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We develop a nonparametric and ordinal approach for testing pure strategy Nash
equilibrium play in games with monotone best responses, such as those with
strategic complements/substitutes. The approach makes minimal assumptions
on unobserved heterogeneity, requires no parametric assumptions on payoff
functions, and no restriction on equilibrium selection from multiple equilibria.
The approach can also be extended in order to make inferences and predictions.
Both model-testing and inference can be implemented by a tractable compu-
tation procedure based on column generation. To illustrate how our approach
works, we include an application to an 10 entry game.
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1. INTRODUCTION

Economic analysis is often concerned with the effect of an exogenous or strategic vari-
able on an agent’s decision: Would a consumer buy more of good A if the price of good
B falls? Would a firm follow its rival when the latter raises its price? Is someone more
likely to join a demonstration if more people are participating? The theory of monotone
comparative statics identifies the single-crossing property (see Milgrom and Shannon
(1994)) as a sufficient (and, in a specific sense, necessary) condition for optimal choices
to be monotone with respect to opponents’ strategies and exogenous variables. The
empirically relevant follow-up question is the following: What kind of observed choice
behavior are necessary and sufficient for the recovery of payoff functions obeying the
single-crossing property? The contribution of this paper is to answer this revealed pref-
erence question and to show that it forms the basis of an econometric analysis of games
with strategic complements.

One obvious and important area of application of our results is to the study of entry
games (as in Bresnahan and Reiss (1990), Berry (1992), or Ciliberto and Tamer (2009))
and other games that arise in the empirical IO literature. In these papers, firms’ entry
decisions are modeled as games of complete information, where each firm’s decision on
whether or not to enter a given market is a best response to the entry decisions taken by
other firms in that market. The payoff functions are assumed to depend on observable
variables in a specific parametric form while the unobserved component is additively
separable. The unobserved component is heterogenous across markets and belongs to
a known class of distributions. Entry decisions by firms across many markets are ob-
served, from which one could then estimate firms’ payoff functions. A major issue in this
work concerns the effects of strategic interaction and market characteristics in terms of
its direction and size: How often does the entry of another firm encourage or deter en-
try? To what extent does an exogenous variable (such as market size) encourage or deter
the entry of other firms?

Our approach has as its starting point a data set of the same type as the papers cited
above. With this data set, we can test whether firms are playing pure strategy Nash equi-
libria (PSNE), subject to single-crossing restrictions on its payoff functions. For exam-
ple, we can test the hypothesis that a firm’s entry into a market is encouraged when the
market is large and discouraged when another firm is also entering. Our method works
without imposing any parametric assumptions on payoff functions, without assuming
that unobserved heterogeneity is additive or that its distribution belongs to a particular
family, and without assumptions on equilibrium selection. By specifying a joint distri-
bution on the payoff functions, we allow for correlation or other forms of dependence
among firms’ payoff functions, which is important in many settings (see Chen, Chris-
tensen, and Tamer (2018)). To pass our test means that the hypothesis that the data are
explained as PSNE by firms with payoff functions satisfying single-crossing restrictions
cannot be refuted.

At its most basic, our approach provides a way for researchers to test the general
(nonparametric) features of a model, before the implementation of a more restrictive
parametric model that could be used for inference and prediction. In some cases, the
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confirmation of monotone features, which are part of our test could also facilitate esti-
mation procedures.! Beyond this, since our test recovers the distributions on firms’ pay-
off functions that satisfy single-crossing restrictions and agree with the observations, the
procedure can also be extended for the purposes of inference and prediction (when the
data set passes the test).

While we write of recovering “payoff functions,” what we are really recovering are
a player’s preference over different actions, conditional on covariates and the actions
of other players; this is as it should be, because in an environment where only PSNE
are played, the information recovered from the data has fo be just ordinal. The specific
preference property we test (or when making inferences, assume)—the single-crossing
property—is also an ordinal property.

Our econometric approach is similar to that in Kitamura and Stoye (2018) (hence-
forth KS).? This paper tests a random utility model of consumer demand. In the first
step, it is assumed that the population distribution of consumer demand at a linear
budget set B, which we denote by P(-|B), is known for a finite collection of budget sets 5.
Then one could formulate necessary and sufficient conditions under which the stochas-
tic demand system Pxs = {P(:|B)}pep is generated by a population of utility-maximizing
consumers, under the conditional independence assumption; this assumption requires
the distribution of utility functions (which generates the distribution of demand) to be
the same at each budget set B € B. The characterization of Pxg in KS is facilitated by the
well-known characterization of utility-maximizing demand behavior for a single con-
sumer, known as the strong axiom of revealed preference (SARP). The second step in the
KS approach is to show how the characterizing conditions on Pgg could be statistically
tested for an actual data set, with empirical frequencies estimated at each budget set
Bebk.

The key observation in our paper is that a two-step procedure similar to that im-
plemented in KS could also be used for analyzing specific classes of games. Suppose
that there is a large population of groups, with each group playing the same game. We
assume that the population distribution over joint action profiles at a given vector of
covariate values x, which we denote by P(-|x), is known for a finite set of covariate val-

1This information could be used to build a mapping from specific moments of the data to the identified
set of relevant parameters. For instance, in two-player games the sign of the strategic interaction parameters
allows us to identify outcomes that could occur only as a unique equilibrium; it follows that the probabil-
ities of these outcomes (conditional on various observable variables) do not depend on any equilibrium
selection mechanism and can be nicely related to payoff relevant parameters (see Tamer (2003) and Kline
and Tamer (2016)). Shape restrictions can also reduce the size of the identified set of relevant parameters
(see, e.g., Matzkin (2007)) and allow for the more efficient use of small sample data sets (see, e.g., Beresteanu
(2005, 2007)) .

20ur approach is also close in spirit, though not in specifics, with the nonparametric random utility mod-
els in Tebaldi, Torgovitsky, and Yang (2023), Deb, Kitamura, Quah, and Stoye (2023), Apesteguia, Ballester,
and Lu (2017), Hoderlein and Stoye (2014), Manski (2007), McFadden (2005), McFadden and Richter (1991),
and Marschak (1960). As far as we know, our paper is the first to exploit this nonparametric approach to
study games. Note that Kitamura and Stoye’s empirical approach (and hence ours) is based on linear pro-
gramming, which can be also found in earlier works such as Honoré and Tamer (2006) and Chernozhukov,
Ferndndez-Val, Hahn, and Newey (2013).
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ues X.3 (The set X takes the place of 5 in the KS model.) We then formulate necessary
and sufficient conditions under which the set of choice distributions P = {P(:|x)},x is
consistent with a population of groups made up of agents having payoff functions that
satisfy single-crossing conditions and playing PSNE, under the assumption of condi-
tional independence (which, in this case, means that the distribution of payoff function
profiles across groups is the same at different x € X). The second step in our approach
shows how these conditions on P could be statistically tested on an actual data set, with
empirical frequencies over action profiles at different covariate values; for this second
step, we simply follow the statistical procedure in KS. As in KS, the sampling frame-
work requires that for each x € X, there are Nx observations of action profiles such that
Nx/N — px € (0,1), where N =) ¢ Nx — oo.

Similar to KS, the characterization of P = {P(-|x)}, ¢ requires that we find necessary
and sufficient conditions under which the joint actions from a single group at different
covariate values are consistent with our hypothesis of PSNE play and payoff functions
satisfying single-crossing conditions (with respect to opponents’ actions and covari-
ates). Since, unlike KS, there is no ready-made characterization for this class of games,
we need to develop it ourselves. We show that this hypothesis can be characterized by
a property we call the revealed monotonicity (RM) axiom. This axiom plays the role of
SARP in the KS model.

When the data set passes the test, our approach is in turn useful for making infer-
ence and prediction in the spirit of Deb et al. (2023), which deals with a version of the
consumer model. For example, we can estimate the fraction of players who are effec-
tively nonstrategic, in the sense that their actions depend only on covariate values and
are independent of what other players do. We can also bound the proportion of groups
which (at a given covariate vector) has a particular equilibrium profile as a PSNE (along
the lines of the analysis in Aradillas-Lopez (2011)); note that this potentially differs from
the observed fraction of groups playing that action profile, not just because of sampling
variation, but also because a given action profile could be a nonchosen PSNE when there
are multiple PSNE.

The procedure in KS is hard to implement when there is a large number of bud-
get sets and Smeulders, Cherchye, and De Rock (2021) propose a column generation
method to deal with this difficulty. This method is also applicable in our setting and is
useful in easing the computational burden of our test when (e.g.) X is a big set. In our
paper, we develop a new result on column generation that allows for this method to be
used, not just for testing but also inference.

The rest of the paper is organized as follows. In Section 2, we provide an outline of
how our procedure works in the context of an entry game and contrast it with a para-
metric approach. Section 3 presents our main results at the population level. We in-
troduce the revealed monotonicity axiom and use it to characterize those distributions
over joint actions that are consistent with our hypothesis; properties of the underlying

3Variation of feasible sets (as in KS) can be included in our analysis of games (see Lazzati, Quah, and
Shirai (2018)), but we have avoided it, in order not to burden the reader with too many model features and
also because our empirical application does not have such variation. (See also Carvajal (2004) for a related
result.)
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TABLE 1. P ={P(:|x2 = (0, 0)), P(:|]x2 = (0, 1)), P(:|x2 = (1, 0))}.

Firm 2 Firm 2 Firm 2

x2 = (0,0) N E x2=(0,1) N E x2=(1,0) N E
Firm 1 N 3/12 3/12 Firm 1 N 1/12 5/12 Firm 1 N 2/12 4/12
E 4/12 2/12 E 3/12 3/12 E 2/12 4/12

distribution over payoff function profiles can also be recovered. Section 4 explains how
the population-level analysis in Section 3 can be implemented on finite sample data.
In this section, we also introduce and extend the column generation method of Smeul-
ders, Cherchye, and De Rock (2021). To illustrate our approach, we carry out an empir-
ical analysis of entry decisions made by airlines; this is found in Section 5. The Supple-
mental Material (Lazzati, Quah, and Shirai (2024)) contains some additional theoreti-
cal/empirical results as well as the omitted details of the statistical procedure.

2. MOTIVATING EXAMPLE

There is a large empirical literature modeling oligopoly entry decisions. We shall use this
model to illustrate the basic question we are interested in and the approach we propose
to address this question. For simplicity, we treat the case of two firms. Let y; € {N, E}
be the action set of firm i, where E means that the firm enters the market and N that
it stays out and let x; be a real-valued, finite-dimensional vector of exogenous profit
shifters (covariates) that affect firm i’s profit and are observed by the other firm and the
researcher.

We assume that there is a large population of markets, with each market consisting
of a Firm 1 and a Firm 2 that make their entry decisions simultaneously. The designation
of aplayer as Firm 1 or Firm 2 is made by the researcher and based on observable charac-
teristics; for example, in Kline and Tamer (2016), one firm is the “Low-Cost Carrier” and
the other firm is “Other Airlines” (see Section 5). There is a finite set of realized profit
shifters, which we denote by X. For each (x1,x2) € i, we suppose that the population
distribution of joint action profiles P(-|x1, x2) is known to the researcher. We denote this
set of distributions by P = {P(-|(x1, 20} 2y x0) X Table 1 gives an example of P where
there is only variation in x, and it takes three possible vector values; for example, the
box on the left tells us that P((E, N)|x2 = (0, 0)) = 4/12. We are interested in develop-
ing a procedure, which allows us to identify those P that are compatible with our model
of firm entry. Of course, in any empirical analysis these characterizing conditions on P
would have to be statistically tested on an actual data set with sampling variation (as we
explain in detail in Section 4). Confining our discussion to P at this stage allows us to
focus on the more distinctive aspects of our analysis.

We now describe the model, which (potentially) generates P. We denote the pay-
off/profit of Firms 1 and 2 by I; (y1, y2, x1) and Iz (y1, y2, x2), respectively. We postulate
that entry decisions are generated as pure strategy Nash equilibria (PSNE) of an entry
game between Firms 1 and 2. We allow for multiple PSNE and impose no restriction on
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how firms select among these equilibria. There remains unobserved market heterogene-
ity even after conditioning on (x1, x2); this heterogeneity is captured by a joint distribu-
tion on (IIy, I1), which in turn leads to a distribution over joint actions P(-|x1, x2). We
assume that there is conditional independence, in the sense that the distribution over
(I1y, IT) does not vary with the realized value of (x1, x2).

Lastly, we postulate that the firms’ profit functions satisfy single-crossing restrictions
(see Milgrom and Shannon (1994)). In this context, it means that Firm 1’s entry into the
market is encouraged when the profit shifter x; takes higher values and is discouraged
when Firm 2 chooses to enter. Formally, we require

L, (E, yp, ) > IL (N, b, ) = TL(E, 4, %) > (N, 4, x}) )

whenever x| > x| and either y, = y5 or y, = E and y; = N. (A similar requirement is
imposed on I1,.) For example, in Ciliberto and Tamer (2009),

a’lxl + 511y2 + &1 ify1 =F,

. 2)
lfyl = N,

Iy (y1, y2, x1) =

where 1z =1 and 1y = 0. In this specification, the entry of Firm 2 alters the profit of Firm
1 by 6; and unobserved heterogeneity in payoff functions is captured by ¢;, which en-
ters the profit function additively. It is straightforward to check that our single-crossing
restrictions are satisfied if 81 < 0 and «; > 0. Note, however, that the converse is not
true, that is, there are distributions over payoff functions satisfying (1) that cannot be
represented in the additive form given by (2), for any distribution on ¢;.

We say that P is consistent with the single-crossing model, or SC-rationalizable, if
there is a joint distribution of payoff functions (II;, II») that satisfy our single-crossing
conditions (1) such that the resulting distribution of PSNE (given some equilibrium se-
lection rule) coincides with P(-|x;, x2) foreach x € X. We would like to answer the follow-
ing question: What conditions on P characterize SC-rationalizability? In other words,
when presented with P, how could we check if it is SC-rationalizable?

We first observe that our model does have structural implications for P. Suppose the
observable profit shifters weakly increase entry-by-entry from (x}, x5) to (x7, x3);* then,
at any particular realization II; of Firm 1’s payoff function, if it prefers to enter when
the other firm enters at (x], x}), then the single-crossing condition guarantees that it
will continue to prefer entry at (x], x3). The same argument applies to Firm 2, and so
we conclude that if (E, E) is the Nash equilibrium at (x/, x,) for a given realized profit
function profile (IIy, I1>), then it will be the unique Nash equilibrium at (x7, x3) for this
realized profile. Aggregating across all profiles, we establish that

P((E, E)|x7, x5) = P((E, E)|x}, x5),

provided conditional independence holds. This inequality constitutes a restriction on P
but it is not the only restriction imposed by our model. We now sketch out the procedure

4Formally, (x7, x}) is weakly higher than (x}, x5) in the product order (see footnote 8 for its formal defi-
nition).
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TaBLE 2. Distribution of types rationalizing the choice distributions in table 1.

x2=(0,0) x2=(0,1) x2=(1,0)
Action Profiles Action Profiles Action Profiles
Type Weight N,N N,E E,N EE NN NE EN EE NN NE EN EE

1 1/12 1/12 1/12 1/12

2 2/12 2/12 2/12 2/12

3 2/12 2/12 2/12 2/12
4 1/12 1/12 1/12 1/12

5 1/12 1/12 1/12 1/12

6 2/12 2/12 2/12 2/12
7 3/12 3/12 3/12 3/12

Sum 1 3/12  3/12  4/12 2/12 1/12 5/12 3/12 3/12 2/12 4/12 2/12 4/12

for systematically checking whether P is SC-rationalizable, using P presented in Table 1
as an example.

Given a particular realization (II;, Ily), the firms will choose an action profile (either
(E,E), (E,N), (N, E), or (N, N)) at each realization of x», and as x, takes different val-
ues the action profile of the two firms may change. We shall refer to the map from x> to
the action profile as a group type. Notice that even though firms’ profit functions may
be heterogenous in infinitely many ways, its manifestation in behavior must be finite,
since there are only finitely many possible actions and the realized covariates (x1, x2)
take values in the finite set X.

To be precise, there are in total 43 = 64 group types, but not all are consistent with
PSNE play and single-crossing payoff functions. For example, as we have already ex-
plained, a group type where (E, E) is played at x, = (0,0) and (N, N) at x» = (0, 1) is
not compatible with single-crossing. On the other hand, it is quite clear a group type
where (N, E) is played at all three values of x;, can be justified with single-crossing profit
functions.

Ascertaining if P can be rationalized involves a two-step procedure. First, we must
identify all single-crossing group types, in the sense that the action profile (y;, y») at each
value of (x1, x2) could be generated as PSNE from payoff functions satisfying (1). This
is do-able because we show in Section 3 that these group types are characterized by
an easy-to-check condition called the revealed monotonicity axiom. Second, we have
to check whether there are weights on these group types that could account for the ob-
served distribution of action profiles; this involves solving a system of linear inequalities.

We claim that P depicted in Table 1 can be rationalized. To understand why, we list
in Table 2 seven possible group types. One could check that each of these group types
is consistent with the single-crossing property. When these types are represented in the
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population with the weights indicated in Table 2, they generate the distribution of en-
try decisions observed in Table 1. (Compare the entries in Table 1 with the last row of
Table 2.)

Lastly, we point out that while P is SC-rationalizable, it is not compatible with a
model where profit functions have the form (2), so the latter specification does involve
a loss of generality. Indeed, with this specification, Firm 2’s profit upon entry is

w2 (E, y1, X21, X22, £2) = a1 X21 + ap2X22 + 8211y, + &2, 3)

where (a1, az2) > 0 and 831 < 0.> Whether the boost to profits of an increase in xp; is
greater or smaller than that obtained from the same increase in x», depends on whether
ay) is bigger or smaller than ayy and is independent of the realization of €. So, it excludes
the case where the realization of ¢, influences the relative benefit of higher x,; versus
higher x,,. To see why this parametric model cannot explain the choice distributions in
Table 1, suppose instead that it does. Then

P((E) E)l.Xf], (lr 0)) - P((E) E)l)C], (0) 0))

=u({e1:m(E, E, x1, £1) > 0} x {g2: =821 > &2 > —ap1 — S21}),
where p is the probability measure on the space of (1, &2); similarly,

P((E, E)|x1, (0,1)) = P((E, E)|x1, (0, 0))

=u({er: m(E, E, x1, £1) = 0} x {21 =821 > &2 > —ap2 — 821}).

Since the former equals 2/12 while the latter equals 1/12, we conclude that az» < az;.
However,

1
E :P((N, N)l-xlr (0) O)) - P((N) N)l-xl» (1) 0))

=u({er:m(E, N, x1, 1) <0} x {e2:0> &2 > —a21})
and

2
E = P((Nr N)lxlr (Ov 0)) - P((Nr N)l-xl) (0) 1))

=u({er:m(E, N, x1,£1) <0} x {£2:0> &2 > —aza}),

which tells us that a2 > a2;. So, we obtain a contradiction.

In Supplementary Appendix Al, we provide a more elaborate discussion of the con-
trast between the observable restrictions imposed by a linear parametric model and our
(more general) nonparametric model. In particular, using simulations based on an ex-
tended version of the above example, we show that the difference between the two mod-
els is also picked up at the sample level: the method of Kline and Tamer (2016) (correctly)
finds that the data are inconsistent with the linear model, whereas our method (also cor-
rectly) finds that the data are consistent with the more general model.

5We are grateful to Aureo De Paula for suggesting that we construct an example with this specific feature.
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3. SC-RATIONALIZABLE DISTRIBUTIONS

In this section, we consider a population of groups that play pure strategy Nash equi-
libria (PSNE) within each group. We characterize how the distribution of action profiles
in this population will change with covariates when agents have best responses that are
monotone with respect to both covariates and the actions of other agents in the group.

3.1 Games with single-crossing payoff functions

We assume that there is a population of groups, and for each group, we denote the set
of agentsby N =1{1, 2, ..., n}. Agent i € N chooses an action y; from an action space Y;,
which we assume is finite and totally ordered. We denote a joint action profile of the
group by y € Y = x;cn/Y;. For each i € NV, there is an M (i)-dimensional covariate x; €
X; = x%iil)X,-m C RM@ 6 The profile of x; = (x;1, Xj2, - - ., Xim(i)) across agents is denoted
by x = (x; : i € ). The payoff of each agent depends on its action y;, the actions of the
other agentsinits groupy_; = (yj:jeN, j#i) € Y_; = Xjen, j=i Y}, and on x; € X;. Thus
the payoff of agent i is given by a function II; : Y; x Y_; x X; > R.Weuse Il = (I]; : i € \V)
to indicate a profile of payoff functions.

A pair of payoff functions and covariate profiles (11, x) induces a game of complete
information G(II, x). In what follows, we let X C x;caX; denote the set of conceiv-
able joint realizations of covariates x. Since some covariates may be shared by multi-
ple agents, X may not be equal to the direct product of X;’s (as in our empirical ap-
plication in Section 5). We denote the best response of each player i at (y_;, x;) by
BR;(y-i, xi) = argmax .y, IT;(yi, y—i, x;); throughout this paper, we assume that agents
have strict preferences over actions, so that BR;(y_;, x;) has a unique value.” The set of
pure strategy Nash equilibria (PSNE) of this game is defined as

NE(IL x) = {y* € Y: y/ =BR;(y*,, x;) foralli e N'}.

Importantly, even if the best response of every agent is single-valued, there could be
multiple PSNE.

We are interested in games where payoff functions obey single-crossing conditions
Milgrom and Shannon (1994).

DerinNITION 1. The payoff function I1; has single-crossing differences in (y;; (y—i, x;)) if
the following condition holds: for every y!" > y. and (y” ,, x7) > (y_;, x}) in the product
order,®

W07 yop ) > WL0nyp X)) = 07 Y2 %)) > TL0L y2s x). @)
For simplicity, we may refer to such a payoff function as a single-crossing payoff function.

6We use “c” to denote the weak set inclusion and use “C” to emphasize a proper subset relations.
"This assumption is needed for the revealed preference analysis to be meaningful, as otherwise, we could
justify any behavior by simply claiming that each agent is indifferent among all elements in the action

space.
8The product order on vectors is defined as follows: for vectors a = (aj, as,...,a,) and a’ =
(@}, dy,...,a},), a > a’ means that a, > a’p forall p=1,2,...,n. We write a > ¢’ when a > a’ and a # d/;

in other words, there is some p such that a, > d/,.
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This condition states that if it is advantageous for agent i to choose a higher action
y/ over a lower one y;, then it remains advantageous to do so when other players raise
their actions and/or covariates take higher values. The focus of our analysis is the set of
payoff profiles

SC = {II = (I1j) ;e : I1; is strict and has single-crossing differences in (y;; (y—i, xi))}.

Note that single-crossing differences is an ordinal property since any strictly increasing
transformation of a function that obeys single-crossing differences will also obey single-
crossing differences. Furthermore, since a player’s best responses are pinned down by a
player’s preference over actions, NE(I1, x) = NE(ﬁ, x) whenever = (ﬁi)ie A s a strictly
increasing transformation of II = (I1;);c s, in the sense that, for every i € NV, ﬁi = fi(I;)
for some strictly increasing function f; : R — R.%

The property of single-crossing differences has two key implications, which are cen-
tral to our study. (See Milgrom and Roberts (1990), Milgrom and Shannon (1994), and
Vives (1990).)

Basic THEOREM. Ifll € SC, the family of games {G(Il, x) : x € X} has the following prop-
erties:

(i) BR;(y—;, x;) is increasing in (y_;, x;) foreach i e N and

(ii) NE(II, x) is nonempty.'°

This result says that single-crossing differences guarantees that G(II, x) is a game
of strategic complements, in the sense that a player optimally increases his action when
other players raise theirs,!' and that these games have pure strategy Nash equilibria.
Furthermore, the best response of each player also increases with the (exogenous) co-
variate.

REMARK 1. It is well known that, simply by reversing the order on the actions of one
player, a two-player game of strategic substitutes becomes a game of strategic comple-
ments. The applications to strategic entry games in Sections 2 and 4 rely on that fact.
However, one needs to proceed with care when applying our modeling framework to
games of strategic substitutes with more than two players; while it is straightforward
to work out single-crossing-type conditions on payoff functions that guarantee strate-
gic substitutes, these games are not always guaranteed to have PSNE, which conflicts

IWe say that a function f is increasing if f(a) > f(a’) whenever a > d/, while f is said to be strictly in-
creasing if f(a) > f(a’) whenever a > d'. In this definition, the elements of the domain (and similarly the
elements of the range) are ranked according to the product order as defined in footnote 8.

107t is also known that NE(IT, x) has a smallest and a largest element and that they increase with x; how-
ever, this property is of limited use in our setting since we make no assumptions on equilibrium selection.

U There is also a sense in which single-crossing differences is necessary for monotone optimal solutions;
see Milgrom and Shannon (1994).
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with our hypothesis that the population consists of groups playing PSNE. One impor-
tant class of games, which does accommodate strategic substitutes and for which the
existence of PSNE is also guaranteed, is the class of aggregative games.!?

3.2 Rationalizability

Since the population consists of many groups with heterogenous preferences, even at a
given covariate value x, different groups will take different joint actions. This generates a
conditional distribution over joint actions y € Y, which we denote by P(-|x). Throughout
this section, we assume that P(-|x) is known for x's contained in some finite subset X c X.
In applications, it may be the case that X = X but it is also possible for X C X. The set X
may or may not be finite, but it is important for our results that X is finite.!3 We wish to
consider the conditions under which a set of choice distributions

P ={P(-[x) :xei}

is consistent with (in other words, generated by) pure strategy Nash equilibrium play in
games with single-crossing payoff functions. Note that different choices across groups
can arise not only from heterogeneity in payoff functions but also from heterogeneity in
equilibrium selection rules among PSNE (both of which are not directly observed by the
researcher).

Conditionally independent random payoff functions. To capture preference hetero-
geneity, we assume that the profile of payoff functions, Il = (II;);cn, is random and dis-
tributed according to Ppy. (Notice that we are abusing notation by using II to denote
both the random variable and a particular realization.) By specifying a joint distribu-
tion on the payoff functions, we allow for correlation or any other type of dependence
across the payoffs of the group members. In particular, we can be agnostic about corre-
lations arising from group formation processes in the population (of the type observed
in Chen, Christensen, and Tamer (2018), for example). Let Ppy|x be the distribution of
payoff function profiles conditional on the realized values of the covariates x; we as-
sume that Py satisfies conditional independence in the sense that it does not depend on
x, that is, Pyy|x = Pyy forall x € X. The conditional independence assumption states that
the distribution of group payoffs remains the same after conditioning on the observable
covariates.

12In aggregative games, each player’s payoff has the form I1;(y;, 3. i Yi» Xi), and one can test single-
crossing differences either in (y;; (Z#i yj» xi)) (the case of strategic complements) or in (y;; (— Z#i Vj» Xi))
(the case of strategic substitutes). For these games, our framework is applicable because the existence of
PSNE in aggregative games is guaranteed (see Dubey, Haimanko, and Zapechelnyuk (2006) and Jensen
(2010)).

13n Kitamura and Stoye (2018) and Deb et al. (2023), the analog to X is the set of the price vectors at
which the distribution of demand is known, whereas the analog to X is the set of all strictly positive price
vectors; for essentially the same reasons, it is also important in their analyses that the former is finite, and
for the statistical procedure, that it remains fixed as the sample size increases. Possible ways of relaxing
this condition are discussed briefly in Kitamura and Stoye (2018, Section 8) and their observations are also
potentially applicable here.
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Loosely speaking, this assumption means that the population of groups A playing
the game at some covariate value X’ do not have fundamentally different preferences
from the population of groups B who are playing the same game at another covariate
value x”: if the covariate imposed on population A is changed from x’ to x”, then the
preferences of players over different actions in this population will be the same as those
in population B (and vice versa).

Equilibrium selection rule. Given x and a particular realization Il in SC, the basic
theorem tells us that the set of pure strategy Nash equilibria NE(II, x) is nonempty, and
even though we assume that best replies are single-valued, we cannot rule out the pos-
sibility of multiple equilibria. We denote the equilibrium selection rule by A(y|Il, x); this
refers to the fraction of groups in the population with payoff functions Il and covari-
ates x that select the action profile y. We assume A(y|ll, x) = 0 for all y ¢ NE(I1, x) and
Zer )‘(Y|H’ x)=1

We are now in position to spell out precisely what it means for a set of distributions
P to be consistent with PSNE in games with single-crossing payoff functions.

DEerINITION 2. A distribution Py, with support on SC, rationalizes the set of choice dis-
tributions P if there is an equilibrium selection mechanism A(-|II, x) such that

P(ylx) = / AY|IL x)dPy  forallyeY andallx e X. (5)

P is single-crossing rationalizable (or SC-rationalizable) if it admits such a distribution
Pp1; in other words, there is a distribution among payoff function profiles in SC and an
equilibrium selection rule that could account for the observed distribution of joint ac-
tions at each x e X.

REMARK 2. SC-rationalizability requires the domain of each agent’s recovered payoff
functiontobe Y; x Y_; x X;, rather than Y; x Y_; x proj ii, and single-crossing differences
must also be satisfied on the entire domain, that is, even for actions that are available but
not chosen and covariate values that are not part of X.14

REMARK 3. We adopt conditional independence in this paper, because it is a tractable
and quite prevalent restriction in empirical work. There are ways to weaken or mod-
ify this condition. If the modeler has a specific belief about the way that II depends on
the covariate x other than conditional independence, then it may be possible to replace
conditional independence with the new condition and develop a characterization for
this modified notion of SC-rationalizability (see Remark 4), along with a statistical pro-
cedure to test it. Alternatively, in applications where conditional independence may be
suspect, but instrumental variables are available, one may develop control variables for
which the distribution of the payoff function profiles (after conditioning on the con-
trol variables) is independent of x; with this one could calculate endogeneity-corrected
distributions on actions, to which our results are applicable (see Kitamura and Stoye
(2018)).

14Note that projii is the projection of X to the set of possible values of x;. That is, letting x_; be a profile
of covariates of agents other than i, proj,X= {x; : (x;, x_;) € Xfor some x_;}.
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3.3 The revealed monotonicity axiom

We now explain how SC-rationalizable distributions may be characterized. The char-
acterization has two parts and generalizes the procedure we used in the illustration in
Section 2. First, we characterize all group types that could be generated by payoff func-
tions with single-crossing differences. Second, we find weights on these types that could
account for the distributions in P.

I: Single-crossing rationalizable group types A group type is a function B: X — Y that
associates a profile of actions y to each covariate x € X. For reasons which will be clear
later, it is convenient to generalize this notion to correspondences. A generalized group
type maps elements of X to nonempty subsets of Y; we denote this correspondence by
B:X =Y, with B(x) C Y for each x € X. We interpret a generalized group type as a set of
observations generated by a group of players with fixed preferences, where B(x) consists
of the action profiles that are played at the game with covariate x. We wish to character-
ize all group types where B(x) consists of PSNE and players have payoff functions II in
SC.

DEFINITION 3. A generalized group type B : X = Y is a single-crossing group type if there
exists a profile of payoff functions Il in SC such that B(x) ¢ NE(II, x) forallx € X.

The next definition provides the key observable feature of single-crossing group
types.

DEFINITION 4. A generalized group type B : X = Y obeys the revealed monotonicity (RM)
axiom, if for each X, x" € X,
y €B(X),y’ € B(x"), and (y’;, x{) > (y_;, x;) => y/ = y. foreachi e NV. (6)
This axiom imposes a monotonicity restriction on B in the sense that it requires
player i to take a weakly higher action whenever all other players are choosing higher ac-
tions and the covariate values are also higher. Note, however, that it does not require that
ifx’ >x',y" e Bx"),andy € B(xX') =y’ >y'. Indeed, the axiom even allows fory” <y,
which corresponds to the case where there are two ranked Nash equilibria (at both x'
and x), with players’ jointly playing the lower equilibrium at the higher covariate value.
The following theorem states that this axiom fully characterizes single-crossing group

types.

THEOREM 1. The correspondence B : X = Y is a single-crossing group type if and only if it
satisfies the RM axiom.

We can think of Theorem 1 as a revealed preference counterpart to the basic theo-
rem. Whereas that theorem tells us that whenever Il € SC, players have monotone best
response functions; this result says that one could rationalize a given group type with
some II € SC, as long as it displays no violations of monotonicity. Theorem 1 gives the
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econometrician, through the RM axiom, a simple way of checking whether or not a given
group type is SC-rationalizable.

It is clear that the RM axiom is necessary for B(-) to be a single-crossing group type.
Indeed, suppose B(-) is of that type and for some y”’ € B(x"”) and y’ € B(X), it holds that
(v’ x}) = (y_;, x;) for some i € N. Then, for this agent i, there is some single-crossing
payoff function II; for which y/" = BR;(y”;, x7) and y; = BR;(y’_;, x;) and basic theorem
(i) immediately implies that y > y/. Thus the more substantial part of this theorem is
the claim that the RM axiom is sufficient for a group type to be single-crossing. In the
proof (see the Supplemental Appendix), we explicitly construct, for each i € V, a single-
crossing payoff function II; that supports y; as the best response to (y_;, x;) for every
y € B(x). This payoff function is defined on Y; x Y_; x X; (rather than just ¥; x Y_; x
proj lﬁ) and satisfies single-crossing differences on the entire domain; indeed, it satisfies
increasing (and not just single-crossing) differences and is single-peaked in the action
Yi-

To keep our exposition simple, we assume throughout this paper that each player’s
action is totally ordered. In fact, all our results remain valid even when each player’s ac-
tion space is multi-dimensional (and hence partially ordered), essentially because the
RM axiom and Theorem 1 are both extendable to that context (see Supplementary Ap-
pendix Section A2).

II: Finding weights on group types Since the sets Y and X are finite, the set of all pos-
sible group types is also finite. We denote the set of single-valued and single-crossing
group types by B. The following result characterizes SC-rationalizable choice distribu-
tions P = {P(y|x) : x € X} using the set of single-crossing group types B or, equivalently
(by Theorem 1), those group types that obey the RM axiom.

THEOREM 2. P is SC-rationalizable if and only if there exists a distribution T = (%)pcg
on B such that the following holds:

Piylx) = Z ™ forallyeYandxeX. (7)
{BeB:B(x)=y}

The proof of the “only if” part of this theorem is found in the Supplemental Ap-
pendix. The “if” part of this theorem should be quite clear since the characteriza-
tion is itself an instance of SC-rationalizability. Indeed, suppose there is a distribution
T = (78)ges on B such that (7) holds. By definition, there is some II € SC that rationalizes
B for each B € B. By taking strictly increasing transformations if necessary, we can guar-
antee that distinct group types in B are rationalized by distinct payoff function profiles
in SC. We denote the profile that rationalizes B by I®. Then P is SC-rationalizable with
a distribution Py that assigns probability 78 to II® € SC and an equilibrium selection
rule A where )\(y|l'[B, x) =1ify=B(x) and )\(y|l'IB, x) = 0 if y # B(x); in other words, all
groups in the population with payoff profile IT® will play B(x) at each x € X.

Theorems 1 and 2 together provide us with a way of establishing the SC-
rationalizability of P. First, we must identify the single-crossing group types, which by
Theorem 1, we can do via the RM axiom. Then Theorem 2 tells us that checking if P is
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SC-rationalizable boils down to finding a positive solution to a set of equations linear in
the unknowns 78 for all B € B.1°

REMARK 4. Itis part of the definition of SC-rationalizability that the distribution of II =
(I1;);en is independent of x. Suppose we drop this condition but still require all payoff
functions to consist of single-crossing functions; then it is easy to see that the payoff
functions and equilibrium selection rules will induce a distribution over group types in
B at each x, which we may denote by (TE )BeB, such that the following counterpart of (7)
holds:

Pyx)= > 7P forallyeYandxeX (8)
{BeB:B(x)=y}

This condition is trivially true in the sense that one could always find (75)gez such that
it holds. Conditional independence imposes the additional requirement that TE, = ’T)]?,,
for any x/, x” € X, and this condition in combination with (8) is obviously equivalent
to (7). One could imagine situations where the modeler has different views of how the
distribution of I (and hence the distribution of the associated group types) varies with x,
which may be more permissive than or different from conditional independence; these
could be incorporated as further conditions on 72 that could be tested in combination
with (8). Obviously, such a test will remain a linear test if the added conditions are linear

in 78,

3.4 Recovering properties of a rationalizing distribution Py

When P is SC-rationalizable, we are also able to extract information about this rational-
ization through the properties of (78)g.z that solve (7). In particular, let SC* be a subset
of single-crossing payoff functions (including all of its strictly increasing transforma-
tions) and let

B*={BeB: thereis Il € SC* that rationalizes B}. 9)

By a straightforward adaptation of the proof of Theorem 2 (see the Supplemental Ap-
pendix), we can show that

max{ Z B (7B)B€B solves (7)} = max{/
0|

dPyy : Ppy rationalizes P} (10)
BeB*

eSc*

Notice that the left-hand side of this equation is straightforward to compute when B*
and B are known, since it simply involves solving a linear program. Thus we can find
the greatest possible weight on a given set of payoff profiles, for any distribution that

15In some problems, it may not be computationally feasible to find all the elements of B, but in those
cases, one could still test for SC-rationalizability by progressively enlarging the set of single-crossing types
(see Section 4.1).
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rationalizes P.'® We give two cases where this exercise is useful, both of which are em-
pirically implemented in Section 5. Other examples can be found in the Supplementary
Appendix A3.

Application 1. Bounds on the role of strategic interaction

While our model allows for the possibility that each player reacts strategically to
other players in the game, it is conceivable that the conditional choice distributions
could be explained more simply, without appealing to strategic effects for one or more
players in the game.

To be specific, suppose we wish to check whether it is possible to regard a subgroup
N’ of the players as nonstrategic. Let SC* be the payoff profiles in SC such that IT; does
not depend on y_; for every i € A7 and let B* be its corresponding set of group types
(as defined by (9)). The types in B* can be characterized by a stricter version of the RM
axiom: a group type is in B* if and only if it obeys the RM axiom and, for each i ¢ A/, we
require thaty” e B(x"), y' € B(x'), and x; > x; = y;’ > y;. With this characterization, we
can construct B*. If we find that

max{ Z ™ (TB)BEB solves (7)} =

BeB*

we conclude (by (10)) that P can be SC-rationalized without requiring the players in A/
to be strategic; on the other hand, if the upper bound is strictly below 1, then we must
incorporate strategic interactions among these players to SC-rationalize P.

Application 2. Probability bounds for Nash equilibrium profiles

Given a strategy profile y and covariate X, we pose the following question: Among
all the possible SC-rationalizations of P, what is the greatest fraction of groups, which
could have y as a pure strategy I Nash equilibrium at X? Here, X € X may or may not be
an element of X, and when X ¢ X, the answer to this question provides information on
how the game would be played at an hitherto unobserved covariate value. However, the
question is interesting even when X € X.

To see why, notice that there is a distinction between P(y|X), the observed fraction
of groups in the population that play ¥ at X, and the fraction of groups for which y is a
Nash equilibrium. The former is typically smaller than the latter because groups might
have multiple Nash equilibria. Thus some groups who play strategy profiles other than 'y
may also havey as a Nash equilibrium.'” The distinction between P(y|X) and the greatest
possible weight on those groups, which have y as a Nash equilibrium at x = X is relevant,

16To obtain min{ fj;_g.+ dPr : Pry rationalizes P}, we use the similarly easy-to-prove identity

min{ Z B (TB)BEB solves (7)} = min{/
il

dPyy : Pyy rationalizes P },
BeBy

esc*

where By = {B € B: B can only be rationalized by I1 € SC*}.

7In our empirical application of an entry game with two firms, if (E, E) or (N, N) is played by a pair
of firms, then it has to be their unique equilibrium, but any pair that plays (£, N) may also have (N, E) as
another (albeit unselected) equilibrium. Thus if P(E, N|X) and P(N, E[X) are the observed probabilities of
action profiles (E, N) and (N, E), respectively, then the probability that (E, N) (similarly, (N, E)) is a Nash
equilibrium profile at x =X is no greater than P(E, N|X) + P(N, E[X).
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because if the gap is small, then we are sure that changing the equilibrium selection
scheme cannot significantly increase the frequency with which y is played. This means
(e.g.) that a policymaker who wants y to be played more often must alter payoffs in some
way and it is not possible to simply convince players to coordinate on a different equilib-
rium. An earlier analysis of questions of this type can be found in Aradillas-Lopez (2011),
which focuses on a different class of games.

To answer our question, let SC* = {Il € SC : y € NE(II, X)} and let B* be its corre-
sponding set of group types. We can check whether B belongs to B* by using the RM
axiom. Indeed B € B* if and only if the (possibly) multivalued group type B defined
as follows obeys the RM-axiom: B(X) = {B(X), ¥} and B(x) = B(x) for every x e i\ x}.
The proportion of the population which has y as a PSNE cannot exceed max{3 gz 72 :
(rB)Bes solves (7)} and can equal this number.'®

4. THE STATISTICAL PROCEDURE

This section outlines the statistical procedure that implements the results in the previ-
ous section, which are based on population distributions. The test of SC-rationalizability
is explained in Section 4.1 and relies on the statistical hypothesis testing proposed by Ki-
tamura and Stoye (2018). The efficient implementation of this test when B is large (and
cannot be fully listed) uses the column generation approach proposed in Smeulders,
Cherchye, and De Rock (2021). Section 4.2 outlines the procedure (in essence provided
by Deb et al. (2023)) to obtain confidence intervals for the weights on certain group
types; the efficient implementation of this procedure requires a nontrivial extension of
the column generation method in Smeulders, Cherchye, and De Rock (2021) and we
provide this in Proposition 3.

4.1 Statistical hypothesis testing

We begin with a matrix reformulation of the characterization given in Theorem 2. Each
generalized group type B : X = Y can be represented as a vector b = (by,x)yxx such that
by x =1ify e B(x) and by x = 0 otherwise. Conversely, for any b {0, 1}|YXX| corresponds
to a generalized group type, with a vector b € {0, 1}|YX§| representing a single-valued
group type if and only if 3\ .y byx =1 at every x € X. Similarly, since P consists of [X]
distributions on Y, it can be captured by the column vector p € [0, 1]|YXX|, where the
(v, x)-th entry of p is P(y[x) (and hence, } .y py,x =1 for eachx € X).

In what follows, we shall abuse notation and use B to denote both the set of group
types obeying the RM axiom and also the vectors corresponding to those types. We de-
note by B the matrix where each column represents a group type in B. Theorem 2 states
that P is SC-rationalizable if and only if there is 7 € AB, the set of distributions on B, that

180Qur analysis here gives the most optimistic estimate on the possibility of switching the equilibrium
action to y, in the sense that it assumes that every group type, which can be rationalized by an element in
SC*, actually does have a payoff function profile in SC*. We could also find the most conservative estimate
of the proportion of the population that could switch to ¥ by changing equilibrium selection rules; this is
explained in Supplementary Appendix A6.2.
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solves Bt = p. (A8 could be thought of as elements of the standard (|B| — 1)-simplex.)
We would like to test if the data is consistent with the SC-rationalizability of P. Equiva-
lently, letting PSC={Br:7¢ AB } (i.e., the set of SC-rationalizable distributions in vector
form), our null hypothesis is

min (p—n)-(p—n)=0. (1)
neIPSC

The data set consists of Nx observations of the action profiles at each realization
of x € X. We assume that Nx/N — px € (0,1) ateachxeX,as N =) g Nx — oo. We
denote the empirical distribution over action profiles by

9={Q(x:xeX},

and we estimate P by this sample analog. As in the case with P, we can represent Q by a
column vector q € [0, 1] IY<X| where the (y, x)-th entry is equal to Q(y|x).

The testing procedure by Kitamura and Stoye (2018) depends on the simple, but im-
portant observation that Br = p holds for some 7 € AB, if and only if Br = p holds for
some 7 > 0 (Theorem 3.1 in their paper). Thus, by letting A = {B7: 7 > 0}, the null hy-
pothesis is equivalent to whether p lives in this convex cone, that is,

min(p —n) - (p—n) =0. (12)
neA
Given this, following Kitamura and Stoye (2018), we adopt the test statistic

IN :=néiﬂN(q—n)~(q—n)= min N(q—B7)-(q—Br7). (13)
n

<]
TeRY

Calculating the critical value. Note that we cannot simply adopt a solution to the
problem (13) as the bootstrap estimator for the empirical choice distribution, due to the
possible discontinuity of the limiting distribution of /. Addressing this issue involves
introducing a tuning parameter and considering the corresponding tightened problem.
We follow the procedure by Smeulders, Cherchye, and De Rock (2021), which is a modi-
fication of the one in Kitamura and Stoye (2018).

Choose B’ C B so that it contains a basis of the space spanned by 5, and define 7., =
{re Rf' crP > ky/|B| for allb € B}, with ky being selected so that ky | 0 and v/ Nky 1
oo as N — oo. (See Supplementary Appendix A5, for the procedure for constructing 5’
and a detailed justification of our procedure.'?) Letting A, = {Br: 7€ 7, Klfv/ }, we adopt

n* =argmin N(q— 1) - (q—n) =argmin N(q — B7) - (q — B7). (14)
neAxy TETK%

191n the original formulation by Kitamura and Stoye (2018), positive weights are required on all elements
in B, which is inconvenient when applying the column generation procedure described later in this subsec-
tion. The modification of that approach by Smeulders, Cherchye, and De Rock (2021) (which we are using
here) requires positive weights only for the types in 5.
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as the bootstrap estimator of the empirical choice frequency. Compared to the problem
(13), the feasible set in the minimization problem is tightened by the tuning parameter,
with positive weights required for the elements in 5’. We then generate a bootstrap sam-
pleq” (forr =1, 2, ..., R) using standard nonparametric bootstrap resampling from n*
and recenter this sample by setting " := (q"”) — q) + n*. With @), we can calculate the
bootstrap test statistic

J$ == min N@" —n)-(@" —n)= min N@" -B7)-(§" —Br), (15)

neAiy ’TE'TK?V/
and the empirical distribution of JI(\;) allows us to obtain the p-value p = #{J](\P > Jn}/R.
The null hypothesis that q is a sample from some p € A (equivalently, p € PS€) is not
rejected if the p-value is greater than the critical value.

Column Generation. A major hurdle in implementing the above test is that the com-
putation of Jy and JJ(\P involves B, which is often too large to be listed in its entirety.
We cope with this problem by applying the column generation procedure in Smeulders,
Cherchye, and De Rock (2021). This procedure involves first testing a more stringent ver-
sion of the model corresponding to a strict subset 5By of 5, which is completely known.
For instance, we may choose the “starter” set 55y to be the set of constant types, in which
every player takes the same action regardless of opponents’ actions and covariates; these
group types obviously obey the RM axiom. Then the set By is progressively enlarged by
including more group types from 5, up to the point where further additions will not im-
prove the model’s ability to explain the data.

To be precise, let By be the matrix where the columns are elements of 5y. We can
calculate

In,0:= mllg |]V(q— Bo7) - (q—Bo7). (16)

0
TER,

Obviously, Jy,0 > Jny and we could check if it is possible to decrease Jy, ¢ by including
some b € B. We say that b € B improves By if, when b is included in By, the new value
of J o is strictly lower. The following result, which follows from the convex projection
theorem, provides a necessary and sufficient condition for 5y to be improvable.

ProPOSITION 1. A set of group types By is improved by someb € B, if and only if
- -(b— 0, 17
Eleaé‘(q Mo) - (b —mo) > (17)

where ng = Bytg and o = argminT€R|Bo| (q—Bo7) - (q—Byg71).
+

To solve problem (17) without fully enumerating 3, we must find a computationally
efficient way to characterize B. Conveniently for us, the RM axiom—and hence the set
B—can be characterized as solutions to an integer linear programming problem.

ProPosITION 2. We can construct a matrix C and a column vector 6, both with nonneg-
ative integer entries, such that for any b € {0, 1}IV*X| we haveb € B ifand only if Cb < 6.
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The formulae for C and 6 are found in our proof of this proposition in the Sup-
plemetnal Appendix. Combining this result with Proposition 1, By is improved by some
b € B, if and only if

max(q— 7o) - (b— 7o), subjecttob e {0, 1}|YX§| and Cb <0, (18)

is strictly positive. If it is, we add this b to By and then repeat the process. In other words,
we recalculate Jy,o and ng based on the new By, and try to find another element in B
that improves By by checking if (18) has a strictly positive solution. Since 5 is finite, this
algorithm must terminate, and at the end we can be sure we have found By such that
IN,0=JIN.

The column generation procedure described above can be also applied to the com-
putation of J](\f) defined by (15). Since the constraint in problem (15) requires positive
weights on 3, this set needs to be contained in the initial choice of By.20

Summary. Below is a step-by-step summary of the test procedure.?!

I Obtain the test statistic J5 defined in (13) as follows:
(i) Based on By, solve the minimization problem (16) to get Jx,o and 7.

(ii) Check the value of (18). IF it is strictly positive, then update By by adding a
solution of (18) and go to (i). ELSE, set Jy =Jy,0 and Stop.

II Obtain the tightened estimator n* in (14) as follows:

(i) Obtain B’ C B using the procedure explained in Supplementary Appendix

A5.2.

(ii) Set B’ as By, and run the procedure in Step I replacing leol in problem (16)
with ‘T,ffv" ={r¢e R'f‘” c7b > kn/|B'| for b € B'}. When it stops, the resulting ng
is n*.

III Obtain the bootstrap test statistics Jj(\;) defined in (15) forr=1,2, ..., R:
(i) Obtain the recentered bootstrap sample q” = (q”) — q) + n*.

(ii) Set B’ as By, and run the procedure in Step I replacing q and R'f(’l in problem
(16) with @) and 7, Klf,", respectively. When it stops, adopt the resulting J ¢ as
9.

IV Lastly, calculate the p-value p = #{J](\;) > JnN}/R.

20Note that, even if By contains ', and B’ contains a linear basis of B, the conical hull of By need not
coincide with the conical hull of B (though the linear hull of By of course coincides with the linear hull of
B). So, it is still possible for By to be improvable.

2IThe Supplementary Appendix (Section A5.2) provides a couple of shortcuts that improves the compu-
tation time.
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4.2 Inference on types

Suppose we have a data set that is consistent with SC-rationalizability (in the sense that
the null hypothesis (12) is not rejected) and would now like to form a confidence in-
terval on ) - P, the total weight of a subset of single-crossing group types B* (see
Section 3.4). To do this, we follow the procedure in Deb et al. (2023). The problem of
determining whether a given weight of B* falls within the confidence interval can be
determined by testing a suitably modified version of the null hypothesis (12), with PS¢
replaced by a different set of distributions. To be specific, suppose we would like to find
the upper bound of the confidence interval. For each B € (0, 1), we let

IP’SC(B; B*) = {BT:TEAB and Z L zB},
beB*

and test the null hypothesis

min_ (p—m)-(p—m)=0 (19)
nGPSC(B;B*)
at some significance level p. We then use binary search to obtain the maximal value
of B under which the null hypothesis is not rejected; the resulting maximal value of 8
corresponds to the supremum of the 100(1 — p)% confidence interval of .

For a given j3, the test statistic is??
JN(B):= min  N(q—n)-(q—mn)
nEPSC(B;B*)
— mi : b
= min N(q—B7)-(q—B7) subjectto Z ™ > B. (20)
TeAB

beB*

As in the preceding subsection, it may not be possible to fully enumerate B or B*, and
so a version of the column generation procedure outlined there is needed. This in turn
requires an extension of Proposition 1, which we now explain.

Let By C B be such that By N B* # @, and let us calculate

Jv,0(B)= min N(q—Bor)-(q—Bor) st. Y =B, (21)
TeATo be(BonB*)

where AP0 is the standard (|By| — 1)-simplex. We say that By is improvable given problem
(20), if Jy,0(B) > Jn(B). The following proposition is the counterpart of Proposition 1
and provides a necessary and sufficient condition for a given 5y to be improvable.

ProposiTiON 3. Ifthe set By C B is improvable given problem (20), then there is a pair of
types {b*, b}, with b* € B* and b € B such that

(@—mo) - (Bb* + (1 — B)b—mo) >0, (22)

2275 pointed out in Deb et al. (2023), unlike the case of the preceding subsection (see (13)), 7 must be
chosen from the simplex A5, rather than the nonnegative orthant.
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where ng = Byt with 7o being the distribution that achieves J y o(B). Conversely, suppose
there is b* € B* and b € B such that (22) holds; then {b*, b} improves By given problem
(20).

We already know (from Proposition 2) that we can construct a matrix C and a column
vector 6 so that b € B if and only if Cb < 6. Suppose that, in addition, we can construct
a matrix C* and a column vector 6* with integer entries so that, for any b € {0, 1HY>X]
we have b* € B* «— C*b* < 6*. Then a pair {b*, b} obeying (22) exists, if and only if the
problem

max(q — 7o) - (Bb* + (1 — B)b — n0) (23)

* [YxX]
s.t.b,b* € {0, 1} and(O C>(b)§(0)

has a positive optimal value. Note that every 5* in our empirical application has a matrix
characterization like the one described above (see Supplementary Appendix A4 for the
specific construction). If there is a pair {b, b*} that improves By, then we update By by
including the pair in By and recalculate J,o (). Since B is finite, this process terminates
and we obtain Jy,0(B8) = Jn (B).

To find the valid critical value, we need a suitable tightening that imposes strictly
positive weights on a certain subset of group types. The tightening here must depend on
B and its formulation is rather involved, so we postpone this discussion to Supplemen-
tary Appendix A5.3. That said, once we have constructed a suitably tightened subset of
AB by some tuning parameter «y, the rest of the procedure is similar to the one outlined
in the preceding subsection. Denoting this subset by AEN (B; B*) and letting

Piﬁ (B; BY) = {B’T iTE AfN (B; B*) and Z > B}, (24)
beB*

the bootstrap estimator and the recentered bootstrap samples can be obtained as in
(14)-(15), after replacing the sets A, and 7, by P (B; B*) and A% (B; B*), respec-
tively. We can also implement here the column generation procedure we used before.
The details of the procedure, including a step-by-step summary, are provided in Supple-
mentary Appendix A5.3.

5. EMPIRICAL ILLUSTRATION

We apply our results in the preceding sections to an entry game using a data set taken
from Kline and Tamer (2016). The data set contains the entry decisions of airlines in
7882 markets, where a market is defined as a trip between two airports irrespective of
intermediate stops. Airline firms are divided into two categories: LCC (low cost carriers)
and OA (other airlines).?3 In Kline and Tamer’s analysis (and in ours), the two categories

23The data were collected from the second quarter of the 2010 Airline Origin and Destination Survey
(DB1B). The low cost carriers are AirTran, Allegiant Air, Frontier, JetBlue, Midwest Air, Southwest, Spirit,
Sun Country, USA3000, and Virgin America. A firm that is not a low cost carrier is, by definition, an “other
airline”.
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are treated as two firms. Thus, in each market, the two firms, LCC and OA, can either
both enter a market, both stay out, or one could enter with the other staying out.

This data set also contains information on two covariates: market presence (MP) and
market size (MS). Market presence is a market- and airline-specific variable. For each
airline and for each airport, one counts the number of markets that the airline serves
from that airport and divide it by the total number of markets served from that airport
by any airline; the market presence variable for a given market and airline is the aver-
age of these ratios at endpoints of that market/trip. The construction and inclusion of
this covariate is not novel and follows Berry (1992). Since the airlines are aggregated into
two firms, the market presence variable is also aggregated: the market presence for LCC
(resp., OA) is the maximum among the actual airlines in the LCC category (resp., OA
category). The second covariate, market size, is a market-specific variable (shared by all
airlines in that market) and is defined as the population at endpoints of the correspond-
ing trip.

Furthermore, Kline and Tamer (2016) discretize these variables, where each of them
takes value 1 if the variable is higher than its median value and 0 otherwise. Thus, in
our data set, there are three binary covariates, MP; ¢¢, MPg 4, and MS, and markets are
partitioned into eight groups according to realizations of them. Formally, X = {0, 1}3, and
in this case, it also holds that X = X. Note that MS simultaneously influences the payoffs
of both LCC and OA, and hence the covariates affecting LCC’s payoff can be written as
xrcc = (MPpcc, MS), and similarly, xp 4 = (MPg 4, MS).

Observations in the data set can be used to calculate the empirical choice dis-
tributions that we include in Table 3. It consists of eight blocks, with the markets
in each block sharing the same covariates. For example, there are 1271 markets with
(MPrcc, MPp 4, MS) = (0, 0, 0), of which around 30% are not served by either airline
and about 68% are served only by airlines in the OA category (an action profile is written
as (yLce, Yoa) € {E, N} x {E, N}). The entries in Table 3 seem “reasonable,” in the sense
that it appears as though a firm’s entry is encouraged whenever its market presence is
large or the market size is large, and it is deterred by the entry of the other firm. For ex-
ample, going from (0, 0, 0) to (1, 0, 0) (so the market presence of LCC has increased),
both Q(N, N) and Q(N, E) fall, while Q(E, N) and Q(E, E) both increase.

Testing SC-rationalizability. Our hypothesis is that, in each market, two firms
(LCC and OA) are playing a pure strategy Nash equilibrium in a game of strate-
gic substitutes with monotone effects from covariates. The payoff function of LCC,
say, Il cc(yLee, Yoa, MPLcc, MS), is required to obey single-crossing differences in
(vrcc; (—yoa, MPLcc, MS)), and similarly, the payoff function of OA, Ilp 4 (Yo, yLcc»
MPg 4, MS), is required to obey single-crossing differences in (yo4; (—yLcc, MPo 4,
MS)). This ensures that a firm’s entry is discouraged by the opponent’s entry and en-
hanced by an increase in own covariates. The data set is supposed to arise from a popu-
lation of those firms, with unobserved heterogeneity generating a distribution of realiza-
tions of payoff functions Il = (I ¢¢, [1p 4), which we denote by Py, and an equilibrium
selection rule.

Employing the statistical test in Section 4.1, we find a p-value of 0.138, and hence, the
hypothesis that the empirical choice frequencies are explained by our modeling restric-
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TaBLE 3. Empirical distribution across each realization of covariates.

(MPycc, MPgo 4, MS) = (0, 0, 0) 1271 markets

(MPycc, MPgo 4, MS) = (0, 1, 0) 763 markets

Q(N, N)
0.304

Q(N, E)
0.682

Q(E, N)
0.006

Q(E, E)
0.009

Q(N, N)
0.190

Q(N, E)
0.785

Q(E, N)
0.003

Q(E, E)
0.022

(MPrcc, MPo 4, MS) = (1, 0, 0) 1125 markets

(MPrcc, MPo 4, MS) = (1, 1, 0) 782 markets

Q(N, N)
0.194

Q(N, E)
0.367

Q(E, N)
0.253

Q(E, E)
0.186

Q(N, N)
0.122

Q(N, E)
0.542

Q(E, N)
0.050

Q(E, E)
0.286

(MPLCCr MP()A, MS) =(0,0,1) 869 markets

(MP.cc, MPp 4, MS) = (0, 1, 1) 1039 markets

Q(N, N)
0.159

Q(N, E)
0.823

Q(E, N)
0.001

Q(E, E)
0.017

Q(N, N)
0.078

Q(N, E)
0.889

Q(E, N)
0.000

Q(E, E)
0.033

(MP.cc, MPp 4, MS) = (1, 0, 1) 677 markets

(MPy.cc, MPo 4, MS) = (1, 1, 1) 1356 markets

Q(N, N)
0.106

Q(N, E)
0.326

Q(E, N)
0.306

Q(E, E)
0.261

Q(N, N)
0.055

Q(N, E)
0.501

Q(E, N)
0.021

Q(E, E)
0.423

tions cannot be refuted at 5% (or 10%) significance level. We choose the tuning parame-
ter ky = 1073, /log N, /N, where N, = min,_g Nx, and the number of bootstrap samples
as R = 2000.2* Note that having a p-value strictly less than 1 means that Jy defined in
(13) is strictly positive, that is, there is a strictly positive distance between our empiri-
cal distribution and IPSC, the set of (exactly) SC-rationalizable distributions. Using our R
code on a desktop computer with Apple M1 processor and 16 GB RAM, the p-value was
calculated in less than 3 minutes.

In this setting, the set X = X has exactly eight elements, and hence, the number of
possible group types is 4% ~ 65,000. In this small environment, it is in fact not difficult
to check the RM axiom for each of these group types. Doing that, we find that only 482
types satisfy single-crossing (equivalently, satisfy the RM axiom). This gives a sense of
the “empirical bite” of our test: the data set has to be explained by using a very small
fraction (less than 1%) of all possible group types.

Significance of strategic interactions. Having established that the data set is (statisti-
cally) SC-rationalizable, we can now go on to explore its properties. In particular, we can
assess the extent to which strategic interactions play a role in explaining the data, in the
sense discussed in Section 3.4, by considering the subclasses of single-crossing group
types that correspond to: (i) the LCC firm having a payoff function that is independent
of the actions of OA; (ii) the OA firm having a payoff function that is independent of the
actions of LCC; and (iii) both firms having payoff functions that are independent of the
other firm’s action. Applying the procedure explained in Section 4.2, we find that the
greatest possible weights on these three subclasses of single-crossing group types are (i)
0.923, (ii) 0.790, and (iii) 0.789 (within 5% significance level). Since these weights are all
strictly less than 1, we conclude that any SC-rationalization of the data requires strategic

24Recall that Ny is the number of observations with covariates x. We follow Kitamura and Stoye (2018) in
having «» proportional to \/log N, /N, .
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TABLE 4. Probability bounds for equilibrium action profiles.

(MPrcc, MPo 4, MS) (0,0, 0) (0,1,0) (1,0,0) (1,1,0)

Action profile (N, E)(E,N)(N,E)(E,N)(N,E)(E,N)(N,E)(E,N)
max Pr[y e NE(IL, X)] 0.699 0.544 0.815 0.503 0.503 0.644 0.558 0.555
Observed Prob. 0.682 0.006 0.785 0.003 0.367 0.253 0.542 0.050

(MPrcc, MPo4, MS) (0,0, 1) 0, L,1) (1,0, 1) (1L, L 1)

Action profile (N,E)(E,N)(N,E)(E,N)(N,E)(E,N)(N, E)(E,N)
maxPr[y e NE(II, x)] 0.841 0.616 0.913 0.496 0.485 0.661 0.523 0.497
Observed Prob. 0.832 0.001 0.910 0.000 0.326 0.306 0.501 0.021

behavior for both LCC and OA firms. The computation time for each case was about 27
minutes.

Probability bounds for equilibrium actions. Under our behavioral hypothesis, the ac-
tion profiles (N, N) and (E, E) can only be played as the unique equilibrium at any re-
alization of x = (MPy¢c, MPg 4, MS). On the other hand, when (N, E) is played, it is
possible that (E, N) is also a Nash equilibrium of the game. For this reason, the proba-
bility that (E, N) is a Nash equilibrium of the game can be strictly higher than the ob-
served frequency with which this profile is played, even after accounting for sampling
variability (the same goes for (N, E)). Applying the argument in Sections 3.4 and 4.2, we
can recover the greatest possible weight on group types in the population which have
(E, N) as a Nash equilibrium at a given covariate value (and similarly for (N, E)). These
are reported as max Pr[y € NE(II, X)] in Table 4.2°

For example, at (MPycc, MPp 4, MS) = (1, 0, 0), the greatest possible weight on
those group types that may have (N, E) as a Nash equilibrium of the game is 0.503:
this includes types which are already playing (N, E) (with observed frequency 0.367)
as well as types that are playing (£, N) but may have (N, E) as an alternative Nash equi-
librium.?8 Thus, even if we allow for equilibrium selection rules to change, and (N, E) is
chosen whenever it is a PSNE, the frequency with which (N, E) is played at (1, 0, 0) will
not exceed 0.503. Notice that, in general, max Pr[y € NE(II, X)] is closer to the observed
frequency in the case where y = (N, E), while the same gap in the case of y = (E, N)
is considerably bigger. For y = (N, E) (and similarly for y = (E, N)), the calculation of
max Pr[y € NE(II, X)] for all x € X took around 38 minutes.2”

Finer division of covariates. The tests that we have done so far do not really put the
column generation method through its paces: the total number of possible group types

25To be precise, max Pr[y € NE(II, X)] is the upper limit of the confidence interval on 3 g 7 where B*
is defined as in Application 2 of Section 3.4.

26 But it is not the case that every single-crossing group type with (E, N) as a Nash equilibrium at (1, 0, 0)
must also have (N, E) as a Nash equilibrium at (1, 0, 0). For example, if the group type chooses (E, N) at
(1,0,0) and (E, E) at (1, 1, 0), then (N, E) cannot be a Nash equilibrium at (1, 0, 0). On the other hand,
there are single-crossing group types that choose (£, N) at (1, 0,0) and (N, E) at (1, 1, 0); in these cases,
(N, E) may be a Nash equilibrium at (1, 0, 0). The latter types are the ones included in the estimated weight,
while the former types are excluded.

27See Supplementary Appendix A6.2 for an estimate of min Pr[y € NE(II, X)].
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(4% = 65,536) is just about small enough to be completely listed; one could then find
all the SC-rationalizable group types using the RM axiom (of which there are 482) and
avoid using column generation altogether.

To check the performance of the column generation method in a “larger” model, we
repeat our analysis with a finer division of the covariates. (A fuller discussion is found in
Supplementary Appendix A6.1.) Instead of aggregating covariates into binary variables,
we let each of MP; ¢c, MPg 4, and MS take four possible values using quantiles: each
variable takes value k — 1, if it is in the kth quartile. In this way, all markets are partitioned
into 43 = 64 covariate values and there is a distribution of entry decisions at each of
them. In this environment, the total number of possible group types is enormous (454
and the same is true of the number of SC-rationalizable group types.?® While a direct
approach is no longer feasible, the column generation method still works, with the test
of SC-rationalizability finishing in around 3 minutes, including the bootstrap procedure.
In this case, we find that the null hypothesis is rejected with p-value equal to 0.%°

The conflicting results cast doubts on the robustness of the model to explain choices
of airline firms. In Supplementary Appendix 6.1, we implement the tests for even finer
discretizations. Naturally, the number of markets at each discrete value of the covariate
falls as the discretization becomes finer and so we only use those covariate values that
contain a certain minimal number of markets; in other words, we have a case where X
is a strict subset of X. Broadly speaking (see Supplementary Appendix A6.1 for details),
we find that the hypothesis is supported if the market presence variables remain binary,
even with finer discretizations of market size. Finer discretizations of the market pres-
ence variables lead to rejection of the hypothesis, even when the market size variable
remains binary.

The precise reasons for this failure are unclear and require a more careful analysis. In
terms of the model’s explicit assumptions, the failure could be attributed to a failure of
the single-crossing property on payoff functions, the failure of firms to play PSNE in each
market, or the failure of the conditional independence assumption (especially with finer
discretization of the market presence covariate). There could also be problems having to
do with the model’s basic structure, such as the particular way in which market presence
is calculated or the modeling of interaction as a tfwo-action, two-agent game (which ig-
nores the possible presence of multiple carriers within the LCC or OA category in each
market, the scale of their operations if they enter, or the fact that carriers may operate
and interact in multiple markets and have more complicated payoff functions).3°

It is worth noting that the uneven performance of the model with finer discretiza-
tions of the covariates is also detectable when we implement the procedure of Kline and

281t is straightforward to see that any group type where either (E, N) or (N, E) is played at a covariate
obeys the RM axiom. Hence, there are at least 264 (=~ 3.1 x 10'%) types obeying the RM axiom.

29Since the validity of our test still hinges on a sampling framework in which Nx — oo as N — oo, for each
x e X (see Section 4.1), the covariates cannot be dividedly too finely. (See Supplementary Appendix Section
A6.1 for details.)

30The last point is related to the literature on multimarket contact; see, for example, Evans and Kessides
(1994).
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Tamer (2016), which assumes conditional independence but has a parametric specifica-
tion (see Supplementary Appendix A6.1). Specifically, while their approach is mainly de-
veloped for inference of partially identified parameters, they point out that it could also
be used for “specification testing.” In their procedure, the data is repeatedly sampled
and, for each sample, one could derive the set of model parameters. Kline and Tamer
point out that the frequency with which the identified set (of parameters) is nonempty
could be thought of as a form of specification testing. Following this idea, we implement
their inference approach for different levels of discretization of the covariates. We find
that, with binary covariates, the frequency of nonempty sets of the estimated parame-
ters is 1, but this frequency goes to 0 with finer discretizations.

APPENDIX

Proor oF THEOREM 1. We have already shown that the RM axiom is necessary for a
group type to be single-crossing. It remains for us to prove the converse. We show that
if a generalized group type B : X = Y obeys the RM axiom, then we can always find a
profile of payoff functions Il = (I1;);co- obeying the requirements in Definition 3 so that
each II; has increasing differences and is single-peaked. We say that I1;(y;, y—;, x;) has
increasing differences in (y;; y—;, x;), if

(s ¥ 27) =ML v20 7)) Z W0, v 7)) = TL (7, ¥ x7)

for every y’ > y! and (y”;, x/) > (y_;, x;). (This property obviously implies single-
crossing differences.) The single-peaked property means that, for each (y_;, x), there
is y; such that I1;(y;, y—;, X) > I1;(y;, y—i, X) for all y; # y;, with I1;(y;, y—;, X) being strictly
increasing in y; for y; < y; and strictly decreasing in y; for y; > y;.

We shall show that, foreachi e N'={1, 2, ..., n}, there is a single-peaked payoff func-
tion II; : Y; x Y_; x X; — R such that (a) II; has increasing differences in (y;; y_;, x;);
(b) y € B(x) = y € NE(I1, x); and (c) for each (y—;, x;), BR;(y—;, x;) is a singleton (even
when x; ¢ proj,X).

ForeachieN,letZ; =Y_; x X;. Since X and Y are finite sets, the graph of B(x), which
is G(B) :={(y, x) : y € B(x) for some x X}, is also a finite set. Hence, it can be written as
GB) ={(y',x"):y' e B(x') fort € T} where T ={1, 2, ..., T} is a finite index set. Letting
z = (y",, x}) fort € T, each (y', x) € G(B) can be written as (y/, z) for every i e N

To obtain a payoff function II; defined on Y; x Z;(=Y; x Y_; x X;), we begin with
a family of single-peaked functions, f;: Y; x T — R satisfying the following properties:
() fi(y!, 1) > fi(a, 1) for all a # y! and a € Y}; and (ii) if y{ = y!, then f;(-, s) = fi(-, ) and
if y) > yf, then f;(a”, s) — fi(a', s) > fi(a", t) — f(a’, t) forall " > a’ in Y;. This can be ob-
tained, for example, by letting fi(a, 1) = —(a — yl.’)z. Then we define II; : Y; x Z; — R as
follows. For each z € Z;, let T(z) = {t € T : z' > z} U {f}, where { is any index that satis-
fies yl.i > yl? for all € 7. Since it contains 7 at least, T'(z) is nonempty. Choose #(z) € T (z)
such that y;(z) < yl.‘ forall t € T(z), and define I1;(-, z) = f;(-, £(z)). Although there may be
more than one candidate for 7(z), by property (ii) of f;, the value of II; is not affected by
the choice.



262 Lazzati, Quah, and Shirai Quantitative Economics 16 (2025)

We claim that I1;(-, z) defined above obeys properties (a)-(c). For property (a), sup-
pose that at z', we have I1; (-, z ") _ﬁ( ') and forz”, we have Il; (-, z") = fi(-, t/). 1fz" > Z/,
then T'(z") C T(Z'), and so yl > yl . By property (ii) of f;, we obtain

l_[i(a", z”) — Hi(a/, z”) > H,-(a”, z’) — Hi(a’, z’) foralla” > a'.

Thus 11; satisfies increasing-differences, which means it satisfies single-crossing differ-
ences. For property (b), notice that, at any z°, we have s € 7(z°) and, by the RM axiom,
yf > y! forany t € T(2*). It follows that I;(-, z°) = f;(-, s), and so argmax,.y,Ili(a, z°) = y}.
Lastly, property (c) flows from the single-peakedness of each f;(, ¢). O

PROOF OF THE “ONLY IF” PART OF THEOREM 2. Suppose P is SC-rationalizable with
distribution Ppy and the equilibrium selection rule A. Let

p(B, II) = x, gA(B(x) |, x) (25)

and let 78 = [ p(B, II) dPy. If B is not a single-crossing type, then p(B, IT) = 0 for all
IT € SC. Therefore, for Il € SC,

> p(B, M) =1, (26)
BeB

which guarantees that ) "z 5 = f sc 4Pn =1 (since the support of Py lies in SC). Fur-
thermore, it follows from (25) that A(y|Il, x) = >_ (BeB:B(x)=y} p(B, II), and thus

P(ylx) = / AYILX)dPy = ) f pB,MdPy= > 7
{BeB:B(x)=y} {BeB:B(x)=y} O

PROOF OF EQUATION (10). If P is SC-rationalizable and there is (78)gcs that solves (7),
then there is Py that rationalizes P such that [j;_g+ dPri = Y g 7°; this is clear from
the proof of the “if” part of Theorem 2. Conversely, for any rationalization Pry of P, we
claim there is (78)gcp that solves (7) such that f;_ge+ dPn < Y pcp- 7. Indeed, con-
struct (78)ge in the same way as in the proof of Theorem 2. Notice that if IT € SC*,
then p(B, I) = 0 for any B ¢ B* and so it follows from (26) that ) 5_z. p(B, II) = 1 since
p(B, II) =0 for any B ¢ B*. This gives us (10). O

The proof of Proposition 1 requires the following well-known result from convex
analysis.

LEMMA 1. Let V' be a closed convex set in R" and let r € R" \ V. Then there is a unique
v* € V such that ||r — v*|| = minycy ||x — v||. The point v* is the unique point in V with the
property that (r —v*) - (v—v*) <0 forallveV.

Proor oF ProposiTioN 1. Ifforall b € B, we have (p— no) - (b—mn9) <0, then (p—n9) -
(v—m9) <0 for all vin the conical hull of B. This implies, by Lemma 1 that the distance
between p and any v in the conical hull of 3 is again minimized at o, which means that
By is not improvable. Conversely, if there is b in B such that (17) holds, then appealing
to Lemma 1 again, we know that 19 does not minimize the distance between p and the
conical hull of By U {b} andb i improves By. O
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ProoFr oF ProprosiTION 2. Foreach (y,x) € Y x X, define R(y,x) CY x X such that
R(y,x) ={(y,X):y=Bx) =y #B(x) forall B e 5}.

Recalling the definition of the RM axiom (6), (Y, X') € R(y, x) holds if there exists some
i € N such that yl < (>)yiand (y';, x}) = () (y—i, x;). Impose any linear ranking on the
elements of Y x X; we define C = (¢(y,x), (yx) JyxX yxx tobea Y x X| x |Y xX| matrix where

Cly,x), (yx) = |X| and, if (y, x) # (y, X), then c(y x),(y, x) = 1[(y,X') € R(y, X)]. By setting
6= (X|, X, ..., X]) (a column vector of length |Y x X]), we claim that a single-valued
group type b (thought of as a column vector) obeys RM axiom if and only if Cb < 6.
Indeed, since b is single-valued, we have } 'y yb(y,x =1forallx e X, which guarantees
that (Cb)(y,x) < |X| if by,x) = 0. Note that (Cb)(y,x) > ciyx), (0 = [X| if byx = 1. If b
satisfies the RM axiom, then (Cb)y x) = |i| for all (y, x) with by x) = 1; if b violates the
RM axiom, then there is (y, X) with by z) = 1 such that (Cb)y,5) > |)A(|. O

We make crucial use of the following result in our proof of Proposition 3.

LeMmMA 2. Suppose that B' C B where B' N B* is nonempty. Let V (B') be the set such that
veV(B)ifv=B'rand ¥y pgnp ™ > B, where B' is a matrix representation of B'. Then
V(B') is the convex hull of vectors of the form gb* + (1 — B)b, where b* € B' N B* and
benB.

Prookr. Clearly, the convex hull of those vectors is contained in V' (3'), so we need only
show the other inclusion. Note that any v € () can be written as ,B(Zle 4by) + (1 -
B)(Z£:1 siby) where 15, s >0, Zle = Zﬁzl sk =1, bj € B*, and b, € B'. By breaking
up the convex sums into smaller parts if necessary, we can, with no loss of generality,
assume that #; = s; and / = k. Then

] ] ]
v= B(thb}‘) +(1- B)(thbz) =Y u[Bb} + (1 - p)by],
=1

=1 =1

which establishes our claim. O

Proor oF ProrosiTiON 3. Note that Jy o(B) is the distance between q and V' (5p) and
this distance is achieved at ng € V' (By). If, for all Bb* + (1 — 8)b where b* € B* and b € 5,
we have

(@—mo) - (Bb*+ (1 —B)b—mo) <0,

then (q—m9) - (v—m9) <0forallve VV(B), by Lemma 2. This in turn means, by Lemma 1,

that B is not improvable given problem (20). Conversely, suppose that there is a pair of
group types {b*, b}, with b* € B* and b € B, such that (22) holds. Then, by Lemma 1, no
does not minimize the distance between q and the convex hull of IV () and ,Bb* +(1—
B)B. We conclude that {B*, B} improves By given problem (20). O
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