N\ {i*}} + ¢;x, then either w;x < ¢;+, in which case
upx = wix — ¢ < 0, 0r wix < 0 — ¢j + ¢+ for some j € N \ {i*}, in which case
u;x < 0 —cj =s; for this j. In both cases, the outcome (i*, w;+) is not stable.

To show that (i*, w;+) is stable for all wages between max{0,6; —c; : j € N\
{i*}} + ¢;» and 6;+ if i* € Nmax, we first consider the two interval boundaries.

If wx = max{0,0; —c;j : j € N\ {i*}} + ¢;, then:

1. mi» = 6+ — wi» =6+ —max{0,0; —cj: j € N\ {i*}} + ci+

= s+ —max{0,0; —c; : j € N\ {i*}} > Osince i* € Npax and smax > 0.
2. ujx = wix — ¢+ > 0 since wix > cj*.
3. upr = wix —cpr =max{0,6; —¢; : j e N\ {i*}} > s; forall j € N\ {i*}.

Thus, (i*, w;+) is stable if i* € Nmax and w; = max{0,0; —c; : j € N\ {i*}} +¢;=.
If w;j+ = 6;+, then:

1. Tix = 91‘* — Wj* =0.
2. upr = Wir — ¢jr = Ox — ¢jx = §x = Smax = max{0,s; : j € N\ {i*}} since
i* € Nmax and spax > 0.

Thus, (i*, w;) is stable if i* € Nyax and w;x = ;.

Since all requirements for stability are linear inequalities in the wage w;=, this
implies that the outcome (i*, w;+) with i* € Npax must also be stable for all wages
between max{0,6; —c; : j € N\ {i*}} + ¢;+ and ;. O

Proposition B.3 shows that, in every stable outcome, the wage w;» must be at least
as large as the wage arising for winning principal i* in a Nash equilibrium when the
agent has no bargaining power (which we denote by wl.I\iE in the following), but at
most as large as the wage arising for winning principal i* in a Nash equilibrium when
the agent has all bargaining power (which we denote by ﬁ)ll.\iE in the following). This
implies the following corollary.

Corollary B.2 For unrestricted wages, an outcome (i*, w;=) is stable if and only if
i* € Npax and w;x € [wil\iE, ﬁ)}\iE]. Hence, for each stable outcome (i*, wj+), there

exists o € [0, 1] such that

wis = - WNE + (1 — @) - whE =1 wé. (B.1)

In the case where |Nyax| = 1, there exists a unique winning principal i* € Npax
and we have u)l.I\lE < ﬁ}iN*E. Hence, given a stable outcome (i*, w;+), the weight « in
Corollary B.2 is uniquely determined and can be interpreted as the bargaining power of
the agent. The extreme cases « = 0/a = 1 correspond to the cases studied previously

where the agent has no/all bargaining power, respectively. The agent’s utility and the
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winning principal’s profit in a stable outcome can then also be expressed in terms of
the bargaining power «:

Uj*

Wi* — Cj*

= (O{ li)l\iE—’—(l —O[) . wlIiE> — Cj*

(ﬁ} ,-*) +(—a)- (w,.IiE - c,'*)

a-aNF+ (1 —a) - ulF =, (B.2)

1

T[i* = 61'* _ wi*

T (a HNE 4+ (1 - a) - wNE)

=a- (60— dNE) + (1 —a)- (6 — w]E
(6 = @) + (1 =) ( )
—a AN (1 — ) mNE = (B.3)

l*
Since o € [0, 1], this shows that u;+ € [uNE, NE] = [Ssecond, Smax] and mjx €
[T[l-* , I-IfE] = [0, Smax — Ssecond] for any stable outcome (i*, w;+), where Ssecond :=
max{0,6; —c; : j € N\ {i*}} denotes the second-highest surplus. The bargaining
power « thus determines how the parties share the surplus spmax — Ssecond Created by
their relationship in excess of the second-highest surplus sgecond-

B.2.2 Restricted wages

With a minimum wage w > B, there is no stable outcome since all wages satisfying
the minimum wage cause negative profits. We thus focus on the case w < 6p,x in the
following proposition, whose proof is analogous to that of Proposition B.3.

Proposition B.4 If a minimum wage w < Omax is imposed, an outcome (i*, wi*) is
stable if and only if i* € N, .. andmax{w, max{0,0; —¢; : j € N\ {i*}} —}—ci*} <

w;« < O;+. In particular, every stable outcome @@*, w;«) generates a surplus of s .
Similar to the case of unrestricted wages, Proposition B.4 shows that, when a
minimum wage w < O, is imposed, the wage in any stable outcome (i*, w;+) must

NE

be at least as large as the wage w;;" arising in a Nash equilibrium when the agent has

no bargaining power, but at most as large as the wage Qf\iE in a Nash equilibrium when
the agent has all bargaining power. This yields the the following corollary.

Corollary B.3 For restricted wages, an outcome (i*, w;+) is stable if and only if i *

ﬂ cand wix € [u)l\iE, W+ ] Hence, for each stable outcome (i*, w;+), there exists

[0, 1] such that

wp =g Dy Er (- wlF=n%. (B.4)

i == =i
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If I[N .x| = 1, the winning principal is again unique and g}{E < QELE. Conse-
quently, the unique value ¢ can again be interpreted as the agent’s bargaining power,
and we can express the agent’s utility and the winning principal’s profit as

upo=o-ap- + (1 — o) - ulF =:uf and (B.5)
rp=e-y + (-0 i =g, (B.6)

which implies that u;« € [gﬁE,QﬂE] and ;« € [iﬂE,lﬂE] for any stable out-

come. Similar to the case of unrestricted wages, the agent’s bargaining power « thus
determines how the parties share the excess surplus created by their relationship. For-
mally, u;+ € [ulF, i3] = [0, Smax] and ;- € [ANF, aNF] = [0, smax — 0], where

0 1= max{w — ¢;*, Sgecond} With Seeona := max{0,0; —c; : j € N\ {i*}} denoting
the second-highest surplus among the principals in N.

B.2.3 Effects of minimum wages

In order to explore the effects of a minimum wage, we consider the case where the
agent does not get unemployed, i.e., where w < 6pax. Moreover, in order to avoid
tedious case distinctions, we concentrate on the generic case where | Nmax| = 1 and
|Nmax| = 1, in which case there exists a unique winning principal i* € Npax Without
a minimum wage and a unique winning principal i* € N, with a minimum wage.
We additionally assume that the bargaining power of the agent does not change when
introducing the minimum wage, i.e., « = o.”

As we can see from Equations (B.1) to (B.6), the effects of a minimum wage w
on the wage, utility, and winning principal’s profit for any fixed value of « € (0, 1)
are given by the weighted effects arising in the extreme cases « = 0 and o = 1.
The following theorem shows that, actually, the qualitative effects on each of these
variables for any o € (0, 1) are the same as for « = 0.

Theorem B.2 Suppose that |Nmax| = |N x| = 1. The following holds for each of
the variables generated surplus, paid wage, agent’s utility, and winning principal’s
profit: If the minimum wage w decreases the variable / leaves the variable unchanged /

increases the variable for o = 0, then the same applies for all a € [0, 1).

Proof We consider each of the variables separately.

For the generated surplus, we note that, by Propositions B.3 and B.4, without a
minimum wage, every stable outcome generates a surplus of smax and, with a minimum
wage w, every stable outcome generates a surplus of s .. . Thus, the change in the
generated surplus is identical for all « € [0, 1].

31 Note that, as described before, the agent’s bargaining power determines how the parties share the excess
surplus Smax — Ssecond (OF Smax — o in case of restricted wages) created by their relationship. Hence, while
both the generated surplus and the excess surplus—and, thus, the amount of surplus over which the parties
bargain—may change when introducing a minimum wage, it is natural to assume that the agent’s bargaining
power remains unchanged.
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For the paid wage, we note that, with « = « and the unique winning principals i *
and {* without and with a minimum wage, respectively, Egs. (B.1) and (B.4) show
that

wh —wih =a- <w§a=1 — w;’i:l) +(1—a)- (wf‘fo - wfi:0>. (B.7)

Ifw < wf‘fl, then wf‘fl - w;"fl = 0 by Theorem B.1, so w;?‘* — wf‘* =1—-a)-

(g;"fo — wf‘fo), which shows that the change in the paid wage for any o € (0, 1)

is qualitatively the same as fora = 0. If w > wf‘fl, then also w > wf‘fo since
w;."*:l = O > w;?‘*:O by Proposition B.1. Consequently, the minimum wage causes
all wages to increase since wf‘fl — wfizl > 0 and w;"fo — wlf’i:O > 0in (B.7), so

also w% — wi > 0. Hence, the change in the paid wage for any a € (0, 1) is again
qualitatively the same as for o = 0.
For the agent’s utility, we similarly have

—1

U —ul = <u9;=1 - u;"fl) +(1-a)- (gﬁ‘fo - uf‘f°> (B.8)
by Equations (B.2) and (B.5). If w < maxep,,,, 6; = i+, then gg‘fl - u;"f] = 0 by
Theorem B.1, so

u —uf =1 —a)- (gf‘fo - uf‘fO),
which shows that the change in the agent’s utility for any o € (0, 1) is qualitatively
the same as for = 0. If w > max jen,,, 0; = 0+, theni* 7 i* and the agent’s utility
decreases in all cases since g;?‘fl — u:?‘fl < 0 by Theorem B.1 and g;"fo - u?‘fo <0
by Corollary 4.4. Thus, the change for any & € (0, 1) is again qualitatively the same
as fora = 0.
For the winning principal’s profit, we have

nh—mh=a- <n;?;=1 — n;ii=1) +(1—a)- (l;.xfo — nﬁfo) (B.9)

by Equations (B.3) and (B.6). Exploiting that Qf‘*:l = nﬁzl = 0 by Theorem B.1,
this shows the desired result. ; O

Theorem B.2 reveals that the qualitative effects of minimum wages on each single
variable of the model obtained for the basic bargaining procedure (where the principals
have all bargaining power, i.e., « = 0) extend to all cases where the principals have
nonzero bargaining power (i.e., o < 1).32

32 Even though the theorem focuses on the generic case where |[Nmax| = |Npa¢| = 1, an even stronger
result holds in the nongeneric case where | Nmax |, |N yax| = 2. Then, we have s;x = u;* = smax, 7« =0,
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Concerning wage overshooting (which is formally defined for an arbitrary value of
« in the following definition), however, the quantitative effect of the minimum wage
on the paid wage is also important, as we now demonstrate.

Definition B.2 For a given bargaining power « € [0, 1] of the agent, a minimum
wage w > wj. causes wage overshooting if the agent stays employed and the paid
wage increases to w? > w.

The following theorem shows that, if wage overshooting occurs for a minimum
wage w in one of the extreme cases « = 0 or « = 1, then it also occurs for all
intermediate cases.

Theorem B.3 Suppose that |[Nmax| = |N .| = 1. If a minimum wage w causes wage
overshooting for either « = 0 or for a = 1, then the minimum wage w also causes
wage overshooting for all « € (0, 1).

Proof Note that [N .. | = 1 implies that the agent stays employed in all cases, so this

prerequisite for wage overshooting does not have to be considered in the rest of the
proof.
First assume that w causes wage overshooting for « = 0. Fix some o € (0, 1).
Then by Definition 4.1 and Corollary 4.2:
w?{E >w > u)iI\iE, (B.10)

i £ i (B.11)

Together with (B.4) and Q?I‘E > w, this yields

~ NE

wh =o - W +(1—a)-y?iE > w.
i i i
Zw >w

It remains to show that wf, < w. To this end, first note that i* € N would imply

i* € N, . 801" =i*, which contradicts (B.11). Thus, we must have i* ¢ N, which

implies that 6;+ < w and also li)l.l\iE < w. Hence, by (B.1) and (B.10)

wﬁ:a'ﬁjﬁE+(l—a)-wiN*E<w. (B.12)
—— ——
<w <w

Now assume that w causes wage overshooting foro = 1. Again fixsome o € (0, 1).
Then by the definition of wage overshooting given in Corollary B.1:

Wi > w > WEE. (B.13)

and w;x = 6;x in any stable outcome without a minimum wage and, similarly, s;+ = u;x = Sy«
;+ = 0, and w;x = 6;+ in any stable outcome with a minimum wage. Consequently, the qualitative
and quantitative effects on the generated surplus, the agent’s utility, and the winning principal’s profit are
completely independent of which stable outcomes are considered, while the effect on the paid wage only
depends on the choice of the winning principal without and with the minimum wage from the sets Nmax

and N .« respectively.
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Together with (B.4), this yields

~ NE

wh =o - D (1 — ) wht > w.
>w >w

In addition, since 12}1.1\,?3 = ;= by Proposition B.1 and wiI\iE < 0;, the second inequality
in (B.13) yields that also w}\lE < w. Hence, by (B.1), we obtain

wﬁ=a~1bi§E+(l—a)~wi§E<w.
—— ——
w <w

]

While wage overshooting in one of the extreme cases « = 0 or ¢ = 1 is sufficient
for wage overshooting in all intermediate cases o € (0, 1), it is not necessary. Indeed,
as the following example demonstrates, wage overshooting can occur for intermediate
cases when it does not occur at the extremes:

Example B.1 Consider a situation with two principals, where 8; = 12, 6, = 10 and
c1 = 2, ¢ = 2. Without a minimum wage, we have i* = 1, w;+ = 10, and w;» = 12.
Now fix some « € (0, 1) and consider a minimum wage w with 10 + 2«0 < w < 12.
Then Npmax = N« = {1} and the Nash equilibrium wages at the winning princi-

NE _

pali* = lare wi w and QﬂE = 12. In particular, no wage overshooting occurs if

the agent has no or all bargaining power. However, when the agent’s bargaining power
is a, wage overshooting does occur since we have

wi =o-124+(1-a)-10=10+20 <w and wi =a-12+ (1 —-a) w> w.

C Analysis of the multi-agent model

We previously examined how a minimum wage affects the interaction between an
agent and a set of principals. In this section, we generalize the model to the case of
m > 2 agents. We denote the set of agents by M = {1,...,m}, and let ¢; ; and 6; ;
denote agent j’s cost and productivity, respectively, when working for principali € N.
Similarly, u; j := w; ; — c;,; denotes the utility of agent j if he works for principal i
at wage w; j, and 7; j = 6; j — w; j denotes the profit resulting for principal i from
this employment. Each agent can work for at most one principal, but a principal may
employ several agents. The total profit m; of principal i amounts to the sum of the
profits resulting from all these employments, where ; := 0 if she does not employ
any agent. Similarly, we let u; denote agent j’s utility at the principal he works for,
where u; := 0if agent j does not work for any principal. The surplus generated when
agent j works for principal i is denoted by s; j :==6; j —¢; ;.

Note that, while we assumed (without loss of generality) that 6; > ¢; foralli € N
in the single-agent case, we now allow that 6; ; < ¢; ; for some i, j (which means that
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agent j can never be profitably employed by principal 7). This allows us to consider
situations where each agent is only productive (i.e., has productivity exceeding cost)
at a subset of the principals.

In the following, it will be useful to summarize the costs and productivities in two
(n x m) matrices C = (c; j);,j and ® = (6; ;);, j, respectively. Here, each row corre-
sponds to a principal i € N and each column to an agent j € M and the corresponding
entries ¢; j of C and 6; ; of © are the cost and productivity, respectively, resulting when
principal i employs agent j. Similarly, the matrices W = (w; ;)i j, U = (u; ;)i j,and
IT = (7; )i, ; summarize the (offered) wages, utilities, and profits, respectively. We
set w; ; := NOif principal i makes no offer to agent j. The assignment stating which
principals employ which agents is summarized in the binary matrix A = (a; ;);,;,
where a; ; = 1 if principal 7 employs agent j and a; ; = 0, otherwise. A pair (A, W)
consisting of the assignment A and the wages W will be referred to as an outcome.

In the situation in which the principals have no capacity constraints limiting the
numbers of agents they can employ, the principals compete for each agent indepen-
dently of the presence of the other agents. Consequently, the situation decomposes
into m single-agent problems, to which the analysis from the previous sections applies.
Hence, in the absence of capacity constraints, all results shown for the single-agent
case carry over to case of multiple agents.

In the situation where each principal has a capacity of one, i.e., a principal can only
employ a single agent, it is easy to see that the results from the single-agent case carry
over to the multi-agent case if the economy is simply duplicated a given number of
times, i.e., there are k identical agents and k copies of each principal for some k > 2.

We now seek to explore the general multi-agent case with capacity constraints.
Here, each principal i € N has a positive integer capacity k; € N that specifies the
maximum number of agents she can employ and we summarize the capacities in a
vector k = (k1, ..., k). We start by considering the canonical extension of our basic
bargaining procedure in which each principal can offer wages to at most as many agents
as her capacity allows her to employ. The following example, however, demonstrates
that, in this case, pure-strategy Nash equilibria may fail to exist and mixed-strategy
Nash equilibria may not be stable — even when no minimum wage is imposed:

Example C.1 Consider the situation with two principals with unit capacities k; =
k2 = 1 and three agents shown in Figure 3, where no minimum wage is imposed
and all costs are zero. Obviously, there cannot be any pure-strategy Nash equilibrium
in which either no principal makes an offer to agent 2 or both principals make their
offers to agent 2. Hence, in a pure-strategy equilibrium, exactly one principal—say,
principal 1—would have to make an offer to agent 2. Given that principal 2 does
not make an offer to agent 2, principal 1’s optimal offer to agent 2 is w; 2 = 0. But
principal 2 could then increase her profit by offering w2 = 1 to agent 2.

There does, however, exist a (unique) symmetric, mixed-strategy Nash equilibrium
in which each principal makes an offer to agent 2 with probability 1/6, in which
case she distributes the offered wage on [0, 2], and offers wage zero to the agent who
yields productivity 10 for her, otherwise. Then, however, agent 2 receives no offer with
probability (5/6)> = 25/36, in which case each principal could improve her profit ex
post by employing agent 2.
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Fig.3 Example C.1.
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We now show that stable outcomes do always exist in the setting with multiple agents
and capacity constraints both with and without a minimum wage. Here, stability is
formally defined as follows:

Definition C.1 If a minimum wage w is imposed, an outcome (A, W) is called stable
if it respects the capacities and the minimum wage, i.e., 3y ai,j < k; foralli € N
and w; j > wforalli, j witha; ; = 1, is individually rational, i.e., r; ;, u; ; > 0 for
all i, j witha; ; = 1, and, for all i, j with a; ; = 0, we have:

(a) If Zj/eM aj i < Ki, then Uuj = 8 jor Ql‘,j <w.
(b) If.Zj’eMai,j/ = ki, then u; + min{m; jy : a; jy = 1} > s; ;01 6;; < w+
min{rw; j @ a; j = 1}

For unrestricted wages, stability is defined analogously, except that the conditions
involving the minimum wage w are omitted.

Note that, even though an outcome (A, W) contains wage offers w; ; for all pairs
(i, j), only those offers where a; ; = 1 are relevant for the stability of the outcome.
An outcome respecting both the capacities and the minimum wage is stable if and
only if all employments in the current assignment yield nonnegative profit and utility
for the corresponding principals and agents, respectively, and no principal i can offer
a wage to an agent j currently not working for her in a way that both i and j would
improve and the capacities as well as the minimum wage are still respected.

In Case (a), where principal i’s capacity «; is not exhausted in the current assign-
ment, the condition that principal i cannot offer such a wage to agent j means
that either j’s current utility u; already weakly exceeds the surplus s; ; he would
generate when working for i, or the minimum wage weakly exceeds j’s produc-
tivity 6; ; at principal i. If both of these conditions are violated, there exist wage
offers improving j’s utility, while at the same time respecting i’s capacity and
the minimum wage and yielding a positive profit m; ; for principal i, for instance
z/ = 9,"]‘ — %min{si,j — uj,e,-,j —w}.

In Case (b), where principal i’s capacity «; is already exhausted in the current
assignment, the conditions are similar except that principal i then has to get rid of one

w
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(least profitable) agent she currently employs, which yields a profit loss of min{r; ;/ :
33
ai j = 1} )
In the following, we refer to a wage offer of a principal i to an agent j that would
increase both principal i’s profit and agent j’s utility by at least a given amount € > 0
as an e-improving offer:

Definition C.2 Given an outcome (A, W), a minimum wage w, and € > 0, a wage
offer wlf’j > w of principal i to agent j is called an e-improving offer if wlf,j —cij >
uj +e€andeither 5y a; < ki and 0; j —w; ; > €, 0r 3 iy @i,y = ki and
0i,j — wl/.,j > min{n; j : a; jy = 1} + €. For unrestricted wages, the definition is the
same except that the condition wl/.’ jzw is omitted. The outcome (A, W) is called
e-stable if it respects the capacities and the minimum wage if one exists, is individually
rational, and no principal i can make an e-improving offer to any agent j.

The following observation is obtained directly from the definition:

Observation C.1 For any outcome (A, W), the following holds:

(I) If principal i can make an e-improving offer to agent j, then a; j =0, i.e., j does
not work for i in the current assignment.
(ID) If (A, W) is e-stable for some € > 0, then it is also €'-stable for all ¢’ > €.

The next proposition provides the connection between stability and e-stability:

Proposition C.1 An outcome (A, W) is stable if and only if it is €-stable for all € > 0,
i.e., if and only if there does not exist an €-improving offer for any € > 0.

Proof If there exists an e-improving offer of some principal i to some agent j for
some € > 0, then g; ; = 0 and the conditions in a) and b) of Definition C.1 are clearly
violated for i, j.

Conversely, if the outcome (A, W) respects the capacities and the minimum wage
if one exists but is not stable, then some principal i can make an offer to some agent j
such that both i’s profit and j’s utility improve. This offer is then an e-improving offer
when choosing € as the minimum of the two improvements. O

We now algorithmically prove the existence of e-stable outcomes for every € > 0,
and then use Proposition C.1 in order to derive also the existence of a stable
outcome. While Algorithm 1 is formulated for the case with a minimum wage,
it straightforwardly applies also to the case without a minimum wage by setting
W; j = ¢; j» +uj + € inline 3.

As long as there exists a principal who can make an e-improving offer to some
agent, Algorithm 1 chooses such a principal i who then makes an e-improving offer
to an agent j in a way that maximizes her profit. To do so, principal i could have to
replace aleast profitable agent/ she has previously employed by agent j in case that her
capacity «; is already exhausted. Such a replacement, however, never actually occurs
in any iteration of the algorithm, as the proof of the following proposition shows.

33 If both conditions in b) are violated, a possible wage offer improving j’s utility and i’s profit and
respecting the minimum wage is given by wl/. j 1= max {w, 6;,j —min{r; ;s :a; =1} - %}, where

§i= Si,j —Uj _min{ni,j’ :ai,j/ =1}.

@ Springer



982 C. Thielen, P. Weinschenk

Algorithm 1 e-stable outcome

Input: Set N of principals, set M of agents, minimum wage w, productivities ®, costs C,
capacities «, and € > 0.
Output:  An e-stable outcome (A, W).

1 Initialize aj j = 0, w; j = NO, T, j = 0, uj = Oforalli e N,je M.
2 while there exists a principal i who can make an e-improving offer to some agent do

3 Choose j € argmax{0; j — 111,»_/»/}, where 111,-’/4/ = max{w, ¢; s +uj + €k
Tem , ; ; ;

4 if Y a; y =x; then

j'eM

5 Choose / €  argmin {”i,j’}-
j’eM:a,-.]-/:l

6 Seta; ; :=0,m; ;:=0,and u; :=0.

7 endif

8 Seta; j:=landa ; :=0foralli’ e N\ {i}.

9 Setw; j:=w; jandwy ;:=NOforalli’ e N\ {i}.

10 Setm; j i=6; j —w; jand 7y ; := O foralli’ € N\ {i}.
11 Setuj:zﬁji,j—c,-’j.

12 end while

13 return (A, W)

Proposition C.2 Algorithm 1 terminates after a finite number of iterations with an
e-stable outcome (A, W).

Proof Since the outcome returned by the algorithm at termination is clearly e-stable,
we only have to show that the algorithm terminates after a finite number of iterations
of the while loop.

To this end, we now show that the utility u; of each agent j is monotonously
increasing during the while loop. Since the utility of some agent j increases by at
least € > 0 in each iteration of the while loop and the sum of all utilities of the agents
(which is zero before the first iteration) is bounded from above (e.g., by the sum of all
s;, j), this will directly imply that the number of iterations of the while loop is finite.

In order to show the desired monotonicity of the utilities, we first observe that an
agent k’s utility ug can never decrease as long as the agent stays employed (i.e., as
long as ) ;. aix = 1 during the while loop). This holds since the agent then stays
employed at the same principal for the same wage until he receives an e-improving
offer, which increases his utility by at least . Moreover, observe that the only point in
the algorithm where a previously employed agent can become unemployed is in lines
4-6, where a principal i replaces an agent / by another agent j because her capacity «;
is already exhausted when making an e-improving offer to agent j. Consequently,
the claim follows if we show that the condition of the if statement in line 4 is never
satisfied, i.e., that no principal ever replaces an agent by another agent because her
capacity is already exhausted.

Suppose that iteration ¢ is the first of the while loop in which some principal i
replaces an agent / by another agent j. Let ' < ¢ denote the latest previous iteration in
which principal i offered a new wage w; ;(¢') to agent /. Then, since no agent was ever
replaced by another agent during the iterations 1, ..., — 1, agent j’s utilities u ; (t)
and uj(t") at the start of iterations ¢ and ¢ must satisfy u (") < wu;(t). Thus, the
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values w; ;j(¢) and w; ;(¢') in iterations 7 and ¢" also satisfy w; ;(t") < w; ;(r). Hence,
denoting the values m; x at the beginning of iteration ¢ by 7; x (), we have

6i,j — Wi j(1") =6 j — i j(1) =7 (t) + € =06 — w1 (') + € > 6;; —wi (1),

where the second inequality follows since / € argminj/eM:a[‘j,zl {mr; j()} and w; ; (t)
is an e-improving offer in iteration . This yields the desired contradiction since agent i
should have made an e-improving offer to agent j instead of agent [ in iteration ¢’
according to line 3. O

In particular, Proposition C.2 yields the following result:
Corollary C.1 For every € > 0, there exists an e€-stable outcome.

‘We now use Proposition C.1 and Corollary C.1 to establish the existence of a stable
outcome. To this end, for any fixed assignment A respecting the capacities, consider
the following mixed integer linear program (MILP), which computes the smallest
value €’ > 0 such that the assignment A together with suitable wages W forms an
outcome (A, W) that is e-stable for all € > €’:

min  €'s.t. (C.1)
up= Y (wij—cij) VjieM (a)
i:a; j=1
T =6 —wij V(@i, j) withag; j =1 (b)
max{w, ¢; j} <w; ; <6 ; V(i, j) witha; j = 1 (©)
SijoXij <uj+ 2¢’ Y(i, j) witha; ;j =0, Z aj jr < Kj (d)
Jj'eM

SijXij Suj _HTi,]' +2¢" V@, j) with a; j =0, Z a; jr = Ki, v with a 5= 1 (e)

j'eM
6 —w) -y < € V(i, j) witha; j =0, Z aj,jr < Kj ()
j'eM
i) —w - yij <6 ;—w; j+e Vi, j)witha;,; =0, > iy =K. vjwitha, ;=1
j'eM

(&)
Xijtyij=1 V(i, j) witha; j =0 (h)
xijvij €10, 1) VG, j) (@)
>0

@

Note that the variable w; ; representing the wage paid by principal i to agent j
only exists in case that ¢; ; = 1, i.e., if agent j works for principal i. In the MILP, (a)
and (b) link the utilities u; and the profits 7; ;, respectively, to the paid wages w; ;.
The constraints (c) ensure individual rationality and that all paid wages adhere to
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the minimum wage. The constraints (d)—(i) ensure that no principal i can make an
e-improving over to any agent j for any € > ¢’: Either x; ; = 1 and the surplus s; ;
allows a joint improvement of at most 2¢’ (by (d), or (e)) or y;, j = 1 and principal i
can improve by at most ¢’ due to the minimum wage (by (f) or (g)).

For each assignment A respecting the capacities, we denote the optimum objective
value of MILP (C.1) by €(A). Note that an optimal solution always exists as long
as (C.1) is feasible (cf. Schrijver (1998)). If no feasible solution exists for a given
assignment A, we let €(A) := 4+00. We then have €(A) > 0 for every assignment A
due to constraint (j). Moreover, we let € := miny €(A) > 0 denote the minimum of the
values € (A) over all the (finitely many) assignments A. Note that € is finite since (C.1)
has a feasible solution for at least one assignment A respecting the capacities: If
aj,j = 0 for all i, j, then setting x; ; := 1 and y; j, 7; j,u; := 0 forall 7, j, and
choosing €’ := max; ; S'T’ is clearly feasible.

We now use MILP (C.1) to establish the existence of stable outcomes:

Theorem C.1 There exists a stable outcome (A, W) for any productivities ©, costs C,
capacities k, and any minimum wage w.

Proof We show that € = 0 for any productivities ®, costs C, capacities «, and any
minimum wage w. This will prove the claim since a corresponding assignment A
for which €(A) = 0 together with the wages w; ; from an optimal solution of (C.1)
for this A constitute an outcome (A, W) that is e-stable for all € > 0. Thus, this
outcome (A, W) is stable by Proposition C.1.

Suppose for the sake of a contradiction that € > 0. Then, by Corollary C.1, there
exists an outcome (A, W) that is %—stable, and by Observation C.1, this outcome is

also e-stable for all € > 5. Thus, the wages given by W induce a feasible solution

of (C.1) with objective value at most %, so €(A) < %, which yields a contradiction

since €(A) > € by definition of €. O

Theorem C.1 also holds in case no minimum wage is imposed, since a minimum
wage w < min; ; ¢; j hasno effect.’* Further, recognize that the result in Theorem C. 1
is constructive in the sense that, for any assignment A respecting the capacities, we can
use MILP (C.1) in order to compute wages W such that the outcome (A, W) is stable
(these wages are given by the variables w; ; in an optimal solution if the optimum
objective value €(A) is zero) or decide that no such wages exist for assignment A
(which is the case if €(A) > 0).

The following example demonstrates that the effects observed in the single-agent
case still arise in the case of multiple agents:

Example C.2 Consider the situation with six principals with unit capacities x; = 1 for
all i and four agents shown in Figure 4. When no minimum wage is imposed, the
only possible assignment in a stable outcome is a1, = a32 = a43 = ae.4 = 1 and

34 For the case where no minimum wage is imposed, the existence of a stable outcome can also be shown
by using linear programming duality in order to calculate the utilities and profits in a stable outcome;
see Shapley and Shubik (1971). This technique, however, does not easily generalize to the case in which a
(nontrivial) minimum wage exists, since the minimum wage may prevent certain combinations of utilities
and profits for each principal-agent pair.
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Fig.4 Example C.2.
Connections that are omitted
yield negative surplus

Ps

a;j,j = 0 otherwise. It can easily be shown that the wages W in a stable outcome must
satisfy 5.5 < w32, wa3 <7, w32 —5 < wi1 <7, ws3 —5 < w4 < 7, which
yields 5.5 < wup,u3z <7and 0 < 73,14 < L.5.

With a minimum wage of w = 8, however, the only possible assignment in a stable
outcome is az 3 = a42 = 1 and a; ; = O otherwise. The wages W in a stable outcome
must satisfy 10 < w3 3, ws 2 < 13, whichyields 0 < up, u3 <3 and2 < w3, w4 <5.
Consequently, for any possible combination of stable outcomes before and after the
imposition of the minimum wage, the wages of agents 2 and 3 increase to a level
above the minimum wage (i.e., wage overshooting occurs), while the utilities of these
agents decrease strictly (so they do not benefit from wage overshooting). On the other
hand, the profits of principals 3 and 4 increase due to the minimum wage (due to
the elimination of competition). In addition, one can observe that the minimum wage
destroys all employments that yield the highest surplus of 7. The total surplus (the sum
of the surpluses generated by all employments) decreases from 28 to 10. Moreover,
also the surplus generated only by the employments of the two agents 2 and 3 who
stay employed after the introduction of the minimum wage reduces from 14 to 10.

Summarizing, the existence of multiple agents does not change anything if the
agents have no capacity constraints, since the situation then decomposes into m
single-agent problems. In the general multi-agent case with capacity constraints, stable
outcomes still exist both with and without a minimum wage, and the obtained effects
of minimum wages still arise.
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D Extensions
D.1 Dynamic environments

We now show that our model and the obtained effects extend to two simple dynamic
environments with finitely many time periods ¢ € {1, ..., T'}. This is not very surpris-
ing, since we showed that the identified effects are the consequence of stability (and
not the consequence of specific bargaining procedures or information structures). The
set of principals for which the agent can work might be different in each period, and
we denote the corresponding set in period ¢ € {1,..., T} by N’. These sets might
be deterministic or stochastic, so that the agent need not necessarily know which
principals he can work for in future periods.

In the first dynamic environment, in each period ¢, the agent bargains with the
principals in N and the contract that the agent may conclude with one of these
principals is valid only for the current period. Consequently, since future periods do
not play any role for the bargaining in period ¢, the situation decomposes into 7 static
(single-period) problems. This holds for all of the considered bargaining procedures
as well as for the setting of stable outcomes. Furthermore, this result also stays valid
if, instead of concluding a single-period contract, the parties can conclude long-term
contracts, but each side has the option to terminate the contract in each period.

In the second dynamic environment, the agent also bargains with the principals
in N’ in each period ¢, but additionally has the option of continuing the contract of
the previous period ¢ — 1, i.e., the agent can choose to continue to work for the same
principal as in period t — 1 at the same wage. This corresponds to the case where
employment contracts are permanent, but can be terminated by the agent in each
period. In order for the agent to be able to continue working at the same principal, we
have to suppose that the set of principals does not shrink over time, i.e., that N! € N’ +1
forallzr e {1,..., T —1}.

Here, the situation in the final period 7 corresponds to a static (single-period)
problem, in which the agent has areservation utility #¢ > 0 given by his utility obtained
from the existing contract of period T — 1 (where ©y = 0 if no such contract exists).
As argued before (see Footnote 12), this static problem with reservation utility ug
corresponds to the static problem with reservation utility zero and all costs increased
by ug, where the agent’s final utility is readjusted by adding the initial reservation
utility ug. Thus, all our results shown for the static problem with reservation utility
zero apply to problem faced in the final period. In particular, since the agent’s utility
obtained in the static problem can never decrease by more than uo when increasing all
costs by ug, the agents readjusted utility in period T is nondecreasing in ug. In other
words, a higher reservation utility from the previous-period contract weakly increases
the agent’s final, readjusted utility in period 7. Consequently, selecting a contract in
period 7' — 1 that maximizes his utility in period 7' — 1 is not only optimal for the agent
with respect to period 7 — 1, but at the same time optimal for his utility in period 7 since
it maximizes the reservation utility in period 7. Similarly, for the principals, a higher
reservation utility from the contract of period 7' — 1 weakly decreases the winning
principal’s profit in period 7', which implies that offering a contract that maximizes her
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profit (and, thus, minimizes the agent’s reservation utility) given the other principals’
offers in period 7' — 1 is optimal for each principal with respect to both period T — 1
and period T'. By induction, this shows that, in each period ¢ € {1, ..., T}, the agent
and the principals behave as if no future periods existed by maximizing their current
utility and profits, respectively. Consequently, the situation again decomposes into 7
static (single-period) problems. As in the first dynamic extension, this holds for all of
the considered bargaining procedures as well as for the setting of stable outcomes.

D.2 Working hours, endogenous working costs, and efforts

Beside remuneration, an important content of real-world employment contracts is the
number of hours an agent has to work and minimum wages could potentially influence
working hours. This has been empirically documented, e.g., in Neumark and Wascher
(2008); Kreiner et al. (2020); Jardim et al. (2022).

We next incorporate working hours into our model by letting the principals choose
between part-time and full-time employment when making an offer to the agent. If
the agent works for principal i, we denote his productivity by 9’7 in case of part-

time employment and by Gf in case of full-time employment The agent’s cost may

also depend on the working hours, and we let cl. and cl. denote the cost of working
part-time and full-time for principal i, respectively. It is reasonable that the cost and
productivity are lower with part-time employment than with full-time employment,
ie., Gl.p < Oif and clp < cif foreachi € N.

The binary choice between part-time and full-time employment at each principal
means that there are essentially two variants of each principal i: the part-time variant,

where the productivity is 9” and the cost is c , and the full-time variant, where the

productivity is Gif and the cost is cif

all variants of the other principals.
In case of unrestricted wages, it is optimal for each principal i to choose the working

hours that maximizes the surplus That is, it is optimal for principal i to offer full-time
f

. Each principal then competes for the agent against

employment 1f Qf —c; > 917 c ,and to offer part-time employment if Gf cf < Qp

cl. Gf Qif - 9” - c , the principal is indifferent). The reason is straightforward:
if principal i attracts the agent with an offer that does not maximize the surplus—i.e.,
with an offer that specifies part-time employment even though Gl.f — cif > Gip — cf or
full-time employment even though Qif — cif < 67 — ¢! — then principal i can improve
her profit by changing the working hours and simultaneously adjusting the wage in a
way that keeps the agent’s utility unchanged.*>

In case of restricted wages, each principal must fulfill a minimum wage requirement,
which specifies that the offered wage at least weakly exceeds the hours worked times
the (hourly) minimum wage w. Denoting the working hours at principal i in case of

35 There can also be equilibria where some principals (precisely those that cannot generate the highest
or second-highest surplus) offer working hours that do not maximize the surplus since they are not able
to attract the agent anyway and are, therefore, indifferent which working hours to offer. In all equilibria,
however, at least the winning principal and the principal who can generate the second-highest surplus offer
working hours that maximize the surplus.
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part-time and full-time employment by hlp and hlf , respectively, principal i has to offer

awage of at least hlp -w for part-time employment and of at least and h;f -w for full-time
employment. It is then readily seen that a minimum wage may distort the principal’s
choice, in the sense that she may choose to offer full-time employment instead of

f P or part-time employment

p_
i < G

instead of full-time employment when Gif - cif > 91_1’ — cf . The reason is that the
minimum wage requirement could cause the principal’s profit when choosing the
surplus-maximizing working hours to be negative or rather small, so that she decides

to select other working hours that do not maximize the surplus. A simple example is
the case with one principal, h” = 20, h{ = 40, ¢ = 50, ¢/ =150, 67 = 250, and
Glf = 400, where the principal chooses full-time employment in case of no minimum
wage and part-time employment in case of a minimum wage w = 10.

part-time employment even though Gif —c

Theorem D.1 Suppose the principals specify the wage and the working hours (part-
time or full-time) in their offers. For unrestricted wages, it is an equilibrium that each
principal makes an offer that specifies the surplus-maximizing working hours. This
need no longer be true with a minimum wage, where principals might offer working
hours that do not maximize the surplus.

With working hours as a choice variable, a minimum wage may, thus, decrease the
generated surplus even if the agent stays employed at the same principal. Generically,
this occurs whenever the minimum wage causes the winning principal to change the
working hours.?¢

Interestingly, with working hours as a choice variable, the agent’s utility could
suffer from a minimum wage even if he stays employed at the same principal.>’ To
see this, we extend the example from before by a second principal with hg = 20,
hf =40, ) =50, ¢] = 150,67 =200, and 6 = 380. Without a minimum wage,
the agent works full-time for principal 1 for a total wage of 380 (9.5 per hour) and,
thus, experiences a utility of 230. With a minimum wage of w = 10 per hour, he stays
at principal 1, but works part-time for a wage of 200 and, thus, experiences a utility
of just 150.

An important alternative interpretation of this model is that each principal can
invest in the working conditions or amenities agents face when working for her. Then,
a principal can choose between different combinations of productivities net of the
investment costs 6; and working costs c¢;. The previous results show that a minimum
wage may cause a principal to reduce her investments in the agent’s working conditions
or amenities, which can lower the generated surplus and the agent’s utility. A second
alternative interpretation is that of efforts.’® A principal may require an agent to invest
a specific level of effort. A higher level of effort is then associated with a higher cost on
the side of the agent as well as with a higher productivity on the side of the principal.

36 Generically, 9if - cif > 9{’ - cip or Qif - c;f < Gl.p - cf holds, such that either full-time employment
or part-time employment maximizes the generated surplus and every shift of the working hours due to the
minimum wage is associated with a strict decrease of the generated surplus.

37 We thank an anonymous referee for mentioning this point.

38 See (Rebitzer and Taylor 1995) for a study of minimum wages in an efficiency wage model. In their
model, the workers’ costs are the same at all firms.
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Note that, for all possible interpretations (working hours, endogenous working con-
ditions/amenities, or efforts), higher productivities are associated with higher costs,
i.e., there is a monotone positive relationship, but higher productivities are not nec-
essarily associated with higher levels of surplus. It is furthermore straightforward to
extend the above model to more than two possible levels of working hours etc.
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