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Robust relational contracts with subjective performance
evaluation

V. BHASKAR
Department of Economics, University of Texas at Austin and CEPR

WojciECH OLSZEWSKI
Department of Economics, Northwestern University

THOMAS WISEMAN
Department of Economics, University of Texas at Austin

We study a repeated principal-agent model with transferable utility, where the
principal’s evaluation of the agent’s performance is subjective. Our focus is on
equilibria that are robust to the addition of small privately observed shocks to
the payoffs. Existing constructions of positive-effort equilibria are not robust to
such payoff shocks. Allowing for simultaneous cheap-talk announcements makes
some effort sustainable in a robust equilibrium, and payoffs can be arbitrarily
close to fully efficient ones if players are sufficiently patient. In contrast to the ex-
isting literature, our near-efficient equilibria exhibit realistic features: the bonus
size is reasonable, the threshold for being paid a bonus is nontrivial, and the base
wage need not be negative.

KEYwoRDSs. Private monitoring, repeated games, relational contracts.
JEL crLAssIFICATION. C73, D86.

1. INTRODUCTION

In many organizations, the tasks that employees must perform lack an objective, con-
tractible measure of performance. Thus, performance evaluation is subjective and the
worker cannot observe the employer’s evaluation of his own performance. The employer
may be unable to commit to an incentive scheme, and may need to rely on relational
contracts and her subjective evaluation to incentivize the worker, as in Levin (2003),
Fuchs (2007), and Maestri (2012).! The contracts studied in the literature typically spec-
ify that the worker exerts effort, and that the employer pays a bonus to the worker if
and only if her subjective evaluation of the worker’s performance is good. To provide
incentives for the employer to disclose her evaluation truthfully, she is made indifferent
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Wojciech Olszewski: wo@northwestern.edu
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We are grateful to Marcin Peski, and three referees for very useful comments.
1Baker, Gibbons, and Murphy (2002) and Malcomson (2013) examine the circumstances under which
relational contracts are valuable in an organizational setting.
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between paying and not paying the bonus. To achieve that indifference, the relationship
must be dissolved with some probability in the event that the bonus is not paid. Such an
equilibrium is inefficient, since a productive relationship must be dissolved with pos-
itive probability. Fuchs (2007) shows that efficiency can be enhanced by requiring the
principal to report on the agent’s performance only every T periods. As in Abreu, Mil-
grom, and Pearce (1991), the extent of inefficiency decreases with 7. When both players
become arbitrarily patient, the equilibrium can attain full efficiency.

Our paper begins with the observation that the equilibria so constructed are frag-
ile and they do not survive if the principal is subject to small payoff shocks to her flow
revenues. In this case, equilibria where the principal is indifferent between paying the
bonus or not do not survive, because the principal strictly prefers to pay the bonus when
she learns that flow revenues in future periods are likely to be high, and strictly prefers
not to pay it when she learns that they will be low. In consequence, she will condition
her bonus payment on the shock, not on the agent’s performance. This breaks the link
between the agent’s effort and bonus payments, and destroys his incentive to provide
effort. More precisely, an equilibrium is purifiable if it is the limit of a sequence of equi-
libria of a sequence of games with payoff shocks, as the shocks vanish. We show that for
a large class of equilibria, either the agent will never exert effort or the equilibrium can-
not be purified. In particular, none of the equilibria proposed in the literature survives
when there are payoff shocks.?

We show that there exist positive effort equilibria that are robust to small payoff
shocks if we allow the principal and the agent to make simultaneous cheap-talk an-
nouncements at the end of each period. The intuition for why cheap talk allows for a
robust equilibrium is as follows. Consider an equilibrium of the base game where the
bonus is paid whenever output is high, the bonus is set at a level where the agent is
indifferent between working and shirking, and where the worker’s expected compensa-
tion equals his outside option. If the employer does not pay the bonus, the relationship
is terminated with a probability that makes the employer indifferent between paying
and not paying the bonus. Modify this construction as follows: the worker shirks with
a small probability, and worker and employer reveal their private information, i.e., the
worker announces whether he exerted effort or shirked, and the employer announces
whether output was high or low. If the announcements mismatch (i.e., the worker an-
nounces effort and the employer announces low output, or they announce shirking and
high output, respectively), then the relationship is terminated with an additional small
probability. Random effort implies that the principal’s observations of output are infor-
mative, and the additional termination probabilities give the employer strict incentives
to report truthfully. We provide strict incentives for the worker to tell the truth by making
him pay a small fine when reports mismatch; his base wage is increased slightly by the

2Tt could be argued that the principal may have a small preference for being honest, which could give
her strict incentives to tell the truth regarding the agent’s performance. However, it could also be the case
that the principal wants to pay the bonus if and only if she believes that the agent has worked. In this case,
in any equilibrium where the worker always works, the principal’s beliefs do not depend on the observed
signals.
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expected value of fines and the payment of a part of the base wage, net of fines, is de-
ferred to the end of the period.? When the noise in monitoring is small and the discount
factor is above a cutoff, we can construct an equilibrium where the agent works with
arbitrarily high probability and the efficiency loss is close to zero. Moreover, since both
players have strict incentives for truth-telling and the agent’s randomization is history-
independent, the equilibrium is purifiable.

For the case where the noise in monitoring is large, we explore equilibria where an-
nouncements are made only every T periods. A difficulty arises: any equilibrium that in-
centivizes truthful announcements with penalties for mismatched reports requires the
agent to shirk with positive probability in every period. We present two approaches to
resolving that difficulty. In the first, the agent randomly picks a single period of the T-
period block in which to shirk. This construction allows us to purify a large variety of
block equilibria, including the equilibria of Fuchs (2007) mentioned in the first para-
graph. In the second approach, the agent must be indifferent between always shirking
and always working within each 7-period block. The block equilibria of Fuchs (2007),
where penalties are imposed only if all 7 signals are bad, do not satisfy that requirement.
Instead, we introduce a different construction, borrowing an idea from Matsushima
(2004), that does yield the necessary indifference. Both approaches achieve efficiency
in the limit as the players become arbitrarily patient.

Our relational contracts based on block strategies differ qualitatively from existing
constructions in the literature. In Fuchs (2007), the agent gets a bonus at the end of the
block except when output is low in every period of the block. Thus, the agent is very
likely to earn the bonus even when he shirks in every period. The marginal increase
in the probability of achieving the bonus target by working an additional period is also
small. This implies that the per-period bonus* tends to infinity as the length of the block,
T, goes to oo and the base wage goes to —oco. In both our equilibrium constructions, the
threshold to earn the bonus can be set at a level that the agent is likely to reach only
with consistent effort, and the per-period bonus is approximately equal to the cost of ef-
fort per period. Consequently, the base wage is close to the outside option of the agent.
We provide a formal result showing that these attractive features are a part of our sec-
ond equilibrium construction. We view these properties as capturing more accurately
how firms set, for example, sales targets for their employees. Another distinctive feature
of our construction is the use of reports from the worker as well as from the employer.
Many firms incorporate that sort of employee self-evaluation in their performance re-
views.

The small shocks to payoffs that we consider, and require robustness to, would be
present in nearly any economic application. For example, an employer’s indifference
between paying a bonus or not would be broken by whether or not she has a pen and
checkbook handy. That fragility motivates our focus on purifiable equilibria: theoretical

3Since the worker’s expected continuation value equals the outside option, he will have no incentive to
make these payments voluntarily; this is the reason for making the employer responsible for the payments.

4The per-period bonus is 7/ T, where 7 is the bonus that is paid at the end of the block and 7 is the length
of the block.
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predictions that are not robust to such small details are unlikely to accurately describe
real-world behavior.

On the theoretical side, the paper demonstrates how incorporating cheap-talk re-
ports of private signals and incentivizing truth-telling through penalties for disagree-
ment can be used to construct purifiable equilibria under private monitoring. That
technique may be useful more generally in constructing equilibria where players have
strict incentives to condition on history in repeated games with private monitoring. The
belief-free constructions often used in that setting rely on players’ exact indifference be-
tween punishing or not so as to provide incentives. Bhaskar, Mailath, and Morris (2013)
discuss the difficulty of making those equilibria purifiable. Our technique also provides
an additional role for mixed strategies in repeated games: nontrivial randomization by
both players is required so that each player’s private information is a predictor of the
other’s announcement.

1.1 Related literature

There is a large literature on repeated games with private monitoring that is relevant
and that we will not do full justice to. Briefly, while the early literature used both “belief-
based” and “belief-free” approaches, most of the subsequent work has built on elements
of the belief-free equilibria pioneered by Piccione (2002) and Ely and Viliméki (2002).
Matsushima (2004) uses belief-free approach to show that block-strategy equilibria can
ensure asymptotic efficiency in the repeated prisoners’ dilemma when the players’ pri-
vate signals are independent. Ely, Horner, and Olszewski (2005) generalize belief-free
equilibria for a larger class of games. Sugaya (2022), building on the constructions of
Horner and Olszewski (2006) and Matsushima (2004), proves a general version of the
folk theorem for repeated private-monitoring games. In the work on relational contracts
(Levin (2003), Fuchs (2007)), the availability of transfers makes it easier to achieve the in-
differences required for belief-free constructions without any need for randomization.

The present paper differs from the literature on repeated games with private moni-
toring in three aspects. First, the stage game considered here has a nontrivial extensive
form, whereas the folk theorem of Sugaya (2022) obtains for simultaneous-move stage
games. Second, monitoring of the agent by the principal is private, but the principal’s
actions are public. Third, and most important, is our insistence on equilibria that are
robust to private payoff shocks and, thus, are purifiable. Nonetheless, we also build on
these previous approaches. Since the agent shirks with positive probability in every pe-
riod and his continuation strategy varies with realized effort, our construction is belief-
based in this respect. However, our equilibrium constructions may also be viewed as
modifications of belief-free approaches, since they require the principal, if she does not
pay a bonus to the agent, to dissolve the relationship with some probability so that her
loss is equal to the bonus. In addition, one of our constructions borrows an idea from
Matsushima (2004).

In contrast with most of the literature, our positive results require cheap-talk an-
nouncements in addition to randomization by the agent. The difference arises due to
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the sequential nature of our stage game and since the principal’s actions (bonus pay-
ments) are public rather than private. The cheap-talk announcements introduce an ele-
ment of simultaneity that allows us to circumvent the induction arguments that underlie
our negative results.

Cheap talk plays an important role in our analysis. In their pioneering work on re-
peated games with private monitoring, Compte (1998) and Kandori and Matsushima
(1998) prove a folk theorem by using cheap-talk announcements to coordinate behav-
ior. When there are two players, and signals are independent conditional on the action
profile, the equilibria that they construct have a belief-free flavor, in that each player
is made indifferent between her possible announcements. Cheap-talk plays a different
role here, since players are provided strict incentives for truth-telling. Furthermore, ran-
domization by the agent plays an essential role in providing strict incentives, whereas
randomization plays no such role in this earlier work.

The reader might ask, “Why is it that we require cheap-talk announcements in addi-
tion to randomization by the agent?” Previous work on the repeated prisoner’s dilemma
with private monitoring has constructed belief-based equilibria, where initial random-
ization by both players, coupled with two-sided private monitoring, suffices to pro-
vide strict incentives in subsequent periods (Sekiguchi (1997) and Bhaskar and Obara
(2002)). The difference arises due to the sequential nature of our stage game and since
the principal’s actions (bonus payments) are public rather than private. The cheap-talk
announcements introduce an element of simultaneity that allows us to circumvent the
induction arguments that underlie our negative results.

Our negative results, that pure strategy equilibria cannot be purified, have the fol-
lowing antecedents. Matsushima (1991) studies pure strategy equilibria in repeated
games with conditionally independent private monitoring. He imposes the restriction
that a player’s strategy does not condition on the history of private signals unless there
is a strict incentive to do so, and he finds that players must play a Nash equilibrium of
the stage game in every period. Bhaskar, Mailath, and Morris (2013) show that in games
where only one player moves at a time and where monitoring is public but subject to
bounded memory, only Markov perfect equilibria can be purified. Our positive results
require worker randomization and communication, and are related to Miyagawa, Miya-
hara, and Sekiguchi (2008), who study repeated games with costly monitoring, where
each player has to be incentivized to monitor her opponents. Similarly, in Rahman
(2012), both worker and monitor must randomize their effort and inspection decisions,
respectively, so as to incentivize each other.

Rahman and Obara (2010) study partnerships and assume that incentive schemes
must satisfy budget balance. They show that a mediator can be used to virtually imple-
ment the efficient outcome where all partners work, by making, with a small probability,
a secret recommendation to shirk to a randomly chosen partner, and by making rewards
contingent both on output and on the recommendation. We note that a mediator makes
it easier to construct near-efficient equilibria, since players do not have to be indifferent
between working and shirking.
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2. THE BASIC MODEL

Time is discrete and the horizon is infinite. There are two players: the principal and the
agent. The principal selects a base wage w, and in each period until the relationship
is terminated by either player, the principal pays the agent w, and the agent chooses
between exerting effort (E) and shirking (S), with effort cost ¢ > 0. The resulting output
v, which is privately observed by the principal, is stochastic and takes values in the set
{G, B}, where G > B.5 We assume that Pr(y = G|E) = p and Pr(y = G|S) = ¢, satisfying
1 > p > g > 0, so that output is a noisy signal of the agent’s effort choice. After observing
v, the principal may choose to pay the agent an additional bonus. The agent’s outside
option is w; we normalize the principal’s outside option to 0.

Let y and y denote the expected values of output when E and § are chosen, respec-
tively. We assume that y — ¢ > w > y. Thus, it is efficient for the agent to be employed
and to exert effort (the inequalities iﬁlply that (p — ¢) (G — B) > ¢), but if the agent shirks,
then it is preferable to dissolve the relationship. Both players are risk neutral and they
face no limited liability constraints. They maximize the discounted sum of payoffs, with
common discount factor 8 € (0, 1).

In the interest of precision, let us consider the following stage game I' that is played
in every period, conditional on the relationship not having been terminated by either
player.

e The agent is paid the base wage w and chooses a € {E, S}.

e The principal observes y € {G, B} and decides whether or not to pay a bonus 7, over
and above the base wage w.

e The principal and agent observe the realization of a public randomization device®
and simultaneously decide whether or not to terminate the relationship. The rela-
tionship continues to the next period if and only if both parties want to continue.

We denote the game that is repeated infinitely, unless terminated by a player, by I"*°.

The fundamental difficulty is that monitoring is imperfect and private. The princi-
pal does not observe the agent’s action, and the agent does not observe the signal y. To
incentivize effort, the agent’s bonus payments (or his continuation value) must depend
on the principal’s observation of output. However, because this observation is private,
the principal’s continuation value must be independent of the output the principal ob-
serves. MacLeod (2003) and Levin (2003) propose a solution that the principal is indif-
ferent between paying the bonus or not paying it. This indifference can be achieved via
a public randomization device that decrees that the relationship (which is profitable for
the principal) be dissolved with some probability whenever the bonus is not paid. In
other words, a part of the expected surplus from the relationship must be destroyed, be-
cause the agent cannot be punished while simultaneously rewarding the principal. As

50ur analysis extends to any finite signal space Y. The proofs of our negative results hold in that case.
For our positive results, if we order the signals y, from lowest to highest likelihood ratio Pr(y,|E)/Pr(y,|S),
then we may focus on a binary partition of the signal space, {G, B}, where G = {y, € Y|n > i} and B={y, €
Y|n < n} for some cutoff n.

6That is, the realization of a random variable that is uniformly distributed on interval [0, 1].
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usual, that surplus destruction could also take the form of the principal burning money
or giving it to a third party that neither the principal nor the agent cares about.

The equilibrium is inefficient because some surplus is destroyed. Fuchs (2007)
shows that inefficiency can be mitigated if the players are patient, by dividing the in-
teraction into blocks of T periods. The bonus is withheld only if the agent fails (that is,
output is B) in every period in the block, and this method of leveraging a single bonus
to incentivize effort in multiple periods reduces the loss in surplus. Fuchs (2007) also
shows that the most efficient equilibrium for a fixed discount factor is an efficiency wage
type equilibrium where the only feedback provided by the principal is when she termi-
nates the relationship.

3. PURIFIABILITY

The major problem with the block equilibrium (and also the one-period construction)
is that it relies on the principal’s indifference between paying the bonus and not pay-
ing it, and on her breaking this indifference according to the history of private signals.
Consequently, the equilibrium is fragile. In particular, if the value of the relationship to
the principal is subject to small shocks that are privately observed by the principal, then
she will condition her bonus payment on the realization of these shocks, not on out-
put signals. This problem also arises in the no-feedback efficiency wage construction:
in any period ¢ where the principal fires the agent with positive probability, she must
be indifferent between retaining the agent and firing, and this indifference is untenable
with shocks to the principal’s continuation value.’

To make this argument precise, we will also study the following class of ¢-perturbed
games ['° (&, 1), where £ and A are positive numbers, defined as follows:

o Before the principal makes her bonus decision in period ¢, the principal privately
observes a random shock z,;;. The principal’s payoff from output in period ¢ is
given by B + £z, and G + £z, i.e., it depends on the shocks that were realized in
period ¢ — 1.

We assume that z, follows a stationary autoregressive processes of order 1, that is,
zr = Azs—1 + (1 — A)z;, where A € (0, 1) and z; are independent random variables, dis-
tributed identically and continuously on a bounded interval Z with mean 0. For com-
pleteness, let zop = zp. Private shocks display some persistence, although it may be ar-
bitrarily small. Persistence implies that the principal’s future surplus from the relation-
ship is stochastic, and she has private information regarding it. This ensures that one
can never make the principal indifferent between paying the bonus and probabilistic
termination.

If the shocks were independent and identically distributed (i.i.d.), a minor modifica-
tion to the T-period block-strategy equilibrium, where we allow the principal to make
an announcement, would suffice. The principal could announce at the end of a block
whether the agent had passed or failed the test, but both the payment of the bonus

“The same problem arises if there are shocks to the principal’s outside option.
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and the stochastic termination of the relationship could be deferred for K > 1 periods.
This ensures that the principal would be indifferent between paying and not paying the
bonus, since she has no private information about the payoff consequences of her an-
nouncement. The assumption that shocks are ever so slightly persistent ensures that the
principal is never indifferent between paying and not paying the bonus, no matter the
timing of these events.

Our payoff shocks have bounded support, and by taking ¢ to be small, their effective
range can be made arbitrarily small. Nonetheless, in their presence, it is difficult to sus-
tain an equilibrium where the worker exerts effort on the equilibrium path. We will now
present two results showing that no effort can be sustained in some classes of equilib-
ria, which both include the equilibria studied in the existing literature, if we require in
addition that these equilibria be purifiable.

To make this precise, the following preliminaries are necessary. In the perturbed
game, in any period ¢, the agent alone observes his effort choice a,. The principal alone
observes output y; and the shock to output z;, . Both parties observe the public events,
such as the bonus payment and the realizations of the public randomization device,
which we denote by w; € (). Termination decisions are also public, but since the game
ends if one party chooses to terminate, we restrict attention to histories where both par-
ties have chosen to continue the relationship to date. Let Q/~! denote the set of possible
public histories at the beginning of period ¢.

Let o = (07){2, denote the strategy of the principal. A strategy for the principal pre-
scribes a bonus payment and a firing decision at all possible histories. Thus, ¢; consists
ofapair (¢}, 0?). The bonus payment is determined by o} : '~ x {G, B} x Z — [0, o0).
This depends on the public history to date, the history of observed outputs, and the
current value of the shock to flow revenues, z;;1. The expression (7[2 Q1 %[0, 00) x
{G, B} x Z x [0, 1] — {F, R} determines the principal’s firing/retention decision, which
is based additionally on the principal’s bonus payment this period and the realization of
the public randomization.?

Let p = (p,){2, denote the strategy of the agent. A strategy for the agent prescribes
an effort choice and a quitting decision at all possible histories. Thus, p; consists
of a pair (p}, p?). The agent’s effort choice is determined by p} : Q7! x {E, S}/~! —
{E,S}. This depends on the public history to date and the agent’s history of effort
choices. The expression p? : Q1 x [0, 00) x {E, S}’ x [0, 1] — {Q, C} determines his
quitting/continuation decision, which is based additionally on his current period ef-
fort choice, the principal’s bonus payment this period, and the realization of the public
randomization.

Note that the agent’s strategies are the same mathematical objects in the original
game '™ and in the perturbed game I'*° (¢, A). In turn, the principal’s strategies in these
two games are formally different objects. So to compare the equilibria of the two games,
we consider expected strategies of the principal in the perturbed game. More precisely,
let 4! denote a generic history of public events and outputs observed by the principal up

8A player’s private history also includes past values of the payoff shock, but since these are payoff irrel-
evant, the principal will not condition on these shocks in the perturbed game; see Bhaskar, Mailath, and
Morris (2013), Lemma 2.
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to period ¢ and stage i = 1, 2. Let ?rf(hi) = f a"(hi, zi+1)du(z41), where w is the distri-
bution of z,;;, denote the expected behavior of the principal at 4}, taking expectations
over the payoff shocks. Given a sequence of (£ )7-; that converges to 0, and a sequence
of perturbed game strategies (o, pk )72, the associated behavior of the latter sequence
converges to a strategy profile of the unperturbed game (&, p) if, for all i and ¢ and each
private history 4, 3¥(hl) converges in distribution to & (4!) and p¥(h!) converges in
distribution to ﬁt(hi).

An equilibrium (&, p) of the original game '™ is purifiable if, for any sequences of
shocks (§k)z°:1 and of persistence parameters ()\k)}z":1 that converge to 0, there is a se-
quence of equilibria (0%, p¥) of the perturbed game I'*°(£*, AX) such that the associated
behavior converges to (7, p).

We will now present negative results for two classes of equilibria. The first one con-
cerns equilibria with deterministic effort choice, i.e., effort choice that is deterministic
on path. More precisely, given the agent’s strategy p; (of the original game I"*°), the
agent’s period 1 effort choice is said to be deterministic in period 1 if pi prescribes a
pure action. Defining recursively, the agent’s period ¢ effort choice is deterministic in
period t if

e forevery s < ¢, his effort is deterministic in period s, and

e for every public history w;_; and the unique sequence of on-path private actions
along history ,_1, strategy p! prescribes a pure action.

The agent’s effort choice is deterministic if it is deterministic in all periods.

ProposiTiON 1. In any I'™® purifiable equilibrium where the agent’s effort choice is de-
terministic, the agent always shirks and the principal never pays a bonus.

The idea of the proof of this result (provided in the Appendix) is the following. If
the agent’s effort choice is deterministic, then the principal’s privately observed outputs
convey no information regarding the agent’s continuation strategy. However, the payoff
shocks affect the principal’s value from continuing the relationship, and she is almost
never indifferent between distinct bonus payments and the agent’s continuation strate-
gies induced by the payments. So the principal’s payoff shocks, not outputs, determine
her choice of bonus payments, and the agent lacks incentives to provide effort.

We could, in principle, allow the principal to report her shock as well as the output
signal. However, there is no single-crossing relationship to exploit. To induce truthful
reporting of the shock, those with lower shocks must be allowed to pay lower bonuses af-
ter reporting signal G, but then those with higher shocks would mimic those with lower
shocks.

The proposition implies that the T-period block equilibria in Fuchs (2007) are not
robust to payoff shocks, no matter how small. Fuchs also shows that the class of opti-
mal contracts, for any fixed discount factor, includes an efficiency wage contract where
(a) the agent gets all the surplus, (b) the principal is always indifferent between firing
the agent and retaining him, and (c) the principal provides the agent no feedback until
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she fires him. This is also not purifiable since the principal is never indifferent between
retaining and firing the agent when there are shocks to her payoff. A similar problem
arises with other methods for maintaining the principal’s indifference, such as various
ways to burn money. For example, the principal would be willing to condition the bonus
payment on her private signal of output if she were made indifferent between paying
the bonus and contributing to charity. Once again, though, incentive compatibility is
destroyed by the slightest deviation of the principal’s preferences from exact indiffer-
ence, such as a small, privately known variation in her valuation of the charity. It can be
shown that Proposition 1 would apply in this version of the model as well. Thus, the ar-
gument applies also to MacLeod’s (2003) analysis of formal contracting with subjective
performance evaluation.

This result and its proof are quite different from those in Bhaskar, Mailath, and Mor-
ris (2013). The most important difference is that the game considered here has private
monitoring, which raises new issues: the results in Bhaskar, Mailath, and Morris (2013)
assume public monitoring. The result only applies to equilibria where the worker plays
a pure strategy, but does not assume finite memory. Note that it suffices to assume that
there are shocks to the principal’s payoff, since shocks to the worker’s payoff would play
no role in the proof.

The second negative result concerns block-strategy equilibria. An equilibrium (&, p)
of the repeated game I'* is a T-period block-strategy equilibrium if time can be parti-
tioned into intervals of length T such that the following statements hold:

o If the relationship is in effect in the first period of a block, it is never terminated by
either player until the end of the block.

¢ Bonus payments are made by the principal only in the last period of each block.
e The strategies within a block depend only on the events within the block.

Block-strategy equilibria are not purifiable, even if the agent’s effort is not deter-
ministic. In a block-strategy equilibrium, the agent’s play in each block is independent
of events in previous blocks. Consequently, the principal can be incentivized to make
distinct bonus payments as a function of her signals only by varying termination proba-
bilities at the end of the block. However, with payoff shocks, the principal will condition
her bonus payments on the shock realization and not on the output signals. The proof
is provided in the Appendix.

ProposiTION 2. No effort can be sustained in any purifiable T -period block-strategy
equilibrium of '™ for any finite T.

The existence of purifiable equilibria (in strategies other than block strategies) in
which the agent randomizes between E and S is an open question. It is possible that
such an equilibrium can be constructed as follows. Since the agent randomizes, the
principal’s output is an informative signal about the agent’s action. The principal can be
incentivized to pay a bonus contingent on output G and to pay no bonus contingent on
output B by the threat that an action inconsistent with the agent’s action (i.e., not paying
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a bonus combined with action E or paying the bonus combined with action §) will re-
sult in less cooperative behavior of the agent than an action consistent with the agent’s
action. This, however, would require the agent to randomize in a history-dependent
manner, and such a strategy is usually difficult to purify.

3.1 Assumptions on shocks

Our aim is to set out a minimal model with payoff shocks that highlights the nonrobust-
ness of existing equilibrium constructions. We can allow more variables, besides output,
to be perturbed. For example, the agent could privately observe a random shock to his
effort cost before he chooses his action or both players could privately observe random
shocks to the value of their outside options. Adding these other shocks would not affect
any of our results, only making the analysis more involved in terms of notation. It should
be easy to see intuitively that the problem in constructing robust equilibria comes from
the principal’s indifference between paying or not paying the bonus, independent of
her signals. Our equilibrium constructions in Sections 4 and 5.2 can be purified when
we add a random shock to the agent’s cost of effort, even when this shock is autocorre-
lated.”

The reader may also ask, “Why do we assume that the shocks to the value of output
are history-independent?” The reason is that we want to respect the structure of the
repeated game, where histories do not directly affect stage-game payoffs. Indeed, if we
assume that realized output at date ¢ directly affects the distribution of z;;1, then the
results will depend on the nature of this dependence. For example, if the distribution
of z;41 conditional on G first-order stochastically dominates that conditional on B, this
will provide the principal with some incentives to report her signals truthfully in a pure
strategy equilibrium; she will be more likely to report G after G than after B. In turn,
if the distribution of z;,; conditional on G is dominated, her reports will be negatively
correlated with the truth.

Our strategy in the subsequent sections will be to construct equilibria where both
players—in particular, the principal—have strict incentives to condition on their pri-
vate signals. This ensures robustness to any small payoff shocks. The equilibria will
require the agent to randomize effort choices and to shirk with positive probability in
every period. In addition, we will allow for simultaneous communication.

4. SIMPLE, MORE EFFICIENT, AND PURIFIABLE EQUILIBRIA WITH CHEAP TALK

We modify the stage game I set out in Section 2 by allowing the principal and the agent
to make simultaneous cheap-talk announcements. Specifically, after the agent has cho-
sen effort and the principal has observed output, there is a cheap-talk stage within the
period where the parties announce their private information. We denote this new game

9We also show that our equilibrium construction in Section 5.1 can be purified when we add a random
shock to the agent’s cost of effort that is i.i.d. We conjecture, but have not proved formally, that this con-
struction can also be purified when the agent’s cost of effort is autocorrelated.
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by T. We find that cheap talk allows effort to be sustained in equilibrium. In this sec-
tion, we construct a purifiable equilibrium in T°—the game r repeated infinitely un-
less terminated—and we show that as long as the discount factor is above a cutoff, then
that equilibrium is approximately efficient when the noise in monitoring is small. For
fixed noise, we modify the equilibrium construction in the next section so that players
make announcements only every T periods; that construction will yield approximate
efficiency when the players are very patient even when the noise is large.!® 11

In the equilibrium that we construct, in each period, the agent reports his action
choice @ € {E, S} and the principal reports the output that she observed y € {G, B}. As a
function of the pair of announcements (@, y), the principal makes a bonus payment to
the agent and players terminate the relationship with some probability. The relationship
is also terminated by either player after any observable deviation.

We will first construct an equilibrium without message exchange in which the prin-
cipal is indifferent between paying the bonus to the agent and probabilistic termina-
tion. Then we will supplement that construction with reports in a way that will provide
the principal with strict incentives contingent on the signal she obtains. The message
exchange will also give the players strict incentives to report truthfully, but it will not
affect the qualitative properties of the baseline construction, because it will have only
marginal effects on actions and payoffs.

Our equilibrium requires the agent to choose both actions with positive probability.
Let ¢ € (0, 1) denote the probability that he chooses E. If the principal reports outcome
G, then she pays a bonus 7 to the agent. Otherwise the bonus is 0. To make the agent
indifferent between the two actions, the size of the bonus is chosen so that

c=(p—qrT. (1)

If the principal reports B, then the relationship is terminated by either player with a
probability a. This a will be chosen so that the principal is indifferent between paying
the bonus and the chance of losing continuation value V7, i.e.,

(1—38)r=daV?t. )

In other words, if the principal does not pay the bonus 7, the loss in continuation value
that she suffers in consequence is equal to 7. The agent is also paid w up front as a base
wage, so that his overall payoff equals w, his outside option. That is,

w=w — qc .
pP—q

3)

This w is computed assuming that the worker shirks; of course, the worker gets the
same payoff from working and shirking.

10We note that our results still hold if making announcements has a small cost that may vary across an-
nouncements. The reason is that in our constructions, players have strict incentives for truthful reporting.

1I'we focus (here and in the rest of the paper) on equilibria in which the surplus goes to the principal.
The surplus can be divided in any other way, by adding an up-front payment to the agent.
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The principal’s value V7 is
VP=1-8)[¢G-w-—a)+1 - y—d)]+8VF —8[¢(1—p)+ (1 - )1 —q)]aV”,

where the last term reflects the loss in continuation value when signal B is observed.
Using the agent’s indifference condition (1) and the principal’s indifference condition
(2), the principal’s value can be rewritten as

- _ c
VP=[¢pG-w—a)+(1-d)y-w)]-[¢(1—p)+ Q- )1 - q)]ﬂ.

Note that this expression depends only on the parameters of the model and the ac-
tion of the agent. So @ can now be defined by (2) and (1) in which VP takes the above
value. Of course, « cannot exceed 1. This will be implied by two conditions. First, since
we are interested in attaining efficiency, we look for equilibria in which ¢ is close to 1.
By assuming that

— 1—
4 S S et 2L
p—q
we guarantee that ¥ > 0 for the values of ¢ that are close enough to 1. Further, if § is
defined by

0,

1-8)——=37",
p—q
then it follows from (2) and (1) that « < 1 for any 6 > 3.

We will now supplement the construction with a simultaneous exchange of mes-
sages, which will provide both the agent and the principal strict incentives for reporting
signals truthfully, while keeping the agent indifferent between playing £ and playing S.
To provide the agent with strict incentives for truth-telling, we let the principal retain a
portion of the base wage so that an amount x;; is deducted from the agent’s compensa-
tionif the agentreports i € {E, S} and the principal reports j = {G, B} during the message
exchange. The rest of the retained portion is returned to the agent before the realization
of the public randomization is observed. The relationship is terminated by both players
with an additional probability «;;. This «;; will be chosen so that the flow equivalent of
the loss in continuation value suffered by the principal equals 2x;, i.e.,

SaijVP=2(l —5))6,']'. 4)
The numbers x;; must satisfy the conditions

PxgG + (1 — p)xgp < pxsg + (1 — p)xsp
gxsg + (1 —q)xsp < qxpc + (1 — q)xgs
pxXeG + (1 — p)xpp=qxsGg + (1 —q)xsB

(1 —p)xpp+ (1 —@)(1—q)xsp - ¢(1 = p)xpc + (11— @)1 —q)xsc
¢(1—p)+ (1 —-¢)1-gq) d(l—p)+(1—-¢)(1-gq)
épxeG + (1 — d)gxsc - épxgp+ (1 — P)gxsp
¢p+(1—d¢)g ¢p+(1—d¢)g
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The first two conditions guarantee strict incentives of the agent for truthful reporting.
The third condition maintains the agent’s indifference between playing £ and playing S.
Finally, the last two conditions guarantee strict incentives for the principal to truthfully
report.

For ¢ strictly less than but close to 1, we can satisfy the five conditions as follows. Set
xsg = 0 and choose € > 0. Then set

xXsG = Pe, XEB =TE€, XgG =€(p—1+7),

where r = p(1 — ¢) + q¢. Observe that if ¢ is close to 1, then x;; > 0 for all i and j, and
xsp < xsg and xgg < xgp. Roughly speaking, this construction provides incentives for
truthful reporting by penalizing the report mismatch; that is, when the agent reports E
while the principal reports B or when the agent reports S and the principal reports G.

The base wage must be increased to compensate the agent for the expected value
of the payments x;;, since otherwise, the agent’s overall payoff would fall below his out-
side option. Also, since the agent’s continuation value equals his outside option, he
would have no incentive to make the payments x;; at the end of the period. To over-
come this, the principal subtracts an amount equal the maximum of these amounts (i.e.,
X = max; j x;;) from the agent’s base wage and refunds the agent x — x;; immediately after
the messages are exchanged.

We now write out the principal’s value as

VEP=(1-9)[pG -0+ (1 —d)y—w]
+8{1-[¢(1—p)+(1—d)1—q)|a— (1 — plaps — dppagrc
— (1 - $)qasg — (1 — $)(1 — @asp}VE.

Using the analogues of (1) and (2) for T to substitute for a7’? and using (4) to substi-
tute for aijVP , we obtain

= _ _ Cc
VP=¢(y—c)+(1—¢>)X—w—[¢>(1—p)+(1—¢>)(1—q>]m

—2{¢[(1 — p)xeg+ pxec] + (1 — ) [gxsc + (1 — g@)xsB]}.
Note that this expression depends only ¢ on and €, and the parameters of the model. So
« can now be defined by the analogues of (2) and (1) for I' and «;; can be defined by (4)

in which I’? takes the above value. As ¢ — 1 and € — 0, V' — 7', s0a, a;; < 1 for such
¢ and €, and any & > 6.

It remains to show that this equilibrium is purifiable. Both players have strict incen-
tives at the cheap-talk stage, and the principal has strict incentives at the bonus payment
stage. The only remaining question is whether the agent’s random choice of effort can be
purified. In our model, the randomness in the agent’s choice imposes no problem, be-
cause we did not perturb the agent’s cost. However, the agent’s choice would be purified
even if his cost was perturbed and autocorrelated. (Of course, the cost shock is observed
by the agent before he makes his effort decision.) To see why, assume that the cost of
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effort in period ¢ is ¢ + £x,, where x,follows a stationary autoregressive processes of or-
der 1, x;, = Ax;—1 + (1 — A)X;, where A € (0, 1) and X, are independent random variables,
distributed identically and continuously on a bounded interval X with mean zero, and
(for completeness) let xg = Xo. Let the bonus 7 be chosen so the type of agent with cost
¢+ éx* is indifferent between working and shirking. The bonus is unchanged over time
and, thus, the type of the agent who is indifferent is also invariant over time. Choose
x* close to the upper end of interval X. This guarantees that the probability that the
agent prefers shirking to working is small, but bounded away from zero in every period,
when A is sufficiently small. However, since costs are autocorrelated, the probability of
the agent exerting effort in period ¢ will vary over time. This does not matter, since the
precise probability that the agent exerts effort plays no role in the construction, as long
as it is strictly less than 1. Finally, as ¢ — 0 and the autocorrelation vanishes, the agent’s
behavior converges to a randomization probability that is constant across periods.

For ¢ close to 1 and e close to 0, the principal’s value of the relationship is close
to V7' This is less than y — w — ¢, the highest possible surplus. Some surplus must be
burned because monitoring is imperfect, and the relationship must be terminated with
positive probability since otherwise she would have an incentive to always claim that
she observed low output. These payoff losses arise even in the nonpurifiable equilib-
rium of Levin (2003), where the worker chooses effort for sure, and where there is no
cheap talk. We, therefore,, have the following proposition.

PROPOSITION 3. Assume V' >0 and 8 > 8. For every A > 0, there exists a purifiable
equilibrium with cheap talk such that the principal’s expected payoffis at least V' A

Proposition 3 requires the discount factor § to be strictly greater than some & < 1,
since otherwise there are no feasible values of o}’ that satisfy the principal’s indiffer-
ence condition (2). In other words, if the principal is too impatient, she cannot be in-
centivized to pay the bonus.

The additional inefficiency imposed by the purifiability requirement is twofold: first,
the worker must shirk with positive probability and, second, there is an additional prob-
ability of termination induced by the phase of message exchange. Nonetheless, these
costs can be arbitrarily small, since both the shirking probability 1 — ¢ and the addi-
tional termination probabilities «;; can be arbitrarily small.

Finally, as the noise in monitoring vanishes, efficiency is achievable; more generally,
we have the following corollary.

COROLLARY 1. Assume V' > 0 and 8 > 3. For every A > 0, if (1 — p)/(p — q) is suffi-
ciently close to 0, then there exists a purifiable equilibrium with cheap talk such that the
principal’s expected payoff'is at leasty —w — ¢ — A.

5. T-PERIOD BLOCK EQUILIBRIA WITH CHEAP TALK

The equilibria from the previous section achieve efficiency only when the noise in mon-
itoring vanishes. With nonvanishing noise, Fuchs (2007) shows that patient players can
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approach efficient outcomes by dividing play into blocks of T periods. At the end of the
block, the principal pays a bonus to the agent unless the output was B in all 7" periods.
We find that adding cheap talk can deliver a similar efficiency result, but in purifiable
equilibria; in addition, some equilibria that we construct have qualitatively different
(perhaps, more realistic) features.

As in the one-period case in the previous section, we generate incentives for truth-
telling by penalizing mismatched reports. That approach requires nontrivial random-
ization by the agent. Let us examine the conditions that must be satisfied in a T-period
construction. Suppose that the equilibrium requires the agent to choose E with high
probability in every period of the block. Then the play of E in any period ¢ of the block
must be incentivized, meaning that the principal’s reporting decision must depend on
whether signal G or B is realized in that period. However, if the principal is to have strict
reporting incentives, then the ¢th period signal must be informative of the agent’s be-
havior (and, hence, the agent’s report). That link is possible only if the agent chooses
both E and § with positive probability in the ¢th period of the block. In other words,
both E and S must be played with positive probability in each period of the block.

We present two approaches for constructing that period-by-period uncertainty in
purifiable T-period equilibria. Our first approach builds on Fuchs (2007). The agent
plays S in at most one period of the block, but it could be any period. In the second
approach, the agent plays S either in all 7 periods or in none. The latter has the advan-
tage that it also delivers more realistic contracts, since the bonus need not be extremely
high and the base wage need not be negative. Both of those extreme approaches may
be unrealistic in applications, but it is straightforward to use them to construct interme-
diate cases (where, for example, the agent may put in low effort for a week when he is
unexpectedly busy at home).!?

5.1 Strict incentives for truth-telling in block-strategy equilibria

In this section we provide a general construction for modifying block-strategy equilib-
ria to purifiable equilibria, with a minimal loss in terms of their efficiency. Let (o*, p*)
be a T-period block equilibrium of the baseline environment I"* with no exchange of
messages, with the property that, in equilibrium, the agent exerts effort in every period.
In particular, (o™, p*) specifies a “test” that maps the principal’s observed signals to a
bonus and a termination probability. We then augment (o*, p*) roughly as follows: the
agent randomly chooses a period ¢5 in which to shirk and he announces ¢S at the end of
the block. The principal simultaneously announces her signal from each of the T peri-
ods. Then the announced period ¢ is “thrown out” and the test from (¢*, p*) is run on
the remaining periods. That rule, with some adjustments, preserves the effort incentives
from (a*, p*).!3 Finally, to provide incentives for truth-telling, we use small adjustments
to bonus payments.

12In addition, it is easier to prove that the equilibria constructed by the second approach are purifiable
when we enrich the model by autocorrelated shocks to the agent’s cost of effort.

13These adjustments are necessary and essential, because otherwise the principal who obtained signal
B in all periods of a block could not be given strict incentives for reporting her signals truthfully, and the
augmented equilibrium would not be purifiable.
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Formally, define a T-period review strategy profile (o*, p*) = (7, x) of the baseline
game as follows. As a function of the number of G signals » in the principal’s private
T-period history of signals, (o*, p*) specifies whether or not the agent passes the test,
x(n) € {0, 1}. If the agent passes, then the principal pays him a bonus . If the agent fails
the test, then the relationship is terminated by either player with a probability « so that
the flow value of the payoffloss to the principal equals 7.1* The agent’s strategy is to play
E in every period. An agent-strict T-period review strategy equilibrium (¢o*, p*) = (7, x)
is one in which the agent has a strict incentive to play E in each period.

Next, define an augmentation of (o*, p*) = (7, x) as follows.

5.1.1 Actions and reports The horizon is divided into blocks of length T each. The
agent chooses exactly one period in which she plays S by a fair lottery over the T periods
plus a fictitious (7 + 1)st period. In all other periods, the agent plays E. If the fictitious
period T + 1 is selected by the lottery, then the agent provides effort in all T periods.
At the end of each block, the agent reports to the principal the period 5 that she chose
for playing S, and the principal reveals the signals that she obtained in the T periods
of the block. The “signal” of the principal in the fictitious period T + 1 is generated by
public randomization. More precisely, if the agent plays S in one of the T periods, then
the public randomization generates in the fictitious period 7 + 1 a signal in the way the
signal would be generated by the agent’s action E in that period. If #5 = T + 1, then the
public randomization generates a signal in the way the signal would be generated when
the agent played action S. The reports are simultaneous and the realization of public
randomization is observed after the reports. It is understood that the agent must report
action E in all but one of the T + 1 periods; in the remaining period she must report
action S.

5.1.2 Agent’s review Next, the agent is subject to the test y. The period 5 does not
count for the review. All other periods count, including the fictitious one if this is not
the period in which S was prescribed. The rule y applied to the T periods that count
determines whether or not the agent passes the test. If the agent passes the test, then
he is paid the bonus 7. If the agent fails the test, then the principal pays no bonus,
but the relationship is terminated by either player with a probability such that the flow
cost to the principal equals 7. No matter whether the agent passes or fails, he is paid
an adjustment. The adjustment compensates the agent for playing S in a later rather
than an earlier period or for not playing S at all (that is, for choosing the fictitious period
T + 1), so that the agent is indifferent regarding the period in which he plays S. More
precisely, the adjustmentis (1 — 6 ~1)¢/67~1if S < T and ¢/67 1 if S = T + 1.

Finally, it will be convenient to assume that the value of the agent is w. This is with-
outloss of generality, because the base wage and the bonus can be adjusted to guarantee
this condition.

14That is, (1 — §)7 = dal’?, where ¥ denotes the value to the principal of the T-period game played
repeatedly over the infinite horizon.
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5.1.3 Testing principal’s reports Finally, the principal’s report is tested. More specifi-
cally, an ¢ is added to the agent’s bonus, no matter what the outcome of the test. That
is, the bonus becomes 7 + ¢ if the agent passes the test and ¢ if the agent fails. This ¢ is
next subtracted if the principal’s report passes the following test.

(i) A period other than 5 is drawn in a fair lottery over the remaining 7 periods
(including the fictitious period 7 + 1 if S£T+1).

(ii) A fifty-fifty lottery chooses either (a) 5 or (b) the period chosen in (1) (in which it
is assumed that the agent reported E).

(iii) Ifthe signal reported by the principal and the agent’s action in the selected period
coincide, that is, they are {G, E} or {B, S}, then the principal passes. Otherwise,
that is, if they are {G, S} or {B, E}, then the principal fails.

The reader may wonder why the principal is tested in this specific manner. This
specific test guarantees that at the beginning of a block the principal assigns a fifty—fifty
chance to both actions in the period that will be taken for the test. Therefore, the signals
obtained by the principal are more likely to coincide with the action taken for the test
than the opposite signals.

The reader may also wonder what the role of the fictitious period is. If we did not
include the fictitious period and the agent was prescribed to choose one of the T block
periods for shirking, then the principal with all signals B (or with all signals G) would
still assign a fifty—fifty chance to both actions in the period taken for the test. Therefore,
the principal would not have strict incentives to report her signals truthfully.

With those definitions, we can present the result for this approach to constructing a
robust and efficient equilibrium.

LemwmA 1. Fix 6 and T, and suppose that (o*, p*) = (7, x) is an agent-strict T-period
review strategy equilibrium of the game without cheap talk. Then, for high enough 6,
there is an augmentation of (o™, p*) that is a purifiable equilibrium of the game with
cheap talk.

The proofis given in the Appendix.!®

PROPOSITION 4. Let A > 0. Then there exists T such that for 6 < 1 but close enough to
1, there is a purifiable equilibrium in T -period block strategies with cheap talk where the
agent exerts effort in at least T — 1 periods of the block, and the principal’s expected payoff
isatleasty —w —c — A.

Proor. The proposition follows by applying Lemma 1 to the strategies in Fuchs (2007)
plus the observation that when players become patient and 7T is high enough, a single
period of playing S in every block creates only a negligible efficiency loss, as well as
having a negligible effect on the principal’s payoff. O

15We will show that the equilibria are purifiable even when the agent’s cost of effort is perturbed. How-
ever, we will assume that the cost shocks are i.i.d. We only conjecture, but have not proved formally, that
the equilibria would be purified even when the cost shocks were autocorrelated.
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5.2 Shirkingin 0 or T periods

In our second approach, the agent randomizes between exerting effort in all 7 periods
and shirking in all T periods. That is, the agent must be indifferent between the two
sequences—“always E“and “always S”—at the beginning of the block, and also deterred
from deviating to other action sequences. As § approaches 1, there is a sequence of such
equilibria whose payoffs asymptote to efficient payoffs. In addition, these equilibria will
have some, presumably attractive, realistic features: (a) the per-period bonus paid by
the principal will be close to the per-period cost of the agent’s effort; (b) getting a bonus
will be highly unlikely when the agent never works, while it will be almost certain when
the agent always works; (c) the base wage will be close to the outside option of the agent.
More precisely, we have the following result.

ProPOSITION 5. Let A > 0. (i) Then there exists T such that for high enough & there is
a purifiable equilibrium of I'*° with cheap talk in T-period block strategies, where the
agent exerts effort in all T periods or in none, and the principal’s expected payoff is at
leasty — w —c — A.

(ii) In addition, the equilibrium has the following features: (a)c—A < 7/T < c+A; (b)
7(T) >1—Aand w(0) <A, where w(k) stands for the probability of the agent obtaining
the bonus T when she has worked in exactly k periods during a block; (c) w+ A > w >
w—A.

The rest of this section is organized as follows: We will first describe our construction
of equilibria and state some of their features. Since the construction is similar to the
construction in Matsushima (2004), and especially that in Ely, Hérner, and Olszewski
(2005), we postpone formally proving (i) to the Appendix. The features we state will
allow for proving (ii). We will next compare our equilibria to those from Fuchs (2007)
and show that in his equilibria, (a’) the per-period bonus goes to oo as the length of the
block, T, goes to infinity, (b’) the agent is very likely to be paid the bonus even when he
shirks in every period, and (c’) the base wage goes to —oco as T goes to co.

To describe our construction, we will need two lemmas, which display some prop-
erties of binomial distributions. They are known and easy to prove, so their proofs will
be omitted. (A version of these lemmas was first noted in Matsushima (2004).) Denote
by F(n, T, k) the probability of the event that the principal receives more than # signals
G contingent on the agent taking action E in exactly k periods of a block of T periods.
Denote also by f(n, T, k) the probability of the event that the principal receives exactly
n signals G.

LEMMA 2. Forany e > 0, thereexistsa T such that forevery T > T, thereexistsann = n(T)
suchthat F(n,T,T)>1—¢ F(n,T,0)<e,and Tf(n,T—1,T—-1)>1/(p— q).

The lemma says that there exists a cutoff number of good signals with three prop-
erties. An agent who always works will reach the cutoff with probability close to 1, an
agent who always shirks will reach it with probability close to 0, and the probability of
exactly hitting the cutoff in period T — 1 after 7 — 1 periods of working is large relative
to1/T.
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LemmA 3. Forevery T >1andn=0,1,...,T -1, f(n, T — 1, k) as a function of k =
0,..., T — 1 issingle-peaked, that is, if f(n, T —1,k) > f(n, T — 1,k + 1), then f(n, T —
Lk+1)>f(n,T—1,k+2)fork=0,...,T—3.

The key idea of our construction is to set the cutoff number of good outcomes for
paying a bonus at an intermediate value, between fraction ¢ and fraction p of the T pe-
riods. In addition, the cutoff is set quite close to p so as to guarantee that the agent who
is indifferent between always E and always S prefers always working to working only
in T — 1 periods. The choice of the cutoff is subtle, because we also want it not to be
too close to fraction p of the T periods to assure that getting a bonus is almost certain
when the agent always works. However, such a choice is possible by Lemma 2. (Get-
ting a bonus will be highly unlikely when the agent never works, because the cutoff is
bounded away from fraction g of the T periods.) Lemma 3 in turn guarantees that the
marginal benefit of working in k + 1 versus k periods is first negative and then posi-
tive, and together with the indifference between “all $” and “all E,” it guarantees that
the agent prefers the two constant sequences of actions to any other sequence within a
block.

As in Section 4, the equilibrium is purifiable because the players have strict incen-
tives, except the agent’s choice of effort, which is not perturbed in our model. However,
the agent’s choice of effort would be purified even if his cost was perturbed and autocor-
related by prescribing him § (in all periods of a block) if, at the beginning of the block,
his cost exceeds some high cutoff ¢ + £x*, as in Section 4. In the unperturbed game, once
the agent makes a choice between working and shirking at the beginning of a block, he
has strict incentives to continue with the same action for the rest of the block. Conse-
quently, if ¢, the scaling of the shocks, is close enough to 0, the agent continues to have
strict incentives to continue with the action chosen at the beginning of the block also in
the perturbed game.

We will now elaborate on features (a)-(c). Note first that 77 (k) from Proposition 5 is
equal to F(n, T, k). Thus, (b) follows directly from Lemma 2. Since the agent is indif-
ferent between always E and always S, it must be that (14 --- 4+ 87 1) c = 8T 7[a(T) —
w(0)]. Thus, 7/T is close to ¢ for large enough values of & by (b).!® So (a) follows from
(b). (Actually, these two features are equivalent, that s, (b) also follows from (a).) Finally,
since the agent is indifferent between the contract and the outside option, i.e., the base
wage w must be close to w, (c) follows from (a).

Qualitatively, our equilibria differ from the T-block strategies in which the relation-
ship is not terminated by either player as long as the outcome was G in at least one
period of a block (as in Fuchs, 2007). These equilibria feature (a’)-(c’). Indeed, to at-
tain efficiency (in the limit as 6 tends to 1), the blocks must become arbitrarily large
(T — o0); otherwise, players would break a profitable relationship with a probability
bounded away from 0 in every T period, where T would be bounded away from oc.
With T tending to oo, the agent misses the cutoff (and loses a bonus) with probability
close to 0, no matter what actions she takes in the block of T periods; more specifi-
cally, (1 — p)T and (1 — ¢)7 denote the probability of losing the bonus when working

16Note that T in Proposition 5 is chosen for all large enough values of 8.
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in all periods and when shirking in all periods, respectively. So, to give the agent incen-
tives to work in all periods, over shirking in all periods, the bonus  must weakly exceed
(14---+8TNe/8T1(1 - ¢)T — (1 — p)T]. Such a bonus becomes infinitely large, even
in per-period terms, as T — oo(because (1 — ¢)T — (1 — p)T — 0). So, if the principal
wants to extract all (or most) surplus from the relationship, the base wage must be set
negative; actually it must tend to —oco when 7' — oo.

The equilibrium construction of our first approach, used in Proposition 4, builds on
the strategies in Fuchs (2007). It utilizes self-reports by the agent, but it shares the nega-
tive base wage and large bonus of the earlier work. We note, however, that it is possible
to construct a 7T-period block-strategy equilibrium of the baseline game in which the
agent shirks in at most one period, the base wage is positive, and the size of the bonus
7is close to Tc. The corresponding review specifies, like the one from this section, that
the agent passes the test as long as the principal observes at least n good signals, where
n > 1isnontrivial: always working ensures that the agent passes the test with high prob-
ability, but always shirking means that the agent is very likely to fail the test. We can then
build on these strategies (instead of the strategies in Fuchs (2007)) to construct equilibria
with properties similar to those of the equilibria constructed in this section, in which the
agent shirks in at most one period instead of always shirking or always exerting effort.

Consider finally a variant of our model, where the principal can sign a binding con-
tract whereby she commits to paying either the agent or a third party such as a charity,
but where performance evaluation remains subjective as in MacLeod (2003). Proposi-
tions 4 and 5 would then apply, but without any requirement on é. Since the principal is
committed contractually to make payments either to the agent or to charity, she cannot
renege on making at least one of the payments. Our construction provides incentives for
the principal to truthfully choose between these options. Furthermore, the relationship
could have a finite horizon 7, and the principal could obtain a per-period payoff within
A of y —w — c aslong as T was sufficiently large.

6. CONCLUDING COMMENTS

Requiring robustness to small payoff shocks, such as are present in many economic ap-
plications, has major consequences for relational contracting between a principal and
an agent. No equilibrium where the agent always exerts effort is robust to payoff shocks.
We have shown, however, that extending the basic interaction by allowing cheap talk can
make effort sustainable. Cheap talk, when coupled with the agent’s random effort, al-
lows principal and agent to cross-check each other, providing strict incentives for truth-
telling. Agent’s randomization would be unnecessary if the agent could also observe a
signal of his performance that is correlated with the principal’s subjective evaluation. In
this case, cheap talk would suffice as a way to cross-check their observations. Also, if
the agent’s effort had a persistent component, then the principal would be less keen to
continue the relationships after observing low output than after high output, so that one
might be able to dispense with cheap talk altogether. Our contribution is to show that
one can obtain robust equilibria even without modifications to the fundamentals of the
model.
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We construct equilibria with realistic properties: the base wage is positive, the size
of the bonus paid to the agent for good performance so as to incentivize effort is pro-
portionate to the cost of effort, and the threshold for earning the bonus is set so that the
agent can likely reach it by exerting effort but not otherwise. The optimal contracts pre-
viously studied in the literature, in contrast, feature bonuses that are much larger than
the actual effort cost and thresholds that are nearly certain to be reached even without
effort. Our construction also highlights the role of self-review of workers’ performance.
The construction relies on simultaneous messages, which suggests a motivation for as-
signing the task of evaluating an employee’s performance to a manager rather than to
the firm owner who pays the bonuses. That way, the employee and owner do not know
the other’s report when making their own.

APPENDIX
A.1 Proofs of negative results

A.1.1 Proofof Proposition 1 Consider the perturbed game. Then, for every public his-
tory w;—1 on the equilibrium path, the action sequence (at,...,a" is correctly antic-
ipated by the principal. Consider the principal making the decision in period ¢. The
principal’s observation of output y; does not affect her continuation value; it only af-
fected the flow payoff that she obtained at date ¢, but not her beliefs about the agent’s
continuation strategy. Let period ¢ + k be the first period in which the realization of y;
affects either the bonus payment or the principal’s termination decision.

Suppose that the principal makes two distinct bonus payments 7 < 7" after private
histories that only differ with regard to y,. Incentive compatibility for the principal im-
plies that the agent’s continuation strategy after - must differ from that after 7/, with 7
inducing either lower effort or a greater termination probability. Thus, for the values
of z;,, above some cutoff, the principal will prefer the agent’s continuation strategy af-
ter 7/, and for the values of z;,; below that cutoff, the principal will prefer the agent’s
continuation strategy after 7. Thus, the set of values of z;, ; such that the principal con-
ditions her bonus payment on y; is negligible. If the realization of y; does not affect the
bonus payment in period ¢ + &, then for almost all values of z;, ., the principal must
strictly prefer either the termination decision prescribed after y; = G or the termination
decision prescribed after y, = B.

A.1.2 Proof of Proposition 2 Consider the perturbed game and a period ¢ at the end
of the T-period block. Suppose that the principal paid a bonus level 7 (which could
possibly be 0) and that players observed a realization of the public randomization de-
vice 0. Conditional on the public event (7, 6), the agent’s quitting strategy in period ¢
is a function p?(r, 0):{E, S} — {C, 0}, i.e, it specifies continue or quit depending on
his effort choices in the block. The principal’s firing strategy in period ¢ is a function
a?(r, 0):{G, B}T x Z — (R, F}, i.e,, it specifies firing or retaining the agent depending
on the outputs in the block and on the value to the principal’s payoff shock. Observe
that either player’s choice on whether to continue or terminate the relationship only
matters when the other player chooses to continue, since the relationship terminates
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if one player chooses to terminate it. Suppose that the equilibrium specifies that after
(7, 0), the relationship continues with positive probability, so that there exists some ef-
fort sequence and a nonnegligible set of payoff shocks for which the agent chooses C.
Since output signals have full support, for any output sequence in {G, B}”, the principal
assigns positive probability to the agent continuing. Thus, for almost any realization of
the principal’s payoff shock z;, if it is optimal for the principal to continue (resp. ter-
minate) the relationship at some sequence in {G, B}7, it is optimal to continue (resp.
terminate) at every other sequence in {G, B}T. In other words, at any (7, 0) where the
relationship continues with positive probability, the principal’s firing decision does not
depend on the output sequence in the block.

A similar argument establishes that at such (7, 6) (where the relationship contin-
ues with positive probability), the agent’s quitting decision does not depend on the se-
quence of effort choices within the block. This establishes that for any (7, 8), the prob-
ability that the relationship continues does not depend either on effort choices within
the block or on the output sequence.

Now consider the principal’s choice between two distinct bonus values 7 and 7. If
7 > 7/, then the probability of terminating the relationship must be greater after 7. The
preceding argument has established that the principal’s continuation value from choos-
ing 7 (or 7’) does not depend on the observed output sequence. Thus, if it is strictly op-
timal to choose 7 at some output sequence and some realization z; of her payoff shock,
then she will choose 7 at every other output sequence for that same value of z;. That
is, the bonus payment does not depend on the output sequence and, consequently, it is
suboptimal for the agent to exert any effort.

This argument establishes that for any z;, the set of block-strategy equilibria where
the agent chooses effort with positive probability is empty. Thus, any block-strategy
equilibrium of the unperturbed game that features positive effort is not purifiable.

A.2 Proofof Lemma 1

We show first that the specified strategies are an equilibrium, and then that the equilib-
rium is purifiable. There are four sets of equilibrium conditions that must be verified.

The agent has strict incentives to shirk in one and only one period The agent is happy to
shirk in one period, because the period chosen by him does not count in his review and
he saves on the cost of providing effort (in periods ¢ < T), or he is paid an adjustment (in
periods 7 > 1), or both (in periods 1 < ¢ < T'). Shirking in more than one period will affect
the review. By definition of a T-period review strategy, the bonus 7 and test y are such
that the agent prefers to exert effort in every period except the one chosen for shirking.

The agent is indifferent across all T + 1 periods regarding the choice of period for shirking
This follows because all periods (except the one selected for shirking) equally matter for
the agent’s review, and the adjustments (1 — §‘~1)¢/87! for t € {1,..., T} and ¢/67 !
for t = T + 1 make the saving on costs equal to ¢ (in terms of period 1) across all T + 1
periods. In addition, the testing procedure has the property that the chance of losing
¢ is independent of the choice of the period for shirking, given the honest report of the
principal.
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The agent has strict incentives to honestly report the period in which he has shirked 1If
the agent misreports the period in which he has shirked, he replaces in the review a
period in which he played E with a period in which he played S. So a misreport has the
same effect on the review as taking action § instead of taking action E. In contrast to
taking S instead of taking E, the agent does not save on the cost of effort by a misreport,
but he reduces the probability of losing . However, this last benefit is assumed to be
very close to 0.

The principal has strict incentives to honestly report her signals Testing of the principal’s
reports is designed such that from the ex ante perspective each period (including the
fictitious one) is chosen for comparing the agent’s action and the principal’s signal with
probability 1/(T + 1); in addition, the probability that action E (or that action §) was
taken in the chosen period is 1/2. The principal’s objective is to report G or B that is
consistent with the agent’s action (i.e., G if the action was E, and B if the action was S).
By receiving her signal, she updates her belief in favor of £ when the signal is G and in
favor of S if the signal is B. Thus, any misreport reduces the probability of attaining the
principal’s objective.

Of course, the principal correctly anticipates the agent’s strategy of playing S in ex-
actly one period. So her computation of probabilities is contingent on the event that
the agent takes action § in exactly one period (possibly the fictitious one, that is, in
none) and contingent on all her 7T signals. This affects the probabilities assigned by
the principal to actions E and S in a given period, given the sequence of signals that
she obtained, but it does not change which of the two probabilities is higher. For ex-
ample, suppose that the principal obtained signals G in all T periods, and considers a
period f € {1, ..., T}. If the agent had randomized 50-50 between actions E and S in pe-
riod ¢, then the principal would have a chance of p for her report being consistent with
the agent’s action if she reported G, and she would have only a chance of g < p if she
reported B.

This is of course not the comparison that the principal is conducting. Instead, she
computes the probability of (i) # being the period in which the agent shirked, and (ii) ¢
being a period in which the agent worked and ¢ being selected by the testing procedure,
and compares these two probabilities. According to the testing procedure, she saves ¢
with probability 1/2 contingent on each of these two events if her report in the event is
consistent with the agent’s action. The probability of the former event (i) is ¢/(T'q + p),
because if one of the actual T periods is selected for shirking, the probability of all sig-
nals being G is gp” !, if the fictitious period is selected, the probability of all signals
being G is p’, and each of the T + 1 periods is selected with probability 1/(7 + 1). The
probability of the latter event (ii) in turnis [(T — 1)g + pl/T(Tq + p), because the prob-
ability of selecting one of the periods s € {1, ..., T}, s # ¢, for shirking is ¢/(Tq + p), and
then selecting ¢ by the testing procedure is 1/T'; and the probability of selecting the fic-
titious period for shirking is p/(T'q + p), and then selecting ¢ by the testing procedure is
1/T. Since (T — 1)q+ pl/T(Tq + p) > q/(Tq + p), the principal saves ¢ with a higher
probability when she reports signal G in period ¢.

The proof for other sequences of the principal’s signals is analogous.
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Purifiability Since players have strict incentives except the agent’s decision in which
period to shirk, it is with no loss of generality to restrict attention to the shocks x; that
affect the agent’s cost of effort. We assume that x; is i.i.d. The cost of effort has the form
¢+ &éx;. Let H denote the cumulative distribution function (cdf) of the cost. Consider
the strategy of the agent that prescribes action § in period ¢, if it has not prescribed $ in
an earlier period, when

1

Hx)>1- =
=1

®)

the strategy prescribes action E otherwise.

A simple induction shows that the probability of shirking in each periodr € {1, ..., T}
under the prescribed strategy is 1/(T + 1). To provide the agent incentives to conform
to the prescribed strategy, we modify the adjustment paid contingent on the period in
which the agent shirks. For r € {1, ..., T}, let x; be such that x} satisfies condition (5)
in which inequality is replaced with equality. We specify the adjustment by backward
induction. First, we pick the adjustment for choosing the fictitious period T + 1 for
shirking such that the agent with cost ¢ + {x7 in period T is indifferent between taking
action E and taking action §. Next we pick the adjustment for choosing period T for
shirking such that the agent with cost ¢ + £x%_, in period T — 1 is indifferent between
taking action E and taking action S. This adjustment (multiplied by 1/6) is added to
the adjustment in period T to keep the agent with cost ¢ + £x7 in period T indifferent.
Continuing in this manner, we provide the agent incentives for playing the prescribed
strategy in all periods.

A.3 Proof of Proposition 5

Time is divided into blocks of length T each. Let n be any number with the properties
from Lemma 2 for any given ¢ > 0. The strategy of the agent is to exert effort in every
period of a block with probability p* and to shirk in every period of the block with the
complementary probability. At the end of the last period of each block, the agent is
subject to a review. The agent passes the review when the principal obtains more than n
good signals. In this case, he obtains a bonus 7 from the principal; if he fails the review,
the agent obtains no bonus, and the relationship is terminated by either player with
a probability such that the flow cost to the principal equals 7. So far, we assume no
message exchange, but such a message exchange will be added to the construction to
guarantee purifiability.
We prescribe the bonus 7 such that

(L+6+--+8" )
T= .
3" '[F(n, T, T)=F(n,T,0)]

This guarantees that the agent is indifferent between taking action FE in all periods of a
block and taking action S in all periods of the block. We will next show that this implies
that the agent strictly prefers taking action E in all periods of a block to taking any se-
quence of actions other than the two constant ones, so that the prescribed strategies are
an equilibrium.
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Notice first that the most profitable deviation must have the form of playing S in
a number of the first periods of a block and playing E in the remaining periods of the
block, because the costs of effort incurred in earlier periods have a larger effect on the
agent’s payoff than that of the same costs incurred in later periods, whereas the effect of
playing S on the review outcome does not depend on the period in which this action is
taken.

To show that it is inferior for the agent to play S in some periods and to play E in the
remaining ones, notice that for any given 7', the difference between the agent’s payoff
from playing S in the first T — k periods and playing E in the last k£ periods, and the
agent’s payoff from playing E in all T periods is

a(T—k)-c—[F(n,T,T)—F(n, T, k)]r,

where a(T — k) =1+ 8' + ... + 67-%~1 while the difference between the agent’s payoff
from playing S in all T periods and the agent’s payoff from playing E in all T periods is

a(T)-c—[F(n,T,T)—F(n,T,0)]r.

We show that the former expression is smaller than the latter expression, provided
that the latter expression is nonnegative. This implies that if the agent is indifferent
between playing S in all T periods and playing E in all T periods, then she is worse
off by playing E in a positive number of periods and playing S in a positive number of
periods.

Indeed,

a(T_k) cC— [F(Q) Tr T) _F(ﬂ) Tr k)]T

T).
< W T T —Fu T, 0)]

- [F(ﬂ’ T: T) _F(Qy T! k)]T

Fn, T, T)—F(n, T,k
- %Fii - T;_Fi - OH ATy - e [F(n, T, T) = F(n, T, 0)]}

S a(T) C— [F(ﬂ, T! T) _F(ﬁy T) 0)]7)

where the first inequality follows from Lemma 4 (given below) and the second in-
equality follows from F(n, T, T) > F(n, T, k) > F(n,T,0) and «(T) - ¢ — [F(n, T, T) —
F(n,T,0)]t>0.

Thus, the prescribed strategies are equilibrium strategies.

LEMMA 4. If § is close enough to 1, then

fork=1,...,T-1.
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ProoFr. Let

o F@ Lkt ) —Fo K] foT-1LK(p-a)
S P I, 1) - Fu T,00]  [Fn T,T)— F(n, T,0)]

fork=0,...,T —1andlet

C[Fu, T,T)-F(n, T,00]  a(T)

fork=0,...,T.

Notice that function g is singled-peaked by Lemma 3, and for large enough values of
T,g(T —1) > 1/T by the choice of n and Lemma 2. Thus, if 4(k) > h(k+1) fork < T -1,
ie.,

g(k)>a(T—k)_a(T—k—1)= 8T k-1 _1
o) a(T) 1486448771 T
then
g(k+ 1) . 8T—k—1 8T_k_2

> )
14644871 146864+... 4671
ie, h(k + 1) > h(k + 2). This means that function 4 is singled-peaked. Since #(0) =
h(T)=0,weobtain 6) fork=1,..., T — 1. O

Once we have the cutoff n and transfer r that make the principal indifferent over her
reports, and make the agent indifferent between all E and all S, the remaining step in
the construction is to slightly modify the bonuses and termination probabilities to give
the players strict incentives for honest reporting. This can be done as follows.

Let p(n, p*) be the probability assigned by the principal to the event that the agent
has been working in a block contingent on obtaining »n good signals. Obviously, p(n, p*)
is strictly increasing in n. Pick a p such that

p(n, p*) <p<pn+1,p*), (7)

and prescribe to the principal a penalty n/p (i.e., the flow value of an associated termina-
tion probability) when the principal reports no more than n good signals and the agent
was working; prescribe a penalty n/(1 — p) when the principal reports strictly more than
n good signals and the agent was shirki?lg, and prescribe no penalty in the remaining
two cases.

Then the principal has strict incentives to report truthfully. Indeed, suppose that she
obtained exactly n good signals. Then her expected penalty when she reports honestly
is p(n, p*)n/p, which is smaller by (7) than (1 — p(n, p*))n/(1 — p), her expected penalty
when she reports more than n good signals. Similarly, if the ageﬁt reports honestly n + 1
good signals, her expected penalty is (1 — p(n + 1, p*))n/(1 — p), which is smaller by
(7) than p(n + 1, p*)n/p, her expected penalty when she reports no more than n good
signals. It follows that the principal has the right incentives also when she obtains n #
n, n+ 1 good signals.
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Providing incentives to the agent for truthful reporting by prescribing penalties for
reports inconsistent with those of the principal is easier, because the agent who was
working is almost sure that the principal obtained more than n good signals and the
agent who was shirking is almost sure that the principal obtained no more than n good
signals. In addition, these penalties can be prescribed in a way that the agent is still
indifferent between working and shirking, and the agent’s payoff is held at his outside
option.

The penalties guarantee strict incentives, except the agent’s choice of working or
shirking. This in turn guarantees that the equilibrium is purifiable as in Section 4. Of
course, the penalties can be chosen arbitrarily small to have only a negligible effect on
payoffs. The agent’s continuation utility in the equilibrium can be made equal to the
agent’s outside option by adjusting the base wage. Taking the limit as 6 — 1 then com-
pletes the proof of Proposition 5.
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