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Supplementary Material

Supplement to “Specification testing for conditional moment

restrictions under local identification failure”
(Quantitative Economics, Vol. 15, No. 3, July 2024, 849-891)
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Proors orF LEMMAS B.1, B.2, B.3, AND B.4 IN APPENDIX B

The proofs of Lemma B.2(i), Proposition S.2, and Theorem 5.1 rely on the following re-
sult.

LemMA S.1 (Theorem 7.4 of Roussas and Ioannides (1987)). Suppose that F)!* are the o-
algebras generated by (x,,, X+1, --., Xm), Where {x; : i € 7} is a stationary «-mixing pro-
cess with mixing coefficient «(i). For some positive integer ¢, let n; € F, Af,’, where s1 <t <
52 <lp <-- < tgandsit1 —t; > 7 foralli. In addition, let | q|| , = [E|n|P1Y/P for1 < p < co
and ||m|l.c = esssup|n|, respectively, and assume further that
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50p<\/§) +~km-c- 16— Oollz=0p(Vk - (n"V/* v 6 — 6oll2)). 0

Proor orF LEMMA B.2. (i) Recall that

Vi —Villa <k Vie = Vil
Vi = Vill2 < 1$3§k|[ & = Vil |
Letting s, 5; = v/(60) — E(v,(60)), with v;(0) = g5 (x,)g(x/)u(6)%, we have

_ 1 _
Wi = Vil =~ 3 vi(8) = E[vi(60)]
t=1

1< 2.4 _ .
= (; Zst,m) +- > gn(x)gi(x)us(8)Vou: (8)(6 — 6o)
=1 =1

= (d') + (V). (S.1)

The first equality follows by definition and the second one follows from a mean-value
expansionof (1/n) >, v;(6) around 6y with 6 € (8, 6y). We need to determine the order
of magnitude of (') and (b'). Pick 0 < ¢ < 1/2 and let a = (1 — 2¢)/2. We have

n
IE(n'ga/)2 = n?é2 Z E(s¢, niSj,ni)-
t,j=1

From Assumption A.1(ii), we have max;, ; E|s; ;|° < oo with 8 > 2. Also, using Assump-
tion 1, we can apply Lemma S.1, and claim (with ¢ =2/6 < 1) that: for all ¢, j,

Bt = Est 1) B0 < 10000 (Els, 1)) *"® < 100001 (max Els, )
= cpL=Dlt=il,
Note that for |t — j| > n®,

|]E(Sl’hlsj;hl)| = |]E(sl‘yh1sj,hl) - E(sl;hl)E(sj,h1)| S CP(lfq)n
and for |t — j| < n?,

[E((st,misj,n))| < (E(Stz,hl)E(s?,hl))l/z =c.

It follows that

n
S EBsomsim) =Y, Elsomsim)+ >, Els,nsjn)

t,j=1 |[t—j|<ne |t—j|>n

n
<c-n-n*+2c-n- Z p—i
Jj=n%+1
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N _ ,(I=q)(n—n%)
<c-n-n*42c-npt-oO” mlze =
1—-p 71
o 4c
<c-n-n + =7
1—-p 71
As aresult, foranyn > 1,
2a

=c-n*+c-n"

n*E 2 E(syusj) <c-n*+c ot
t,j

uniformly in 4, I. Letting ¢ — 1/2, « — 0, and hence n~! Z,,jE(st,hlsj,M) <c+c'.Wecan

therefore claim that
=0p (n_l/ 2) .

1
n Zst,hl
t=1

max
h,l

Besides,

1 n
6] <2(2 S ool

t=1

sup\urwu||v0uf<e>u)na_90”
0eN
1 n 1/2 | n 12
<2{ oo o) Lonc olicol’) 16—

t=1 t=1

=Or(116 — 6oll).

We deduce from (S.1) that
1<H}}3;§k|[l}k — Vidu| =0p(n™'2) + Op(16 — 6oll) = Op(n~ "% v/ ||6 — 6o])
and the result follows.
(ii) and (iii): Let ¢ be the unit vector of R¥ such that ¢'Vic = Ag if Ax < Amin(Vi)-

(Choose ¢ such that ¢'Vi.c = Amin (Vi) otherwise.) We then have
k

[Ak = Amin (V)| < | Vi = Vide| < Z lenllen! | Ve = Vi
h,1=1
k 2
< 1<II}11?II>;k|[I/1< —I7k]h1|(§|61|)

<k- 1;2,6});1(“1/" — Vil

and (ii) follows from the proof of part (i). Part (iii) is obtained by dividing each side of (ii)

by Ag.
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We establish (iv) by recalling that ¥, ' — V7' = =V, (V — V)V7'. Thus, by the
Cauchy-Schwarz inequality, we have

- 3 A 3 1 -
V' =V, < Amax(V )W = Vidl2Amax (Vi) = ———=——IWi = Vil
Amin (Vi) Ak
Ag 2.7
= ———— AWk — Vill.
)\min(Vk) k
This yields the stated order by using (i) and (iii). The proof of (v) follows the same argu-
ments as those in the proof of (iii). O

PROOF OF LEMMA B.3. (i) We have | D)W, D212 = Amax(DyWiD2) < [Amax(Wi)/Ak] Ak x
/\max(D/gDZ) = OP(/\kk)-
(ii) Same as (i) by noting that 17, ficlla = y/ Amas (f; Wi fe) = y/ fy Wi e

(i) We have W Hlz < |W}*(H — H)l2 + W, Hl2 < IW 21210 — Hl2 +

Op(VAik). Note that W, *l21H — Hllz < \/ Amax W) Op (VK[ ™Y2 v 116 — Bollz]) =
op(v/Ark) and the result follows.

(iv) We have ||(D}WiD1) ™ ll2 = [Amin (D} Wi D1)1 1. But Amin (D Wi D1) = Amin(Wi) x
Amin(D]D1). Note that, proceeding as in the proof of Lemma B.2(iii), we obtain

Main(B451)/ Aain(D4D1) = 1] = Op (1D 1 = D3 D |/ Ain (DI D).

Using Lemma B.1, it is not difficult to see that |D} Dy — D} D12 = Op(k[n~Y2 v ||6 —
0oll2]) = op(k). As aresult, )\min(D’ll_)l)/)\min(D/lDl) —1=o0p(1). We can therefore claim
that

e 1 / -1 y—17—1
D YW, D < _ ——— = Op (| Amin (Wi ) Ain (D7 D =0p(A, k7).
IOFD) |, = s = On D Hi i (D1D)] ) = 00347

(v) We have

M _ o

= (W2 = wY2) Dy (D, Wi D1) " DYWL + WY (Dy — Dy (D WD)~ Dy Y2
+ WP Dy[(Dy WD)~ — (DyWiDr) 1Dy
+ WDy (DyWiD1) " (D1 — DYWL
+ W, 2Dy (D WD) T Dy (W = W) = (1) + (2) + (3) + (4) + (5).

Note that

1 1

(D\WiD1) ™' = (DyWiD1) ™' = —(DWiDy) ! (DyWi Dy — DyWiDy) (DyWiD1) .
From (iv), |(D{WD1)~}l2 = Op(A;'k~1) and | Dy W, D1 |2 = Op(A 'k~1). Also,

D\W;Dy — DyW;.Dy = (D1 — D1) Wy D1 4+ Dy(Wy — Wy)D1 + DyW;.(D1 — D1).
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Hence,

|D\WiD1 — D\WiD1 ||, = Op(Aik[n™/% v 116 — 6ol12]) + Op (k1 Wi — Wll2).-

Thus,

| (DyWDy) ™ = (DyWeD1) ™|,

= Op(A kT [0 Y2 v 116 — 0l12]) + Op (A 2k~ M W — Wicll2).

Also, using the Ando-van Hemmen inequality (see Ando and Leo van Hemmen (1980)),
we have

1

W1/2 1/2 < _
” “ min(VVk)l/2 + )\min(Wk)l/Z

Wi — Will2 < Amin (W) "V2 100 = Wil

Then, going back to the expression for M¥) — M) we have

[, < Amin (W) ™21 W — Wk||20p(ﬁ)op(X;lk—l)op(ﬁ)op(\/i)
= OP(X/;l”Wk — Well2).

Similarly, we can verify that || (5)]2 = Op(}\,:1 ||Wk — Wi ll2) and

[, < )\I/ZOP(\/E[H_I/Z V116 = 8oll2])Op (A k) Op (V) Op (A 1/2)

= Op(n2 v 116 - 6oll2).
The same holds for ||(4)]2. Finally,
|3, < 0p(A)OP U [Op (AT K [ 2 118 — Boll2]) + Op (A 2k I Wi — Will2)]
= 0p([n~"2 V116 = 6ol12]) + Op (A Wi — Wil2)

and the result follows.
(vi) Note that

Il = LW RO T2~ W

< H — H2IWell2\ Hl2 + 1 H 12| W72 = W2, W, 1 D2

I

+IH 2| W2 |, |5 — S| A2 9,2

I HI W2 W2 = WP I H 2 + IH 20 Wi 2 H — Hlla.

I

The result follows by the same steps as above.
(vii) Similarly,

F1var1/2 25 ~A1/2 = 1/2 1/2 =
|Aznllz = |H'W MW fi = HW M OWE fi

< H — Hl2IWWellzll ficlz + WH 2|72 = W2 | W2 ficlz
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+IH 2| W2 |, |8 — S |, W2, ficll2
+IH 2 [W 2 10,7 = W2 [l ez

and the result follows along similar lines as above.
(viii) We have

|90 — 5O |, < 21Dy — Dulle| (DY DY) ™ 1D

+ D112 1D1 2| (D Wi D) ™t = (DyWiDy) ™',

+ D112 (DyWicD1) " LD — Dill2) == (1) + (2) + (3).
From (iv), [|(D] Wkl_))l_lllz = OP(Xlzlk‘l) and ||(13/1Wkﬁ1)_1 2= Op(/_\lzlk‘l). Note that

ID1 = D1ll2 < |1D1 — Dill2 + I|1D1 — D12
<Op(Vk[n™ 2V 16— 60112]) + Op (VE[n™V2 v |16 — 60]2]).

Since 6 € (8o, 6), we can write 6 = 16y + (1 — 1) for ¢ € (0, 1). Therefore, we can claim
that | Dy — D12 = Op(Vk[n~ Y2V ||§ — 6g]|2]). Using similar arguments as above, we can
also show that
AN 17 D)L N 137 .1 N—17—-17,,— )
[ (DiWiDr) ™" = (DyWiD1) ™ ||, = Op (A k™ [ 2 v 116 = Bol2]).
By combining this with the fact that [Will2 = Op(Ax), D12 = Op(¥k) and || D12 =
Op (k) the result follows readily. O

Proor ofF LEMMA B.4. Note that conditions of the theorem ensure that the maps 6 —
E(g;(x)u(0)) are continuous on O for each /. By Lemma 1 of de Jong and Bierens (1994),
we can claim that, for each 6; € 0, there exists /; such that |E(g;, (x)u(6;))| = 6; > 0. By
continuity of the map 6 — E(g;,(x)u(6)), there exists an open neighborhood V; of 6;
such that [E(g;,(x)u(0))| > 8;/2 for all 6 € V;. Clearly, ® C U(,LE@ V; and, by compactness
of O, we can extract a finite number of elements from the sequence of V; to cover 0.
That is, ® C U;.":Ol Viis with my finite. Let ko = max;<j<, l,-j. ko is a finite integer and, by
construction, for any 6 € 0, E(g%0) (x)u(8)) # 0. Also, taking 6o = minlfjfmo(éij/Z)z, we
obviously have ||E(g%0) (x)u(6))|13 > 8o > 0 and this concludes the proof. O

PrOOF OF EQUATION (B.6) IN APPENDIX B
We have
Fe@Y W2 PR f(8) — fi(00) WP PROWL fi(6o)
= 2f, 0y W, 2 PROW? f(6)

— 21 (60) W, 2 PROWL2 £(8) — (fie(8) — fie(00)) W2PUOW2 (£ (8) — fi(60)).
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From (B.3) and (B.4), || fx(6) — fk(80) 2 = Op(Vk|% — moll2) = Op(Vk|6 — 6l|2). Hence,

|(Fe(0) = Fic(80)) W PR (£(6) = fie(00))| < Amax (W) | fic(B) — fie(80) [
= Op(Akkl|f — 6913)).

Let D1 := D1 (6). By the first-order necessary optimality condition, D/ Wi fr(6) =0
Let P®) .= W2 Dy (D Wi D1)~1 Dy W}/%. Obviously, PXW,/? f (6) = 0. Thus,

(k)Wl/zf (0) ( (k) (k))WkI/sz(é) and
PR, < [P — PO, - Op(y Ak

From Lemma B.3, |[P) — PR)||, = Op(n=1/2 v |6 — 6p|12) and it follows that

||I3(k)Wkl/2fk(é) |, =O0p(y kX [n™1 2V 16 — 6oll2])-

Thus,
Fe (0 W, 2 POV i (6) = Op (Aick[n ™1 v 116 — 60112])
and
fi(60) W, 2PUIWL2 fi(8) = Op (Mek[n™12 v 116 — Boll2]).
As aresult,

|fk(é)/Wk1/213(k)Wkl/2fk(é) _ f-k(90)/Wkl/2p(k)ﬁ/k1/2fk(90)|
= Op(Akkn™"7) + Op (Aik 16 — Boll2).

PROOF OF THEOREM 5.1 WITH SOME PRELIMINARY RESULTS

The asymptotic theory for degenerate U -statistics has been extensively studied in the
literature. Existing results cover cases where x; is assumed to be i.i.d. or time depen-
dent as well as cases where the kernel function is sample-size dependent—as above—or
fixed. A CLT fori.i.d. data and sample-size dependent kernel has been developed by Hall
(1984) and played a key role in the main results of de Jong and Bierens (1994). An ex-
tension of Hall’s (1984) results to B-mixing processes has been provided by Fan and Li
(1999). More recent contributions to this literature include Leucht (2012), who proposes
a CLT for 7-dependent processes' and fixed kernels,? and Gao (2007) and Gao and Hong
(2008) who consider a-mixing processes and sample-size dependent kernels. Kim, Luo,
and Kim (2011) further extend these results by establishing the CLT for U-statistics un-
der quite general conditions. Our kernel is more consistent with the formulation in Kim,

ISee Dedecker and Prieur (2005) for a definition. Note that ii.d. = B-mixing = a-mixing = 7-
dependence.

2CLT for degenerate U-statistics with fixed kernels gives rise to nonstandard asymptotic distribution
taking the form of a quadratic function of an infinite number of independent Gaussian variables, while
sample-size dependent kernels are typically associated with the standard normal distribution.
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Luo, and Kim (2011) but the special factorization that they require is not well aligned
with our framework, which features an inner product with an increasing dimension.
The following proposition is used in the proof of Theorem 5.1 below.

ProrosITION S.2. Under Assumptions-cLt 1 and 2, Var(U,) =2 + o(1).

ProoF oF ProrosITION S.2. We shall assume, without loss of generality, that V}, = I.
This amounts to taking the scaled version of fi(6p) by Vk_l/ %.In the following expres-
sions, we let f; = fi(x;) and f; = fi(x;). We have

n

2
Var(Uy,) = ﬁE(ZZﬂf;’) = ﬁ Do D B i fif)

i=1 j#i n#j1 i2#j2

= % ZE[(fl/f])z] + ﬁ Z E[(fi/lfh) ’ (ft/th)]

i#] #1027/
3 diff. indices
1
o 2 Bl ) ()] (S.2)
i17#]1,027#72

4 diff. indices

Because of the martingale difference dynamics of f;, all the terms in the last summation
are 0. We next show that the second expression is o(1) and the first one is equal to 2 +
o(1).

(a) Consider

/ /
An= 2k Z E[fifh fzsz]
i#jl,iy.éjz
N#j2
Let m, = n?, a € (0, 1). In the following, we will consider two indices i, j to be connected
iff |i — j| < 7, and a set of three indices to be connected iff any one of them is connected
to at least another one of them.
In the summation above, we have three configurations that stand out:

(i) The three indices i, j1, j» are connected. Denote S; to be the collection of such
indices.

(ii) Only two of the indices, say {i, j1}, {i, jo}, or {j1, j2} are connected. Denote S», S3,
and S, the subset of indices (i, ji, j») satisfying these descriptions, respectively.

(iii) All the three indices are isolated from one another. Denote S5 to be the collection
of such indices.

We first deal with (i). We have

k k

E[fifir- fifp]] = Z Elfinfinfin frowl] < Z Elfinfinfin fion|

h,h=1 h,h'=1
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(A B BB )]

=<

(Bl finl 1) (B fi |1 H) 4,

M- =DM

h,i=1

=

where the first inequality is the triangle inequality, the second one follows from the
Cauchy-Schwarz inequality, the third one follows from the monotonicity (in p) of L -
norms and the stationarity assumption. Hence,

k 2 k
| [f fj1 ffjg < Z E|fl 4+€ 2/4+E) 51@(%2 ]E|fz 4_4.E 4/4+5)
h=1

Lk 4/4+e
2 4+ 2
k <Z ZE|fzh| 6) <k“A,
h=1
where A, = A%**€ is an absolute constant. The last inequality holds by assumption and

the previous two follow from the Jensen’s inequality. Thus,

kZA
Ay =

1
o 2 Elff- S| =

(irjl)jz)esl
where N (S) denotes the cardinality of S. It is not hard to see that N($;1) < nﬂ-ﬁ. Then
A1y < Ackm?/n.

Choosing m, = o(,/n/ k) is sufficient to claim that 4;, = o(1).

We next deal with (ii). Assume that (i, j;) are connected and jz is isolated from both
so that (i, j1, j2) € S2. Take p; = 4+E and p» =4 +e. Letq_ — —|— 4— Wehave g < 1
and by Lemma S.1, it follows that

Efinfin FiinFion) =Einfir FimESFion) + O D™\ finfirw Finll pu | fione 1 p)
= O "™ finfire Fivill pu 1 i 1 ps )

By the Cauchy-Schwarz inequality, we have

L
I finfin Fivnl ool Fignrl ps < (B fin*T€) ¥ (B fir| 4+f) (E|f1h|4+f)4+f
= (EIfin ) 75 (B fy [H) e,

where the last equality holds by stationarity. Hence,

E(finfin FisnFion) = O D™ fin el fim G e)-
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This yields
k 1 K 2
> Efinfin fjunfion) :0(,)(14)”"/{2(% > ||fl-h||i+e> )
h,h'=1 h=1

But, by the Jensen’s inequality,

4

1 k 2 1 k 1 k
(z 2 ”ﬁh“i+e) < 2 2 Minlliye = 7 D (ISl )
h=1 =1 1

4 4
4+e

1 k Ite 1 k
(E > E |fih|4+€> < <sup E ZEIfihl‘”E) =A¢ < co.
k™ h=1

Thus,
k
Z E(finfin fisnfion) = O(k*pt =0,
h =1
Hence,

Aoy =

N(S
= 0( (2) kz).
n°k
Clearly, N(S2) < n?m,. Thus, choosing m,, = n? for some a > 0 ensures that 4, = o(1).
Likewise, summation over (i, ji, j2) € S3 leads to a negligible quantity.

Now, consider Ss4, where j; and j, are connected while i is isolated. Applying
Lemma S.1, we have

E(finfin Fisnfion) = ESinfin YESinFion) + O™\ fin fine L pu | fivn Fiai 1 p2)
=O0(p" ™| fin fire Fivnll o | Fioir l p )
4+s

with p; = p» = 5%, and then g = - + . From the Cauchy-Schwarz inequality and the
stationarity assumptlon we have

1
o 2 Elfifi fifi]

(i,/1,J2)€S2

1= =
I finfir £l oy Ul po < (i) 5 1 i 1156 .
Similar derivations as above lead to
0<N (254) kz).
n“k

1
o 2. Elfifi £l =
n°k . .=
(i,J1,J2)€S4
Again, N (S4) < n?m,. Thus, choosing 7, = n® for some a > 0 ensures that 43, = o(1).
We next consider (iii), where {i, j1, jo} has no pairs connected. Again, by Lemma S.1,
we have

E(finfiw Fiinfion) = EEin i EGEFin) + O D™ finfin |y 10 ol fro | p3)
=0 D™ fin fiw | pu I f 5l pa | fm 1 s

Azp =
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with p; = 4+€, and p» = p3 =4 + €. By the Cauchy-Schwarz inequality and stationarity,
we have, as before,

2 2
1 finin | pa | Fiue | 2 1 o | o, < CE(1fim ] *F€) 55 CE( fime |*1€) .

Hence,
k
Z E(finfim fisnfion) = O(p 1~ D™ k?).
hh'=1
Thus,

Agn=

! ! / 1 )
nZk Y Elifi-fifi] =O<ﬁN(S5)p(l ? ”kz).

(i,J1,j2)€S5
Note that N (Ss) < n3. Thus, Ay, = O(n?>p1~9™), Taking m, = n” for some a > 0 ensures
that A4, = o(1).

Therefore, since k = n“, with « € (0, 1), we can always find 7, = n* with a > 0 small
enough so thatall 4y,, A2,, A3,, and Aa, are all o(1). This shows that 4, = o(1). Hence,
the second term in the expression of the variance of U,, in (S.2) is o(1), that is,

1 , )
171,272
3 diff. indices

(b) Consider the first term in the expression of the variance of U,, in (S.2). We have

e LB =2 2 > EGfufinin

i#j i#j h,h'=1

As previously, we can show that

\Efinfinfin fin)| < (E|fih|4+e)& (]E|fh|4+e)4i

and
k
> Efinfinfiw fiw) <K% Ae.
hh'=1
If i, j are connected,
Nk?A, kr
Asn=| 0 2. S EGufuf fn) —k_o< n"),
i#j  hh=1 n
|l ]|<7Tn

where N < 2nm, is the number of connected pairs (i, j). Choosing 7, = o(n/ k) is enough
to claim that A4s, = o(1).
If i, j are not connected, |i — j| > 7,, we have

E(finfinfin Fin) =EFinfi ) ESnfin) + O L™ fi fir | py 1 fin Fin 1 p2)



12 Dovonon and Gospodinov Supplementary Material

with p; = p» = #J€ and g = 4. As in the previous lines, we can claim that
1 k 1 2
— > 2 EUnfufwfiw)=—7 > EN((£f;)°) +O(ke!=0™),
n‘k = —~ n‘k “—
i#] /’l,/’l =1 i#]
A li=jI=mn

where E* denote expectation under independence of f; and f;. By taking =, = n® for
some a > 0 small enough, the second term in the right-hand side is o(1). Note that the
number N of connected pairs (i, j) satisfies

nn—2m,) <N< n®.

Also,
* 2 * *

E*(fif})” =E"(fifififi) = wace(E*[f;fififi]) = .

It follows that ﬁ Z#W_”ZW" E*((fl.’fj)z) =1+ o0(1) and as a result,
1 ;2
e 2 ELUif) =1+,
i#]

This completes the proof. O
Proor oF THEOREM 5.1. As previously, we assume, without loss of generality, that I}, =

Ij.. Again, let f; := fi(x;) and set z; := maxj<j<p ||f,||/«/E and Zjj = MaX]<jtj<n |fl/f]|/\/E
Let M > 0. Then we have

U,=U,1 + Unl (8.3)

{(z,-fMlogB n)ﬂ(z,-ijlogB n)} {(z,->Mlogﬁ n)u(z,:,->MlogB n)}*

For the second term in this expression, we have
E[' Unl 1{z,->M log? nUzij>Mlogﬁ n}] = E[' Unl 1{z,->M log? n}] + E[l Unl l{zij>Mlog/3 n}]'

By the Cauchy-Schwarz and the Markov inequalities,

1
\/Mloan

Thus, by Proposition S.2 and Assumption-cLT 3, there exists a constant ¢ > 0 such that

E(1Ul1 .- pr10g8 ] < (E(U3) Pr(zi > MlogP n))'/* < (E(U3)E)) .

C
SlipE[lU”' 1{2,->M10g3 n}] = ﬁ

The same claim can be made about sup,, E[|Up|1, ] and it then follows that

zi]->M10gB n}

=0.

A}i_l;noo Sl:’lpE[' U”' 1{(2,->Mlogﬁ n)U(z,:leogB n)}]
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Hence, Up1(, log? m)U(z5>M logf nyy €30 be made stochastically small by taking M large
and we can only focus on the first term in (S.3). We shall therefore consider throughout
that
/ .

max ﬁ <M and max M <M (S.4)

1=izn klogPn 1=i#j<n /klogP n
for a fixed constant M > 0.

Next, we show that the moments of U,,/+/2 converge to those of the standard normal

distribution. Let r € N. We have

2r+1

I ]‘ . /
Ur21 = W Z 1_[ fisfjs

71y lrg Li2rp1=1 5=1
ig#ja,a=1,...,2r+1

1 n k 2r+1
= \/E 2r+1 Z Z 1_[ fimhsfjs;hs‘ (85)
(nvVk) i1 iz Ld2r1=1 A1,y oy B2pp1 =1 5=1

ia#tja,a=1,..,2r+1

To derive this moment, we shall rely, following Kim, Luo, and Kim (2011), on some no-
tions from graph theory. To make the discussion self-contained, we introduce some of
these notions below. More details may be found in Kim, Luo, and Kim (2011). Each term
in the right-hand side of (S.5) can be associated with an undirected graph with vertices
i1, J1, I2, j2, - - -, i2r41, Jor+1. Let m,(< 1) be an increasing sequence of n. We say that a;, a»
in the graph {i1, j1, i2, j2, - .., i2r41, j2r+1} are connected if |a; — az| < 7, or there exist
{b1, ..., bi} Clir, ju1, 82, jo, -+, i2r41, jors+1}, such that

lar — b1l <y, b1 — b2| < 7y, ..., |bj—1 — byl < 7, |by — a2| < 7y,

Note that in a graph, many i; and/or j; may take the same value. A component of the
graph is a subset 7 of {i1, j1, i2, jo, ..., i2r+1, jor+1} such that every vertex in Z is con-
nected to at least another one. A graph can be partitioned into m components: 7, ...,
T,». We may assume, without loss of generality, that the components are arranged in the
increasing order of vertices so that, for u < v,

i<j forallieZ,andjeZ,.

The distance between two successive components Z,, and Z,,+ is defined as

dy:=dZy, T = inf | —1).

u (Zu, Zu+1) ieTu €T (j )
Note that d,, > m, for any u. For given m components 73, ..., Z,, let d(,) denote the uth
smallest distance amongdj, ..., d,;,—1. The size of a component is the number of vertices

(accounting for multiplicity) it contains.
Suppose that the graph G = {i1, j1, i2, jo, ..., i2r+1, j2r+1} cOmMprises m components.
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Since ||f;]|/v/k logP n < M for all i, we also have |f; ,|/~klogP n < M forall i and h =
., k. We can then apply Lemma S.1 with p; =--- = p; = co and claim that

2r+1
E( 1_[ fis,hsfjs,hs> HE(
s=1

We shall use the type of decomposition above routinely throughout our subsequent
derivations.
Let G,,, be the set of graphs having exactly m components. We have

ar42 2r41
s =25y w(fa)

m=1i1,j1,.sizr4 10j2r+1€9m
tayé]a,a=l,...,2r+l

4r+2 n 2r+1
(n[)2r+1 Z Z Z E(H fis,hsfjs,hs)- (S.6)

m=1i1,j1,igp 4 Lior41€9m 1,y horyp1=1 s=1
ta;é]a,azl,...,Zr—i-l

l_[ fts,hs l_[ fjs, s>+0 d(1)k2r+llogﬁ(4r+1) )

s:ige€ly s:js€Ly

(a) Consider a graph with m > 2r 4+ 2 components. Then there exists at least one
component, Zy, = {ip}, with size 1 and

s:iseIgo s:jseIgo

Thus, for such graphs,

2r+1
E( 1_[ fi; hyfjs' h;) — 0(pd(1)k2r+l logB(4r+2) n) — O(pﬂ',, k2r+1 lOgB(4r+2) n)
s=1

Clearly, the total number of graphs with at least 2r + 2 components is less than or equal
to (n(n — 1))#*! the total number of graphs in the expansion in (S.6). As a result,

1 4r+2 n 2r+1

m=2r+2iy,j1,- 12r+1 Jor41€9m h1, .., horp1=1 s=1
’a#}a; 1,..,2r+1

— O(n2r+1k3(r+l/2)p77n IOg B(4r+2) I’L) — 0(1),

where the final order of magnitude is obtained by setting m,, = n® for some a € (0, 1).
(b) Consider graphs with m < 2r components. Recalling (S.4), we have

b or i),
is js S m»
(nf)2r+1m Liyi ‘2r+1 12r+1€9m s=1 (n\/E)ZH_l

la?é]a; . 2r+1

where N, is the number of graphs with exactly m components and cy,,, is a constant
depending only on M and r. We next find an upper bound for N,,. Define the degree of
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a component as the number of different vertices it contains and let §, denote the degree
of the component Z, for £ =1, ..., m. Let N, (61, ..., 6,,) be the number of graphs with
m components with §,’s being the respective components. Recall that m <> 7" | §, <
4r + 2. Hence,

Npu(d1,...,8m) = nﬂ',fl*lnﬂ'gz*l e nTr,‘z”’*l = nmwgﬁ”*&”’*m < nmﬂ'ﬁHZ*m.

Thus,
Ny < (4r + 2)" ™ qrir+2-m,

For 1 < m < 2r, we have

N < (4r 4+ 2)2 0 e+l = O(nzrrrﬁ”rl) and
2r
> Ny <2r(4r +2)n¥ my = O(n® my ).

m=1

Taking 7, = nTErl_E for some € € (0, ﬁ) ensures that 4, = o(1).

(c) We are left with the graphs with m = 2r + 1 components. Note that if there is one
component of such graphs that has more than two vertices (accounting for multiplici-
ties), then there is at least one component with exactly one vertex. Similar to part (a) of
the proof, the contribution of such graphs to the moment in (S.6) is negligible. We are left
with the case where each component has exactly 2 vertices. Again, if any of these compo-
nents, say 7y, has size 2, then by the martingale difference assumption, E(f; 5 fj ) =0
fori#jeZy,and h, W' =1, ..., k. Graphs containing such components also have negli-
gible contribution. There only remain graphs with components each having two equal
vertices. Let G}, | be the set of all graphs with 2r + 1 components, each of size 1. Note
that each graph in G, ; contains 2r + 1 different vertices, each featuring exactly twice.
We can check along the same lines as in (a) that

1 2r+1
A x (T
(k)21 Bk

1150120410 J2r+1€99, 4 1 s=1
ig#ja,a=1,...,2r+1

2r+1

1 . /
NG 2 E (H fisfj.g) +o(1),

1010 i2r+ 10027 +1€90, 41 s=1
ig#ja,a=1,...,2r+1
where E* is the expectation under pairwise independence of (2r + 1) distinct f,’s ap-
pearing in the expectation.

Take E := ﬂfﬁllf;sfjs with i1, j1, ..., f2r41, jor+1 € Gy, Since each f; (or f;) ap-
pears exactly twice in the product, it either appears in a square inner product: (] fi)?
and nowhere else, or it appears in two different inner products: ( fi/s fid(ff, i) (with
is = iy) and nowhere else. Because we are in the presence of odd number (2r + 1) of
inner product terms in E, there is at least one 5, such that f; appears in two different
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inner products, that is, factors such as ( fl.’s ) fis,) and ( f{s2 fis,) with is; = iy, and js, # Js,
appearin E.
Let

(]Clyl f]sl ) (fl f]sz ) (ft f]su )

be a product of factors from E featuring pairwise different inner products but with each
vertex appearing exactly twice. Clearly, u > 3. From the discussion above, such a product
can be found for any graphin g, ;.

Now, consider E*([T2-! / fi,)- By (8.4), we have

52 Su

2r+1
E*(n ﬂsﬁx>5cM,,(«/Eloan)2"“ B 50) - Ui fi) (Ul i)

s=1

< e (VElogf m)" B ((f], £i,)) - (f1, Fiy) -+ (F1, F3,))
=cm,(ViklogP n)zr_zk,

where ¢y, is a constant depending only on M and r. Since the number of graphs in
G118 less than n?+1 (a graph in G}, 41 corresponds in particular to a subset of 2r + 1
elements from a set of n elements), we have

L > Zﬁlff 1) < conr(VRlogh n) k!
(nVIZH o )T (nV/Iy2r

1150150124 10020 41€G0, 4 1
iatjaa=1,..,2r+1

_ aurlogP® P p

Vi

Parts (a), (b), and (c) allow us to conclude that E(U2+1) = o(1).
(d) Let us now obtain the limit of E(U,,/ V/2)? . Similar to (S.6), we can claim that

E((Un/v2)?) = PR Z > (1‘[ f,s> (S.7)

m=11iy,j1,...ippj2,€Gm
la;é]a,a— w21

=o(1).

Here, we shall distinguish the cases: m > 2r + 1, m < 2r — 1, and m = 2r. Similar to the
arguments in (a) and (b) above, we can claim that those graphs have negligible contri-
bution to E((U,/+/2)%"). The discussion in (c) is also valid here and only graphs in G,
can contribute to this expectation. Also, graphs with vertices of equal value appearing in
different inner products do not contribute significantly. We are left with graphs featuring
only square of inner products. Such graphs exist since the number of inner product in
each term of the summation in (S.7) is even (2r). We can write

2ry 1 * ’ s 2
IE((Un/‘/i) )= (/22" Z E (H(fzsfls) >+0(1)'

i1, 100 ir ir€Gh, s=1

lqFja,a=1,..,r
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(In this expression, we represent graphs in G, that determine [];_ ( f{s fi)?byi, i, ...,
ir, jr without the need to repeat each vertex.) Recall that U, = (2/n) ) _;_ i fifi/ Vk) so
that

E<ﬂ>2r=22r 1 S w([]05)) + o, 5.8)
V2 (nv/2k)?" i Js

i1,J1,- lr,jregér s=1
ia<ja,a=1,...,r

We have

(1_[ f/s> HE* 117 1_[ (FL1 13 fi) = [ [ traceE*(fi f;) = &'
s=1 s=1

The number of times that a specific term [;_; ( 0 fi,)? appears in the expansion of
E(U,/+/2)? is given by the multinomial formula as (2r)!/2". We are left to determine
the cardinality number of graphs in G, such that i; < j; fors =1, ..., r. That is the car-
dinality of the set

={G1, 1), G jr)} CAR:Ys, s’ =1, ..., 1, |as — ag| > m, with a, = i, or j, },

with A, :={(i,j):i<j, and i, j=1,..., n}
Define

= {{(llljl)r sy (ir) ]r)} CAH}I

and

={{GL ) UG )} C A 3s, s €41, ..., 1) s |ag — ag| < 4}
We have S = S, \ S2 so that Card(S) = Card(S,) — Card(S2). Note that

nn—1)
| — _ln(n—l) n(n—l)_ n(n—l)_
Card(S$;) = ( 3 ) =3 5 ( > 1) <42 r+ 1)

and
2r—1 21 ) .
Card(S») < Z ( j ) mn? =l = o(nzr),
j=1

where in this summation j represents the number of increments smaller than 7, as we
sort the 2r vertices is’s and j,’s in increasing order. Hence,

2r

Card(S) = n'zr

(140(D).

The result follows by noting that (S.8) can be rewritten as

2r 2r
]E(ﬂ> _ o2 1 n (2r) (2r) + ). .

1
V2 (n\/_)?-’r'Zr( rom R =
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ADDITIONAL SIMULATION EVIDENCE

This additional set of simulations is based on the following design. Let the sample
{(y, x¢) :t=1,..., T} be such that y; ~ iid(6y, 1) and yt2 is unrelated to x; in the sense
that E((y; — 6p)? |x;) = 1 while the relation between y; and x; is left unrestricted. We can
verify that the conditional moment restriction

E((y — 0)% — 1|x;) =0

point identifies 6. Letting /4(x;) be any suitable function of x,, the Jacobian of 6 >
E(h(x,) - ((y — 6)*> — 1)) at 6y is given by

—2E(h(x¢) - (y: — 60)) = -

If x; is independent of y;, u;, = 0 for any choice of /# and we have first-order local identi-
fication failure. Otherwise, u, may be nonzero for some % and the model in this case is
first-order locally identified.

For the purpose of illustrating the properties of our test in the presence of first-order
local identification failure, we specialize the data generating process further. We assume
that y; ~ iidN(0, 1) and x; ~ iidN (0, 1) for t =1, ..., n, with y being independent of x.
The moment condition tested is

Ho : Pr{E(u;(0)|x;) =0} =1,

where u,(0) = (y; — 6)?> — 1. The null Hy is correct and identifies the true value 6y = 0 of
the parameter 6. This design is characterized with first-order local identification failure
even though global identification is ensured. Local identification is obtained at second
order according to Assumption 2(iii). Here, k¢ = 1 since with the instrument z,; =1, we
have E(Vgg(z;,1ui(60))) = =2 #0.

We present results for three specification tests: the traditional J test, the conditional
moment restriction test by Smith (2007) and Tripathi and Kitamura (2003), denoted by
S-TK, and the test Z based on the N (0, 1) asymptotic approximation. The J test is per-
formed on the unconditional moment conditions E(z;u;(60)) = 0 with z; = (1, x?)/ . We
present results for the J test under the standard chi-squared asymptotics with k, — p (in
this case, one) degrees-of-freedom, the conservative chi-squared asymptotics with &,
(in this case, two) degrees-of-freedom, as well as the mixture of chi-squared distribution
%Xz(l) + %XZ(Z) proposed in Dovonon and Renault (2013).

As argued above, the Jacobian in this example is zero. Lee and Liao (2018) propose
to add this as a moment condition, that is, E(z;e;(6)) = 0 with ¢,(68) = y; — 6, which will
restore the first-order local identification and standard inference. For the chosen instru-
ments z; = (1, x?)/ , we use this augmented set of four moment conditions to obtain the
two-step GMM estimator and compare the resulting test for overidentifying restrictions
against the x?(3) critical values. This method is denoted by “augmented” J test.

The conditional moment restriction tests, S-TK and Z, involve a choice of tuning
parameters. The tuning parameters for the S-TK test are the biweight kernel k(x) =

%(1 - x2)21{|x|§1} for a kernel function, K** = %:;gg:;g?, kernel bandwidth b, = n=1/4,
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TaBLE S.1. Empirical rejection rates of specification tests under the null (size).

J Test
X2 X2 (2) Mixture Augmented S-TK Test 7 Test
n 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
100 10.5 4.3 2.4 0.9 4.4 1.5 18.4 11.7 2.9 1.5 8.3 4.5
200 11.0 5.0 3.3 1.2 5.1 2.1 15.6 9.8 3.4 1.9 8.8 4.9

500 13.1 6.4 3.9 1.8 6.6 2.9 13.1 7.4 4.4 2.1 8.1 4.0
1000 13.6 6.9 4.2 1.9 7.1 3.1 12.5 7.0 6.0 2.8 9.1 4.5

Note: The table presents the empirical size of the tests at 5% and 10% nominal level. ‘Mixture” stands for % Xz(l] 4 % )(2(2)
and “augmented” denotes the method by Lee and Liao (2018) that uses critical values from a XZ(S) distribution. The J test
ur(0)
er(0) A
zr=(1, x%)’ , S-TK test is the conditional moment restriction test by Smith (2007) and Tripathi and Kitamura (2003), and Z test
is the conditional moment restriction test proposed in this paper. The results are based on 10,000 Monte Carlo replications.

is performed on the unconditional moment conditions E(z;u(6)) = 0 or ]E(zr( )) = 0 (for the “augmented” method) with

and trimming function 1y <s,; with S, = 1.96. The test is computed for the contin-
uously updated GMM. For our 7 test, the tuning parameters are ¥(-) : R — [—, 7],
x +— 2arctan(x), series of bounded functions g;(-) : [—m, ] = [—1, +1], x > cos(/x) for
I=1,...k, and k = 51!/ (see footnote 10 in the paper for further discussion on the
choice of k).3

The results for the empirical size of the tests at 5% and 10% nominal level are re-
ported in Table S.1 as the sample size n increases. The three standard J tests behave as
expected: the y?(1) approximation is leading to overrejections, the y?(2) approximation
is being conservative, and the mixture of chi-squares is approaching the nominal level
as the sample size increases. The augmentation method by Lee and Liao (2018) results
in overrejections in small samples as the empirical size is converging to the nominal
level with the sample size. The S-TK test tends to be undersized although its properties
appear to improve in large samples. The Z test controls size for all sample sizes with
empirical rejections close to the nominal level.

To visualize the quality of the N (0, 1) approximation for the Z test in this setting,
the left panel of Figure S.1 plots the kernel density obtained from 10,000 replications
and n = 10,000 against the N(0, 1) density. The simulated density appears to be very
close to the limiting distribution. The middle plot in Figure S.1 presents the simulated
kernel density for the GMM estimator of 6 while the right plot provides the histogram
for the squared GMM estimator of 0. The histogram for the squared GMM estimator
nicely illustrates the half probability mass at zero suggested by theory (Theorem 4.2).
In addition, the simulated kernel density for 6 reveals some features in the shape of the
distribution that are not immediately evident in the histogram for 6.

3In Iess structured problems, the modern machine learning literature provides a wider and more flexible
choice set of basis functions. By contrast, our setup has much more structure and the use of a preselected
set of basis functions seems appropriate. The inclusion of an increasing n'/® number of basis functions,
selected (in a deterministic fashion) from a predetermined set, yields a test that is asymptotically correct
and consistent. It is possible to optimize some properties of the test by relying on the advances in machine
learning in choosing a more suitable set of basis functions but this is beyond the scope of the paper.



20 Dovonon and Gospodinov Supplementary Material

F1GURE S.1. Theleft graph presents the Monte Carlo kernel density and the limit N (0, 1) density
for the specification test. The middle and right graphs plot the Monte Carlo kernel density and
histogram for the GMM estimator and the squared GMM estimator, respectively. The sample size
is n =10,000 and the number of Monte Carlo replications is 10,000.

BOUNDS OF EIGENVALUES FOR COSINE WEIGHT FUNCTION

Let g (x) = (cos(2IV¥(x)))/=1,... x, where ¥(x) = arctan(x), be the vector of instruments
used for inference based on the moment condition model

E(u(ys, 60)|x/) =0 a.s.
Vi = E(u(yr, 00)2¢™ (x1) g™ (x)).

Let o%(x) be the conditional expectation of u(y, 8g)? given x and p(x) be the common
density function of x; with respect to the Lebesgue measure. We show the following re-
sult.

ProprosiITION S.3. (@) Ifa-z(x)p(x) is bounded away from 0, that is, there exists 61 > 0
such that inf g 0% (x) p(x) > 81, then

. o1
fAmin(Vx) > — > 0.
15{1 min(Vk) = 2 >

(b) If o?(x)(1 + x?) p(x) is bounded from above, that is, there exists 8, > 0 such that
supeg 07 (¥) (1 +x%) p(x) < 82, then

1)
Sup Amax(Vx) < 2777- < 00.
k

The condition in part (a) is stated by de Jong and Bierens ((1994), Example 1, p.75) in
establishing that the eigenvalues of I, are bounded away from 0 for a specific choice of
weight function g(k) (x). This condition holds if p(x) > 0 and, as x grows, p(x) does not
vanish faster than 1/02(x). It is worth mentioning that this condition may be restrictive
as it excludes, for instance, the case where p(x) is the standard normal density function
and o2(x) is linear. However, it has to be understood that this is a sufficient but not a
necessary condition for the eigenvalues to be bounded away from 0. We investigate by
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simulation that the boundedness of eigenvalues claimed by this proposition holds in the
case of normal distribution and Student distribution with one degree-of-freedom.

The condition in part (b) is less restrictive. It holds, for instance, if o%(x) and p(x)
are continuous and x has a bounded support. It also holds if x is Gaussian (or more
generally, p(x) is continuous and p(x)e~%* — 0 as x — oo for some a > 0) and o (x) is
bounded by a polynomial function of x. The proof of Proposition S.3 is provided below.

PROOE. (a) Let ¢ € R¥ such that ¢/c = 1. We have

k
Vie= Y ciciB(uy, 60)%8! (x)g! (x))
ij=1
k
= Z c,-chE(crz(xt)cos(2iarctan(xt)) cos(2j arctan(x,)))
ij=1
k

= / a?(x) Z cicjcos(2iarctan(x)) cos(2jarctan(x)) p(x) dx
i j=1

B 2
:/az(x)p(x)(chos(Zjarctan(x))) dx

j=1
k

2
/2
> 81/ (chos(ij)) (1 +tan2(x)) dx

—r/2 =1

w2 [k 2
281/ (chos(ij)) dx

— i1

k /2
cl-2 cos?(2ix) dx + &, Z c,-c]-/ cos(2ix) cos(2jx) dx.
P Lj=lizj U2

We obtain

2

w/2 171
/ cos?(2ix) dx = = |:—, sin(4ix) + x:|
—7/2 2| 4i

S

and, using integration by parts, we have, for i # j,

s

/2 .
/77/2 cos(2ix) cos(2jx)dx = 2(i1—j) [sin(Zix) cos(2jx) — % sin(2(i —i—j)x)} 2 0.

_Tr
2

Thus, ¢'Vjc > 517”.
(b) We have

X 2
c/ch=/az(x)p(x)(chcos(Zjarctan(x))) dx

j=1
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Ficure S.2. Simulated smallest and largest eigenvalues and their ratios for x ~ NID(0, 1).
The top row is for k = n'/3 (n = 8,64,..., and 1,000,000) and the bottom row is for
k=n'5(n=32,243, ..., and 28,629, 151).

k

—/2

2
w2
= / (Z ¢ cos(2jx)> a? (tan(x))(1 + tanz(x))p(tan(x)) dx

j=1
k

w2
=< 62/ (Z cjcos(2jx)

/2 =1

w

? o
)dx:2

2 0

As mentioned above, deriving analytically a meaningful lower bound for the eigen-
values of 1/, when x has a certain type of distribution is difficult. Instead, we proceed by
simulations to obtain those bounds when x follows a standard normal distribution and
a t distribution with one degree-of-freedom.

We plot the simulated the smallest (A,;,) and largest eigenvalue (Amax) of E[ g(k )(x) x
g(k),(x)] along with their ratio. Note that, under homoskedasticity (%(x) = constant),
boundedness of V;—both away from 0 and from above—is equivalent to that of
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Ficure S.3. Simulated smallest and largest eigenvalues and their ratios for x ~ ¢(1). The top row
isfor k =n'/3(n=8, 64, ..., and 1,000,000) and the bottom row is for k = nl/® (n = 32,243, ...,
and 28,629, 151).

E[g®) (x)g® (x)]. We consider g}k) (x) =cos(4jarctan(x)), j=1, ..., k, with two choices
of k: k = n'/3 and k = n'/5. For k = n'/3, we consider k = 2,4, ..., and 100, that is,
n=8,64,..., and 1,000,000. For k = n!/>, we consider k = 2,3, ..., and 31, that is,
n=232,243, ..., and 28,629, 151. For each simulated sample, we calculate the eigenval-
ues of the sample mean of g'¥) (x)g®)' (x), and for each sample size, simulated smallest
and largest eigenvalues are obtained as an average of the smallest and largest eigenval-
ues over R replications. For k = n!/3, R = 1000 for k < 40, and R = 200 for k > 40. For
k =n!/®, R=1000 for k <17, and R = 200 for k > 17.

Figures S.2 and S.3 plot Ayin and Amax and the ratio: Amax/Amin. Specifically, in Figure
S.2, x ~ NID(0, 1) with k = n'/3 (top) and k = n'/5 (bottom). In Figure S.3, x ~ ¢(1) with
k =n'/3 (top) and k = n'/> (bottom). These figures, along with the theoretical results in
Proposition S.3, provide support for our assumption that the eigenvalues are bounded
away from 0 and are bounded from above. In addition, as the sample size grows, the
eigenvalues seem very stable and they appear to converge to fixed values.
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