
Solibakke, Per Bjarte

Article

Constant relative risk aversion utility and consumption
CAPM: discount factors and risk aversions for Norway,
Sweden, and the UK

Cogent Economics & Finance

Provided in Cooperation with:
Taylor & Francis Group

Suggested Citation: Solibakke, Per Bjarte (2024) : Constant relative risk aversion utility and
consumption CAPM: discount factors and risk aversions for Norway, Sweden, and the UK, Cogent
Economics & Finance, ISSN 2332-2039, Taylor & Francis, Abingdon, Vol. 12, Iss. 1, pp. 1-24,
https://doi.org/10.1080/23322039.2023.2299609

This Version is available at:
https://hdl.handle.net/10419/321401

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

  https://creativecommons.org/licenses/by/4.0/

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1080/23322039.2023.2299609%0A
https://hdl.handle.net/10419/321401
https://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Cogent Economics & Finance

ISSN: 2332-2039 (Online) Journal homepage: www.tandfonline.com/journals/oaef20

Constant relative risk aversion utility and
consumption CAPM: discount factors and risk
aversions for Norway, Sweden, and the UK

Per Bjarte Solibakke

To cite this article: Per Bjarte Solibakke (2024) Constant relative risk aversion utility and
consumption CAPM: discount factors and risk aversions for Norway, Sweden, and the UK,
Cogent Economics & Finance, 12:1, 2299609, DOI: 10.1080/23322039.2023.2299609

To link to this article:  https://doi.org/10.1080/23322039.2023.2299609

© 2024 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group

Published online: 11 Jan 2024.

Submit your article to this journal 

Article views: 1238

View related articles 

View Crossmark data

Citing articles: 1 View citing articles 

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=oaef20

https://www.tandfonline.com/journals/oaef20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/23322039.2023.2299609
https://doi.org/10.1080/23322039.2023.2299609
https://www.tandfonline.com/action/authorSubmission?journalCode=oaef20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=oaef20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23322039.2023.2299609?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23322039.2023.2299609?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/23322039.2023.2299609&domain=pdf&date_stamp=11%20Jan%202024
http://crossmark.crossref.org/dialog/?doi=10.1080/23322039.2023.2299609&domain=pdf&date_stamp=11%20Jan%202024
https://www.tandfonline.com/doi/citedby/10.1080/23322039.2023.2299609?src=pdf
https://www.tandfonline.com/doi/citedby/10.1080/23322039.2023.2299609?src=pdf
https://www.tandfonline.com/action/journalInformation?journalCode=oaef20


ECONOMETRICS | RESEARCH ARTICLE

Constant relative risk aversion utility and consumption CAPM:
discount factors and risk aversions for Norway, Sweden, and the UK

Per Bjarte Solibakkea,b

aFaculty of Economics and Management, Norwegian University of Science and Technology; bLarsgårdsvn. 2, Ålesund,
Norway

ABSTRACT
This paper applies the newly suggested Markov chained Monte Carlo Surface Sampling
Algorithm of Zappa estimating European discount factors and relative risk aversions for
the CRRA utility functions based on the consumption capital asset pricing model
(CCAPM). The relatively challenging estimation focuses on parameter equalities and
their interpretations for three European countries, Norway, Sweden, and the UK.
Moreover, European consumer behavior regarding risk and inter-temporal consumption
substitution (including asset markets risk pricing) are of general interest applying robust
estimation techniques. The empirical results from sssthe non-parametric Bayesian
estimation technique with reported parameter paths, densities and diagnostics are com-
pared. The UK (Swedish) investors show the highest (lowest) risk aversion (and lowest
(highest) inter-temporal substitution in consumption). However, the risk aversion coeffi-
cient distributions are relatively wide, with an insignificant parameter for Sweden and
Norway, and a significant parameter for the UK. The stochastic discount factor is
approximately equal for all three countries reporting a yearly discount factor of 0.99.
The quarterly discount factor is lowest for Sweden (0.997) followed by Norway and
the UK (0.998), indicating that Sweden has the most impatient consumers. Bivariate
conditional densities and simulation paths are extracted for interpretative purposes,
specifically excessive shocks.

PUBLIC INTEREST STATEMENT
The paper uses the national account data for inflation adjusted household consumption
(non-durables and services) together with inflation adjusted stock (index) with dividends
on all stock series for Norway, Sweden, and the UK. The most interesting aspect of Asset
Pricing considers how securities markets price risk (the time dimension alone is largely
mechanical). For this question to be interesting, it must be that there is a positive price
for risk – i.e. investors require some compensation for exposing their portfolios to risk.
This in turn requires that investors dislike risk or that they are risk averse. This paper’s
main interest is therefore the stochastic discount factor for the constant relative risk
aversion utility as described in the marginal rate of substitution.
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1. Introduction

The main purpose of this paper is to analyze the behavior of European consumers regarding risk and
inter-temporal consumption. The relationship between European asset markets prices and consumer
compensations of risk (inducing risk aversion) is not a closed subject in 2022. Applying the newly sug-
gested nonparametric Bayesian estimation (NPB1) subject to overidentified moment equations should
extend our understanding of both market (risk) and consumption (inter-temporal substitution). However,
the methodology is a challenge because the support of the posterior is a manifold of lower dimension
than the number of model parameters. The manifold therefore has Lebesgue measure zero thus
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inhibiting the use of the most used Bayesian estimation method: Markov chain Monte Carlo (MCMC).
However, using the C/Cþþ implementation Nonparametric Bayesian (NPB) methodology (Gallant &
Tauchen, 2022c), solves this problem by adapting the innovative MCMC Surface Sampling Algorithm of
Zappa et al. (2018)2. The paper uses the MCMC Surface Sampling Algorithm estimating discount factor
and relative risk aversion for the Norwegian, Swedish and UK exchange economies under constant rela-
tive risk aversion (CRRA) utility. The main purpose is discount factor and risk aversion comparison. For
general moment densities and NPB starting values, the methodology uses the Semi-Nonparametric
Time-series (SNP) (Gallant & McCulloch, 2022a) and maximum Likelihood Estimation (MLE) (Gallant &
McCulloch, 2022b) estimation techniques.

The CRRA model is based on the Consumption Capital Asset Pricing Model (CCAPM) (Lucas, 1978).
According to the CCAPM hypothesis, agents save wealth in the form of assets to carry out their future
consumption intentions. The characteristics of consumption, the agent’s risk aversion, the discount rate,
and the intertemporal elasticity of substitution in consumption must therefore be connected to the char-
acteristics of asset returns. Furthermore, the return premium of an asset will be inversely correlated with
its consumption beta (systematic risk).

The paper implements the CRRA model for the period 1981 – 2022(Q2)3 for Norway, Sweden, and the
UK. All three countries are well established European economies with developed financial markets and
of importance for the CCAPM model, offer reliable and well-established household consumption of
goods4. In addition, the three countries have a well-functioning trade pattern between them.

For an exchange economy under CRRA utility the algorithm estimates the parameters ðh ¼ ðb, cÞÞ- the
discount factor (b) and the relative risk aversion (c). The Bayesian computer implementation consist of
three steps. The first step determines the SNP specification (likelihood) (Gallant & McCulloch, 2022a). The
SNP-model settings are lags in the location function (Lu), GARCH lags (Lg, Qtype), ARCH lags (Lr, Ptype), and

the density for ΡðzÞ½ �2 (Kx). Hermite functions for the density ð ΡðzÞ½ � � ffiffiffiffiffiffiffiffiffi
/ðzÞp Þ are added for deviations

from a normal distribution of the series. The settings define an AR model with GARCH conditional scale
function and a time homogenous nonparametric innovation density with skewness, fat tails, etc. The
dependence on the past is through the linear location function (AR) and GARCH scale function5. The
estimated parameters are used as start values for step number 2, the k-prior method (MLE) (Gallant &
McCulloch, 2022b). This step uses maximum likelihood estimation obtaining starting values for the third
step requiring coding the moment equations, support conditions, and prior (NPB) (Gallant & Tauchen,
2022c). The surface sampling algorithm therefore fits an SNP likelihood

f yjx, qð Þ ¼
Yn
t¼1

f ytjxt−1, qð Þ, (1.1.1)

subject to conditions

0 ¼ q q, hð Þ ¼ 1
n

Xn
t¼1

ð
m y, xt−1, q, hð Þf yjxt−1, qð Þdy, q 2 R

m (1.1.2)

and support conditions hðq, hÞ > 0, h 2 R
l, and a prior p ¼ ðq, hÞ using MCMC.

Letting sans serif x ¼ ðq, hÞ, the support of the posterior is the manifold

M ¼ x 2 R
da : qiðxÞ ¼ 0, i ¼ 1, :::,m, hjðxÞ > 0, j ¼ 1, :::, l

n o
(1.1.3)

The Bayesian methodology gives access to model parameters with associated standard errors, diag-
nostics such as parameter traces/densities and autocorrelation functions for proposal scaling (parameter
variance) and quadrature rules for coverage of the observed data6.

2The economic relevance of the methodology that is used in this paper is primarily methodological. The obvious approach is to emulate
GMM directly and estimate h and those elements of q upon which mðyt , xt−1, q, hÞ depends using the MCMC-GMM method proposed by
Chernozhukov and Hong (2003).
3The identical period in Norway, Sweden and the UK is related to availability of index and consumption data. All consumption data series
are collected from SSB, SCB and ONS national statistics (www.ssb.no; www.scb.se, and www.ons.gov.uk).
4For example, Statistics Norway (www.ssb.no) has reported official statistics since 1876.
5Note that the methodology in these settings use quarterly data important for the SNP setting interpretations of Lu, Lg, Qtype, Lr, Ptype, Kx.
6The Z-abscissae range (quadrature rule) must come close to covering the 5% through 95% quantiles of the transformed data.
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The macroeconomic model is detailed in Section 2. A description of the MCMC Surface Sampling
Algorithm (SSA) is provided in Section 3. The statistics are described in Section 4 along with a brief over-
view of the computer’s C/Cþþ implementation. Section 5 presents the results, and Section 5 also
includes an extended interpretation of the results using simulations and conditional expectations from a
post-estimation study. Section 6 provides conclusions.

2. Literature review and the CCAPM theoretical model

2.1. Literature review

Formal econometric tests for the CCAPM were conducted by Hansen and Singleton (1982) with CRRA
utility with Kreps-Porteus utility (formal econometric tests for the equity premium puzzle). Mehra and
Prescott (1985) presented for US data, the basic CCAPM with time-additive CRRA (constant relative risk
aversion) utility function did not perform well vis-a-vis the data, resulting in an important macroeco-
nomic puzzle – the equity premium puzzle. The average equity premium vis-a-vis government bonds
was 6.18% per year. Simulating the model for parameter values considered reasonable (a relative risk
aversion coefficient between zero and ten), Mehra and Prescott concluded that the observed equity pre-
mium was inconsistent with the model, unless a risk aversion coefficient between 30 and 40 was consid-
ered. For the U.S. economy, these restrictions were consistently rejected either by Hansen and Singleton
(1983) or by Epstein and Zin (1989, 1991), confirming the puzzle indicated by Mehra and Prescott.

The Issler and Piqueira (2000) paper7 presented estimates for the risk aversion coefficient, the dis-
count rate of the future utility, and the inter-temporal elasticity of substitution in consumption for Brazil.
Their work showed a discount factor in Brazil of 0.90. Moreover, they found that the Brazilian consumer
was more impatient than its U.S. counterpart due to a discount factor close to one. Furthermore, the
inter-temporal elasticity of substitution in consumption is not very high in Brazil, with values predomin-
ately close to 0.25 (evidence of consumption smoothing, or, as evidence that the Brazilian consumer is
liquidity constrained). Finally, the paper found ambiguous results for relative risk aversion However, in
two out of three models, they found that Brazilians were more risk averse than U.S. citizens.

As a response to the equity-premium puzzle, the basic CCAPM with time-additive CRRA utility was
re-formulated in two directions. The first tried to explain the puzzle from the existence of market imper-
fections - incomplete markets (Mankiw, 1986), liquidity constraints (Scheinkman & Weiss, 1986) and
transaction costs (Grossman & Laroque, 1989) - which implied the non-validity of a representative con-
sumer model due to the agent’s restricted access to the asset markets. In this case, the model was re-
formulated to incorporate heterogeneous agents. The second focused on incorporating a more general
class of preferences for the representative consumer allowing for non-separability over time, for alterna-
tive ways of formulating preferences over risk, and by using non-expected utility models. Finally, the
paper of Breeden et al. (2015) also found the CCAPM performs better than the original CAPM and nearly
as well as the Fama and French (1992) three-factor model.

2.2. The CCAPM theoretical model

How risk is priced in the securities markets is one of the most intriguing aspects of asset pricing (the time
dimension alone is largely mechanical although there are interesting interactions between the two). Risk
must have a positive price for this question to be intriguing; investors must receive compensation for
exposing their portfolios to risk. Theoretically, this calls for investors to be risk averse. A fundamental
understanding of the connection between consumption, wealth, and risk aversion is provided by the
CCAPM. The CCAPM serves as an asset valuation model that may be used to determine the expected pre-
mium that investors will pay for a particular stock and how the risk associated with consumption-driven
stock price volatility would affect that return. The variations in the risk premium (return on asset and risk-
free rate) with increasing consumption serve as a proxy for the amount of risk associated with the

7For Brazilian data, estimates of the relative risk aversion coefficient for the basic linearized model (under log-normality) have already been
performed by Reis et al. (1998).
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consumption beta. The CCAPM is helpful in determining how much stock market returns fluctuate in rela-
tion to consumer growth. An increased expected return on riskier assets is implied by a greater consump-
tion beta. For instance, a consumption beta of 2.0 would indicate a 2% rise in asset return requirements if
the market rose by 1%. The CCAPM covers a variety of wealth types outside of stock market wealth and
offers a framework for comprehending variation in financial asset returns over a variety of time periods.
Finally, the validity of the mean-variance theory is predicated on risk aversion (portfolios).

To analyze these features, consider a single-good general equilibrium model with infinite horizon and
identical agents. The representative agent’s general problem is:

max
Ctþjf g1j¼0, htþjþ1

� �1
j¼0

h i
Utð�Þ (2.2.1)

subject to the sequence of Ctþj þ qtþjhtþjþ1 � qtþj þ q�tþj
� �

htþj þ ytþj, 8j ¼ 0, 1, 2:::

Moreover, there are N assets in the economy, where htþjðNx1Þ, qtþjðNx1Þ is a vector with their respective
quantities and prices and q�tþjðNx1Þ are vectors with their respective dividends. In each period, the agent

receives an exogenous income ytþj which is a state variable in the consumer problem.

2.3. The CRRA time-additive utility model

Following Hansen and Singleton (1982), the inter-temporal utility function in the benchmark model is a
von Neumann-Morgenstern utility function (time-additive):

Ut ¼ Et
X1
j¼0

bju Ctþj½ �
" #

(2.3.1)

where Ct is real aggregate consumption per capita, Et(.) is the conditional expectation on the information
available to the agent at period t and b is the intertemporal discount rate, 0 < b< 1. The maximization of this
function subject to sequence of constraints results in the following N first-order conditions (Euler Equations):

u0 Ct½ � ¼ Et bu0 Ct½ � 1þ Ri, tþ1ð Þ� �
, 8i ¼ 1, :::,N (2.3.2)

where the real rate of return for asset i at period tþ 1 is defined as Ri, tþ1 :¼ qi, tþ1þq�i, tþ1

qi, t
− 1, where qi, tþ1

and q�i, tþ1 are respectively the price and return of asset i, i¼ 1,2,…N, in period tþ 1, with a similar nota-

tion applying to qi, t: Dividing both sides by u0 Ct½ � we obtain

1 ¼ Et 1þ Ri, tþ1ð ÞMtþ1½ �, 8i ¼ 1, :::,N (2.3.3)

where Mtþ1 is pricing kernel (or stochastic discount factor). In this model, the instantaneous utility func-
tion is parameterized as Constant Relative Risk Aversion (CRRA),

u Ct½ � ¼ C1−c
t − 1
1 − c

(2.3.4)

where c is the relative risk aversion coefficient. The main objection to this utility function specification is
that only one parameter (c) governs both the relative risk aversion coefficient and the inter-temporal

elasticity of substitution in consumption w, since: w � @ ln
Ctþ1
Ct

� �
@ ln Rtþ1

¼ 1
c : For example, a risk averse agent (c

high) will not alter his consumption pattern significantly in response to interest rate variations (1/c low),
given that risk aversion is the reciprocal of the inter-temporal elasticity of substitution.

Applying the utility function parameterization, we obtain the Euler equation

1 ¼ Et b
Ctþ1

Ct

	 
−c

1þ Ri, tþ1ð Þ
" #

, 8i ¼ 1, :::,N (2.3.5)

and, in this case, the pricing kernel is a function of consumption growth

MCRRA
tþ1 ¼ b

Ctþ1

Ct

	 
−c

: (2.3.6)
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Therefore, the SDF discounts gross return to unity and we use

0 ¼ Et−1 1 − exp ð log b − c log
Ct
Ct−1

þ log
yt
yt−1

� �
, (2.3.7)

where Et-1 is the conditional expectation given Ct-1, Ct-2, …

2.4. The equity premium puzzle8

The puzzle behind the equity premium is still open in the field of economics. In this work, assets have
been valued using the Euler equation Etðmtþ1Rtþ1Þ ¼ 1, where Rtþ1 ¼ 1þ rtþ1 represents the gross rate
of return on an asset, and mtþ1 is referred to as the stochastic discount factor or occasionally the pricing
kernel. The key to asset pricing is determining mtþ1 since we can infer information about predicted
interest rates from data and resolving the stock premium conundrum requires producing enough disper-
sion in the stochastic discount factor.

The puzzle’s central thesis is that frequently employed economic models are unable to foresee the
empirical premium of stock market returns over short-term, comparatively risk-free debt. The intriguing
query at this point is if the CRRA utility models for the three nations of Norway, Sweden, and the UK
have any potential relationship to the equity premium puzzle.

Since the representative agent has power utility, we can rewrite the stochastic discount factor with a
concrete utility function:

m ¼ b
u0 ctþ1ðxÞð Þ

u0 ctð Þ ¼ b
ctþ1ðxÞ

ct

	 
−c

(2.4.1)

and the Euler equation. E(mr) ¼ 1, can be written for the international all-share indices

1 ¼ bEt 1þ rindextþ1


 � ctþ1ðxÞ
ct

	 
−c
 !

(2.4.2)

The price for equity, petþ1, can be calculated in the same fashion, but the dividend is uncertain and

related to consumption growth:

pet ¼ Et mtþ1gtþ1ðxÞð Þ ¼ Et bgtþ1ðxÞ1−c
� �

(2.4.3)

The last line follows from the moment generating function of the log normal random variable
gtþ1ðxÞ: We can also calculate our agent’s required return on equity by

E log 1þ retþ1

� �� � ¼ E log gtþ1ðxÞð Þ − log pet
� �

(2.4.4)

Now the equity premium is calculated by taking the difference of the returns.

3. The MCMC surface sampling algorithm and the normalization factor9

3.1. The MCMC surface sampling algorithm

Define

Qx ¼ @

@x
q1ðxÞ, :::, @

@x
qmðxÞ

� �
(3.1.1)

which is the transpose of the Jacobian of q(x) and has dimension da by m. Place A ¼ Qxj0½ �, which is a
square matrix of dimension da by da whose last d ¼ da − m columns are filled with zeros. Apply the sin-
gular value decomposition algorithm and obtain A ¼ USV>; U will be orthogonal and S diagonal with
the first m diagonal entries positive and the remainder zero. If S is not so, Qx does not have full rank,

which violates a regularity condition of the Surface Sampling Algorithm (SSA). Partition U as T?x jTx
� �

,

8See Mehra and Prescott (1985), Myatt, J, 2012 and Issler & Piqueira 2000.
9The algorithm and factor constant are in this section, based on the NPB user guide (Gallant & Tauchen, 2022c).
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where T?x has m columns and Tx have d columns. Solving10 qðx þ tþ QxaÞ ¼ 0 for a, using the Newton’s
method with Fletcher’s (1987) line search from a start of a¼ 0. Tuning parameters are the solution toler-
ance and iteration limit. An iteration of the SSA has the property that if Xk is a draw from the posterior
pðxjyÞ1fðyjxÞpðxÞ, then so is Xkþ1.

An iteration of the SSA algorithm is therefore:

1. Begin: x ¼ XkðXk must be in MÞ:
2. Proposal:

a. Calculate Qx.
b. Compute T?x and Tx using the SVD as described.
c. Draw v� p(v) as described above.

3. Projection to M:
a. Solve qðx þ tþ QxaÞ ¼ 0 for a using Newton’s method.
b. If Newton’s method fails, put Xk þ 1 ¼ x. Done.
c. Else y ¼ ðx þ tþ QxaÞ: Continue.

4. Inequality check:
a. If hiðyÞ < 0 for some i, put Xk þ 1 ¼ x. Done.
b. Else y satisfies (3). Continue.

5. Metropolis-Hastings acceptance/rejection step:
a. Calculate Qy as shown above.
b. Compute T?y and Ty using the SVD.
c. Find t0 2 Ty and x0 2 T?y v0 2 Ty and w0 2 T?y so that x ¼ y þ t0 þ x0:11

d. Pa ¼ Pa ¼ minð1, fðyjyÞpðyÞpðt0ÞfðyjxÞpðxÞpðtÞÞ
e. Generate U�Uniform (0,1).
f. If U> Pa, put Xk þ 1 ¼ x. Done.
g. Else Continue.

6. Reverse Projection:
a. Solve qðx þ tþ QxaÞ ¼ 0 for a using Newton’s method.
b. If Newton’s method fails, put Xk þ 1 ¼ x. Done.
c. Else accept move, Xk þ 1 ¼ y. Done.

In practice, identifying chain failure occurrences is important for chain tuning. The code gives rejec-
tion rates and indications as to which of the steps in the Surface Sampling Algorithm have the most
influence on the accept/reject decision.

3.2. The normalization constant

The normalization constant is

Z ¼
ð
M
f yjxð ÞpðxÞdrðxÞ (3.2.1)

where rðxÞ is d dimensional Hausdorff measure on R
da : If a mapping from Rd to M can be found, then

computing Z can be accomplished by Riemann integration after multiplicationby a Jacobian term
(Morgan, 2016, p. 29). The strategy proposed by Zappa et al. (2018) consists of successively reducing the
domain of integration until such a mapping can be found. The remaining part of the integral can be
computed from Surface Sampling draws. Therefore, computing Zk by Monte Carlo integration using

S ¼ 1
nk

Xnk
i¼1

IBk yið Þ Jið Þ−1�
exp log f yjyið Þ þ logp yið Þ − log f yjx0ð Þ − logp x0ð Þ� � (3.2.2)

10Notational clash: x and y represent values for ðq, hÞ: Xk and Yk represent either ðq, hÞ regarded as random variables or as their ex-post
values as elements of an MCMC chain.
11That is, put z ¼ T?y jTy

h iT � ðx − yÞ, then x0 ¼ T?y and t0 ¼ Tyz:
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and

log Zk ¼ d
2

	 

logp − logC

d
2
þ 1

	 

þ

d log rkð Þ þ log ðSÞ þ log yjx0ð Þ þ logp x0ð Þ
(3.2.3)

where log Z ¼ log Zk þ
Pk−1

i¼0 log R̂i:

4. Share indices and household consumption for Norway, Sweden, and the UK

The above formed equations are estimated for European data using the three well-known utility models.
Previous empirical work in the international literature (Hansen & Singleton, 1982, 1983; Epstein & Zin,
1991) used monthly data, arguing that they are more likely to capture the agent’s timing decision.
Mainly due to data availability, this paper uses quarterly frequencies adjusted for dividends and inflation
using quarterly consumer price index data (no seasonal adjustment). We distinguish between durable
and non-durable goods (See Bernanke (1985) for an explanation of the durable goods problem). Let lsrt
denote gross geometric stock returns observed at time t; i.e. lsrt ¼ log(Pt/Pt−1), where Pt is the stock
price (with dividends). The log consumption growth observed at time t is lcgt ¼ log(Ct/Ct-1). Both series
are adjusted for inflation. Lucas (1978) exchange economy set dividends equal to consumption at time t.

The data is therefore a matrix y with columns yt ¼ lsrt
lcgt

	 

: The variable xt−1 denotes the information

set and has as many lags in it as are needed to compute fðytjxt−1, qÞ of the equation fðyjx, qÞ ¼ n � Y � t ¼
1 � fðytjxt−1, qÞ: The yt are quarterly observations from 1980 to 2022 (q2) (166 observations) for Norway,
Sweden, and the UK. The stochastic discount factor (SDF) for CRRA utility is the marginal rate of substitution

Mt, t−1 ¼ bð Ct
Ct−1

Þ−c, where b is the representative agent’s discount factor, c is a risk aversion parameter, and

the elasticity of intertemporal substitution (EIS) is 1 c:= The moment conditions we use are

0 ¼ q q, hð Þ ¼ 1
n

Xn
t¼T0

ð
m y, xt−1, q, hð Þf yjxt−1, qð Þdy, q 2 R

m (4.1.1)

where q contains the SNP parameters and MLE/NPB extends the h ¼ ðb, cÞ: Finally, the implementation

includes the support conditions hðq, hÞ > 0, h 2 R
l and the prior pðq, hÞ: The computations suggest a

three-step procedure. The first step is the SNP specification determining the q-parameters (Gallant and
McCulloch, 2022a). The xt-1 allows for the information set. The second step establishes starting values
applying the k-prior method (MLE) (Gallant and McCulloch, 2022b) encompassing coding the moment
equations, support conditions and the prior (mean and standard deviation of a normal)12. The last step
is to tune the nonparametric Bayes methodology (NPB) (Gallant & Tauchen, 2022c), which also requires
coding the moment equations, support conditions and the prior. The implementation is sensitive to
viable starting values and to choosing the correct scale.

Table 1 characterizes the index and consumption for all three countries. The table reports the charac-
teristics of the Norwegian (panel A) index (OSEAX) and the consumption movements; the Swedish (panel
B) index (OMXSPI) and consumption movements; the UK (panel C) index (FTSE All Shares) and consump-
tion movements. The index means all are positive indicating positive drifts. Norway and Sweden report
a drift almost three times higher than the UK, 0.009 versus 0.003. However, the standard deviation is
relatively high not excluding a zero drift for all three countries. The UK FTSE index therefore also report
the smallest standard deviation. The Norwegian OSEAX index report a drift of 0.00858 with an associated
standard deviation of 0.05174. A similar index drift for Sweden (the UK) is 0.00882 (0.00337) with associ-
ated standard deviation of 0.05143 (0.03832). The three indices report a maximum (minimum) mean for
Norway, Sweden and the UK of 0.11014 (-0.23248), 0.14814 (-0.16569), 0.08564 (-0.14592), respectively.
The kurtosis is positive (tails) and the skew is negative (left skewed) for all three countries. Norway,

12The k-prior and NPB methods normally distributed prior values for the OSEAX index and Consumption growth mean and standard
deviation are generated with associated mean and standard deviations values and correct BIC decided model dimensions. A non-normal
prior can be applied for the prior values (not implemented).
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Sweden and the UK report a kurtosis (skew) of 3.48554 (-1.37740), 1.21766 (-0.75585), 2.00107 (-0.78800),
respectively. Cramer-von-Mises test statistic reports significant non-normality for all three country indices.
The Q(12) and the Q2(12) correlogram statistics (serial correlation) show no dependencies for the index
mean and volatility. The indices report insignificant Q(12) and the Q2(12) correlogram statistics for all
three countries. Similarly, the 12th lag ARCH test statistic (Engle, 1982) suggests insignificant conditional
heteroscedasticity. The RESET test (Ramsey, 1969) reports stability for the three indices. For all index ser-
ies, the adjusted series the ADF (Dickey & Fuller, 1979) and the Phillips and Perron (1988) statistics

Table 1. All Share Indices and Household Consumptions Characteristics for Norway, Sweden, and the UK, 1980-
2022(q2).
Characteristics for All Share Indices and Consumption Growth 1981–2022(Q2)

Panel A
Norway OSEAX Index Returns

Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR

M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00858 0.01689 0.11014 3.48554 0.09856 0.08058 0.55098 3.34892 5.10290 −0.187%
0.00901 0.05174 −0.23248 −1.37740 −0.02200 f0.9605g f0.0000g f0.7639g f0.5307g −0.138%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
1.40569 1.77751 2.18022 2.06464 1.97461 −12.64848 −12.64610 4.33604 0.31011 −0.232%
f0.1598g f0.0755g f0.0292g f0.0390g f0.0483g f0.0000g f0.0000g f0.6313g f0.9581g −0.176%

Norway Consumption Growth
Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR
M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00263 0.00899 0.04699 −0.67084 0.21112 3.21597 1.09000 269.148 160.678 −4.820%
0.00294 0.02355 −0.04821 −0.66382 −0.32419 f0.2003g f0.0000g f0.0000g f0.0000g −4.610%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
3.11988 7.01564 16.24813 26.31176 38.34020 −41.26220 −4.10618 103.77979 8.72718 −4.821%
f0.0018g f0.0000g f0.0000g f0.0000g f0.0000g f0.0001g f0.0076g f0.0000g f0.0331g −4.746%

Panel B. Sweden OMXSPI Index Returns
Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR
M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00882 0.02018 0.14814 1.21766 0.39526 3.63593 0.42380 8.03725 4.06777 −0.159%
0.00840 0.05143 −0.16569 −0.75585 −0.30391 f0.1624g f0.0000g f0.2354g f0.6675g −0.116%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
3.15999 3.68117 4.04041 4.04766 4.44021 −11.82775 −11.81650 3.38698 1.07375 −0.166%
f0.0016g f0.0002g f0.0001g f0.0001g f0.0000g f0.0000g f0.0000g f0.7589g f0.7834g −0.143%

Sweden Consumption Growth
Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR
M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00200 −0.00106 0.05743 −1.19116 −0.64676 3.35725 0.77638 603.616 190.199 −3.865%
0.00219 0.02539 −0.03883 0.19790 0.12951 f0.1866g f0.0000g f0.0000g f0.0000g −3.463%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
123.126 173.147 237.368 346.256 516.416 −60.62088 −5.90918 117.653 21.3105 −3.883%
f0.0000g f0.0000g f0.0000g f0.0000g f0.0000g f0.0001g f0.0000g f0.0000g f0.0001g −3.752%

Panel C. UK FTSE All Shares Index Returns
Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR
M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00337 0.00654 0.08564 2.00107 0.43585 1.35975 0.36511 5.75461 5.93282 −0.136%
0.00367 0.03832 −0.14592 −0.78800 −0.04069 f0.5067g f0.0001g f0.4512g f0.4308g −0.094%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
1.70685 2.76085 3.63873 4.12829 4.88753 −14.15929 −13.98857 2.83387 2.34651 −0.146%
f0.0878g f0.0058g f0.0003g f0.0000g f0.0000g f0.0000g f0.0000g f0.8294g f0.5037g −0.123%

UK Consumption Growth
Mean (all)/ Median Maximum / Moment Quantile Quantile Cramer- Serial dependence VaR
M (-drop) Std.dev. Minimum Kurt/Skew Kurt/Skew Normal von-Mises Q(12) Q2(12) (1; 2,5%)
0.00252 0.00994 0.07982 3.16068 0.09964 12.76860 2.09111 173.386 160.678 −7.438%
0.00261 0.02267 −0.10641 −1.06456 −0.67752 f0.0017g f0.0000g f0.0000g f0.0000g −4.937%
BDS-Z-statistic (e¼ 1) Phillips - Augmented ARCH RESET CVaR
m¼ 2 m¼ 3 m¼ 4 m¼ 5 m¼ 6 Perron test DF-test (12) (12;6) (1; 2.5%)
−1.2390 1.0714 7.4850 13.2827 19.4417 −22.5349 −3.08722 37.4212 54.1686 −10.641%
f0.2153g f0.2840g f0.0000g f0.0000g f0.0000g f0.0000g f0.1131g f0.0000g f0.0000g −6.643%
�For all three bivariate series a breakpoint unit root test rejects unit root.
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confirm stationarity. Finally, the BDS test statistic (Broock et al., 1996) reports general non-linear data
dependence. We also experimented with breaking trends in the movement equations, but our results
suggested little evidence for trend breaks. The Value at Risk (VaR) is a well-known concept for measures
of risk and Table 1 includes the 2.5% and 1% VaR numbers for market participants. Figure 1 (top) reports
the movement series for the indices of all three countries (OSEAX, OMXSPI, FTSE All Shares).

The consumption growth means are all positive indicating also here positive drift. Norway, Sweden
and the UK report drifts of 0.00263, 0.00200 and 0.00252, respectively. The standard deviation is rela-
tively high not excluding a zero drift, approximately 0.023 for the three countries. The Norwegian con-
sumption growth reports a drift of 0.00263 with an associated standard deviation of 0.02355. A similar
drift for Sweden (the UK) is 0.00200 (0.00252) with associated standard deviation of 0.02539 (0.02267).
The consumption growth reports a maximum (minimum) mean for Norway, Sweden, and the UK of
0.04699 (-0.04821), 0.05743 (-0.03883), 0.07982 (-0.10641), respectively. The kurtosis is negative for
Norway and Sweden, while the UK reports a positive kurtosis (tails). The skew is negative (left skewed)
for Norway and the UK, while Sweden reports a positive skewness (right skewed). Norway, Sweden, and
the UK report a kurtosis (skew) of -0.67083 (-0.66382), -1.19116 (0.19790), 3.16068 (-1.06456), respectively.
Cramer-von-Mises test statistic reports significant non-normality for the consumption growth of all three
countries. The Q(12) and the Q2(12) correlogram statistics (serial correlation) show dependencies for the
consumption growth mean and volatility. The consumption growth for Norway, Sweden and the UK
all report significant Q(12) and the Q2(12) correlogram statistics. Similarly, the 12th lag ARCH test statistic
(Engle, 1982) suggests highly significant conditional heteroscedasticity for consumption growth.

Figure 1. CCAPM data: Index log returns (top) and consumption growth (bottom) for Norway, Sweden, and the UK,
1980-2022(q2).
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The RESET test (Ramsey, 1969) reports stability for the three countries consumption growth. For all con-
sumption series, the adjusted series the ADF (Dickey & Fuller, 1979) and the Phillips and Perron (1988)
statistics confirm stationarity. Finally, the BDS test statistic (Broock et al., 1996) reports general non-linear
data dependence. We also experimented with breaking trends in the movement equations, but our
results suggested little evidence for trend breaks. The Value at Risk (VaR) is a well-known concept for
measures of risk and Table 1 includes the 2.5% and 1% VaR numbers. Figure 1 (bottom) reports the
movement series for and the consumption growth of all three countries.

5. Empirical results

The SNP model residuals for all three countries are more normal, serial correlation in mean and volatility
are removed and the BDS statistic report no data dependence (not reported). The results for the struc-
tural parameter estimates are presented first for each model and country (MLE and NPB). All the results
are summarized and the risk-aversion, the inter-temporal discount rate, the habit parameter, the uncer-
tainty parameter, and the inter-temporal substitution of consumption are reported, analyzed, and
compared.

The Norwegian, Swedish, and UK CRRA models are reported in the left, middle and right columns in
Table 3. The bottom of Table 3 reports key statistics from the model estimations. The algorithm seems
to work well. All the SSA algorithm steps from Section 3 above report acceptable values.

5.1. CRRA utility functional model

The Bayesian results for the CRRA model are reported in Table 313. The log-posterior traces in Figure 2
shows an acceptable path for a 50,000 long Bayes simulation. The z-abscissae range comes close to cov-
ering the 5% through 95% quantiles of the transformed data. Traces for beta ðbÞ and gamma ðcÞ are
shown in Figure 3. Distributions for the same parameters are reported in Figure 4.

The results suggest that beta ðbÞ is close to 1. However, the quarterly b data of 0.99752, 0.99643, and
0.99769 for Norway, Sweden, and the UK, respectively, suggest an annual intertemporal discount rate of
approximately 0.99 for all three countries. The b parameter is clearly significant. A discount rate of 0.99,
suggests that consumers are quite patient (lowest for Sweden). These b results are also much closer to
US CCAPM results than for example Brazilian data (Issler & Piqueira, 2000).

The results for the parameter c of 3.27907, 0.19407, and 6.17745 for Norway, Sweden, and UK,
respectively. Only the UK c coefficient is significant (1%). Both Norway and Sweden report an insignifi-
cant c coefficient. Moreover, note the rather wide density plots for the c coefficients in Figure 4. For
Norway and Sweden, the densities include zero and therefore risk-neutrality. For the CRRA utility model,
the relative risk aversion is therefore high for UK consumers, and quite low and not different from zero
for Norwegian and Swedish consumers indicating an 95% confidence interval that is close to zero (risk
neutrality). Furthermore, the density plots are quite wide for all three countries but clearly significant for
the UK. The density together with the reported means, shows that consumers are mildly risk averse, sug-

gesting that the inter-temporal elasticity of substitution in consumption w ¼ 1
c is relatively low for the

UK, higher for Norway and high for Sweden. That is, the aggregate substitution between investment
and consumption is relatively high in the Swedish market (the agent will not alter consumption in
response to Index/interest rate variations) while Norway and the UK report lower substitution.

13Extrinsic mean: ~x ¼ 1
N

PN
i¼1 xi and V̂ EC ¼ 1

N

PN
i¼1ðxi − ~xÞðxi − ~xÞT

Alternative intrinsic mean (center): �x : V̂ IC ¼ 1
N

PN
i¼1ðxi − �xÞðxi − �xÞT

Adjust for geodesic distance:
1) Modified extrinsic var-covariance matrix: V̂ ME ¼ 1

N

PN
i¼1 DjðiÞDT

jðiÞ
2) Modified Riemann var-covariance matrix: V̂ MR ¼ 1

N

PN
i¼1 ziz

T
i

Credibility regions:
An estimated posterior probability can be estimated as: PðRjx, yÞ ¼ 1

N

PN
i¼1 IRðxiÞ, where .

the region: Rs ¼ Xda
i¼1 �x i − ssdevðxiÞ, �x i − ssdevðxiÞ½ � is of special interest. The.

sdev(xi) is the square root of the preferred diagonal elements of VEC, VIC, VME or VMR.
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Issler and Piqueira (2000), using general method of moments (GMM) methodologies14, report a dis-
count factor (b) for the US market close to 1, while the Brazilian consumers are more impatient reporting
a discount factor (b) of 0.9. Issler and Piqueira (2000), report results for the US market that appear similar
to the UK market. However, their analysis reports more ambiguous results for risk aversion and inter-
temporal elasticity of substitution in consumption for Brazil. The distributions reported in Figure 4 in this
paper, the Issler and Piqueira (2000) ambiguity for risk aversion (using GMM) seems to re-emerge in the
distributions reported in Figure 4.

To show an example, individuals with CRRA utility functions ðUðCÞ ¼ C1−c

1−cÞ and risky projects equal to

either 50,000 or 100,000 with a probability 0.5, giving an expected wealth E½W� ¼ 75, 000, report the fol-
lowing certainty equivalent WCE in Table 2.

The first column of Table 2 indicates that an individual with a logarithmic utility function (c¼ 1)
would value the risky wealth as equivalent to 70,711 with certainty. This individual would be willing to
pay a risk premium of 4,289 ð¼ E½W� −WCEÞ to exchange the risky wealth for its expected value of
75,000. The second column in Table 2 indicates that an individual with a value of c¼ 2 values the risky
wealth as equivalent to 66,667 with certainty. This individual would be willing to pay a risk premium of
8,333 to exchange the risky wealth for its expected value of 75,000. The risk premium is almost twice as
large as that for an individual with c¼ 1, confirming that the individual with the higher value for c is,
indeed, the more risk averse.

As we progress through Table 2, we can see that the certainty equivalent declines as the value of c
increases. Again, this indicates that risk aversion increases as c increases. Take note of the last column in
Table 2. A person with a score of c ¼ 30 is extremely risk averse. Such a person would be prepared to
exchange the risky wealth for its anticipated worth of 75,000 by paying a risk premium of $23,791. The
person would have 51,209 with certainty after this trade, which is just a little bit more than the worst-
case scenario of 50,000 for the hazardous wealth. This person is so fearful of taking risks that they would
probably never consider leaving their house!

Other empirical studies based on the actual behavior of individuals have consistently yielded esti-
mates in the range 1 to 4 for the coefficient of relative risk aversion, with a mean value for ĉ ¼ 2:

Bayesian parameter traces, densities (with means, modes and standard errors) and log-posterior trace
is reported in Figures 2–4 for the CRRA utility model. The stochastic discount factor (MRS) for the period
1981 to 2022(q2) is shown in Figure 4. For the CRRA model, if we plug in for our results for b and c, we
achieve an equity premium close to zero15. Whether or not the CRRA implied above is plausible, the
result has other problems as well. Notice that the expected value of log returns for both assets is quad-
ratic in c: This means that we can raise to allow for a large equity premium, but it comes at the cost of
decreasing returns. At some point, we will raise c and the return on an asset will decrease, an unrealistic
consequence of the model.

The data are quarterly observations from 1981 to 2022(Q2) on inflation adjusted, value weighted returns
with dividends on indices and inflation adjusted, per-capita nondurables and services from national statis-
tics (SSB, 2022: (https://www.ssb.no); SCB, 2022: http://www.scb.se; ONS, 2022: http://www.ons.gov.uk).

Bayesian inference is based on the posterior: PrðhjxÞ ¼ PrðxjhÞ�PrðhÞ
PrðxÞ ¼ lðhjxÞpðhÞÐ

lðhjxÞpðhÞdh
In the lower part of the table, below the Bayesian parameters ðhÞ the performance of the SSA algo-

rithm is reported. The normalization constant (marginal data density), that is Pr(x), can be rewritten as:

Z ¼ ÐMfðyjxÞpðxÞdrðxÞ where rðxÞ is d-dimensional Hausdorff measure on R
da : See Section 5.1 for the

definitions of standard deviations ðVEC , VIC , VME , VMRÞ: The moment conditions, likelihoods and support
conditions are programmed in C/Cþþ. See also Gallant and Tauchen (2022c).

Table 2. Gamma and certainty equivalent for the CRRA utility function.
Value of c 1 2 5 10 30
Value of WCE 70,711 66,667 58,566 53,991 51,209

14The weighting matrix ambiguity using classical GMM methodology seems not appropriately dealt with in Issler and Piqueira (2000).
15The equity premium can be calculated by taking the difference in returns between the risk free asset and the price for equity: Etð log ð1þ
retþ1Þ − log ð1þ rrftþ1ÞÞ ¼ ð2 � b − 1Þ � x2=2 , where x2 is the assumed Nðx1 ,x2Þ of the consumption growth.
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5.2. Model specifications and the marginal likelihood

Figure 2 reports log-likelihoods for the CRRA models of Norway, Sweden, and the UK, respectively. The
plots report satisfactory variance and diversion. The log-likelihood reports the lowest optimal likelihood
for Norway.

Tables 3 and 4 report the normalization constants. In Bayes rule, the denominator PrðxÞ (the marginal
probability of the data) is the normalization constant (a constant that makes the posterior density inte-
grate to one). The CRRA model reports a log normalization constant of −438.75, 455.29, 450.70, with an
associated standard error of 0.01854, 0.0103, 0.0177, for Norway, Sweden, and the UK, respectively. The
result is also the marginal data density Z ¼ Ð MfðyjxÞ � pðxÞ � drðxÞ, where rðxÞ is d-dimensional

Hausdorff measure on R
da:

Furthermore, for model specifications, the probability of simultaneously valid credibility intervals using
the center, standard deviations VIC and VMR from above and critical values of 1.96 (2.70), the CRRA model
reports 0.5239 (0.9708), and 0.5490 (0.9703) for Norway, 0.5714 (0.8975), and 0.3366 (0.6703) for Sweden
and 0.6108 (0.9286), and 0.3863 (0.8564) for the UK.

For all three countries, the z-abscissae range (quadrature rule) is well within the quadrature rule cov-
ering the 5% through 95% quantiles of the transformed data (Table 3). For Norway, (−1.87822, 1.33526)
	 (−2.85697, 2.85697) and (−1.18963, 1.92945) 	 (−2.85697, 2.85697). For Sweden, (−2.11780, 1.28166)
	 (−2.85697, 2.85697) and (−1.38673, 1.74788) 	 (−2.85697, 2.85697). For the UK, (−1.79326, 1.70977) 	
(−2.85697, 2.85697) and (−1.26017, 1.71638) 	 (−2.85697, 2.85697). Moreover, trace plots for the CRRA
model (appendix) report satisfactory variance for all parameters in the NPB model (except for b, c)
already reported above for the same three countries).

5.3. CRRA comparison of the European countries

Table 4 reports the median European results using the CRRA utility function. The results for beta (b) the
discount rate is reported in terms of quarter equivalent rate. The results show the following immediate
results:

1. The estimates for the discount rate ðbÞ are approximately 0.99 on an annual basis for all three mod-
els 0.99 (¼ 0.9975^4). The result is close to US consumer data. The Brazilian discount factor is lower
(Issler & Piqueira, 2000).

Figure 2. Trace plots ð50kÞ of Norwegian (top), Swedish (middle) and UK (bottom) CRRA log posterior paths. (a)
Norway traces and parameter densities. (b) Sweden traces and parameter densities. (c) The UK traces and parameter
densities.
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Figure 3. Trace and Density plots ð50kÞ of the Norwegian (top), Swedish (middle) and UK (bottom) CRRA utility func-
tion’s subjective discount factor b and the risk aversion parameter c: Mean and standard errors of b and c are reported
in the plots.
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2. The relative risk aversion coefficients ðcÞ varies between the European countries. For the CRRA utility
model the c is approximately between 0 and 6.5. For Norway the c risk aversion coefficient is 3.38
and insignificant (t <1.6). Furthermore, the Norwegian distribution is both wide and divided into
several parts. The distribution seems therefore to include zero (risk neutrality). For Sweden, the c
coefficient is low 0.194 and insignificant (t <1.25). The distribution is toward zero with a right tail.
The UK seems to be the only country that report a positive coefficient of 6.18 that is significant (t
>3.95). The distribution is not split into several parts and lies between 3.1 and 9.3 (95% confidence
interval).

3. The Swedish consumers seem therefore risk neutral. The Norwegian consumers are less risk-averse
than UK consumers but seem more risk averse than Swedish consumers. The UK reports risk aver-
sion that seems to exceed US consumers.

4. The equity premium seems quite low for all three countries and is comparable to the US and the
Brazilian market. Issler and Piqueira (2000) find no equity premium in the Brazilian market.

5. The inter-temporal substitution in consumption 1 c= Þ�
does therefore vary between the countries. For

the UK, the inter-temporal substitution is relatively low, higher for Norway, while the inter-temporal
substitution for Sweden is relatively high.

The model strengthens the argument of risk aversion among consumers/investors in the Norwegian
and UK markets. In contrast, Sweden report risk neutrality. However, for Norway, the risk aversion coeffi-
cient is not significant, and the distribution includes zero signaling risk neutrality. Finally, the yearly dis-
count factor of 0.99 (0.99¼ 0.9975^4) is quite stable over all three countries, indicating relatively patient
market participants. The stochastic discount factors from Figure 4 have a quarterly average of 0.99752,
0.99693, and 0.99769, for Norway, Sweden, and the UK, respectively. Hence, the most impatient (b) and
risk neutral (c) customers/investors are found in Sweden.

Figure 3. Continued.
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Another important conclusion from our NPB estimation results is that there is almost no equity pre-
mium for all three countries. Plugging in for the CRRA model reports a difference of ð2b − 1Þ � x2=2

� �
,

where x2 is the consumption sample variance of 0.0558% given equity premiums of less than 1%.

5.4. Simulations (100 k) and step ahead mean and volatility densities

The MCMC SSA algorithm together with the SNP methodology obtain a convenient representation of

one-step ahead conditional mean ŷ tþ1 given ŷs
� �t

s¼1 and variance r̂2
t of ŷ tþ1 given ŷs

� �t
s¼1: In Figure

5(a), the paper therefore reports a simulation for both indices and consumptions growth for Norway
(top), Sweden (middle) and the UK (bottom). Furthermore, in Figure 5(b) the simulations are extended
to 100k and index and consumption growth are split into sub-plots. The index paths are plotted on the
left and consumption growth on the right. Figure 6 report 100k densities for bivariate simulations. The
figures report 100k densities all-share indices (left) and the consumption growth (right) for Norway (top),
Sweden (middle) and the UK (bottom). The simulations show that the consumption densities are skewed
to the left for all three countries and the country’s indices have similar mean movements but quite dif-
ferent maximum and minimum.

The conditional mean, volatility and correlation is reported in Figures 7–10. The movements report
co-movements clearly indicated by the correlation numbers in Figure 9. Only the habit indicates some
form of negative correlation between the index and the consumption growth. Finally, Figure 10 reports
plots for the three countries bivariate one-step-ahead index and consumption movements. The 3D-plots
show similar high surface densities when the indices are around 0.1, indicating that appositive

Figure 4. Stochastic discount factor for a CRRA utility model Norway, Sweden, and the UK, 1980-2022(q2).

Table 4. The mode, parameters for beta (b) and gamma (c) and the normalization constant. Comparison Norway,
Sweden, and the UK.
Comparing Mean Results for Norway, Sweden and the UK

Period – 1980–2022 (q2)

Norway Sweden the UK

Posterior Mode −392.07741 −404.54867 −405.85519
Mean Beta (b) 0.99752 0.99693 0.99769
discounting f0.0010g f0.0009g f0.0010g
Relative Gamma (c) 3.27907 0.19407 6.17745
risk aversion f2.4962g f0.1868g f1.5560g
Normalisation
constant −438.7531 −455.2890 −450.7014
Standard dev f0.01854g f0.0103g f0.0177g
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consumption movements are dependent on a positive index market. Furthermore, when consumption
growth is strongly negative there are some spectacular movements of the OSEAX index (or vice versa).

6. Summary and conclusions

The main objective of this paper has been to present estimates for the risk aversion, coefficient, the dis-
count rate of the future utility, and the inter-temporal elasticity of consumption for Norwegian, Swedish,
and UK consumers adapting the highly innovative MCMC Surface Sampling Algorithm of Zappa et al.
(2018). Both GMM ambiguity and inhibited use of MCMC models (overidentified moment conditions) are
circumvented. Moreover, the algorithm extracts the posterior, estimates scale, and calculate the normal-
ization constant of the posterior density. For implementation, the manuscript uses the CRRA utility speci-
fication CCAPM model for three European countries.

Figure 5. NPB Simulation of 166 and 100k Index Returns and Consumption Growth. (a) Simulation 166 Index Returns
and Consumption Growth observations from NPB model. (b) Simulation 100k Index Returns and Consumption Growth
observations from NPB model.
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The paper’s empirical results allow us to make some inference about these three countries market
characteristics extracting discount factors and risk aversion/elasticity of consumption coefficients. The
main results can be summarized in the following way:

1. An estimate of the yearly discount factor b in Norway, Sweden, and the UK is close to 0.99 for all
three countries. The most impatient consumers are located in Norway. The result is close to the US
market.

2. The relative risk aversion c is highest in the UK (6.18) significant at 1%, followed by Norway with a
coefficient of 3.28 and a standard error of 2.5 (insignificant). In contrast, Sweden reports a risk aver-
sion coefficient of 0.2. The Swedish result is insignificant and clearly reports a risk aversion ðcÞ par-
ameter indicating risk neutrality (the possibility that c is zero). Furthermore, the gamma density of
Sweden extends risk neutrality with a right tail toward 1. Norway’s distribution is both wide and
split over several areas including zeroes (risk neutrality). The UK reports a continuous clearly positive

Figure 6. Simulation 100k OSEAX returns and Consumption Movements Distributions.

Figure 7. Conditional Mean applying the original data-points.
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coefficient between 3 and 9. The ambiguity found in other international studies using GMM, gives a
better insight in the importance of methodology.

3. The equity premium seems low for all three European countries (<1%).
4. The inter-temporal elasticity of substitution 1 c= in consumption is low for the UK (0.16), higher for

Norway (0.3) and high for Sweden (5).

This article therefore reports a successful implementation of nonparametric Bayesian estimation, giv-
ing estimated and thoroughly tested CCAPM model coefficients for discount factors and risk aversion/
elasticity of consumption (with associated scale and normalization constant). The results show that
European asset markets price positive risk and investors require some compensation for exposing their
portfolios to risk (risk aversion).

The empirical results from the optimal nonparametric Bayesian estimation’s simulation plots, and the
bivariate step ahead index and consumption plots, indicate a well-functioning algorithm. Furthermore,
the estimation challenge because the support of the posterior is a manifold of lower dimension than

Figure 8. Conditional Volatility using original data-points.

Figure 9. Conditional Covariance/Correlation using original data-points. (a) Norway’s CRRA Mean One-Step-Ahead
Density 1980-2022(q2). (b) Sweden’s CRRA Mean One-Step-Ahead Density 1980-2022(q2). (c) UK’s CRRA Mean One-Step-
Ahead Density 1980-2022(q2).
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Figure 10. One-Step Ahead Mean Surface Densities NPB estimations 1980-2022(Q2) for Norway, Sweden, and UK.
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the number of model parameters (Lebesgue measure of zero), seems overcome and solved
methodologically.

Finally, some words of caution regarding the main results. Notice that the expected value of log
returns for both assets is quadratic in c: This means that we can raise to allow for large equity premi-
ums, but it comes at the cost of decreasing returns. Furthermore, quarterly dividends are from statistics
Norway/Sweden and the UK. The calculated index accuracy may be periodized somewhat inaccurately
giving small index return mistakes (see Statistics Norway).
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Appendix A.

Trace Plots for Norway16

Figure A1. Trace Plots polynomial terms (a), location function terms (b and c), variance function terms (d and e). (a)
Trace plots of SNP-GARCH Polynomial Terms. The bivariate SNP_GARCH density is proportional to Ρ2ðyÞn2ðyjlt−1,

P
t−1Þ

where ΡðyÞ ¼ 1þ a0½1�y2 þ a0½2�y22 þ a0½3�y32 þ a0½4�y42 þ a0½5�y1 þ a0½6�y21 þ a0½7�y31 þ a0½8�y41: (b) Trace plot for
SNP-GARCH Location Function Terms. The bivariate SNP_GARCH density is proportional to Ρ2ðyÞn2ðyjlt−1,

P
t−1Þ where

lt−1 ¼ b0 þ Byt−1, b0 ¼ ðb0½1�, b0½2�Þ0, and B has element bi, j ¼ Bði, jÞ: (c) Trace plot for SNP-GARCH Location Function
Terms. The bivariate SNP_GARCH density is proportional to Ρ2ðyÞn2ðyjlt−1,

P
t−1Þ where lt−1 ¼ b0 þ Byt−1, b0 ¼

ðb0½1�, b0½2�Þ0, and B has element bi, j ¼ Bði, jÞ: (d) Trace plot for SNP-GARCH Variance Function Terms. The bivariate
SNP_GARCH density is proportional to Ρ2ðyÞn2ðyjlt−1,

P
t−1Þ where lt−1 ¼ b0 þ Byt−1, b0 ¼ ðb0½1�, b0½2�Þ0, andP

t−1 ¼ R0R00 þ Q
P

yt−1Q
0 þ Pðyt−1 − lt−2Þðyt−1 − lt−2Þ0P0: R0 has element r1, 1 ¼ R0½1�, r2, 1 ¼ 0, r1, 2 ¼ R0½4�, and

r2, 2 ¼ R0½3�: P has diagonal with elements p1, 1 ¼ P½1, 1�, andp2, 2 ¼ P½2, 1�:Q is zero for Norway.

16Trace plots for all parameters for the Swedish and UK estimations are available from author upon request.
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Figure A1. Continued.
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