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In this Supplementary Material, we provide the following additional results:
SA: Choice for the parametrization
SB: Technical details for the main proofs
SC: Some technical tools

Keyworps. Weak identification, semiparametric inference, hypothesis testing,
impulse responses, independent component analysis.
JEL crLAssIFICcATION. C32, C39, C51.

APPENDIX SA: PARAMETRIZATION OF THE SEMIPARAMETRIC SVAR MODEL

Under the main assumptions of the paper (i.e., Assumptions 1 and 2), the parameters
of the SVAR are generally not locally identified. Even under the additional assumption
that the errors €, follow non-Gaussian distributions, we have that 4(«, o) can only be
identified up to permutation and sign changes of its rows (e.g., Comon (1994)).

Therefore, to ensure that we study economically interesting permutations we typi-
cally need to impose additional identifying restrictions, such as zero or sign restrictions.
The choice for such restrictions interacts with the chosen parametrization for A(«, o)
for which we give a few examples.

ExamPLE S1 (Supply and demand). Following Baumeister and Hamilton (2015), when
the SVAR defines a demand and a supply equation, we can set

d -1
-1 Y 1 o1 0
A (“"’)‘(_as 1) (0 UZ>, (S1)
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where a = (o, o*)’ are the short run demand and supply elasticities, and o = (o1, 02)’
scales the structural shocks. With independent non-Gaussian errors, A is identified up
to permutation and sign changes of its rows. To pin down an economically interesting
rotation, we can impose the sign restrictions a? <0, a* >0, and oy, oo > 0.

ExamPLE S2 (Rotation matrix). A canonical choice sets
A N, o) =312 (0)R(a), (S2)

where 31/2(¢) is a lower triangular matrix (with positive diagonal elements) defined by
the vector o and R(«) is a rotation matrix that is parametrized by the vector «. Different
parametrizations for the rotation matrix are possible; see Magnus, Pijls, and Sentana
(2021) for a detailed discussion. Similar to in Example S1, even with independent non-
Gaussian errors R(«) is not uniquely identified and additional zero-, sign-, or long-run-
restrictions are needed to pin down the desired rotation.

As the above examples make clear, several commonly used parametrizations can be
adopted. Three general comments apply.

First, pinning down a specific permutation, as in the first example, is necessary for
the economic interpretation of the results, but it is not necessary for the score testing
methodology of the paper, which fixes « under the null.

Second, the robust non-Gaussian approach of this paper can be combined with any
of the existing SVAR identification approaches to obtain an economically interesting
specification. Besides zero and sign restrictions, one can also think of combining with
external instruments or more general prior information as in Baumeister and Hamilton
(2015) or Braun (2021).

Third, often multiple parametrizations are possible. We recommend jointly testing
the possibly weakly identified parameters when they are of direct economic interest
(e.g., Example 1). In contrast, when the interest is in more general functions, such as
impulse responses or forecast error variances, we suggest to parameterize 4 such that
«a is as low-dimensional as possible, for example, via the rotation matrix specification as
in Example 2. In this way, the Bonferroni procedure of Algorithm 2 can be executed over
the smallest possible grid for «, which reduces the computational burden.

APPENDIX SB: TECHNICAL DETAILS FOR THE MAIN PROOEFS

Here, we establish some technical details utilized in the proofs in Section A of the main
text.
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SB.1 Markov structure

Define Z, := (Y{, Y, _,, ..., YILPH)’, Co:=(cy, 0,...,07,

[Boy Bgo -+ Bgp-1 Bap| (4,1

1 0 0 0 0

Bp=| 0 I - 0 0 |  pp=]| O
L0 o0 I 0 | 0 |

and note that we can write
Z;=Cq+BgZ;_1 + Dge;. (S3)

This can be rewritten in demeaned form as
Z = BHZI—I + Dye; (54)
with Z; = Z; — my, formy .= (Zloio By)Cog=( — Bg)_lcg.

LeMmMA S1. Suppose that Assumption 1 holds. Define Uy ; as the (unique, strictly) station-
ary solution to (S3). Then Uy, has the representation

00 o0
Ug=mg+ ZBJGDOGt—j) mg:= I — BG)_lcO’ Z” BJG ” <00,
j=0 Jj=0

If pg is the largest absolute eigenvalue of the companion matrix By and v > 0 is such that
po+v <1, then

E || Dge|P
E||Ug,; — mgllP <

_m; pell, 4+ 9]

Prookr. Rewriting (S3) as (54) and applying Theorem 11.3.1 in Brockwell and Davis
(1991) yields the first part. For the second part,

oo o0 o0
1Us,c —moll <Y _||By||IDae;—jll <> IBoll/ [Doer—jll < D (po+¥) IDoerjlI.
Jj=0 j=0 j=0

Since E [[Dge,—;||P =E||Dge||P < oo forallt e N, all j > 0and p € [1, 4 + 8], it follows that

E [IDge|I?

oo
ENUg ; — mpl|lP < +v)PE|Dge;_j|IP = —————.
1Usc=msll? <3 (po+ )P EIDserjIP = T— =20 -

j=0
LEMMA S2. Let Qn ¢ be the probability measure corresponding to qn,¢ := %Z?:l q0,t
where qg,; is the density of X; under Pj (1 <t < n).S! Then Ono ELS Qgy, where Qg is the

distribution of the (unique, strictly) stationary solution to (1).

S1Here, and throughout the Supplementary Material, any reference to the density of X, is to be under-
stood as to the density of the nondeterministic parts of X;.
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Proor. By Lemma S1, (54) has a (unique, strictly) stationary solution with finite second
moments. Applying Theorem 2 in Saikkonen (2007) gives that the Markov chain (Z,)is V-
geometrically ergodic with V(x) = 1+ ||x||?. That is, for an invariant probability measure
g, Some r € (1, o0) and some R < oo,

D Py ) = dg|y < Y| PR, 2) — 7ol < RV(Z) =R(IZI*+1) <00,  (S5)

n=1 n=1

where 15(’,’ (-, 2) is the n-step transition probability and Z is the initial condition.5? 7 is the
distribution of Uy ; — my as defined in Lemma S1 (Kallenberg (2021, Theorem 11.11)).
Let fy : RKP — RX be defined as

fo(x):= [IK OKXK(p—l)] (x + myp),

that is, the function which adds my to its argument and then returns the first K ele-
ments. The distribution of X; under Pf (given the initial condition z) is then Q’O*1 (,2)=
f’(’,’l (v2)ofy 1 thatis, the pushforward of Pg’l (+, Z) under fy. Henceforth, we shall omit
the z in the notation. Similarly, let Qg = 7g o f; 1 that is, the pushforward of 7y under
f. That Qy is the distribution of the (unique, strictly) stationary solution to (1) can be
seen by noting that the first K elements of Uy, form a (strictly) stationary time series
and satisfy the defining equation (1); by Theorem 11.3.1 in Brockwell and Davis (1991) it
is therefore the unique solution. Then by (S5),

1< 1<
;ZQ?)—QO S;Z”QZB—QO”TV
=1 v =1

131 -
< LI Tl

L
< =3I BG = oy + o))

=1

— 0. U

SB.2 Moment bounds

LeEMMA S3. Suppose that Assumption 1 holds. Then for any sequence 6, = (v + gn/~/1, )
with g, — g € R, for some p > 0, under Py :

(i) sup,enElll€s, I7P] < oo;
(ii) sup,cnElll€g, 27P] < co.

$2The norm ||v|ly is defined by ||v|lv := sup vl J f dv| where the supremum is taken over all measurable
functions dominated by V for any probability measure v.
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Prootr. Since the deterministic terms in égn and Zgn are either constants or continuous
functions of y (by Assumption 1(iii)), they are uniformly bounded, since {y +g,/~/n:n €
N} U {v} is compact. It is therefore sufficient to show that under P”n, each of

sup  E[|A0)rVon | ), sup  E[| b (ABn)kaVon )| 0],
neN,1<t<n neN,1<t<n

sup  E[[1.X]*+?],

neN,1<t<n

is finite. Since under Pgn, each A(6,)keVs,,: ~ Mk, finiteness of the first two follow directly
from Assumption 1(ii) For the third, recurse equation (S3) backwards under 6 = 6,, to
obtain

-1 -1

Z/=) B) Cy,+» B, Dg,ej+Bj Z.

j=0 j=0
Each of By, Cy, Dy (depend on 6 only through y and) are continuous functions of v,
hence

0:=sup|By,ll2 <1, sup [|ICq,ll2 < C1, sup [|Dg, ll2 < C2,
neN neN neN

where the first is due to Assumption 1(i). Since we condition on Zy, by Assumption 1(ii),

445 1\ C: \"*? 445 445

EIZA* s\ +— +|— Ele1]™™ + | ZolI""" < oo. (56)
1-p9 1-p9

As the bound on the right-hand side is independent of ¢ or n, the claim follows. O

LemMmA S4. Let W, ; be as in the Proof of Proposition 3 and suppose the conditions of that

Proposition hold. Then Pj[|/nW,, t|2+P] is uniformly bounded for some p > 0. In conse-
quence, under P, W, ; satisfies

n
nli)rr;oZE[Wn%tl{|\/ﬁWn,t| > ey/n}]=0, foranye>0. (S7)
t=1

Proor. Uniform boundedness of Pg[|\/ﬁWn,t|2+P] implies

n—0o0

n
. 2+p _
lim E W,:"=0,
=1

which in turns implies (S7) (cf. Billingsley (1995, p. 362)). For the uniform boundedness,
as

K
23nWo i =g'lo(Y, X0) + Y hie(Arele, )Vi,0),
k=1

and the & are bounded, it suffices to note that by Lemma S3 E[(g’ég(Xt, Y)2tr1<C
under Py for some p > 0. O
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SB.3 Log-likelihood ratios

Lemma S5 (DQM). Suppose that Assumption 1 holds. Then with W,,; and U,, ; defined as
in the proof of Proposition 3,

n
nlgrgoE;(Wn,t ~Un)? =0,

where the expectation is taken under Py.

Proor. We argue similar to Lemma 7.6 in van der Vaart (1998). Let V, ; := Y; — BX; and
e(v) = (g mhi, ..., nghg) forv= (g, h) with g e RL, h e 7. Let

K
po(Ye, X0) = AO)] [ | nk (Aka(0)V5,0),
k=1

K

. hic(Ake (6 + u@())Vosup(w),i)
Y, X;) =gt Y, X))+ :
So,u(Ye, X¢) 1= 8 Lotupw) (Y, Xi) kz=:1 & e (Ara(0+ 19 () Voraorors)

n i uh;((Ak.(H + MQD(U))VGerp(v),t)[Dl,k,uV0+u<p(v),t + DZ,k,uXt]

—~ 1+ uhy(Age(0 + ue(0))Votuow),:)

)

with

L L

D1k, u =€) Zga,lDa,l(G +up(v)) + ¢ Zga,lDo,z(O + ug(v)),
=1 =1

Ly

D2, k,u = —Ake(0+ ue(v)) Y Dp1(6 + up(v)).
=1

By Assumption 1 and standard computations, the derivative of u — /Py uen) atu=u
is %Se,u /Po+ue(v) (€verywhere). Inspection reveals that this is continuous in u.
For gg,:, the density of X, under P and s¢ := s¢,0,

n n 2
1 1
E E (Wn,t—Un,t)2=; E /(\/ﬁ[,/—lzg —1]—550) Poqe, dA
=1 t=1

1 2
=/<«/ﬁ[\/l70n -/ pel — ?e«/ﬁ) dn,0dA,

with g, ¢ := % > qe,:- The integrand converges to zero as n — oo by the differentiabil-
ity of u — /Dotue(v) At U = 0.53 Let

109,14,/1:=/Sg,upeJru(p(v)Qn,ﬁd/\Z/SéudGO,u,m

S3Note that pg, = pg,(g,n) = Po+ow)/ -
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where Gy, , is the distribution of (Y;, X;) corresponding to the density pgiue)dn,0- By
Lemma S22, Gy .,/ s n KA Gy, defined by

Ge(A)1=/AP0d(/\(y)®Qe(x))-

2
0,uy//n
2.9 in Feinberg, Kasyanov, and Zgurovsky (2016), lim,_, oo I 0,un /S = f s(% dGy < o0, and

hence
1 1
‘/ Ieyu/\/ﬁ’ndu—\/. /sgngdu
0 0

By absolute continuity, Jensen’s inequality and the Fubini-Tonelli theorem,

For any (u,) C [0, 1], we have that s — s§ (pointwise). By Lemma S6 and Corollary

< sup — 0.

uel0,1]

Iﬂ,u/ﬁ,n - f 3(29 dGy

2 1 ! _
/(ﬁ[vpon —J/P0l) qn0dA < Zf/() (S6,u//iin/ Potug(yy i) dn,0 dudA

1
S/O\ Ie)u/ﬁyndu.
Combine these observations with Proposition 2.29 in van der Vaart (1998). O

LEMMA S6. Suppose that Assumption 1 holds. Let sg,, and Gy, ,,, be as in the proof of
Lemma S5. Then for any (un)nen C [0, 1], S'g, /i is asymptotically uniformly G, ) S
integrable and sy € L2(Gy).

Proor. That sp € L2(Gy) follows from the moment bounds in Assumption 1.2, the
boundedness of the /;, the form of ¢4 given in equations (7)—-(9) and Lemma S1 given
that Qg is the law of the stationary solution to (1).

For the uniform integrability, let &, := 6 + u,¢(v)//n — 0 and

s9,.1(Ye, X1):=g'¢y, (Y, X1),

K

hic(Axa(9)Vs,,.1)
Ye, X i= S ’
Sﬂn,Z( t t) 1; 1 + unhk(Ak.(l?n)Vﬂmt)/ﬁ

s (Ys, X;) := i u”hgc(Ak-(ﬂn)Vﬁn,t)[Dl,k,un/ﬁVﬁn,t + Dz,k,un/ﬁXt]/\/ﬁ
BT T 1+ tnhy (Aga(9:)Vi,,0) /7 '

It suffices to show that under Gy, / 7 , €ach sy, ; (i =1, 2, 3) has uniformly bounded
2 + p moments for some p > 0 for all sufficiently large n.

We start with sy, »: since each &, is bounded, for all large enough n, each numerator
is uniformly bounded above and each denominator is uniformly bounded below, away
from zero. Thus, there is a M such that |sy, 2(Y:, X;)| < M for all such n.

For sg,,3, by Assumption 1 part 3, each Dy, , 5 and Dy , , 5 are uniformly
bounded for all large enough #; the same is true of || A(%,)!| .. Using this, the fact that
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Vg, = A(9,) '€, and arguing similar to as in the preceding paragraph we have that for
some M and all large enough n, |ss, 3(Y;, X;)| < M{ll€ll + I|X;|l1. Thus, it is enough to
verify that

sup Gy, umalled*® < oo, sup G yumnll X2 <00, (S8)

n>N,1<t<n n>N,1<t<n

Under Gy .,/ n» the elements €, x are (independently across k) distributed according
to ny (1 + u,hy /+/n), so there are ¢, C < co such that

4+96

K =
4+6 2
Go,uy/ymnlledl™ < Gﬁ,un/ﬁ,n|:§ :et,k:|
k=1

K _
hi 446
<c E [(1+—)[|Xk| + ﬂk(xk)dxk] <C,
k=1 vn

where |/ (x)| < hy. By arguing analogously to as in in Lemma S3, one has (cf. (S6))

445 1 \* C \** 445 445
G, sanll ZeIIT0 S 1o + T—o Go,u, ymnl€r] ™+ 1 ZolI*™°,

which is uniformly bounded given the penultimate display.

Finally, consider sy, 1. It suffices to show that each component of é,gn has 4 + 6 mo-
ment bounded uniformly for all » > N.5% By Assumption 1.3, by increasing N if nec-
essary, supyr |¢), (9)| < M forall [, k, j and x € @, o and likewise supy .y | Ake(F) x
Dp,(3)|| < M.Recall that Vy, ; = A(9,) 'e,. Given (S8) and the observations in footnote

S4 to complete the proof, it suffices to note that (for ¢, = %) and some C < oo,

i
G,y i DiI*H0 < (1 + 7%) / ()| P dx < C. O

LEMMA S7. Let W, ; be as in the proof of Proposition 3 and suppose the conditions of that
Proposition hold. Let Gy be defined as in the proof of Lemma S5. Then, under Py,

2

n
ZWnZ,t - TZ

t=1

Iim E

n—oo

K 2
=0, with 2= Gg(g/éQ(Y, X)—}-th(Ak,(@)Vg)) .
k=1

$4The form each such component is that given in equations (7)—(9). Note here that each ¢ is (implicitly)
a function of 7y, and thus when evaluating equations (7)—(9) at 9,, the ¢ that appear are ¢y ,, ,, defined
as

d(log g (x) + log(1 + uhy (x)//n))
dx

uh //n
14+ uhg//n’

Since each /y, and h)_are bounded, increasing N if necessary, one has for n > N,

|¢k,un,n| < |¢k| +M.

=i+

d)k,u,n =



Supplementary Material Robust inference non-Gaussian SVAR 9

ProoF. Define

K
ro(X,) :=E[so(Yr, X)*|X(], oY, X):=g"lg(Y, X)+ D hi(Ara(0)V5),
k=1

where the conditional expectation is taken under Pj. Since conditional expectations
are Ly contractions, by Lemma S4, we have that P[|rg(X,)|'"?/?] < C < oo, and hence
(|ro(X)|'TP/?)en is uniformly Pj—integrable. Moreover, we have for .7, := o (ey, ..., €),

ro(X:) = E[so(Ys, X)?|X:] = E[s6(Ys, X)?|F1-1],

as is clear from the definition of s¢.5° Hence, (so(Y:, X:)% — ro(X:), Z;) is a martingale
difference squence and by Theorem 19.7 in Davidson (1994),

) n 1+p/2
lim B\~ [so(Yr, X0)® —ro(X0)]|  =0.

n— o0 n —
Now define ug(X;) = ro(X;) — E[rg(X,)], which satisfies P[|uqg(X))|'T*/?] < C < o0
and is evidently mean zero. By Theorem 3 in Saikkonen (2007), Z;, and hence ug(X;)
(e.g., Davidson (1994, Theorem 14.1)) has geometrically decaying 8-mixing coefficients.
Therefore, by Theorem 14.2 in Davidson (1994), (u¢(X/)/n)neN,1<t<n is an L1 -mixingale
array with respect to the filtration formed by F, ; := o (X1, ..., X;) relative to the se-
quence of positive constants

nt<cu, =max{1/n, (PgHug(Xt)/n|1+p/2])1/(1+p/2)} <n 'max{C, 1}.

By Theorem 19.11 in Davidson (1994),

1 n
= up(Yy, X1)

n
t=1

Iim E

n— oo

=0.

It remains to show that % Y Elre(X)] — 2. Since E[re(X;)] = E[so(Y:, X1)],
1 n 1 n
2 2 2
=G Y, X) ==Y Eso(Ys, X;)°=— Elre(X0) |,
7= Goon[s0(Y, X)°] = ;:1 so(Ye, X0)* = ;:1 [ro(X1)]

where Gy,o,, is as defined in the proof of Lemma S5. That E % Yo se(Ys, X)? < C fol-
lows from Lemma S4. Therefore, by Lemma S6, so(Y, X )2 is uniformly Gg,o,,—integrable
and also 2 < oco. Then, by Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky (2016) and
Lemma S22, 72 — 7. 0

LEMMA S8. In the setting of Proposition 4,

Dy h
0n(gn,h)
log n - Pgn(g h)(l)'
Po,g,m) ’

S5See, for example, Theorem 7.3.1 in Chow and Teicher (1997) for the (almost sure) equality of the con-
ditional expectations.
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Proor. Since by Proposition 3 and Example 6.5 in van der Vaart (1998) P}
suffices to show that the left-hand side is o P! (1). We first show that

.
9, (gh)<“>P0 it

n
P6,(g4,0)

log
Ph

2
L 1
:ﬁt_zlgee(YnXt)—E<ﬁ;gﬁg(Yt,Xt) +0P§L(1)’

n
Po,g,0)

2
1 K.
1 : Co(Yy, X, bo(Y, X)) +opi(1).
g fzg o(Ye, Xo) — <ﬁ;g oY, ,)> opr(1)

0

For these log-likelihood expansions, we may appeal to Lemma 1 in Swensen (1985).

The required Conditions (1.3)—(1.7) and (iii) of his Theorem 1 are all established in the

proof of Proposition 3 (take each 4, = 0). It remains to show condition (1.2) for each of
the cases in the above display. In particular, set

Wy i=——=g€o(Yy, X))

zf
and (cf. equations (37), (38))

Un,t =

)

(‘A(G”(g"’h) > ﬁ k(Ake (01 (8, 1)V, (0,11,1) 1/2_1
|4(0)] bl NROIZD, ’

where we note that A(0) = A(6,(0, h)) and Vy =V}, (0, ). We verify (1.2), that is, that
n
nlingoE[Z(W”’t - Un,t)2:| =0,
=1

under P#.%6 The argument now follows similar to that in Lemma S5. To simplify the no-
tation, let p, := p(,, ) and ¢, := £, ,) where n = (71, ..., nx) will remain fixed. By As-
sumption 1 and standard computations, the derivative of y >  /p, is %Zym (every-
where). Inspection reveals that this is continuous in .

Let vy, :=y + gu/~/n. For qy,;, the density of X; under Py,

n 1 L 2
EZ(Wn,t - Un,t)2 Zf( |: [— P _ ] - Eg fy) DPyq6,: dA
t=1

=/(ﬁwp—y,, r1——gey¢—> Gno A,

with g, ¢ := % Y"1 qe,:- The term inside the parentheses converges to zero as n — oo by
the differentiability of y > ,/p, and that (g, — g)'¢y./Py — 0 pointwise. Let

I@,u,n sz(g/éy+ugn)2py+ug,ﬁn,0 d)\Z/(g/éerug,,)z dGG,u,n;

S6This suffices as the second expansion is just the special case g, = g for each n € N.
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where Gy, is the distribution of (Y}, X;) corresponding to the density pyug,qn,6-

By Lemma S22, G,/ s n = Gy, defined as in the proof of Lemma S5. For any
(un) C [0, 1], we have that (g€, ./ z)? — (g'¢,)* (pointwise). Each component of
€y € L2(Gy) by Lemma S6 and, moreover, sup,,. y Ggyun/\/ﬁ’n||é,y+ungn/ﬁ”2+p < C for
some p > 0.57 Therefore, by Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky (2016),
limy, 00 14,4,/ i = [ (§€4)? Gy < 00, and hence

1 1
‘/0 Ia,u/ﬁ,ndu_/() /s%ngdu

By the continuous differentiability of ,/p,, Jensen’s inequality and the Fubini-Tonelli
theorem,

S sup e O

uel0,1]

Lo,u) g —/(8’év)2dGe

2 1 L 2_
/‘(\/ﬁ[\/ an - \/p_'y]) Qn,ﬁd/\ = Z //(; ((g Z'}"l’lxlgn/\/ﬁ)\/ p7+ugn/ﬁ) qn’edu da

1
S/(; Iayu/\/;hndu.

Combining these observations with Proposition 2.29 in van der Vaart (1998) verifies
(1.2), and hence the claimed log-likelihood expansions follow from Lemma 1 in Swensen
(1985).

To complete the proof, set

ak,n,t = Ako(en(gn» h))VG,,(g,,,h),ty Uk n,t = Ako(en(gy h))VGn(g,h),t,

and observe that

n

Py P Py
log 2 tntenh) —[log Oen0) _ 1o en(i,m}

Po,g,h) ] Py
A hyc Gk, n, 1) R (g n, 1)
= Z Zlog(l 4 —Tont] ) — log(l 4 et ),
P Vn vn

where the bracketed term is o pz (1) by the preceding argument. Hence, it suffices to show
that an arbitrary kth element of the outer sum on the right-hand side is also o pr(1). Let
g€ (0, 1) be fixed and define

E, = { max | hy (fg,n, )| /v/n < 8]’
1<i<n

F, = { max |hk(uk,n,t)|/«/ﬁ§ 8]~
1<i<n

S7This follows from (a) the continuity requirements in Assumption 1.3, (b) under G, un//i,n W€ have that
e}(A(H,,(ung,,, 0))_1V9n(ungn,0) =€, ~ ny and (c) SUP,s N, 1<t<n Gg,u”/ﬁ’nllX[“4+5 < 00, which can be shown
by an argument analogous to that which is established in the proof of Lemma S6.
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Since A is bounded, Pj(E, N F,) — 1. On this set, we may perform a two-term Taylor
expansion of log(1 + x) to obtain

log<1 N hk(”k,n,t)) 3 10g<1 n hk(”k,n,t))

Vn Vn
 liign,) = PacQugn,) 1 g Glign,)® = hic(ugn, )
N vn 2 n
hy (U, n t)) (hk(”kn t))
R(HHhntl) _ g 2 fent) )
wr(M n

where |R(x)| < |x|?. For the remainder terms, one has for any u;,

{1 ) L, 1
R< ﬁ )‘SIIE?;XH ﬁ n;hk(ul) Nﬁ’

since &y, is bounded. For the first term in Taylor expansion, note that the derivative (in 6,
o) of A(6, o) is bounded on a neighborhood of (6, o) (by Assumption 1). Combine this
with the boundedness of /) and the mean value theorem to conclude that

n

2

i=1

| Gt n,0) — hc i, )| S 2 1 gn — gll[ el + 12X 11]-
Using this, since /i is bounded,
|t G, n,0)? — P (e, )?] S 218 — gli[ el + 11X 1]

Therefore, using (S6) and Assumption 1.2,

n

2

i=1

oGt m,) = Pac Qi) 1 by G, )® = (g, )

Vn 2 n

n

1\1
<lgn— 1+—)—§ el + 11X ] =opn(1).
lIgn gll( NG ni=1[ll -+ 1Xcl] = opr (1) -

LEMMA S9. In the setting of Proposition 4,

n
pen(gnvhn) _

log (D).

n
n On(gn,h
pen(gnrh) n(gn,h)

ProoF. For notational ease, set
Uk n,t = ezA(On(gn; h))VG,,(g,z,h),t = e%A(On(gm hn))V(J,,(gn,hn),t-

One has that

pzn n,hn K -
log —Enln) D0 "10g(1 + hn (e, ) //n) —og(1 + hy (g, n,) /),
Po,gnny 21121
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hence it suffices to show that each

pn
On(gn,h)
/"

Lk =Y _10g(1+ hye n(ttge,,0)/~/n) —log(1 + h (e, n,1)/~/n) 0.

t=1

Let ¢ € (0, 1) be fixed and define
E, .= {lrilflfn|hk,n(uk,n,t)|/\/ﬁ = 8};
F, = {lrilfg(nwk(”k,n,t”/\/ﬁ = 8}-

Since / is bounded, Py  (en h)Fn — 1; P(9 (2n h)En — 1 follows from Lemma S11. Hence,
Pgn (2n EnNE, — 1. On E N F,, we can perform a two-term Taylor expansion of log(1 +
Xx) to obtain

log(1 + A, n (g, n,0)/ /1) —10g(1 + Ay (ug,n,c)/~/1)

~hnCun) L hn(ugn,)® hiugn) |1 g (ugn,)?

N vn 2 n - n 2 n

hien(in, )\ o ( P (Ui, n,e)
(M ) R,

where |R(x)| < |x|3. It follows that

n

1« 11
b= 7= ;hk,n(uk,n,a = hi (e n,) = 5 ;[hk,n(uk,n,t)z = hic(tien,1)°]

- hk n(Uk n,t)) (hk(uk n,t))
+ R| ——————— ) —-R| —=—=- .
Yr(* N

We will show that the remainder terms vanish. In particular, one has

= Rien (Ui n, 1) P, ey, ) || ke (e, m, 1)
§R< Jn )‘521 N E
h n(Uk rn)| 1
= M thn(uknt)

_1 t<n Jn

By Markov’s inequality with Lemmas S10 and S11, this converges to zero in Py )
probability. The same evidently holds for the case where /iy, , = hj for each n € N. Thus,

11
by ke = NG th n(tie,n, ) = P (thge ) = 5 ;[hk,n(”k,n,t)z — i (g ,0)°] topy L)
and it remains to show that ﬁ S0 i n (e, ny) — i (i) and 2370 [y (g n, )% —
hi (uy, n,t)z] also converge to zero in probability. The second of these follows directly
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from Lemma S10, Markov’s inequality, and the reverse triangle inequality since

n
Pan(g",h) ( = 8)

n

1
p Z[hk,n(uk,n,t)z — hi (g, )]

=1
1.
< 3_12 ZE[hk,n(uk,n,t)z - hk(uk;”vf)z]
t=1
=g ! E[hk,n(uk,n,t)z - hk(ukvn:t)z]
— 0.

For the remaining term, we start by noting that

E[(hx,n(ex) — hi(€x)) hi(€x)]
Jn

E[ Ak, n(tk,n,0) — B ()] =

SO

1 n
— ¥ E[hi,n(upe,n,)] — E[ A (e, n,6)] = IIhk n = hicll Ly Pyl hicll Ly Py = 0.
Vnig g

Then, if we define fzk,,,(uk,,,,t) = hi,n(ugne) — Elhg ,(uk,n,)] and similarly
R (g ) = hy (g ) — Elhg (ug n )], it will suffice to show that

9n(én h)

thkn(uknt)—hk(ukm) —=5 0.

By the reverse triangle inequality and Lemma S10,
]E[(izk,n(uk,n',) - fzk(uk,n,t))z] — 0, uniformlyinz.

Using this, the independence of the uy ; , and Markov’s inequality,

11 -
<= Z (ke n i) = i (g 1)) ] = 0.

1 - .
Py, (‘—th (Uk,n,0) — hi(tie,n,e)
0,(8n,h) ,n 1, t A, t
ﬁt:l

Pn
This establishes that Zle Lok LN required. O

LEmMMA S10. In the setting of Proposition 4, let uy ,; := €} Ag,(g,,i)Vo,(gn h),- Under
P}’l
0n(gn,h)’

Ak ||LQO(P(';)>

2
E[hg,n(i,n,e) = hic @i, n,)]” < n ke — hiell Lycpmy (1 + NG
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Proor. Under Pgn(gn,h)’ Uk,n e ~ Mk (14 hy/4/n), so for €, ~ ny, since Ay is bounded,

E[hk,n(uk,n,t) - hk(uk,n,t)]z

=/[hn,k(x) — h (O i () (1 + g (x)//n) dx

1
<E[hg,nlex) — hk(ék)]2 + T E[hg,n(€x) — hk(ék)]zllhklle(Pg)

< Whnk = hicllLycpny + Whnk — Rl Lyom Wl Lo poy /N1 O
LEMMA S11. In the setting of Proposition 4, let uy , ; := €} Ao, (g,,h)Vou(gn, h),¢- Then

|hk,n(uk,n,t) | Pgn(gn»h)
max 0.

I<t<n Jn

Proor. Under Pgn(gn ny Wk,n,t ™ Nk (14 hi/+/n). By Lemma S10, Ay ,(ug,, ) is uniformly
square Pgn( 2n h)—integrable, and hence the Lindeberg condition holds for Ay, (v, ¢)/

Jn:

. - hk,n(uk,n,t)z
tim 3| Menlhny 1 0] > 5)
=1

n—-oo

1y
= lim - > B[ hkn ey, )V, 1 (e n,) | > 53/} ]
=1

= nlirr;oE[hk,n(uk,n,t)zl{‘hn,k(uk,n,t)| > 6\/’71}]
= 0,

for any 6 > 0. This implies the claimed uniform asymptotic negligability condition (e.g.,
Gut (2005, Remark 7.2.4)):

max |h'k,n(uk,n,t)| Pgn(gn.h) 0
1<t<n \/ﬁ ) O

SB.4 Scores

LEMMA S12. Suppose Assumption 1 holds. Let pg and gn,¢ be as in the proof of Proposi-
tion S5 and suppose that 6,, = (y,, 1) — (v, m) = 6. Then

. S~ 1/2.1/2 5 1/2-1/22
Jim / |26, P6, Gns = Lorg G|~ dA=0. (S9)

Proor. The integral in (S9) can be rewritten as

L
Z/(Zon,z(y, ) po, (v, )2 = Tg1(3, ) po(y, 1)V A(A() ® On,5(x))
=1



16 Hoesch, Lee, and Mesters Supplementary Material

Inspection of the forms of £y and py reveals that each integrand in the preceding display
converges to zero as n — oo. If we show that

hmsup/ 6,,1P0, A(A ® On,0) </ 5,1P0 d(A ® Qp) < 00, (§10)

n—0oQ
the proof will be complete in view of Lemma S2, Proposition S1, and Remark 1.5 The

preceding display is equivalent to

hmsup/ lngmgn < /Zelng < 00,

n—oo

for Gy,p,, the distribution of (Y, X) corresponding to the density pyg,,¢ and Gy as de-
fined in the proof of Lemma S5. That ¢2 o 573 ; bointwise is clear from its form, as given
in Lemma 1. The finiteness of each of the integrals in the above display along with the
fact that for some N € N and some p > 0,

sup/ dGeme n < oo
n>N

follows from the form of 57% ; (@s given in Lemma 1) along with Assumption 1.59 O

LeMmA S13 (Smoothness). Suppose that Assumption 1 holds. Then for any sequence 6, =
(v +gn//n, m) with g, — g € R,

Ry = 7 Z Ton(Yir X0) = Lo(Vey X)] + o nn 0.

Prookr. From (the proof of) Lemma S8, we have

lim [\/—(pll,iz pl/z)q}/g gé pl/zq}l/;} dr=0, (S11)

n—oo

while by Lemma S12 we have
Jim [180,p17a)); - Gopi?a)3 P dr=o. (512)
Define

_ 172 1/2 - 12 172
e /Pa/ Py HOdA_l——f(Pa/ _p/)QnOd)\

S8Note that the product structure of A ® O, 9 and Lemma S2 ensure that A ® O, 9 — A ® Qg setwise.

$9Compare the proof of Lemma S3: arguing in essentially the same manner as there allows one to obtain
uniform boundedness of the 4 + § moments of €, ¢, (ex), X; (uniformly in ¢) and all the nonstochastic
termsin 5 .
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We have
172 1/2\2 172 _1/2 s 172 2 s 1/2 2
—n(py pen)—(\/_[Pan_Po] 58 topy ) (gﬁp )
;12 12 12
—&'lopy*Vn(pg, — py”),
and so by (S11) and the continuity of the inner product
12 172 s 172172 172 1/2y-1/2
/(Pe/ —ry,) Qned)t——fgf P @l v/n(py, = py*)ap dX
1 (/1. 2
— —/(—g’ﬁgpéﬂ) qnyod)\—i-o(n*l)
n 2
1, _ . _ _
=Z(n 1/zg)/l,,'g(n 2g) +o(n™),

where I,0 := [ €90}, pggn,odr = 0(1).51° It follows that ¢;! = 1 — a, with a, — 0 and
na, = %g’]gg +o(1).
R, is equal to the sum of

1 - po, (Yy, X)1/? 1-
R] :=—§ Y, X1 - £ i .
b Vn =1 I:Zgn( ' t)( po(Yy, Xt)l/z >i| " 2 n08n

' Z[% v, xpPeYe X0 Gy X>}+1f 8
n 12 - 1y t ~1n, ne
2n x/— PG(Yt,Xt)l/z 2

Since I,,, g is O(1) by Lemma S3, it suffices to prove that these converge in probability to
zero with g, replaced by g; let the corresponding expressions be called R; , fori =1, 2.
For R; ,, we note that (omitting the arguments of the functions)

1/2 n
Py, 11 -
Zzﬁn< - 1/2)""52239»1 68
=1
1/2

= R (1- [ i)
<—Z||ee,,|| x—Z[«f(l—pf}‘z zlf eg)r

t=1

The first term on the second line is Opg (1), hence Opg(l) (by contiguity). The second
has L (Py) norm

L= B i)

t=1

1 Z
E 5f[f(pé/z—péﬁzwLF%gpé/z)} Gn,0dA — 0,

S10This follows by noting that ||£4|? is uniformly integrable under pgg, ¢, which is a consequence of
Lemma S3.
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where the convergence is by (511). Therefore, it suffices to show that
1l - ., = P
;ZZ%EG—I,,,@%O. (§13)
=1

We may replace fn_g in (S13) with Iy := f@Ngé’e dGy with Gy as defined in the proof of
Lemma S5. In particular, let Gy, := Gy,0,, as defined in the proof of Lemma S5. Then,
since [[£g(Ys, X:)€o(Yy, X)|117/2 is uniformly L, (P}) bounded (Lemma S3), one has

sup / 152,/ G < oo,
neN

and so ||l70€/0 | is uniformly Gy, ,—integrable. By Lemma S22 and Theorem 2.8 of Serfozo
(1982),

. I - , , - - -
oo = S E[E0Ye X0loYe, X' = [ 808y dGuo— [ EofydGo=Fo 19
t=1

For any M > 0, one has the decompositions

E)| = Zeene/——Zeen {160, Il < M}EG1{11¢o]l < M}

——Zee 1{1€g, 1l > M} ;) + Zfon {180, Il = M}E,L{l1Egll > M)
=1 t 1

and

EY :=i9—/1292’9 {I€oll < M}1{l1¢q]l < M} dGy

:/2912’9 {I€oll > M} dG+/ 1€l > M}1{[[€o] > M} dGé.

Additionally, for E taken under Py, define

n
EMy == Z%nl{nﬁenn <M}e1{|I6ql < M} —E[Lg,1{II€g, || < M}Eu1{l1¢g <M}];
t:l

e =E= Zza,, 120, 1l < M}Eu1{l1éqll < M} — /t’eé’el{uieufM}l{néensM}dGe.

since [[€4€,1{[10o] > M}l < 1€6€51l, 1€6C,1 {11001 > MIL{IIEqll > M} < [1£o€pll, and [[£4Ep |
is Gy-integrable by Lemma S3, by the dominated convergence theorem, for any 6 > 0
there is an M such that Eé” " < & for M' > M. For any M > 0, by Theorem 3 in Saikkonen
(2007), Theorem 14.1 in Davidson (1994) and Theorem 2 in Kanaya (2017) one has (cf.
Lemma S14 below)

nS_OP"(Mz/“/—)
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For Eﬁ” 4» we introduce a new measure: define u,, as

pn(A) = /A cnpa, (X, V)2 po(x, )2 d(A(y) ® On(x)).

By Lemma S22, one has that u, — G, as well as G, 9y — G, in TV. Then, by Cauchy-
Schwarz and Lemma S3,

! /Zenl{n%nn < MYE{16g] < M) dja — fiel{nien < M}i1{l16y] < M} dG g

= f(ienl{uéenn <M} pg? = o1{10 < M} py/?)Ey1{10] < M} pg/* d(X ® Qo,n)

= /(Zenl{n%nn > M} pgl? = L1 {124 > M} py/*)E51{ 11641l < M} py/* d(A ® Q,n)

+ /(ionp;f —Zopy?) 1 {11€oll < M} py/* d(A ® Qp,n)
< o(1) +supEq,[l1€6, 171{11€e,Il > M}] + supEg[l1€al1*1{ €6l > M}].
neN neN

The last two right-hand side terms can be made arbitrarily small, uniformly in n, by
taking M large enough; the o(1) term follows from (S12) and is uniform in M. Now, by

TV
Gn,@ — GG)

’/fol{nc’an <M}ey1{li€gl <M} dGy,, — féal{nion <M }iy1{[[6g]l <M} dGy

< M?||Gn 9 — Goll1v-

Since u, — Gy and G,,9 — Gy in total variation, one has that ||u,, — G, 6|ITv — 0. Since
Zgn 1{||Zgn | < M}é’el{ 19|l < M} is uniformly bounded, one has that

‘ffe,zl{néenn <M}p1{II¢ell < M} dpn — / Lo, {1146, < M}E,1{11€ql < M} dG, o

< M?|\pn — GppllTv.
Asc;! —1=—a, — 0, it follows that
ENM, < M?[llgn — Guolitv + 1Gn,o — Golltv] + en + M |ay| + (M),

where 0 < (M) :=sup,y Epz [1€o,I°1{]|Zs, Il > M}] +sup,ey Eps 11 €6l1*1{1 Z4ll > M}] — O
as M — oo and r does not depend on n and e, = o(1). For EX|, note that since ||£¢]? is

uniformly Py -integrable (Lemma S3), % Sl = Op:(1). By Markov’s inequality, for

any 6 > 0,
1 & - .
Pgn(‘; Z ||€6n||21{||fe,,|| >M}| > 6) < 6‘11}3[
<5 ' supE ||y, I1”1{I1€s, || > M}

t=1
neN

1 & - .
=D 2o, I71{11 s, I >M}H

t=1

<& r(M).
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Thus by taking M — oo, the probability on the left-hand side of the preceding display
vanishes. Therefore, the same is true of
> 5) R

Pg<

by contiguity. That is, we can take a large enough M such that the probability in the
display above is arbitrarily small (for all large enough n € N).

Now, fix & > 0, 8 > 0. By Lemma S3, 2 31, ||| = Opr (1) and also S 1,117 =
OP(’; (1). By this and contiguity, we can choose R > 0 be such that for all n > Ny,

1< -~ L
P(’,’(ZZM@”Z >R> <e/4, PZ(;ZHE@HIIZ >R> < e/4.

t=1 t=1

I - .
> _la, I°1{iiE, Il > M}

t=1

Take M large enough that ||E§’[|| <6,r(M) < 8,and forall n > Ny

1 e - .
Pz( ~ D o, I1{18o, Il = Ma}| > 6/R> < /4,
t=1
1 n
Pg( =D _IEolP1{liég] > My} > 6/R> <e/4,
t=1

where M,, > M and M, — oo slowly. This ensures that ||Eéw”|| < 6, P3(||Eny’f|| >20) <e¢
for all n > max{Nj, N»}. Then let N be large enough such that N > max{N;, N2}, and for
alln> N, P{;(HE%gH > 8) < ¢ and ||E2,IZ|| < 36.511 Combining these ensures that for all

such n,
pg<

In conjunction with (S14), this establishes (S13).
We next show that R , converges to zero in Py -probability. Define

I~ ., -
|—Z£9nz’0—19
n
t=1

> 78) < 2e.

Po, (Y, X)V/?

Z ot = Zgn(Yt, Xt)—,
! PO(Yt,Xt)l/Z
ma(X0) = / Co,(y, X po, (3, X2 po(y, X)'/2 dy,

and note that m,(X;) = E[Z, |X,] (Pj-a.s.). Since E[Zgn(Yt,XtﬂXt] = 0 under Pgn
(which is clear from its form),

Mn(Xy) = / 7o, X0 pa, () X2 poy, X0 V2 dy

= / o, (v, X0) po, (v, X)V*[ po(y, X)'/? — pe, (v, X1)V/?] dy. (S15)

SllThat is, n such that M2|a,| < 8, |en]| < 8, M2[||n — Gn,olitv + |Gn,0 — GollTv] < 8. Here, one needs to
take M,, — oo slowly enough that these sequences still converge to zero and M2 //n — 0.
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Using (S11), (S12), and Cauchy-Schwarz yield
. 1/2-1/2 1/2 1/2y -1/2 = 1/2_1/2 s 1/2_1/2
Jim |(Co, py "y /(P4 = Pyl ) 20ls), <€ oy At 58 bony ) M =0,
which implies that
1 & 1. P
ﬁ ;mn(X[) + Eln,()g — 0,
given the representation of m, in (S15). In consequence, it remains to show that

1 & . Py
== Z —m (X)—Zg(Yt,Xt)—>0.

n Z t,n n t

ﬁ t=1

Put 7, ; = o(Y;, X;). Then, as is straightforward to verify, (Z;,, — m,(X;) — £(Y:, X,),
Fn,t)neN,1<:<n forms a martingale difference array. Hence, it suffices to show that

R;

1 & ~ 2 Py
;ZE”ZLn_mn(Xt)_ZO(YI)Xt)” — 0.
i=1

The left-hand side of this display can be written as
1/2
i, o
0n"1/2
Py

2
~ _ ~ 1/2 2 ~ 1/2-1/2
—my, — g peqn,gd/\ngnzgnpeﬁ ays —Gopy ay 217 da

+2f Imal? dQy, 6,

and so, given (S12) it suffices to show that the second term on the right-hand side con-
verges to zero. For this, note that by Fubini’s theorem and the Cauchy-Schwarz inequal-

ity
f lmall? dQn,o < / 120,24 [Py* — P4/ n,0 dA

< [eopi2a/517 an 1032 - pi a5 dn.

The first term on the right-hand side is O(1) by equation (S10), while the second con-
verges to zero by (S11) and the uniform Gy, ,—integrability of g’¢ as established in
Lemma S6. O

SB.4.1 Estimation

LEMMA S14. Suppose that Assumption 1 holds and g, are o—integrable functions for
some o > 2 such that max,;—1,..,, l1gn (Y, XL, <My (all under Py). Then

1 n
=~ &n(Ys, X0) —E[ga(Yi, X0)] = Op,(Mu/ /).
t=1
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Prookr. Let a,(m) be the a-mixing coefficients of the array {g,(Y;, X;) — E[g,(Y:, X:)]:
n € N, 1 <t < n}. By (the proof of) Theorem 14.1 in Davidson (1994), a,(m) < a(m —
p) (for m > p) where &(m) are the mixing coefficients of {Y; : t € N}. By Theorem 3 in
Saikkonen (2007) and Proposition 1.1.1 in Doukhan (1994) &(m) = O(a™) for some a €
(0, 1). Condition Al in Kanaya (2017) then holds (with A = 1) with 8 > o/(0 — 2). To see
this, note that for all m > M; we have a(m — p) < Ca™ while Ca™ < Am~P whenever

- log(A) —log(C) + m|log(a)|

log(m)

As the right-hand side diverges as m — oo, for all m larger than some M > M, the in-
equality will hold for some B > o/(0 — 2). Noting that the inequality above continues
to hold if we increase A4, we may then choose A such that each @(m) < Am~F for all
1 <m < M. The result then follows by Theorem 2 in Kanaya (2017). O
LeMmwMmA S15. Suppose that Assumptions 1 and 2 hold. Then:

W) IfZy1:= ﬁ S €o(Yy, Xy) and Zy,2 := A Bom (Y™, then under Py,

0 Iy 1,
Znmz~N|| 1, (ﬁ gg> .

Additionally, let 6, := 0,,(gy, 0) = (y + gu//1, M) for g, — g € RL. Then:

(il) We have that

n

1 ~ -
- Z;(zenm, X0) = Lo, (Y, X)) = opy (n™?).
1=

(iii) ||In 0, — Iyl = opr (vn/ ) where v, is defined in Assumption 2, and I := Ggﬁ.gﬁ’
with Gy as in the proofofLemma S5.

Proor. For part (i), let z; be

K !/
z = <59(Yt, X0, 8o (Yi, Xo) + thmk.Ve,,)) :

k=1
and F;:=o(e€y, ..., €). Under P}, {z;, F; : t € N} is a martingale difference sequence such
that
I, I Iy 1,
O o I S
n,0 Ug,h,n gly Ug,h

noting Lemma 1 and Theorem 12.14 of Rudin (1991). That ng . CONverges to a o h is

part of the conclusion of Proposition 3. That Iy, — Iy follows by combining Lemma S3,
the fact that Gy,o,, as defined in the proof of Lemma S5 converges in total variation to
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Gy (cf. Lemma S22), and Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky (2016). Lin-
deberg’s condition is satisfied since {||z|| : t € N} is uniformly Pj-integrable (by Lemma
S3 and the fact that each 4 is bounded) and the variance convergence in the preced-
ing display. Part (i) then follows from Proposition 3 and the central limit theorem for
martingale differences.

Define A4, := A(6,), B, := B(6,), and {,’f,l’k’j = g;fk,j(a,,) for each triple (!, j, k) of
indicies and x € {a, o}. Note that each A4, x(Y; — B, X;) =~ €, ; ~ 1y under Pgn. Hence,

K K K

Cone (Yo XD = Y D L ibklendejet+ Y & i il hor€n,+ T ak(er, )], (S16)
k=1j=1,j#k k=1
K K K

Conor (Yo, XD = Y D L0k ibken e+ D &7 klhnen + mhaler,n],  (S17)
k=1 j=1,j#k k=1
K

Lo, b, (Ye, X1) = Z —Ap ke Dp 1| Pr (€k,0)(Xi —E X)) — EXi(Sk,1€k,¢ + Sk, 2K(€k,1))]. (S18)
k=1

By Assumption 1.3, {,’f’l’k’j — ggo,l,k,j = [Dy,(a, 0) ke A, a-):j1 for x € {a, o}. Note that
the entries of Dy, ; are all zero except for entry / (corresponding to b;), which is equal to
one.

We verify (ii) for each component of the efficient score (516)-(S18). For components
(S16) and (S17), we define for x either of «, o,

K
PLnii=)
k=1]j

K
Y k(A eV, ) An,jeVai,
=1, 4k

and

K
Qal,n,t = Z
k=1j

K
Y G jnPron(An eV, ) An,jaVii,
=1,j#k

with V}, ; = Y; — B, X;, and let {,, := maxje (1), je [k}, ke[K] |¢i" &, nl» which converges to =
maxje(L), je[K], kelK] |§l’fj,k,oo| < 00. We have that

1 < .
ﬁ Z(‘Pl,n,t —Q1,n,t)
t=1

n

Gren(Ap iV, ) An, jo Vit — b (Ap kaVi ) An,joVie,

S|~

K K
<vn) Y i

k=1j=1,j#k =1

Each |% Z?:l &k,n(An,koVn,t)An,on/n,t - (bk(An,koVn,t)An,joVn,t| = oPgn (n—l/Z) by aPPIY'
ing Lemma 2 with W, ; = A4, j.V;,, (noting that A4, ;. Vy s ~ €k, s and A, j V5, ~ €, with
are independent for any s, t with Eg, (Aj, je Vn,t)2 =1 by Assumption 1.2), and the outside
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summations are finite, it follows that

1

n
ﬁZ(él,n,z—gol,n,z)=0pgn(1). (S19)

t=1

Pn
That 7% ,, — 7« follows from Lemma S16. Now, consider ®2,7,n,: defined by

K
©2,1,n,t = Z g,i],k,k[Tk,lAn,koVn,t + Tk, 2k (Ap keVi, 1) ]
k=1

for x equal to either « or ¢. Since sum is finite and each |£ ;. | = {3, 4 (] < oo itis
sufficient to consider the convergence of the summands. In particular, we have that

1 & 1 &
— > [Fhm1 — Tk An eVt = [Fan1 — Tl —= D A eVt = 0,
ﬁt:l ﬁi:l

n

n
o . 1
> B2 = k2l (Ap eV 1) = [Fh,m2 — Tk 2] NG > k(Ap Vi) = 0,

t=1 i=1

1
vn

in probability, since A, xoVi,: ~ €x,s ~ Mk and (ex,;)r>1 and (k(ex ())s>1 are i.i.d. mean-
zero sequences with finite second moments such that the central limit theorem holds.
Together, these yield that

7
on

1 n
7 > (@2,50m1 — €2,7m,0) —> 0. (S20)
=1

Combination of (§19) and (520) yields (ii) for components of the type (516), (S17).

For components (S18), let a, x ; := — Ay keDp;s Sk,n := Sk,n — Sk» Cn,t := Eg, X, and
= .1 n
Cni=73 D i1 Cnt-

Since ay, k1 — Gook,1 := A(@, o) ke Dy, (a, 0), it suffices to show that:

L 3 Y bk (A keVn) = Sn(AnkeVi, )Xo = G, = 0y (n71/2);
2. 2 10k (A eV = bin (A keVn, DX = &) = 0py (n71/2);

3. & Xt [bk(AnkeVat) = Sn(An keVao, ) (En — cne) = 0py (n712);
4 LS Sk A eV, ) (X — &) = opy (n71/2);

5. 3 21 Dk (A, eV, ) (En — cne) = 0py (07 1/%);

6. & 201 XulSien,1An keVat + S, 26 (A, gV, )] = 0py (n71/2);

N

o i1 (X = @)k, 1 A keVint + Sk 26 (A, kaV, )] = 0py (n71/2);

o]

o 1 @ = en, sk 1 Ap kaVint + 5k, 2K (A eV, )] = opy (n1/?)
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1. follows by (the first part of) Lemma 2 applied with W, , = X; — ¢,,,. This is mean-
zero, independent of all A, .V}, s with s > ¢ and has uniformly bounded second mo-
ments (cf. (S6)).

2. follows by Jensen'’s inequality, (the second part of) Lemma 2 applied with W}, ; =1,
(5§6), Lemma S14 and Corollary 1.

3. follows by Cauchy-Schwarz, (the second part of) Lemma 2 applied with W, ; =1
and Lemma S17.

For 4., ﬁ S br(ApkeVn) = Opy (1) by the central limit theorem and X, — Gy =

P
LS X — eyl ~2, 0, which follows by (S6), Lemma S14 and Corollary 1.

5. follows by Cauchy-Schwarz, the fact that E({)k(A,,,k,I/W)Z = Ed’k(fk,t)z is uni-
formly bounded, hence %Zle bi(Ap keVn, )2 = Opgn (1) by Markov’s inequality and
Lemma S17.

For 6., X, = Op,, (1) by, for example, Markov’s inequality and (56). By the central
limit theorem, also ﬁ YU = Opgn(l) for U; equal to either A, xoV5,: OF k( Ay eV, 1)-
The result therefore follows from Lemma S16.

For 7., ﬁ YU = OP;;"(U for U; equal to either A, x V5 or k(A keVn,t)

_ P
(as in 6.). Therefore, it suffices to note that X, — ¢, Zon, 0, as noted for 4. .
For 8., for U; equal to either si 1 A, keV5,: OF sk, 2 ( Ay keVn,t), by Markov’s inequality

pn<

by Lemma S17.
To verify (iii), we note that

>3)<s 2IEIU2 Z”Cn_cnt”2< Z”Cn_cnt” — 0,

tl tl

\/— Z(Cn Cn, 1)Ut

IIfn,en —Iyl2 < IIfn,en _in,0n||2 + 6, — In,0,ll2 + 1,0, — Toll2, (S21)

where Iy := E[€o(Y, XI)EO(YI’ X)=1 Dy 1E[50(Yn X)lo(Yr, X1 ] with the expecta-
tion taken under Gy, In,9 = thl Eg(Yt, X)eo(Y:, X,;) and Iny(-) = lel lo(Ys, X,)
Z9(Y:, X;)'. We will show each right-hand side term is o P (v,i/ 2).

For the first right-hand side term in (S21), let r € {«, o, b} and let / denote an in-
dex, we write Uy, 1., := £, (Y1, X1), Uy, := Lo, r,(Ye, X1), and Dy .y, := €9, (i, X1) —
€0, (Ye, Xo). A )

Since it is the absolute value of the (r, ) — (s, m) component of I, 9, — In,9,, it is
sufficient to show that |% Y U,,,t,,,Dn,[,sm + % S DuirUss, | = ops (v/?) as n— oo
forany r, s € {o, o, b} and /, m. By Cauchy-Schwarz and Lemma S19,

1. 1/2 Lo 1/2
S <; ZUtZySm> (; ZDﬁ,t,r[) ZOPgn (Vlll/z)’

t=1 t=1

Lo 172 L 172
=< (; ZUrzl,t,n) (; ZDi,t,sm> = OP(’;"( rll/z)’

=1 t=1

1 n
- § :Dn,t,r[Ut,sm
n

t=1

s Dn'rtrsm
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for any (r, ) — (s, m). It follows that

2

2 2
1 no B 1 no 1 n -
|:; Z Un,t,nDn,t,5m + Dn,t,ry Ut,sm:| = 2|:; Z Un,t,ran,t,sm:| + 2|:; ;Dn,t,rl Ut s

=1 t=1

=opy (Vn),

- - s - 2
and hence ||, = n,,l12 < 1 n,6, = In,6,llF = 0py (/")
For the second right-hand side term in (S21), let orks = Lo, (Ye, X, 5, (Y, Xo),

l,m,t,n
where r, s € {a, o, b} and [, m denote the indices of the components of the efficient

scores. Fix any r, s and /, m and note that by the fact that ¢4, has uniformly bounded
2 + 6/2 moments under P”n, Theorem 3 of Saikkonen (2007) and Theorem 1 of Kanaya
(2017) together imply that (cf. Lemma S14)

1 & _ 1/2
=2 Qo — B0, Q) = Oy ("/P7V) =0y (%), pel,1+8/4],
t=1

¥ ¥ 1/2
hence 1,0, = In,0,ll2 = 0p; (0.

That the last right-hand side term in (521) is o(v,l/ 2) follows from the assumed local
Lipschitz continuity of the map defining the {’s, that of each B +— A(«, 0)t., Theorem
11.11 of Kallenberg (2021) and Lemma S18. O

LEMMA S16. If Assumption 1 holds, then |0k, — Ok nll2 = opr (vn,p) =o0pn (v,l,/z), where

6, is as in Lemma S15 and o € {r, s}.
Proor. Under P(’}n, Ay eVt~ €k, ~ i, forVy, . :=Y; — B, X; and A, := A(6,). Letw €

{(0, —=2)’, (1, 0)'}. Since the map M — M ™! is Lipschitz at a positive definite matrix My,
then for large enough », with probability approaching one

10k,n — Qkonllz = | (M, = M Ywl, < 2| M = M|, < 2C My — Ml (S22)
for some positive constant C. By Theorem 2.5.11 in Durrett (2019),

1 ¢ 1p
;Z[(An,kol/n,l‘)g _E(An,knl/n,t)s] ZOPgn (n pp))
t=1

1 ¢ 1p
=D (A keV, ) = E(Ap oV, ) = 0y (n ”).
t=1

These together imply that

~ ~ 1-p
My, — Myill2 < [IMy,n — Mg llF = Opgn( 7)) = opy (Vn,p)-

Combining these convergence rates with equation (S22) yields the result. O
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LEmMA S17. In the setting of Lemma S15, let ¢, :=Eg, X; and ¢, := % > ¢ Then
1 2 -1
D lén—cnl*=0(n").
=1

ProoF. Since X; = (1, Z,_,), it suffices to show that 37 |&,, — 137 G, |2 =
O(n= 1Y) for ¢, :=Eg, Zi—1. Let ép, 00 := Zf.io BénCQM. This converges uniformly in n since
under Assumption 1 parts (i) and (iii), the sets {||Bg, |2 : n € N} U {||By|l2} and {||Cg,ll2: 1 €
N} U {||Cyll2} are bounded above by p, < 1 and C, < oo, respectively. By Jensen’s inequal-

ity,

2 2

n

1< 1
~ ~ 2
S_Z”Cn,t_cn,oo” +_Z
n n
=1 t=1
2 n
~ ~ 2
<= NEn = Gnooll
t=1

so it suffices to show that n/2 times the last term is uniformly bounded above. One has

1 n
n 2

t=1

1< 1<
En,t - ; E En,t E E [En,oo - En,t]
=1 t=1

n n o . 2
~ ~ 2 _ j t—1
Y leni—nool® =) By, Co, — By, Zo
=1 t=11j=t-1
n o . 2 n 9
J t—1
S’ Z B nCG" + ZHBBH ZO ”
t=11lj=t-1 t=1
n [ o ) 2 n
J 2(t—1) 2
1> IIBenllgllCenllz} + > 11Bo, 1311 Zol
r=1Lj=t-1 =1

n

t—1 72 n

Px -

<C2y [1_p] +1Zol* ) p2 Y
t=1 * =1

Cf 2] 1
<|————=+IZ .
|:(1 - P*)z 120l 1 P2 U

- Px

LEMMA S18. In the setting of Lemma S15, let X, =, 17[_1, . 17,’ " where Y, is a sta-

tionary solution to (1). Then:

)

@ 130 Eg X, —Eg X, =0/,

i) LY [Bg, X/[Eg, Xi1 — [Eg X([Eg X;1' = 0(vy/?).

(iii) 17 ) Eg,[X, —Eg, X)X, — Eq, X;]' — Eg[X, — Eg X/][X; — Eg X, = o(v/%).

ProoF. Note that || Eg, X; — Eg, X,||? < ||én,s — ¢n,00 % in the notation of (the proof of)
Lemma S17, which shows that %Zle 1n,r — Cn,00ll> = O(n~1). Hence, by Jensen’s in-
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equality,
1 & 5
=31 Eg, X — Eg, Xil = O(n™/?) = o(v?),
e
Since 8 — E¢ X; =vec(tg, (t,p@Ug —By —---— Bp)_lc)) is locally Lipschitz,

1 < 5 5 5 5
=) IEo, Xi —Eg Xl = | Bg, X1 — Eg X1l = O(n %) = o(1n%).

t=1

Combination of the above two displays yields that 1 ™7, || Eg, X; —E¢ X,|| = O(n~1/2) =
0(1/,1,/ 2) which implies (i). Moreover, combined with the uniform moment bounds given
in (S6) and Lemma S1 this yields

1 o . . 1 .
=D Eo, Xil(Eg, Xl — [Eo X [Eo Xi)'| € — 3 g, Xi —Eg Xill = O(n %) = 0(v”),
t=1 t=1

which implies (ii).

For (iii), let Uy, := X; — Ey X; and ﬁ,},t = X; — Eg X,. Note that as Uy, =
Z;;g B{(,D,_c,e,,j and [],9’; = Z?io B{?D,get,j, Up, 1 — []gmt, and Uy, ; are independent. Ad-
ditionally by Assumption 1 parts 1 and 3, the sets {||Bg, |2 : # € N} and {||Dg, ||2 : » € N} are
bounded above by p, < 1 and D, < oo, respectively. Hence,

1o o
~ > E0,[Us,.:U5,c = Un, iUy, ]

t=1

1 ¢ - 1 .
<= IEa, (W = Vs, U3, I + = D Eo, [(Ua,,0 = Un,,) T, |
=1

t=1

o0 o0
Eg, . Y By Do,eje,_; Dy (B) )
k=0 j=i—1

oo
2j 2
> 11Bo, 15 1Do, I3

1 n
S;Z

=1
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Additionally, we can write vec(Ey Ug,,f];?’t) =(I—By®By) vec(Dy D% ), which islocally
Lipschitz in B8 at 0. This implies that

1 & . -
- > "Eo, U, U5, , — Eo Up, Uy, = O(n72) = 0(v,/?).
t=1

The previous two displays suffice for (iii). O

LEMMA S19. In the setting of Lemma S15, for each r € {«, o, b} and I,

) R ~ 2
;Z(eém,lm,xt) =, (Yt X0)" =01 ().

=1

ProoF. We start by considering elements in % Y (één,az (Y, X¢) — Zémaz (Y:, X:))2. De-
fine 7 , 4 '= Tk, n,q — Tk,q and V;,; = Y; — B, X;. Since each |7, , j.| < oo and the sums
over k, j are finite, it is sufficient to demonstrate that for every k, j, m, s € [K], with k # j
and s # m,

1 s -
; Z[d)k,n(An,koVn,t) - d)k(An,koVn,t)][Cbs,n(An,soVn,t) - ({[’S(An,soVn,t)]

=1

X An,jth,nAn,m-Vn,z; (S23)
A
=D [ An eV ) = br(AniaVi)]

t=1

X An,on/n,t[%s,n,lAn,soI/n,t + 7~'s,n,ZK(An,soVn,t)]» (524)

1 N N 5
;Z[Ts,n,lAn,soVn,t+Ts,n,ZK(An,soVn,t)][Tk,n,lAn,koVn,t+Tk,n,2K(An,koVn,t)] (S25)
=1
are each opr (vn).

For (82531, let ¢1(x) = x and &2 (x) = k(x). Then we can split the sum into 4 parts, each
of which has the following form for some ¢, w € {1, 2}:

;ZTs,n,qu,n,w‘fq(An,soVn,l)fw(An,k-Vn,t)

=1

I
=Ts,n,qu,n,w;Zfq(An,soV;t,t)fw(An,k-Vn,t)
t=1

=opn (vu),
On
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since we have that each 7 ,, 47k, 4, = 0 P (v,) by Lemma S16.512 For (S24), we can argue

similarly. Again, let £;(x) = x and &2(x) = «(x). Then we can split the sum into 2 parts,
each of which has the following form for some q € {1, 2}:

1 s N
; Z[d)k,n(An,koVn,t) - (l’)k(An,koVn,t)]An,j-Vn,th,n,qé:q(An,soVn,t)
t=1

1/2
i 1o
= Ts,nq (; Z[d)k,n(An,koVn,t) - d)k(An,koVn,t)]z(An,joVn,t)z)

t=1

L 1/2
X (Equ(An,soVn,t)z)
t=1
=opr (vp).
On

by Lemma 2 applied with W,,; = Ay jeV}, and 754 = opr (vy/*).513 For (S23), use

Cauchy-Schwarz with Lemma 2,

[ .
; Z[d)k,n(An,koVn,t) - ¢k(An,koVn,t)][d)s,n(An,soV;Lt) - (z)s(An,soVn,t)]

=1
X An,joVn,tAn,moVn,t

n 1/2
1 ~
< (; > (S AnkaVint) = S (AnkeVi )] (A, ,-.Vn,t)2>

=1

n 1/2
1 o
X (E Z[d)s,n(An,soVn,t) - ¢s(An,so%,t)]z(An,moVn,t)z)

t=1

=opn (vy).
On

This completes the proof for the components corresponding to «;. We note that the com-
ponents corresponding to o; follow analogously.

Finally, we consider the elements in % Zle(égn,bl(Y,, )1(,) — ngbl(Y,, X))2. Let
an k1 = _An,kon,» §k,n ‘= Sk,n — Sk» Cn,t *= Egn X and Cn = n Z?:l Cn,t- Since An k| —
oo, k,1 := A(a, T) ke Dy, (@, o), it suffices to show that:

(@) % X0t (b (A keVint) = (A keVio, NPIXe = Cnyell? = 0pn (v);
(i) & 0t [k (A kaVo0) = Breon( A, keVar, )P I X0 = Enll? = 0pn (v);

S12The fact that % Y Eq(An,seVi, ) éw(Ap keVin,1) = Opg (1) can be seem to hold using the moment and
ii.d. assumptions from Assumption 1 and Markov’s inequality, noting once more that 4, sV}, ~ €, under
P

O
SI3gee footnote S12.
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(i) 5 371 [ bk (AnkeVit) = Sron(An oV, )P 1En = eI = 0py ();
(V) 20y Sk (A kP )21 X0 — Eall® = 0py ();
W) 230 bk (Ap eV, 1)211En — Cnill> = 0pr (vn);
On
VD) 5 37y IXnlP (S, 1 An ke Vit S 26 (A, eV, )1 = 0p2 ()
(VD) 3 37y X — Call®[5k,1An ke Vit + Sk, 26 (A, kaVir, )1 = 0p2 (v);
(viil) 2301 1160 — cn, eI (5k,14n ke Vit + Sk, 26 (A, keVir,1)12 = 0pn (vn).
On
(i) follows from repeated application of Lemma 2 with W}, ; = ¢.(X; — ¢p.¢).
pp , | ,

(ii) follows from application of Lemma 2 with W,,, =1 and X,, — ¢, = % Y X -

Cn, it ﬁ'i> 0, which follows by (S6), Lemma S14, and Corollary 1.

(iii) follows by Lemma 2 applied repeatedly with W;,,; = ¢/(¢, — cn, ) S

For (iv), 137 | bi(AnieVn)? = Opy (1) since i (Ap kaVn,)*> has uniformly
bounded second moments and X, — ¢, = Opgn (n~1/2), by (S6), Lemma S14 and Corol-
lary 1.

For (v), use Markov’s inequality and Lemma S17 to conclude

( Zd)k(Anko nt) ||Cn_cnt|| >Vn3><V ¢k(€k) Z”cn_cnt” — 0.

t=1

For (vi), X, = Opgn (1) by, for example, Markov’s inequality and (S6). Similarly,
IS ULiU = Opy 1y fori, j € {1, 2y with Uy,1 = Ay, eV, and U2 = k(Ap, kaVi, o). The
result then follows from Lemma S16.

For (vii), % Y U,iUyj = Opgn(l) fori, j € {1, 2} with U;,; and Uy, as in the preceding
paragraph. Therefore, it suffices to note that X,, — ¢, = Op,, (n~1/2), as noted for (iv).

For (viii), for U;,1 and Uy, as in the preceding paragraph and i, j € {1, 2},

> Vn8>

1 1/2 121
<vile sw s I[EUZ] P [EUZ)Y Zucn—cmn

1 n
- 2
Pg,,(‘; E cn — cn,elI"sk,iUsisk, jUs, j
=1

1 n
-1 = 2
Sy, ;E Icn — cnell” — 0,
t=1

by Markov’s inequality and Lemma S17. O

S14That this is uniformly bounded follows from (S6).
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SB.5 Assumption 2.1(ii)(b)

We provide a sufficient condition under which Assumption 1 part (ii)(b) holds, given
part (ii) (a). For convenience, recall that part (ii) reads as:

(i) Conditional on the initial values (Y’_p+1, o YY), €= (€1, ..., €k 1) is indepen-
dently and identically distributed across ¢, with independent components € ;.
Each 7 = (71, ..., k) € H is such that each 7, is nowhere vanishing, dominated
by Lebesgue measure on R, continuously differentiable with log density scores de-
noted by ¢ (z) :=dlogmy(z)/dz,andforallk =1, ..., K,

(@) Ee, =0,Eei ,=1,Ee’? < o0, E(e} ) —1>E(e} )%, and Ed (e, ) < oo (for
some 6 > 0);

(b) Edi(ex,) =0, EdZ(ex,) > 0, Edpler, ek, = —1, Edilex, ez , = 0, and
E¢r(er,)e; , =—3;

In this assumption part (a) is standard—only imposes that the shocks are mean zero
with unit variance, and that certain 4 + 6 moments are finite. In contrast, part (b) may
seem strong at first sight.

An important observation is that (b) should not be understood independently from
(a). Indeed, the following lemma shows that given (a), condition (b) follows if the struc-
tural shocks have densities that decays to zero at a polynomial rate.

LEMMmA S20. Let ay = inf{x € RU {—o00} : n(x) > 0} and by = sup{x € RU {oo} : mx(x) >
0}. Suppose that, for r =0,1,2,3: (i) if ay = —oo, then ni(x) = o(x73) as x - —o0,
else a) limy 4, ni(x) = 0, and (ii) if by = oo then ni(x) = o(x~3) as x — oo, else
bi limyyp, mi(x) = 0. Then, if part (a) of Assumption 1(ii) holds, part (b) is also satisfied.

Proor. Letre{0,1,2,3}, by =sup{x € R: ni(x) > 0} and a; = inf{x € R: nx(x) > 0}. We
have, by integration by parts, with G; denoting the measure on R corresponding to 7y,

/ d r
/¢>k(2)2’de=/ 7(2) nk(Z)Z’dZ=/nk(Z)Z’dZ=nk(2)Z’|§i —fnk(Z) z

Nk (2) dz dz.

Our hypothesis ensures that z’nk(z)|2’,j = 0. Therefore, we have G, ¢ (z)z" = —Gk%z’.

For r = 0, this equals zero as %zo = %1 = 0. For r € {1, 2, 3}, we have % =rz~1 and

hence Gy ¢x(2)z" = —rGiz" 1. Since G,1 =1, G,z =0, and G, z? = 1, the result follows.
O

We now provide two examples. The first is a mixture of normals. We directly verify
the moment conditions in (a) and (b) are satisfied.

The second example is a normalized x3 distribution. We show that this does satisfy
the moment conditions in (a) but not those in (b) (nor the conditions of Lemma $20).5!°

S15Additionally, the (normalized) x3 distribution does not have a nowhere vanishing Lebesgue density.
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ExampLE S3 (Normal mixtures). Suppose that €, has the density function

nk(z) mefm Z! /J'm) ))

m=1
M
Pm =0, mezl’ mep,m=0, me +Mm I,
m=1

where f,(z, wm, 02,) is the density function of a e, ~ N (i, 02)).

€, has mean zero and unit variance. We first establish that each of the conditions in
(a) are satisfied. In particular, we first note that E[|e,|"] is finite for any positive integer r
as

M
Ellexl’]= ) pmE[leml”] < o0, (S26)
m=1

since the Normal distribution has finite moments of all orders. To establish that IE[E%]2 <
]E[ei] — 1, note that this is equivalent to the linear independence in Lj of 1, €, ei (e.g.,
Horn and Johnson (2013, Theorem 7.2.10)). This is equivalent to the condition that

a3 +2ayas + a5 +a§E[ei] =0 = aj=ax=a3=0.
This holds since E[e}t] >1= E[e,zc] by the fact that L , norms are increasing and so
a2 +2a1a3 + a3 + a3 E[e}] = a? + 2a1a3 + af = (a1 + a3)* > 0,
where equality is possible only if a1 = a» = a3 = 0. Next, note that

M
Z PO (2 = i) fm (z, s o2)

br(z) =—"=1 , (S27)
Nk (z)

and for any integer r and some p € R,

M
61D < ()| ()7 (121 + Inal) mefm 2, s 07

=|br(@] (121 + Iul).

Recursively using this inequality from r = 0, yields (for some constant C; € (0, c0))

|p(2)| < Cr (121" + ).

That E |¢(ex)|" < oo for any integer r then follows from (526).
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For the conditions in (b), note that by (527),

M
=— Z Pmcr,zz/zr(z — /,Lm)fm(ek, Mm» 0-31) dz
m=1

=— Z PO’ r+1] E[e, |wm)-

Taking r =0, 1, 2, 3 in the right-hand expression respectively gives:

E[r(ex)] = Z PO (am = pm) =0,
E[¢r(ex)ex] = mea oh +ud — pd) =—1,
E[¢r(er)er] = Z PO (1, + 3mory — (05 + po) m) =0,
E[dk(er)€r] = X:: P2 (i + 602,02 + 300 — p, — 3u2,02) = —3.

ExaMPLE S4 (The normalized X% distribution). Suppose that €; ~ X% and let €, = (€ —
2)/2. Then €; has mean zero, variance one, and density function n;(z) = exp(—z — 1)
on its support [—1, co) on which we also have that ¢, (z) = —1. The X% distribution has
finite moments of all orders and has moment generating function (e.g., Johnson, Kotz,
and Balakrishnan (1995, p. 420))

M:(t)=(1-20""', t<1/2.

Hence, €, has finite moments of all orders. The same is evidently true of ¢ (ex) = —
Using the above display, we have

M.()=e'1-0"1, t<1

and, therefore, may directly calculate E[e;] = 2 and E[e}] = 9, hence E[€3]? < E[e}] — 1
holds. The moment conditions in part (a) are therefore all satisfied.

However, E ¢, (z) = —1 # 0, hence part (b) does not hold. Note also that this example
does not satisfy the requirements of Lemma S20: we have a; = —1, by = oo, and

lim ng(x) = lim exp(—z—1)=1#0,
zlag z}—1

and hence the required condition is violated for r = 0.
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APPENDIX SC: TECHNICAL TOOLS

This section records some technical tools used in the proofs for ease of reference.

LEMMA S21 (Discretization). Suppose that P, is a sequence of probability measures and
fn:T = R, T c RE is a sequence of functions, which satisfy

fu(yn) ﬁ)O (S28)

for any v, := 7y + gu//1, gn — g € RL. Suppose that the estimator sequence ¥, satisfies
V1l ¥n — vl = Op, (1) and ¥, takes values in ./, .= {CZ/J/n: Z € RL} for some L x L
matrix C. Then

Fulm) 25 0.

Proor. Since ¥, is /n-consistent, there is an M > 0 such that P,(/n|y, — y| > M) <
e. If /n|y, — vl <M, then ¥ is equal to one of the values in the finite set .7¢ = {y* €
Zn lv* — vl < n~Y2M3}. For each M, this set has finite number of elements bounded
independently of n, call this upper bound B. For any v > 0,

Pn(|fn(';’n)| > U) <&+ Z Pn({|fn('}’n)| > U} N{yn= '}’n})

V€SN

<&+ Z Pn(|fn(7n)‘>v)

Yn€Sy

< &+ BPu(|fu ()| > v),

where v’ € .7¢ maximizes y > Py (|fu(y)| > v). As v € L5, |ly* — y|| < n~Y/2M. Hence,
letting g, := +/n(y} — v), llgnll < M. Arguing along subsequences if necessary, we may
therefore assume that g, — g € RE, and hence f,,(y})) o by (S28). The proof is com-
plete on combining this with the previously established bound on P, (|f,,(y,)| > v). O

LEMmMA S22. Let (X, B(X)) bea measurable space, and Q,, a sequence of probability mea-
sures on (X, B(X)), which converges to a probability measure Q in total variation. Let
(Y, B(Y), A) be a measure space and suppose that p, : X x Y — [0, 00) is a sequence
of functions and p: X x Y — [0, 00) a function such that (i) [ pn(x,y)dA(y) =1=
[ p(x,y)dA(y) for each n € N and each x € X and (ii) p, — p pointwise. Then, if G,
and G, are defined according to

Gn(A) :=/Apn(x, y)d(A(Y) ® Qu(x));
G(A) :=/Ap(x, »d(A(») ® 0(x)),

it follows that G, ELS G.
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Prookr. Forany x, p,(x, ) — p(x,-) pointwise and since each p, (-, x), p(:, x) has inte-
gral one under A, by Proposition 2.29 in van der Vaart (1998),

Dy(x) = /|pn(x, y) = p(x, y)|dA(y) = 0,

pointwise. Let (i/,),eny be a sequence of measurable functions on X x Y with ¢, € [0, 1].
Then

Vfwn(x, Y)(pa(x, y) = p(x, y)) dA(y) dQn(x)

S/e@n(x) dQ,(x).

The inequality 2,(x) < [ pa(x, y)dA(y) + [ p(x, y) dA(y) = 2 ensures that the 2,(x) are
uniformly Q,-integrable and uniformly Q-integrable. By Theorem 2.8 of Serfozo (1982),
[ 2,(x)dQnu(x) — 0. O

LEMMA S23. Suppose that P, and Q,, are probability measures (each pair (P, Q) is de-
fined on a common measurable space) with corresponding densities p, and q, (with re-
spect to some o-finite measure vy,). Let I, =10g g,/ pn be the log-likelihood ratio.S'® If

ln=op,(1),

then drv(Py, Qn) — 0.

Proor. By the continuous mapping theorem,

qn =exp(ly) iJ"—> 1.

n
Le Cam’s first lemma (e.g., van der Vaart (1998, Lemma 6.4)) then implies that Q,, < P,,.
Let ¢, be arbitrary measurable functions valued in [0, 1]. Since the ¢, are uniformly
tight, Prohorov’s theorem ensures that for any arbitrary subsequence (n;) jen there exists
a further subsequence (#,,) men such that ¢, ~~ ¢ € [0, 1] under P,,,. Therefore,

(bn» €xp(ln,)) ~ (¢, 1) under Py,,.

By Le Cam’s third lemma (e.g., van der Vaart (1998, Theorem 6.6)), under Q,,, the law of
¢n,, converges weakly to the law of ¢. Since each ¢, € [0, 1],

lim [Qnm¢nm - Py, én,]1=0.
M—>00

As (nj)jen was arbitrary, the preceding display holds also along the original sequence.
O

ProrosiTioN S1 (Cf. Proposition 2.29 in van der Vaart, 1998). Suppose that on a mea-
sureable space (S, S), (un)neN IS a sequence of measures and p a measure such that
w(A) <liminf,_, o uy(A) for each A € S. If (fu)nen and f are (real-valued) measurable
functions such that f, — f in p-measure and limsup,,_, . [ |fa|? A, < [ |f|? du < 00 for
some p > 1, then [ |f, — f|P du, — 0.

$16/, may be defined arbitrarily when p, = 0.
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PROOF. (a+ b)P <2P(aP + bP) for any a, b > 0, and hence, under our hypotheses,
0 <2P|ful? +2P|f1P —|fu — fIP — 2P*|f|P in p-measure.

By Lemma 2.2 of Serfozo (1982) and limsup,,_, o [ |fx|?” dun < [ |f]? du < 00,
[ 2t d <timint [ 271£,17 201017 < £, - 117 d
n—oo

<27 [1f17 du—timsup [ 1~ £17 dy. .
n—>oo

ReEMARK 1. The condition that u(A4) <liminf,_, o w,(A) for each 4 € S in Propositions
S1is clearly satisfied if u,, — w setwise or in total variation.
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