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Abstract

What are the effects of changing bank lending conditions in a model in which borrowers
have endogenously-persistent credit relationships with lenders? This paper answers this
question in a simple Two-Agent New Keynesian (TANK) setup. Fluctuations in collateral
requirements, termed collateral shocks in this paper, result in a rise in spread, a drop in
bank credit and amplification of macroeconomic volatility. These effects are amplified by
presence of lending relationships and are greater at higher persistence and volatility of the
collateral shocks. The results in this paper underscore that credit relationships matter
when collateral shocks hit the economy and a model that assumes away the existence of

these lending relationships, risks underestimating their effects.
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1 INTRODUCTION

This paper examines the impact of changing bank lending conditions on macroeconomic activity.
Recently, Becard and Gauthier (2022) have shown that changing bank lending conditions, or
collateral shocks, are a significant driver of US business cycle. Using a New Keynesian model
featuring both household and firm borrowing, Becard and Gauthier (2022) show that collateral
shock is able to reproduce the comovement of consumption, output, investment and employment.
There is no work, however, that examines the effects of collateral shocks in an environment which
features lending relationships between lenders and borrowers. The model in Becard and Gauthier
(2022) includes a banking sector as in Jakab and Kumhof (2015) which accepts deposits and
makes loans. This modelling of banking sector, however, abstracts from lending relationships
between borrowers and lenders. Existence of lending relationships between banks and firms have
been documented across various economies (Ongena and Smith, 2000; Kosekova, Maddaloni,
Papoutsi, and Schivardi, 2023). This paper takes this aspect of banking sector seriously and
builds a framework that allows for endogenously-persistent lending relationships between banks
and their borrowers.
FIGURE 1: NET PERCENTAGE OF BANKS TIGHTENING STANDARDS FOR BUSINESS LOANS
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NoOTE: Business loans refer to commercial and industry loans to large and middle-market firms. Data from Senior
Loan Officer Opinion Survey on Bank Lending Practices administered by the Federal Reserve. Shaded areas refer
to NBER recession dates.

As Figure 1 shows, bank lending standards evolve systematically over the business cycle.
Becard and Gauthier (2022) call the exogenous fluctuation in collateral requirements imposed

by banks on their borrowers collateral shocks. Collateral shocks in this paper is a “stand-in” for



a broad variety of developments in the financial sector. It could, for example, be used to describe
scenarios where banks lose confidence in value of assets posted as collateral and consequently
require higher haircuts. It can, for instance, also describe situations where, for any number of
reasons, banks discount assets posted as collateral more heavily. In this paper, I build a model
that takes into account this systematic variation in credit standards and introduces it into a
framework that features credit relationships. I model lending relationships' in this paper using
deep habits in banking which have been successfully used to model countercyclical spreads in
banking and study borower “hold up” effect (see, among others, Aliaga-Diaz and Olivero, 2010,
Ravn, 2016, Airaudo and Olivero, 2019 and Shapiro and Olivero, 2020). To the best of my
knowledge, this is the first paper that studies implications of lending relationships for collateral
shocks.

To keep the model simple, in this paper I focus on lending relationships between firms and
banks and abstract from household lending?. The analysis in this paper shows that lending
relationships generate significant amplification of collateral shocks. I further find that higher
volatility and persistence of collateral shocks amplifies their effects. It’s notable that I obtain
these results in a parsimonious two-agent RBC model devoid of any real or nominal rigidities
typically found in the New Keynesian literature. The key mechanism behind these effects is
jump in spread between bank lending and deposit rates. To understand the mechanism behind
these results, consider what happens when the economy features no credit relationships between
lenders and borrowers and a collateral shock materializes. In this case, the spread does not
move at all since bank lending and deposit rates fall by the same magnitude. Bank credit,
however, still falls because a collateral shock reduces the value of assets used as collateral to
take bank loans which then leads to a drop in investment, output and aggregate consumption.
In the other case when credit relationships are present, in the wake of a collateral shock, banks
dramatically increase their spread since the value of assets posted as collateral with them is less
now. This spurt in spread results in a greater fall in bank credit and a much higher impact of
this fall in financial intermediation on wider macroeconomy. Investment, output and aggregate
consumption, in this case, drop more than in the case of no bank-firm lending relationships.

After an initial rise, the bank spread falls rapidly and overshoots its previous steady-state level

T will use the terms ‘lending relationships’ and ‘credit relationships’ synonymously in this paper.

2This does not take away from the message in this paper. As shown by Becard and Gauthier (2022), including
household debt will likely only strengthen the results in this paper. Incorporating household debt in this model
is straightforward and I leave it as a future research exercise.



before returning to its previous equilibrium value. This reflects the fact that after initial surge
in spread and fall in bank credit, spread falls rapidly as banks scramble to “lock-in” customers
which then results in spread falling below its previous steady-state value. This causes an increase
in bank credit, investment, output and aggregate consumption. This mechanism lies behind
macroeconomic amplification in this paper. These findings echo financial accelerator effects of
Bernanke, Gertler, and Gilchrist (1999) and show how presence of borrower-lender relationships
can act as a “financial accelerator”. These results highlight the important role of bank-firm
lending relationships in shaping macroeconomic dynamics in the aftermath of a collateral shock.
It also underscores the fact that a macroeconomic model that assumes away presence of borrower-
lender credit relationships, might miss true economic dynamics and might underestimate the
effects of collateral shocks.

This paper contributes to the literature on the intersection of macroeconomics and banking.
As mentioned before, Becard and Gauthier (2022) build a New Keynesian model with both
household and entrepreneurial borrowing and show that collateral shocks drive significant part
of macroeconomic fluctuations in the US economy. Differently from them, my paper turns its
attention on presence of bank-firm lending relationships and builds a parsimonious RBC model.
It then asks what the implications are of a collateral shock in this model. The model in this
paper is similar to Sharma (2023a), however, the focus in this paper is on collateral shocks while
the focus in Sharma (2023a) is on understanding implications of changes in steady-state loan-
to-value (LTV) ratios on effects of LTV shocks. This work is also related to Sharma (2023b)
who studies state-dependence in effects of LTV shocks in a simple two-agent RBC model. My
work, on the other hand, focuses on implications of lending relationships for collateral shocks.

The rest of this paper is structured as follows. Section 2 presents the model and Section 3
discusses model solution and parameterization. Section 4 presents the results and Section 5

concludes.

2 MODEL

The paper features a Two-Agent New Keynesian (TANK) model and bears resemblance to the
setup in Tacoviello (2005), Liu, Wang, and Zha (2013) and Justiniano, Primiceri, and Tambalotti
(2015). It has (patient) households who consume, supply labor and make deposits with a bank.

Households are the ultimate owners of the banks and receive their profits. The (impatient)



entrepreneurs, in turn, consume non-durable consumption good and run firms in the economy.
They are subject to a collateral constraint which limits their borrowing to a fraction of expected
value of their assets which include productive capital and land. The entrepreneurs borrow from
banks and develop endogenously-persistent credit relationships with them. Lending relationships
in this paper are modelled by using the deep habits framework developed first by Ravn, Schmitt-
Grohé, and Uribe (2006) and used later in studying banking sector by Aliaga-Diaz and Olivero
(2010), Ravn (2016), Airaudo and Olivero (2019) and Shapiro and Olivero (2020), among others.
These banks raise deposits from households which is their only source of funding and lend them
to entrepreneurs who combine them with productive capital to produce output. In what follows,

I describe each agent’s optimization problem.

2.1 HOUSEHOLDS

Households have the utility function of the following form:

Ny
EOZ ﬁp {log PCzt 1) n’t i,t} (1)

where C'ft, N, and Hﬁ denote consumption, labor and housing respectively of the households,
BP € (0,1) is a discount factor, 4 measures the degree of habit formation in consumption, 7
is Frisch elasticity of labor supply and ¢ is a weight on housing. The superscript P denotes

(patient) households. The household faces the following budget constraint
1 1
Cft + Qf (Hi]; - Hﬁq) +/ Dy dk < WiN;, +/ ikpdk + R / D —1dk (2)
0 0

where QI is the price of one unit of housing in terms of consumption goods, W; is the real wage
and RP | is the gross risk-free interest rate on the stock of deposits D;j.+—1 of household 7 in
bank k at the end of period ¢t — 1. I assume housing does not depreciate. Profits obtained by

household ¢ from bank k are denoted by Il;;;. After imposing symetric equilibrium, FOCs of



the households can be written as

I TS e Y (3)
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P P /\1]53
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where A is the Lagrange multiplier associated with household’s budget constraint (2). One can
combine household’s first-order conditions with respect to consumption (3) and bank deposits (4)
to obtain their Euler equation. Equation (5) describes household’s Euler equation for housing and
links today’s housing price to the utility it provides plus the expected capital gain. Equation (6)
describes household’s consumption-lesiure tradeoff. First order conditions of the problem are

derived in the Appendix A.1.

2.2 ENTREPRENEURS

Following lacoviello (2005) and Liu, Wang, and Zha (2013), entrepreneur j maximizes the utility

obtained from consuming the non-durable consumption goods

t
Eo Z (5E) log (C]Et - ”YECﬁ:_l) (7>
t=0
where 8% and v are as defined before. I assume that entrepreneurs are more impatient than the

(patient) households, that is, 3% < 8F. Entrepreneurs face a collateral constraint as in Kiyotaki

and Moore (1997) that limits the borrowing of each entrepreneur to a fraction of their assets
—Qtaj,t (8)

Here, l;,; denotes entrepreneur j’s loan from bank k, expected value of entrepreneur’s assets is
a;; and Rﬁ,t is the bank-specific lending rate. At the beginnig of period ¢, entrepreneurs are hit
by a shock ¢, that converts the value of their assets a;; to 6,a;+. The collateral shock is assumed
to satisfy

log 0; = (1 — pp) log 0 + pglog ;1 + dgeq, 9)



where 0 is the steady-state collateral shock and €, are shocks with mean one. Expetced valued

of entrepreneur’s assets a;; is given by
H [JE K
ajr = By (QtJrlHj,t + Qt+1Kj¢) (10)

In the above equation, QX denotes the value of installed capital in units of consumption goods,
K, is stock of capital and Hft stock of housing.

Entrepreneurs have deep habits in banking relationships and and I let z;; denote entrepreneur
j’s effective/habit-adjusted borrowing. Given the continuum of banks in the economy who

compete under monopolistic competition, this can be written as

1

! et
Tt = {/ (ljk,t - ’YLSk,t—l) ¢ dk (11)
0

g
=

where stock of habits s ;1 evolves according to

Skt—1 = PsSki—2 + (1 — ps) lg1—1 (12)

Here, v* € (0,1) denotes the degree of habit formation in demand for loans and p, € (0,1)
measures the persistence of these habits. The parameter £ denotes the elasticity of substitution
between loans from different banks and is thus a measure of the market power of each individual
bank.

Given his total need for financing x;;, each entrepreneur chooses lj;; to solve the following

problem

1
min / Ry ik dk (13)
0

Lik,t
subject to collateral constraint (8) and his effective borrowing (11). The first order condition

associated with this problem gives entrepreneur j’s optimal demand for loans from bank k

RrL\ S
Likt = <Rkit> T+ 7 sk (14)
t

1

where RF = [ fol(Rﬁt)l_édk} s the aggregate lending rate. Production function of each

entrepreneur is

Vie = Ac(N;) ™ { (HE) (Kja) ™} (15)



where Y}, is output, NN;, is labor input and a, ¢ € (0, 1) are factor shares. TFP A; follows the
process

log Ay = (1 — pa)log A+ palog Ai_1 + oga€ay (16)

with iid innovation €4, following a normal process with standard deviation o4 where A > 0 and

pa € (0,1). The evolution of capital obeys the following law of motion
I

0 . 2
1— = (= —-1) | 1
2 ([j7t1 ) ] 7t ( 7)

where [;; is firm j’s investment level, 6 € (0,1) the rate of depreciation of capital stock and

Kjﬂg - (1 - 5) Kjﬂg_l —|—

Q2 > 0 is a cost adjustment parameter. The entrepreneur faces the following budget constraint
1
Ch + / Riy lige—1dk <Yy —WiNj, — Ly — QFF (HF, — HY,_y) + 254 (18)
0

After imposing symmetric equilibrium, the FOCs of the entrepreneurs are

1 E

el (5
AP = BUEAG RE + uf R (20)
Wy =(1-a) % (21)
AP Q) = BUE, P\EA (inl + Ofﬁf)};[t—}l)} + 1 O EQL (22)
o —al-0) 58, (M) 5 (1 6) B, + RS, (23)
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(24)

where 1 k; and \EF are Lagrange multipliers associated with entrepreneur’s collateral constraint
(8), law of motion of capital (17) and entrepreneur’s budget constraint (18). Entrepreneur’s first
order conditions with respect to consumption (19) and loans (20) may be combined to derive
his Euler equation for consumption. Equation (21) describes entrepreneur’s optimal demand
for labor. Entrepreneur’s Euler equation for land is described by (22) which relates its price
today to its expected resale value tomorrow plus the payoff obatained by holding it for a period

as given by its marginal productivity and its ability to serve as a collateral. Likewise, (23) is



entrepreneur’s Euler equation for capital and it links price of capital today to its price tomorrow
and the expected payoff from keeping it for a period as given by its marginal productivity and
its ability to serve as a collateral. Finally, entrepreneur’s Euler equation for the investment is

given by (24). All the derivations of first order conditions have been relegated to Appendix A.2.

2.3 BANKING SECTOR

Banks in this model accept deposits from households and make loans to entrepreneurs. Banks
take the interest rate on deposits RP as given. Each individual bank k chooses its lending rate

R,ﬁt and its total amount of lending Ly ;.

1 1
I = Rlﬁt—lLk,t—l + / Digydi — Ly, — RP / Dij—1de (25)
0 0

The balance sheet of bank k is

1
Lk,t:/ Dy, di (26)
0

where L, denotes total loans made by bank k to all entreprencurs, that is, Ly; = fol lik,dy.

Each bank takes the demand for its loans as given

1 YRR
Lk,t = / ljk,td] = / R_i’ Ty + "}/LSk’tfl dj (27)
0 0 t

Each bank chooses Ly, and Ry, to maximize its profits subject to (26) and (27). Considering a
symmetric equilibrium in which all banks optimally choose the same lending rate, the FOCs for

banks’ optimization problem are:

of = K111 [(Rf - R?) +" (1= ps) EtQiJ (28)

and

1
f@f%ﬁ = Eiqra+1Lks (29)
t
where of is the Lagrange multiplier on demand for bank’s loans (27) and can be interpreted
as shadow value to the bank of lending an extra dollar. Banks are owned by households and

P
consequently their stochastic discount factor is given by ¢ 41 = 8 Et%. The optimality
t

condition (28) states that shadow value of lending an extra dollar is given by repayment minus



cost of borrowing that extra dollar from the households. The second term on the right-hand side
reflects the fact that if a given bank lends an extra dollar in this period, the borrower of that
dollar will develop will develop a habit for loans from that bank and as a result, will borrow more
from it also in the susbesequent period. The size of this effect depends on degree v* and duration
ps of deep habits. In absence of deep habits, the latter term disappears. Equation (29) equates
the profit gain from a marginal increase in bank’s lending rate to the marginal cost. Bank’s
marginal cost is on the left-hand side and indicates a loss in its market share as it increases its
lending rate. The marginal benefit of a higher lending rate appears on the right-hand side and
shows the discounted gain made by repayment of loans made at higher lending rates. All the

derivations are contained in Appendix A.3.

2.4 AGGREGATION AND MARKET CLEARING

Aggregate resource constraint of the economy is

ct+Cf+ L=V (30)

The clearing condition for the housing market is

HF +HF =H (31)

where H is the total fixed supply of housing.

3 MODEL SOLUTION AND PRAMETERIZATION

A period in the model refers to a quarter. Appendices B, C and D contain the list of equilibrium
equations, the list of steady-state conditions and the system of log-linear equations, respectively.
The calibration of parameters is rather standard and is summarized in Table 1. I allow for a
relatively significant difference between discount factors of households and entrepreneurs so that
steady-state value of pf is different from zero. The degree of habit formation in consumption
is chosen to be 0.6 which is in line with empirical estimates (Smets and Wouters, 2007). The
Frisch elasticity of labor supply 7 is chosen to be 1.01 and the value of weight on housing ¢ is

set to 0.1 (Iacoviello, 2005).



The labor income share is 0.3 which implies a steady-state capital-output ratio of 1.15, in line
with US data (Liu, Wang, and Zha, 2013). The input share of land in production is close to the
value estimated in Liu, Wang, and Zha (2013) and Iacoviello (2005). The investment adjustment
cost parameter is given a value of 1.85 (Ravn, 2016). The literaure contains estimates which
range from 0 (Liu, Wang, and Zha, 2013) to above 26 (Christiano, Motto, and Rostagno, 2010).
The capital depreciation rate implies a steady-state ratio of non-residential investment to output
slightly above 0.13 as in Beaudry and Lahiri (2014).

For parameters in the banking sector, I rely on Aliaga-Diaz and Olivero (2010). I set the deep
habit parameter in lending v~ to 0.72 (Aliaga-Diaz and Olivero, 2010; Ravn, 2016). I set the
autocorrelation parameter in stock of habits in lending p,s to 0.85 used by both Ravn, Schmitt-
Grohé, and Uribe (2006) and Aliaga-Diaz and Olivero (2010). For elasticity of substitution
between different loan varieties &, I pick the value of 190 used in Aliaga-Diaz and Olivero (2010)
while Melina and Villa (2018) use a value of 427.

TABLE 1: PARAMETER VALUES

Value  Description Source/Target
Br 0.995  Discount factor, households Tacoviello (2005)
BE 0.95 Discount factor, entrepreneurs Tacoviello (2005)
v, i={P,E} 0.6 Habits in consumption, households, entrepreneurs Smets and Wouters (2007)
n 1.01 Frisch elasticity of labor TIacoviello (2005)
S 0.1 Weight on utility from housing TIacoviello (2005)
Q@ 0.3 Non-labor share of production See Text
10) 0.1 Land share of non-labor input See Text
Q 1.85 Investment adjustment cost parameter Ravn (2016)
) 0.0285 Capital depreciation rate See Text
AL 0.72 Deep habit formation Aliaga-Diaz and Olivero (2010)
Ps 0.85 Persistence of stock of deep habits Aliaga-Diaz and Olivero (2010)
€ 190 Elasticity of substitution between banks Aliaga-Diaz and Olivero (2010)
PA 0.95 Persistence of technology shock Smets and Wouters (2007)
0 1 Steady-state value of collateral shock Normalization
0o 0.90 Persistence of collateral shock See Text
oA 0.0014 Standard deviation of technology shock Standard
op 0.011  Standard deviation of collateral shock See Text

Following Smets and Wouters (2007), I set the persistence of TFP shock to 0.95 and its
standard deviation to 0.0014 which is standard in the literature. I normalize the steady-state
value of collateral shock 6 to 1. For autocorrelation parameter of collateral shock py, I set a

value of 0.90 and for standard deviation of collateral shock gy, I set a value of 0.011. I call these

10



values baseline. Later, I run simulations with 50% higher volatility, that is, 0.0156 and a higher
persistence of 0.95. These experiments show how the effects of collateral shocks change at higher
volatilites and increased persistence. I also run another simulation with alternative calibration
of collateral shocks in which I follow Becard and Gauthier (2022) and set 0.0215 for volatility of

collateral shock oy and 0.9729 for autocorrelation parameter py.

4  DISCUSSION

I discuss the effects of a collateral shock in this section. Figure 2 shows the effects of a collateral
shock on key macroeconomic variables. After a collateral shock, when credit relationships are
present, the spread between lending and deposit rates rises and loans fall by close to 0.6%
percent. Investment falls on impact before overshooting its previous level which leads to a boom
in capital stock. Consumption and output fall before they rise and exceed their previous level.
Because of uptick in investment after an initial fall, labor falls on impact before quickly rising
and then returning to its previous level. This leads to a short-lived fall in wages before it returns
to its previous level. These effects are significantly higher in presence of credit relationships
versus the case when lending relationships are absent. This suggests that collateral shocks
amplify macroeconomic fluctuations and these effects are much greater when bank-firm lending
relationships are considered.

The mechanism driving these results is as follows. In the aftermath of a collateral shock,
spread between lending and deposit rates rises which does not move at all in absence of credit
relationships. This surge in spread leads to a much greater fall in loans obtained by entrepreneurs
which leads to a drop in investment and output at impact. After an intial rise in spread, it falls
quickly below its previous steady-state level as banks scramble to “lock-in” more customers
which then leads to an increase in lending, higher investment and larger output. These results
highlight how presence of lending relationships amplify these macroeconomic fluctuations which
are relatively muted in their absence. Note that these effects are present also in the case of
no credit relationships between borrowers and lenders. In that case, after a collateral shock,
spread does not move but bank credit still falls since collateral shocks reduce the amount of
loans borrowers can obtain from the bank. This then leads to a fall in investment, output and
consumption. These effects are, however, comparatively smaller than the case when there are

lending relationships between banks and firms. Presence of credit relationships, in this case,

11



FIGURE 2: IMPACT OF A COLLATERAL SHOCK
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works as a “financial accelerator” (Bernanke, Gertler, and Gilchrist, 1999) which amplifes the
movements in spread, bank credit and rest of the macroeconomy.

In order to see how how larger volatility of collateral shock effects the economy, I run an
experiment in which I raise the baseline volatility by 50%. Figure 3 displays the results of a
collateral shock at higher volatility. I plot the impulse responses for both cases — with and

without lending relationships. It’s clear that higher volatility of collateral shock increases its
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FIGURE 3: IMPACT OF A COLLATERAL SHOCK AT DIFFERENT LEVELS OF VOLATILITIES
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macroeconomic effects with larger effects on impact and more amplification. These effects,

consistent with the observation in Figure 2, are much larger in presence of bank-firm lending

relationships compared to the case when these credit relationships do not exist.

I follow this exercise with another experiment in which I increase the persistence of collateral

shock from 0.90 to 0.95. Figure 4 shows the impulse responses of a collateral shock at higher

persistence. Like the previous case, I plot the impulse responses for both cases — when lending
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FIGURE 4: IMPACT OF A COLLATERAL SHOCK AT DIFFERENT LEVELS

OF PERSISTENCE
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NoTE: Numbers on the horizontal axis are quarters since the shock. Numbers on the vertical axis show percentage

deviation from steady state.

relationships are present and when they are not. At increased persistence, collateral shocks have

greater impact on macroeconomic variables and these effects are more noticeable in presence of

lending relationships.

I then conduct a final experiment. In this exercise, I calibrate the volatility and persistence

of volatility shock following Becard and Gauthier (2022). It’s notable that Becard and Gauthier

(2022) estimate a much higher numerical values for these parameters and in this sense, the
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FIGURE 5: IMPACT OF A COLLATERAL SHOCK: ALTERNATIVE CALIBRATION (BECARD AND GAUTHIER, 2022)
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responses of macroeconomic variables in Figures 2, 3 and 4 can be seen as lower bound of effects
of a collateral shock. Figure 5 plots the impulse responses of key macroeconomic variables to a
collateral shock using the calibration values of shock parameters in Becard and Gauthier (2022).
It’s apparent that a collateral shock has much larger impact in this case. Loans fall by more than
1.5% in case of lending relationships which is almost thrice the baseline case where it declines by

close to 0.6%. This suggests that collateral shocks have significant impact on economic dynamics
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and these effects are much bigger in case when bank-firm lending relationships are factored into

analysis.

5 CONCLUSION

This paper develops a parsimonious model in which firms borrow from banks and develop
endogenously-persistent lending relationships with them. A collateral shock in this model, de-
fined as changing lending conditions, leads to significant rise in spread, fall in bank credit and
heightened macroeconomic volatility. These fluctuations are amplifed by presence of lending
relationships. The key factor driving these effects is movement in spread between bank lend-
ing and deposit rates which rises significantly after a collateral shock before it falls below its
previous stady-state level. This amplifies movements in macroeconomic variables. Further, the
effects of collateral shocks are increasing in their volatility and persistence. The central result
from this paper is that collateral shocks can cause large macroeconomic fluctuations which are
amplified by presence of borrower-lender relationships. A model that fails to take into account
the presence of these credit relationships may end up underestimating the macroeconomic effects

and volatility in the aftermath of a collateral shock.
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A DERIVATION OF FOCSs

A.1 HOUSEHOLDS

The Lagrangian of patient households is

N7
log (CF, —~"CEH_)) — o +clog Hj

BB AN ()| | CL QU (] - HEL) 4 ) D (A1)

it

~WiNs — fo Wi pdk — RP | [} Dygey1dk

The problem yields the following first order conditions (here, I ignore all the i’s denoting indi-

vidual patient households):

oL 1 ~F

acr er—rer, " Erer —rer TN (A2
g% L BPENL, = 2_21; (A3)
T o+ IR (Ll = QY A
5%«w4:vm (A5)

A.2 ENTREPRENEURS

Entrepreneur’s optimization problem features two parts. The first part consists of choosing how
much to borrow from each individual bank, [;;; to minimize his total interest rate expenditure.

This problem can be framed as

3
1 1 -1 -1
min [/ Rﬁ’tljkvtdk} —xF Tjy — (/ (ljk,t _ ’YLSk,t—l) € dk) (A.6)
0 0

Lik,t

The first order condition for this problem is

M=

L § g ! L et = §—1 L -
Rk,t = _§T1Xt /0 (ljk,t -7 Sk,tfl) ¢ dk T (ljlc,t - Sk,tfl) (A-7)
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This can be rewritten as

e

(ljk,t - fYLSk,tfl)_

—1

ey
oy

1 5 e
/ (ljk,t—’y Sk,tfl) ¢ dk
0

-1
(ke — 7 Sk-1) € dk?) (Like — 7" Sk-1)

(A.8)

Now, using (fol (ljk,t — ”yLsk,t,l)T dk) R T4, the previous equation can be written as
1 1
Tjt = ——F% {/ Ry, (ke — 7" sk41) dk} 1
Xt 0

1
Define the aggregate lending rate as RF = [ fol (R,ﬁt)l_g] "% and note that at the optimum, the

following condition must hold

1
L L (1E L_E
Rywyy = / Ry, (ljk,t -7 Sk,t—l) dk
0
Now, I can be rewritten as

.ijt = —X—E [fo],t}

t

—xi = Rf
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§

Inserting this in first order condition (A.8)

! 1
KRy
1 =1 -
Ré,t = RtL (/ (ljk,t - VLSk,t—l) dk) (ljk,t - ’YLSk,t—l)
0

1 -
Rﬁ,t = RtL (4)¢ (ljk,t - 7L3k,t—1)

1

A=

_1
L _ cre—1 L -
Ry, = dk e (Le =7 sk1-1)

i

N

T I
¢
—) Ty + Y sk1

The second part of entrepreneur’s optimization problem can be written as

p

log (C]Et — WEC’ft_l)

E

CE A+ RE,_y [} Lpgordk — Y, + WiNj, + I,

TNt

+Qi" (8, — Hji )

— Lyt

L =E {22 (57) (A.9)
_'uft |:R£,t fol Likdb — fol 0, dRE, (Q{ilHJE;f + Q{ErlKJ}t)]
‘ 2
- {Kﬂ (1= ) K1 — {1 -2 (&4 -1) }Iﬂ}
E 1 I -1 gfﬁ
“Cit Xy — {fo (ljk,t -7 Sk,t—l) ¢ dk}
\ L d
where Y, = A, (N;,)'™® {(Hﬁ_l)d) (Kj,t,l)kd)}a may be inserted for Y;,; in the budget con-

straint. Solving entrepreneur’s optmization problem, the first order conditions are (I ignore all
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J’s here):

oL 1 E o E
: — BPEy e ——— =\ A10
ocF ' CF—reE, MR —rep M (410
oL
oL
L e = BPENGLRE + puf RE (A.12)
oL Y,
8—M:Wt:(1—a)ﬁi (A.13)
oL Y,
9HE A QI = BUE, {/\tEH <Qt+1 + ag t+1)} + pp QL (A.14)
t
oL AE Y,
T ke =a(l - ¢) B7E, (%) +BE (1 = §)Ewl, + uPo,E,QE (A.15)
t t
0L 5 g Q[ I 2 I (I, p I\ (L
or, {1 2oy 1) o () e et (2 T :
(A.16)
Using AP = ¢ from (A.11), (A.12) becomes
BE; (A RY) + i RE = AP (A.17)

A.3 BANKS

The problem of banks is to choose their lending rate and the total amount of lending. The bank

considers deep habits in loan demand. The bank solves the following problem

1 L\°¢
L D E t L :
max I, = Ry Lpgy — By Loy + 0 / RL | + Y Skp1| dJ — Ly
Lk,t7Rk7t 0 k.t

The first order condition for Ly, is
EtQt,tHR;I;t - EtQt,tJrlRf) + ’YL (1 - ps) E, <Qt,t+1QtE+1> - Qf =0

Rearranging terms

o = Eiqi41 [(ng,t - Rf)) +45 (1= py) Et@tEﬂ] (A.18)
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The first order condition for Rﬁ}t is

AN
EtQt,tHLﬁt +&of <—£> Lt ( : 2> =0
Rk,t (ng,t)

Moving terms around

-1
RE RF
EtQt,t+1L£t = ol <—£> < d 2) (A.19)
By (Rﬁ,t)

In a symmetric equilibrium all banks have the same lending rate Rﬁ’t = R Vk and conse-
quently lend the same amount Lj, = L;, Vk. Bank’s first order condition in this case can be

rewritten as

0 = Eigrin [(RtL — RP) +7" (1= ps) Eropy (A.20)
E
T
gi%L L = Eiqs,t41 L4 (A-Zl)
t

where I have imposed L; = [; in a symmetric equilibrium.

B LisT OF EQUATIONS

B.1 HOUSEHOLDS

1 P

- P]E fy— _ )\P Bl
cr e, U e —rer =N (B.1)
P P )‘f
BrEN L = D (B.2)
t
S
aP T BYE: (N Qi) = N Q) (B.3)
t
Ntnil = /\th (B.4)
B.2 ENTREPRENEURS
1 E '7E E
—— — [Ei————x= = A B.5
cF —eeE, " MeE —roE ™ (B.5)
BEEy (M By) + i By = X7 (B.6)
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)‘EQt - BEEt {)‘Erl (Qt+1 + (b t+1) } + Ky etEtQHl

E
)‘t+1Yt+1

fff:a(l—as)ﬁEEt( i

) + 87 (1 - )Etl{t—&—l + 1y ‘gtEtQtH

O/ I 2 I I I I
E_ E)qy_( 1t _ ot (A E Ley1 Loy
e (2 () et () s L () (B )

s¢ = psSi—1 + (1 — ps) Iy
Ty = (lt - 'YLStfl)
Lt - lt

CP+ Rl =Y, —WiN, — I, — Qi (HF — HE ) + x,

[, — Qtat
t — RtL
ar = By (Q HY + Qf%L KY)

E EANK
Ky = A Qy

B.3 BANKS
of =B |:(RtL - RtD) +9" (1= p) EtQtEJrl]

1
thExt_

=E L
Rf tqtt+1 4t

Ht - RthlLtfl + Dt - Lt - Rngt,1

qtt+1 = 5P]Et

B.4 MARKET CLEARING AND RESOURCE CONSTRAINTS
ch+Ccf+1I, =Y,

HF +HF =H

A-7

(B.10)
(B.11)

(B.12)
(B.13)
(B.14)
(B.15)
(B.16)

(B.17)

(B.18)
(B.19)
(B.20)
(B.21)

(B.22)

(B.23)

(B.24)



Vo= Ay (V) { (HE)” ()0} (B.25)

Kt:(1—5)Kt_1+{1—%<%—1>2}L (B.26)

C STEADY STATE CONDITIONS

All7's, j's and k's denoting individual household, entrepreneur and bank respectively are ignored.

From household’s FOC with respect to consumption (B.1) and labor (B.4), I have

1—p"y" P
and
N7t = \Pw (C.2)

respectively. Household’s FOC with respect to deposit (B.2) yields the steady-state gross interest

rate
1

— P

underscoring that the time preference of most patient individual determines the steady-state

RP (C.3)

rate of interest. From (B.3), I obtain

N P\PH P AH
P +57ARY =AQ
H 7P N
=Q"H = ——F—
)
<
QH)\P(l _ BP) ( )
I next turn to entrepreneurs. Their consumption FOC (B.5) yields
1- BE’YE E
—_———— = C.5
(1—=~7)CF (©35)
Entrepreneur’s FOC with respect to loans (B.6) gives
6E)\ERL+ILLERL — )\E
AP (1 — BERE
= puf = (L-5"R) (C.6)

RL

A-8



The borrowing constraint for entrepreneurs binds only if u? is positive. This implies that 5
must be less than R*. In the baseline calibration, 5% is set to 0.95 whereas the steady state

value of R* is 1.0219 which implies that $% must be less than 0.9786 which is indeed the case.

The production function is
yz:A(NfﬂIUHEﬁxkukﬂa (C.7)
From firm’s labor choice for househods (B.7),

W=(1-a)% (C.8)

From entrepreneur’s FOC with respect to housing (B.8), I have

QHHE B ﬁE(IQbRL

Y U R 00— R )

From aggregate law of motion for capital (B.26)

K:(LﬂnK+[y—%(§—iﬂf

= [ =0K (C.10)

I have the following steady-state resource constraints

Y=CF+CF+1 (C.11)
H=H"+HF (C.12)
L=D (C.13)

Also, I have the following steady-state version of agents’ budget constraints (one of them is

redundant because of Walras’ Law)

CP =WN — (RP —1)D +11 (C.14)
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CE=Y -RM—-WN-1—-2 (C.15)

So the steady state is characterized by the vector

Y? CP7 CE7 [7 HP7 HE? K7 N? L? D7 QHJ QK7 RD? RL’ W AP? AE? I’LE

From entrepreneur’s optimal choice of capital (B.9), I have

E E )‘tEHY;H E E E K
ry =a(l—a)BE (Tt) + 87 (1= 0) Eury’y + py 0B @y
. Yy (1-pFR
= /;—E(l—(l—é)ﬁE) =a(1—¢)ﬂE§+(1§—L)0QK (C.16)

Entrepreneur’s optimal choice of investment (B.10) yields

O () e ()]

i (59) ()

= \F =P (C.17)

A () = k()

+ BPQE,

Combining this with steady state version of

KE = NEQK (C.18)

I obtain Q¥ = 1 in the steady state. Plugging this into (C.16), I obtain the expression for

capital-to-output ratio

HE

)\E'

(1 - B"RY)

RE 0Q*

EN _ EY
(1-(1-0)8") =a(l-9)p" ¢+

K a(l—¢)RESGE
7Y TRE(1—(1-0)BE) —0(1 - BERE) (C.19)
Next, combining (B.15) and (B.16) yields
| = % [Q"H” + Q" K] (C.20)
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Dividing by Y, the above expression becomes

i_i QHHE+QKK
Y RL Y Y

Plugging in the values of QHYH " and % and using that Q¥ = 1, I have

l ¢ (1-9¢)
= =abp” C.21
v = R g — o - pPRn) T RE( - (1-0)8) —0(1— prREy|  \OPY
From entrepreneur’s budget constraint (B.14)
CE+R=Y -WN-IT+z (C.22)
Rewriting this in ratios to output
Cf RN WN I
Y Y Y Y Y
:>C—E:oz—5—+(1—’yL—RL)i (C.23)
Y Y Y '
Dividng (C.4) by Y and then dividing it again by (C.9) gives
QHHP <
o YA"(1-57)
QHHE /BEO./QbRL
Y (1-8")R"—6(1-B"R")
:>HP_ S (1-B")R* -0 (1—-B"R")
HE - 1— ﬁP,}/P (1 B /BP) BEOéQbRL
(1—9m)cr
P 1—+% 1-pP)R" -6 (1-p"R"Y) CP
oA (19" (157 (L - B"RY) C* (C.24)
H—H"  (1-p87)(1=p5"") BPagR Y
From entrepreneur’s stock of habits for loans (B.11)
s¢ = psSe—1 + (1 — ps) by
s=1 (C.25)
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Entrepreneur’s effective demand for loans (B.12) gives

Ty = (lt - ’YLStfl)

== (1-7")1 (C.26)

Total loans of entrepreneurs (B.13)

L=1 (C.27)

From bank’s balance sheet condition (B.21), total deposits must equal total loans
D=L (C.28)
Steady state version of stochastic discount factor (B.22) reads
q=p" (C.29)
The steady-state version of bank’s first order condition (B.18) with respect to loans reads
or = 8P [RE = RP 4+ 4% (1 = p,) "]

which can be simplified to yield

R" — RP
1= BFyE (1= ps)

0" = " (C.30)

The steady-state version of bank’s second first order condition with respect to lending rate (B.19)

writes
1
éQEJJ—RL = BPL

Steady-state version of aggregate resource constraint (B.23) is

cP+CcP4+I1=Y

=1 = — (C.31)
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Combining (C.1), (C.2) and (C.8) gives steady-state equilibrium condition for households

Nt = \Pw
B 1_5P7P Y
N1 = " 1 (1_q)=—
(1—7P)CP( )N

1
n

(C.32)

- [ e (e

L(1—~P) Y

From (B.25), steady state output is

Y = A(N) [ (1) (1)

HE ¢ K 1-¢
l-a __ 1—a - -
e[ () (8
[/ 7EN\ ¢ LQE 1-¢7 ¢
1
Yl—a — A (N)lfa H o ( ¢) R ﬁ (033)
Y RE(1—(1—=9)56F)—0(1— BFPRE)
From (C.4)
I S
= . 4
@ HPXP (1 —5P) (C.34)
D SYSTEM OF LOGLINEAR EQUATIONS
The system of equations log-linearized around their steady state is as below:
D.1 OPTIMALITY CONDITIONS OF HOUSEHOLDS
(A.2), (A.3) and (A.5) become
BPAPECE, = (1+ (47)87) CF +47CE, = (1= ") (1=7") " (D)
BN, =\ — RP (D.2)
(n—1) N, =+ W, (D.3)
Log-linearization of (A.4) gives
BYE, (NP + Q1 + HP | =P+ QF + HF (D.4)
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D.2 OpPTIMALITY CONDITIONS OF ENTREPRENEURS

From (B.5) and (B.6), I have
BEYFRCE, — (14 (1) 87) OF +9CE, = (1= B55") (1 - +%) 3F (D.5)

(B.7) yields

From (B.8), I derive
SO - . 1 S
()‘f + Qf) = 5EEt()\£r1 + QtH+1) + (ﬁ - 5E) v, (Mf + 0y + Qﬁ1)
1 ~ ~ ~
#|@= %) = 0 = 57) | BalREL + Fows - ] (D.7)

(B.9) becomes

QF = [1-5"(1—8) ~ (57 -

. ~ ~ 1 e o~ o~ A
+ 85 (1= )Eu(Qf, + My = 3F) + (1 - B°R") 0B, [Mf N4 0,+QK,| (Ds)

B7) By [X51 - A+ Yip1 — K]

(B.10) is approximated as
QF = (1+B%) QL — BEQE T, — QI (D.9)

From (B.11) and (B.13), I get

~

/S\t = ps/s\t—l + (1 — ps) lt (DlO)
and R
[ Lg,_
F= ot T % (D.11)

(B.14) becomes

CECE + RY (1%,%,1 +TH) —YY, - WN (Wt + J\?t) L - QYHE (Erf - ﬁﬁl) + 2,

(D.12)
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(B.15) gives

(B.16) yields

R QHHE

QFK

OFK ™ <Qﬁ1 * HtE) T OHE L OF R (Qﬁl + Kt)

D.3 OprPTIMALITY CONDITIONS OF BANKS

From (B.18), I obtain

E

of N R . R
B_PQF — 0" (1= ps) Espyy = [RY — R + 0"+" (1 = py)] BeGi o1 + R"R} — RPRP

Log-linearization of (B.19) yields

&oPx (of + 1) = B"R"L (ﬁtL + L+ Et@,tﬂ)

D.4 MARKET CLEARING AND RESOURCE CONSTRAINTS

From (B.13), I obtain

(B.23) and (B.24) yield

and

From (B.21), I get

From (B.25), I have

(B.26) gives

~  CP cF I~
Y, = 70f+70f+?ft

HPHP + HPHF =0

Vi=A+(1—a) Ny +agHE | +a(1—¢) Ky

K, = (1—68) K_1 + 6],
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(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

(D.22)



Linearized versions of (B.17) and (B.22) are
RE =M+ Qf (D.23)

Q1 = Moy — AL (D.24)
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