A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Arkhangelsky, Dmitry; Imbens, Guido; Lei, Lihua; Luo, Xiaoman

Article

Design-robust two-way-fixed-effects regression for panel

data

Quantitative Economics

Provided in Cooperation with:
The Econometric Society

Suggested Citation: Arkhangelsky, Dmitry; Imbens, Guido; Lei, Lihua; Luo, Xiaoman (2024) : Design-
robust two-way-fixed-effects regression for panel data, Quantitative Economics, ISSN 1759-7331,
The Econometric Society, New Haven, CT, Vol. 15, Iss. 4, pp. 999-1034,

https://doi.org/10.3982/QE1962

This Version is available at:
https://hdl.handle.net/10419/320319

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

https://creativecommons.org/licenses/by-nc/4.0/
WWW.ECOMSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.3982/QE1962%0A
https://hdl.handle.net/10419/320319
https://creativecommons.org/licenses/by-nc/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Supplementary Material

Supplement to “Design-robust two-way-fixed-effects regression
for panel data”
(Quantitative Economics, Vol. 15, No. 4, November 2024, 999-1034)

DMITRY ARKHANGELSKY
CEMFI and CEPR

Guipo W. IMBENS
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APPENDIX A: STATISTICAL PROPERTIES OF RIPW ESTIMATORS
A.1 Setup and preliminaries

We will consider the more general setting in Section 3 since it nests the setting in Sec-
tion 2. For ease of reference, we state the framework here, along with the list of assump-
tions some of which are weaker than those stated in the main text.

Suppose the ith unit is characterized by potential outcomes Y;(1) = (Y;1(1), ...,
Yir(1)), Y;(0) = (Y;1(0), ..., Y;i7(0)), the treatment path W; = (W, ..., W;r), and a set
of covariates X; = (X1, ..., Xir). The vector of time-varying treatment effects for unit
i is denoted by 7; = (71, ..., Tit) = Y;i(1) — Y;(0). We treat covariates as fixed and con-
sider {(Y;(1), Y;(0), W;) : i € [n]} as a random vector (jointly) drawn from a distribution
(conditional on {X; : i € [n]}). We let P denote the joint distribution of the entire ran-
dom vector {(Y;(1), Y;(0), W;) : i € [n]} (conditional on {X; : i € [n]}) and E denote the
expectation over this distribution.

The assignment model is characterized by the generalized propensity score defined
as

wi(w) =P(W,; =w).
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The outcome model is characterized by {(m;, v;) : i € [n]} where m; = (m;j1, ..., miT), vi=
(vin, ..., viT),
1 n 1 T 1 n T
m=MnmL;;MHWLFEEMMwﬁﬁ;;FMMW
1= = 1= =

Tit = E[Yit(l)] - E[Yit(o)],
vip="Tit — 7 (€).

Let {(#;, 2;(0), @2;(1)) : i € [n]} be an estimate of {(a;, u;(0), m;(1))}. Further, let m; =

(ﬁ’l,‘l,...,ﬁ’l,’T) andﬁ,-:(f/il,...,ﬁiT),Where
1 n 1 T 1 n T
A~ A A A A A
mpmm%;gymm—fgmmnj722¥mw

Tie £ flir (1) — @i (0),

The results in Section 2 are given by the special case where #r; = @;, m; = v; = 07.
Define the modified potential outcomes as

Yi(0)=Y;(0)—my,  Yi(1)=Y;(1) - —;

and the modified treatment effects as

Fi=E[Yi(1) - ¥;(0)] = 7; — El#]. (A.1)
By definition,
T g n T f n
TE =) Ty Tu=) Y F (A2)
= i = i
Then the modified observed outcome is ¥; = (Yj, ..., Y;7) where

Yi = Y’it(l)VViI + )71',(0)(1 —Wiy) =Yir — iy — it Wi.

With a reshaped distribution IT on {0, 117, the RIPW estimator is defined as

n T . nw,)
(I & argmin ZZ(Yi,—M—ai—)\t—W}ﬂ)z — .
T 2= =01 =] mi(Wi)

We will suppress ¢ from 7*(£) and II from 7(IT) throughout the section.
Since 7 (IT) remains invariant if we replace Y;, by Y;; — u’ — & — A}, we assume that

Y,(0)=m; < Y;(0)=m;—nm; (A.3)
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by setting u' = (1/nT) Y1y L E[Yi(0)], & = (1/T) Y [_, (E[Y3(0)] — &), and A, =

(1/n) 31 (E[Yie(0)] — ).
The accuracy of the assignment model and the outcome model for unit i are defined

as

Smi = \E[| W) —mWDP], 8y = B lin; — mil3 + s — vil13)

In the proofs, we need the conditional version of these measures

—

We then define the unconditional and conditional average accuracy measures

(W) — m(Wi)|2|ﬁ'i]2, Ayi= \/E[Ilﬁli — m;| 3] + E[I9; — vil3|9:].

1 n
S § 2
\ =1

and

1 n
O 2
A, = . E A,
\ =1

By law of iterated expectations,

E[A2]=52,  E[A2] =52

By Markov inequality,
Ar=0p(87),  Ay=0r(3y). (A.4)

Therefore, if we can prove the result only assuming Awﬁy = o(1) conditional on
(#r;, i, §;)_;, we can prove it assuming that 8,8, = o(1) as in Section 3.

To be self-contained, we list all quantities involved in the DATE equation and the
asymptotically linear expansion of the RIPW estimator. Let J = I — 1 Tl} /T,

0; =IL(W;)/mi(W;),
1 n

1 ¢ 1< "
=2 0 Tuw=—3 OWIW,  Ty=-—3 OW/IY,
i=1 i=1 i=1

[y

1 & 1 & .
Fwé;El@l‘JWi, Fyézlgl®i.]yl',
= 1=

and
V; = O;{(E[Tuy] — 7*E[Tyy]) — (BIT,] — 7°E[Ty])  JW;
+E[TIWJ(Y; — 7W;) —E[W] ' J(Y; — 7*W;)}.

This coincides with the definition in Theorem 2.2 when @; = @; and m; = v; = 07.
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Finally, we state the core assumptions, some of which are repeated and combined
for ease of reference and the rest of which are weakened. We start by restating the unit-
specific mean ignorability assumption.

AssuMPTION A.1. Foreachi € [n],
E[(Y:(1), Y;(0))|W;] =E[(Y:(1), Y;(0))]. (A.5)

Next, we combine the overlap condition for the true propensity scores (Assump-
tion 2.2) and that for the estimated propensity scores (Assumption 3.2) with the constant
c replaced by ¢, to be more informative in the proofs.

AssuMPTION A.2. There exists a universal constant ¢ > 0 and a nonstochastic subset S* C
{0, 11T with at least two elements and at least one element not in {07, 17}, such that

wi(w) > cq, wi(w) > ¢z, VYweS*, i€ [n], almost surely. (A.6)

Lastly, we state the following assumption that unifies and weakens Assumptions 2.1,
2.3, and 3.3.

AssumPTION A.3. There exists q € (0, 1],

1 & N .
= 2B T3+ BT+ 1) =0(n79),
i=1

and

Ly .
= BT +E| 7)) = 01,
i=1

We close this section by a basic property of the maximal correlation.

LEMMA A.l. Let Z; = (Y;(1), Y;(0), X;) and f; be any deterministic function on the do-
main of Z;. Then

n 1 n
Vaf|:2fi(3i)j| =3 > Var[fi(Z)]pi.
i=1 i=1

PRroOF. By definition of p;j,

Cov(fi(20), £(2)) = pyy/ Var[fi (20 Var[ (2] = 2 (Var[ fi(20)] + Var[ (2] .

Thus,

VaI‘|:Zfi(Zi):| = Z Cov(fi(Z0), fi(Z)))

i=1 i,j=1

= Z %{Var[fi(z,-)] + Var[f;(2))]} = ZVar[f,-(Z,-)]pi_

i,j=1 i=1
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A.2 A nonstochastic formula of RIPW estimators

THEOREM A.1. With the same notation as Theorem 2.2, 7 = N /D, where

N=Tylo—TyTy,  D=Tyuulp—T Ty. (A7)

PRrROOF. Lety = (A, ..., A;) be any vector with vT17 = 0. First, we derive the optimum
n(y, 7), &;(y, 7) given any values of y and 7. Recall that

n T
GM%TL&A%T»Za@mmE:(z}Yg—M—ar—M—J%ﬂﬂ)@p

> iai=0 i=1 \t=1

Since the weight ©; only depends on i, it is easy to see that

T n T

R R 1 ~ R 1 -

w(y, 1) +a;(y, 7) = T ; 1(Yiz — A — W), n(y, 7) = T El ; 1(Yit — A — W),
= = =

As aresult,

T
3 (Yie = iy, m) — iy, w) — Ao — Wygr)°
t=1
2

171; -
TT(Yi—Y—WiT)

= H(f’i—Y—Wﬂ')—

2

= [JFi—y—win];.

This yields a profile loss function for y and :

n n
3y, %) = argminZ”J(f/i —y—W;7) ”§®i = argminZ”J(fG —W;r) — y||§®,-,
yT1r=0 ;=1 yT1r=0 ;—

where the last equality uses the fact that Jy = y. Given 7, the optimizer ¥(7) is simply
the weighted average of {/ (Y; — W;T)}?_, in absence of the constraint v"17 =0, that s,

n
> 0J(Y—Wir) o
y(r) == L - F—ZT-

n T
oo
i=1

Noting that ¥(r)"17 = 0 since J17 = 0, ¥(7) is also the minimizer of the constrained
problem, that is,

n
(1) = argminZHJ(f/i - Wit) - 7“261"
v 1r=0 j—)
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Plugging in y(7) yields a profile loss function for 7,

n
F= argminZH](f/i — W) — (1) ||§®i 2 L(1).
i=1

A direct calculation shows that

.
L(T)_lz(a( JW,~+1;—w> (J(Yz er)—F—+F—7)
7]

_lp R Iy _F;ry
ww Fg wy FG

Since L(7) is a convex quadratic function of 7, the first-order condition is sufficient and
necessary to determine the optimality. The proof is then completed by solving L'(7) =
0. O

A.3 Statistical properties of RIPW estimators with deterministic (7;, m;, v;)

A.3.1 Asymptotic linear expansion of RIPW estimators As a warm-up, we assume that
(7, m;, ¥;)}_, are deterministic. This, for example, includes the pure design-based in-
ference where #; = @; and m; = v; = 0. In this case, the measures of accuracy can be
simplified as

Awiz\/E[%i(Wi)—ﬂi(Wi)]Z, Ayi:\/”ﬁli_mi”%'i‘”f’i_vi”%- (A.8)

As aresult, (A, Ay;) are deterministic.

We start by a lemma showing that I'y, I',y, I'yw, I'w, I'y concentrate around their
means. For notational convenience, we let Var(Z) denote E||Z — E[Z] ||% for a random
vector Z.

LEMMA A.2. Under Assumptions A.2 and A.3,
|E[To]| + |E[Cwyl| + [ETww]| + [ETW] |, + |ET,]], = 0Q),
and

Var(T'g) + Var(I'yy) + Var(I'yy) + Var(I'y,) + Var(I'y) = O(n~9).

As a consequence,

ITo — E[T6]| + [Twy — ElTwy]| + [Tuw — ELwwl| + | Tw — EW]|, + [Ty — E,]],
= Op(n_q/z).
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PRrOOF. By Assumption A.2, ©; < 1/c,, almost surely. Moreover, |W;|2 < /T since W,
{0, 1}. Thus,

JT T 1
IIFwIIzSC—, IFwwISC—, IFeISC— = E|lyll2 + E[lyw| +ETyg| =O0(1).

w m ko

Next, we derive bounds for (E[T'yy])? and |E[Ty]|3 separately. For (E[Ty,y])?,
(E[Twy)® ( Z]E [O:W]]Y] ) < - ZE oW Y|’
ZE [(wiiv.] <= ZEHY I3

7"11 7711

T - 2 - 2
—ZZ E[Y:(0)]; +E[V:(1)]3)

n

=0(D),

where the last step follows from the Assumption A.3. For [|E[T)] ||%,

2 1
[Emy]; <~ Z(E[o JY,0)? Z 17113

i=1 7711

IA

1 « - 2 - 2
— 2BV, + E[Fi(D],)

=0(1),

where the last step follows from the Assumption A.3. Putting the pieces together, the
bound on the sum of expectations is proved.
Next, we turn to the bound on the variances. By LemmaA.1,

1 n
Var(I'y) < s ZVar(@)i)Pi < sz

i=1 77'! 1

Assumption A.2 implies that

Therefore, Var(I'y) = O(n=9). For I,

1

Var(Fww)<— E Var .W JW —2 E .W JW

n?
i=1 i=1

= ZEHW 15pi <

7711

T n
22 Zpi:o(”_q)’
7 =1



8 Arkhangelsky, Imbens, Lei, and Luo Supplementary Material

where the last equality uses the fact that | W;||> < /T . For Loy,

Var(luy) < — ZVar (O,W]IY)) — ZE oWl I,
i=1
=3 ZJE IWill5 - 1Y:l15] i
771 1

T - 2 - 2
7 2_E[YiD]; +E[Y:i(0)])p:

D o)

where (i) follows from the Cauchy-Schwarz inequality and that [|/]lop = 1, (ii) is ob-
tained from the fact that |W;||5 < T and ¥; € {¥;(1), ¥;(0)}, and (iii) follows from As-
sumption A.3.

For I', recall that Var(I'y,) is the sum of the variance of each coordinate of I'y,. By
LemmaA.l,

1 & 1 «
Var(ly) = — > Var(0JW;)p; < — > EIOJWill5pi
i=1 i=1

zzzpl

7Tzl 7711

I’L

For I'y, analogues to inequalities (i)—(iii) for Iy, we obtain that

1 « - 1 « -
Var(Ty) = — ) Var(@J¥i)pi = — ) [EIOJTilzp;
i=1 i=1

n

~ ZZ [1¥:1) 5] +E[| ¥:0) |3])pi = O(n~9),

77'11

where the last step follows from Assumption A.3.
Finally, by Markov’s inequality,

ITo — E[T6]| + [Twy — E[Twy]| + [Tuw — ELwwl| + | Tw — ELW]|, + [Ty — E,]],

= OP(\/Var(Fe) + Var(I'yy) + Var(I'yy) + Var(Iy) + Var(T'y)) = Op(n_‘”z). O
The following lemma shows that the denominator of 7 is bounded away from 0.

LeMmMA A.3. Under Assumptions A.3, regardless of the dependence between (i, m;, v;)
and the data,
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for some constant cp that only depends on 11. As a result, D > 0 almost surely. If Assump-
tion A.2 also holds, !

E[D]ZCZD<C 22/31), D > c5 ¢ — op(1).
i=1

Proor. By definition,

1 T 1 1 ’
D:(ZE @in-]W,)(; Ell‘)—H;El®iJWi )
= 1=

i=1

1 & ~ T~ ST~ ST
= D 0O W IWi+ W IW;—2W,; JW))
i,j=1

1 & 2
=— D 00 [JWi—W)l;.
ij=1
Let wy, wy be two distinct elements from S* with w, ¢ {07, 17} and
1 n
=Y milw) > cr, kefl, 2} (A.9)
n
i=1

This is enabled by Assumption A.2. Note that J (w; — w») = 0 iff w; — w2 = al 7 for some
a € R, which is impossible since w; ¢ {07, 17} and all entries of w; and w, are binary. In
addition, since II has support S*, I (w;), II(w2) > 0. Let

cp = min{I(wy), M(wy) } | ] (w1 — w2)], > 0.

Then

CD -
Z Wz(Wz)”j(Wj)I(WL wi, W] w2)

2

n
C
> n_12> Z I(W;=w, W; =w>)
i,j=1

1 < 1 &
=C%(; ZI(Wi:wl)> <; ZI(Wi=w2)),
i=1 i=1

where the second inequality follows from the fact that #;(w) < 1. By (A.9),

- 13
E[ZEI(Wizwk)}:;;m(wk)>c7,, ke{l,2}.

1A more rigorous version of the second statement is max{ch —D, 0} =op(1).
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Furthermore, by Lemma A.1,

1 1
Cov[; D AWi=wn), — 3 (W= wz)]|

i=1 i=1

> Cov(I(Wi=w), [(W;=w))

==
=1

1 n
< D |Cov(IWs = w), I(W; = w)|

ij=1
1 n
=2 > Pij\/var(I(Wi =wy))Var(I(W; = wy))
ij=1
1 <& 1
<= D Pi=3) pi
=1 o

Putting pieces together, we obtain that

1o I
E[D] = C%E[(; Yo Iw,= wl)) (E D oIWi= w2)>:|
i=1

i=1

1< 1
= C%{E[; ZI(Wi = wl):|E|:; ZI(W;‘ = wz):|
i=1

i=1

1< 1
+Cov|:; ZI(W,- =w1), EZI(Wl‘ = wz):”

i=1 i=1
1 n
zc%(C,zT— —2ZPi)-
nio
On the other hand, by Lemma A.1, for k € {1, 2},
1 1 &
Var(— dIwi= wk)) <= Y pi=0(n ) =o0().
3 Lt
By Markov’s inequality, for k € {1, 2},
1 & 1 &
Y IWi=w)=—> PW;=w) —op(1) > ¢z —0p(1).
n 4 n4
i=1 i=1
Therefore,
chZD(cw—O]p(l))(cﬁ—OP(l))zc%ci—ozp(l). 0

Based on Lemma A.2 and A.3, we can derive an asymptotic linear expansion for the
RIPW estimator.
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THEOREM A.2. Under Assumptions A.2 and A.3,

D(—1) =N, + % S (Vi — EVi) + Op(n79),

i=1

where
1 n
Ne= - BV, =E[lwy]E[lg] — E[Ly] "EIT)] — 7 (BT ETy] — E[Ty] "ETy).
i=1

Furthermore,

77" = Op(INs]) + Op(n72).

Proor. Note that
D(f' - T*) =N —7D.
By LemmaA.2,

|(rwy - E[Fwy])(re - E[FG])| + |(Fw - E[Fw])T(Fy - E[Fy])i

=

1
2 {(Cuy = BITwy))” + (o — BITo))" + [Ty —ETul[; + [Ty — BTy [}
= Op(Var(I'yy) + Var(I'g) + Var(I'y,) + Var(I'y)) = Op(n~9).

Let
Vit = O{E[Tywy] —E[Ly] T IJW; + E[LglW/]JY; —E[[W] ' JY}.
Then
1 n
N =E[[yy]E[lg] — E[Fw]T]E[Fy] + - Z(Vu —EWVil) 4+ Op(n79).
i=1
Similarly,
1 n
D =E[luw]E[Lg] — E[Ty] 'E[Ty,] + p; Z(ViZ —E[Vi2]) + Op(n™?),
i=1
where

Vi = OByl — E[Ty] TIW; + E[CelW/] JW,; — E[Ty,]TTW;}.
Since V; =V;1 — 7™V,

'D(f‘ _ T*) =N -7D=N,+ % Z(Vl - E[Vl]) + OIP’(niq).
i=1

This proves the first statement.



12 Arkhangelsky, Imbens, Lei, and Luo Supplementary Material

Next, we prove the second statement on 7 — 7*. By Lemma A.3, 1/D = Op(1). It is left
to show that

- Z —E[V]) = Op(n~93).

Applying the inequality that Var(Z;, + Zy) = 2Var(Z,) + 2Var(Zy) — Var(Z, — Zy) <
2(Var(Z;) + Var(Z,)), we obtain that

1
Zvar(vil)
< Var(0;E['y,]) + Var(®E[Tg]W; JY;) + Var(0;E[I',] ' JY;) + Var(6;E[T,] JW,)
<E(O;E[Tuyl)” + E(OETIW, JT;)* + E(OETy] I¥;)* +E(OEN,]TIW;)*

[(BITwy))” + (BITo))°’E(W]TY))* + E(BIT,1TIY:)* + E(ET,]TTW;)%)

,\
IN=
|.—-

)
[\S)

:ﬂ\,| — 3

{(BITuy))® + (EITo) EIWBENT 13 + [EIW] | ZENT:13 + B SEIW:113)

IA

INE

{(EITuy])® + T(EITo))*ENT;13 + | EITW] ZENF:13 + T EIT,1] 5},

o
I

where (i) follows from the Assumption A.2 that ®; < 1/c¢, almost surely, (ii) follows from
the Cauchy-Schwarz inequality and the fact that ||/||op = 1, and (iii) follows from the fact
that |W; ||% < T.ByLemma A.2, we obtain that for all i € [n],

Var(Van) < Ci(1+E|¥:13) < C1(1+E[|¥:(0) |5+ E|F:(1) ), (A.10)

for some constant C; that only depends on ¢,; and 7. Similarly, we have that Var(V;) <
C> for some constant C» that only depends on ¢,; and 7. By Assumption A.3,

T—th{—z Yi(D)] - [,-,(0)])}:0(1),

i=1

Therefore,
Var(V;) < 2Var(Vip) +2(7%)Var(Vi2) < C(1 + E|[¥:(0) |5 + E| ¥:(D)3).

for some constant C that only depends on ¢, and 7. Since V; is a function of (Y;(1),
Y;(0), X;), by Lemma A.1 and Assumption A.3,

Var(—ZV,) ZVar(Vl)p, O(n™9).

By Chebyshev’s inequality,

The proof is then completed. O
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A.3.2 DATE equation and consistency Theorem A.2 shows that the asymptotic limit of
D(7 — ) is N,. For consistency, it remains to prove that N, = o(1). We start by prov-
ing that the asymptotic bias is zero when either the treatment or the outcome model is
perfectly estimated.

LemMA A.4. Under Assumptions A.1, A.2, and A.3, N, =0, if either (1) Ay; =0 for all
i €[n],or (2) A, =0 forallie [n], and I satisfies the DATE equation (2.14).

Proor. Without loss of generality, we assume that 7* = 0; otherwise, we replace Y (1)
by Y;;(1) — 7* and the resulting 7 becomes 7 — 7*. Then

N, =E[[yy|E[lg] — E[T',] TE[T].

It remains to prove that N, = 0. Since (77;, m;, p;) are deterministic, by Assumption A.1
and (A.1),

E[Tuy ZE [0:;W]IY,] ZE [0:;W/7{Y;(0) + diag(W,)(¥;(1) — ¥;(0))}]
i=1 i=1

== ZE[@ JWiTE[Y(0)] + ZE [0:W/ ] diag(W;)]7:.
i=1 i=1

Similarly,

1 ¢ . 1 ¢ . -

E[ly] =~ > EIOJE[Y:(0)] + - > E[0; diag(W)]Fi
i=1 i=1

As a result,

n

1 ~
Ni= > [EIOJWIETs) — EIOEIT 1} E[T:(0)]
i=1

+ % > {E[0,W]J] diag(W))]E[Ty] — E[l',] 'E[O;diagW)]}7:.  (A1D)
i=1

If Ay; = 0, m; = m; and #; = v;. Since we have assumed 7 = 0, 7; = 07. By (A.3),
E[Y;(0)] = 0. It is then obvious from (A.11) that N, = 0.
If A;; =0, #; = 7}, and thus for any function f(-),

II(w)

E[0:f(W)] = we%jl}r ) () =Ew-u[f(W)]. (A.12)
As a result,
E[0JWi]=Ew-ulJW]=E[I'y], E[0;] =1 =E[l'y],
and

E[O,W] ] diag(W;)] = Ewn[WJ diag(W)], E[0; diag(W ;)] = Ew~n[diag(W)].
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Then
E[0;JW]E['s] — E[O;]ETy] = Ew~ulJW] — Ew-~ul/W] =0,
and by DATE equation,
E[O;W] ] diag(W;)|E[l'g] — E[T',] E[O; diag(W,)]
= Epn[(W — EwnlW]) ' J diag(W)]
=Ew-n[(W - Ey-nlW)) JW]¢".
By (A.11) and (A.2),

1 n
M= 3 B~ En-n) W

T 1 — .
= ]EWNH[(W - EWNH[W]) ]W] (; Z gT’Ti)
i=1
= Eynt[(W — Ewu[W1) JW]7* = 0. O
Next, we prove a general bound for the asymptotic bias N, as a function of
(Ayi) Aﬂ'i)?zl-
THEOREM A.3. Let Il be an solution of the DATE equation (2.14). Under Assumptions A.1,
A2, and A.3,
IN.| = O(AzA,).

ProoOF. Asin the proof of Lemma A.4, we assume that 7 = 0. Let

Inw; -
O — i) yf:Y,-—m,-—diag(Wi)Vi-

Lom(wy)

Further, letI'j and I';, be the counterpart of I'g and I', with (0;, Y)) replaced by (07, 17? ).
For any function f : {0, 1}7 ~ R such that E[f?(W;)] < C; for some constant C; > 0, by
the Cauchy-Schwarz inequality,

E[0if (W) — O] f(W)] =E[(0; — 0;) f(W))] < VC1E(®; — 0})°
Inw; 2 .
:/CT\/E[ (V) (m(Wi)—m(Wi))z]

(W) o (W;)?
< @Am. (A.13)

- 2
T

Thus, there exists a constant C, that only depends on ¢, and T such that

E[0,] - E[0}]| + |E[©JW;] - E[0:IW,]|,
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+ |E[0;W] ] diag(W,)| — E[O; W] J diag(W))]|,
+ H]E[@idiag(Wi)] — E[@T diag(Wi)]Hop < CoAi.
By the triangle inequality and Cauchy-Schwarz inequality, we also have

Cr .
[ETo) —E[T5]| + |ETw] —E[T3]], = =2 3 Ami < CoAs.
i=1

15

On the other hand, by Lemma A.2, there exists a constant C3 that only depends on ¢,

and 7T,
|E[T]| + |ETw] |, < Cs.

Without loss of generality, we assume that

C32 1+ VT 21+ |Ep-ulJW1|, =E[0}] + |[E[0:TW]],.

Putting pieces together,
|E[@;JW,IE[[g] — E[O,]E[Iy] — (E[OFTW;]E[T] — E[OF]|E[I%])|
< [E[0JW;] —E[O;JW;]| - E[l'g] + |E[0;] — E[O]| - |E[TW]],
+ [EMTo] —E[T5]| - [E[07/Wi][, + |EMW] - E[T}]| - E[6]]

<2C3Co(Ani + Ar).
Similarly,
|E[@;W ] diag(W;)|E[Tg] — E[[,] E[O; diag(W)]
— (B[@:W] ] diag(W ) |E[T%] — B[] E[OF diag(W))])|
<2C3C2(Ami 4+ Ay).
Let
N, = LS eforwiJz[ry] — Elo: el ) BT 0]

i=1
S ([0S diag(W ) |E[Is] — B[] E[6} diag(W)]}7:.
i=1

Using the same arguments as in the proof of Lemma A .4,
E[O77W:]E[I)] - E[OF]E[IT,] =0,

and

E[O:W] ] diag(W)|E[[] — E[T% ] E[0F diag(W )] = Ew~u[(W — Ew~nlW]) TW]¢T.
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Then

1 n
N’:ZZEWNH[(W—]EWNH[W) IWE 7 =By (W — EwnlW]) JW]r* =0.
i=1

This entails that

2030 - .
S22 S A+ A (|E[T ()] |, + 17:]12).-

i=1

N =[N, - N| <

By (A.1), (A.2), and (A.3),

IE[Y:(0)]], + 1Fill2 = I7; — millo + 19; — will2 < 2A,;.

Since (1/n) Yy Ayi < \/(1/n) Y7L, A%,

4C3Cr . -
I:-’}l 2 Z(Am' + Aﬂ-)Ay,' = 4C3C2A7,-Ay.

i=1

[Nyl <

The proofis then completed. O

A.3.3 Asymptotic inference under independence Theorem A.2 and Theorem A.3 imply
the following properties of RIPW estimators.

THEOREM A.4. LetIl be an solution of the DATE equation (2.14). Under Assumptions A.1,
A2, and A.3,

-1 =op(1), ifAzA,=o0(1).
If, further, g > 1/2 in Assumption A.3 and Aﬂﬁy =o0(1//n),

D-J/n(# [Z —EV]) +op(1).

Recalling (A.8) that (A;, A);) are deterministic, &Tﬂy = E[&Tﬁy]. Since Assumptions
A.2 and A.3 generalize Assumptions 2.1-2.3, Theorem A.4 implies Theorem 2.1 and 2.2.
Similarly, Theorem 3.1 is implied by Theorem A.4.

Throughout the rest of the subsection, we focus on the special case where {(Y;(1),
Y;(0), X;) : i € [n]} are independent. In this case, Assumption A.3 holds withg=1 > 1/2,
and thus the asymptotically linear expansion in Theorem A.4 holds. To obtain the
asymptotic normality and a consistent variance estimator, we modify Assumption A.3
as follows.

AssumpTION A4. {(Y;(1),Y;(0),X;):i=1,...,n} are independent (but not necessarily
identically distributed), and there exists w > 0 such that

—Z [E|7:0)]2 +E[ 727} = o).
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To derive the asymptotic normality of the RIPW estimator, we need the following
assumption that prevents the variance from being too small.

ASSUMPTION A.5. There exists vy > 0 such that

1"
a? 2 . ZV&I‘(V,’) > 1g.
i=1

The following lemma shows the asymptotic normality of the term ﬁ YV —
E[ViD).

LeMMA A.5. Then under Assumptions A.2, A.4, and A.5,

n

dx (c(ﬁ > vi- E[V,-])), N (o, 1)) -0,

i=1
where L(-) denotes the probability law, dx denotes the Kolmogorov-Smirnov distance (i.e.,
the L~ -norm of the difference of CDFs).

Prootr. Since (4, m;, ¥;) are deterministic, by Assumption A.4, {V; : i € [n]} are inde-
pendent. Recalling the definition of V;, it is easy to see that Assumption A.4 implies

1 n
=Y BV =0(1). (A.14)
"3
By Assumption A.4,
n Vi 24w /2
E =0(n"“*)=o0(1).
; N (n="2) = o(1)
The proof is completed by the Berry—Esseen inequality (Proposition A.1) with g(x) =
x®. O

Let V; denote the plug-in estimate of V;, that is,

]}i = ®i{(rwy - 7A'rww) - (Fy - é\'Fw)—l—JWi
+ oW/ I(Y; —2W) — T J(Y; — W)} (A.15)

We first prove that V; is an accurate approximation of V; on average, even without the
independence assumption.

Lemma A.6. Let Il be a solution of the DATE equation. Under Assumptions A.1-A.3,

%Z(f}i —V)?=o0p(1), ifAzA,=o0(1).
i=1
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Proor. Let
V= 0;{(Tuy — 7 Tun) — (Ty — 7T) Wi+ ToW [ J(V; — 7°W;) =TI (¥; — 7*W,)}.

Then

A A

Vi =V =(# = 1%)0;|~Tww + Ty JW; —ToW ] IW; + T JW;}.

L

Under Assumption A.2, there exists a constant C that only depends on ¢, and T such
that

Vi = Vj| < C|# — 7]
By Theorem A.4,
%Z(f’i—f’f)z=0((?—7*)2) = op(1) (A.16)
Next,
Vi = Vi = 0i{((Tuy — ETuy]) = 7* (Cuw — E[Tww]))
— ((Ty = EITy)) — 7 (T — E[TW))) TW;
+(To —E) W] J (¥ — 7 W) — (T — ETw]) T (¥; — 7 W))).

By Jensen'’s inequality and Assumption A.2,

1 ~, 2
; Z(Vz - Vl)
i=1
5 2 2 2 2 2
-3 {(Twy —ETuy])” + (Tww — ElCww])” - 7% + | (Ty = EL,]) |5 - ITWill5
T =1
+ [ (= BT 5+ |7 (Fi = 27 W) [+ (Do — EITel)* (W] T (Vi — 7W3))°)
5
—Z { (P~ EMTuy)” + (T~ ETu])° - 7% 4 | (T ~ By )5 T
+ H (Fw _E[Fw] “2 Z” i— 21" W ”2
e -z 347 - )
By LemmaA.2,

[iz V) }_0(1).
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By Markov’s inequality,

) R
;Z(V;—V,-)zzoﬂ»(l). (A.17)
i=1

Putting (A.16) and (A.17) together, we obtain that
—Z(vl Vi)? < Z{( — V) + (V= Vi)*) = op(1). -
i=1

As in Section 2, we estimate the (conservative) variance of the term ﬁ 27:10/,- —
E[V;]) as

&%= n_IZ(v,——Zv,> =n_1{ sz (%gv,f} (A.18)

This yields a Wald-type confidence interval for DATE,
Cla =% = 21-0/26//ND, # + 21_a/25/+/nD], (A.19)
where z,, is the nth quantile of the standard normal distribution.
THEOREM A.5. Assume that A, A, = o(1//n). Under Assumptions A.1, A.2, A.4, and A.5,
liminfP(r* € o) = 1 - a.

Proor. By Theorem A.2, Theorem A.3, Lemma A.5, and Assumption A.5,

D-/n(7—1%) 1 & d
= - — K[V 1 1
- ﬁag(v [Vil) + op(1) 5 N(O, 1)

in Kolmogorov-Smirnov distance,

As aresult,

P2

(oa

Szl—a/zg> - {Z(D(Zl—a/Z'g) - 1}| =o(1), (A.20)

where ® is the cumulative distribution function of the standard normal distribution. Let
, 1 1 2 1. , L 2

o= ;1@(1&- - ;mm) =- EE[VL. ]- (; ;Em]) . (A.21)

Clearly, o2 is deterministic and

2
1 o 1o
ot =o®+ - Z(E[Vﬂ - ZEM]) = o,
i=1

i=1
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2| = op(1).

n—1,

It remains to show that
n

In fact, by Assumption A.5, (A.22) implies that
nZlopoe o, TR0
g

(o

SEESE

n o

By the continuous mapping theorem,
2CD<zla/2 : g) —1& 2(I)<21a/2 : ‘T—) “1>1—a,
g g

which completes the proof.
Now, we prove (A.22). By Proposition A.2 and Jensen’s inequality,
1+w/2 9 n
2 271 14+w/2
D ED B[V

n
- n1+w/2

Ly pzompa)

E
n

i=1

21+w/2 n
- n1+w/2 .
i=1

i=1

(E[vi**] + E[V?]"7%)

92+w/2 1 )
= oz 2EMIFT):
i=1

By (A.14),

By Markov’s inequality,
n
(V2 ~ E[V2]) = 0z (1),

Similarly, we have that
n
(Vi —EMi) = op(1).

i=1

In addition, (A.14) and Holder’s inequality imply that
1 n
—Y E[V]=0(1).
n

%Z]E[v,?] =0(1),
i=1 i=1

As a result,
1< 1<
~D Vi=0s(1), > Vi=0p(1).
i=1 i=1

(A.22)

(A.23)

(A.24)

(A.25)
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By Lemma A.6, (A.25), and the Cauchy-Schwarz inequality,

1 n R 1 n 2 n R 1 n .
=D Vi= Y V=S Vil Vil - Y =V
i=1 i=1 i=1 i=1

1< 1< 1<
<2 ;ZV? ;Z(Vi—Vi)z‘i‘;Z(Vi—Vi)z
i=1 i=1 i=1

— op(1). (A.26)

Similarly,
1\ 1 ?
‘(;Zv,-) - (;Zv,) = op(1). (A.27)
i=1 i=1
By (A.23), (A.24), and (A.25),
1 & 1 & ?
ZZV"Z_ <ZZVi> — 02| =op(1). (A.28)
=1 i=1
Putting (A.26)—(A.28) together, we complete the proof of (A.22). O

A.4 Inference with deterministic (#r;, m;, v;) and dependent assignments across units

Recall Theorem A.4 that
D-/n(? J_Z —EVil) + op(1).

This is true even when (Y;(1), Y;(0), X;) are dependent as long as Assumption A.3 holds.
If V;’s are observable, a valid confidence interval for 7* can be derived if the distribution
of (1/4/n) Y1 (Vi — E[Vi]) can be approximated. Specifically, assume that

(1/v/n) Z —E[Vi])
i=1 4 N©, 1), (A.29)
n
1 /n)Var|:Z v,}
i=1
and there exists a conservative oracle variance estimator 6*2 based on (Vj, ..., V,) in
the sense that
n
(1/n)Var [Z V,}
=l 2 <1+ op(1). (A.30)

&*2
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Then [7 — z1—a/20*//nD, T + z1_4/20*/+/nD] is an asymptotically valid confidence in-
terval for 7*. Of course, this interval cannot be computed in practice because V; is un-
observed due to the unknown quantities including E[I'g], E[I', ], E[L'y], E[Tyw], E[Lywy],
and 7*. A natural variance estimator can be obtained by replacing V = (1, ..., V,) with
VaEwW,..., ]>n) in 6*2. The following theorem makes this intuition rigorous for generic
quadratic oracle variance estimators.

THEOREM A.6. Suppose there exists an oracle variance estimator 6*? such that:

(i) 6*2 =V A4,V/n for some positive semidefinite (and potentially random) matrix
Ay with | Anllop = Op(1);

(i) 6*2 is conservative in the sense that, for every n in a neighborhood of «,

(I/I)Z %)

i=1

6_*

nll)ngoIP’( > Zl—n/2> =7
(iii) 1/6*% = Op(1).
Let 6% = f)TAn\A)/n and
Cloa =% — 21-0/20//nD, # + 21425 //nD.

Under Assumptions A.1, A.2, and A.3 with q > 1/2, if I1 be an solution of the DATE equa-
tion (2.14) and Az Ay = o(1//n),
liminfP(r* € é‘l_a) >1—a.

n—oo

Proor. By Lemma A.6,

1 s 2 1 a2
;nv—vnz—ngm Vi? =op(1).

Since 4,, is positive semidefinite, for any € € (0, 1),
~ %2 1 1 - T \
(1—e€)o™ — ;—1 ;(V—V) Ap(V =V)
~ A*Z 1 I - T Y
SO’ (1+€) Z+1 Z(V—V) An(V—V)
Thus, for any € € (0, 1),

P(6% ¢ [(1 - €)6*2, (14 €)5*]) = o(1).

By condition (iii), the above result implies that

A

%—1'=0P(1). (A.31)
g
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By Theorem A.4,
D-Vn(?—7)=—=) (Vi —EVil) + op(1).
It remains to show that

(I/IJZ —EV))

. 1
Iim P = ~ >Zl_gp | <o
n—o0 o

Let n(e) be the quantity such that zy_, )2 = z1-«/2 - (1 — €). For any sufficiently small e
such that 7(e) lies in the neighborhood of « in condition (ii),

(1/v/m) Y (Vi -
P =1 > Z1-a/2
g

n
(1/+/n) Y (Vi —EVil) )
— P
=P d e > Zl—q2- pes
(1/+/n) Z —E[V;]) A
1 o
<P = = > Z1_n(e)/2 +P(0_— l—e).
By (A.31), when #n tends to infinity,
n
(1/v/n) Y (Vi —EVil)
lim P =1 > Z1—a2 | < m(e).
n— 00 o
The proofis completed by letting e — 0 and noting that lim¢_.o n(e) = a. O

When W;’s are independent,

— V)2,
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Thus, 4, = (n/(n — 1)), — lnl,{/n). Clearly, the condition (i) is satisfied because
|Anllop =n/(n—1). Under the assumptions in Theorem A.5, the condition (ii) is satisfied.
Moreover, we have shown that *? converges to 03 > o® > 0, and thus the condition (iii)
is satisfied. Therefore, Theorem A.5 can be implied by Theorem A.6.

When V;’s are observed, the variance estimators are quadratic under nearly all types
of dependent assignment mechanisms. With fixed potential outcomes, Theorem A.6 ap-
plies to completely randomized experiments (Hoeffding (1951), Li and Ding (2017)),
blocked and matched experiments (Pashley and Miratrix (2021)), two-stage random-
ized experiments (Ohlsson (1989)), and so on. Below, we prove the results for completely
randomized experiments with fixed potential outcomes to illustrate how to apply The-
orem A.6. The notation is chosen to mimic Theorem 5 and Proposition 3 in Li and Ding
(2017).

THEOREM A.7. Assume that (Yi;(1), Yi;(0)) are fixed, and #; = w; as in Section 2 (while
(mi;, vi) are allowed to be nonzero). Consider a completely randomized experiments
where the treatment assignments are sampled without replacement from Q possible as-
signments {wyy), ..., wio)} With ng units assigned wi,). Let 11 be a solution of the DATE
equation (2.14) with support {wy, ..., wioy}, and V;(q) be the “potential outcome” for V;
where (Y;:, W) is replaced by (Yis(wyq), (), wig),¢), that is,

11
Vi(q) = ——L{(ETuy] — 7*ETun]) — (EIT] — 7°EIly])  Jwy
+E[Tglwy,J (Yi(q) — T*wig) — ETW] T (Vi(g) — Twig) },
and Yi(q) = (Yi(wig),1) — M1 — wig19i1, - ., Yir(Wig,, 1) — At — wig),19i7). Further, for

anyq,r=1,...,0,let

1 < - ;
$2=—=>" (V@ -V@)’,  Sy=
i=1

12 =i (Vi(q) = V(@) (Vi(r) = V(1),

whereV(q) = (1/n) Y"1 Vi(q). Define the variance estimate &* as

aZZXQ:';—q

q=1

52’ where sé =
ng — 1

3 (fiz-—f/(q))z,f/(q):ni R
q

i:w,-:w[q] i:w,-:w[q]

Further, define the confidence interval as
Cla=17— Z1-a/20 /0D, T+ z1_a/20 /x/nD].
Assume that
(@ Q=0(1)andng/n— my for some constant w, > 0;
(b) foranyq,r=1,...,0, Sf] and Syr have limiting values S;Z, Sk

(c) there exists a constant ¢, > 0 such that ZqQ:I quZZ > Cr;



Supplementary Material Design-robust two-way-fixed-effects regression 25

(d) there exists a constant M < oo such that max; 4{1Y;(q)ll2} < M.
Then

liminfP(r* € C1_¢) = 1 - a.

n— 00

ProoF. By definition, for anyi+# j € [n] and g #r € [Q],

n ng(ng —1)
P(Wizw[q])Zf, P(WiZWjZW[q])Zﬁy
P(W;= Wi=wy) = —40
(Wi=w), ’_w[”)_n(n—l)'
For any functions f and g on [0, 1]7,
0 n
E[f(W))] 2 “fwg),  EgWp]=3 - gwy),
g=1
0 n
E[f2W))] Z L), B[ W] =) SEs (wig),
q=1 qg=1
and
Y
E[f(Wngwp] =3 22 L fwig)gwig),
q=1
E[f(W)) (W-)]—i"q("q_”f(w 18w + 3 L f(wig)g (wy)
i)&W j —q:1 nin—1) lq])8(W[q] g n(n—1) lq))8 W)

As aresult, for any i # j

Cov(f(W), g(W}))
=E[f(WigW))] - E[f(W)]E[g(W))]

2

ng(n nghy Nghy
_ Z( Z(nq_ o n—)f(w[qJ)g(w[q]) + Z<_‘1 5o %)f(w[q])g(w[r])

0
_ Z nq(n f(w[q])g(w[q]) + Z ﬁf(w[q])g(w[r])
gt " (rn
0 0
n n
- (Z ff(w[q1)> (Z fg("’[’])>
g=1 =1

_ _n—il(]E[f(Wi)g(Wi)] ~E[f(W)]E[sW)))
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1
= B COV(f(Wi), g(Wi))
By the Cauchy-Schwarz inequality,

1
|Cov(f(W:), g(W )| < m‘COV(f(Wi), U]

1 1
= — 1\/Var[f(Wi)]Var[g(Wi)] = m\/Var[f(Wi)]Var[g(Wj)],
This implies that
pij = %1 = pi<2.

It is then clear that Assumption A.3 holds under the condition (d). Further, since
7ri(wyg)) = 7i(wyg)) = ng/n, the condition (a) implies Assumption A.2 and that AzA, =0.
On the other hand, Assumption A.1 holds because W; is completely randomized. There-
fore, it remains to check the conditions (i)—(iii) in Theorem A.6 with

~ %2 S ng 2 2 1 TP 1

o = 5 where s3° = - Z Vi=V(@) V(g = - Z Vi.

q=1 Lw;=wg) q Lwi=wg)

In this case, 4, is a block-diagonal matrix with

ng 1n,1,,
An,Iq,Iq i Inq - y
ng—1 ng

where 7, = {i: W; = wi,}. As aresult,

n
Anllop = 1 _=o0o().
I n||0p mann 1 o)
Thus, the condition (i) holds. The condition (ii) is implied by Proposition 3 in Li and
Ding (2017) and the condition (iii) is implied by the condition (c). The theorem is then
implied by Theorem A.6. O

A.5 Inference of RIPW estimators when &8, # o(1/y/n)

In this section, we study the asymptotic inference on the RIPW estimator when one
of the models is globally misspecified. Doubly robust inference is hard even for cross-
sectional data (e.g., Benkeser, Carone, Van Der Laan, and Gilbert (2017)). Here, we fo-
cus on a practically relevant case where the researcher fits parametric models for both
assignments and outcomes. Specifically, we consider a parametric family f, (w, X;) for
wi(w), &,¢,(X;) for m;, and hy y, (X;) for v;;, where k € R4, o, € R%.:, Y, € R%.: are
parameter vectors to estimate. We impose the standard regularity conditions on these
parametric families.

AsSSUMPTION A.6. (a) 1/f.(w; x) is bounded away from zero uniformly over (k, w, x);
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(b) I V2 fic(w; x)| is uniformly bounded over (k, w, x);
() ||Vitgt,¢t x|+ ||V3,thm,,t (x)|| is uniformly bounded over (,, ¥,, x, t).
To ease notation, we denote by ¢ (resp., ) the concatenation of ¢, ..., ¢ (resp.,

¥, ..., ¥7) and by 0 the concatenation of «, ¢, i. We assume that 6 has an asymptoti-
cally linear expansion.

AssuMPTION A.7. For some pseudo-parameter @',
1 n
b=0'+- ZI: Ci+op(n~'?),
i

where C; is a function of (Y;, W;, X;) that has a zero mean and bounded second moment.

When (Y;(1), Y;(0), W;) are independent or weakly dependent, Assumption A.7
holds under standard regularity conditions (Fan and Yao (2003), Wooldridge (2010)) with
root-n rate. In particular, |0 — 8’| = Op(1//n).

Let k', ¢}, ¥, denote the corresponding elements of 8. Further, let

m(w) = fi (w, X;), my, = g, ¢ (Xi), Vi = hy g (X)) (A.32)
We say the assignment model is correctly specified if
wi(w) = 7 (w), (A.33)
and the outcome model is correctly specified if
m;=m, v =V, (A.34)

When one of these two models is globally misspecified and the other one is correctly
specified,

828y =0(1/v/n).

Thus, Theorems 3.2 and 3.3 do not apply. Nevertheless, we prove that the RIPW estima-
tor remains asymptotically linear though an additional term is added to V; to account
for the estimation uncertainty of @ under the assumption that units are independent.
We leave the general dependent case for future research.

Since the result is very complicated, we first define several quantities. Let I'y, I, ,
Ly r,, F’y, o, )71.’[ be the counterparts of I'g, 'y, Twy, Tw, Ty, 0;, Yi, with (7, m;, 9;)

replaced by (7}, m;, v}). Further, let
Vo, 81,4, (Xi) 0 0
0 Ve,82 ¢, (Xi) - 0
L;=V,logfie(W;, X;), G = ) S ) .

0 0 o V81,4, (Xi)
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and
Vs b1, (X0) 0 0
0 0 o Vyphry (X0)

For any vector v that has the same dimension as 0, let Py (v), Py (v), Py (v) denote the
subvectors corresponding to the positions of «, ¢, ¥ in 8. We define 4 and B as two
vectors such that
Pd) = 3 (- EIOLJE[E ] SO Y+ KO JEIN
i=
+E[OL W] JE[r))
Pyd) = S (B[0)G,]E[I,] — E[0/G./ W [T )
i=1
Py) = _an‘{m:[@;yi diag(W:)JE[T,] - E[®,H, diag(W )W ,]E[T)]),
i=
and
Pu(B) = % Xn:(zﬁ[(agLiWIJWi]E[rw] — E[O/L;]E[T,,,] — E[O;L;W ] JW,]E[T}]),
i=1

Py (B) =Py (B) =0.

THEOREM A.8. Assume that (Y;(1), Y;(0), W;, X;) are independent. Further, assume that
either (A.33) or (A.34) holds. In the setting of Theorem 3.2, under Assumptions A.6 and
A7,

1 n

D J/n(3(Il) — %) = 7 > (Vi + Ui —E[V]]) + op(1/v/n),
i=1

if either the assignment model or the outcome model is correctly specified. Above, V; is
defined as in Theorem 3.2 with (7;, m;, ¥;) replaced by (v, m;, v) and

Ui=(Ci,A—B7*),  E[U] =0,
where A and B are defined above.

ReEMARK A.1. To make inference, we can replace 4, B, and C; by their plug-in estimates.
It is straightforward, though tedious, to prove that the plug-in variance estimator is con-
sistent. Importantly, this does not require the researcher to know which model is mis-
specified apriori. Here, we present a proof sketch to illustrate why this is true. First,
we can define an oracle RIPW estimate 7/ with the model estimates (A.32). Under As-
sumptions A.6 and A.7, we can derive an asymptotically linear expansion of /n(7 — 7')
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via the Taylor expansion. These estimates are deterministic and SQTS’y = 0 if (A.33) or
(A.34) holds, we can apply Theorem A.4 to obtain an asymptotically linear expansion of
J/n(7 — 7*) where the influence function can be estimated consistently without know-
ing which model is misspecified. Adding up two asymptotically linear expansions yields
our result.

Proor. Write 7 for 7(II). Further let

F=0 N =T, T, -T T,  D=I,,-T,T,
We will show that
o 1 A 1
N=N+(4,0—-0)+0 (—) D=D +(B,0—-0)+o (—) A.35
Under (A.35),
D D-—D
D~Jﬁ(%—%/):ﬁ<N—N/§> =ﬁ(N—N/—N/T>

=Vn(N =N —#(D-D')) =(4 - B, J/n(0 - 0))+ op(1)

It is easy to see that the assumptions of Theorem A.4 are implied by independence, As-
sumption 3.3, and Assumption A.6. Since 7’ is the RIPW estimator with deterministic
(i, mj, v;), Theorem A.4 implies that

' =71*+ op(1).

By definition and Assumption (A.3), |4] + ||B|| = Op(1). Under Assumption A.7, 16 —
0’| = Op(1//n). Together with Assumption A.7, it implies

D-Jn(? —#)=(4— Br*, Vn(0 - 0)) + op(1) = % > Ui+ op(1).
i=1

By Theorem A.4 again,

D Vi(F =) = 2= S (Vi E[V]]) + 021,
i=1

Combining the two pieces yield the desired result.
Now, we turn to proving (A.35). By Assumption A.6,
I(w;) I(w;) /

_/: - :_®'L,,’\_ ! ]_ . 9—0/
YT LX) fe (Wi X)) {Liyk— )+ 0(1) - |

I

(A.36)

where the O(1) terms are uniformly bounded across all units. By (A.36),

Ig—TIy=— EXn:;Li,k—K/ +0p(i)
ni:l \/ﬁ
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Similar to Lemma A.2, we can show

1, 1 o , 1
;;lLl:;ZE[®ILl]+OP 7 .

i=1 n
Thus,
Fo—T)= (L3 BlorL] k-« +OP(L) (A37)
n i=1 o ﬁ . ‘
Using the same argument, we can prove that
/ 1 . 4 T A / 1
| R - ;]E[QLZ-WI. JW;], k—K')+op 7)) (A.38)
and
/ 1 - Q / T A ’ ].
r,—-I,=— ;EE[I-L,-WZ- J), k—x')+op 7)) (A.39)
where we define (A4, b) to be A" b for a matrix A and vector b. In particular,
o =Ty |+ [P = P + [T = T2 = 0272
vn
Putting (A.37)—(A.39) and Lemma A.2 together, we have
D-DD
/ / / / 1
%y (To = T) 4 T(Tuns = Tlp) — 207 (T — T + OP(_)
N
/ / 1
— [Ty (0 = )+ B3~ Th) ~ 2E[1] (0 = 1) + 02 2 )

n
= <% > (E[O;LW][J|Ely] - E[O;L;|E[T,, ] — E[O,L;W]IW]E[T;]), k - K/>
i=1

1
+ op| —
P(ﬁ)
By definition of B,
« 1
D—D =(B,0-60)+0 <—>
( > P Jn

This proves the second part of (A.35).
To prove the first part of (A.35), we first recall that

Vi=Y;—m;—diagW,)v;,  Y;=Y;—m|—diag(W,)v.
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Similar to (A.36), Assumption A.6 implies
Yi—¥;=—(Gi, ¢ — ) — (H;diag(W;), & — ) + O(1) - 10 - 0]%, (A.40)
where the O(1) terms are uniformly bounded across all units. Together with (A.36),

/
Fw)’ - Fwy

1 % s =/ 1 " ~ 1
== OW[I(¥; =Y+~ (6 —®§)W,-TJY§+OP(T)
i=1

n n
; i—1 n

1 ¢ . 1 & , .
= —<; ;@;G,JW,', ¢ — ¢/> — <; Z;Hl dlag(W,-)JW,-, l,[l— lll/>

i=1

1 < oy 1
—(=>'0Lw]IY, k-« — ).
<§ LW Y & “>+0ﬂ”<ﬁ>

Similar to (A.37)—(A.39),

1 . 1 .
Ly — T = — <; > E[0;GiIW,], d - ¢/> - <; > E[O;H;diag(W)IW;], i — ¢/>
i=1

i=1
1 ¢ T 1
_ ;ZE[(B;L,-Wi JY;], k-« +oﬂ»<ﬁ>. (A.41)
i=1

Using the same argument, we can show

1 <& . 1
o2 et 6o}
i=1 [

i=1

n

E[@}H; diag(W;)J], ¥ — ¢/>

1 “ 1y /T ~ / 1
_<;ZE[®IL’Y" J],K—K>+O[P<ﬁ>. (A.42)

i=1
As aresult,
N-—N

1
=TI, (To —Tp) + Ty(Tuy —T,) =Ty (T = T}) =T} (T = T,) + 01?(%)

=E[T",,](To — Tj) + E[T)] (Tuy — T,,) — E[T,] (T, = T})
~E[l,]" (Tw—T,) + w(%)

1< ~ ~
- <; S (-E[OLE[T,, ] ~ E[0LW] IV JE[y] + E[0;L:¥] ][I, ]
i=1
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T A
+E[O;L;W; J|E[T}]}, & — n’>

+ <% i{E[@}GiJ]E[F;u] ~E[0;GIWE[T5]}, b — ¢/>

+ <% > {E[©;H;diag(W)J|E[T;,] — E[O;H; diag(W;)JW;|E[T,]}, d— ¢,>
i=1

1
+op( —= ).
0“”(@)
By definition of 4,

o 1
N =(4,0—0 —). 0
NN = >+0P(ﬁ>

A.6 Proofof Proposition 2.1: Induced weights are nonnegative

ProoF. Let w =Ewf[W]. Then
Ew~n[diag(W)J (W — Ep~n[W])]

. 1 .
= Ew~n[diag(W)(W —Ew~u[W])] - TEW~H [dlag(W)lTl;(W —Ew~nlW])]

: 1, W
=Ew-~nlW] — Ew~n[diag(W)|Ew (W] — Ew~n [W< T ﬂ

17 Ep~n[W]
T

T T
= w — diag(w)w — Ey1 [W(#)} + w(lTTw>

By (2.18), for any ¢,

+Ew-nlW]

. . 1w 1,
EWNH[HW—]EWNH[W]Hi]a=wt—w%—EWNH[W[( = )}mt( TT‘”). (A.43)

Now, we consider two scenarios:

1. fw,<1;0/T,

1w
Ew~n |:Wt( I% >j| <Ew~nlW: = w;.

Then the right-hand side of (A.43) is lower bounded by

17 17
wt—w?—wt+wt( 7]:‘”) :wt( T® _wt> ZO
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2. fw;>1]0/T,

1w 1wl lle
Eworl| W T <Ewonl L= | =T~
v (5 )| < T |

Then the right-hand side of (A.43) is lower bounded by

P 1w j P
o — @’ — L +wz< z )=(wt—T—>(1—wt)20- 0

T T T

A.7 Extension to generalized DATE in Remark 2.3

We prove that, under Assumptions A.1-A.3, 7(IL; {) = 7*(&; {) + op(1) if, further, @; = =,
and n||{llec = O(1).

To prove consistency, we just need to modify the proofs in Appendix A.3.1 and A.3.2
by redefining O; as
_ (&) IL(W3)
 mi(Wy)
and redefining I'g, Iy, I'yw, I'wy, I’y correspondingly. First, we can apply the same argu-
ments to show that Lemma A.2, Lemma A.3, and Theorem A.2 continue to hold under
the above assumptions. We are left to prove that

i ’

N, =0.

As in the proof of Lemma A.4, we assume without loss of generality that 7*(&; ) = 0;
otherwise, we replace Y;;(1) by Y;;(1) — 7*(¢; {) and the resulting 7 becomes 7 — 7*(¢; ).
Note that this reduction relies on the fact that ) ", ¢; = 1. Using the same argument, we
can show that (A.11) continues to hold with the new definition of ®; and other related
quantities, that is,

1 <& .
No=~ ;{E[&JWﬂE[Fa] — E[O]E[T,]} E[¥:(0)]

* % > {E[0:,W] ] diag(W)]EIT] — EIT'] E[O; diag(W)]}#:.
i=1

By (A.12),
E[@JW,] =n{Ew-ulJW], E[O;]=n(;,
and
E[O;W] ] diag(W;)] = n{iEw-n[WJ diag(W)],  E[O;diag(W,)] = n{;Ew-n[diag(W)].

Thus,
I'g=1, 'y =Ewp-ulJW].
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Then
E[OJWE[l'g] — E[O;]E[T'y] = nliEw~ulJW] — n{iEw-ul/W]=0,
and by the DATE equation,
E[O,W] ] diag(W;)|E[l'g] — E[T,] E[O; diag(W)]

= ngiEw-n[(W — Ew-nlW])'J diag(W)]

= n{Ew-n[(W - Ew-nlW)) IW]E".
Since we assume 7* =0,

Ne=Y" Ey-u[(W —Ep-nlWl) TW]E 7
i=1

=Ew~n[(W - EW~H[W])TJW] (Z ZifT%i)
i—1

=Ew~n[(W — Ew~ulW]) JW]r* =0.

A.8 Proofof Theorem 4.1

LetWiex=Wio,Wi—-1,...,Wi_p) € RT*(P+1) where Wio=W; and 7ex = (70, 7-1.- ..,
7_p) where the entries are defined in (4.2). To derive the nonstochastic formula of 7ex, we
can repeat the steps in the proof of Theorem A.1 by replacing W; with W; ex in Iy, Ty,
and I'yy. This results in

T -1 T
~ Fw,exrwyeX l_‘w,exlﬂy
Tex = l—‘ww,ex - = l-‘wy,ex - = (

Fg FG
where
1< 1<
Cuwex =~ D OW (IWex eRPTDXHD o 2 - D OUW ex e RTXPHD,
i=1 i=1
and

1< 1<
r =N "o,w! _Jy;, eRWPTLXT, ==Y 0,JY;cR”.
wy, ex ni_zl i i y I’IZ 1 1

i,ex
i=1

Note that ¥; = Y; in this case since no regression adjustment is applied.
Following the same steps as in Supplemental Appendix A.3.1, we can prove that

T -1 T
E [T, ex] E[Fw,ex]} {E[Fwy,exl_w} (A.44)

Fex £ {E[Fww.ex] - E[ly] e

Since #r; =}, by (A.12),

Efgl=1,  Eluwed =Ew-n[W&IWex],  Ellwex] = EwnlJWexl.
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Thus,
E(u,ex] "E[Tw,ex]
E[Tww,ex] — E[Ty]
= IEWN]'[[(WeX - EW~H[WeX])TJ(Wex - EWNH[Wex])] (A.45)

By assumption (4.1),
p
Yi=Yi0p1)+ Y Wi et ¢ =Yi(0p31) + WiexTiex
=0
where
Tijex = (Ti,00 Tiy—1» - -» Ti,—p) € RPTL.

Then

1 < 1 <
Elluy,exl =~ B[O o JYi] =~ > {E[OW oI Yi(0ps1)] + E[OW o T Wiex] i ex}
= i=1

= Z ’ WzTex [ l(OPJFl)] + E[G) WzTexJWi'eX]Ti»eX}
1 & 1 —
=Ep-nu[We /] { p ZE[JYi(OerI)] } + Byt [ W o Wex| : p Z Ti,ex},
i=1 i=1

where the second last line uses the assumption that 77;(w) = P(W; = w|Y;(0,11)) and
the last line is a result of (A.12) and the fact that J% = J. Similarly,

1 n
EILy) =~ {E[JYi(0,41)] + Ewnl/ Wex|Tiex}.
i=1
Thus,

E[luy,ex] E[Ty]

]E[Fwy,ex] - E(Ty]

1<
= IEval'[l:(Wex —Ew~n [Wex])T](Wex - IEW~l'[[Wex])] { n Z Ti,ex} . (A.46)

Combining (A.44), (A.45), and (A.46) together, we obtain that

Tex E Tiex-
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A.9 Miscellaneous

ProprosITION A.1. [Petrov (1975), p. 112, Theorem 5] Let X1, X>, ..., X,, be independent
random variables such that E[X;] = 0, for all j. Assume also ]E[X]?g(Xj)] < oo for some
function g that is nonnegative, even, and nondecreasing in the interval x > 0, with x/g(x)
being non-decreasing for x > 0. Write B, = }_; Var[X;]. Then

dK< (\/_ZX>,N(O 1)) ng(f)ZE [XZg(X))],

where A is a universal constant, L(-) denotes the probability law, dx denotes the
Kolmogorov-Smirnov distance (i.e., the {~-norm of the difference of CDFs).

ProposiTION A.2 (Theorem 2 of von Bahr and Esseen (1965)). Let {Z;},—1,...» be inde-
pendent mean-zero random variables. Then for any a € [0, 1),

14a n
§ZZE|Z,-|1+”.
i=1

APPENDIX B: INFERENCE WITH CROSS-FITTED MODEL ESTIMATES
B.1 Cross-fitted RIPW estimator and main result

We split the data into K almost equal-sized folds with Z; denoting the index sets of
the kth fold and |Z;| € {{n/K], [n/K1}. For each i € Z;, we estimate (7r;, m;, ;) using
{(Y;i(1),Y;(0), W;):i ¢ Zy}. When {(Y;(1), Y;(0), W;) : i € [n]} are independent, it is obvi-
ous that

{(Friy i, 97) i€ T ) LL{(Yi(1), Yi(0), Wy) i € Ty

We assume that
1 . 1 N .
szit:m m,-[:O, VZEIk,t:].,...,T,

and
"9 B.1
|Ik| Z & (B.1)

Otherwise, we apply the transformations (3.1) and (3.2) in each fold to enforce the above.
For valid inference, we need an additional assumption on the stability of the esti-
mates.

AssUMPTION B.1. There exist functions {s; : i € [n]}, which satisfy Assumption A.2 and
vectors {(m}, v,) : i € [n]}, which satisfy Assumption A.3, such that

1< ~ / ~ / ~ / —r
o AB[(E W) = m W)+ El [ — mi ;] + B[~ wi[;]} =0(n")  B2)
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for somer > 0. Furthermore,
@;=m; foralli, or (m),v))=(m;wv;) foralli. (B.3)

The condition (B.2) states that the estimates need to be asymptotically deterministic
given the covariates. This is a very mild assumption. For example, when #; is estimated
from a parametric model {f(X;; 0) : 0 € R4} as (X5 0), under standard regularity condi-
tions, § converges to a limit @, even if the model is misspecified. As a result, #; converges
to 7 = f(X;; 09). Under certain smoothness assumption, the estimates converge in the
standard parametric rate, and thus (B.2) holds with r = 1. On the other hand, in the set-
tings of Section 2, (B.2) is always satisfied with 7} = 7; and m’ = v; = Or. More generally,
if 5?7 + 5§ = O0(n™"), it is also satisfied with 7 = 7; and (m/, v}) = (m;, v;). A similar as-
sumption was considered for cross-sectional data by Chernozhukov, Newey, Singh, and
Syrgkanis (2020).

The condition (B.3) allows one of the treatment and outcome models to be incon-
sistently estimated. This covers the settings in Section 2 where the outcome model does
not need to be consistently estimated. It also covers the classical model-based inference
in which case the assignment model can be arbitrarily misspecified.

THEOREM B.1. Assume that {(Y;(1), Y;(0), W;) : i € [n]} are independent. Let {(#;, m;,
v;) 1 i € [n]} be estimates obtained from K -fold cross-fitting where K = O(1). Under As-
sumptions A.1,A.2, A.4, and B.1:

(i) #(ID) — 7°(&) = op(1) if 6.6, = o(1);

(i) Let Cl_a be the same confidence interval as in Theorem 3.3. Then

liminfP(r*(¢) € C1-a) 21— a
if (@) 88, = 0(1/+/n), (b) Assumption B.1 holds with r > 1/2, and (c) (2.24) holds if
(0, Y;) are replaced by (IN(W;)/w(W;), Y; — m; — diag(W;)v}) in the definition of
Vi.

The proof of Theorem B.1 is quite involved because our cross-fitted estimator is
non-standard. The standard cross-fitting (Chernozhukov, Chetverikov, Demirer, Duflo,
Hansen, and Newey (2017)) would compute 74 (Il) on Z; with {(7;, m;, ¥;) : i € Iz} and
then take 7(Il) as the average of {74 (II) : k € [K]}. Under the assumptions of Theo-
rem 3.2, it is straightforward to show each 7, (Il) is asymptotically linear, and hence
their average 7(II). In contrast, our estimator only cross-fitted the nuisance parameters
{(#i, mj, v;) : i € [n]} but compute 7(I1) using the whole data set. While it is theoretically
convenient to deal with the standard cross-fitting estimator, the standard version would
fit weighted TWFE regressions on merely n/K units, which would cause instability when
n is moderate as in many economic applications. For this reason, we opt for our version
to max out the sample size for computing 7(II), even though the technical proofs are
lengthier.
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B.2 Derandomization

Cross-fitting involves random data splits, which introduce operational variation into the
final estimate. We propose a derandomization procedure that mitigates this source of
unnecessary uncertainty by averaging over multiple splits. In particular, we consider B
independent splits and add a superscript (b) to denote the quantities involved in the bth
split.

In the proof presented in the next subsection, we will show in (B.14) that, for each
given data split,

1 n
DO /n(70) — ) = =N (VI —E[V]]) + op(1),
(1 =) = = 201 =B []) + or

Note that V] does not depend on b. We define the derandomized cross-fitted RIPW esti-
mate as

B

3 )
gtz (B.4)

B
ZD(b)
b:1

Then, when B = O(1),

1 > ja k 1 “ / /
(E > “”) /n(F—1") = T ;(v,- —E[V}]) + op(L).

b=1

Furthermore, in Section B.3.2 we show that

1 — (N2
=Y (Vi=VP) = or(D).
ni:l

Denote by V; the average influence function:

= 1 ~
(b)
Vi=5 IR
b=1
Then
1< 2\2
= (Vi-Vi) = o0p(D).
n-
i=1
Therefore, we can estimate the variance of 7 by the sample variance of 1;21, e ):/n This

justifies the confidence interval stated in Algorithm 1.
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B.3 Proof of Theorem B.1

For convenience, we assume that m = n/K is an integer. All proofs in this subsection can
be easily extended to the general case. Without loss of generality, we can assume that

E[A2] =62 =Q(n™"), E[A2]=8=0(n""), (B.5)

where a, = Q(b,) iff b, = O(a,). Otherwise, we can replace (#, m;, v}) by (7, m;, v;)
without decreasing r.
We use a superscript (k) to denote the corresponding quantity in fold k, that is,

ri e Z 0, Ik=2 Z owliw;, 1k =2 Z oWy,

lEIk iEIk ieZk

1 1 7
K2 — > euw, TIP3 0T,

iEIk iEIk

As in the proof of Theorem A.3, we assume 7* = 0 without loss of generality. Let
(T T I, F’y) and (0, 17;-, 7;) be the counterpart of (I'yy, I'g, 'y, I'y) and (0, Y;, %)
with (n-l, m;, v;) replaced by (7}, m, v;). We first claim that

where ¥’ =rw /(2 + ). The proof of (B.6) is relegated to the end. Here, we prove the rest
of the theorem under (B.6).

Note that I", F’ I"wTF’y is the numerator of 7 when {(«}, m},v)) :i=1, ..., n} are
used as the estlmates Let

= V[ - m W)L, 8= Ellm - mlZ] £ w2, ®7)

and
(B.8)
521 Zn: 52,
n l:1 Tl
< %;{E[Ai,] CE[(E0) - mv0)])
= O(E[A7] +n7") = O(E[A%]). (B.9)
Similarly,
5y = H Y 8% =O(E[A7]). (B.10)
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As aresult,

5,8, =0(/E[A2]- /E[33]).

Note that Assumption A.4 implies Assumption A.3 with ¢ = 1. By Theorem A.2 and The-
oremA.3,

1 n

Ly =TT, = 3 (Vi —E[V]]) + Op(VE[A2] - JE[A2]) + 0x(1/v/m)  (B.1D)

i=1
= 0p(E[A2]- JE[22]) + 05(1), (B.12)
where

Vi =O{E[l,,] - E[T}] JW; +E[Ty|W]J¥; —E[r,] I}

On the other hand, by (B.6),
D(# — 1) =Tyl — T Iy

=F;,,yr’(,—F’wTF’y+Op<n—mi“{"“’+”/2}+ /E[Ai]. /E[Ai]) (B.13)

When ,/E[A2] - \/E[A2] = o(1), (B.12) and (B.13) imply that
D(7 — %) = op(1).

The consistency then follows from Lemma A.3.

When ,/E[A2] - /E[A2] = o(1/+/n) and r > 1/2, (B.12) and (B.13) imply that
V E[AZ 5 ply
. 1 &y /
D-n(?—1%) = NG ?:1:(14. —E[V/]) + op(1). (B.14)

Let f)lf denote the plug-in estimate of V] assuming that (7}, m}, v}) is known, that is,
V=0T, T IW + W IY, T IV ). (B.15)
By Lemma A.5, under Assumption A.5 (with (r;, m;, 9;) = (7, m}, v})),
D -Jn(t-71*
M 4N (0,1) in Kolmogorov—Smirnov distance,
g
where
1 n
== ZVar(V;) > 1.
3
Similar to (A.21), define

2=t e LS oen) =2 ep - (LS en)

i=1
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Obviously, 0’2 > o’?. Furthermore, define an oracle variance estimate 6'> as

B

i=1

Recalling (A.18) that

g e (5]

i=1 i=1

Similar to (A.22) in Theorem A.5, it remains to prove that
|62 — o’?| = op(1).
Using the same arguments as in Theorem A.5, we can prove that
|62 — a2 = op(1).
Therefore, the proof will be completed if
|62 — 67| = op(1). (B.16)

We present the proof of (B.16) in the end.

B.3.1 Proofof (B.6) Let (Fﬁ,(,’y‘), L2 I‘/(k) I‘/(k)) be the counterpart of (I‘,(fy), i, k),
F(k)) with (7, m;, ¥;) replaced by (7}, m, v}). Since the proof is lengthy, we decompose
it into seven steps.

Step 1 By the triangle inequality and the Cauchy-Schwarz inequality,
’rw)’ - r;i)y|
n

< Y low ¥ - oY
i=1

<_Z|®WTJ( ;—m))|+ = Z|®WTJd1ag(Wl)( V)|

i=1 zl

1< iy
+ ;Z|(®i - 0w/ Iy,

i=1

1 & T2\ (1 . 12
< (A 1om a2 (2 S -
i=1 i=1

]. " T . 2 ]' . ~ / 2
;ZH&'Wi J diag(W)) |, ;ZH"i—Vi“z
i=1

i=1
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+J (332t ez (3 2007

By Assumption A.5 and Holder’s inequality,

2/(2+w)
L el (AnEe) o,
By Markov’s inequality,
1y er 2
— > IVl =0e (). (B.17)
"o
By Assumption A.2 and the boundedness of |W;/ |2 and ||W;J diag(W ;)| 2,

1 &« 1 < .
- Z”@,-W,TJH; =0(1), - ZH @,-WiTJdlag(W,-)”; =0(1),
i=1 i=1

and, further, by Markov’s inequality,

/ Tr2 _ l s £, Y . 2
=0 ellam - mon)').

i=1 i=1

Putting pieces together and using Assumption B.1, we arrive at
—r/2
[Py =Ty = Op(n77%).
Similarly, we can prove that

Py = Ty | [T = T3]+ [T = T + [Ty~ Ty |, = 06 (7). B18)

vl
As a consequence,
|(Tay = Ty) (T = Tp) — (T = T) " (Ty = T) | = Op(n 7). (B.19)
Step 2 Note that Assumption A.4 implies Assumption A.3 with ¢ = 1. By Lemma A.2,
Ty = E[T9]] + [Ty — B[, ]| + [T — B[, ][, + |1, — B[], = Op(n™"2).
By (B.18), we have
|(rw}7 F;uy) (F/O - E[F/ﬁ]) (F;uy [F;Uy]) (FB - F/g)
— (T —T,) (T~ E[1}]) - (1, - E[1,])) (T, - T)|
=Op(n~TD/2), (B.20)
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Step 3 Note that
1 X
k k
Fwy - 1-‘;uy = E Z(Fz(uy) - F;t()y))'
k=1

For each %,
1 . o
I — 1Tk = —~ > (0w][IY —0W]IY)).
iEIk

Under Assumption A.4, the summands are independent conditional on D_ ;) £
{(Yi(1), Y;(0), X;) : i ¢ Iy }. Let E®) and Var®) denote the expectation and vari-
ance conditional on D_;. By Chebyshev’s inequality,

()~ 1) - B9 - i)’
- 0P<i2 > varO(ew ]Iy, - @;w?ﬁ}))

iEIk

. 1 n B 12
@ 0P<? S ER (W] - oW IT)) )
i=1

" 1~ ~ ~
0 0n (Yoo 7). ®21
i=1

where (i) follows from K = O(1) and (ii) applies Markov’s inequality. By Jensen’s
inequality and the Cauchy-Schwarz inequality,

E(OW]IY;— W] IY))?
< 3{E(O;W] J (in; — m)))* +E(O,W] ] diag(W:) (¥; — v}))°
+E((0; - O)W]IT;)’)
< 3{E[|@:W ]I |, - | — m} ]+ E[| O] T diagWo 5 - |31 —vi],]
+E[(0; - 0)* (W] 7))
< C{E[ (s — m})*] + E[ (i — v))"]
FE[(#: (W) — = W) (V)] (B.22)

where C is a constant that only depends on ¢;; and T. The second term can be
bounded by

1¢ a
Y B[ W) — m W) (V)]

i=1

— 1 . . ) — / . 2 57\2
_E[; > (Fi (W) —mi (W) (V) }

i=1
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() 1 w/(24+w) 1 2/(24w)
L ~
< IE|:<; 3 (@ W) —wE(Wi))Z(”Z/‘“)) (;Z(Y;)”‘“) }

i=1 i=1
2/(24+w)

i 0/(2+w) n
Gy {1 . , 201+2/w 1 v\ 2te
4 (EZ;E[(m(W,-)—ﬂ'i(Wi)) (2 )]) (; ;E[(Yi) ! ])

n

Gii) {1 < w/(2+w) 1 2/(2+w)
iii . , 2 2w
Y (L mon?) (e )

i=1

where (i) applies the Holder’s inequality for sums, (ii) applies the Holder’s in-
equality that E[X Y] < E[X @?F®)/e|o/Cte)gy (2+®)/212/(2+0) and (iii) uses the
fact that |7r;(W;) — @ (W;)| < 1. By Assumptions A.5 and B.1,

% SCE[(#:W) — mi(W))A(F)’] = 0(n /@) =0(n™)  (B.23)
i=1
(B.22) and (B.23) together imply that

n
% S E@W] IV - W] V) =0(n"). (B.24)
i=1

By (BZU, for each k,
k k k k k —(r'+
I (k) I /Lg)y) ]E( ) I‘guy) I‘/(y)] — O[P(I/l ( 1)/2).

Since K = O(1), it implies that

K
1 o
Ty = Ty — = Y EO[TE) — T = Op(n~ " +172),

k=1
Similarly, we have
1 & 1 &
y—Th— = STEOTE — 1] + |1y - T, - % Y ERE -]
k=1 k=1 2
1 X
# N1y e YOI T =0s( ),
k=1 2
By LemmaA.2,
[E[TG] + B[y ]| + B[], + B[], = o).

Therefore,

K
1
(o= o e o0 - ol
k=1
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E[F@]( —T,— — ZE(k) /(k)]>

K T
/ 1 /
- (Fw —T, = D EO[rY - F;f)k)]) E[I)]

k=1

K
_E[F;J]T<ry—r; Z EX[T — F’y”‘)])‘

= Op(n~ 1), (B.25)

Step 4 Note that E[T",,JE[I;] — E[T}, ]TIE[F’] is the limit of D - /n(# — ) when
{(m),m},v)) :i=1,...,n} are plugged in as the estimates. Under Assump-
tion B.1, either 77 = &r; for all i € [n] or (m}, ¥) = (m;, v;) for all i € [n]. Then,
by Lemma A.4,

E[T,, JE[T] - E[T,] "E[T}] =o0. (B.26)

Step 5 We shall prove that

(\/7 E[32]). (B27)

K
g L ERIIE(ry) - B B9 )

By definition, we can write

Ai = EO[(35,001) — (W),

Ayi= \/E(k)[llﬁli —m; 5]+ ER (|19 —wil|5], Vie;.

By Assumption A.1 and A.4,

ER[TH)] = Z EX[ew]IY;]
lEIk

1 - 1 . ~
=— Y ER[OW]IY;(0)]+ — > ER[OW] ] diag(W)7]

iEZk iGIk
= L S m[ew] IER[T:(0)]
m iEZk

1 : -
+— XI: EX[0,W] T diag(W)|EX [71.
el

Similarly,

EO[r] = % > EROJIEP[Y;(0)] + Z E®[0J diag(W ) |EX[7;1.

ieZy lEIk
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Putting the pieces together and using the fact that E[I',]"J = E[l',]T,
E(k)[l“w]TJ:E(k)[[‘w]T,

EO[r{IE[ry] - E[I,] E@ (]

= % > {E®[0;w] ] diag(W ) |E[I']

iEIk
_E[r/ ] 'EX[0,4 diag(W)]JE® [71.

4o SR [O] TIE[T] - B[, TEW 0, }EX[7:0)]

zeIk
&S G EW I+ Y BV [F0)] (B.28)
zeIk zeIk

As in the proof of Theorem A.3, let

Inw;) % .
0r = m(—WZI) Y; =Y;—m; —diag(W;)v;,

and (I}, T%) be the counterpart of (I'g, ') with (8;, ¥;) replaced by (0%, ;).
Recalling (A.13) on page 14, there exists a constant C; that only depends on ¢,
and T such that

[E®[(0; — 07)Ww] T diag(W)]| + [EX[(0; — 07)Iw /]|, + [E®[6; - 67]]
+ [EP[(0; - ©})J diag(W ]| ., < C1Am, (B.29)
where 6/771. and 5’7, are defined in (B.7) and (B.8), respectively. Then
[EQ[0;w] T diag(W)]E[T] — (E[O; W] J diag(W ) |E[T}])]
< [E®[0;w]J diag(W;)] - E[@;W]J diag(W)]|-E[T]
+E[O;W]J diag(W )] - |(E[T] - E[T5])]
< C1(E[ly] Ami + E[OFW] ] diag(W})] - &,).

Note that E[@: W/ J diag(W;)] = Eyn[W 'J diag(W)] < T is a constant. By As-
sumption A.2, E[I'g] < 1/c,. Thus,

|ain — (E[@:W]J diag(W)|E[I] — E[I%] E[0FJ diag(W))]) |,
< Co(Ami +6)), (B.30)

for some constant C, that only depends on ¢, and 7. Let

al, =E[O:W] ] diag(W)|E[[] — E[T ] E[©1] diag(W))].
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Since we assume 7* = 0, [E®) [#,]]|2 = IE® [#; — w1l < Ay,

‘_ 3 afERE - LY a7

lGIk iEIk

On the other hand, by definition of 07,

CS . A/ .
= D (A +A7)Ay,. (B.31)

iEIk

E[0;W] ] diag(W )] = Ey-n[WJ diag(W)],
E[0:] diag(W;)] = Ey-n[J diag(W)],

and
E[l}] = - > E[07]=1, E[I}]= - > E[O;IW] =Ep-ulJW].
i=1 i=1
Thus
ay =Ey-u[W'Jdiag(W)] — Ew-ulJW1" Ey~u[J diag(W;)]
= Ep~n[(W — Ew-nlW]) " J diag(W)].
By the DATE equation,

af =Ew-u[(W - Ew-n(W)) JW]¢".
As a consequence,
LS T EW 7] = Ey [ (W ~Ew-nlW)" ( Y ¢TEWE ) (B.32)
m iEIk lEIk
Now, we turn to the second and third terms of (B.28). Similar to (B.30), we can
show that
laizlls = || aiz — (E[T;] "E[T5] - E[T5] "E[T5]) [, < Ca(Ami +8,),

for some constant C3 that only depends on ¢;; and T. By (A.3), E®[1Y;(0)[|2] <
Ay;. Therefore,

C3 -
<) (Ami+ B)Ay (B.33)

ZGIk

’— > apER[Y(0)]

lEZk

Putting (B.28), (B.31), (B.32), and (B.33) together, we arrive at
/ s T
RRUHIEIARE AL
_ _ Tl (LS eTR®5,
Ew~n[(W = Ew~nlW1) JW] (mng E [m)‘

iEIk

C _
= ﬁ Z (Aﬂ'i + 8/77)Ayi,

iGIk
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for some constant C4 that only depends on ¢, and T. Since 7* =0,

1o~ (1 TR®) 2 1~ ( 1 T E® (3
g 2 LB ) =g D (5 2 €T mi - E Vo)
k=1 ieZy k=1 i€y
. 11 Tk s
=T _EZ EZf E*™[p;] ) =0,
= N ez,

where the last step uses (B.1). Therefore, averaging over £ and marginalizing
over D_, yields that

L BT, {1y - B[r,] B9[]

' K
k=1

OP(-Z]E Ari + ) ]).

By the Cauchy-Schwarz inequality,

K

1

& 2BV T BTy - [r, ] BV ]
k=1

OIP( —ZE [(Ari+8;) J ZIE )

i=1

or( |5 2eetse+ S;%)J 12 13)

= 0s(\/B[A2] + 52 - [E[A2]).

Therefore, (B.27) is proved by (B.9) and (B.10) on page 39.

Step 6 Next, we shall prove that

‘K > E[I,, JE® [T — 0] — ATk — F;(}k)]TE[F/y]

=0(E[A2] - /E[33]). (B.34)

Using the same argument as (B.29), we can show that

|E[(0] = 0)IWi][, + [E[6; — ©:]| = C1(87; + Ami).-
Averaging over i € 7, we obtain that

[EW[rG0] = EO[EO]] + [EC ] - R[],
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< C1(8, +Az) =O(Ar), (B.35)
where the last step uses (B.5). On the other hand,
1o /
Toe
B[] = L S B[ s¥]
i=1
n

1 — _, 1 . )
=) E[OW[IY; 0]+ E[OW] diag(Wi)7]
i=1 i—1

1 < ) /
= EE[Q‘W?]] [ (0) ZIE [0 WTJdlag(Wl)]
= i
Note that

YT |E[O;W] T diag(W:)]

T
= o =

[[o;w7 7] l<
[EfF 0, + %1, <5,

As a result, there exists a constant Cs that only depends on ¢, and T such that

Cs
=) 8=
i=1
Similarly,
[E[T3]1, = OE[AS]).
Together with (B.35), we prove (B.34).
Step 7 Consider the following decompositions:
Fyylo — 17,1
= (Tuy = T7y) (To — Ty)
+ (Fwy - F;uy)(r/e - E[F/é)]) + (Fiuy - E[F/wy])(re - F’(,)

K
;1
+ (Fwy -Ti— % > EW[rE) - r;()ﬁ)])JE[r;,]
k=1
1 K
el (- - X E I - 130
k=1

- %(f E(")[Fési)]) B[]
() o
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1 (s k k
+E[T,] % (Z E®[TE -1, )]>,
k=1
and
r,r,—r,r,
=y -1,) (1 - 1)
+ (P = 1) (0~ B[} + (1, ~ E[1,]) (1, - 1)

K

.

1

+ (Fw -, % > EOTE — 1“;,5")]) E[I)]
k=1

K
+ ]E[l“/w]T (Fy — F/y — % Z EK) [F;k) _ F/y(k)]>
k=1

el (e i)

k=1

+ ]E[F’w]T% (i u«:(k)[r(yk)]>

k=1

K T
1 /
+E<§ E(k)[rgﬂ—rggk)]) E[I].

k=1

Since (7}, m}, ;) are deterministic,

(s st - (N etrsyn) o) - st Jei)
and
s{ry] (L) -] (L slry) ~=(ru] )

By (B.19), (B.20), (B.25), (B.26), (B.27), (B.34), and triangle inequality,
Tuylo = Ty0y — {7, Ty =T, T}
= 0p<n_r D2 g (D2 \/@ : \/@>
The proof of (B.6) is then completed.
B.3.2 Proofof (B.16) Let

V! = @{Tuy —TJJW; +ToW]IY, ~T LIV} (B.36)
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Recalling the definition of f)lf in (B.15) on page 40,

Vi = V| = [Tuy =Ty |- 0+ [0y = T |, - O Wi
+ Do =Tyl - |OW I + [Tw = T, [, - |07

=< {[Tuy = T [+ Ty =Ty, + [T = T + [T =T |}
x {0+ |0TW;

|, +|OWTIYi| + |0IY],)

By Jensen’s inequality and the Cauchy-Schwarz inequality,
| RN A2
p > i=v)
i=1

<4{[Puy =Ty |+ [Py = |+ = Ty + [T = 15, )
1 & - -
x> {02+ |0l + [OW IV + 075}
i=1

8T , 1 & -
< C—z{lrwy—riuy|2+ [0y =155+ [To =T + [T =T 15}~ S+ 7il5),
T i=1

where the last inequality uses Assumption A.2. By (B.17) and (B.18) on page 42,
1 - 7 SYAYA —r
;Z(vi—v,.) =O0p(n™") = op(1). (B.37)
i=1

On the other hand, recalling the definition of f),- in (A.15) on page 17,

VI = Vil < Tyl - 0] = Oi + 1Ty l2 - | (6] — ©:)T Wi,
+[Tol - |OW] IV, — ;W] IV + |Tylz - |OJY; — 0T,
+0;#|Tuwwl + [Ty Wi| + [CoW [ IW;| + |T oI Wi}
< {ITuyl + ITyll2 + [Tol + I Twll2} - {|O; — O] + | (O] — ©;)TW; |,
oWV 0w Y|+ |0, - 0.7,
+ 017 |{ ITww| + | Wi| + [Cow [ TW;| + [T I W]}
Since [|JWill2 < VT,
|(0; = ©:)IWi|, < VT|0; - 6.
By the triangle inequality,
oWy, —ew] Iy

<|OWw] IV, —oWw]IY;|+ 0w IV, - oW Y|
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VT o - _
e Yil +VT|Yi],- |0; 0
w

VT

it = mi]l, + VTV, - |6] - 04

Similarly,
|67~ 074,

< |0JY; - 0JY,|, +|0JY; - 04T,

< T =Tl + 7], 0 -

= = i, + |77+ -
Putting pieces together, we have that

(V7 = D)?
< C{ITupl + Ty ll2 + [Tol + ITullz}*{|0; — O:f - (L4 [ Fi]15) + i — m] 5}
+ CIA{Twwl + [Ty JWi| + LW IW;| + T W]},
for some constant C that only depends on ¢, and 7. By Lemma A.2 and Markov’s in-
equality,
[Tyl + ITyll2 4+ [Tol + [ITwll2 = Op(1),
Twwl + Lo d Wi + [ToW [ IW,| + [T JW;| = O(1).
By the first part of the theorem,
17| = op(1).

Therefore,

n

1 n . "2 1 , 2 ~/ 02 ~ 712
S 207 -9) =0P(;Z{\®,-—®i| ~<1+HY,-HZ>+||mz-—miuz})+on»u>- (B39

i=1

By Assumption A.2 and B.1,

1 PN B nwa? . , 2}
SN E[|0; -0 ]=-E W) — ) (W
n; [10; - &[] ,121: [ﬁ_i(Wi)zﬂ_;(Wi)ﬂﬂ'( ) — (W)
1 n
< D E[(Fw - #(W))’]=0(n"") =o(1).
T =1

By Assumption B.1,

n

1
= Y B[l = m}[[5]=0(n™") = o(1).

i=1
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By Markov’s inequality, we obtain that

1Xn:|®<—®-|2+liznﬁz-—m’.||2=oP(1). (B.39)
n i=1 l l n i=1 l v
By Holder’s inequality,
1o 2 1o/ 2 1 2(1+2/w) eI 2t e
Ly oo 7= (D e -e ) (AwE)

By Markov’s inequality and Assumption A.4,

1 « 24w 24w
TR =00 (3 SRR ) =0

By Assumption A.2,

1« , 2(142/w)
Ly [0 - o)
i=1
H(W )2(1+2/a))

2(142
(W) — (w0 /“’)}

1 1¢ . 2(142/w)
S764(1+2/w);ZE[(77’.(W")_ﬂ;(Wi)) + w]
m i=1

1 1 . 5
A0+2/0) ZE[("i(Wi) - (W)]
™ i=1

INS

=0(n")=o(1),

where (i) uses the fact that |7;(W;) — @;(W;)| < 1. Thus, by Markov’s inequality,
—Z|®/ 0 |¥; ]2 = o (D). (B.40)
Putting (B.38), (B.39), and (B.40) together, we conclude that
1 N )2
=3V =V) =op(1). (B.41)
n =

By Jensen’s inequality, (B.37), and (B.41),

n

1<~ s 2 P 2 o
PICEUEE NUE R WU
i=1

i=1 i=1
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By Lemma A.2, it is easy to see that

1 n
E Z V: Z VZ O]P’( 1). (B.43)
i=1 i=1
As aresult,
1., I S ly
SO Vi V= Y=< | (V- W) = 0e(1)
i=1 i=1 i=1 i=1

Together with (B.43), it implies that

1< 2 1 < 2
(57) -(5)
i=1 i=1

On the other hand, by the triangle inequality, Cauchy-Schwarz inequality, and (B.43),

n
Iy sz
i=1

=op(1).

n

<—Zv,v V) + Z(vi V)

i=l

n R R ln R R
J ZVZJ Vi v,-)2+;Z(V;—v,-)2=o]p(1).
11 j

1 <& 2 1 & ?
(;ZV") ‘(22 )
=1 i=1

APPENDIX C: SOLUTIONS OF THE DATE EQUATION

Therefore,

6%~ 67| < =op(1).

—Z _%g:

C.1 The case of two periods

When there are two periods, the DATE equation only involves four variables I1(0, 0),
I1(0, 1), II(1, 0), II(1, 1). Through some tedious algebra presented in Appendix C.4.1,
we can show that the DATE equation can be simplified into the following equation:

{IX(1, 1) — 11(0, 0) }{IX(1, 0) — I1(0, 1)}
= (&1 — &){(11(1, 0) — I1(0, 1))2 — (II(1,0) +11(0, 1)) }. (C.1)

C.1.1 Difference-in-difference designs In the setting of difference-in-difference (DiD),
(0, 0) and (0, 1) are the only two possible treatment assignments. As a result, we should
set the support of the reshaped distribution to be S* = {(0, 0), (0, 1)}. Then (C.1) reduces
to

I1(0, 0)IL(0, 1) = (&1 — &2)(IL(0, 1)* — (0, 1)) = (&2 — £1)II(0, 0)II(O, 1).
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It has a solution only when &, — ¢; = 1, that is, (&1, é&2) = (0, 1), and hence 7*(¢) = 7,
in which case any reshaped distribution I with II(0, 0), I1(0, 1) > 0 is a solution. This
is not surprising because for DiD, no unit is treated in the first period, and thus 7 is
unidentifiable. Nonetheless, 1 is an informative causal estimand in the literature of DiD.
This implies that the RIPW estimator with any Il with I1(0, 0), I1(0, 1) > 0, and I1(0, 0) +
I1(0, 1) = 1 yields a doubly robust DiD estimator.

C.1.2 Cross-over designs For a two-period cross-over design, (0, 1) and (1, 0) are the
only two possible treatment assignments. Since the support of II must contain at least
two elements, it has to be S* = {(1, 0), (0, 1)}. Then the DATE equation reduces to

0= (& — &){(I(1, 0) — TI(0, 1))° — (I(1, 0) + I1(0, 1)) }.
When &) # &, it implies that
0 = (II(1, 0) — T1(0, 1)) — (I(1, 0) + I1(0, 1)) = (TL(1, 0) — I(0, 1))* — 1.

It never holds since I1(1, 0), I1(0, 1) > 0. By contrast, when &; = & = 1/2, any II with
support (1, 0) and (0, 1) is a solution.

C.1.3 Estimating equally-weighted DATE for general designs When &1 = &, =1/2, the
DATE equation reduces to

{11(1, 1) — 11(0, 0) }{II(1, 0) — I1(0, 1)} =0
< II(1,1) =110, 0) or II(1, 0) =II(0, 1).

If S* = {(1, 1), (0, 0), (1, 0), (0, 1)} in Assumption 3.2, that is, when all combinations of
treatments are possible, the solutions are

(I(1, 1), 10, 0), 1(0, 1), 1I(1,0)) = (a,a,b,1 —2a—b), a>0,2a+b<1
or (I1(1, 1), I1(0, 0), I1(0, 1), I1(1, 0)) = (a, 1 —a — 2b,b,b), b>0,a+2b<1.

The uniform distribution on S* is a solution, implying that the IPW weights deliver the
average effect in this case. If S* = {(1, 1), (0, 0), (0, 1)} (staggered adoption), we cannot
make II(1, 0) and I1(0, 1) equal since the former must be zero while the latter must be
positive. Therefore, the solutions can be characterized as

(I1(1, 1), I1(0, 0), IL(0, 1)) = (a, a, 1 — 2a), a€(0,1/2). (C.2)

Again, the uniform distribution on S* is a solution. However, we will show in the next
section that the uniform distribution is not a solution for staggered adoption designs
with 7 > 3.

C.2 Staggered adoption with multiple periods

For staggered adoption designs, 7r; is supported on

Wit L (w:w = =w;=0,w;y1 =---=wr=1forsomei=0,1,..., T}
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For notational convenience, we denote by w;, the vector in W5 with j entries equal
to1for j=0,1,..., T. Thus, the support S* of Il must be a subset of W5, For general
weights, the DATE equation is a quadratic system with complicated structures. Nonethe-
less, when ¢ = --- = é&r = 1/T, the solution set is an union of segments on the 7-
dimensional simplex with closed-form expressions. We focus on the equally-weighted
DATE in this section.

Taeorem C.1. Let §* = {wg), w(j,), ..., w(,), w)} Withl1 <j; <--- < j, <T —1. Then

the set of solutions of the DATE equation with support S* is characterized by the following
linear system:

T—j 1 &,
M(wr)) = T]r —Mwg)) + > il (w,)),
=1

Jk+1 — Jk k=1,

I(wy ) + Mw) ==, P =1 (C.3)
(w)) =1—T(wr) — Y T(w,)),
k=1

IM(w) >0 iffweS*

Furthermore, the solution set of (C.3) is either an empty set or a 1-dimensional segment in
the form of {AIIM 4+ (1 — M@ : A € (0, 1)} for some distributions 'Y and 112,

The proof of Theorem C.1 is presented in Appendix C.4.2. In the following corollary,
we show that the solution set with S* = W5 is always nonempty with nice explicit ex-
pressions.

CoRroLLARY C.1. When S* = W%ta, the solution set of (C.3) is A + 1 - @ e
(0, 1)} where

e ifT isodd,
(T +1)? -1
H(U(w(T))ZT» Hm(w(O)): T2’
I(jisodd
H(l)(wj)z%, j=1,...,T—1,

and H(z)(w(j))zl'[(l)(wg_j)), j=0,...,T}

e if T is even,

1 1(jisodd
H(l)(W(T))ZH(l)(w(O))ZZ’ H(l)(U)])Z%y :1, «,T—ly
T+2
and TP (w) =T (we) = ——,

4T
H(z)(wj):m j=1,...,T—1.

T )
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In particular, when 7' = 3 and S* = W§*, the solution set is

{(H(w(O)), I(wy), Il(w(2)), Il(w(s))

21 4 4 12

Clearly, the uniform distribution on S* is excluded. Thus, although the RIPW estima-
tor with a uniform reshaped distribution is inconsistent, the nonuniform distribution
(1/3,1/6,1/6, 1/3), namely the midpoint of the solution set, induces a consistent RIPW
estimator. For general 7, it is easy to see that the midpoint is

T+1 1
II =1 =— Nw;)=— Jj=1,...,T-1 .
(w(ry) (w(oy) a7 (w(j) o =1 (C.5)
This distribution uniformly assigns probabilities on the subset {w(1), ..., wr—1)} while

puts a large mass on {wq), w(r)}. Intuitively, the asymmetry is driven by the special roles
of w(p) and w(7): the former provides the only control group for period T while the latter
provides the only treated group for period 1.

Corollary C.1 offers a unified recipe for the reshaped distribution when the posi-
tivity Assumption 3.2 holds for all possible assignments. In some applications, certain
assignment never or rarely occurs and we are forced to restrict the support of II into a
smaller subset S*. To start with, we provide a detailed account of the case 7 = 3. When
j1=1, jo =2, (C.4) shows that II(w()), II(w)) > 0, and thus S* must be Wgta and can-
not be {w(l), w(g)}, {w(()), w(1), w(z)}, or {UJ(U, w(2), w(g)}. When j1 =1,r =1, via some
tedious algebra, the solution set of (C.3) is

{(H(W(O))» M(wy), I(w(2)), l(ws))

=)\(0,1,0,0)+(1—/\)<%,0,0, %)Z)\E(O,l)}. (C.6)

Thus, {w(), w1y, w3} is the only support with j; =1, r = 1 that induces a nonempty
solution set of (C.3). Similarly, we can show that the only support with j» =1, r =1 that
induces a nonempty solution set as

{(H(W(O))» (wy), I(w(2)), l(ws))

=A(0,0, 1,0)+(1—/\)<§,0,0, %)Z)\E(O,l)}. (C.7)

In sum, W}ta, W%ta \ {wmy}, W%ta \ {w(2)} are the only three supports with nonempty so-
lution sets, characterized by (C.4), (C.6), and (C.7), respectively.

ForT =3, {ji, ..., jr} can be any nonempty subset of {1, 2}. Via some tedious algebra,
we can show that this continues to be true for 7 = 4. However, this no longer holds for
T > 5. For instance, if {ji, ..., j,} ={1, 2, 4, 5}, the second equation of (C.3) implies that

1 2
IM(w()) + H(we)) =(wy)) + H(ws) = T IM(w)) + M(w)) = T
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Under the support constraint, the first two equations imply that II(w(y)), I(w4)) <1/7T,
contradicting with the third equation. Nonetheless, the contradiction can be resolved if
any of these four elements is discarded. If this is the case in practice, we can discard the
element that is believed to be the least likely assignment.

C.3 Other designs

In many applications, the treatment can be switched on and off at different periods for a
single unit. In general, a design is characterized by a collection of possible assignments
Sdesign- If any subset §* C Sgesign yields a nonempty solution set of the DATE equation,
we can derive a doubly robust estimator of the DATE. In this section, we consider several
designs with more than two periods, which are not staggered adoption designs.

First, we consider transient designs with zero or one period being treated and with
each period being treated with a nonzero chance, that is,

T
Wi = {we{o, 1}T:Zwt§ 1},
=1

For notational convenience, we denote by w g, the never-treated assignment and w
the assignment with only jth period treated. The above design can be encountered, for
example, when the treatment is a natural disaster. The following theorem characterizes
all solutions of the DATE equation for any &.

THEOREM C.2. When S* = W}rﬁ, Il is a solution of the DATE equation iff there exists b > 0
such that
II(w(0))

H(ﬁ)(,)){l —(wy) — T

} = f;b, Vt e [T]

tra

In particular, when ¢, = 1/T for every ¢, Theorem C.2 implies that I ~ Unif(WTy 1) is
a solution. In fact, for any given Il(wg) € (0, 1), II is a solution if

H(lW # W(0)) ~ Unif({ﬁ;(l), ey ﬁJ(T)}),

where W denotes a generic random vector drawn from I1. The above decomposition can
be used to construct solutions for more general transient designs:

T
WP = {we 0,17 w 5k}.
t=1

This design is common in marketing experiments where, for example, & is the maximal
number of coupons given to a user and each user can receive coupons in any combina-
tion of up to k time periods.
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TuEOREM C.3. When $* = Wi, 11 is a solution of the DATE equation with & =1/T(t =
1,...,T),if

T
l'[(.| > W= k’) ~Unif W75 \Wi_1), K'=1,...,k,
t=1

C.4 Proofs

For notational convenience, denote by A(Il) = (k1 (II), ..., A7 (II)) the left-hand side of
the DATE equation. We start by a simple but useful observation that, for any II,

17h(I1) = Eyn[(1} diag(W) — 17.6W ") J(W —Ep~ulW1)]
=Ew-n[(W' —=WT)J(W —Ep-ulW1)] =0. (C.8)
Thus, there is at least one redundant equation and for any matrix 1 € R”*(T—1 with
VTi1r =0,
A =0 <= V' h(l)=0. (C.9)
C.4.1 Proofof equation (C.1) SetV = (1, —1)T in (C.9). Then
VTh(ID) =0 <= hi(II) — hp(I1) = 0.

As aresult,

1 1| W —EwpnlM
0=Ep-n [((Wl,—Wz) — (&1 - &)W, W) [_1 ; } {W;_EZ E{Wﬂﬂ

=Ew~n[(W + W2 — (é1 — E)(W — Wa)) (W1 — Wa — Epn(W1 — W2)) ]
=Ep~n[W} — W5 — (&1 — &)W — Wa)?]
—Ew-n[Wi + W2 — (é1 — &)W — W2) |[Ew-n(W1 — W2)
=Ew~u[W1 — Wa — (é1 — &)W — W2)?]
—Ep~u[W1 + Wa — (&1 — &) (W1 — W) [Ew~i (W1 — Wa)
= (I1(1, 0) — II(0, 1)) — (&1 — &)(TI(1, 0) +11(0, 1))
—{I1(1, 0) + I1(0, 1) + 2II(1, 1) — (&1 — &2)(TI(1, 0) — 11(0, 1)) }
x {II(1, 0) — I1(0, 1)}
= (II(1, 0) — II(0, 1)) — (&1 — &2)(TI(1, 0) + I1(0, 1))
—{1+11(1, 1) = I1(0, 0) — (é1 — &) (TI(1, 0) — I1(0, 1))}
x {II(1, 0) — II(0, 1) }.

Rearranging the terms yield

{11, 1) — 11(0, 0) }{I1(1, 0) — I1(0, 1)}
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= (& — &){(T1(1, 0) — (0, 1))* — (I(1, 0) + TI(0, 1)) }. (C.10)
C.4.2 Proof of Theorem C.1 Let e; denote the jth canonical basis in R”. Then
hj(IN) = ] By~ (diag(W) — W' )J (W — Ey~u[W1)].

We can decompose 4;(II) into £ (II) — £;h2 (I1) where

hj1(I) = ] Ey-ni[diag(W)J (W — Ey-~u[W1)],

ho(I1) = Byt [W T (W — Eyert[W1)].
Then

hji(I) = Ew~n[Wie[J(W — Ep-ulW1)]

=Ew~n[Wie JW] - EWNH[Wje,TJ]EWNn[Wl

=Ep~n W,( i — )]—EWNH[VW]e,TJEWNH[WJ
1w 1w
=Ew-~n [W, (W, - T)] - EWNH[W,-]EWNH[M - ]
Byl WEw-n[17W]  Ew-n[W;(17W)]

= Ey-nlW] — (Ew-nlW])? + 7 T ’

where the last equality follows from the fact that sz = W;. By (C.9), it is equivalent to
find II satisfying

Ahj(H):hH_l(H)—hj(H):O, ji=12,...,T—1.
In this case, ;1 = ¢, for any j, and thus
hin () —hjp (M =0, j=1,2,...,T—1. (C.11)
By definition,
I/V]'_,_l—ﬂ/j:I(W:w(T,j)). (C.12)
As a consequence, we have
Ew-nlWjt1] — Ew~nlWjl = Il(w(r—j)),
Ew-nlWis1])” — (Ew-ulWi1)’ = Mwer—j)? + 20 (wer— ) By~ W),
and
Ew-n[Wj1(17W)] = Ew-n[W;(17W)]

=Ew~n[I(W =w_j)(1rwi—p)] = (T — Hwr_p).



Supplementary Material Design-robust two-way-fixed-effects regression 61
As aresult,

hjy1)1 (D) — Ajp (D)

Ew~-n[17W] T-—j
=H(“’<T—j>){1—H(W(T—n) — 2Ew~n[Wjl + T[ W - f}

' Ew~m|[17W
= H("’(Tj)){% —(wr_j)) = 2Ew~nlW;] + %} (C.13)
Let
T—j Ew-u[17W
gl = TJ —(w(j)) — 2Ew~nlWr-;] + # (C.14)
Thus, (C.11) can be reformulated as
M(w;)=0 or gNH=0, j=1,2,...,T—1 (C.15)
Since §* = {w(o), w(y), - .., w,), wn} M(w,)) > 0 for each k =1,...,r. As a result,
(C.15) is equivalent to
¢, (=0, g, (D—g, (=0, k=1,...,r—1 (C.16)
Note that
WT—jk=1 — We{w(jk+1),...,w(T)}.
The first equation is equivalent to
T—j 1 (<
- Jr .
T I(w,)) — 2Il(w(r)) + T (]; Jill(wgy) + Tl'[(w(T))> =0
T—j, |
= M) =—= —Twg,) + = ;]kn(qu)). (C.17)
By (C.12),
Ew~nlWr—j,] = Ew~nilWr—j. .1 =Pw~ni(W € {wj,+1), W(ji42), - W(iga1)})
=Pypn(W = (i) = H(w(jk+1) ).
Therefore, the second equation of (C.15) can be simplified to
H(w(jk+l))+n(w(jk))=w, k=1,...,r—1. (C.18)
Finally, the simplex constraint determines II(w)) as
r
H(U)(O)) =1- H(w(T)) — ZH(U)Uk)). (C.19)

k=1
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Clearly, II(w(;,)) determines all other II(W;,,)’s. Therefore, the solution set of (C.17)-
(C.19) is a one-dimensional linear subspace. The solution set of the DATE equation is
empty if it has no intersection with the set {IL : Il(w(;,,) > 0, =1, ..., r}; otherwise, it
must be a segment, which can be characterized as Y + (1 - nHI?@:ae (0, 1)}

C.4.3 Proof of Theorem C.2 Let n = (Il(w(y)), ..., I(wr))) € RT. Then the DATE
equation can be equivalently formulated as

(diag(db(;)) — £i(p)J (i(j) —m)n;j =0.

T
=1

J

Since w;) = ej, diag(w)) = e jejT and we can reformulate the above equation as
T T T
Y ej— el Tej—mmj=0 = > fi(me;= {ij(n)}f,
j=1 j=1 j=1

where fj(n) = e].TJ (ej —m)m;. It can be equivalently formulated as an equation on n and
ascalar b:

T
> fitme; =bé. (C.20)

j=1

This is because for any 7 that satisfies (C.20), multiplying 1, on both sides implies that
T
b=b(£T17) = fim).
j=1

Taking the jth entry of both sides, (C.20) yields that

fitn) = §&;b. (C.21
By definition,
1 1 o
fim =mj(ej Jej—e/ Jn) = nj(l —rmitT ZET};‘)-
]:
Since II should be supported on {w), w1, - .., W)}

T T
Zm=ZH(ﬁ)U)) =1 —H(ﬁ)(O))'

=1 =l

Therefore, (C.21) is equivalent to

_ . (i
n(w(,-))<1 — (b)) — ("T“OJ)) = &b.
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C.4.4 Proofof Theorem C.3 Let |w||; be the L; norm of w, that s, |w|; = }_/_; w;. For
given Il such that

I(-|wly = k") ~ Unif(Wi AW _)), K'=1,...,k,

By symmetry,
W1l

Ew-~n[W[IWI1]= I7.

By the iterated law of expectation,

Ew~u[lIWl] 1y

Ew~nlW] =Epwy, [Ew-n[WIIWIh]] = —

Since J17 =0, the DATE equation with ¢ = 17/ T reduces to
. 17 T
Ew-~m| | diag(W) — 7W JW | =0.
We will prove the following stronger claim:
. 17 T / ’
Ey-n| ( diag(W) — W JW||W|1=k'|=0, VK =1,..., k.
Conditional on |W | = k/,

/

k
IW =W - —1r, diag(W)W =W, wWiw=wTly =k

Thus,
1
EW~H[<diag(W) - %WT)JWMWnl = k’}
1 k'
=Ey~nu| (diagW) — ZwT)(w— =17 |[|W|1 =K
T T
K Klp  k*1p
—Ewpn|W— =W - —L 4+ =Wl =k
w H|: T 7 t 2 W }
=0.
C.5 A general solver via nonlinear programming
For a general design Sgesign = {w(1), - - -, W(k)}, the DATE equation can be formulated as

a quadratic system. The jth equation of DATE equation is
Ew~ul[(ejW; = WeNTT(W —Ep-nlW])] =0, (C.22)

Let p = (T(b)), .., HK))) € R, A = (dbq), ..., k) € R, B = B, ...,
B}é)) e RT*K and p\) = (b(lj), ...,b%))T € RX, where

) y o T () _ xT pU)
B =J(ejwy,j —wi)éj) e R, by =wy) B, €R.



64 Arkhangelsky, Imbens, Lei, and Luo Supplementary Material

It is easy to see that BY) = J(ejejT — &) A and bV = diag(A4 T BY)). Then (C.22) can be
reformulated as

pr(j) —pT(ATB(j))p —0.

As a result, the DATE equation has a solution iff the minimal value of the following opti-
mization problem is 0:

T
min Y _(pTb" — pT (ATBD)p}’, st,p'1=1,p>0. (C.23)
j=1

We can optimize (C.23) via the standard BFGS algorithm, with the uniform distribution
being the initial value. When the minimal value with a given initial value is bounded
away from zero, we will try other randomly generated initial values to ensure a thorough
search. If none of the initial values yields a zero objective, we claim that the DATE equa-
tion has no solution. Note that (C.23) is a nonconvex problem, the BFGS algorithm is not
guaranteed to find the global minimum. Therefore, it should be viewed as an attempt to
find a solution of the DATE equation instead of a trustable solver.

On the other hand, when the DATE equation has multiple solutions, it is unclear
which solution can be found. In principle, we can add different constraints or regulariz-
ers to (C.23) in order to obtain a “well-behaved” solution. For instance, it is reasonable
to find the most dispersed reshaped function to maximize the sample efficiency. For this
purpose, we can find the solution that maximizes miny II(wx)). This can be achieved by
replacing the constraint p > 0 in (C.23) by p > ¢1 and find the largest ¢ for which the
minimal value is zero by a binary search.

APPENDIX D: AGGREGATED AIPW ESTIMATOR IS NOT DOUBLY ROBUST IN THE
PRESENCE OF FIXED EFFECTS

We are not aware of other doubly robust estimators for DATE when the treatment and
outcome models are defined as in our paper. In the absence of dynamic treatment ef-
fects, it is tempting to treat each period as a cross-sectional data, estimate the time-
specific ATE 7, by an aggregated AIPW estimator, and aggregate these estimates. To the
best of our knowledge, this estimator has not been proposed in the literature. However,
perhaps surprisingly, we show in this section that the aggregated AIPW estimator is not
doubly robust because of the fixed-effect terms in the outcome model.
Specifically, for time period ¢, the AIPW estimator for 7, is defined as

L (Vi —EB[YuWIX) W (Yie — B[V (0)]X:]) (1 = Wa)

L1 (
T = — ~ A
ng P(W; =1|X;) P(Wi = 0]X;)

+ B[V (1] X] - E[Yit(o)lXi])-

Then the aggregated AIPW estimator is defined as

1 L
7A'AIPW=—E Tt
T
=1
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It is known that 7, is doubly robust in the sense that 7; is consistent if either P(W,=1)
or (I@[Yit(l)|X il I@[Yi,(O)|X i]1) is consistent for all i and ¢. Importantly, the requirement
on the outcome model for the ATPW estimator is strictly stronger than that for the RIPW
estimator; the former requires both m;; and the fixed effects to be consistently estimated
while the latter only requires m;; to be consistent. It turns out that the extra requirement
leads to tricky problems of the AIPW estimator.

To demonstrate the failure of the AIPW estimator, we only consider the case with
sample size n» = 1000 and a constant treatment effect to highlight that the failure is not
driven by small samples or effect heterogeneity. In particular, we consider a standard
TWFE model

Y (0) =a; + A + mjs + €51, mi = X;Bs, Ty =T,

where Y, @; = 3", A; = 0. The other details are the same as Section 5.1.
Both the RIPW and the aggregated AIPW estimators require estimates of the treat-
ment and outcome models. First, we consider a wrong and a correct treatment model:

e (Wrong treatment model): set 7r;(w) = |{j : W i= w}|/n, that is, the empirical distri-
bution of W;’s that ignores the covariate;

e (Correct treatment model): set 7r;(w) = |{j : W; = w, X; = X;}|/|{j : X; = X;}|, that s,
the empirical distribution of W;’s stratified by the covariate.

With a large sample, #; in the second setting is a consistent estimator of ;. For the
aggregated AIPW estimator, we use the marginal distributions of #; as the estimates
of marginal propensity scores. Similarly, we consider a wrong and a correct outcome
model:

e (Wrong outcome model): 771;; = 0 for every i and ¢;

e (Correct outcome model): run unweighted TWFE regression adjusting for interac-
tion between X; and time fixed effects, that is, X;I(¢t =1¢) foreach ¢ =1, ..., t, and
set m;; = X;B;.

With a large sample, the standard theory implies the consistency of Bt, and hence m;; ~
mj;. Unlike the RIPW estimator, the aggregated AIPW estimator requires the estimate of
full conditional expectations of potential outcomes, instead of merely 7;,. In this case, a
reasonable estimate of the outcome model can be formulated as

E[Yi(0)|X;] =i+ A+ X:Br,  E[Yi(D|X;] =E[Yi(0)|X;] + 7.

For short panels with 7= O(1), the time fixed effects A;’s can be estimated via the stan-
dard TWFE regression, which are known to be consistent. However, there is no way to
consistently estimate the unit fixed effect «; since only T samples Yji, ..., Y7 can be
used for estimation. The central question is how to estimate «; for the aggregated AIPW
estimator. Here, we consider three strategies:

(1) using the plug-in estimate of «;’s, even if they are inconsistent;
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FiGUuRE 6. Boxplots of 7 — 7 for the RIPW estimator, unweighted TWFE estimator, and the
three versions of AIPW: “AIPW (w/ FE)” for the one fit on the entire data with estimated fixed
effects,”AIPW (w/o FE)” for the one fit on the entire data with fixed effects zeroed out, and
“AIPW+CF (w/o FE)” for the cross-fitted one with fixed effects zeroed out.

(2) pretending that «; does not exist and setting &; = 0;

Note that the first strategy cannot be used with cross-fitting because it is impossible to
estimate «; without using the ith sample.

We then consider all four combinations of outcome and treatment modeling. Fig-
ure 6 presents the boxplots of 7 — 7 for the three versions of AIPW, RIPW, and unweighted
TWEE estimator.

First, we can see that all estimators are unbiased when both models are correct and
biased when both models are wrong. As expected, the RIPW estimator is also unbiased
when one of the model is correct, and the unweighted estimator is unbiased when the
outcome model is correct. However, none of AIPW estimators are doubly robust: the
AIPW estimator with estimated fixed effects is biased when the treatment model is cor-
rect, and the ATPW estimator that zeros out fixed effects with or without cross-fitting are
biased when the outcome model is correct.

The bias of AIPW estimator that zeros out the fixed effects can be attributed to bi-
ased estimates of the outcome model despite including the covariates. The bias of the
in-sample AIPW estimator can be attributed to the dependence between the outcome
model estimates and the treatment assignment. In fact, when T is small, this depen-
dence is nonvanishing no matter how fixed effects are estimated. On the other hand, the
AIPW estimator is valid under a correct treatment model but a wrong outcome model
only when the outcome model estimate is asymptotically independent of the assign-
ments. In sum, there is no simple way to estimate fixed effects to make the resulting
aggregated AIPW estimator doubly robust.
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TABLE 4. Summary statistics.
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Variable Mean SD 1st Quartile 3rd Quartile
Reservation Diff. (in %) —8.89 14.94 —17.00 —1.00
Confirmed Cases 14.55 50.10 0.00 7.00
Vote Share 49.40 9.72 40.11 57.18
log(#Hospital Beds) 9.83 0.81 9.37 10.24

APPENDIX E: MORE DETAILS OF THE OPENTABLE DATA SET

We collect the variables from different sources.

e Daily state-level year-over-year percentage change in seated diners provided by
OpenTable (OpenTable) (outcome variable): https://www.opentable.com/state-of-

industry.

¢ Indicator of whether the state of emergency has been declared (Perper, Cranley, and
Al-Arshani) (treatment variable): https://www.businessinsider.com/
california-washington-state-of-emergency-coronavirus-what-it-means-2020-3.

e Daily state-level accumulated confirmed cases (Dong, Du, and Gardner (2020)) (co-

variate): https://coronavirus.jhu.edu/.

e Vote share of Democrats based on the 2016 presidential election data (MIT Election
Data and Science Lab (2018)) (covariate): https://dataverse.harvard.edu/dataset.

xhtml?persistentld=doi:10.7910/DVN/VOQCHQ.

e Number of hospital beds (Zemel, Eldridge, Bracco, King, and Siemer ()) (covariate):

https://github.com/rbracco/covidcompare.

The summary statistics are reported in Table 4. We also plot the daily average of the
reservation difference and confirmed cases as well as the histograms of the other two

variables in Figure 7.

Average Confirmed Cases
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Vote Share of Democrats (2016 Presidential Election)

FiGuRre 7. (Left) daily average of the reservation difference and confirmed cases. (Right) his-

tograms of number of hospital beds and vote share.
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