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Abstract

We introduce a new time-varying parameter spatial matrix autoregressive model that
integrates matrix-valued time series, heterogeneous spillover effects, outlier robust-
ness, and time-varying parameters in one unified framework. The model allows for
separate dynamic spatial spillover effects across both the row and column dimensions
of the matrix-valued observations. Robustness is introduced through innovations that
follow a (conditionally heteroskedastic) matrix Student’s ¢ distribution. In addition,
the proposed model nests many existing spatial autoregressive models, yet remains
easy to estimate using standard maximum likelihood methods. We establish the sta-
tionarity and invertibility of the model and the consistency and asymptotic normality
of the maximum likelihood estimator. Our simulations reveal that the latent time-
varying two-way spatial spillover effects can be successfully recovered, even under
severe model misspecification. The model’s usefulness is illustrated both in-sample
and out-of-sample using two different applications: one in international trade, and
the other based on global stock market data.

Keywords: matrix-valued time series; spatial autoregression; time-varying parame-
ters; score-driven dynamics; outlier-robust.
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1 Introduction

Recent years have highlighted some of the limitations of traditional vector-based modeling
approaches for complex data structures. Specifically, when the data inherently exhibit a
row and column structure, it is natural to move beyond the scope of vector-valued represen-
tations and consider matrix-valued time series; see, e.g., Chen and Chen (2022) and Chen
et al. (2024) for an example with bilateral trade data between countries and Chang et al.
(2023) and Li and Xiao (2024) for a financial portfolio example with data across multiple
countries and sectors. One of the core models for matrix-valued time-series is the Matrix
Autoregressive (MAR) model proposed by Chen et al. (2021). It substantially reduces
the dimensionality of the model’s parameter space without compromising interpretability.
This model has by now been extended to accommodate non-stationarity and cointegration,
non-linearities, and high-dimensional settings (see, for instance, Jiang et al., 2024; Li and
Xiao, 2024; Yu et al., 2024; Zhang, 2024).

For many matrix-valued time-series, the rows and columns of the observations relate to
some form of spatial dependence, either through geographic connections, trade relations,
social connections, or otherwise. Such connections can be exploited to build parsimonious,
interpretable spatial (regression) models (for an overview of spatial models in the vector-
valued case, see, e.g., LeSage and Pace, 2009; Elhorst et al., 2021; Anselin, 2022). It
is unlikely, however, that the strength and impact of the underlying spatial connections
remains constant over time, particularly if we consider a longer sample period. This poses
challenges to existing matrix-valued time series models, as a spatial version of those models
that accounts for time-varying spatial spillovers is thus far lacking from the literature.
In this paper, we therefore develop a new time-varying parameter spatial MAR (TVP-

SMAR) model. The model enjoys three distinguishing features. First, it allows for the



inclusion of different observed network effects for the row versus the column dimension of the
observations. These network effects are further amplified or mitigated by so-called spatial
spillover parameters, which are again allowed to be different across rows and columns.
The design ensures a considerable dimension reduction of the parameter space, while also
preserving empirical interpretability.

Second, we allow the spatial spillover parameters to be heterogeneous both across time
and across the individual rows and columns of the observations. For vector-valued observa-
tions, both forms of heterogeneity have been shown to be important (see, e.g., Aquaro et al.,
2021; Catania and Billé, 2017; Yang and Lee, 2021; Gasperoni et al., 2023; D’Innocenzo
et al., 2024) and we generalize them to the matrix-valued context both across row and
column dimensions. In addition, we introduce time variation in the spatial spillover pa-
rameters. Allowing for dynamic spatial spillover effects sets our approach substantially
apart from models like Yang and Lee (2021) and Pu et al. (2024). These earlier mod-
els also study spatial spillovers for matrix observations, but either only consider one-way
(column-related) effects, or omit spatial spillover heterogeneity, or (in all cases) require the
spatial spillovers to be time-invariant. Relaxing the time-invariance assumption for matrix-
valued observations is challenging, but important (see, for instance, Chen et al., 2024; He
et al., 2024; Zhang and Chan, 2024; Yu et al., 2025, for examples on time-varying parame-
ters in matrix models outside the spatial context). Our set-up overcomes these challenges
by using the score-driven time-varying parameter framework of Creal et al. (2013) and Har-
vey (2013) and deriving recurrence relations that explicitly exploit the matrix structure of
the observations. As established in the literature, score-driven parameter updates result in
expected improvements in Kullback-Leibler divergence of the model upon every parameter

update (Blasques et al., 2015; Gorgi et al., 2023; Creal et al., 2024; de Punder et al., 2024)



and offer robustness to potential dynamic misspecification (Beutner et al., 2023).

Third, our model can robustly cope with outliers and influential observations by using
the matrix Student’s ¢ distribution of Gupta and Nagar (2018). Again, this matrix Stu-
dent’s t exploits the row and column dimensions of the data and is more than merely a
re-shaped version of the well-known vector-valued Student’s ¢ distribution. The matrix Stu-
dent’s t distribution also links directly to the dynamics of the spatial spillover parameters
via the score-driven framework of Creal et al. (2013) and Harvey (2013): due to the fat-
tailedness of the matrix ¢, these updates automatically downweight outlying observations,
resulting in robust dynamics for the spatial spillovers.

Despite its flexibility, the log-likelihood function of the new model is available in closed
form. This makes parameter estimation and inference possible via standard maximum
likelihood procedures. We show that the model is stationary, ergodic, and invertible, and
that the maximum likelihood estimator for its parameters is consistent and asymptotically
normal. This allows us to recover the time-varying spatial spillover parameter paths from
the data exponentially fast almost surely. Using simulations, we also show that the new
model can recover the time-varying two-way spatial spillover effects, including settings
where the model is severely misspecified.

We present two applications to support the new model’s usefulness. In our first appli-
cation, we analyze monthly trade growth rates in an international bilateral import-export
trade network. Our second application looks at weekly sector-level global stock returns.
Both applications showcase the improved in-sample fit and interpretability of our new spa-
tial MAR model with time-varying parameters, as well as its robust out-of-sample predictive
performance.

The remainder of this paper is structured as follows. Section 2 introduces the model



and estimation framework. Section 3 studies the model’s asymptotic properties. Section 4
presents an extensive simulation study, while Section 5 explores two empirical applications.
Section 6 concludes. Technical proofs and additional empirical results are available in the
supplementary material.

Throughout, we adopt the following notational conventions. Vectors and matrices are
in bold, whereas scalars are non-bold. A block-diagonal matrix with, for instance, two
blocks A and B is written as diag (A, B). We also write diag(A) to denote a column
vector holding the diagonal elements of a single square matrix A. For any matrix A, let

A, ; denote its (4, j)th element and let I,,, denote the m x m identity matrix.

2 Modelling framework

We first introduce the general model in Section 2.1. Section 2.2 outlines the distributional
assumptions, while Section 2.3 discusses the parameter dynamics and the outlier-robust

features of the model. Section 2.4 addresses the estimation of the model’s static parameters.

2.1 The TVP-SMAR model

Let Y; € R™*" denote a matrix-valued observation for ¢ = 1,...,7T and some finite m
and n, where, for instance, m may be the number of different regions or countries, and n
the number of sectors in a production type network. Our time-varying parameter spatial

matrix-valued autoregressive (TVP-SMAR) model takes the following form:

Y, =R W/Y,B '+ AY,W; R +CX,D" +E, E < pg(E;:&), (1)



where R} € R™™ and R{ € R"*" are diagonal parameter matrices holding the hetero-
geneous, time-varying row and column-related spatial spillovers, respectively, and W} €
R™™ and W € R™" denote the observed corresponding network connection matrices.
The coefficient matrices B € R™*" and A € R™ are assumed to be diagonal, though
this assumption can be relaxed if one is willing to impose further identification restrictions.
Finally, X, € R¥>*2 i5 a matrix containing observed exogenous variables with associated
parameter matrices D € R™*2 and C € R™**. We assume that the matrix-valued error
term E, € R™*" is independent and identically distributed (i.i.d.) with a predetermined
density function pg (-;€g), where &g represents the parameters characterizing the distri-
bution.

The proposed TVP-SMAR model in (1) encompasses several existing spatial autoregres-
sive models from the literature, such as the time-varying parameter spatial autoregressive
(TVP-SAR) model of D’Innocenzo et al. (2024) using n = 1; the TVP-SAR model with a
single time-varying spatial spillover parameter of Blasques et al. (2016) using n = 1 and
R} = p.I,,; the static heterogeneous spatial spillover model of Aquaro et al. (2021) using
n =1 and R; = R"; and the standard spatial regression model of, for instance, Anselin
et al. (2009), Asgharian et al. (2013), Kou et al. (2018), and Denbee et al. (2021), by
setting n = 1 and R} = pI,,. At the same time, for n > 1, the model in (1) encompasses
the dynamic panel spatial vector autoregression model of Yang and Lee (2021), which at
the core reduces to Y; = WY, B + E;.! Our model in Eq. (1) substantially extends
this specification by allowing for both row and column-related networks and corresponding
heterogeneous spatial spillover strengths, as well as by allowing these spillover parameters

to vary over time.

IFor simplicity, we consider a reduced version of the model in Yang and Lee (2021) to highlight the core
differences in the spatial effects. Yang and Lee (2021) also allow for spatial time-lags and lagged terms of
Y:, which could be included in a similar way in our specification in (1).



To better understand how the spatial spillover specification in (1) exploits the row and
column structure of the data, let Y;.; and Y. ;; denote the ith row and jth column of Y;,
respectively. Consider the jth column of Y; for a model without exogenous regressors. In
that case (1) reduces to

Y-,j,t - Bj,j R; ‘/Vvtr Ymt + Rc'

5,5t

AY, (W )" + E. — (2)

n m
Yij+=B;; R, E Wi Yo+ A RS, § Wi Yike + Eijq.
k=1 k=1

The first term in (2) resembles the model for vector-valued time series with heterogeneous
row-wise time-varying spillovers (D’Innocenzo et al., 2024). The spatial matrix-valued spec-
ification imposes parsimony by requiring that these time-varying row-wise spatial dynamics
are the same across columns j, differing only by a proportionality constant B; ;. Substan-
tially different from D’Innocenzo et al. (2024), however, the second term in (2) imposes
further static, heterogeneous row-wise spillovers via the static diagonal matrix A. These
somewhat resemble the static heterogeneous spillovers in for instance Aquaro et al. (2021),
Yang and Lee (2021), or Heil et al. (2022). In contrast to these earlier papers, however, the
static heterogeneous spillovers are scaled by the time-varying scalar spatial spillover coeffi-
cient R, and operate on different time-varying linear combinations of the columns of Y;
via the jth column of W£T. The scalar effect of R, ;; bears some resemblance to the scalar
spatial dynamics in Blasques et al. (2016), but it is substantially adjusted to allow for cross-
sectional heterogeneity via the static matrix A, and for more complex row-wise dynamics
via the first term in (2). A similar argument can be made if one considers the ith row of Y;
rather than the jth column, obtaining Y;|, = A;; RiWFY;!, + R, ,BY," W/.,T + E/ ,.
In short, the new specification in (1) extends and parsimoniously combines several earlier

proposals from the literature to introduce time-variation and heterogeneity in spatial au-



toregressions, while being specifically tailored to matrix-valued data Y; through explicit
use of its row and column structure.

One special case of the general specification in (1) is worth noting. If one is exclu-
sively focused on the time-varying spatial spillover effects along either the row or column

dimension of Y;, the following special form of the model can be considered:
Y, = RW/Y,B" +CX,D" + E,,  E, '~ py(E;¢p), (3)

where B can be a full n x n matrix (with B;; = 1 for identification). Note that this
specification is still more general than the core panel specification of Yang and Lee (2021),
which has B as diagonal and static R = I,,, for all t. We also note that model (1) can be
further extended to allow for heterogeneity in network structures between columns or rows

by considering

Y,=Y B RIWY,+Y A,Y,W{ R +CX,D' +E, (4)
j=1

i=1

where W), € R™™ and W, € R™" are row (column) connection matrices that vary
across columns (rows). Models like (4) can be directly linked to the multi-country, multi-
sector specifications in for instance Blasques et al. (2023), where the network connections
between countries are allowed to vary across sectors. The TVP-SMAR model can be further

extended to incorporate spatial spillover effects in the disturbance E;, by specifying
T T S ~ cac iid.
E,=ANW/EB" + AEWSAS+V,,  V,'< py (Vis€y), (5)

where A7, A7, j, and B are diagonal matrices, and &y contains the parameters. Note



that for n = 1 and R} = p.I,,, Eq. (5) encompasses the DySARAR model considered in
Catania and Billé (2017).

As a final note, not all parameters in (1) are identified. For instance, only the Kronecker
products B @ RiW,, RIWS ® A, and D ® C are identified. To address this issue, we
impose the constraint A;; = By; = 1. Together with the diagonality assumption for A
and B, this solves the identification issue for A, B, R{, and R;. As mentioned earlier,
relaxing the diagonality assumption for A and B possibly requires further identification

restrictions. We also impose C}; = 1 to avoid the identification issue for C' and D.

2.2 Distributional assumptions

We assume that the error terms FE; follow the matrix Student’s t distribution of Gupta
and Nagar (2018, Chapter 4). As we see later, this endows the model with a two-fold
robustness property. More specifically, for v > 2, we assume that the probability density
function (pdf) of E; is given by

L (Bv+m+n-1))

L (3(v+m—1))[(v—2)7]

271Etﬂ’1EtT —1(v+m+n—1)
(v —2) ’

PE (Et‘2> Q? V) =

= | Z7E R
2
(6)

x I, +

where T,,(-) = amMm=VOT]™ T'la + (1 — i)/2] denotes the multivariate gamma function
for a > (m —1)/2, and I'(-) the standard gamma function. We denote this zero-mean
distribution as E; ~ T, (v, X, §2). We assume the matrices 3 € R™*™ and 2 € R™*"
to be diagonal, with the identifying restriction €2;; = 1 if m,n > 1. The matrix-valued
Student’s ¢ distribution collapses to the multivariate (vector-valued) Student’s ¢ distribu-
tion if either m = 1 or n = 1, and to the matrix-valued normal if v — oco. Moreover,

Cov (vec(E;)) = 2 ®@ X for v > 2.
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Figure 1: Log-pdf contour plots for the matrix and vector-valued ¢ distribution

Note: For the matrix-valued E ~ T (5,215, 215) and the multivariate ¢ distribution vec(E) ~ t4(5,414),
panels 1(a) and 1(b) give contours of the log-pdf for a row (or column) of E, the remaining elements set
to zero. Panels 1(c) and 1(d) do the same for the diagonal of E.

The assumption of a diagonal ¥ and €2 implies a diagonal covariance structure for
vec (Ey). As a result, the shocks E; can be interpreted as idiosyncratic structural shocks
to a particular row and column of Y;. The static (A and B) and dynamic (R} and RY)
spillover matrices, along with the connection networks W, and W, then determine how
these shocks propagate through the system.

Interestingly, the distribution of E, is not merely a reshaped version of a vector-valued
multivariate Student’s ¢ distribution for vec(E;). In particular, if m,n > 1 and v is finite,
vec(E;) does not follow a multivariate ¢ with mean zero and covariance matrix 2 @ X.
To illustrate this, consider a toy example with m = n = 2, a matrix Student’s ¢ random
variable E ~ Ty 5(5,21I,,,21,), and a multivariate t vec(E) ~ t4(5,41I,,,). Figure 1 plots
the contours of these two log joint densities if we put two elements to zero and evaluate the
density as a function of the other two arguments. Panels 1(a) and 1(b) set the bottom row
elements to zero (Ey; = Ey5 = 0), while panels 1(c) and 1(d) set the off-diagonal entries
to zero (Ey 2 = Ey; = 0). Clearly, the first two panels show that the marginal densities for
E,, = E;, = 0 are the same for the matrix and the multivariate ¢. The last two panels,

however, show that the marginal densities for F;, = E5; = 0 are very different. Whereas
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the multivariate ¢ retains its elliptical nature, the matrix ¢ resembles much more the case
of two independent univariate ¢ distributions. The latter follows immediately from the
density specification in (6). For E;, = Es; = 0 and the example from Figure 1, we obtain
a density kernel of the form | I+ 3diag(E7,, E22’2)‘75, which reduces to [[7, (1+ %Eﬁi)%.
The distribution thus induces more dependence if two entries Y; ;, and Y} j; of Y; have an
overlapping row (i = ¢’) or column (j = j) index (or both), and less if both their row and
column indices differ. The matrix ¢ thus more clearly exploits the matrix nature of the data
than its multivariate vector-valued counterpart. We therefore use the matrix Student’s ¢

distribution for the error term FE;. This also influences the spatial spillover dynamics via

the score-driven specification for R} and R, as we explain in the next section.

2.3 Score-driven spillover dynamics

To capture the time variation in the spatial spillover parameters, we use the score-driven
framework introduced by Creal et al. (2011, 2013) and Harvey (2013). Let f, = (f7 7, fT)T,
with f; € F C R™™™ containing the time-varying parameters of interest, and f; and ff con-
taining the diagonal elements of R} and R, respectively. Let py (- | Xy, fi, 05) denote the
conditional pdf of Y;, where X, = (X, W], W) collects the observed variables external
to Y;, and 6, represents the vector of unknown static parameters in (X, £2,v, A, B,C, D).

The score-driven update for f; is then given by

Jir1 = ¢t(ft,9) =w+Pf + Kst(Ytaftaos)a

‘ 8logpy(Y2 ‘ Xta.fhes)
ofi ’

St(Y;h ftaos) = Si(f1,0s)

with intercept w € R™™ and parameter matrices @, K € RMm+t)x(m+n) controlling the

dynamics of f;. Here, @ consists of all static parameters, including those in (w,®, K) as

11



well as O,. Furthermore, the scaling matrix S;(-) is allowed to depend on (Y;, X;). Note
that we do not impose any transformations on the elements of R; and Rj. For example,
Blasques et al. (2016) and Catania and Billé (2017) use tanh and logistic transformations,
respectively, to constrain R}, , and Rf,, within the unit interval to ensure system stability.
However, such constraints can lead to significant losses in flexibility and are unsuitable in
our empirical setting, where much more heterogeneity in the elements of R{ and Rj is
called for; compare D’Innocenzo et al. (2024). This can be done without jeopardizing the
model’s spatial stability, as we see later.

To proceed, let ’P%) € RE*K denote a matrix with zeros everywhere except for a single
1 at the jth diagonal position for j = 1,..., K. Note that ’P%)Q acts as a row selector
that zeroes out all but the jth row from a K x K matrix Q. We now have the following

result.

Proposition 2.1. Let Y; be as defined in (1), with E, ~ T, (v, X, §2) for v > 2, where
X and 2 are symmetric, invertible matrices. Recall f; = ( T fT)T with f; and ff

containing the diagonal elements of R; and R, respectively, and define
G = Gi(f,0;) = B RiW/ + RAW; © A. (8)

If the spectral radius o(G:) of Gy satisfies o(Gy) < 1, then the (scaled) score term in (7)

with scaling matriz Sy(f;, 0s) = ‘Imn — Gy(fi, 95)‘ - I, takes the form

(¥ pooy - |00 1Zi| diag(Y; BTE, W.) - b{(Z:. B) o
t tyJtyYVs) — - )
s¢(Yi, £,,6,) |Z,| diag (&, Wi AY;) - b(Z,, A)

where Y7 = WYY, Yo = YW, €, = Q€] 51, Z, = |Z,| ZY, Z, = Zi(f,.0,) =

12



L. — Gi(f:,0,), and the residual £, and weight W are defined as

E = Ei(f1,0,) =Y; — diag(f])Y,B' — AYdiag(f;) - CX,D",

v+m+n-—1
v—2

Wi =Wi(f.0;) = (Im + (v —=2) " E(f1. 05) 27 E(f, 95)T2_1>1,

with the bias-correction terms

N LquT®w¢TP$b]T N N [mqu¢TPS%®ATﬂT N

b;(Zt,B) = : Vec(Zt), bf(Zt,A) = : VGC(Zt).
[quT®quP$”ﬂT [mdﬂ@TPS”®ATﬂT

The raw score in Proposition 2.1 is scaled by |I,,,,, — G|, such that the step sizes reduce
as the spectral radius of G; approaches one; compare the scaling in D’Innocenzo et al.
(2024). Note that the expressions remain valid also for more general specifications of the
model than the ones considered in this paper, e.g., for non-diagonal X' and §2. The scores s}
and s{ each consist of two terms that have an intuitive interpretation. The first terms arise
from the matrix-valued linear regression model with time-varying coefficients, as described
in (1). For instance, the first term in the first row of (9) adjusts R}, , to be more in line with
the new observation (Y;"B',Y;) conditional on the other parameters of the model. The
second term then corrects the first step for the bias arising from the endogeneity due to the
contemporaneous network structure. Finally, the weight matrix YW, mitigates the effect of
outliers in Y; on the scores, thereby ensuring that the filter remains robust; compare Creal
et al. (2013), Blasques et al. (2016), and Zheng et al. (2023). As &; diverges to infinity, the
weight W, tends to zero for finite . Note that for v — oo, we have W, = I,,, for all .

Note that also the score-driven dynamics for R; and R explicitly exploit the matrix

structure of the data as opposed to modeling the data in vectorized form. This induces a

substantial reduction in the number of parameters. For instance, with regard to spillover

13



effects we now have m + n time-varying parameters rather than the m - n time-varying
parameters we would have under a vectorized form. Moreover, we only have m +mn — 1
covariance related parameters in X' and §2 rather than m - n of them. This considerably

simplifies the estimation problem.

2.4 Maximum likelihood estimation

The static parameter vector @, which includes all the static parameters in the model, is
estimated via maximum likelihood estimation (MLE). We initialize the filter recursion at
a fixed nonrandom value j/{) € F, and denote the resulting initialized sequence by ﬁ(@) =

ﬁ(@, fo) For each ¢, the log-likelihood contribution is given by

ét(ft(e),Os) = logpy(Y,; | Xt7.ft<0)793)
Lo((v+m+n—1)/2)
Lo ((v+m—1)/2)((v—2)7)

(v+m+n—1
2

my
2

= log —glog|2]—

mn/2

Dlog |1, + (v~ 2 ZE,(£,(6).0.)92 7 £,(£1(6).6.)|.

The MLE is then defined as

~ ~ o~

T
0 =01 (fo) = argmax ET(G) = argmax T ! Zﬁt(ﬁ(e), 95)- (10)
0cO 0cO p—

Note that for a given value of 8, the evaluation of (10) is straightforward given the recursive
nature of the data. The MLE can thus be found numerically by standard optimization
techniques. Additionally, the estimation framework can be readily extended to incorporate

conditional heteroskedasticity; further details are provided in Online Appendix F.

14
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3 Asymptotic analysis

In this section we study some of the theoretical properties of the TVP-SMAR model, as well
as the asymptotic behavior of the MLE defined in Section 2.4. We first show in Section 3.1
that the stochastic recurrence equation (SRE) in (7) admits a unique strictly stationary and
ergodic (SE) solution, which ensures the existence of an SE process {Y;, t € Z}. We then
demonstrate that the initialized filter sequence {ft(é’) = fA't(O, j%), t=1,... ,T}, when
applied to SE data, converges uniformly in 8 to an SE limit for any initial value ﬁ) e F.
Building on these results, Section 3.2 establishes the strong consistency and asymptotic
normality of the MLE Or in (10). Throughout, for a vector @ = (a;) € R™, its p-norm is
denoted by [lall, = (7, la;|P)/P. For a matrix A, ||Al|, represents the induced p-norm
(ie., [|All, = supg,o [ Az||,/||x],), where the subscript is omitted whenever p = 2. For a
square matrix A, let o(A) be its spectral radius. Moreover, let log™ (x) = max{log(x), 0} for

x >0, and let Apin(+) and Apax(+) denote the smallest and largest eigenvalues, respectively.

3.1 Stationarity and filter invertibility

We begin by introducing the following assumptions.
Assumptions: A1 There exists a complete and separable metric space (F,||-||) a.s. such
that F C {f € R™" : sup, g)czxo 0(Gi(f,05)) < 1}.

A2Vf eF, IE(logJr SUPgco H [Zt(f,Hs)]fl‘D < 00;

A8 The joint process {(Et, X, W] We), te Z} 18 strictly stationary and ergodic. More-

over, fort € 7,

(a) the errors E; are i.i.d. and follow a zero-mean matriz-valued t distribution with

pdf given in (6), degrees of freedom v > 2, and real symmetric spread matrices
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X and $2 satisfying 0 < A < Anin(X) < Adnax(X) < Ay < 00 and 0 < A\p <

Amin(£2) < Mpax(£2) < Ay < 00, for some constants A, and A\y;
(b) the exogenous regressors X, satisfy E(log™ || X,||) < oo;

(c) the (observable) spatial weight matrices W, and W have zero diagonal elements

and satisfy the moment condition ]E(logJr HVV[H) + IE(logJr HWtCH) < 0

Assumption Al requires the existence of a Polish space in which the filters reside,
ensuring both the stability of {Y;, ¢t € Z} and the invertibility of Z,(f, 0s) = L,—G:(f, 05)
for all f € F. This assumption is typically not hard to verify. For instance, note that
sup(g)czxo 0(Ge(f,05)) < || flloosupigyczxe (IBIHWY ] + Al [Wel). If there exists
a constant Cy € (0,1) such that supg gyezxo (| Bl W/ + Al W) < Co, we can
take F = {f € R™" : ||fllc < Cy'}, which is a closed subset of the finite dimensional
Euclidean space R™*" and therefore (under the norm || - ||) complete and separable.

Assumption A2 is required to guarantee the existence of a logarithmic moment for the
process {Y;, t € Z}. Note that Assumption Al alone does not imply the moment condition
in Assumption A2. Essentially, for f € F, Assumption Al ensures strict positiveness and
boundedness of the absolute eigenvalues of Z;(f,8,) uniformly in (¢,0). However, since
Z(f,0,) is not symmetric, this does not necessarily provide control over the individual
elements of its inverse (and also its adjoint).

Assumption A3 requires that the random components in (1) are jointly SE. It can be
shown that {Y;, t € Z} is SE in our context with some additional arguments. Assumptions
A3(a)-A3(c) further impose (moment) conditions on each random component, all of which
are rather mild.

The following result establishes that the score-driven dynamics in (7) admit an SE

solution as a potential data generating process (DGP).
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Proposition 3.1 (Existence of a DGP). Consider the stochastic recurrence equation (SRE)
in Eq. (7), with the updating step provided in Proposition 2.1. Let the SRE be evaluated
at j?t* = (j?t*”, :*CT)T € F as ft*+1 = w+ @,I?t* + Kst(Y;*,ﬁ*,Os), with nonrandom ini-
tialization f(’; e F, where s,(-) is given in (9), and Y;* = RFWY; BT + AYW¢ T R +
CX,D" + E, for R;" = diag( At*?“) and R:¢ = diag( At*c). Then, for 6 € O, ft* follows the

SRE given by ﬁ:—l =7 (ﬁ*,@) a.s., where

Wi (f,0) =w+®f + Ksi(f,6,), sxﬁ@):(igzn, (11)

where sf’”(-, 05) and sjfc(-, 95) and thewr derivatives are defined explicitly in the proof of this
proposition and in Lemma FE.1 .

If Assumptions A1 - A3 hold and if, moreover, for 8 € @,

) <o

> < 0 for some integer r > 1, where tb:(r)(',e)

&1 K-0_s:(£.6,)

SE1 E(log+ SUpP fep aFT

0
SE2 E(logsupr]F W‘bt( )(f,H)'

denotes the r-fold convolution of ;(-,0) as gbt*(r)(-,e) =7 (-,0) 0t (-,0) 0

‘-'O’QZ’;TH(‘;G);

then, for all @ € @, there exists a unique strictly stationary and ergodic solution {ft*(O), te
Z} with values in F, as t — oo. Moreover, each f}(0) is measurable with respect to the

o-field generated by {¢t*_k(-,0), k> 1}.

The proof of Proposition 3.1 builds on fundamental results by Bougerol (1993) and
Straumann and Mikosch (2006). Given the inherent complexity of our matrix-valued spa-
tial model, as seen for instance by the construction of s} ( f,OS) in Lemma E.1, these
assumptions are not simple to check analytically. Nevertheless, Assumptions SE1 - SE2

echo conditions found in the seminal work of Blasques et al. (2022) within the score-driven
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literature. Notably, the r-fold convolution in Assumption SE2 serves to enlarge the con-
traction region. When r = 1, this assumption reduces to those in D’Innocenzo et al. (2024)

for the much simpler vector-valued setting.

Proposition 3.2 (Invertibility). Let {Y;, t € Z} be generated by (1), with dynamics spec-
ified in Proposition 2.1, for some “true” parameter 8y € @. Suppose the assumptions in

Proposition 5.1 are satisfied and that @ is compact. Moreover, assume that

) <o

w,@q,m”) < 0 for some integerr > 1, with z,b,gr)( ,0) =

9,
¢+Kﬁst(}ftvf70$)

IVl E ( log™ supgee SUp fep

0
afT
Pi(-,0)otp_1(,0)0...0_y1(-,0) the r-fold convolution of (-, 6).

IV2 E ( log supgee SUP fer

Then, the sequence {ﬁ(@), t e Z+}, initialized at any nonrandom starting value fo eF,
converges exponentially fast almost surely (e.a.s.) to a unique SE sequence {ft(e), te Z}
with values in F, uniformly in @ € @, ast — oo; that s, there exists a p > 1 such that

P’ SUDgeo ||]?t(9) — J:(0)]| =50 as t — .

Proposition 3.2 establishes that the initialized filter process converges uniformly in
0 € O to a unique SE limiting process irrespective of the initial value. This result forms

the basis for the consistency of the MLE and is known as the invertibility of the filter.

3.2 Strong consistency and asymptotic normality of the MLE
To establish the strong consistency of éT, some additional assumptions are required.

Assumptions: SCI supgeg |P]| <1 and SUD (¢, £.6)cZxFx@ Q(Gt(f,es)) < 1.

SC2 For 0 < qa < q1/2 < 1, the following moment condition holds:

‘[Zt(f,es)]_l“m) FE|X, "+ E|[W7 %+ E|We||? < 0o, (12)

E( sup
(6,f)EOXF
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SC3 For allt € Z, py(Y | Xt,f,Bs) = py(Y | Xt,fT,O;f) for almost every Y € R™*"
with respect to the Lebesgue measure if and only if f = f1 and 6, = 0]. Moreover,

det(Ky) # 0, where K, denotes the true parameter value of K in the SRE (7).

Assumption SC1 is needed to ensure the existence of a moment E ( SUPgco H f:(0) Hp> <
oo for some p > 0. Note that the condition sup, ¢ g)ezxrxe 0(Gi(f,0,)) < 1in Assumption
SC1 is stronger than Assumption Al. It essentially requires that there exists some oy €
0,1) such that F C {f € R™™" : sup(; gyezxo 0(Gi(f, 0s)) < ou < 1}. This condition
ensures that the eigenvalues of Z;(f,0s) are uniformly bounded away from zero over all
(0, f) € @ x F. The condition (12) in Assumption SC2 is stronger than those stated in
Assumptions A2-A3; which together imply the existence of the ¢; € (0,2] moment of Y;.
Finally, Assumption SC3 imposes a generic condition for the identifiable uniqueness of the
true static parameters. There are several common approaches to ensure identification. As
discussed before, in this paper we achieve identifiability by normalizing A;; = By, =
Ci1 = 2, = 1, with both A and B assumed to be diagonal matrices. Under this
normalization, Assumption SC3 is satisfied, provided that there exists a ¢ > 1 such that
both W, and W contain no zero rows. While neither X' nor §2 is required to be diagonal
for identification, it is worth noting that we impose diagonality to facilitate a structural
interpretation on the model’s error terms F;.

The following lemma establishes that the empirical maximum likelihood objective func-
tion defined in (10), based on a nonrandom initial value fo € F, converges uniformly and

a.s. to a continuous objective as T" — oo.

Lemma 1. Recall Lr(0) = T~ S1, £,(£:(8),8,). Define Lo(6) =TS ¢,(£:(6),8,)

and L£(0) = E(ﬁt(ft(O), 93))- Under the assumptions of Proposition 3.2 and Assumptions
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SC1 - SC2, we have

sup |Lr(0) — L(0)] 250, T — oo, (13)
0ce

where L(+) is continuous on @.

Together, Lemma 1 and the identification condition in Assumption SC3 provide the key

elements for establishing the strong consistency of (9}.

Theorem 3.1 (Strong Consistency). Suppose the assumptions of Proposition 3.2 and As-
sumptions SC1 - SC3 hold. Then, for any filter initialization fg € FF, the maximum likeli-

hood estimator defined in (10) is strongly consistent; that is, §T 2% 0y as T — oo.

In what follows, we introduce an additional set of assumptions to establish the asymp-

totic normality of §T.

Assumptions: ANI The compact parameter space @ coincides with the closure of its open

nterior.

ANZ2 There exists a constant € > 0 and functions go, g1 > 0 such that the following holds

a.s.: for allt €Z, allY € R™", and all @ € B.(6;) = {0 € O : |0 — 6| < ¢},

v (Y | X0, £(6),6) = v (Y | X, £(80).6.0) | < g0(Y, X,)[16 — 6]l (14)

apY<Y | Xtmft(e)’es) . apY(}f | Xta ft(00)7080)
00 00

< g(Y, X,)[[0 — 6|, (15)

where fgl(Y,Xt)dY < 00 and fgg(Y,Xt) dY < oc.

a‘et (f»es())
900F T

2
AN3 E(log+ SUp fep ) < 00.

044 (£:(60),0s0)
) < 00 and E(H*

#Lr(0) E<6%(ft(6),9s)) ‘

L% 0asT
50007 90001 as I — o0.

AN4 Suppose that supgeg H
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Assumption AN ensures that partial (high-order) derivatives with respect to 8 € © are
well defined by ruling out “unusual” cases, such as when @ has an empty interior or consists
of isolated points; see also Lin and Lucas (2025). Assumption AN2 guarantees that, for all
Y € R™*" integration and differentiation with respect to @ can be interchanged a.s. for the
maps 6 — py(Y | X4, f:(0), 93) and 0 — 8py(Y | Xy, f:(0), 05)/80 evaluated at @ = 0.
Note that, as usual, the integral of a scalar function of a matrix argument is interpreted as
an iterated integral over each entry of the matrix; c¢f. Gupta and Nagar (2018, Chapter 1.4).
Assumption AN3 imposes moment conditions needed to establish asymptotic normality,
while Assumption AN4 requires that a uniform law of large numbers can be applied to
the empirical Hessian matrix of the likelihood objective function. These two conditions
can, in principle, be derived from more primitive assumptions. However, the associated
proofs are extremely tedious in our matrix-valued setting, as they involve verifying the
invertibility of the first- and second-order derivative processes of ft (@) with respect to 0,
ultimately requiring computation of third-order derivatives of the scaled score term defined
in (9). The expressions of these derivatives become increasingly long and opaque. Since
these technicalities contribute little to the overall understanding of the asymptotic theory,
we impose these conditions directly as assumptions. We expect no particular difficulties,
however, given results for scalar and vector-valued models with score-driven dynamics; see
for instance Blasques et al. (2016) and D’Innocenzo et al. (2024).

Theorem 3.2 below provides the asymptotic distribution of the estimator of the static

parameters.

Theorem 3.2. Suppose Oy € int(@), where int(O) denotes the interior of ©@. Under

the assumptions of Theorem 3.1 and Assumptions AN1 - AN/, we have ﬁ(ﬁT — 00) a4

N(O,Ial) as T — oo, provided that Ly = E(agt(ft(aeeo)’eso) agt(fg(gﬁ’””’) is invertible.
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4 Simulation study

This section consists of two main parts. First, we examine whether the asymptotic results
derived in Section 3 hold up in finite samples under correct model specification. Second, we
assess the finite-sample performance of the proposed score-driven filters in terms of mean

squared error.

Correct model specification. We set (m,n) = (4,3) and omit the exogenous vari-
ables. Let diag(A) = (1,0.9,0.1,0.8)7, diag(B) = (1,0.8,1.2)", X = 5 I,,,, diag(£2) =

(1,0.8,0.8)", E; ~ Ty 5(5, X, £2), where w, K, and @ in (7) are specified given by

w, k-1, 0 ¢ I, O

We 0 kI, 0 ¢°-1I,

with w, = (—0.045,—0.015,0.015,0.045)", w, = (—0.651,0,0.651)7, k, = 0.05, k., = 0.07,
¢r = 0.95, ¢. = 0.8. We simulate a 4 x 4 row connection network W/ = W', where
vec(W) is simulated with W}, N (0,1). We then remove the diagonal elements of W
and perform column normalization. A similar procedure is followed for the 3 x 3 column
connection network W = W¢. Next, we fix W and W€, simulate 500 random data sets
for each of the three sample sizes 7" = 500, 1000, 2000, and estimate the model for each
simulated data set using the MLE defined in (10).

Figure 2 shows the kernel density estimates of a subset of the model parameters. Results
are similar for the remaining parameters and are therefore omitted. We see that as the
sample size T increases, the kernel density estimates center more and more tightly around

the true value (indicated by the red vertical line). Also the shape of the distribution

appears to converge to the normal distribution. This suggests that the asymptotic results of
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Figure 2: Kernel density estimates of the estimated parameters from 500 simulations for
three sample sizes (T = 500, 1000, 2000) are presented, with vertical red lines indicating
the true parameter values.

Theorem 3.2 provide a reasonable approximation and, thus, an adequate basis for inference

in finite samples.

Model misspecification. To investigate whether our new model can successfully filter
the spatial spillover dynamics if the model is misspecified, we consider a setting with
(m,n) = (2,2), diag(A) = diag(B) = (1,1)", ¥ = 5 I,,, and diag(§2) = (0.8,0.8)".
The connection matrices W and W€ follows the same procedure as before. We assume
E;, ~T,5(3, X, §2). Given an initial value Rj, we consider five types of dynamics for R} =
diag(RY , ,, R5,,): (1) Const: RI,, = R, ; (2) FastS: R, , = Ry, ,(1+0.6-sin(27t/200));
(3) SlowS: Ry, , = Ry, ,(1+0.6-sin(27¢/20)); (4) Break: R!,, = R}, ((1+0.91{t > T/2});
(5) AR: Ry, = 0.01R}, o+ 0.99R.,, | + 0.01¢;, where e;, =" N/(0,1) for i = 1,2. We
then generate Y; according to (1), fixing the initial values as Rj, = R§ = diag(0.5,0.5),
and considering T' € {250, 500, 1000}. We set R} = R and let the two diagonal elements

of R follow one of the (possibly) different dynamic specifications formulated above. For
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Table 1: Empirical MSE of time-varying spatial spillover effects.

Dynamics T Static-SMAR-t  TVP-SMAR-t  Static-SMAR-N  TVP-SMAR-NV
250 0.205 0.040 0.213 0.048
Const + Break 500 0.201 0.032 0.209 0.040
1000 0.201 0.026 0.208 0.035
250 0.229 0.068 0.243 0.075
SlowS + Break 500 0.230 0.048 0.245 0.060
1000 0.234 0.051 0.250 0.063
250 0.236 0.069 0.253 0.081
FastS + Break 500 0.234 0.063 0.251 0.074
1000 0.235 0.059 0.251 0.068
250 0.127 0.042 0.139 0.051
Break + AR 500 0.127 0.033 0.138 0.041
1000 0.124 0.026 0.133 0.033

each case, we repeat the simulation M = 200 times. We then compute the mean squared
error (MSE) as (4MT) 'S0, YL, (IR = RPT|2 + | R — R{P<)?), where R{P”
and ng)’r denote the estimated and true paths of R} in the kth replication, respectively,
and similarly for ng)’c and Rl(tk)’c.

Table 1 displays a subset of the results. The full set of results can be found in Ap-
pendix G.1. Three key findings emerge. First, the TVP-SMAR-t model consistently
achieves the lowest MSE across all scenarios and sample sizes, confirming its robustness
and superior ability to capture heterogeneous time-varying spillover effects, even if the
model is dynamically misspecified. Second, models based on the matrix Student’s ¢ dis-
tribution generally outperform their Gaussian counterparts, particularly in nonstationary
environments such as Break and FastS. Third, estimation accuracy improves with larger
sample sizes, despite the misspecification of the dynamics of R{ and R{. We conclude
that the new model can be estimated using typical empirical samples sizes and that the
asymptotic theory provides a good framework for inference and for the convergence of the

filtered paths.
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5 Two empirical applications

We study two applications. Section 5.1 examines an international bilateral import-export
trade network, while Section 5.2 analyzes weekly sector-level global stock returns. The

variables of interest in both applications are subject to incidental shocks.

5.1 Application 1: dynamic transport network

We study the monthly bilateral trade data between Canada (CA), Mainland China (CN),
Mexico (MX), and United States (US) using the IMF-DOTS database and constructing a
matrix valued import-export variable as in Cai et al. (2025). To account for discrepancies in
reported import and export values between countries, we use the CIF (Cost, Insurance, and
Freight) import data to represent trade flows between countries and regions. For example,
the value of China’s exports to the United States in January 2022 is based on the import
figures reported by the United States for the same month. We compute the year-on-year
growth rate of monthly imports.?

Figure 3(a) displays the monthly trade growth rate time series for the four economies,
covering 241 time points from October 2004 to October 2024. For example, the time series in
the first row and second column represents the monthly export from China (CN) to Canada
(CA). The figure clearly shows that the import-export time series often exhibit outliers, par-
ticularly around the COVID-19 pandemic, where some countries’ trade figures experienced
significant jumps. This underlines the importance of employing a model that can account
for such large fluctuations. For the connection network, we define W/ = W, = W, where
W is a 4 x 4 matrix representing the inverse of geographical distances between countries,

with distance measurements following the methodology described in Mayer and Zignago

2The year-on-year growth rate r; is calculated by r; = (Yt — Ye—12)/yt—12 % 100, where y; denotes the
monthly import level.

25



Ins Tech HC BR
CA CA M M\WW WW
CN CN W WM WMWM WWWM
MX MX *WW* N*WMW " ' *MMW

(a) Monthly import-export time series data (b) Weekly country-sector time series data

Figure 3: Data used in Section 5.1 (left) and Section 5.2 (right).

Table 2: Estimation results for global trade network dynamics.

static dynamic static dynamic

scalar scalar diagonal diagonal
Loglik -3805 -3792 -2988% -2879
AIC 7672 7650 6041 5820

(2011). We normalize W by its largest eigenvalue. It is important to note that while
the row-wise and column-wise connection matrices are identical, the economic interpreta-
tions of row-wise and column-wise spatial spillover effects differ. Specifically, R; captures
the time-varying spatial spillover effects from the perspective of imports, reflecting how a
country’s import growth rate is influenced by changes in the import growth rates of other
countries. By contrast, Ry examines the export spillover effects, describing how a country’s
export growth rate is affected by fluctuations in other countries’ export growth rates.
Table 2 presents the full-sample log-likelihood and AIC results for four different model
specifications. The first two columns correspond to homogeneous models: the first assumes

R; = p'I, and R{ = p°I,, while the second one allows for time-varying (scalar) spillover
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parameters, R} = p;I, and R; = p{l,. The last two columns represent heterogeneous
model specifications with diagonal R; and R;. To maintain parsimony, we assume that
K is diagonal and that & = diag(¢"I,,, ¢°I,,). Despite this pooling of some of the static
parameters, the individual time-varying parameters in R; and Ry are still allowed to be all
different. Overall, compared to the static homogeneous model (column 1), incorporating
heterogeneity (column 3) results in an increase of 817 points in the log-likelihood, while
introducing time-varying parameters further improves the log-likelihood by an additional
109 points. A comparison of the first and second columns, as well as the third and fourth
columns, reveals that dynamic models typically yield higher log-likelihoods and lower AIC
values than their static counterparts. This highlights the importance of incorporating dy-
namic spillover effects in matrix network dynamics. Furthermore, a comparison of the first
and third columns, as well as the second and fourth columns, shows that accounting for
heterogeneity significantly improves model fit, thereby validating the benefits of incorpo-
rating individual heterogeneity at both the row and column levels from an in-sample fitting
perspective. Both time-variation as well as row and column heterogeneity thus appear to
be important stylized facts.

Figure 4 presents the estimated time-varying spatial spillover effects from the import
and export perspectives under both homogeneous and heterogeneous scenarios. Comparing
the left and right panels, the homogeneous models are too restrictive: the heterogeneous
spatial spillovers exhibit much greater variability and substantial differences across coun-
tries. It is thus important to consider network dynamics within a heterogeneous rather
than homogeneous matrix spatial autoregressive model setting. Comparing the import and
export spillovers in Figures 4(b) and 4(d), we also see that the export spatial spillover

effects are more dispersed than their import counterparts. In particular, from an imports
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Figure 4: Filtered spatial autoregressive parameters for the import and export trade flow.
The left and right panels are for the homogeneous and heterogeneous models, respectively.
The sample ranges from October 2004 to October 2024.

perspective, Mexico (MX) experiences stronger positive spillover effects, while from an ex-
ports perspective, Canada (CA) experiences more pronounced negative spillover effects. We
also see that there is strong time-variation in several of the individual spillover parameters
(such as the US, Mexico, China), and somewhat less in others (like Canada).

Also note that the spillover parameters can exceed one or go below zero. The spec-
tral radius o(G}), however, remains well below 1 in all cases, illustrating that the model
remains spatially stable. We also see that pooling all the different types of spillover into
a homogeneous (scalar) specification as in Figures 4(a) and 4(c) masks the wide cross-
sectional variation in spillover strengths. In addition, it also reduces the time-variation,

as some spatial spillovers increase at a time where others decrease. Due to the pooling,

28



these off-setting effects cause the scalar spillover parameter to hardly move or not move
at all. For instance, during 2015-2017, Mexico’s and China’s export spillover parameters
show substantial variation and go through a trough and a peak period, respectively. The
scalar model in Figure 4(c), however, hardly moves at all because it pools these offsetting
parameters and their dynamics, and because a scalar parameter needs to remain between

—1 and +1 for spatial stability.

5.2 Application 2: global equity market network

In our second application we highlight the usefulness of the restricted TVP-SMAR specifi-
cation in Eq. (3) and consider weekly stock (log) return data from four sectors: Insurance
(Ins), Technology (Tech), Health Care (HC), and Basic Resources (BR), across the same
four countries examined in Section 5.1. The data come from the London Stock Exchange
Group (LSEG) Datastream database and span the period from March 08, 2009, to March
10, 2024, comprising 784 weekly observations. Figure 3(b) shows the data.

Since column-wise network information is not available, we focus exclusively on row-wise
spatial spillover effects, corresponding to country-level interactions. The row-wise time-
varying connection matrix W} is constructed using the time-varying trade figures between
countries using the IMF-DOTS database. We normalize W, by its largest eigenvalue at
each time point.

Table 3 compares the in-sample performance of the four alternative model specifications.
In line with our earlier findings, incorporating time-variation enhances the in-sample fit.
We also see that the network heterogeneity adds less in this case. This outcome may
be attributed to the heterogeneity that is already captured by the heterogeneity in the

row-wise network connection matrix Wy
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Table 3: Estimation results for global equity markets.

static dynamic static dynamic
scalar scalar diagonal diagonal
Loglik -16075.09 -15969.04 -16068.98 -15946.24
AIC 32240 32028 32228 31994

To investigate the out-of-sample performance of the different models, we split the data
into a training set consisting of the first 680 observations, and a test set comprising the last
104 observations (about two years). For each week in the forecasting period, each model
provides a forecast of next week’s covariance matrix of the returns. We use these forecasts
to construct a minimum variance portfolio (MVP) for each model and each week by solving

the optimization problem:

min w, Z1 (241 @ Zi) 2w, Zy = (L — (B RIW,))

wit cR16

where £2;, and X, are indexed by ¢ in case we allow for conditional heteroskedasticity of
the structural shocks; see Appendix F. We do so with and without short-sale constraints
(w; > 0). We compare our model with the recent matrix factor GARCH (MF-GARCH)
model of Yu et al. (2024), which shows better out-of-sample performance than traditional
multivariate GARCH-type models.

Table 4 summarizes the out-of-sample annualized average returns (AV), their standard
deviation (SD), the information ratio (IR = AV/SD), and the p-values of the model con-
fidence set (MCS) test for each model. Details on the computation of these numbers are
provided in Appendix G.2. For each measure, the model with the best performance is
highlighted in bold. The results clearly show that accounting for both time-variation in
spatial spillovers and heterogeneity delivers superior out-of-sample performance, yielding

the highest AV, the lowest SD, the highest IR, and the highest p-value among all models

30



Table 4: Performance comparison of unconstrained and constrained MVP strategies

Unconstrained MVP Constrained MVP

Model AV SD IR MCS AV SD IR MCS

dynamic diagonal 3.65 12.09 2.18 1.00 3.88 12.01 2.33 1.00

static diagonal 0.98 12.12 0.58 0.93 0.98 12.12 0.59 0.92
dynamic scalar -1.90 12.75 -0.51 0.32 0.97 12.25 0.57 0.31
static scalar 0.92 12.18 0.54 0.32 0.92 12.18 0.54 0.31
MF-GARCH -1.92 14.97 -0.92 0.01 -2.55 14.53 -1.12 0.01
equal weights 0.24 13.65 0.12 0.02 0.24 13.65 0.13 0.02

considered, including the MF-GARCH model.

6 Conclusion

In this paper we introduced the time-varying parameter spatial matrix autoregressive
(TVP-SMAR) model. The model integrated matrix-valued time series analysis, time-
varying spatial dependence, and spatial heterogeneity into one unified modeling frame-
work. By explicitly exploiting the two-way spatial spillover effects along rows and columns,
the model addresses the inherent complexities of matrix-valued time series data in a flex-
ible, yet parsimonious way. The new model also leveraged the matrix-valued Student’s
t-distribution to provide robust score-driven dynamics for the time-varying spillovers and
encompassed a wide range of earlier spatial models. In particular, the use of a matrix Stu-
dent’s t distribution sets the model apart from spatial autoregressions applied to vectorized
matrix-valued observations, as it also exploits the differences between the row and column
dimensions of the data.

Despite its flexibility, the model could still be estimated by straightforward maximum
likelihood procedures, for which we proved the required consistency and asymptotic nor-

mality result. We also showed that the model was invertible, such that the estimated

31



time-varying spillover paths can be recovered from the data and these paths converge ex-
ponentially fast almost surely to their true, limiting counterparts.

Empirically, we showcased the model’s usefulness through two different applications.
The first application based on international trade data demonstrated the importance of
incorporating both dynamic and heterogeneous spatial spillover effects when analyzing
trade relationships at the country level. It also revealed that the spatial spillovers can
differ substantially across the row and column dimensions of the matrix-valued data. In our
second application we examined global stock market data and applied a restricted version
of the TVP-SMAR to portfolio selection problems. We showed that the TVP-SMAR with
time-varying and heterogeneous spillovers outperformed various alternative specifications,
including a recent matrix-valued factor GARCH model, in an out-of-sample setting. Both
real-world applications underscore the model’s effectiveness in parsimoniously capturing

complex, dynamic interactions in large-dimensional contexts.
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Further Notation: Recall that a vector-valued sequence {a;, t € Z} is said to converge
to zero exponentially fast almost surely (e.a.s.) as t — oo, denoted by a, “*3 0, if there ex-
ists some v > 1 such that v*||a;|| == 0, where % denotes almost sure (a.s.) convergence.
To facilitate the proofs in the sections that follow, we introduce some additional notation:
(i) For a matrix A, ||A||r denotes the Frobenius norm (i.e., |A|r = /tr(ATA)). (ii)
The symbol C' denotes a generic positive constant, which may differ from one occurrence
to another. (iii) Consider a complete separable metric space denoted by (E, dg). Following
Bougerol (1993, Section 3), we define the Lipschitz coefficient p associated with a random

map ¢ : B — E as:

)= s {dE(w(:v), o(y)) } 1)

z,yeE, z#y dp (33; 3/)
It is important to note that if ¢ is measurable, then so is p(p) (Bougerol, 1993, p. 955).
This definition will be used repeatedly in the subsequent sections, with the specific space
being identified in each instance. (iv) We adopt the “good” notation for matrix derivatives
as suggested by Magnus and Neudecker (2019), and define:

_ Ovec(F(X))

DxF(X) = 5 5 (N2)
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A Proof of Proposition 2.1

In what follows, we use | det(Q)| to denote the absolute value of the determinant of a matrix
Q. and |Q)| to denote the determinant itself. Recall Gy = B®diag(f; )W, +diag(fi)WS®
Aand &, =Y, —diag(f/)W;Y;B" — AY,W¢ diag(f’)—CX,D". Define =, = £,27'E] .
Note that Y; is a linear transformation of E; as defined in (1). Write f/ = (f{,,..., frm )"
and ff = (ff;-- -, ,gt)? By Gupta and Nagar (2018, Chapter 1.3), one has py(Yt |

Xtaftaes) IPE(& \ XtafbHS)

det (]:)Y)'5 St)

= PE (St | Xt, ft, 08) ‘ det(Imn — Gt)l Given
that o(G;) < 1, the determinant of I,,,, — G; is positive. Then, the log conditional density

of Y, is given by:

Lo((v+m+n—1)/2)
Lo (v +m —1)/2) (v — 2)7) ™"

(v+m+n-—
2

n m
log py (Y: | X4, f1, 05) = log - §log | X — Elog|9|

1
+log [ L — G| — )1og)1m+ (v—2)'x 15| (A1)

Note that dlog|X| = tr(X'dX) for any matrix X. This implies
1
dlogpy (}ft ’ Xt, ft; 93) = —5 tr(Z'*th dEt) — tr(Z{lth) =: Pl,t — P2,t7 (A2>

where W, = “H42=1 (T + (v — 2)_1Et2_1)_1, and Z; = I,,, — Gy (also defined in the
proposition).
For Py, note that —d&, = 327" POWY,BTdfr, + Y0 AV, WeTPYdfs,, where

’P%) denotes K x K matrix with zeros everywhere except for a single 1 at the j;;, diagonal

position for any K € Z* and j = 1,..., K. Then, we have
—dE, = (—d&)NTE] + £,027(—dE)T
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=Y (POWIYiBT 2 e[ + €27 BY, W, PY))af;,
j=1
+ > (AW PV E] + £ POWY, AT A,

j=1

Since X is symmetric, X T'W, = =l (374 (p—2) ! t)_l is also symmetric. It implies
that tr(Z-Wy(Q + Q")) = tr(Z-W,Q) + tr((Z-'W,)'Q) ) = 2tr(Z-'W,Q) for

any Q € R™*™, Using this identity and given the symmetry of 2, it follows that
P, = Ztr( W, (PYWY,BT027E] + stn-lBYtTWt’”TP;?))d 17,
+ Ztr( CW(AYWT PR E + £ PYWYAT) )df,

(W, PYW Y BT E])df, +Ztr (T W AY W TPl df,

Il

1

J

[
NE

WiYB 0 5 W a4 Y0 [0 8 S IWAYwT] ar,

1

.
Il

where [Q]x ¢ denotes the (k, £)y, element of the matrix Q.

Similarly, we obtain

tr(z;l (B® szymf))df;jt - Z tr(Zﬂ (PYW @ A))dff,t

1 j=1

NE

Py =

<.
Il

I
NE

[vec(B' ® VV[T’P%))] vec(Z; df;t + Z vec( WCT’P(] ® AT)} vec(Z; )dfjct,

1 7j=1

<.
Il

where the second step follows from the identity tr(Q:Q2) = [vec(Q] )] vec(Q2) for any
compatible matrices Q1, Q2. Combining these results, we obtain that d log py (Yt | Xy, ft, 05)

equals to

54



3 ([m’”Yt‘BTn—lgj SW)] - [vee(BT @ VV[T’P%))}Tvec(Zt_l))d 1,
j=1

J»J

+> ([(rlsj W AY W]~ [vec(WeTPY AT)}Tvec(Z;1)>d 24
j=1

Note that the coefficient associated with df}, yields Ologp Y(g;ﬁlxt’ft’es), and similarly for
b Jyt

dff;. These observations lead to (9). O
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B Proofs of filter properties

Proof of Proposition 3.1. We treat the sequence { fAt*Jrl, 1€ Z*} as a random process
that takes values in the Polish space (E,dg) = (F,| - ||) (see the discussion above (N1)),
and then apply Theorem 3.1 of Bougerol (1993) to obtain the proposition. First, note that

under Assumption Al it holds a.s. that
|Z,(F7,6.) | vec(Y") = Z; vee(CX, D" + E)), (B.1)

where Zf = Z,(f},6.) with Z,(£,6.) = | Z(£.0.)| Z.(f,8.)"". Define W; = vrmin=i (5
(V—Q)_IEtQ_lEtT)*l, and let Sy, 2 be a selection matrix such that diag(Q) = Sy 2 vec(Q)

for any k x k matrix Q, where k € Z*. This, for instance, allows us to write

diag(W/Y,;* B 27 'E/W;) = S,xmevec(W Y B Q27 'E/ W)

— Sy ( (W;E2'B)® Wg“)vec(y;*).

Then, for @ € @, using (B.1), the SRE can equivalently be reformulated as £*+1 = o7 ( ft*) =

Q/Jt*(ft*, 0), where 'gb;(-, 0) is given in (11) with

577 (£,6.) = S (Wi B2 B) 0 W) )
% Zi(£.0,) vec(CX, D" + E,) — bl(Z(£,6.), B). (B.2)
8;°(f,05) = Snxn2 (Wf ® (27'E] Wt*A))

X Zi(f,0s)vec(CX, D" + E,) — bi(Z,(f,6,), A). (B.3)

Since the joint process {(E;, X, W/, W), t € Z} is SE (Assumption A3), it follows that

{¢;} is also SE for any 6 € © (see, e.g., White, 2001, Theorem 3.35). As in Lin and Lucas
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(2025, Proposition 3), the following high-level (HL) conditions suffice to apply Theorem

3.1 in Bougerol (1993) or Straumann and Mikosch (2006, Theorem 2.8): For 8 € ©,
HL1 IEJ(logJr H¢§(fg) - fo*H) < oo for some fo* e F;
HL2 E(log+ p(cp;)) < 0

HL3 Elog p((/ﬁ:(r)) < 0 for some r > 1, where qb:(’") =@¢;op;_0---0¢;_,. is the r-fold

convolution of ¢ (-).

Verification of Condition HL1: For completeness, the following inequalities are adopted
from Lin and Lucas (2025, (B.3) - (B.4)): For any matrices X; with compatible dimensions,

where i =1,..., K for K € Z", we have

K K K

log" || J] X:| < log* (HHXZ-H) < logt | X, (B.4)
=1 =1 =1
K K K

logt || Y X; §10g+<ZHXiH> < log(K) + Y log" [|X;]]. (B.5)
=1 =1 =1

Using (B.4) - (B.5), we obtain

E((log™ [|¢7(£i) — i) < log(3) + log™ [lw|

+1og" | (@ = L) £ | +10g™ |1 K|+ E(1og™ |15 (55,6.)1), (B.6)

for any 8 € ©. Since {sf(-,@s), t € Z} is strictly stationary, it suffices to show that
IE‘Z(log+ Hs:( ]/”8‘ ,08)”) < 00. By the norm equivalence in finite dimensional spaces, it
suffices to consider each block in s ( fo* ,0,) separately. It is well known || X; @ Xo| =

|| X 1] [| X2|| for any matrices X, Xo. Using (B.4) - (B.5), we have, for 8 € ©,
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E(log" 157" (f3.6,)11) < €+ E(log" [|Wi B2 +log" W] +log" || Z(f5.6,)|

+log™ Hvec(C’XtDT + E;) H +log™ ||b§(§t(f§, 6,), B) H) (B.7)

To proceed, we will repeatedly use the following property: for any random matrix @, if there
exists an p > 0 such that E[|Q||” < oo, then E(log™ [|Q||) < oc. First, the real matrices X
and 2 are positive definite (Assumption A3(a)). It follows that E(log™ HW:Et.Q*lH) <
0o because sup, |[WiE 27| < C||E_1/2||<suptez||W:1/2Et!2_1/2H>||Q‘1/2H < C.
Second, E(log" ||[W/||) + E(log* HZ( f(’f ,0,)||) < oo follows directly from Assumptions
A1, A2, and A3(c). Third, given Assumption A3(b) and the fact that, in finite dimensions,
E”VGC(Et)Hq < oo for any ¢ € (0,v), we obtain IEl(logJr ||Vec(C’X,5DT + Et)H) < 00.
Finally, it suffices to consider each element of b’t”(Zt( fo*,Gs),B). Note that [tr(Q)] <

mn||Q|| for any @ € R™*™" For j =1,...,m, we have

E ( log™

w((BePUW)Z(5;.0.) D

< B (log*(mn) + log" | Bl +log"” [W7]| +log" | Z(.0.)]) < oc.

This implies IE(log+ Hb;(Z(fg,os),B)H) < 00. Then, IE(log+ Hst*“(fg,HS)H) < oo fol-
lows from (B.7). By similar arguments, one can show that the second block s}* ( fg , 95) in

s;f(j%, 0,) satisfies I[‘E(log+ Hsfc(ﬁ)*,Os)H) < 0.

Verification of Condition HL2: By applying the mean value theorem for vector-valued

functions in Rudin (1976, Theorem 9.19), we have

0
O+ K 5 si(1.0,)

191(f1) — &1(f)

p(@7) = sup < sup
Y A= a0 | fi — Fol fcF

’. (B.8)
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Condition HL2 is then fulfilled under Assumption SEI.

Verification of Condition HL3: Similarly, by the mean value theorem above, we have

*(r) k()
p(¢:(r)) _ Sup H(ﬁt (fl) ¢t (.fZ)H S sup
1 F1—f21>0 | f1 — foll FeF

0 x(r)
o) ®o

Condition HL3 is also satisfied under Assumption SE2.

Proposition 3.1 follows directly from Theorem 3.1 of Bougerol (1993), together with
the fact that, for any @ € @, f/(0) admits an almost sure representation in terms of
{wt*_k( - 0), k > 1} and is therefore measurable with respect to the o-field it generates;

see also Straumann and Mikosch (2006, Theorem 2.8). O

Next, we establish the invertibility of the filter. To that end, additional notation is
introduced. Let C° ((-'), F) denote the space of continuous F-valued functions on @, equipped
with the supremum norm ||-||e, defined by || f|le = supgee || £(0)]| for f € C°(O,F). Given
that dim(f) < oo, (C°(@,F),| - [|e) is a complete and separable (and thus Polish) space,

provided that @ is compact (Kechris, 2012, Theorem 4.19).

Proof of Proposition 3.2. In contrast to Proposition 3.1, the result here requires con-
vergence to be uniform in @ € @. To invoke Bougerol (1993, Theorem 3.1), we treat the
sequence { ﬁ(), t e Z*}, initialized at some j’% € F, as a sequence of random elements
in the Polish space (E,dg) = (C°(©,F),| - le); see Eq. (N1). Moreover, one can write
foi1 = ¢t(ft), where the random maps ¢, : (C°(©,F), || -|le) — (C°(©,F),| - |lo) are
given by [¢:(f)](0) = ¢ (f(0),0) with 4, (-, 6) provided in (7).

Note that {¢, t € Z} is SE. This follows from the following arguments. If {Uy, t € Z}

is an SE sequence and V;, = F(U;,U,_1, . ..) for some measurable function F' that is inde-
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pendent of ¢, then {V;, t € Z} is also SE; see, for example, White (2001, Theorem 3.35). It
is then straightforward to verify that the joint process { (U, Vy), t € Z} is SE as well. Since
f7(8o) is measurable with respect to the o-field generated by { (E;, X,, W, W¢), s < t—1}
(Proposition 3.1), the process {(f}(6o), E:, X;, W/, W), t € Z} is SE under Assump-
tion A3. It then follows that the process {(Y,}, X, W] WE) t e Z} is jointly SE, which
in turn implies that {q_’)t, t e Z} is SE.

As in Proposition 3.1, the following high-level conditions (abbreviated as I:IVL) are suffi-

cient to apply Theorem 3.1 of Bougerol (1993) and Theorem 2.8 of Straumann and Mikosch

(2006):
HL1 IE(log+ Hd)l(fo) - fo”@) < 0o, where fo(O) —f,eFforal6co;
HL2 E(log" plen)) < oo

HL3 E(log p(¢y))> < 0 for some integer r > 1, where ¢§7‘) = io@i_10- 0@y 18

the r-fold convolution of ¢;.

Verification of Condition HL1: By repeatedly applying (B.4)- (B.5), and using the

strict stationarity of {¢,;}, we obtain

E(log+ [p1(fo) — foH@) < log(3) + log* sup [w]| + log* sup || (D — Lnsn) fi
0ce IC]

+log" sup | K| +E(1og+ sup ||st(Y;,f0,es)|y). (B.10)
6cO 0cO

Since @ is compact, it remains to verify that the last quantity is finite. By the norm
equivalence in finite dimensional spaces, it suffices to consider each block in st(Yt, fo, 95)

separately. Note that [|diag(Q)|| < vk ||Q|| for any k x k matrix Q with k € Z*. For the
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upper block, we have

I[-*]f(log+ sup Hs:(Yt, fo, )||> < C’—l—E(log sup | det (Zt(fo, ‘+log+ ||VV[||—i-logJr HY;H
0cO 0cO

+log* sup |27 Eu(Fo, 0) Wil Fo. 0.)
6ce

t(~<ﬁ)> ’ )H) Bll

-1

where Wi(fo. 0,) = Wi, 0,) = 2251 (B4 (v-2) 1 €,(£0.0.)2 '€ fo. 0.)7)
If E(log* HKH) < 00, then by arguments similar to those following (B.7), it follows that
IE‘Z(log+ SUpgee || S) (K,ﬁ,@s)”) < oo. Similar to (B.1), vec(Y;) admits an almost sure
representation: vec(Y;) = [Zt(ft(Oo),Oso)]_l vec(C’oXtDOT + Et), where 0,,, Cy, and Dy

denote the true parameter values. Under Assumptions A2 and A3, we arrive at

E(log" | ¥i|[) < E(log" [[vec(¥;)])

< E<10g+ || [Zt(ft(ao), 080)}_1H) + E(log+ Hvec(C’o}QDoT + Et) H) < 00

(B.12)

Similarly, for the bottom block, we also have IEZ(logJr SUDgco Hsf (Y}, ﬁ),HS)H) < o0. It

then follows from (B.10) that Condition HL1 is satisfied.

Verification of Condition HL2: As in Lin and Lucas (2025, Proof of Proposition 3),

one has
_ [1(f1) — P1(fo)lle
pon) = IIfligII[I)ew I f1 — f2H@
o an [1000000) 0 (500).0)] 150) - g0
I f1—F2ll@>0 0@ Hf1(9) J2(0 )H ”fl f2“@
H¢1 fi(6 ) 1,01 H
Suflsf‘?i’@oiélg{ [76)~ £ )H
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o apy 19(50) i (£20)]
0O fi fr€F, “fl - sz
| f1—f2(1>0
0
< SUp sup b+ KWSI(}/L f.6,), (B.13)

where we apply the mean value theorem in Rudin (1976, Theorem 9.19) to the vector-valued

function 4 (-, 0) in the last step. Hence, E(log™ p(¢;)) < co by Assumption IV1.

Verification of Condition HL3: In a similar manner to (B.13), we obtain

9 .o
. <f,e>H>. (B.14)

#(sotol") <5 sz

Condition HL3 then immediately follows from Assumption [V2.

Proposition 3.2 then follows from an application of Bougerol (1993, Theorem 3.1) or Strau-

mann and Mikosch (2006, Theorem 2.8). O
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C Strong consistency

Proof of Lemma 1. We show that supg.e ‘ET(O) — L7(8)| = 0 and supgeg | L7(6) —
5(9)‘ 220, as T — oo. Then, (13) follows directly from the triangle inequality.
Note that there exists some p > 1 such that supgee Hﬁ(@) — f1(0)|| < Cp~t as. for

all t € Z* by Proposition 3.2. Applying a mean value theorem of Et( ﬁ(@), 95) around

A (ft(B), 95) , we have

sup | Lr(0) — £(8)] < T sup |,(£1(6).6,) — (,(f.(6).6,)

0cO =7 0cO
T
— agt (.f7 05) "
<71 E su —— || su 0)— f,(0
o P (e,f)e%w of oeg Fi(6) = fil )H

94,(f,0,)
of

T
<cr! Z {p_t( sup

—1 0,f)eEO@XF

'} )

where 04,(f, 05)/81” = |Zt(f, 95)}_1875 (Y}, 7, 95). Since the determinant function is con-
tinuous, it follows that for every (0, f) € © x F, the quantity H@Et(f,&g)/(?f” is a
continuous function of the jointly SE process {(Y, X;, W/, Wy), t € Z} (see p. S10).
Moreover, for fixed (Y;, X¢, W/, W) and 8 € ©, the mapping f — H(‘%t(f,Os)/afH is
continuous over F. Given the compactness of @ and the separability of F, the supremum
SUD(g, )c@xF |04:(f,0,)/0f| is measurable with respect to {(Y;, X;, W/, W¢), t € Z}
and hence is SE by White (2001, Theorem 3.35). Furthermore, using Assumption SC2 and
arguments similar to those for (B.11), we have ]E(logJr SUD (g, f)c@xF H@Et(f, 05)/8]”“) is

bounded by

det (Z(£,0.))”"

E < log™  sup
(0,f)e®OXF

) +E(log+ sup Hst(Y;,f,Os)‘D < o0. (C.2)
(8,f)EOXF

Hence, by Lemma 2.2 of Berkes et al. (2003), 23:1 {p‘t SUD(g, f)c@xF ||8€t(f, 6@)/8]””} <
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0o. As a result, we have supycg }ET(O) — L(0)] == 0as T — oo.

It remains to show that supgeg |L7(8) — £(0)| == 0, which follows from the uni-
form law of large numbers in White (1996, Theorem A.2.2), applied to the SE sequence
{¢,(£:(0),6,),t € Z} for § € O, provided that E(sup%@ |€t(ft(0),95)‘> < oo. Note
that E(Squee | log det (Z,(f,(0),0s)) D < oo given Assumption Al. Under Assumption

A3(a), to prove E(SUpee@ |£t(ft(0), 6,) ’) < 00, it suffices to establish that

log det (2 + (v = 2) T E(£1(0),0,) 27 E(£.(6), OS)T)

E(sgg ) < 0. (C.3)

For convenience, define S;(f:(0),0,) = X + (v — 2) 7 E(£:(0),0,) 27 E,(£:(0),0,)", and
denote by A;(+) the ith eigenvalue of a matrix. Clearly, one has ‘ log det (St(ft(O), 95))’ <
i1

not hard to see

log \; (S:(f£:(6),0,)) ‘ By applying Weyl’s inequality and Assumption A3(a), it is

0< AL < )\i(st(ft(0> )) <A+ —— ”‘gt fi(6 )

= , i=1,....m. (C4)

Before continuing, note that for any = € [z, zy]| C (0, 00), it follows that

|log(z)| = log™ (z) +log™ (z) < log" (zy) + log™ (21), (C.5)

where log™ (-) = max{—log(-),0}. Using (C.4), in conjunction with (C.5) and (B.4)—(B.5),

we obtain
E(Egg log det (E + (V — 2)718t(ft(0)7 OS)Qilgt(-ft(o)’ 93)T> )
= ZE(S‘QE log o5+ (v = 2) ' £.(£(0). 0.2 £.(£1(0).0.)7) )
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< m]E(smplogJr ()\U+ HS f.(0 || ) +log™ (A1) )
0co (v —

<C+ C]E(sup log" || &:(f:(0 H) (C.6)

Note that, given the compactness of @,

suplog HSt f:.(0 H < C +3log" HYtH—I—log HXtH

1o (W7 +log W + 210" sup [ £:(6)]

By Eq. (C.6), the moment result of ¥; in (B.12) and Assumptions A3(b)—(c), establishing
(C.3) reduces to verifying that I[*](logJr HftH@) < 00. We establish that there exists some

€ (0,1] such that IE(HftHg) < 0o. We iterate the SRE (7) backward k € ZT steps and
apply the ¢, inequality for p € (0, 1], yielding

p
=(5l5) = )
k—1

k
< (supl21P) B(|freally) + 3 (sup 1217) (sgg |+ K s 5(Yi s £5(0).0.)

j=0

k-1

D" f, 111(0) + Z @’ (w + K s, (Yi_j, fi—;(0), 93)>

J=0

)
If E(supee@ Hw + K s j(YZ i Feei( “ ) < (), using Assumption SC1 and the SE

property of { fi(0), te Z} (Proposition 3.2), we immediately obtain

1

(Hfth 1 — SUPgeo Hdng <00 (C-7)

by letting & — oo. By the compactness of @ and the ¢, inequality for p € (0, 1] again,
we have E(sup(,e@ Hw —|—K8t(Y£, fi(6 )|| ) < C+CE<SUP(0,f)68XIF ||3t(Yt-7 I 95) Hp)'

Thus, we are left to prove that IE(sup(@,f)eexﬂr Hst(Y}, f, 05) Hp> <C.
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Similar to the proof of Proposition 3.2, by the norm equivalence in finite dimen-
sional spaces, it suffices to consider each block in st(K, f,Hs) separately. Recall that
W.(F.8,) = Z-'W,(f,0,). It is simple to obtain that SUp (g preoxr | det (Zi(f, 6,))|" < C
given Assumption Al. Since ||diag(Q)| < [|Q|lr < VE| Q| for any k x k matrix Q, we

arrive at

Est st (v 7.0, )

0.f)cOxF

< CE ( sup
(8,f)EOXF

< cE(||wy|"|[vi]") +CE< sw || Zi(£,6.)
(0,f)COXTF

det (Zt(f,Hs))‘p> HW[HpHYth} + CE((B;)E%XF |Z.(r.0, p)
)

< /B[ wy 7B vi|” + ¢, 9

where the last step follows from the Cauchy-Schwarz inequality and Assumptions A1 and

SC2. Note that, by the Cauchy-Schwarz inequality again, we have

4p 1/2
> (EHVGC(COXtD(—)r +Et)

E||Y||” < (EH[Zt(ﬁwO),eso)}‘l ‘4])) " (C.9)

Take p < ¢1/4 € (0,1/2] above, where ¢ is specified in Assumption SC2. By As-
sumption SC2, we have E|Y;||*? < C. Therefore, by (C.8) and Assumption SC2, we

conclude that E(sup(g’f)eew Hs{ (Y;, f,OS) Hp> < (. Similarly, one can also show that

E((sup(o.pycon | s(¥: £.0.) ) < C
Finally, the continuity of @ — L£(0) follows from Theorem A.2.2 of White (1996). This

completes the proof. O

Proof of Theorem 3.1. The proof follows the standard consistency arguments presented
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in Blasques et al. (2022, Theorem 4.6) and Lin and Lucas (2025, Theorem 1), which are
grounded in classical results such as Theorem 3.4 of White (1996) and Theorem 3.3 of
Gallant and White (1988). Recall that Lemma 1 establishes the uniform convergence of
the empirical criterion function 6 — £7(8) to the continuous limiting function 8 — £(0) =
E(ét( f:(0), 03)) over the compact parameter space @. It then remains to establish the the
identifiable uniqueness of 6, € ©.

Given the continuity of @ — L£(6) and the compactness of @, by Definition 3.3 of White
(1996), it only requires to prove L(68y) > L(0) for every 8 # 6, where 8 € ©. Note that, by
the law of total expectation and Gibbs’ inequality for the Kullback-Leibler divergence (see,
e.g., White, 1996, Theorem 2.3), it follows that £(60y) > L£(0), with equality if and only if
Py (Y | X4, ft(eo),Gso) = py (Y | Xy, £1(0), 03) for almost every Y € R"™ " with respect
to the pdf py(- | Xt,ft(Ho),Oso). By Assumption SC3, one has, Vt € Z, f,(0) = f:(6o)
and 05 = O,,. Given these conditions, together with the assumption that det(K,) # 0, it
is straightforward to obtain @ = 6y (i.e., uniqueness) by following the steps outlined in Lin

and Lucas (2025, Proof of Theorem 1), and the details are therefore omitted. ]
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D Asymptotic normality

Lemma D.1. Under the assumptions of Proposition 5.2 and Assumptions ANI1 - ANS,

we have \/_MT (60) 4, N(0,Z) as T — oo, where Ty = E(azt(ﬁg’?) :020) dﬂt(f’gg? 930)) as

defined in Theorem 3.2.

Proof of Lemma D.1. We first argue that /T H OLr( 00 8556(,"0)

2% 0as T — oo. By

Proposition 3.2, and using arguments similar to those in (C.1), the result follows under the

9:(f,050)
900F T

assumption that IEJ(logJr SUp fep ) < 0.
Next, we apply the Cramér-Wold device to derive the asymptotic distribution v/7T' MT 90) .

As such, let a € R¥™®) he any unit vector. The next step is to consider the limiting dis-

tribution of

ﬁ(a 0L 00 ) ZXTt (6o), Xr14(6y) = \}Tangt(ﬁa(g)’gs) ., (D.1)
6=0g

as ' — oo. As in Lin and Lucas (2025, Lemma E.1), we apply the CLT for a martingale
difference array, as stated in Davidson (1994, Theorem 24.3), by verifying the following

conditions:

CLT1 {XTﬁt(BO), FT,t} is a martingale difference array, where Fpr; = 0((Y5, X,), s < t) for

all t < T
CLT2 Y/, X2,(60) & a' Toa;
CLT3 maxy<i<r |XT,t(00>| ﬁ) 0.

Consider CLT1 first. Let E,(-) = E(- | Fry). Note that both the multivariate gamma
function and the determinant function are differentiable. It is then straightforward to

see that py (Y | Xy, ft(O),OS) is differentiable with respect to @ for every Y. Under
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Assumption AN2, one can interchange the integration and differentiation of 8 — py (Y |
Xy, £:(0), 05) with respect to @ at @ = 0y; see, for example, basic textbooks such as Schilling
(2017, Theorem 12.5) or Casella and Berger (2024, Theorem 2.4.3). It is worth noting that
the integral of a scalar function of a matrix argument is interpreted in the usual way, as an
iterated integral over each entry of the matrix; see Gupta and Nagar (2018, Chapter 1.4).

We arrive at

pY(Y | Xt? ,ft(oo), eso)dY

0=0q

0t,(£:(6),6;)
. (e

B alogpy(Y | Xtaft(e)’as)
oo N 00

/3py(YXt,ft(0),08)

dY
6=6,

00

0

=25 py (Y | X4, £u(6),6,) dY

6=0¢

=0,

where the last step follows from the fact that fpy (Y | X4, f:(0), 93) dY =1.
It remains to verify CLT2 and CLT3. As discussed in Chapter 24.3 of Davidson (1994, p.

: T 04:(f:(6),05)
385), if the sequence {a T

, 1€ Z} is SE with finite variance, then Condition
6=6,

CLT2 follows from Theorem 13.12 of Davidson (1994). Moreover, Condition CLT3 is
implied by Theorem 23.16 of Davidson (1994), which ensures the Lindeberg condition

holds for the triangular array {Xr.}; see also Billingsley (1999, Theorem 18.3). By the

0L (£:(0),05)

55 is a measurable function of the tuple

0=60
(B, X, W), WE, f1(60), ft(l)(Oo)), where ft(l)(Bo) = 0f1(6)/007, and is thus measurable

chain rule, it is not hard to see that

with respect to the o-field generated by {(Es, X, W WE) s < t}. Under Assumption

A3, and using arguments similar to those in the proof of Proposition 3.2, it follows that

2

£1(0).6.) <

T 0l (
the sequence {a 55

,t € Z} is SE. Finally, we have IEHaT%

0290 0:00
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0L:(£:(0),05)
[ 2t

2
H < 00 by Assumption AN3. This completes the proof. n

0=60q

Proof of Theorem 3.2. The proof follows standard arguments used in establishing the
asymptotic normality of M-estimators; see, for example, White (1996, Theorem 6.2) and
Hayashi (2000, Proposition 7.8). First, Theorem 3.1 and Assumption AN1 imply that
0 2 0, c int(@) # 0, as T — oo. Second, Lemma D.1 shows ﬁ% 4 N(0,Z,),
as T — oo. Third, the construction of ET and Assumption AN4 imply that ET is a.s.

e.a.s.

— 0, as T — o0,

twice continuous differentible on @, and supgce H% - J (0)‘

where J(0) = E(%). Finally, note that, given Assumption AN2, the integration

and differentiation of 0 py (Y | X4, f:(0), 93) / 00 with respect to 8 can be interchanged at
0 =0, as. for all Y € R™*". Using standard textbook arguments together with the law
of iterated expectation, it is not hard to obtain that Z, = —J(6y). It then follows that

Theorem 3.2 holds. ]
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E Auxiliary theoretical results

Lemma E.1 (Jacobian matrices of scores in the DGP). Recall s (-,0,) and s;(-,0;)

from (B.2) and (B.3), respectively. We obtain

Dysi7(£.6.) — ([vee(CX.D™ + B)] & [Spns((WiES2 ' B) 0 W) — Bi(B))
X (vec(D{yl(f,Bs)) vec(DtT’m(f,Os)) vec(Dal(f,Bs)) Vec(Df’n(f,Os)) ), (E].)
Dysi*(£,6,) = ([vec(CX,D" + B)]" @ [Spe (W @ (27 B[ W;A))] - Bj(A))

X (vec(D;',l(f,Os)) . vee(Dy,,(£85)) vee(Dg, (£85)) - vee(Dg,(£.65)) ), (E.2)

[vec(BT®Wt’“T’P,(i))} ' [vec(WtCTPS)@AT)} '
where By (B) = : , B{(A) = : , and
[Vec(BT@)W[T'Pg,T))} ' [VeC(WtCT'Psln)@AT)} '

D;,(£.0.) = |Z:(£.0.)(Bo POW]) —te((B @ PYW!) Z(£.6.)| Z(£.6.)"

D;,(£,0,) = |Zu(£,0.)(PYW; @ A) — e (POW; © A) Zi(£.6,)) | Z(£.0.) "

Proof of Lemma E.1. Let f = (f"7, f7) 7, where f* = (f7,..., f") T and f¢ = (f5, ..., f9)".

One can equivalently write

s (f.0.) = ([vec(CXtDT +B)]" @ [Sum2 (W E2'B) @ W))] — B:(B))vec<z(f, 95)),

5°(£.6,) = ([vec(CX,D" + E)] " @ [Sucnz (Wi @ (27" E] W;A))] - Bi(A) )vee( Zi(F,6.)).
To compute Dfsf(f, 08), the key is to obtain Dth(f, 0,) by the chain rule. Note that
AZi(£,0.) = —B ® (ddiag(f)W; ) — (ddiag(f)W;) © A
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::_B@9<§:P2anﬁ>-—<§:PQW%wﬁ>c@A
=1 i=1
(BePYW)dff =Y (POW® A)dff

1 7j=1

J

By using the identities d| X | = [ X |tr(X 'dX) and dX ' = - X (dX)X !, we obtain

dZ,(f,8.) O&f0|&f0)>
= (d12.(£,6.)[) Z(£.6.) 7" + | Z(£.0.)|(4Z(£,6.)7")
=tr(Z<f 0.)4Z,(f,0 >)zt<f 0.)" ~ Z,(1.0.)(4Z/(£.0.)) (1.0,
Ey)fedf{zp 0,) dfs.

This gives dvec (Zt(f, 05)> = (Vec(D{’l(f,Gs)) vec(D{’m(f,Os)) Vec(Dal(f,Os)) Vec(Df’n(f,Os)) )df,

and as a result,

Dth(f,OS) = <vec(D£1(‘f,03)) vec(DZym(f,Os)) vec(Dg,l(f,Os)) vec(Dg’n(f,Bs)) ) (E3>

Using (E.3) and the chain rule, i.e., Dfsfr(f,es) = (th(fﬂs)sf’(f,es)) (Dth(f,98)>,

we arrive at (E.1); the expression (E.2) follows analogously. O
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F Accommodating conditional heteroskedasticity

The model can be further extended to account for the conditional heteroskedasticity of the

disturbances. Consider log(X;) = diag(f7) and log($2;) = diag((1, f{"")), where

fta = (log 21,1,t7 cee alog Em,m,t)Ta fta = (1Og QQ,Q,ta ce alog Qn,n,t)Ta (Fl)

and we set the first diagonal element of 2, to be 1 for identification as before. Without
confusion, we now let f, = ( I FL t“’T)T follow the updating scheme as in Eq.
(7), with s,(-) = (s1()7,88()7,87()T,82()7) ", where s7(Y;, £1,0.) and s¢(Y;, fi, 6,)
are given in Proposition 2.1, with X and {2 replaced by X; and £2;, respectively. The

constructions of sy (Yt', It 05) and sy (Y;, I 93) are provided below.

Proposition F.1. Under the assumptions of Proposition 2.1, we have

. ~t .
s7 (Y, £, 6,) B alogpyg}'tgxt’f“%) B %dl&g(é’té’tww — 2 (.2
0, s . =T m ’ ’
sy (Y;, It 95) ol gpy(;/}ift’ft’e ) %dl&g(é’tWI&) — P p

) . =t _ _
where, for k € Zt, v, denotes the k-dimensional vector of ones, €, = §2; 18:275 L and

v+m+n-—1

Tyl —
Wi = W(£.6.) = ——

(Bt 0= 265002 (50007 5)

All other notation is defined in Proposition 2.1.

Proof of Proposition F.1. Similar to Eq. (A.2), we have

1 1
dlogpy (Y | X1, £:,0.) = — tr( Z7WIAE] ) (214G + e (57 Wi (42 5, =)
n _ m —
- §tr(2t lax,) - Etr(ﬂt 'd92) = P{, — Py, + Py, — Py, — Py,

523



where Zf = £,027'&]. Write f7 = (FEo [ fo )T and £ = (f5, f&0, ... f2) 7. By

dX~' = —X1(dX)X !, and the identities X;'dX, = Y27 PYdf7, and 2,12, =

7t

Z] 9 ’P d fe 4, using similar steps as in the proof of Proposition 2.1, we obtain

Pl’[,t _ Z [W/[KBTnt_lgT 1Wt df]t + Z ISZSJIWIAY;W;T} Jde]C’t

J=1

+ = Z 1£T 8 ] * t7
Py = [vec(BT @ W TPY)] vec(Z1)d S,

J=1

+ Z [vec(WtCT’Pg) ® AT)} vec(Z; )dfs

Gt
j=1
P, = 1 - () ‘:'Tz‘—l T dfe = 1 - =T2_1 t d o
3,t—§Ztr P E 2 W, j,t_§z =3 W, it
=1 j=1
d Py =—2S" dfe, Py = ——o df¢, By combining th di Its, th
and Py, = —5 > dffy Py = ) > i y combining the preceding results, the
proposition follows. [
12F 2.0
— CcA — N  — MX Us — A — N — MX Us
107 15}
'l A
sl 1.0+
4 \ F 05| MMM m
2t )
bl b
ol W W mm 0.0
2004 2008 2012 2016 2020 2024 2004 2008 2012 2016 2020 2024
(a) Dynamic import log volatility (b) Dynamic export log volatility

Figure F5: Filtered log volatility for the import and export trade flow. The left and right
panels are for the import and export, respectively. The sample ranges from January 2000
to October 2024.

Figure F5 presents the time-varying log-volatilities for the import-export application

from Section 5.1, more specifically the import (log(X;) and export (log(£2;)) log volatil-
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ity levels. The results indicate that, overall, the log-volatilities of imports and exports
across countries remain relatively stable, with some exceptions during the aftermath of the

financial crisis (2009-2010) and after the COVID-19 crises.
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G Additional finite sample results

G.1 Additional simulation outputs

Table G.5: Empirical MSE of time-varying spatial spillover effects.

Dynamics T Static-SMAR-t  TVP-SMAR-t  Static-SMAR-N TVP-SMAR-N
250 0.139 0.046 0.153 0.056
Const + SlowS 500 0.136 0.038 0.145 0.044
1000 0.125 0.033 0.134 0.039
250 0.131 0.047 0.142 0.053
Const + FastS 500 0.127 0.043 0.136 0.047
1000 0.124 0.039 0.134 0.043
250 0.205 0.040 0.213 0.048
Const 4+ Break 500 0.201 0.032 0.209 0.040
1000 0.201 0.026 0.208 0.035
250 0.107 0.033 0.120 0.037
Const + AR 500 0.106 0.027 0.114 0.028
1000 0.102 0.023 0.110 0.024
250 0.156 0.069 0.172 0.077
SlowS + FastS 500 0.154 0.063 0.167 0.071
1000 0.154 0.062 0.167 0.068
250 0.229 0.068 0.243 0.075
SlowS + Break 500 0.230 0.048 0.245 0.060
1000 0.234 0.051 0.250 0.063
250 0.134 0.057 0.152 0.062
SlowS + AR 500 0.132 0.047 0.141 0.051
1000 0.131 0.044 0.140 0.049
250 0.236 0.069 0.253 0.081
FastS + Break 500 0.234 0.063 0.251 0.074
1000 0.235 0.059 0.251 0.068
250 0.136 0.059 0.150 0.065
FastS + AR 500 0.133 0.055 0.144 0.058
1000 0.130 0.051 0.139 0.054
250 0.127 0.042 0.139 0.051
Break + AR 500 0.127 0.033 0.138 0.041
1000 0.124 0.026 0.133 0.033
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(.2 Additional details of Section 5.2

This section supplements Section 5.2 by providing additional details on the out-of-sample
estimation procedure, portfolio selection methodology, specifications of the benchmark
models used for comparison, and the computation of evaluation metrics for model per-
formance.

First, for the out-of-sample estimation procedure. We split the data into a training set
consisting of the first Ti,.;, = 537 observations and a test set comprising the last T}, = 300

observations. At each time point ty, we fit the one-side TVP-MSAR model based on the

to—1

tto Ty o Uhen use the fitted model to predict the conditional

latest Tirain Observations {Y;

covariance matrix of vec(Y;,) by H,,, where H,, is computed by:

=t 6) (200 5) (1)) @)

where Gy, (fi,, ﬁ/;’(;), 2,,(f,), and X, (f,,), and f,, are obtained by the score-driven up-
date given the estimated model parameters and the training observations. For the spatial
connection matrix Wt’('), we simply let I/i/;’(“) =W, _,.

Using ﬁto, we select the unconstrained minimum variance portfolio (MVP) from 16

sector indexes by choosing the weight vector:

- H,'1
~ . t mn
Wl = argmin w, H; w, = —o—"" (G.2)
° 1T HoM1
wtO 1yn=1 mn to mn

for m = n = 4. If the short sales are not allowed, one can also select the constrained MVP

by choosing the weight vector:

AU : T 1
wp = argmin  w, Hyw,, (G.3)
'wgolmn:L wy >0
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where (G.3) has no closed form solution and needs to be computed by numerical optimiza-
tion methods.

For the benchmark matrix factor GARCH (MF-GARCH) model, we implement the R
code provided by Yu et al. (2024) and select the factor dimensions r; = r = 2 for all fitted
models. The choice of factor dimensions is based on the eigenvalue ratio method (Yu et al.,
2022), as recommended in Yu et al. (2024).

Finally, we construct out-of-sample averaged return (AV), standard deviation (SD),
and information ratio (IR) to compare the out-of-sample portfolio selection performance of

different models, where

1 R 1 R 2
AV = Eest %: w;ERtO, SD = \/m Z (’(U;ERtO — AV) s

to

and IR = AV/SD. We also perform model confidence set (MCS) tests for the squared

returns according to Hansen et al. (2011).

528



References in Online Appendix

Berkes, 1., L. Horvéth, and P. Kokoszka (2003). GARCH processes: Structure and estima-

tion. Bernoulli, 201-227.
Billingsley, P. (1999). Convergence of Probability Measures. John Wiley & Sons.

Blasques, F., J. van Brummelen, S. J. Koopman, and A. Lucas (2022). Maximum likelihood

estimation for score-driven models. Journal of Econometrics 227(2), 325-346.

Bougerol, P. (1993). Kalman filtering with random coefficients and contractions. SIAM

Journal on Control and Optimization 31(4), 942-959.
Casella, G. and R. Berger (2024). Statistical Inference (2nd ed.). CRC press.
Davidson, J. (1994). Stochastic Limit Theory. Oxford: Oxford University Press.

Gallant, A. R. and H. White (1988). A Unified Theory of Estimation and Inference for

Nonlinear Dynamic Models. Oxford: Basil Blackwell.

Gupta, A. K. and D. K. Nagar (2018). Matriz Variate Distributions. Chapman and

Hall/CRC.

Hansen, P. R., A. Lunde, and J. M. Nason (2011). The model confidence set. Economet-

rica 79(2), 453-497.
Hayashi, F. (2000). Econometrics. Princeton, N.J.: Princeton University Press.
Kechris, A. (2012). Classical Descriptive Set Theory, Volume 156. New York: Springer.

Lin, Y. and A. Lucas (2025). Functional location-scale models with robust observation-
driven dynamics. Technical Report TI 2025-027 /111, Tinbergen Institute Discussion Pa-
per.

529



Magnus, J. R. and H. Neudecker (2019). Matriz Differential Calculus with Applications in

Statistics and Fconometrics. John Wiley & Sons.

Rudin, W. (1976). Principles of Mathematical Analysis (3rd ed.). New York: McGraw-Hill.

Schilling, R. L. (2017). Measures, Integrals and Martingales (2nd ed.). Cambridge: Cam-

bridge University Press.

Straumann, D. and T. Mikosch (2006). Quasi-maximum-likelihood estimation in condi-
tionally heteroscedastic time series: A stochastic recurrence equations approach. Annals

of Statistics 34(5).

White, H. (1996). Estimation, Inference and Specification Analysis. Cambridge University

Press.

White, H. (2001). Asymptotic Theory for Econometricians (Rev. ed.). Bingley: Emerald.

Yu, C., D. Li, F. Jiang, and K. Zhu (2024). Matrix GARCH model: Inference and appli-

cation. Journal of the American Statistical Association, 1-31.

Yu, L., Y. He, X. Kong, and X. Zhang (2022). Projected estimation for large-dimensional

matrix factor models. Journal of Econometrics 229(1), 201-217.

530



	Introduction
	Modelling framework
	The TVP-SMAR model
	Distributional assumptions
	Score-driven spillover dynamics
	Maximum likelihood estimation

	Asymptotic analysis
	Stationarity and filter invertibility
	Strong consistency and asymptotic normality of the MLE

	Simulation study
	Two empirical applications
	Application 1: dynamic transport network
	Application 2: global equity market network

	Conclusion
	References
	Proof of Proposition 2.1
	Proofs of filter properties
	Strong consistency
	Asymptotic normality
	Auxiliary theoretical results
	Accommodating conditional heteroskedasticity
	Additional finite sample results




